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UNIQUENESS OF EQUILIBRIUM CONFIGURATIONS IN SOLID
CRYSTALS*

WILFRID GANGBOf AND ROBERTO VAN DER PUTTEN?

Abstract. In this article, under suitable assumptions, it is proved that infyeyq, Efu] is dual to
sup(mb){fQ a(F(x))dx + fA b(y)dy}, where, E[u] := fQ(h(det Du) — F - u)dx. Here, the infimum is
performed over Uy, the set of all orientation-preserving deformations u € C1(Q)? that are homeo-
morphisms from 2 onto A, and the supremum is performed over the set of all upper semicontinuous
functions a, b such that a(z) + ab(y) < h(a) —y - z. This duality result turns out to be important in
the study of existence and uniqueness of smooth minimizers of E. Note that M — h(det M) is not
coercive and thus direct methods of the calculus of variations don’t apply here.
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Introduction. The theory of duality, one of the main tools in the calculus of
variations, is well developed within the context of convex variational problems of the
form infy; [, L(x,u(x), Du(x))dx, where the real-valued function M — L(x,u, M)
defined on the set R¥*? of the d x d matrices is convex for each x €  and u € R4,
We recall that in the particular case L(x,u, M) = g(M) — F(x) - u, where g is convex
and coercive, then the duality statement is as follows: the infimum

inf {/Q L(x,u(x), Du(x))dx : u € Wol’p(Q,Rd)}

and the supremum

sup{ — [ g*(—p(x))dx : p € LU(Q,R>?), divp=F
-/ }

coincide, where g* is the Legendre transform of g. Furthermore, the extremum is
attained in both problems (see [10]). An important class of nonconvex functions that
occur in nonlinear elasticity theory is the class of polyconver functions. There is no
available theory of duality for that class. Recall that a real-valued function W of R?*¢
into RU{+o00} is said to be polyconvez if it can be written as a convex function of the
minors of M (see [8]). In this paper we consider a special class of polyconvex functions
of the form L(x,u, M) := W(M) — F(x) - u and introduce a maximization problem,
dual to infy, fQ L(x,u, Du)dx. As an application we study stable configurations of
solid crystals occupying a reference configuration 2 and subject to a body force F.
If the crystal undergoes a deformation represented by a map u: @ — R%, d > 2 (in
general d = 3), then its total energy functional is

Elu] := /Q(W(Du) —F - u)dx,
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where W represents the Helmholtz free energy density. In the framework of the con-
tinuum theory proposed by Ericksen [11] and [12], which has stimulated a growing
body of work (see [23], [22], [21], [20], [25], [29], [28], [27], [26]), W belongs to a class
of energy density functions that are invariant under change of lattice basis and frame:

(1) W(M) =W(QMH)

for all M € R¥?, all Q € R™? such that Q7Q = I, detQ > 0, and all H € Z*,
|det H| = 1. The class of the energy densities suggested by Ericksen contains those of
the form

(2) W (M) = h(det M) (M € R4,

where h is a convex function. In fact, it was shown by Chipot and Kinderlehrer [7] and
Fonseca [15] that if W is of the form (1), then its quasi-convex envelope QW is of the
form (2). Let us point out that the class of functions in (1) does not fall in the updated
class of energy density functions of solid crystals. However, for purely mathematical
interest, in what follows we choose to study the case where W satisfies (1), QW =W,
and we still interpret the functional E as a solid crystal energy functional.

Following previous works (see, for instance, [17]) we assume that

(3) h € C?(0,+00) is strictly convex,

(4) h(t) — +ooas t — 0" and h(t)/t — +oo0 ast — +o0.
We extend h to R by setting
(5) h(t) := +o0if t <O0.

Requirements (4) and (5) are imposed to make it energically impossible to compress
part of the body of the crystal to zero volume, to extend part of the body excessively,
or to change orientation. A typical example of body force is the gravity F = —gey,
which can be written as the L'-limit of a sequence of diffeomorphisms. Here we have
set e4 := (0,...,0,1).

If the crystal undergoes a deformation @ under the action of the body force F,
then

(6) —div (oqg) =F in Q,
where oy is the stress tensor %(Dﬁ). Solutions of (6) could be interpreted as critical
points of the functional FE.

A problem of great interest in nonlinear elasticity is the so-called pure displace-
ment boundary value problem: given a diffeomorphism u, from € onto A, where
A C R? is an open, bounded set, find @ stable solution of (6) such that the restric-
tions of @ and u, on 0f2 coincide. Stability means that not only is @ a critical point
of E, but @ minimizes E over U, the set of all maps u from  onto A that are in
C1(Q)?, det Du > 0, and such that the restrictions of u and u, on 9 coincide. Since
M — h(det M) is not coercive, and U, is not closed under the weak topology on LP
spaces, the problem of minimizing E over U, escapes the classical methods of the
calculus of variations, and there is currently a wide literature on the subject. When
u, is the identity map and F = —gey is the gravity force, Fonseca and Tartar [17]
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showed that E has infinitely many minimizers in the set of displacements that are in
W (Q)?. Also, Chipot and Kinderlehrer [7] proved for E existence of parametrized
measure minimizers by enlarging the set U, to a set of Radon measures. We show
that if F € C*(Q)? is a homeomorphism, such that det DF € C'(Q)¢, det DF > 0, if
A and F(2) are convex, then the infimum

g w
coincides with the infimum

8 inf £/
(8) inf
and (8) admits a unique minimizer. Here, Uy is the set of all orientation-preserving
maps u € C1(Q)? that are homeomorphisms from  onto A.
One can interpret (8) as finding u stable solution of the equations

9) {—div ¥ (Du)] = F in Q

u(Q) = A

Uniqueness of a minimizer in (8) clearly implies that, in general, (7) does not admit a
minimizer. In fact, sharper conclusions hold for a relaxation of (8): we substitute Uy
by a bigger set U} containing maps which may not be smooth. We define U} to be
the set of all maps u from 2 onto A that are one-to-one almost everywhere and such
that |det Du| # 0 almost everywhere in the weak sense. Since it is delicate to define
determinants of maps u € U}, we define absolute values of determinants of these maps
in the weak sense (see Definition 1.3). We denote by I the extension of —F to U}. In
this new setting, under the assumptions that Q, A, are bounded sets and F € L' ()¢
is one-to-one, (d — 1)-nondegenerate (see Definition 1.2), we prove that the following
problem admits a unique maximizer

(10) sup I[u],
Uy

where
Iu] = /Q(F -1 — h(|det Dul))dx.

If @ is the unique maximizer in (10), even if we drop the assumption that F is (d —1)-
nondegenerate, then there exists a convex function ¥, : R — R such that F =
Dy} ou, and

(11) H(|det Dul) = ¢} o u.
Here
H(t) = h(t) — th'(t) (t € R),
and 1} is for the Legendre transform of 1,. One can readily check that
(12) H is decreasing and H(0,4+00) =R,

and so, if H~1 is of class C!, smoothness of |det D1 is a straightforward consequence
of (11). To understand the relation F = D7 o @, one can divide the computation of
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the supremum in (10) into two steps. First, for each function o > 0, we maximize
u — [, F-udx over the set of all u such that u(€2) = A and |det Du| = a. Note that
this intermediary variational problem is a Monge problem (see [3] and [18] in the case
where o = xqdx ), and so the supremum is obtained for a map u® of the form Dy *oF,
where ¢ is a convex function. A sufficient condition for 1 to be differentiable at
F(x) and thus for Dy oF to be well defined at x is that F be (d — 1)-nondegenerate.
Formally, if @, maximizes the functional o — [, (F - Di)® o F — h(a))dx over the set
of all @ > 0, then u = Dy®>~ o F is a maximizer in (10).

Uniqueness of minimizers of E over Uy and U, may clearly fail if we don’t assume
that F is (d — 1)-nondegenerate. For instance, let u, be the identity map, F = 0, and
h(t) = t2/2 + 1/(2t?). Since h attains it minimum for ¢ = 1, any map u € U, such
that det Du = 1 is a minimizer of E over U, and Uy where A = ). Hence, E admits
infinitely many minimizers over both sets U, and Uy . As shown in [17] it is necessary
to have that det DF(x) > 0 for E to admit a minimizer over U,.

