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Abstract

Consider a linear autonomous Hamiltonian system with a time periodic bound state solu-
tion. In this paper we study the structural instability of this bound state relative to time
almost periodic perturbations which are small, localized and Hamiltonian. This class of
perturbations includes those whose time dependence is periodic, but encompasses a large
class of those with finite (quasiperiodic) or infinitely many non-commensurate frequencies.
Problems of the type considered arise in many areas of application including ionization
physics and the propagation of light in optical fibers in the presence of defects. The mech-
anism of instability is radiation damping due to resonant coupling of the bound state to
the continuum modes by the time-dependent perturbation. This results in a transfer of
energy from the discrete modes to the continuum. The rate of decay of solutions is slow
and hence the decaying bound states can be viewed as metastable. These results generalize
those of A. Soffer and M.I. Weinstein, who treated localized time-periodic perturbations of
a particular form. In the present work, new analytical issues need to be addressed in view
of (i) the presence of infinitely many frequencies which may resonate with the continuum
as well as (ii) the possible accumulation of such resonances in the continuous spectrum.
The theory is applied to a general class of Schrodinger operators.
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1. Introduction
1.1. Overview

Consider a dynamical system of the form:

Zat¢ = HO ¢7 (11)

where H(, denotes a self-adjoint operator on a Hilbert space H. We further assume that H, has

only one eigenstate iy € H with corresponding simple eigenvalue \g. Thus,
b.(t) = e 'y (1.2)

is a time-periodic bound state solution of the dynamical system ([.1]). We next introduce the

perturbed dynamical system:
0 = (Hy + eW(t) )o. (1.3)

In this paper we prove that if the perturbation , eWW (t), is a small, ”generic” and almost periodic
in time [], then solutions of the perturbed dynamical system ([.J) tend to zero as t — +oo. It
follows that the state, b,(t), does not continue or deform to a time periodic or even time almost
periodic state. Thus, b,(t) is structurally unstable with respect to this class of perturbations.
Our methods yield a detailed description of the transient (¢ large but finite) and long time
(t — #o0o) behavior solutions to the initial value problem. Theorems R.]-£.3 contain precise
statements of our main results. The following picture emerges concerning time evolution ([[3)

for initial data given by the bound state, 1)y, of the unperturbed problem. Let

P(t) = |( to, 6(t) )I*, (1.4)

the modulus square of the projection of the solution at time ¢ onto the state vy f|. Then,
(i) P(t) ~ 1—Cyw [t]2, for |¢] small[]
(i) P(t) ~ exp(—2eT't) for t < O((e?I")71), T = O(W?), and
(iii) P(t) ~ (t)= for |t| >> (£2T')7*, for some o > 0.
1See the appendix in section E as well as [E], [E] for definitions and results on almost periodic functions.
2 (f,g) denotes the inner product of f and g. If ¢y is normalized then P(t) has the quantum mechanical
interpretation of the probability that the system at time ¢ is in the state 1)g.

3 We do not discuss the short time behavior in this article; see [IJ]. This small time behavior is related to
the ”"watched pot” effect in quantum measurement theory [@]




The time 7 = (¢2T")~! is called the lifetime of the state b.(t), which can be thought of
as being metastable due to its slow decay. The mechanism for large time decay is resonant
coupling of the bound state with continuous spectrum due to the time-dependent perturbation.
Our analysis makes explicit the slow transfer of energy from the discrete to continuum modes,
and the accompanying radiation of energy out of any compact set.

Phenomena of the type considered here are of importance in many areas of theoretical physics
and applications. Examples include: ionization physics [3, [, [d] and in the propagation of light
in optical fibers in the presence of defects [[[3]; see the discussion below.

The results of this article generalize those of Soffer and Weinstein [PJ], where the case:

W(t) = cos(ut) B, 5 =p" (1.5)

was considered. The method used is a time dependent / dynamical systems approach introduced
in [R1], B for the problem of perturbations of operators with embedded eigenvalues in their
continuous spectra, [B4], in the context of resonant radiation damping of nonlinear systems, as
well as in [BZ]; see also [[J]. New analytical questions must be addressed in view of (i) the
presence of infinitely many frequencies which may resonate with the continuum as well as (ii)
the possible accumulation of such resonances in the continuous spectrum. This leads to a careful
use of almost periodic properties of the perturbation (Theorems P.1I] and P.9) and hypothesis
(H6) (Theorem P.3), which is easily seen to hold when the perturbation, W (t), consists of a
sum over finite number of frequencies, p;.

A special case for which the hypotheses of our theorems are verified is the case of the
Schrodinger operator Hy = —A + V(x). Here, V(z) is a real-valued function of x € IR?
which decays sufficiently rapidly as |z| — oco. In this setting Soffer and Weinstein [PJ] studied
in detail the structural instability of b,(¢) by considering the perturbed dynamical system ([33),
with W (z,t) = B(x) cos(ut). Here, we consider a class of perturbations of the form W (z,t) =
>; Bj(x) cosp;t, where the sum may be finite or infinite and where the frequencies p; need
not be commensurate, e.g. W(x,t) = Bi(x) cost + Bo(x) cos/2t, where Bi(z), i = 1,2 is
rapidly decaying as x — oo.

In addition to the problem of ionization by general time varying fields, we mention other
motivations for considering the class of time dependent perturbations sketched above and defined
in detail in section .

(a) An area of application to which our analysis applies is the propagation of light through an

optical fiber [[J]. In the regime where backscattering can be neglected, the propagation of waves



down the length of the fiber is governed by a Schrodinger equation:
i0:¢0 = (AL + V(z1) )¢ + W(xy,2)¢. (1.6)

Here, ¢ denotes the slowly varying envelope of the highly oscillatory electric field, a function
of z, the direction of propagation along the fiber, and z, € IR? the transverse variables.
V(x1) denotes an unperturbed index of refraction profile and W (x, z), the small fluctuations
in refractive index along the fiber. These can arise due to defects introduced either accidentally
or by design. The models considered allow for distributions of defects which are far more general
than periodic. Our analysis addresses the simple situation of energy in a single transverse mode
propagating and being radiated away due to coupling by defects to continuum modes. The
bound state channel sees an effective damping. In particular the results of this paper have been
applied to a study of structural instability of so-called breather modes of planar ”soliton wave
guides” [1J]. The case of multiple transverse modes is of great interest [[[J]. Here one has the
phenomena of coupling among discrete modes as well as the coupling of discrete to continuum
/ radiation modes [[]. There is extensive interesting work on this problem in the case where
Wz, z) is a stochastic process in z and radiation is neglected [§].

(b) Nonlinear problems can be viewed as linear time-dependent potential problems where the
time-dependent potential is given by the solution. A priori one knows little about the time
dependence of the solution of a nonlinear problem. Nonlinearity is expected, in general, to
excite infinitely many frequencies. Therefore results of a general nature for potentials with
very general time dependence are of interest. This point of view is adopted by .M. Sigal [[9],
0], who considers the case where the nonlinear term defines a time-periodic perturbation, and
then proceeds to study the resonance problem via time-independent Floquet analysis applied to
the so-called Floquet Hamiltonian. The dilation analytic techniques used were first applied in
the context of time-periodic Hamiltonians by Yajima [R6, B7, B§|. Floquet type methods were
also used in the time-periodic context by Vainberg [27]. The general class of perturbations we

consider are not treatable by Floquet analysis and time-dependent analysis appears necessary.

1.2. Outline of the method

We now give a brief outline of our approach. For simplicity consider the initial value problem:

i0p(t,z) = Hyo(t,x) + eW(t,z) ¢(t, x), (1.7)
Pli—o = ¢(0) (1.8)



where

Ho=—A +V(x), W(t,x)=g(t) (z), g(t) =>_ g; e (1.9)

is a real-valued almost periodic function of ¢, and §(x) is a real-valued and rapidly decaying
function of = as || — oo. The unperturbed problem (¢ = 0) can be trivally written as two
decoupled equations governing the bound state amplitude, a(t), and dispersive components,
¢a(t), of the solution. Specifically, let

o(t) = a(t) vo(x) + da(t,x), (o, da(t) ) = 0. (1.10)
Then,

i0a(t) = Aoa(t),
10y ¢a(t,x) = Hy g(t,x), (1.11)

with initial conditions:

a(0) = (vo,¢(0)),
¢a(0) = Pco(0), (1.12)

where
P.f= f— (Yo, f)vo

defines the projection onto the continuous spectral part of H.

For initial data a(0) = 1, ¢4(0) = 0, we have a(t) = e=*0! ¢,(t) = 0, corresponding to the
bound state, b, (t).

We now ask:

(a) Under the small perturbation eW (t, z) does the bound state deform or continue to a nearby
periodic or even almost periodic solution?,
(b) How do solutions to the perturbed initial value problem behave as |t| — oo?

For small perturbations eW (¢, ) it is natural to use the decomposition ([.I0). Substitution
of (L.10) into ([[.3) yields a weakly coupled system for a(t) and ¢4(t). This system is derived
and analyzed in detail in sections 4-6.