Our primary and new contribution is to show that (10) is dual to the minimization
problem (13):

(13) inf J{i), 4],
where
(14) Tl 4] = /Q B(F(x))dx + /A o(y)dy,

and A is the set of all pairs (1, ) such that 1 : R — R U {400} and ¢ : conv(A) —
R U {400} are lower semicontinuous, not identically +o0, and

¥(2) +ad(y) + he) 2y -2

for all y € conv(A), all z € RY, and all @ > 0. To obtain the above duality result we

first show that if u is a finite positive measure on R? of finite moments M, (i) and
M (1) (see (20)), then

15 sup I[y] = inf J,[, ],
( ) ’YEFB,L) h/] (¥,9)€A #[w ¢]

Juli6, 4] /¢ (2 /¢ \dy,

T = /C (v -z — h(a))d(a, y,2).

where

and

Here, T'[p] is the set of all Borel measures on C := (0, +00) x R% x R? such that

| t@ney.n = [ s
/Caf( Jd(a,y,z /f

and
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for all f € C,(RY).

In fact, one can view I'() as a set containing W, the set that consists of all Borel
maps w : R? — A such that the push forward of u by w is absolutely continuous
with respect to Lebesgue measure, say, wiu = dy/B(y) for some Borel function
B : A — (0,+00). The inclusion W C T'(u) means that we identify w € W to
vV € I'(u), defined by

(16) | ey maroy.m = [ @) w2

for all f € C,(R x R% x R%). This definition makes sense provided that w is defined
almost everywhere with respect to p. Observe that if p = pp where up[A] := |[F~1[A]]
is the d-dimensional Lebesgue measure of F~![A], then

(17) IyY]) = I[wo F).

The plan is to first establish (15) and prove that the variational problems involved
admit extremums under the general assumptions that h satisfies (3), (4), and (5) and
that 4 is a finite positive measure on R% whose moments of order one are finite. Next
we show that I admits a unique maximizer ~, over I'(). That maximizer can be
parametrized over A: there is a map m : A — R? and a function 3 : A — R, defined
xady-almost everywhere such that

/fay, dvo(a,y, z) /f m(y))dy

for all f € C,(R x R4 x R%). Then, we show that if ug[A] := |[F~1[A]| where F is one-
to-one and (d — 1)-nondegenerate, then every -y, maximizing I over I'(u1) is of the form
4% (see (16)). Roughly speaking, u[R%\ m(A)] = 0, m has an inverse w defined u-
almost everywhere. We combine (15) and (17) to deduce that wo F' maximizes I, and
that (10) is dual to (13). Simple examples such as F(x) = c and h(t) = t2 +1/t? show
that uniqueness of maximizer of I over I'(1) does not imply uniqueness of maximizer
of I over U} unless the body force F is one-to-one and (d — 1)-nondegenerate.

The remainder of the paper is organized as follows. In section 2 we prove existence
of a minimizer (v,, ¢,) of J,, over A under the assumptions that h satisfies (3), (4), and
(5) and that p is a finite positive measure on R of finite moments M, (x) and M (u).
We write the Euler-Lagrange equations corresponding to the variational problem
inf 4 J,, and deduce that if in addition g vanishes on (d — 1)-rectifiable subsets of
R?, then there exist a convex function v and a positive Borel function 3 such that
Dy = dy/B(y) and 7, = vP¥ maximizes I over I'(11). It is well known that a convex
function is differentiable everywhere except on a (d — 1)-rectifiable set (see [1]), and
so the assumption that p vanishes on (d — 1)-rectifiable subsets of R¢ is necessary to
guarantee that Dt exists almost everywhere with respect to p, so that the measure
Yo = 7P¥ be well-defined. Here, the analytical arguments used to write the Euler—
Lagrange equations corresponding to inf4 J, are similar to the one independently
introduced by Caffarelli-Varadhan [5] and the first author [18]. Having +, of the form
P¥ readily yields that the duality (15) holds. By an approximation argument we
extend (15) to the case where p fails to vanish on (d — 1)-rectifiable subsets of R¢
and still obtain that supports of every maximizers of I over I'(11) are contained in the
graph of a map from A into (0, +00) x R?. We also show that the maximizer ~, of T
over I'(u1) is unique.
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In section 3, we assume that the given body force F belongs to L*(2) and apply
results of section 2 with u[A] := |[F~1[A]| to obtain that (10) is dual to (13). If in
addition F is (d —1)-nondegenerate and one-to-one, then I admits a unique maximizer
u over Uj. Furthermore, u satisfies D¢} o 1 = F and satisfies the Hamilton—Jacobi
equation H(|det Da|) = 9% ot for some lower semicontinuous, convex function ), :
R? — R. Note that if D1, is differentiable almost everywhere with respect to j, then
we can conclude that @ = D1, o F. Conversely, we show that if a € U}, 1, : R? = R
is a lower semicontinuous, convex function such that H(|det Du|) = ¢} ou and F =
D1} o, then  is the unique maximizer of I over U} .

In section 4, using Caffarelli’s regularity results on smoothness of convex poten-
tials [4], [5], [6], we prove that if F and det DF are of class C!, if A and F(Q) are
convex sets, then 1 is of class C' and is the unique minimizer of E over U,. A corol-
lary of this result is that given a diffeomorphism u, of Q onto A, the infima inf;, E
and infy,, F coincide.

Four appendices are also provided. In Appendix A, we review basic facts about
convex functions and study needed properties of the transformations introduced in
Definition 1.6, ¢ — ¢*, 1 — 4 from the set of real-valued functions to the set of
convex functions. In Appendix C, we state that every one-to-one map u € U, of class
C1(Q2) N C(RQ) such that det Du+ 1'5= is bounded is a pointwise limit of a sequence
of one-to-one maps (u,) C U, of class C1(2) N C () with det Du,, = det Du. This
approximation result is used in section 4 to prove that the infima inf;,, E and infy,, E
coincide. In Appendix D we recall facts on existence and smoothness of optimal maps
in the Monge problem.

We next summarize the main results of the paper.

THEOREM 0.1 (main results). Suppose that Q, A C R? are bounded open sets,
that (3), (4), and (5) hold, and that F € L'(Q)? is a Borel map. Then we have the
following.

(1) Duality. J admits a minimizer (1,, ¢o) over A and we have that inf 4 J[1), §] =
supy; I[u].

(ii) Uniqueness of a minimizer. If in addition F is one-to-one almost everywhere
with respect to the d-dimensional Lebesgue measure and |[F~1(N)| = 0 whenever N
is (d — 1)-rectifiable, then I admits a unique mazimizer @ over U} ; we also have that
u = Dy, oF, and H(|det Du|) = ¥ o u, where (1., ¢,) minimizes J over A.

(iii) Smoothness of the minimizer. Assume in addition that Q is connected, its
boundary 0S) is Lipschitz, and A, F(Q) are convez. If F and det DF belong to C*(Q)?
and det DF > 0 on Q, then 1 € Uy N C%*(Q)¢, 0 < det Du € C%*(Q) N CH(Q) for
all 0 < s < 1, u is the unique minimizer of E over Up. Furthermore, we have that
— div [2%(Du)] = F in Q in the weak sense.

Proof. Parts (i) and (ii) follow from Theorem 3.1, and (iii) is a consequence of
Theorem 4.1. O

Simple calculations show that the duality result obtained in Theorem 0.1 is

(18) iél//\f{/ﬂ(h(detDu) —F-u)dx} :sgp{/QLb(F(x))dx—i—/Ab(y)dy},

where the supremum is performed over the set of all upper semicontinuous functions
b:R?— R and

Ly(z) := yeCiOgLE(A){—y -z —h(b(y))}-
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1. Notations and definitions. For the convenience of the reader we collect
together some of the notation introduced throughout the text.

o If O C RY, then Q denotes the closure of €.

e Bp is the closed ball of center 0 and radius R > 0.

e |A| stands for the d-dimensional Lebesgue measure of the set A C RY, and
Jra Gdx is the Lebesgue integral of G.

o If ;1 is a Borel measure on R%, then we denote by sptu the support of i,
which refers to the smallest closed set K such that u[RY\ K| = 0. If u is absolutely
continuous with respect to the d-dimensional Lebesgue measure and p[A] = f g Jdx
for A C R? Borel, then we write u = fdx.

o If 11 is a Borel measure on R? and v : R? — R™ is a Borel map, then we define
v to be the Borel measure on R™ given by vy u[B] := u[v=!(B)] for BC R™.

e The characteristic function of A C R? is denoted by x 4.

e If y : R? — R U {+o0} is not identically 400, then the Legendre-Fenchel
transform of ¢ is the convex, lower semicontinuous function ¥* : R? — R U {+oc}
defined by
(19) P*(y) := sup {x-y — ¥ (x)}.

xeR4

e The subdifferential of a convex function 1 : RY — R U {400} is the set dv) C

R? x R? consisting of all (x,y) satisfying

Y(z) —YP(x) >y (z—x%) for all z € RY.

If (x,y) € 0y, we may also write y € d¢(x). Recall x € 9¢*(y) whenever y € 9 (x),
while the converse also holds true if ¥ is convex lower semicontinuous. In that case
O is a closed set. In general, the set 91(x) C RY is closed and convex.

e id stands for the identity map id(x) = x.

e We denote the set of all d x d matrices whose entries are real numbers by R%*?.

e We denote the set of all homeomorphism from A C R? onto B ¢ R? by
Diff°(A, B). If k > 1 is an integer, Q, A C R? are open, then Dif f*(2, A) is the set
of all maps v € Dif f°(Q,A) such that v € C¥(Q)? and v~! € C¥(A)?. We denote
the set of all maps v € Dif f°(Q, A) such that v is of class C* in a neighborhood of
Q and v is of class C* in a neighborhood of A by Dif f*(Q, A).

e We define U, to be the set of all continuous maps u from Q onto A that are
in C1(Q)4, such that det Du > 0, u, and u, coincide on Q. Uy, is the set of all
orientation-preserving maps u € C'(Q)? that are homeomorphisms from  onto A.
U} is the set of all maps u from © onto A that are one-to-one almost everywhere and
such that |det Du| # 0 almost everywhere in the weak sense.

e We define A to be the set of all pairs of functions (¢, ¢) such that 1 : R? —
R U {400}, ¢ : conv(A) — RU {400} are lower semicontinuous, not identically +oo,
and ¢(z) + ag(y) + h(a) >y -z for all y € conv(A), z € R, and all a > 0.

We recall definitions needed in that which follows.

DEFINITION 1.1. Let A, B C R, We say that v : A — B is one-to-one almost
everywhere from A onto B (with respect to the d-dimensional Lebesgue measure) if
|B\v(A)| =0, if there exists a set N C A such that |[N| = 0, and if the restriction of
v to A\ N is one-to-one. By abuse of language we omit the expression “with respect
to the d-dimensional Lebesgue measure.”

DEFINITION 1.2. Let A, B C R%. We say that a Borel map v : A — B is nonde-
generate if [v=1(N)| = 0 whenever |N| = 0. We say that v is (d — 1)-nondegenerate
if [v™Y(IN)| = 0 whenever N is (d — 1)-rectifiable.
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Recall that N C R? is (d — 1)-rectifiable if N is a countable union of (d — 1)-
hypersurfaces of class C!, union a set of zero (d — 1)-dimensional Hausdorff measure.
DEFINITION 1.3. Let A, B C R, and let 3, € L*(A), 31 € L'(B) be nonnegative
functions. Let v : A — B be a one-to-one almost everywhere Borel map from A onto

B. We say that 51 (v(x))|det Dv(x)| = B,(x) in A in the weak sense if

/ (v ())Bo (X)dx = / o(y)B1(¥)dy
A B
for all p € C,(RY).

Remark 1.4. Note that if v is one-to-one almost everywhere, and if |[v=1[C]| = |C|
for every Borel set C, then |det Dv| = 1 in the weak sense although Dv may not exist.

DEFINITION 1.5. Let p1 and v be two Borel measures on R%. We say that the Borel
map v : R* — R? pushes pu forward to v and we write viip = v if p[v='(B)] = v[B]
for all Borel sets B C R<.

DEFINITION 1.6. If ¢ and v are two real valued functions of subsets of R® into
R U {+o0}, then we define ¢* and py to be the following convex functions of RY into
R U {400}

Y (y) — h(e) } .

(67

Pz) = sup {y -zt (—o(y)} and w(y) ::sup{

y€E€conv(A) a>0

2. An auxiliary variational problem: Duality. Throughout this section we
assume that A C R? is an open bounded set whose closure is contained in the closed
ball Bg, of center 0 and radius R,. We assume that h satisfies (3), (4), (5) and p is
a finite positive measure on R? of finite moments M, (1) and M; (i), where

(20) M,y(p) := p[RY] < +o00, M(p) = /Rd |z|du(z) < +o0.

Jult, 4 /wdu /¢

T = /C (v -2 — h(a))d(a,y, 2),

We define

and

where C is the set (0,00) x R% x R%. Let T'[u] be the set of all Borel measures on C

such that
| t@ney.n = [ i@

/Cozf( )dy(a,y,z) /f

for all f € C,(R%). Observe that for every (¢, ¢) € A and every v € I'() we have
that

and

T 9] = /C ((z) + ad(y))dy > /C (v -z — h(a))dy = Iiy),
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and so

(21) sup Iy] < inf Ju[, 6.
()

We establish the reverse inequality in this section.
Remark 2.1. Note that if (¢, ¢) € A, then we have that

(22 U7(2) < Rolel + (1) + inf 0"

for all z € R and

(23) ¢~ (y) < lyllzl + [h(V)[ + 7 (2)

for all y € conv(A), z € R% Combining (20), (22), and (23) we deduce that both
Jra ¥(2)dp(z), [, ¢(y)dy exist although they may be +oo and J, [¢), ¢] is well-defined.

LEMMA 2.2. The set A contains at least an element (1, @). Also, there exists a
constant ¢, depending only on h, A, M,[u] such that

() inf 4 J| < call + M)

(ii) if ¥, ¢ are convex and |J, [, ¢p] —inf 4 J,| < 1, then

[ lowldyand [ jo(@)ldnta) < ca1+ M)
A R¢
(iii) if in addition Lip(v) < R,, then we have that

Ca

r— VA d .
U(e) < Rolal + R, + (L4 Milu) (2 R)

Proof. Step 1. The set A is nonempty since it contains (¢,, ¢, ), where ¢,(y) := 1
on conv (A), ¥,(z) := R,|z| — c on R%, and ¢ := inf,~o{h(a) + a}. We deduce that

(24) ir}lf Ju < Ju[d)mqﬁo] < Al 4+ RoMi[p) — eMo[p).
If (v, 0) € A, then
(25) Tulb6] = ~(adlyo) + b)) Mol = RMlul + [ oly)ay

for all & > 0 and all y, € A. Setting « := |A|/M,[u] in (25) and using (24) we have
that

(26) \igf Ju| < ey,
where ¢ := |A| + Ro My [u] + h(|JA|/Mo[p]) M)
Step 2. Let (¢, ¢) € A be such that |J,[¢, ¢] —inf 4 J,| < 1. In light of (25) we
have that
@ [ 6y < 1+ inf 4 (a0 + h(0) Mol + RoMa]

for all & > 0 and all y, € A. Choosing « and y, appropriately in (27) we have that

(28)

Aawﬂgwa+Mmm
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where ¢; is a constant depending only on h, A, M,[u]. Combining (26) and (28) we
deduce that there exists a constant c3 depending only on h, A, and M,[u] such that

(20) \/£¢my>dy < es(1+ M),

| viaauta

Step 3. Assume that (¢, ¢) € A, ¢ is convex on conv(A), ¢ is convex on R?, and
| T [, ¢] — inf 4 J,| < 1. In light of (29) there exists z, € R? such that

(30) [(20)| < e3(1+ Mu[ul)/p[R7).