In order to illustrate the main idea, we introduce a simplified system having the same general

character:

idwa(t) = Xoa(t) + eg(t) (Bvo, dalt))
iOpa(t,x) = —Ada(t,z) + ealt)g(t)B(x)o(z). (1.13)
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Here, we have replaced Hj on its continuous spectral part by —A.
If e3 is small then A(t) = ela(t) is slowly varying (9;A(t) = O(ef)). In particular, we

have

i0,A(t) = ™ g(t) ( B, da(t) )
i00q(t,x) = —Adg(t,z) + A(t)e ™ eg(t)B(x)o(z). (1.14)

Viewing A(t) as nearly constant, we see that the inhomogeneous source term in ([.I4) has
frequencies Ao + p;; see (CY). Therefore, if Ao + p; > 0, for some j then Ag + p; lies in the
continuous spectrum of —A (Hy) and therefore ¢, satisfies a resonantly forced wave equation.
A careful expansion and analysis to second order in the perturbation eW (¢) (see the proof of
Proposition 4.1) reveals the system for A(t) and ¢4(t) can be rewritten in the following form, in

which the effect of this resonance is made explicit:

QA(t) = (=T + p(t)) A(t) + E(t; A(t), ¢a(t))- (1.15)
iOpa(t,x) = Ho ¢a(t,z) + Pe F(t,3;A(L), dalt)). (1.16)

The terms E(t) and F(t,z) formally tend to zero if A(t) tends to zero and if the "local energy”
of ¢4(t) tends to zero as t — oo. The strategy of sections 5 and 6 is to derive coupled estimates
for A(t) and a measure of the local energy of ¢4 from which one can conclude, for eW (t) small,
that solutions to ([LIF{L.1§) decay in an appropriate sense. The key to the decay of solutions is
the constant I', given by

D=2 3 gl (P, 6(Ho—do - 1y)PoBi); (1.17)

{7+ Xo+p;>0}
see also hypothesis (H5) of section fJ. The quantity I is a generalization of the well known Fermi
golden rule arising in the theory of radiative transitions in quantum mechanics [B, @, [0]. For the
example at hand, ([L9), the sum in ([[.I7) is over all j for which u;+ ¢ is strictly positive, i.e. lies
in the continuous spectrum of Hy. Thinking of Hy as having a spectral decomposition in terms
of eigenfunctions and generalized eigenfunctions, let e(\) denote a generalized eigenfunction

associated with the energy A\. Then each term in the sum ([.I7) is of the form:

[(e(Xo+ 415), Broo )1, (1.18)

Thus clearly I' > 0, generically.
Neglecting for the moment the oscillatory function p(t) in ([[.17), we see that coupling of the

bound state by the time dependent perturbation to the continuum- - radiation modes, at the
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frequencies p; + Ag > 0, leads to decay of the bound state. The leading order of equation ([.I3-
[[.16) is normal form in which this internal damping effect is made explicit; energy is transferred
from the discrete to the continuous spectral components of the solution while the total energy

remains independent of time:

Lo 15 = la®* + I da®) I3
= [a(0)]* + I ¢a(0) . (1.19)

1.3. Energy flow; contrast with the analysis of [R2]

The goal is to show that energy flows out of the bound state channel into dispersive spectral
components. The normal form above is the system in which this energy flow is made explicit.
Once the normal form ([LIFHL.16) has been derived, it is natural to seek coupled estimates for
A(t) and ¢4(t) from which their decay can be deduced. This is implemented in section ff. A

natural first step is to introduce the auxiliary function:
~ t d
A(t) = elo 785 Ap), (1.20)

for then A(t) satisfies simplified equation of the form:

DA(t) = =T A(t) + E(t; A(t), dalt)) (1.21)
If R[5 p(s) ds is uniformly bounded then, modulo time-decay estimates on E(t; A, ¢q) and
F(t; A, ¢,), the decay of A(t) and therefore of A(t) follows. For the class of perturbations
considered in [P p(t) is a periodic function, having only a finite number of commensurate
frequencies, none of them zero. Therefore, in this case R [j p(s) ds is uniformly bounded.
However, in the present case p(t) is almost periodic with mean M (Rp) = 0 (see section B); p(t)
is displayed in (.13). Rp(t) has, in general, infinitely many frequencies, uy — p1;, k # j which
may accumulate at zero. Most delicate is the case where, along some subsequence, pu — pu; — 0.
It is well known that the integral of an almost periodic function of mean zero is not necessarily
bounded [F], so we are in need of a strategy for estimating the effects of R fi p(s) ds. We
address the estimation of R [ p(s) ds in two different ways corresponding to Theorem P-J
(section B-1) and Theorems P2 (section f-2). In section 1 R [i p(s) ds is estimated under
the hypothesis (H6) which requires that the rate of accumulation of a subset of frequencies
{1;}jer is balanced by the decay of the Fourier coefficients g; as j — oo, j € I. This leads to
a bound on R [ p(s) ds (Proposition [-J). In section .7 the estimates are based on a more
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refined analysis; the almost periodic function p(t), is decomposed into a part with bounded
integral and a part which has mean zero. The latter is controlled using results on the rate at

which an almost periodic function approaches its mean.

1.4. Fermi golden rule and obstructions to Poincaré continuation

In the theory or ordinary differential equations it is a standard procedure, given a periodic
solution of an unperturbed problem, to seek a periodic or almost periodic solution of a slightly
perturbed dynamical system. We now investigate this procedure in the context of ([.7) and its

solution b,(t) for ¢ = 0. Seek a solution of the form:

o(t) = b(t) + &u(t) + O, (1.22)
Here, ¢, = O(gf)[] Substitution of ([.23) into ([.7) yields the equation:
01 = Hopr + €8 g(t) bu(?). (1.23)

This equation has a solution in the class of almost periodic solutions of ¢t with values in the
Hilbert space H only if 8 g(t) b.(t) is "orthogonal” to the null space of i0; — H.

We now derive this condition. Let e(¢) be a solution of Hype(¢) = (e(¢). Then, taking the
scalar product of ([:23) with e=* e(¢) and applying the operator limpoe 771 [ - dt to the
resulting equation gives:

T )
0 = ClpiTm T [ et et g(t) dt (e(C), By ). (1.24)
o0 0

Substitution of the expansion for ¢(t) yields:

Y. 95 0(C Ao+ 1) (e(Q), B0 ) = 0, (1.25)

jEZ
where 0(a,b) = 0 if a # b and d(a,a) = 1. If ¢, which lies in the spectrum of H,, satisfies
¢ = Ao + g for some k € Z (which will be the case in our example if A\g + ux > 0), then we
have that:

(e(Xo+ ), B ) = 0 (1.26)
is a necessary condition for the existence of a family of solutions of ([[.7) which converges to b,(t)
as the perturbation W (t) tends to zero. We immediately recognize the inner product in ([.26) as
the projection of 51y onto the generalized eigenmode at the resonant frequency Ao + g, which
arises in ([[.17); see also ([.I§). Therefore the obstruction to continuation of b,(t) to a nearby

almost periodic state of the system can be identified with the damping mechanism.

4This argument is heuristic so we do not specify the norm with which the size of § is measured.



1.5. Outline

The paper is structured as follows. In section f] we give a general formulation of the problem.
The hypotheses on Hy, the unperturbed Hamiltonian and W (t), the perturbation are introduced
and discussed. There are two types of theorems: Theorems P.1] & .3 and Theorem P.3. Although
the conclusions of these are quite similar, as discussed above, they differ in a key hypothesis on
the perturbation W (t), which is relevant in the case where W () has infinitely many frequencies
which may resonate with the continuous spectrum. In section ] we apply the results of section
B to the case of Schrédinger operators Hy = —A + V(z) defined on L*(IR*). To check
the key local energy decay hypotheses we use results of Jensen and Kato [ on expansions
of the resolvent of Hy near zero energy, the edge of the continuous spectrum. In section [
the dynamical system ([[.3) is reformulated as a system governing the interaction of the bound
state, and dispersive part of the solution. This section contains an important computation, in
which the key resonance is made explicit and a perturbed "normal form” for the bound state
evolution is derived (Proposition 4.1). Sections [l and [ contain estimates for the bound state
and dispersive parts of the solution for intermediate and large time scales. In section [] we
discuss extensions of our Theorems P.T}R.3 to a more general class of perturbations. We shall
frequently make use of some singular operators which are rigorously defined in section [, an
appendix, and of elements of the theory of almost periodic functions [B, {], which are assembled

in section P, the second appendix.

Notations and terminology:

Throughout this paper we will use the following notations:

IN ={1, 2, 3,...};

N, ={0, 1, 2, 3,...};

Z ={..,-3 -2 -1,0 1,2 3,...}

for z a complex number, Rz and Iz denote, respectively, its real and imaginary parts;

a generic constant will be denoted by C', D, etc;

(2) = (1+[22)%;

L(A,B) = the space of bounded linear operators from A to B; L(A, A) = L(A).

Functions of self-adjoint operators are defined via the spectral theorem; see for example [[7)].
The operators containing boundary value of resolvents or singular distributions applied to self-

adjoint operators are defined in section J.

Acknowledgements: This research was supported in part by National Science Foundation
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2. General formulation and main results.

Consider the general system

i0,0(t) = (Ho+W(t))o(t),
o = 6(0). (2.1)

Here, ¢(t) denotes a function of time, ¢, with values in a complex Hilbert space H.
Hypotheses on Hj:

(H1) H,y is self-adjoint on H and both Hy and W (t), t € IR', are densely defined on a subspace
D of H.

The norm on H is denoted by || - ||, and the inner product of f,g € H, by (f, g).

(H2) The spectrum of Hj is assumed to consist of an absolutely continuous part, ceon(Ho),
with associated spectral projection P, and a single isolated eigenvalue Ay with corresponding

normalized eigenstate, g, i.e.

Hyg = Ao, ||t = 1. (2.2)

The manner in which we shall measure the decay of solutions is typically in a local decay
sense, e.g. for the scalar Schrodinger equation governing a function defined on IR"™ we measure
local decay using the norms: f — |[(x)~°f||z2, where s > 0. So that our theory applies to a
class of general systems (involving, for example, vector equations with matrix operators), we
assume the existence of self-adjoint ”"weights”, w_ and w, such that

(1) wy is defined on a dense subspace of H and on which wy > ¢l, ¢> 0.
(ii) w— € L(H) such that Range(w_) C Domain(w.).
(iii)) wy w_ P = Poon H and P, = P. w_ w, on the domain of w,.

In the scalar case w; and w_ correspond to multiplication by (x)® and (x)~*, respectively,
see section f.

The following hypothesis ensures that the unperturbed dynamics satisfies sufficiently strong
dispersive time-decay estimates. Let {,uj}jez denote the set of Fourier exponents associated
with the perturbation W (see hypothesis (H4) below).
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(H3) Local decay estimates on e~ 0t

constant C such that for all f € H satisfying w, f € H we have:

Let 1 > 1. There exist w; and w_, as above, and a

(a) [lw_e ™ Pefll < € ) wifl, for t € R; (2.3)
(b) Jlw_e ™" (Hy = Ao — p1; —i0) " Pef| < C (&)™ Juwif], fort >0 (2.4)

and for all j € Z. For t < 0 estimate (B.4) is assumed to hold with —i0 replaced by +i0. See
section { for the definition of the singular operator in (2.4)

Remark 2.1. There is a good deal of literature on local energy decay estimates of the form
form (B-3) for e=*Ho'P, in the case Hy = —A+V (x) on L*(IR"). These results require sufficient
regularity and decay of the potential V (x). We refer the reader to [[i], [8] and [[[4]; see also [[4],

ER

Remark 2.2. Estimates of the type (H3b) are obtained in [23, B3, Appendix A]. A key point
here is that we require that one can choose the constant, C, in (£.4) to hold for all j1;. It appears
difficult to deduce this uniformity of the constant by the general arguments used in [P3] and
[23]. However, in section [J, where we apply our results to a class of Schrédinger operators, we

can verify (H3b) using known results on the spectral measure.

(H4) Hypotheses on the perturbation W (t):

We consider time—dependent symmetric perturbations of the form

W(t) = —60 + > cos(u;t) B;, with BF = B; and Y ||Bllz00 (2.5)

JEN j€Ng

In many applications, 3; are spatially localized scalar or matrix function. Note that formula
(B-3) can be rewritten in the form:
Z exp(—ip;t)B;, (2.6)
JEZ
where, po = 0 and for j <0, u; = —p_;, f; = B—;. Thus, W (t) is an almost periodic function
with values in the Banach space £(#), with the Fourier exponents {,uj}jez and corresponding
Fourier coefficients {BJ} 7 see, for example, [f].
To measure the size of the perturbatlon W, we introduce the norm
Wil = 5 Z lws Bjlleay + Z I 85 lece- ) (2.7)
]EZ ]EZ
which is assumed to be finite. Here H, respectively H_, denote the closure of the domain of

wy, respectively the range of P., with norm f — ||w, f||, respectively f — |w_f]|.
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Remark 2.3. A special case which arises in various models, is:

where

g(t) = >_ gjcospjt, (2.9)

lws Bz + 18]l e m,) < oo and the sequence {g;} is absolutely summable.

Remark 2.4. Our results are valid in the more general case

W(t) = —ﬁo—l— > cos(uit + 6;) B,
JjeN
where (; are self-adjoint such that expression (B.7) is finite. This follows because the proofs use

only the self-adjointness of W and the expansion:

Z exp(—ip;t)5;,

JEZ

where Bj = e 0% 3, and p_; = —pj, po = 0.

We will impose a resonance condition which says that {\g + f1;} .., N Ocont (Ho) is nonempty

JEZ
and that there is nontrivial coupling; see section 1.4. Let us first denote by I,., the following
set:

]res = {] SN/ )\0 +M] S Ucont(HO)}- (210)

(H5) Resonance condition - Fermi golden rule .., is nonempty and furthermore, there exists
0y > 0, independent of W such that

Z P.Sjbo, 6(Ho — Ao — 1) PeBithe) = bol[|WI|IP > 0 (2.11)
€lre

4>|>1

Remark 2.5. For the exact definition of the Dirac type operator in (B.11) see section [§. That

[ is finite is a consequence of the estimate (B.§) and

I's —Z - B51* < O\HWW (2.12)

We now state our main results:
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Theorem 2.1. Let us fix Hy and W (t) satisfying hypotheses (H1)-(H5). Consider the initial
value problem:
i0p(t) = (Ho+eW (1)) o(t),
Plizo = ¢(0), (2.13)

with w;¢(0) € H. Then, there exists an €9 > 0 (depending on C, ry, and 6y) such that whenever
le| < g, the solution, ¢(t), of (2.13) satisfies the local decay estimate:

[w-o(t)[ < C@E) " [lwy ¢0)], t€IR. (2.14)

Under the same hypotheses as Theorem P.I|, we obtain more detailed information on the
behavior of ¢(t):

Theorem 2.2. Assume the hypotheses of Theorem P.1. For any 0 < ~ < T' there exist the
constants C' and D (depending on C, ry1, 0y and ) such that any solution of (2.13), for |e| < &¢
and w;¢(0) € H, satisfies:

¢(z.t) = a(t)o+da(t), (Yo, da(t)) = 0,

at) = a(0) e =T ® L R (1)

P(t) = P(0)e =T 4+ R (1)

da(t) = e Pp(0) + (1). (2.15)

where T' is given by (2.11) and w(t) is a real-valued phase given by

wt) = )\Ot—5<¢0, /OtW(s)ds wo)

1 _
+ Zfzt >~ (B0, PV.(Ho = Ao — ;)" Pty ),
JEZ
1 t , . o —
+ 152 §R/ Z el(#k—#J)t (Bklpo, (HO - )\0 — M = ’LO) IPCﬁjlpo) . (216)
0 jkeZ,j#k
Js 5J

P(t) is defined in ([[.4) and for any fixed T;, > 0 we have

[R.t)] < C el [[[WI[], [t < —7;0 (2.17)
g2l

IR,(t)] < D lel [IIW]]], |t] < —ZO (2.18)
e2ll

Moreover,

[Ra()] = O((1) ™), [Ra(B)] = O(5)™™), [t] — o0.
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Finally, ¢ = ¢ + ¢, is given in (I9), with ||w_¢(t)|| = O((t)~™) as |t| — co. Therefore, by
(H3) same holds ||w_¢4(t)|]] = O((t)™™) as |t| = oc.

Remark 2.6. Suppose the initial data is given by the bound state of the unperturbed problem,
i.e. ¢(x,0) = ¢o(z), a(0) = 1, ¢4(0) = 0. Then, from the expansion of the solution we
have that for 0 < t < £72I'"! that P(t) (see ([4)) is of order e 2*T="! with an error of
—hot a5 a metastable state, with lifetime
7= —~)"t ~ e ?|||W]||72 Although v > 0 is arbitrary we have not inferred that the
actual lifetime is T = e 2I'~! under hypothesis (H1)-(H5). The reason is that the constants C
and D in the estimates (£.17) and (2-1§) blow up as v N\, 0. In order to remedy this we need an

additional hypothesis:

order . Hence it is natural to view the state e

(H6) Control of small denominators: There exists £ > 0, independent of W, such that

>

j€lves, keZ, j2k | M — Hk

1

(Pefutbo, 6(Ho — Ao — 1) Pefjibo)| < € |[[W]] 1% (2.19)

Remark 2.7. By (B.J) we have
o 1(Btbo, 6(Ho — Mo — 1) Bitbo)| < € = [[W][* (2.20)
J€lIres, k€L, j#k

is finite (see also Remark P.J). Thus, (H6) is important only if:
1nf{|,u] — ,uk| S 7, ke X, J 7& k and Ao + JONS Ucont(HO)} =0, (221)

i.e. the Fourier exponents {;} are such that \g + p; accumulate in o.. In particular, if the

perturbation W (t) consists of a trigonometric polynomial:

N
W(t) = Y cospt (2.22)

i=1

then (HG6) is trivially satisfied.