Integrating (23) over R? we have that
(31) Mo[plo™(y) < |y|M[p] + |R(1)| Mo[u] + /Rd Y (2)du(z)
for all y € conv(A). Either inf ,,,(r) ¢* > 0, in which case

(32) o~ =0 on conv(A),

or infeyny(a) ¢ = 0, in which case (22) and (29) imply that there exists a constant
¢4 depending only on h, A, and M,[u] such that

[ Iw@lduta) < est1+ 2.
which, combined with (31), yields

(33) Mo[pl¢™(y) < [y[Mup] + [A(1)[Mo[p] + ca(l + Mi[u])

for all y € conv(A). Using (32) and (33) we deduce that in any case, there exists a
constant ¢5 depending only on h, A, and M, [u] such that

(34) ¢~ (y) < es(1+ Mi[u])

for all y € conv(A). In light of (29) and (34) we have that there exists a constant cg
depending only on h, A, and M,[u] such that

(35) Awwwsmuan

Since ¢ is convex, (35) implies that for each K C A compact set, there exists a
constant cx depending only on h, A, M,[u], and K such that (see [13, p. 236])

(36) || oo (k) + [ D@l oo (i) < exc (14 My[p]).

Now, (22) and (36) imply that there exists a constant ¢; depending only on h, A, and
M, [u] such that

(37) V7 (2) < Rolz| 4 c7(1 4 Mi[p])

for all z € R%. By (29) and (37) we have that there exists a constant cg depending
only on h, A, and M,[u] such that

(39) [ 1W@lduta) < (1 + 211
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This concludes the proof of (ii).
Step 4. By (38),

ulBr)igt o] < es(1 + Milu),

and so, if in addition Lip(¢) < R,, we readily obtain (iii). This concludes the proof
of the lemma. O

PROPOSITION 2.3. Suppose that jv satisfies (20) such that (u,) is a sequence of
Borel measures, that My[pn] = Mo[p] (n=1,2,...), that (u,) converges weak * to ,
and that (Mi[uy]) converges to Mi[u]. Then the following hold:

(i) There exists (Y, ¢p) € A minimizing J,, over A, and

iﬁf Ju < lim inf(igf Ju)-

n—-+o0o

(ii) We have that limsup,, _, ;. (Supr(,,.) I)< SUpr(,,) I.

(i) If supp(, I # —oo0, then there exists vy, € I'(1) mazimizing I over T'(u).

Proof. Step 1. We shall show in Step 5 that (i) is a direct consequence of the
following statement: If (f,, g,) € A is such that |inf4 J,, — Ju, (fn, gn)| < 1/n, then
there exists (¢, ¢,) € A such that

(39) J#(w#’qsﬂ) S lrigirg‘]lbn(fnagn) (TL: 1723)
To proceed, let Ry > 0 be such that
(40) ulint(Br,)] > 1/2u[R").

Note that since (u,) converges weak * to u, in light of (40) we may assume without
loss of generality that (see [13, p. 59])

(41) fin [t (BR, )] > 1/2M,[p] = 1/2M,|pin]
foralln =1,2,.... Define

ORES (fn)tia Py 1= (‘an)ﬁ

By Lemma A.1 (ii)—(iii) ¥, and ¢,, are convex functions, ¥,, < f,, ¢, < gn, and

(42) Lip(d}n) < R;
hence
(43) Jun(wmﬁﬁn) S Jun(fnygn)

for all n =1,2,.... Since in addition |inf 4 J,,, — Jp, (¥n, ¢n)| < 1/n, by Lemma 2.2
and (41) there exists a constant ¢ > 0 independent of n such that

(44) / 6a(y)ldy <

(45) [¥n(2)| < Rolz| +¢ (2 €RY).
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Using (45) we deduce that the sequence (¢,) is bounded in W*°(Bp/) for every
R’ > 0. Since 9, is convex, we may find a subsequence of (¢,,) that we still label
(¢n), converging in L (R?) to a convex function ¢, : R? — R. One can readily
check the following claims.

Step 2. Claim. We have that

tmsup [ (Rojel + dpn(2) < [ (Rolal + auta)

c c
R BR72

for all R > 2.
Step 3. Claim. We have that lim, o [ga [¥n — ¢puldp, = 0.
We next prove the following.
Step 4. Claim. We have that iminf, ;o [ga Yudpin > [ga Yudp.
Proof: For R > 1let lg : R — [0, 1] be of class C* such that

(46) ZR(t)_{l if |t <R-1,

0 if [t] > R.
We have that
(47) xBg, <1—1Ir(2]) < xBg ,-

Because (u,) converges weak * to u and (M [u,]) converges to M [u], using (45) and
(47) we have that

n—-+oo

liminf/ w#dunZ/ leRd,u—/ (Rolz] +¢)(1 — Ig(|2]))du
R4 R4 R4

(48) > [ wdnu— [ (Rl +

R—2

Letting R go to 400 in (48) we conclude the proof of Claim 4.
Now, combining Claims 3 and 4 we have that

n—-+oo

(19) [ < it [ o
R4 R4

Similarly, since ¢,, is convex (44) implies that there exists a convex function ¢, :
conv(A) — RU{+oo} such that up to a subsequence, (¢,,) converges pointwise to ¢,
in A and

(50) /cb#dy < liminf/ ondy.
A n—-4o0o A

Because (¢, ¢n) € A, we obtain that (¢, $,) € A. Thanks to (43), (49), and (50)
we have that

(51) h}lf J/L < Ju(d)uyﬁbu) < nglirolg JHn(f?’Mgn)’

which proves (39).

Step 5. Taking p, = p for all n in (51) we have that there exists (¢,,¢,) € A
minimizing J,, over A. Next, assuming (f,,gn) minimizes J,, over A, (51) implies
that inf 4 J, < liminf, 4o (inf 4 J,,,) which completes the proof of (i).
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If lim sup,, _, | o (Supy(,,,,)) I = —o0, then (ii) is straightforward to obtain.
Step 6. Now we prove (ii). Iflimsup,, (supr(un))f = —00, then (ii) is straight-
forward to obtain. Therefore we may assume without loss of generality that

lim sup( sup ) > —o0.
n—+00 I'(un)

Note first that since by (21) supry,,) I < infalJ,,, using the fact that (M;[u,])

converges to Mi[u], and Lemma 2.2 (i) we have that limsup,,_, | o (supp(,, I) < +oo.
Let (n;) be such that

limsup( sup 1) = lim ( sup I).
n—+oo I(un) I D)

Choose €1 a real number independent of j, smaller than supp(,, ) I for all j € N and
let v, € I'(in,) be such that ‘

sup I < I[yn,]+1/n;.
F(Hnj)

One can readily check that [, h(a)dyy, is less than or equal to RoM[un,] +1 — ey,
and so there exists a constant e, independent of j such that

(52) | in@lar, <e.

for all j € N. By Proposition B.1, (52) implies that there exists a subsequence of (n;)
that we still label (n;) and a Borel measure v € I'(p) such that (7,,) converges weak *
to 7. Because h satisfies (4), A is contained in Bg, and vy, (0, 400) X A° x R = 0 we
deduce that there exists a constant es such that mg : (a,y,z) — h(a)—y-z—e3+R,|2|
is nonnegative for -, ;-almost every (a,y,z) € C. Hence, if we define kg : (o, y,2) —
lr(a+ |y| +|z]), then

lim /de'ynj > lim /mRde'ynj
c c

Jj—+oo Jj—+oo
(53) = / mRde’y.
C
Consequently,
(54)

; lirjl (h(a) =y - z)dyn, + RoMi[pn,] > / (h(a) —y - z2)krdy + R, M1 [1].
J—T0o0 C C

Letting R go to 400 in (54), using that (Mi[uy,,]) converges to M[u] we obtain
that

(55) limsup( sup 1) < I[y] < sup [
n—+00 I'(up) IN())

and conclude the proof of (ii).
Step 7. Setting u, = p for all n € N in (55) we obtain (iii). O
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THEOREM 2.1 (duality). Suppose that h satisfies (3), (4), (5) and that u satisfies
(20). Then the following hold:

(i) There exists a pair (Yu, u) of convex functions minimizing J, over A such

that (Y,)s = ¢, and ((bu)jj =1, andiLip(wu) <R,.
(ii) The duality relation supp(,y I = infa J,, holds. Defining on C' the measure y

by
1 *
/ngv=/Awg(ﬁu(y),y7Dwu(Y))dy

for all g € Co(R x R4 x RY), we have that v is the unique mazimizer of I over I'(p).
Here B, : A — (0,+00) is a Borel map such that B,(y)(Vu)s(y) + ¢¥u(DY;(y)) =

y - Dy (y) — h(Bu(y)) for almost every 'y € A.
(iil) If we assume in addition that u[N] =0 for every (d — 1)-rectifiable subset N
of RY, then v is of the form v = ~yP¥, i.e., v can be parametrized on (R, u):

/ gy = / 9(B,(D(2)), Dy (2), 2)du(2)
C R4

for all g € C,(R x R x RY).