Remark 2.8. Hypothesis (H6) can be imposed by balancing the clustering of the frequencies
Ao + pj in the continuous spectrum of Hy with rapid decay of (B , 6(Ho — Xo — ) Bitbo) as
J,k — oo. Let B;(x) = g; B(x). Then, W(t,x) = >, g;jcos(u;t) B(x). Using Remark B.J we
find that the left hand side of ([2:19) is bounded by 3; vemjzr |959%] 11; — il ™" [|[W]|[*. The
constant & in (2-19) is finite if, for example, p; = 2|X\o| + 7|7, g5 = |j|7*", 7 > 0.
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In case (H6) is satisfied we have the following improvement of Theorem R.2:

Theorem 2.3. Assume the hypotheses (H1)-(H6) hold. Then there exist €y and the constants
C, D (depending on C, ry, 0y and £) such that any solution of (£.13), for |¢| < g9 and w4 ¢(0) €
H, satisfies

o(x,t) = alt)o+ ¢a(t), (Yo, da(t)) = 0,
) = a(0) e=TM 0 4+ R (1)
(t) = P0)e =T 4+ R (1)
(t) = et P p(0) + o(t). (2.23)

Here, w(t) is given by (2.16) and R,(t), R.(t), w_g¢4(t) satisty the estimates of Theorem .3 .

a
P
Pa

3. An application: the Schrodinger equation

In this section we verify hypotheses (H1)-(H4) in the particular case of the Schrédinger equation
on the three dimensional space with a time almost periodic and spatially localized perturbing

potential:

i0ip = (—A+V(x))d + eW(x,t)o, (3.1)
with ¢ : IR* x R = €, (z,t) = ¢(z,t) and

W(a,t) = Sfo(e) + 3 cos(u;t)B;(x)

2 jEN

where p1; € IR, j € INg, and j; : IR?® —» IR, j € IN, are localized functions. Models of the sort
considered in this example occur in the study of ionization of an atom by a time-varying electric
field; see [[T], [A]-

We take H = L*(IR*), and Hy = —A + V/(x), where V() is real-valued with moderately

short range. More precisely, we suppose that there exists ¢ > 4 and a constant D such that
[V(z)| < D(L+[z[)~°. (32)

Thus, Hj is self-adjoint and densely defined in L?. In what follows we assume that H, has exactly
one eigenvalue which is strictly negative and that the remainder of the spectrum is absolutely
continuous and equal to the positive half-line. Our results can be extended to operators with

strictly negative, multiple eigenvalues [[q].

15



We first discuss the local decay hypothesis (H3). As weights used to measure local energy

decay we take w = (x)* where s > 7/2 and fix r; = 3/2. Our aim is to obtain the estimates:

(H3a) [lw_e ™ Pfl| < C (&) |lwif], (3.3)
(H3b) [Jw_e ™" (Ho — Ao — 11 —i0) " Pefl < € () |y fll, (3.4)

for all pu; € Z, with C independent of j.
We shall assume that the frequencies {\g + p;} do not accumulate at zero, the edge of the

continuous spectrum of Hy:
my, = min{ [N+ p,| : jEZ } > 0. (3.5)

To prove (B-J) and (B4) we use the spectral representation for the operators e~*t P and
e ot (Hy — X\g — p; — 10) 7' P, namely:

emiHotp / T eI E () dA (3.6)
0

e~ HOt (Hy — Ao — 1 — i0)'P, = /‘X’ e (N — Ao — [ — i0) T E'(\)dA (3.7)
0

where E'(\) = 7! S(Hy — A —i0) ! is the spectral density induced by Hy, [H].
The technique of getting (H3a) from (B.G) is presented in [f, Section 10] and it can be
summarized in the following way. We decompose the integral in (B.G) in two parts, corresponding

to low energies (A near zero) and high energies (A away from zero) by writing

E = xE'+(1—-x)F
woe P = [P B Nw_dr + [ ey () B (i)
= 5 + 5. (3.8)

Here x(A) is a smoothed characteristic function of a neighborhood of origin, chosen so that

1
) = 1< g,
) = 0> Sm.

To estimate the two integrals in (B.§) we make use of the detailed results of [ on the family
of operators { E'()\) }. First, by Theorem 8.1 and Corollary 8.2 of [f], w_05 E'(A\)w_ is bounded

on L? and satisfies
| w_ 9% E' (MNw_ |52y = ON"*D/2) as A — o0, (3.9)
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for k € {0,1,2,3}. Integration by parts twice in the second integral in (B.§) and use of the
estimate (B.9) with k& = 2 yields the estimate:

| S2 llsr2) = o(t™?) ast — oo. (3.10)
Next, by Theorem 6.3 of [[] we have the low energy asymptotic expansion:
w_E'Nw_ = -A"2B_; + \2B; + o(A\?) as A — 0, (3.11)

where B_;, B; are bounded linear operators on L?. Use of this expansion in the first integral
of (B-§) yields the expansion in B(L?):

Sy = (mi) VAR YV2B_ — (4mi) Y2732 B 4 o(t7?) as t — oo. (3.12)

Thus (H3a) is satisfied provided that B_; is the null operator or equivalently Hyy) = 0 has
no solution with the property w_t € L?(IR?). The last condition holds for generic potentials
V(z) and when it is violated one says that Hy has zero energy resonance; see [{] for details.

In the same way one can prove (H3b) from the spectral representation (B.7) provided that
the integral is non-singular, i.e. Ag + p; < 0. In the case Ao + p; > m, > 0 we first decompose
the singular integral in two parts, one away from singularity point, A\g + j;, and the other in a

neighborhood of it by using the smoothed characteristic function

Xi(A) = XA = Ao — ), (3.13)
which is supported in a neighborhood of Ay 4 1;, which does not include A = 0:
e~ (Hy — Ny — 11 — i0) Py = /0 T = Ao — 15) (1 — v (V) E'(A)dA
+ /0 TN = Ao — g1y — 10) LG (VE' (V)N (3.14)
The non-singular integral may be treated as above while the singular one defines the singular

operator:
Ty = e (Ho — Ao — pj — i0) " x;(Ho) P,

via the spectral theorem. Here, T; = lim,x o Tj", where

T} = e "M (Hy — Mo — p; — in) ' xj(Ho)Pe.

J

To estimate its L? operator norm we use the integral representation

1 foo . ,
w_ T w_ = —,/ e Potrgtm sty e=Hosy (Hy)Pew_ds. (3.15)

T Jt
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But this reduces to the evaluation of
w_e” 0%y (Hy)Pow_ :/0 e (Nw_E' MNw_d\, s >t, (3.16)

where we used again the spectral representation theorem. Integration by parts three times in
(B-I6) and use of the estimate (B-9) with & = 3 implies

|w_e™ "%y ; (Ho)Pow_||gz2) = o(s™) as t — oo.

Replacing this in (B.17), integrating and passing to the limit as 7 N\, 0 we obtain an o(t=2)
estimate for 7 which is even better than we need to satisfy (H3b).

Moving now towards hypothesis (H4), we may choose the time-dependent perturbation to
be of the form:

W(x,t) = %50 + ) cospjt Bi(z), (3.17)

jEN

with 3; rapidly decaying in z, e.g. (z)*|3;(z)|| < C; for all z € R®, j € INg, where "o, C) <
oo. Thus, (H4) is satisfied as well.

Therefore, our main results Theorems P.T-2.9 on the structural instability of the unperturbed

bound state, and large time behavior for systems of the form (B.1) apply provided (H5), the

Fermi Golden Rule resonance condition, holds. For results concerning more general perturba-

tions than the ones in (B.1]) see section [q.

4. Decomposition and derivation of the dispersive normal form

The results of this section rely on hypothesis (H1) through (H4) only, so they may and will be
used in proving Theorems P.1H2.3.
As in [P]], B9 and [BJ], we begin by deriving a decomposition of the solution, ¢(t), which
will facilitate the study of its large time behavior. Let
¢(t) = a(t)vo + da(t), (4.1)

with the orthogonality condition
(’l/f(), ¢d(t)) = O fOI‘ all t. (42)

Note therefore that ¢y = Pcog.
We proceed by first inserting (f-]]) into (E-I3), which yields the equation:

i0ra(t)o + i0ipa(t) = Aoa(t)o + Hoga(t)
+  ea(t)W(t)y + eW(t)pa(t) (4.3)
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Taking the inner product of (:3)) with ¢y we get the following equation for a(t):
ia = Aa(t) + & (o, W(t)vo)a(t) + € (vo, W(t)da), (4.4)
a0) = (vo,¢(0))

In deriving ([4)) we have used that 1y is normalized and the relation

(o, Oda) = 0, (4.5)

a consequence of ([.2).

Applying P. to (f.3), we obtain an equation for ¢,:
i0i¢a(t) = Hopa(t) + ePW(t)pa(t) + ea(t)PW (t)vo, (4.6)
¢d(0) = Pc¢(0)

Since we are after a slow resonant decay phenomenon, it will prove advantageous to extract the

fast oscillatory behavior of a(t). We therefore define:
A(t) = ea(t). (4.7)
Then, ([.4) reads

A = —icA (o, W(thb) — ice™t (o, W (t)ga(t)). (4.8)

Solving (f.6) by Duhamel’s formula we have

alt) = el 0) — ie /te—iHo<t—s>PCW(s)a(s)¢ods

— i€ /Ot e H=IP W (5)gy(s) ds
= ¢o(t) + (1) + (1) (4.9)

By standard methods, the system (.§)-(9) for A(t) and ¢4(t) = ¢(t) — e~ A(t) v has a

global solution in ¢t with
A€ CY(R), |¢a(t)ll € CO(R), [[w-da(t)] € CO(IR).

Our analysis of the |t| — oo behaviour is based on a study of this system.
By inserting (f.9) into ([.§) we get

QA = —icA(t) (o, W(t)o) — iaeiAoth(wO,W(t)asj). (4.10)

J
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We next give a detailed expansion of the sum in ([L10). It is in the j = 1 term that the key
resonance is found. This makes it possible to find a normal form for ([.1I0) in which internal
damping in the system is made explicit. This damping reflects the transfer of energy from the

discrete to continuum modes of the system and the associated radiative decay of solutions.
Proposition 4.1. Fort > 0,
QA = (=T + p(t) ) Alt) + E(), (4.11)

where T is defined in ([2-11),

p(t) = —ie (Yo, W(t)to) +
+ 7273 (Biv0, PV.(Ho = ho — 1) " Pofv)
JEZ
+ 252 S ellmmmt (ﬁk%, (Ho— Xo — ptj — iO)_lpcﬁj@DO) (4.12)
1,kEZ,jF#k
and
E(t) = —i 2A(O)€i)\0t Z €i‘ukt (ﬁklpo, €_iH0t (H(] — )\0 — ,uj — i0>_1Pcﬁjlp0)
1,kEZ
—i€2€i)\0t j’]czez eiﬂkt (Bkwo’ ‘/Ot e_iHo(t—s) (HO . )\0 — i — iO)—1Pce—i()\0+ﬂj)sasA(S)ﬁj¢0) ds
—ige™" (1hy, W(t)o(t))
g™t (4o, W()a(t)). (4.13)

Here, ¢y and ¢, are given in ({.9).

Although the proposition is stated for ¢+ > 0, an analogous proposition with —e?I" replaced by
2T holds for ¢t < 0. The modification required to treat ¢t < 0 is indicated in the proof.

Remark 4.1. (1) The point of ({.11) is that the source of damping, I' > 0, which arises due
to the coupling of the discrete bound state to the continuum modes by the almost periodic
perturbation, is made explicit. Note that Rp(t) is of order €2|||W|||* as the first two terms of
p(t) are pure imaginary inducing only a phase shift in the solution, A(t), while the last one is
of the same order as the damping, and may compete with it. A key point of our analysis is to
assess the contribution of this last term in ({.13).

(2) The leading order part of equation ({.1]) is the analogue of the dispersive normal form

derived in [P4] for a class of nonlinear dispersive wave equations.
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Proof of Proposition [.]]
Using the expression for W (t) in (B.g), which is a uniform convergent series with respect to
t € IR, and the definition A(t) = e*a(t), we get from ([9)

ot , .
¢1 (t) _ (23 e—zHO(t—s)e—z)\osA(S)Pc Z et ij(] ds

2 Jo iz
i€ ¢ —1 —s) ,—1 i)s
- Iy /0 e~ 1H0(t=9) =100 1)s A (VP 1y ds (4.14)
JEZ
We would like to integrate by parts each of the integrals in the above sum. We cannot proceed
directly since the resolvents of Hy in Ao+ 15, j € Z, would appear and hypothesis (H5) implies
that some of the Ao+, j € Z, are in the spectrum of Hy. Instead we regularize ¢, by defining:

O1(0) = =52 3 [ e e O A ()P B ds (4.15)
JEZ
for n positive and arbitrary and ¢t > 0. Note that ¢,(t) = lim,~ o ¢7(¢) uniformly with respect
to ¢ on compact intervals.
Now, integration by parts for each integral in expression ([.I7) and letting 1 tend to zero
from above gives the following expansion of (¢, W (t)¢1(t)) :

(Yo, W (t)1(t)) = (W(tWoa —% ot Z e M A(t)(Ho — Ao — M — iO)_chﬁjwo)

JEZ

)

+ (W(t)wo, —A0) > e N Hy — Ao — pj — z0)—1PCﬁj¢0) (4.16)

2 jEZ
£ t ,
+ (W(t)wo, 5 Z/ 6_2Ho(t_s) (HO - >\0 — M5 — 7:0)_IPC€_Z()\O+’%)sasA(S)ﬁj¢0dS) .
jez 9
The definition of the singular operators in the above computation is given in section B The
choice of regularization, +in, in (f.17) ensures that the latter two terms in the expansion of ¢,
(E.16), decay dispersively as t — +o00; see hypothesis (H3) and section f]. For ¢ < 0, we replace
+in with —in in (.17).
To further expand the first series in ([.16]) we use the identities (B.7). The proof of Proposition

B is now completed by substitution of (B.f) in the expansion (f.16) for ¢; and of the result
into the second term of the sum in (I0). []

In the next sections we estimate the remainder terms in ([.9) and ([.17).
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5. Estimates on the bound state amplitude

Our strategy is as follows. Equations ([.9) and (f.I1]) comprise a dynamical system governing
dq(t) and a(t) = A(t)e" 0! the solution of which is equivalent to the original equation (1.1).
In this and in the following section we derive a coupled system of estimates for A(t) and ¢4(t).
This section is focused on obtaining estimates for the bound state amplitude A(t) in terms of
¢4(t), while the following section is focused on obtaining dispersive estimates for ¢4(t) in terms
of A(t). We treat only the case t > 0 since the modifications for the case ¢ < 0 are obvious.
The coupled system of estimates shows that A(t) decays in time, provided ¢4(t) is dispersively
decaying and vice-versa. We exploit the assumed smallness of the perturbation eW to ”close”
the resulting inequalities, and prove the decay of both A(t) and ¢4(t).

The main difference from the strategy employed in [R7] for the estimation of the bound state
amplitude is related to the presence of infinitely many frequencies in the perturbation W (t). In
particular one can have an accumulation of resonances in the continuous spectrum of Hy. We
have two strategies for obtaining estimates for A(t) which correspond to the use of hypotheses
(H1)-(H5) (Theorems P.1] and P-2) or hypotheses (H1)-(H6) (Theorem P.3). These strategies
revolve around estimation of R [i p(s) ds, where p is given by ([E12). (H6), which controls

certain ”small divisors” which arise from the clustering of frequencies, ensures that
t
R [ o(s)ds < C 2w (5.1)
0

This, in turn, implies that the contribution of p(t) in the size of A(t) is of order &2|||WW]|[2.
Without hypothesis (H6) we carefully decompose p(t) as

p(t) = o(t) + ().

where () is a real almost periodic function with mean, M (o), zero and R [5 n(s) ds <
Ce?||W|||?. As in the previous case, the contribution of the 7(t) in the size of A(t) is of order
e2||[W||%. On the other hand, o(t) competes with the damping term €I in equation (FEIT),
but being oscillatory (i.e of mean zero) and of the same size as the damping it allows the latter
to eventually dominate.

As the above discussion suggests it is simplest to start by assuming (H6) to get sharper
estimates on A(t) (Theorem P.3) and then to relax this assumption (Theorem P.3). We begin

with a simple Lemma which we shall use in a number of places in this and in the next section.
Lemma 5.1. Let a > 1.

[ te= sy o) ds < Cug () (5.2)

22



Proof: The bound is obtained by viewing the integral as decomposed into a part over [0, /2] and
the part over [t/2,t]. We estimate the integral over [0,¢/2] by bounding (t — s)~* by its value
at t/2 and explicitly computing the remaining integral. The integral over [t/2,t] is computed
by bounding (s)~” by its value at ¢/2 and again computing explicitly the remaining integral.
Putting the two estimates together yields the lemma.

We now turn to the estimate for A(¢) in terms of the dispersive norm of ¢4(¢) and local decay

estimates for e7Ho!'P (H,).