Proof. By Proposition 2.3 there exists a pair (¢, ¢,) minimizing J over A. By
Lemma A.1 (iii)—(iv) the pairs (¢, (¢,)¢) and (((¢,)¢)*, (¢,);) minimize J over A
and (((¢.)1)")s = (¥.). Hence, we may assume without loss of generality that 1,

¢,, are convex, (¢,,)s = ¢, and (¢,)* = 1, and so
(56) Lip(u) < Ro

(see Lemma A.1 ). This concludes the proof of (i).

Step 1. We first give the proof of (ii) in the special case when there exists R > 0
such that the support of u is contained in By and p[N] = 0 for every (d—1)-rectifiable
subset N of RY.

Step 2. For G € C,(R%) and r > 0 define

[ Yu(z)+rG(z) if z€ Bpg,
¢T(Z)'_{ ' 400 if z¢ Bpgr

and

¢r = (%-)u-

We have that 1 is finite at every point of R and so Dt} exists except on a (d —
1)-rectifiable set (see [1]). Hence, S, := Dy : A — Bp is well-defined p-almost
everywhere. In light of Lemma A.1let 8, : A — (0, 400) be the unique Borel function
such that

(57) Br(¥)r(y) + ¥r(Sr(y)) =y - Se(y) — h(Br(y))-

Note that 3, is well-defined p-almost everywhere. By (56) [¢r|r~(By) is bounded
independently of || < 1 and so Lemma A.1 implies

(58) c< 6r(y) < 1/C
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for all y € A and for some constant ¢ > 0 independent of 7. Observe that (57) implies

r r

———G(S, < or(y) — do(y) < ———G(S,
(59) 5.3 (So(y)) < &r(y) — o(y) < 5 (5r(y))
for all y € A. This, together with (58), yields
(60) 6r(¥) = 60(9)] < |Gl (r)
for all y € A.

Step 3. Claim. Whenever S,(y) exists we have that (¢,(y) — ¢o(y))/r tends to
—G(So(y))/Bo(y) as r tends to 0.

Proof. Fix y such that S,(y) exists and assume that (r;) C (0,+00) is a sequence
converging to 0,

(61) Srj (¥y) = 2o, 6@ (y) — ao,

as j tends to +oo. Since (¢,) converges uniformly to 1, on Br and by (60) (¢;)
converges uniformly to ¢, on A, (57) implies that

(62) ao¢o(y) + 1/}0(Z0) =Y % — h(ao)'

Since S,(y) = Dy} (y) exists, (62) and Lemma A.1 imply

Qp = ﬂo(y) and Z, = So(y)

Because (r;) C (0,+00) is arbitrary we deduce that (S, (y)) converges to S,(y) and
(Br(y)) converges to B,(y) as r tends to 0. This together with (59) yields Claim 3.
Step 4. Claim. S, pushes dy/8,(y) forward to pu.
Proof. Note that J,[1,, ¢po] = Ju[tu, ] and so (s, ¢,) also minimizes J, over
A. This combined with Claim 3 implies

. Juwjrvd)r]_Ju['[l)oaébo] o . GOSO
(63) 0 = lim . = /R Gy /A 3 dy.

r—0 o

Since G is arbitrary in (63), we conclude Claim 4.
Step 5. Using (57) and Claim 4 we have that

_ Yo 0 8o + Bodo - y- So(y) - h(/Bo(Y))
Tobb o) = [ Lot By [ ¥ gy

(64) - /C (v 2 — h(@))dv, = T,

where we have defined the measure vy, by

1
/ngw=/Amg(ﬁo(y),y,50(y»dy

for all g € C,(R x R x R%). Clearly v, € I'(1). Combining (21) and (64) we deduce
that

(65) sup [ = inf J,.
rw A
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Step 6. We complete the proof of (ii). Assume now that p satisfies only (20).

Let (u,) be a sequence of Borel measures on R? such that p,[N] = 0 whenever
N is a (d — 1)-rectifiable subset of RY, M,[u,] = M,[u], spt(i,) is bounded for
all n = 1,2,..., and (Mj[u,]) converges to Mi[u] as n tends to +oo. Combining
Proposition 2.3 and (65) we have that
(66) inf J, <liminf(inf J, ) < limsup(sup I) < sup I.

4 notee A n=+oo T(un) ()

Combining (21) and (66) we deduce that

sup [ = inf J,.
L() A
This proves that duality persists under the sole assumption that p satisfies only (20).

In light of Proposition 2.3 and the above duality result, if v maximizes I over I'(u),
we have that

/C (,(2) + ady(y) + h(a) — y - z)dy =0,

and so

Yu(z) + adu(y) + h(a) —y-z=0

for every (o, y,z) € D' where D' C C is such that v[C'\ D'] = 0. Let A be the subset
of A where Dy, exists. Since H[A\ A] = 0 we deduce that v[C'\ D" = 0 where

D" := (0, +00) x A x R4,
In light of Lemma A.1, there exists a Borel function 3, : A — (0,400) such that

(67) D:=D'nD" c{(Bu(y),y. D¥5(y)) |y € A}.

Since v[C' \ D] = 0, (67) implies the representation formula

(68) /ngv=/Aﬁ;b,)g(ﬁu(y),yﬁw;(y»dy

for all g € C,(R x R% x R%), and so v is uniquely determined. This concludes the
proof of (ii).

Step 7. We complete the proof of (iii). Assume that p satisfies (20) and p[N] =0
whenever N is a (d — 1)-rectifiable subset of R%. Since v[C] is finite, (68) implies that
1/B, € L'(A). Choosing g = g(z) in (68) we obtain that Dt is the optimal map
in the Monge problem that pushes dy/3,(y) forward to , and so D1}, is one-to-one
with respect to Lebesgue measure, its inverse is D, and is one-to-one with respect
to p (see Proposition D.1). This together with the representation formula of v given
in (ii) proves (iii). 0

Remark 2.4. Note that if h satisfies (3), (4), (5) and p is a measure whose support
is contained in Bp for some R > 0, then by Step 1 of the proof of Theorem 2.1 we
obtain that ¢}, can be extended to a convex, lower semicontinuous function which is
finite on R If B, : A — (0,+00) is the Borel function such that 3,(y)(v,)s(y) +
V(DY (y)) =y - D (y) — h(Bu(y)) for almost every y € A, and ¢, is convex, lower
semicontinuous, since H o 8, = 1;;, we then deduce that there exists a constant ¢ > 0
such that ¢ < 3, < 1/c.
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3. Existence of equilibrium configuration. Throughout this section we as-
sume that Q, A C R? are two open bounded sets whose closures are contained in the
closed ball Br, of center 0 and radius R,. We assume that h satisfies (3), (4), (5)
and F € L'(2)? is a Borel map. The aim of this section is to prove that a direct
consequence of section 2 is that problem

(69) I

and problem

(70) sup I[u]

uel)

are dual of each other. Here
I[u] := / (F-u— h(|det Dul))dx  (u€ely),
Q
and J is defined as in (14) by

ﬂmw:lym&mm+ﬂwww.

We also show that if in addition F is one-to-one almost everywhere and [F~1(N)| = 0
whenever N is (d—1)-rectifiable, then (70) admits a unique minimizer. The inequality

sup Ilu] < inf J[y,
e | ]’@w)eA 4]

is straightforward. Indeed, if u € U} and (¢, ¢) € A, then
F-u— h(ldet Du|) < ¢ o F + |det Du| - pou

almost everywhere in Q, which by integration yields I[u] < J[t, ¢|. Because u € U}
and (¢, ¢) € A are arbitrary we have that

71 sup I[u] < inf J[y, @]
(71) o )<t )

The task in this section is to establish the reverse inequality.

LEMMA 3.1. Suppose that (3), (4), and (5) hold and that 1, : RY — R is conver,
lower semicontinuous. If a € Uy, F = Dy ou, and H(|det Dul) = (¢,)* o u, then
I[a] = J[bo, (¥0)¢], 1 is a mazimizer of I over Uy, and the pair (1o, (1)) minimizes
J over A.

Proof. Define ¢, := (1,)3. Because |det Du| # 0 almost everwhere in the weak
sense, we have that [a=![N]| = 0 whenever |[N| = 0. Also, since the convex functions
¢o and (1),)* are differentiable everywhere except on a (d — 1)-rectifiable set, we have
that both ¢, and (¢,)* are differentiable at @(x) for almost every x € Q. By Lemma
A1, for these x € @ we may define a(x) > 0 and z(x) € 9y} (u(x)) such that

(72) H(a(x)) = vy (u(x))

and
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We use the fact that H is decreasing, H(|det Dul|) = 9% o q, and (72) to obtain that
(74) a(x) = [det Du(x)].
Since v} is differentiable at u(x) and z(x) € 0} (a(x)) we deduce that
(75) 2(x) = F(x).
By (73), (74), and (75) we obtain that
|det Du(x)|o(u(x)) + o (F(x)) = F(x) - u(x) — h(|det Du(x)|),

which by integration yields I[u] = J[¢,, ¢,]. Since (¢,, o) € A (71) implies u maxi-
mizes I over U} and (1o, (1)) minimizes J over A. |

THEOREM 3.1 (main results). Suppose that (3), (4), and (5) hold. Then we have
the following.

(i) infa J[eh, ¢] = supy; I[u].

(ii) If F is one-to-one almost everywhere and (d—1)-nondegenerate, then I admits
a unique mazimizer 0 over Uy, a = Dy, o F, and I[a] = J[t,, (Yu)i], and the
map U satisfies the Hamilton—Jacobi equation H(|det Dul) = v% ou for some lower
semicontinuous conves function v, : R? — R such that Lip(v,) < R, and ¢, =

((¢u)ﬁ>ﬁ~

(iii) If F satisfies the assumptions in (ii) and in addition F € L>(Q)?, then there
evists a constant ¢ > 0 such that ¢ < |det Du| < 1/c, and we may extend 1y, into a
Lipschitz, conver function in a neighborhood of conv(A).

Proof. We define on R? the measure y given by

for A ¢ R®. Note that
a6l = [ vdu+ [ say.
Rd A

which, using the notation of section 2, is J,,[¢, ¢], and the following condition on the
moments is satisfied:

(76) Mo[p] = 9| < +oo, M [p] = [F|p1q) < +oo.

By Theorem 2.1 (i) there exists a pair (¢, ¢,) of convex functions minimizing J,
over A such that (¢,,); = ¢, and (¢,)* =, and Lip(1,) < R,.

Step 1. Assume first that F is one-to-one almost everywhere, (d—1)-nondegenerate.
Note that u[N] = 0 whenever N is a (d—1)-rectifiable subset of R?. Since ¢, is convex,
the set where 1, is not differentiable is (d — 1)-rectifiable (see [1]) and so

(77) u(x) := Dy, (F(x))

is defined for almost every x € Q. In light of Theorem 2.1 (iii) D, is the optimal map
in the Monge problem that pushes p forward to dy/3,(y) where 8, : A — (0, 400) is
a Borel function such that

Bu(¥) (W) (y) + Vu(DYri(y)) =y - DYy (y) — M(Bu(y))
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for almost every y € A. Note that in light of Remark 2.4, if in addition F € L>(Q)4,

then we may assume without loss of generality that ¢7, is Lipschitz on conv(A). We

have that D, is one-to-one on R? up to a set of zero measure with respect to p and
D1, maps R? onto A. We deduce that

(78) u is one-to-one up to a set of zero measure with respect to yqdx.

Recall that in light of Theorem 2.1 (iii) the measure ~, defined on C by
o= [ o(8.Du,@). Dz). 2tz
for all g € C,(R x R? x R?) maximizes I over I'(u). Therefore we have that
| e aeix = [ ey

for all f € C,(R?). Consequently,

(79) |det Da| = 3, o u.
Using (78), (79), and the fact that 5, > 0 we obtain that
(80) uely.

Since B, (¢y); + ¢ 0 DYy = id - Dy, — ho 8, Lemma A.1 implies H o 3, = 1y, and
so using (79) we obtain that

(81) H(|det Du]) = ¢}, o u.

By Lemma 3.1, (77), (80), and (81) we obtain that G maximizes I over U, and
Ifa] = J[Yu, (¥,)s]. Therefore, we have proved (i) under the assumption that F is
one-to-one almost everywhere, (d — 1)-nondegenerate.

Step 2. We prove that u is the unique maximizer of I over U}. Indeed, if u is
another maximizer of I over U}, the duality relation between (10) and (13) implies

F(x) - u(x) — h(|det Du(x)]) = ¢, (F(x)) + |det Du(x)|¢, (u(x))
for all almost every x € Q, and so, by Lemma A.1 (i),
(82) u(x) € 9, (F(x))

for these x. Since ¢, is differentiable everywhere in Br except on a (d — 1)-rectifiable
set and F is (d — 1)-nondegenerate, (82) implies u(x) = Dy, (F(x)) = u(x) for all
almost every x € Q. This concludes the proof of (ii).

Step 3. If F satisfies the assumptions in (ii) and in addition F € L°°(Q)?, then
there exists R > 0 such that the support of yp is contained in Bg. Using Remark 2.4
and (79) we obtain (iii).

Step 4. We now prove (i) under the sole assumption that F € L*(Q)?. For each
n € N we may find F,, € L>(Q)? that is one-to-one almost everywhere, (d — 1)-
nondegenerate, and such that

|Fn - F|L1(Q) — 0
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as n tends to +o00. Define

Jol 6] = /R (E () + /A o(y)dy
and

I,[u] := /Q(Fn -u — h(|det Dul))dx.

By (ii) there exists v, : RY — R convex function such that Lip(,) < R, and

(83) In[¥n, (Yn)4] = inf J,, = sup I,,.
A u;

Using that Lip(v,) < R, we have that
(84) Jn[’lﬂn, (Qﬁn)n] Z laf J — RO|Fn - F|L1(Q)
and using that u(2) C A C Bg, for all u € U} we deduce that

(85) sup I, <supl + R,|F,, — Flp1(q).
U uy

Combining (83), (84), and (85) we obtain (i). 0

COROLLARY 3.2 (characterization of maximizers of I). Suppose that (3), (4), (5)
hold and that F € L'(Q)¢. Assume that @ € U). Then @ mazimizes I over U} if and
only if there exists a lower semicontinuous convex function v, : R4 — R such that
Dy¥ exists almost everywhere in A, F = Dy o, and H(|det Du|) = ¢k o on Q.

Proof. Step 1. Assume that @ maximizes I over U/} . By Theorem 3.1 there exists
a lower semicontinuous convex function 9, : R — R such that I[] = J[1),, ¢,] and
Vo = (¢)*, where ¢, := (1b,)3. We deduce that

(86) |det Du(x)[¢o(u(x)) + o(F(x)) = F(x) - u(x) — h(|det Du(x)[))

for almost every x € ). Since v} is differentiable at almost every u(x), using (86) and
Lemma A.1 we deduce that

(87) F=Dy,ou
and
(88) H(|det Da|) = ¢ ot

Step 2. The converse implication is given by Lemma 3.1, and we conclude the
proof of the lemma. ]

4. Smoothness of equilibrium configurations. Throughout this section, un-
less the contrary is explicitly stated, we assume that Q, A C R¢ are two open bounded
sets. Recall that d > 2 is an integer. We now state the main result of this section.

THEOREM 4.1 (smoothness of maximizers of I). Assume that §) is connected, its
boundary OS) is Lipschitz, A and F(Q) are convex. Assume that F,det DF € C*(Q)4,
0 < det DF on Q, F is a homeomorphism of Q onto F(Q). If h satisfies (3), (4), and
(5), then the following hold:
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(i) Problem sup 4 —J and infy, E are dual to each other, and there exists a unique
u minimizing E over Uy .