5.1. Estimates for A(¢) under the hypotheses of Theorem .3

Proposition 5.1. Suppose (H1)-(H6) hold. Then A(t), the solution of ({.I1), can be ex-
panded as:
Alt) = eloris (7" A(0) + Ra(t)) (5.3)

Ra(t) = /Ot =10 fi(7) dr, (5.4)

where E(t) is given in (13) and (5.9). For any o > 1, there exists a § > 0 such that R(t)
satisfies the estimates for T > 2(¢°T")~?,

sup ()" [Ra(t)] < G sup (1)

2(e2T)~*<t<T 0<r<(e2T) @
+ CIrt sup ((M"ME(T)), (5.5)
(e2)~o<7<T
sup () [Ra(t)] < D ()Y sup  |B(7))| (5.6)
0<t<2(e2l) 2 0<7<2(e2T) @

Proof. To prove (b.3) we begin with ({.11]). Let

At) = e o9 Ap). (5.7)
Then, A satisfies the equation
A = —TA+ E(t) (5.8)
Bt) = e dortpy). (5.9)
Solving (b.§) we get
iy = =) + Lo () ds (5.10)
= ¢ =TA0) + Ralt). (5.11)
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Below, in Proposition (.4 we show that the real part of the integral of p(t) is uniformly
bounded and of order O(&2|||W|||?), for t > 0. Therefore, for some C' > 0, we have by (f.7) and

(%)

C7YA®)| < |A(t)| < C|A(t)| (5.12)
CE®)] < |E(®)| < C|E®) (5.13)

Consequently, it is sufficient to estimate A(t), in terms of E(t).

Remark 5.1. Estimates of R,(t), which appears in the statement of Theorem P.J, are related
to those for R4(t) via :

Ra(t) = e Pt+or® ds o) (1 — p<5>d5) =Tl a(0). (5.14)
Hence, by Proposition [.3,
[R.(t)] < C |Ra(t)] + O [W]|?) (5.15)
From (B.10) we have for any M > 0:
A < |AO)]eT + /0 M =0 (s ds + /J:[ =T B (s)| ds
= JAO)[e™=T + (1) + L(t). (5.16)

Set
M= ()", a>1.

We now estimate the terms [;(t) and I»(t) in (p.14) for 2(*I) <¢ < T.

M -~
" L) = [ e T B s)lds
0
M ~
< <t>”e_%‘€2”-/ e TG gs . sup |E(7)]
0 0<r<(2lN)—«
< sup (Wne ) 0@ED) T sup  |E(7)
2(e2T)~o<t<T 0<T<(e2T) @
< Ce D sup |E(7)), (5.17)

0<r<(e2T)

for some 0 > 0. Therefore,

sup ()" L) < Ce D sup |E(7)] (5.18)

2(e2T)~ @ <t<T 0<7<(e2IN)~«
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We estimate I5(t) on the interval 2(e?I')™* < t < T as follows:

t

L) < @ [, TN T as s ((OPED) (5.19)

(e2T)~« (e2T)—a<7<T

The integral is now bounded above using the estimate

t
(t)m /( - e~ T1=9) (6\™1 ds < C(2T)7Y, ¢ > 2(°T)~°. (5.20)
e?l)—«
This gives
sup ()" L(t) < CET) swp ((D)7E(T)) (5.21)
2(e2I)— 2 <t<T (e2T)—a<r<T

Assembling the estimates (b.1§) and (p.21]) yields estimate (5.§) of Proposition p.]] provided
that (5.13) and (p.I3) hold. Estimate (p.0) is a simple consequence of the definition of R4(t).
Thus it remains to prove (p.13) and (p.13). By (p.7) and (p.9) it is necessary and sufficient

to verify the following proposition:
Proposition 5.2. Assume hypotheses (H1)-(H6). If p is given by ({.12) then

§R/ s) ds < Ce2|||WI|]2, t >0, (5.22)
for some constant C' depending on C, ry and ; see (H6).

Proof of Proposition 5.2: Using the estimates (87) and (B-g) we can infer that, p(t), given by

(1Y) is a series which converges uniformly on any compact subset of IR. For each fixed t, it

can therefore be integrated term by term to give:

2

%/Otp(s)ds - %@Rz 3 / )5 ( Bapo, (Hy — Mo — py — i0) " Pefiyiho) ds

]kEZ];ﬁk
g2 (=)t _ .
== Y R (wo,(Ho Mo — 11— i0) " Pefin)  (5.23)
§.kEZ,j A HE — M
Define
~ etlm—ps)t _ 1 o
pin = ————— (Brtbo, (Ho — Xo — p1j — i0) "PefBjbo) -

Mk — Ky
Then (5.23) can be expressed as:

2

t g2 . € . .
R[p)s=% X Rpu=5 5 R+ i) (5.24)

Jk€Z,jF#k JkE€Z,jF#k
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Now, since

e~ me—pi)t _ q

Prj = ———————— (6j¢0> (Ho — Ao — pur, — io)_chﬁk%)
Kk — My
etlue—pi)t _ 1 _
= ————— (B0, (Ho — Ao — . +40) "' PS¢0, )
Hr — [y
we have
~ R etlm—ns)t _ 1 o N
R(pjk + Prj) = %W (ﬁkwo, (Ho — Ao — p; —10)™" — (Ho — Ao — pi +i0)~ Pcﬁjwo)
J
(5.25)
Moreover, by (B) we can infer
R(Pjk + Prg) = R (079" — 1) pj 4 28 (e70wmm)t — 1) 55,
where, for j # k € Z,
Pik = (519%, (Ho — Ao — 15 — i0) ™" — (Ho — Ao — pu — io)_chﬂjwo) , (5.26)
j
and for j #£ k, j € X, k € I,
T
djr = (Bjtbo, 0(Ho — Ao — ) Bribo) - (5.27)
Kk — My
Thus, by (£.29) and (B.25)
t g2 , g2 ,
R / pls)ds = — 3 (e — 1) pjp+ — S (el — 1) 5. (5.28)
0 8 jhzgtk 4 renirtien

We now derive a uniform bound for ® f§ p(s) ds.

Estimating the modulus of the above sum, we have for any t:

t 82 82
’3? / pls)ds | < o > ol 5 D 19l (5:29)
0 J,kEZ,j#k k€lres,k#JEL
By (H6),
Yoo gkl < mE YW (5.30)

k€lres,k#jEZL

We now bound the first term in (p.29). This requires an estimate of:

(Brtbo, (Ho = Xo — pj — i0)™ = (Ho = No — pix — i0) "' PefBytho) |

J

Pl =|
’ 1
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for j # k € Z. We rely on the hypothesis (H3b) (singular local decay estimate (R.4) ),

which imply smoothness of the resolvent of Hy near accumulation points in e (Ho) of the set
{Ao + 1} jez-
In order to treat both Ao + (1 € eont(Ho) and Ao + f1; & 0cont (Ho) case simultaneously we
regularize p; x:
1
Hi — M
(@cwoa (Ho = Xo = g5 —in) ™" — (Ho — Xo — ptx — iﬁ)_lpcﬁj%) : (5.31)

n
Pk

Clearly pj = lim,~0 0},
Now by the standard resolvent formula we have:

Pl = (Brtbo, (Ho — X — e — in) ™ (Ho — Xo — 1 — in) " PefBjtho)

Thus, using the singular local decay estimate (H3b), we get:

il = [l [ (B, e U0y — Dy = p; — i) Pofyie) ds
< }]1{‘13) OOO e ‘(w+ﬁkw0, w_e S (Hy — Ng — pj — in)_chw_w+ﬁj¢o) ‘ ds
< Moo Belllws Bl [ w-e " (Ho = Do = p; = i0) ' Pew-| ds
< CllusBilllwssll [ () ds
< CllwsBellllw+5ll, (5.32)

for some constant C' depending on C and ry. Summing on j, k € Z, j # k yields:

o el < WP (5.33)

JkEZ, j#k

for some C' > 0; see (R.7). Use of the bounds (5.30) and (£.33) in (5.29) gives

t
’%/p@% < C&||\w|P?
0

for some constant C' depending on C, r; and &.

This completes the proof of Proposition p.3 and therewith Proposition p.1. ||
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5.2. Estimates for A(¢) under the hypotheses of Theorem R.T]

In this subsection we work under the hypotheses of Theorem P.1. In particular, we drop hy-
pothesis (H6). We shall reuse the notation A and E for functions which are different from but

related to those defined in section 5.1.

Proposition 5.3. Suppose (H1)-(H5) hold. Then A(t), the solution of ({.I]), can be ex-
panded as:

At = efot n(s)ds (e—az(Ft—fot a(s)ds)A(O) + RA(t)> (5.34)
t 9 9 [t ~
RA(T,) _ / e T(t—7)4e fT o(s)ds E(T) dT, (535)
0
where
o(t) = —%R S e ( Brao, 6(Ho — Mo — p15)Bith0) - (5.36)

]617657]#kez
is a real almost periodic function with mean M (o) = 0, n in (p.40) is a function whose real part
has a bounded time-integral of order O(e?|||W|||?) and E(t) is given in (5.43), see also ([BI3).
For any o > 1, there exists § > 0 such that R(t) satisfies the estimates:

sup  (O"Ra()] < Cem & sup  |E(7)]

2(e2T/2)~*<t<T 0<7<(e2T'/2)—@
+ CED)™ sup  ((MME())]), (5.37)
(e2T/2)=<7<T
sup O™ |Ra(t)] < D (521“/2)_0‘(”“) sup |E(T)]. (5.38)
0<t<2(e2T/2)~2 0<7<2(e2I/2)~«

Proof. As in the previous subsection we begin with the equation for A(¢):
QA1) = (p(t) — €T ) A(t) + E(t), (5.39)

where p(t) and E(t) are given by ([IZL.T3J). In the previous section we transformed away the
term p(t)A(t) using the "integration factor”: exp(fs p(s) ds). Under the current hypotheses,
this can’t be done because without (H6) R f; p(s) ds may be unbounded as ¢ — oo, which could
cause the estimates (5.12-5.13) to break down. Instead, we proceed by a more refined analysis
of p(t), which we now outline.

We express p(t) as p(t) = e%0(t) + n(t), where n(t) has a time integral whose real part can
be bounded by the estimates of section 5.1 and a part, e20(t) which is almost periodic and of

mean zero. Using this decomposition of p(t) we write (p.39) as
QA() = [-T + olt) +n(H)] A®) + E().
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Next introduce the change of variables

At) = e b a4 (5.40)

and obtain a reduction to
QA = [ =T + 2o(t) |A + E(1) (5.41)
E(t) = e Jom9d gy, (5.42)

With this strategy in mind we now proceed to derive the decomposition of p(t). We are

mostly interested in its real part, so we start with it.

-2
Ro(t) = R S ellmmmt (@cwoa (Ho— Ao — pj — io)_lpcﬁj%)

Jk€Z,j#k

S Y e (B, (Ho — Do — i — 10) Pefiyin)

Jk€Z,j#k

o

£2
4
2

s Z Sk

Jk€Z,j#k

PP(T)

2
£
= — > Skt my)- (5.43)
J keZgth

In a manner similar to the derivation of (p.29) from (p.24) we find
S j = S (Babo, (Ho — Mo — i +10) " Pefjibo) (5.44)
Using (B-) in (p-44) and then replacing it in (p.43) we get

Ro(t) = “2R oo €W (Biado, 6(Ho — Ao — ) Brto)

k€lres k#jEZ

S Y e (B, [(Ho — Ao — py — i0) ™ = (Ho — ho — i — 0) ™| PeBBylo)
J,kEZ,jF#k
= Rn(t)+o(t).

Therefore,

= ) + %ot (5.45)



where

22 Z e (=15t
J,kEZ,jF#k

(Betbo, [(Ho = Xo — st — i0) ™ = (Ho — Ao — i — i0) "' Pe] Btbo)  (5.46)

o(t) = —%R o @ By, 6(Ho — Ao — 1) Bith)

jEIresJ?ékeZ

see also (5.34).

Note that ® [; 7(s)ds is uniformly bounded in #. To see this, recall the definition of pik in

Lemma p.9 (see (@))
o (o, [(Ho =2 — 1y = i0)™! = (Ho = do = i = i0)™!| Pefivn)

By B7), R n(t) given by (p.44), converges uniformly on ¢ € IR. Therefore, for each ¢t € IR we

may integrate the series term by term to obtain

§R/ 2 R (1) gy (5.47)

ka#k

Pjk =

Moreover the modulus of the right hand side in (F47) is less or equal than $e2 3, jk [0)k]
which by (F-32) is bounded by Ce?|||[W|||? for some constant C' depending only on C and 7.
Note that we derived (p-33) by using only hypothesis (H3b) and not relying on (H6).

Thus we have

t
R / n(s)ds < C=2(||W]| |2 (5.48)
0
To summarize, we have split p(t) into
p(t) =n(t) + o),

such that (548) is valid. If we now define A as in (5.40) then, by (fE11)) A satisfies the equation
(B.41)). Solving (B.41)) we get

A(t) _ e—azI‘t-l-Ez fot J(s)dsA + / D(t—7)+e? f o(s) dsE( ) dr
= T ) "(S)dSA(O) + Ru(t). (5.49)
From (5.49) and (f43) it is sufficient to estimate R4(t), in terms of E(t).

Remark 5.2. The estimates of R,(t) which appears in the statement of Theorem P.J, are
related to those for R4(t) via:

Ro(t) = e Potton&ds g (4) 4 <1—e (J os)ds—yt)+R [§n(s)d > e~ T=0(0). (5.50)
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Before we estimate R(t), we review some properties of the function o(t).

o(t) is an almost periodic function since the sum of the moduli of its Fourier coefficients is
finite. Namely, by (B.20), the terms in the series (5.36) defining o(¢) are majorized by those
of a convergent series (whose sum is C7~!|||[W]||?). Therefore, the series in (5-30) is uniformly
convergent. As the uniform limit of almost periodic functions, o(t) is then itself almost periodic,
bounded by

sup o(t)] < Cliw|® (5.51)

for some constant C'; see also section J. Moreover, o(t) has mean value zero since all the Fourier

exponents are nonzero; see (p.36) and section [J. Therefore
t r
/ o(s)ds < S(t =), for t—7 =M (5.52)

provided M is taken sufficiently large. It can be shown (see section [ or [Jf], page 42) that (5.53)

holds provided
s LwandotO) L0/ (5.53)

where L(I'/4) (see Definition P.1)) is such that in each interval of length L(I'/4) there is at least
one I'/4-almost period for o.
Using (B.5])) and then (H5), we can choose:

M = 8CL(T'/4) /6, (5.54)

independently of ¢ and still satisfy (5.53).

We now return to the estimation of R4. We split the integral in (p-37) into two integrals,
one from 0 to t — M and the other from ¢t — M to t. For the former we use (5.53) while for the
latter we use (p-51]). The result is

t—M ~
Ra®)] < [ B ar
0
n /t = ClIWIP-D)E=D)| (1) | dr. (5.55)
t—M

The first integral in (5-59) can be bounded exactly as the term [ e=="T¢=")|E(7)|dr in the proof
of Proposition p-]. The second integral in (5.59) is bounded in the following manner:

e /t &= ClIWIF=DE)| (r)|dr <
t—M

T [ O s ()7 (7))
M) Ji—pm t—M<r<t

{t =
< D sup  ({(D)"E(T)). (5.56)

(21'/2)—a <7<t
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Note that & and consequently 2" ~ ?|||W]||* are small, so we can consider M < (¢°T'/2)™
and D ~ M < (¢’')71. The result is (f.37). A simple bound, using the definition of R(t)

yields (p.33).

This completes the proof of Proposition f.3.

6. Dispersive Estimates and Local Decay.

In this section we prove the local decay of ¢4 and the decay in time of the remainder terms,
E(t), in bound state amplitude equation ([l.T1]) of section f]. The arguments rely on hypotheses
(H1)-(H5) and results of the previous section, so we will handle Theorem P.]] first. However,
due to the differences between Theorems .2 and P.3 we separately finish their proofs in the final

two subsections of this section. We will repeatedly use the following:

Lemma 6.1. For any n € [0,r1| and j € Z we have

[P p(s)as| < ety sup (e fo]) (6.1)

0<r<t

and

< C@)7" sup (1) [lwi f(D)]). (6:2)

0<7<t

t .
/ w_e TP (Hy — N — p; — i0) "1 f(s) ds
0

Proof. The proof follows from the assumed local decay estimates on e~°%; see (H3a). Namely,

using that r; > 1,
t . t .
H [ IR ps) ds| < [ e O P e (s) 7 ds
0 0

- sup ((1)"[lws f(T)]])

C [y ds s () S

< C)7 sup ((7)"w f())

IN

which proves (B.1]). The proof of (B.9) is identical, and uses the singular local decay estimate of

(H3) (b) [l

We now define the norms

Aln(T) = sup (7)°[A(7) (63
and o
6idipa(T) = sup (7)°w-du(r)| (64

Then we have
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Proposition 6.1. For any T > 0 and n € [0, rq],

[alLoy(T) < C(wi@a(O)] + [el [[[WII [Al,(T) ) (6.5)

Proof. From equation () we get, using the assumed local decay estimate for e=0* and (B.1)),

lw-¢a(®)|] < Z_; [w-¢;(t)
< OO lwega(0)l + Clel(t)™ [Aly(8) sup [lw W (s)ol|
+ Clel W™ [bdl p,y (8)- (6.6)

Since ||w W (s)voll < [IWII| l1voll = |[IW]|| and |e| |||W]|| is assumed to be small, mul-
tiplying both sides of this last equation by (¢)7 and taking supremum over ¢t < T yields (£.3).

[

We now estimate E(t).
Proposition 6.2. Let T > 0. For any n € [0, rq]:
[EL,(T) < C (WP AO)] + [el W] l[wea(O) + [PIWIP[Al,(T) ) (6.7)

Proof.
E(t) is defined in (-T3). From these equations it is seen that we need to bound the following

terms:

R, = —62\A )Y (B, e (Ho = ho — py — 10) "' Pefiio)|
5, kEZ
R = 22 S (Bt [ e Oy — g — py — i0) P 0000, A(s) s
JkeZ 0
and

e (o, W(B)So(E)] = |e (W(t)bo, e 64(0) )
e o, Wo)| = |2 (W ()%/ SHIP Y (5)64(s)ds )|

The estimates of the above terms repeatedly use Lemma [-]. Let n € [0, r4].