(ii) We have that i € CY(Q)% N C%*(Q)¢, det Du € C**(Q) N CH(Q) for all
0 <s <1, and det Du+ 1/det Du € L>(Q).

(iii) Furthermore, @ satisfies the partial differential equations (9) in the weak sense
and (11) pointwise.

Proof. Step 1. To show (i), it suffices to check that the map u maximizing I
over U belongs to Up. By Theorem 3.1 there exists a lower semicontinuous, convex
function 1, : R? — R such that @ := Dy, o F € U}, H o |det Dua| = % o 1,

(89) I[ﬁ} = J[d}oa (1/)0)11]3
and D, pushes f,dz forward to dy/S3,(y), where

1
~ det DF(F1(z))

and ﬂo A — (Ov +OO) is defined by ﬂo(y)("/}o)ﬂ(y) + quo(Dd);(y)) =Yy DW(Y) -
h(B,(y)). By Lemma A.1 we have that

(90) Ho B, =

Since F is bounded we may assume without loss of generality that v} is Lipschitz
on A and because the inverse H~! of H is of class C*!, (90) and Proposition D.2
imply that 3, € C'(A). Clearly, f, is of class C', bounded below and above on
F(Q). Using Proposition D.2 again, using that D, pushes f,dz forward to dy/3,(y)
and that the density functions f, and 1/5,(y) are smooth we deduce that Dy, €
CO*(F(Q)1N CH3(F(Q))? for all 0 < s < 1. This proves (i) and (ii). Note that there
exists a constant ¢ > 0 such that

fo(2) : (z € F(Q)),

(91) c<detDu<1/e
Step 2. Let v € ()%, let K be the support of v, and for each |r| < 1 define
u,.:=u-+rv.

Since @ € CY(K), u, = @ on Q\ K, and (91) holds we deduce that (Du,) converges
uniformly to Dua on € and there exists r, > 0 such that

(92) ¢/2 < det Du,(x) <2/c

for almost every x € Q and for every |r| < r,. Thanks to Remark 4.1, since u, €
CH)*N C(Q)?, u, and u agree on 09, (92) implies that u, is one-to-one from
onto u(f?) and u, € Uy. Using that @ maximizes I over Uy we have that

(93)0 = — 71i_r>r%)(][ur] —I[a)/r = }13%) K(W(Dur) — W(Du))/rdx — /K F - vdx.

Since (Du,) converges uniformly to D on , {AdjDu,}, and AdjDu are uniformly
bounded by a constant ¢; > 0. Now note that DW is bounded on {M € R*d
c/2 <det M <2/c,|AdjM| < c1}, and so (92) and (93) yield

(94) 0= /K DW (Du) - Dvdx = /K F - vdx.
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Since v is arbitrary in (94) we read off
—div(DW(Da))=F  in Q

in the weak sense.

This concludes the proof of Theorem 4.1. 0

Remark 4.1. If u, € C*(Q)4NC(Q)? is one-to-one on 2, det Du, is positive, and
u,(Q2) := A, then by the invariance of domain theorem the set A is open (see [16]). If
uc CHN)4NC(Q)? agrees with u, on 99, then

- . 1 if y € A7
(95) deg(u,Q,y) = deg(uo, Q1 y) = {0 if y¢&A,

where deg(u, 2, y) stands for the topological degree of u at y on . If in addition
det Du > 0 in ©, then (95) implies u is one-to-one and u(2) = A. Hence u € Uy. In
particular, U, is a subset of U (see, for instance, [16] for properties of the topological
degree theory).

COROLLARY 4.2. Assume that u, € C*(Q)2NC(Q)? is one-to-one on 2, det Du,
is positive and belongs to C1(Q), det Du, + 1/det Du, € L*(f2), and u,(Q) = A.
Under the assumptions of Theorem 4.1 the infima in (7) and (8) coincide.

Proof. Thanks to Remark 4.1 we have that inf;,, £ < inf;,, E. To conclude
the proof of the corollary it suffices to show the reverse inequality. Let u be the
minimizer of E over Uy. By Proposition C.1 there exists a sequence (u,) C U, such
that ||u, — 0|]1]|F||ec < 1/n and

det Du,, = det Du almost everywhere in )

for each n =1,2,.... We have that
E[u,] = E[qQ] +/ F-(0—u,)dx <inf E+1/n.
Q Ua

This concludes the proof of Corollary 4.2. |

Appendix A. Properties of the map ¢ — ¢". Throughout this section A is
an open subset of R? contained in the closed ball By of center 0 and radius R > 0,
h € C?(0,+00) is strictly convex and satisfies the growth conditions (4). Recall that

H(t) := h(t) — th'(t) (t € (0,400)).

Suppose that ¢ : conv(A) — R, ¥ : R* - RU {+o0} are lower semicontinuous,
and define the convex functions

(96) b(z) = (z) = suwp {y-z+h"(=d(y)} (z€R),
yEconv(A)

and

(o7) o(y) = Ty(y) := sup {Wh(o‘)} (y € RY).

a>0 «

LEMMA A.1. Lety,, z, € R The following statements hold: ~
(i) The supremum in ¢(y,) is attained for 5(y,) € (0, +00) provided that (1)*(y,)

is finite. If S(y,) € 0(¥)*(yo), then we have that S(y,) € B(y0)00(yo), and H(5(y,))



UNIQUENESS OF EQUILIBRIUM CONFIGURATIONS 487

= ()*(y,). Consequently, the pair (3(yo),S(yo)) or in other words the pair (3(y,),
D’z[)*(yo)) is uniquely determined if (@Z)* is differentiable at'y,; 3, S are Borel func-
tions.

(ii) If ¢ # +oo, then Lip(y)) < R.

(iii) If (4, @) € A, then ¢ < ¢ on conv(A) and ¢ <) on R

(iv) We have that ((¢%);)f = ¢ on R and ((104)%)y = 4y on conv(A).

Proof. Step 1. We first prove (i). Note that in light of (4), ¢(y,) is finite if
and only if (¢)*(y) is finite, in which case existence of a maximizer 3(y,) in ¢(y,)
is a straightforward to obtain. Next, observe that if S(y,) € 9(¢)*(y,), then the
auxiliary function K : (a,y,z) — ad(y) + ¥(z) + h(a) — y - z attains its minimum

t (B(¥0), Yo S(¥o)). Exploiting the fact that both functions K and %—5 vanish at
(B(¥0), Y0, S(¥o)) we deduce that

_¢(YO) = h,(ﬁ(}’o)) and H(ﬂ()’o)) =Yo- S(Yo) - J)(S(YO))'

Step 2. Since K(6(yo),¥o,2) and K(6(yo),y,5(yo)) are greater than or equal
to K(B(Yo); Yo, S(¥o)), We readlly deduce that S(y,) € B(y,)0¢(yo). Using the fact
that 1(S(yo)) + (¥)" (¥o) = ¥o - S(¥o), the equation H(B(y,)) = yo-S(yo) =¥ (S(yo))
reads off H( (yo)) = (¥)* ( ) This concludes the proof of (i). Since A C Br we
conclude (ii).

Step 3. The proof of (iii) is straightforward.

Step 4. We now prove (iv). We have that (¢, ((;Nﬁﬁ)ﬁ) € A and because (¢F, ¢) € A,
(iii) implies that (¢f); < ¢ on conv(A). Using the fact that the operator ¢ — @f is
nonincreasing we deduce that ((4%);)f > ¢ on R% But (iii) and (¢% (¢%);) € A
also imply that ((¢f);)! < ¢ on R Consequently, ((¢%);)f = ¢* on R?. Likewise,
((1¢)*); = Wz on conv(A).

This concludes the proof of Lemma A.1. ]

LEMMA A.2. Suppose that () = +oo on the complement of Br and that |/(Z|LOO(BR)
< +o00. Let 3 be defined as in Lemma A.1. Then there erists a constant ¢ depending
only on h, R, and )|~ (py) such that ¢ < B(y) < 1/c for ally.

Proof. Set t, := R? + |1/~)|Loc(BR). Since ¥ = +oc on the complement of By we
obtain that ‘('JJ)*|L00(BR) <'t,. Using (12) and Lemma A.1 (i) we conclude the lemma
with ¢ := max{H 1(t,), 1/H (~t,)}. o

Appendix B. Compacity of a special class of measures. Throughout this
section we assume that A C R? is an open bounded set whose closure is contained in
the closed ball B, of center 0 and radius R,. If i is a finite positive measure on R, we
recall that the moments M, (z) and M,(u) are defined in (20), C := (0, 00) x R¢ x R4,
and T'[u] is the set of all Borel measures on C such that

| t@ney.n = [ i)

/Caf( Jdry(e,y,2 /f
for all f € C,(RY).

PROPOSITION B.1. Suppose that p satisfies (20), that (un) is a sequence of
Borel measures converging weak * to p, My[u,] = Mo[u] (n = 1,2,...), and that

and
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h satisfies (4). If v € T'(un) and the sequence of real numbers ([ |h(c)|dyy) is
bounded independently of n, then there exists a sequence (n;) C N and a Borel measure
v € I'(u) such that (yn;) converges weak * to 7.

Proof. Because v, € I'(u,) we have that v,[C] = M,[u], and so there exists a
sequence (n;) C N and a Borel measure v on C' such that (7,,) converges weak * to
~. We next introduce the functions

k(o,y) :=lr(a+ly])  (a>0,y € R,

where, for R > 1, Igr : R — [0,1] is of class C° and satisfies

1 if | <R-1,
(98) ZR(t){o it |t/ >R

If f € C,(RY), then

Z)(]' - k(av y))d’}/n]

/ (@)1~ k(a,y))dm,
a>(R—1)/2
(99) < 3(| fluol A/ (R — 1).

Using (99) and the fact that v, € I'(i,,) we have that

(100) 2)djin, (2 / F(2)k(e y)dym, | < 20|l AD/(R — 1),

‘Rd

Letting first j go to +00 and then R go to +oo in (100) we deduce that

(101) f(@)dp(z) = / f(z)dy
Rd C

Define the function
B(R) = Msup{t/|h(t)] [t = (R—-1)/2}  (R>1),
where M > 0is a constant independent of n such that [, |h(a)|dv, < M foralln € N.

Since vn; € I'(ptn, ), if Ag is the subset of all (a,y,z) € C such that |z| > (R —1)/2
and |a] < (R — 1)/2 then we have that

(102) ‘ / f(y)dy — af(.v)k(avZ)d%j

< ’/Caf(y)(l — k(a,z))dvn,

and
[ a1)(1 = Ko m)a, | <2 / al F)I(1 — k(e 2))dym,
a>(R—1)/2

+ /A lf )11 - Koz,
< 2 floe (B(R) + R(u[Bss] +1/my) ).

Hence

(103) | [ af(w)(1 ~ hla2)dvn,| < 2fl (50 + [ (2lal+ D+ Rmy).

Br_1

2
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In light of (4) B(R) tends to 0 as R tends to +o0o. Using (102) and letting first j go
to 400 and then R tend to 400 in (103), since M, [p], Mi[u] < 400, we deduce that

(104) Aﬂwwzlgﬂww.

Since f € C,(R?) is arbitrary (101) and (104) yield v € T'(u), which concludes the
proof of Proposition B.1. 0

Appendix C. Density of the set of maps with prescribed boundary
values.

PRrROPOSITION C.1. Suppose that d > 2, Q, A C R are two open, bounded sets,
that O is Lipschitz, and that A is convezr. Let u,u, € C1(Q)* N C(Q)? be such that
det Du,det Du, are positive, of class C*(§), with det Du + ﬁ and det Du, +
ﬁlDuo in L°(Q). Suppose furthermore that u, is one-to-one on §Q, that u is one-
to-one on Q, and that u(Q) = u,(Q) = A. Then there exists a sequence (u,) C
CH)4NC(Q)? of one-to-one maps from Q onto A converging almost everywhere in
Q to u and such that for each integer n

{det Du,, = detDu almost everywhere in €,
(105)
u, = u, on of.

Proof. Step 1. Using Theorem 7 in [9] we find b € Dif f*(Q) N Dif f°(Q) such
that

(106) {det DUQ(b(X )det Db(x) — det Du(x) o Q

b(x) = X on 0f.

Define the maps

v:i=u,ob, s:=uov L
Clearly

det Dv = detDu in £,
(107) { v(x) = u,(x) on 9N

We have that

s(A) = u(b~"[u;  (A)]) = u(@) = A

(e}

and s is measure-preserving in the sense that

[ ctstonay = [ coxax
A A
for all G € C,(R%).

Step 2. Since A is convex and bounded, there exists amap T € Dif f1(A, (0,1)4)N
Dif fO(A,[0,1]¢). One can choose T, for instance, to be the optimal map that rear-
ranges %dx onto x|o,1j¢dx in the Monge problem, where optimality is measured
against the cost function ¢(x —y) = |x — y|%. Using 7' we deduce that the following
known result for [0, 1] (see, for instance, [2] and [30]) holds for any convex, bounded
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set A: there exists a sequence (s,) C C'(A)2NC(A)? of maps from A onto A that are
one-to-one on A, that converge pointwise almost everywhere in A to s such that

(108) {detDsn 1 in A,

si(y) = y on OA
forn=1,2,.... Define
un(x) 1= s (v(x))  (x€ Q).

By (107) and (108) we deduce that (u,) satisfies the conclusions of Proposition
C.1. ]

Appendix D. Background on the Monge problem. In this section we
present a brief description of the Monge problem, a theory which has attracted a
lot of attention. Throughout this section we keep our focus only on the case that is
relevant to the study of solid crystals, the case studied by [3], [19], etc. Let p = fdx,
v = gdx be finite measures on R¢ with equal total mass. Let O;,02 C R? be two
open sets such that O is the support of j and Oy is the support of v. The Monge mass
transport problem consists of finding an optimal way of rearranging ;1 onto v against
a cost function which we choose here to be c¢(x —y) = |x — y|?>. The corresponding
variational problem is to minimize the total work

K[T] = /Rd Ix — Tx|*du(x)

over the set 7 of all Borel maps T : R — RY that push pu forward to v. Define

K'[S]: /m ly — Sy|*dv(y)

and let S be the set of all Borel maps S : R? — R? that push v forward to . The
following results are known in a setting more general than the one herein.

PROPOSITION D.1 (general theorem).

(i) Existence and uniqueness of optimal maps: there exists a unique T, minimizing
K over T. Likewise, there exists a unique S, minimizing K' over S. We have that
So(Ty(x)) = x for p-almost every x € R4, T,(S,(y)) =y for v-almost every y € R%.

(ii) Characterization of optimal maps: a map T, is a minimizer of K over T if
and only if T, € T and T, is the gradient of a convex function 1, : R4 — RU {+00}.
Similarly, a map S, is a minimizer of K' over S if and only if S, € S and S, is the
gradient of a convex function ¢, : R? — R U {+o0}.

(iii) The sets T,(O1) and Os coincide up to a set of zero measure.

Proof. We refer the reader to [19]. O

PROPOSITION D.2 (smoothness of optimal maps). Assume that Oy, Oz are
bounded, 00| = |002] = 0, f+1/f € L>®(0y1), g+ 1/g € L*(02), Oz is con-
vex, and P, ¢, are the convex functions obtained in Proposition D.1. Then we have
the following:

(i) Yo € CH5(01) for some 0 < s < 1, and 1, is strictly convez in O;.

(ii) If in addition Oy is convez, then 1, € C1*(01)?¢ for some 0 < s < 1.

(iii) If Oy is convex and in addition f € C%35(0y), g € C*%(0y), then D, €
CH#(01)? N C%(01)?, D, € C1*(02)* N C*3(03)? for all 0 < s < 5. We have that
Dy, € Diffo((_)h 62)
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Proof. Smoothness properties of ¥, and ¢, as stated in (i), (ii), and (iii) are
established in [4], [5], and [6]. If D, € C%5(01)* and D¢, € C**(03)?, then by
Proposition D.1 we have that D, € Dif f°(O1,03). d
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