Estimation of Ry:
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Ry = 352|A(0)| > |(wi Bibo, woe M (Hy — X — pj — 10) " Pew_ wy By )|

jkEZ
< ClAO)] [IW[]* (6~ (6.8)
by the local decay estimates (R.4)).

Estimation of Rs
From (f.11]) we have that

10:A(s)| < Clel [[[WIII [A(s)] + | E(s)] (6.9)

since Sp is linear in |e| |||[W]||| and Rp, I" are quadratic.

Applying Lemma [.1 to Ry we then get
1

Ry = 452 jgz (w+ﬁkwo, /Ot w_e_iHO(t_s)(Ho — o — pj — iO)_chw_ﬁsA(s)erﬁjwods)
< CEIWIIP &7 (el NWIIT Al () + [El,(t)) - (6.10)

Estimation of |e (¢, W (t)po(t))]:

Since, by definition, ¢4(0) = P¢¢4(0) we can apply local decay estimates for e~ to get
e W ()vo, b))l < Clel [[[WII] (&)™ [[wy-pa(0)]]- (6.11)
Estimation of |e (¢, W (t)p2)|
Applying Lemma [.]] as before we get, for 0 < ¢ < T,
le (o, W(t)g2)] < C[WII[* ()" [9a]Lpu(T)- (6.12)
Using Proposition B.1 to estimate [¢q]rp,(t) in (B-13), we get
e (o, W(t)e2)l < C2[WIII* (6) " { [lwsda(O)| + el [IWIII LA, (t) }- (6.13)

Finally, combining the above estimates, we can bound [E],(T") for any n € [0, 7] as follows:

[EL(T) < C{([[WIII” [AO)] + [e] W] [l ¢a(O)]l + W [E),(T) + [e[*[[[WI[[* [Aly(T)} -
(6.14)
Since [e| |||W]]| is assumed to be small, Proposition p.9 follows.  []
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We can now complete the proof of Theorem R.I. To prove the assertions concerning the
infinite time behavior, the key is to establish local decay of ¢4, in particular, the uniform

boundedness of [¢4]rp., (7). This will follow directly from Proposition .1} if we prove the

uniform boundedness [A],, (T'), or equivalently [A],., (T).

Proposition 6.3. Under the hypothesis of Theorem .1, there exists an g > 0 such that for

each real number ¢, |e| < gy there is a constant C,, with the property that for any T > 0
(A, (T) < C

Proof.
We begin with the expansion of A(t) given in Proposition p.3. Multiplying (5.34) by (¢)™,

and taking the supremum over 0 < t < T we have:

Al (T) < C <|A(0)I (e°T/2)™ + sup (7)™ |Ra(7)] + sup <T>”|RA(T)I>
0<7<2(e2I/2) 2(e2T/2)~@<r<T
(6.15)

The right hand side of (B.17) is estimated using Proposition p.d.

[A],(T) < CJA(0)| (£°T/2)™" + D (£°T/2)~*" = [E]o(2(°T/2) %)
+ O e T E(2(6°T/2)7) + Cy (£2T/2) 7Y E], (T).

Next, we apply Proposition which yields:

[AL,(T) < CJA0)] (€°T/2)™ + D (£°T/2)"*"*Y [E]o(2(e°T/2)7°)
+ CieCT27 [E]o(2(£2T/2)7%) (6.16)
+ Co(?1/2) 7 (AW + el W] lwe@a(O) + [ePIIWII[F [Al, (T)) .

Note that by Proposition and the simple bound:

[Alo(T) < ol

[E]o(2(e°T'/2)~?) is bounded in terms of the initial data and |e] |||W]]].
Choose g( such that:

20, [|[W |3
T
where C is the same as in (p.1G). Then, for |¢| < &
[A],(T) < C. (6.17)
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Here, C\ depends on ||¢ol|, ||ws¢ol|, m1 and e.
This completes the proof of Proposition and therewith the ¢ — oo asymptotics asserted

in Theorems P.IHR.3. ||

It remains to finish the proofs of the Theorems B.d and B.3. Due to some differences we

consider them separately in the following two subsections.

6.1. Proof of Theorem

In order to obtain (B.23) we note that (.7), (b.3) and (p-14)) together with the definition of w(t)
in (B.19) already gives us:

CL(t) _ e—i)\ot—i-fot p(s)ds (A(0)6—521"t + RA(t))
= a(0)e=Tte® 4 R, (1).

which is in fact the second relation in (B.23). The third is a direct consequence of the second
since P(t) = |a(t)|? while the fourth relation is exactly ([£9).

It remains to prove the intermediate time estimate (B.17). The ingredients are contained in

(61 and its proof. First, by (5.19)
[Ra(t)] < C |[Ra(t)] + OE*[[|W]]]?)

So, it suffices to prove an O(|e| |||W|||) upper bound for R4.
Using (B.4) we know that

t 2
IRa(t)] < /0 =T | B(7)| dr, (6.18)

Let T, denote an arbitrary fixed positive number. We estimate (B.1§) for ¢ € [0, Tp(2I")~1]. We
bound the exponential in the integrand by one (explicit integration would give something of
order (£2I")~1), and bound |E(7)| by estimating the expressions in the proof of Proposition f.32.
First, the estimates of Proposition p.2 for Ry and |e (¢g, W (t)po(t))| are useful as is. Integration

of the bounds (p.§) and (p-17]) gives:
[ e R A < WP (o)l
[ e e o, WOsha)] dr < C Jel W] e 0(0)] (619)
To estimate the contributions of Ry, first observe that by (B.9) and Proposition .2 with n =0
0:A(s)] < C [e] [[IWI[] [lweh(0)] (6.20)
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Therefore, using local decay estimates we have:

t
/0 e TRy dr < CTH(ET) ™ PP [[wie(0)]]
< Dle[ [IIW][| [lwy¢(0)]]

Finally, we come to the contribution of |e (g, W (t)p2)|. We rewrite it as follows.

o, Wo) = 2| [ (W) IR (10, 0uls)) d

t .
/ X (w, W (s)wy - w_eTEIP o, W (t)o, w_dals)) ds(6.21)
0

Recall that by (E9) ¢y = ¢o + ¢1 + ¢, where ¢g(t) = e70%¢4(0). Using local decay estimates
(H3a), the contribution of the term ¢(¢) can be bounded by C &2|||W]|[? ||wypa(0)| (7).

—e2T(t—1

Multiplication of this bound by e ) and integration with respect to ¢ gives the bound

C e2[|[W]|]|wy$q(0)||. To assess the contributions from ¢; + ¢,, note that local decay estimates
(H3a) imply
[w—(¢1+ @)l < C [e] [[[WI[] [[wsp(0)]] (6.22)

Putting together the contributions from ¢y and from ¢, + ¢o, we have:

[ e o, W)l dr < O (LUWIP o, a©)) + 1) [P )
(6.23)
The above estimates and (p.15) imply (B-I7). Now, (£:1§) is a direct consequence of (E-I7) and
the relation P(t) = |a(t)|*>. This concludes the proof of Theorem P.3.

6.2. Proof of Theorem 2.2

As in the proof of Theorem R.3 relations (I.7), (B.34), (5.50) and the definition of w(t) in (R.14)

gives:

a(t) _ e—i)\ot—i—fot n(s)ds (A(O>€_E2(I‘t—f0t o(s)ds) + RA(t))

= a(0)e =" T=t® L R (1),

which is the second relation in (BI7). In what follows, the only difference from the previous
argument is in estimating R,(t).
We start with the relation (5.50):

Ra (t) _ e—i)\ot-i'fot n(s)dsRA (t) + (1 B 652(f0t o(s)ds—~yt)+R fot n(s)ds> 6—52(I‘—fy)ta(0>. (624)
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Since o(t) is an almost periodic function with zero mean, for any v > 0 there is an M., > 0
such that whenever |t| > M.,

t
/ o(s)ds < ~t.
0
On the other hand for |¢t| < M., using (B.51)) we have:

t
| o(s)as < e w
So, in both cases,
t
| o(s)ds =5t < CM|IWI

Substituting now in (B.24) and tacking into account that by (b.43),
t
R [ n(s)ds < C=||w|?
0

uniformly in ¢, we get
[Ra(t)] < CIRa()]+OE[[W]| ) (6.25)

It remains to prove an O(|e| |||W]]|) for Ra(t). Looking now at (B.53) we see that we can

2elwiiP-

bound the exponential by max{1, e DMY . Now, the same argument as in the end of

the previous subsection will give us the required result.
This completes the proof of Theorem B.3.

7. Generalizations

In the previous sections we considered perturbations of the form W (¢), with W (¢) independent
of €. In this section, we shall extend our theory to a more general class of potentials, W,, which
are small for small e, but which may deform nontrivially as ¢ varies.

Consider a family of perturbations W and the general system

i0,6(1) = (Ho+W(t)a(t),
Sl = 6(0). (7.1)

where W € W (compare to (B.I]). The results are

Theorem 7.1. Suppose that Hy and any W € W satisfy hypotheses (H1)-(H5). In addition

assuine:
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(H7) Equi-almost periodicity: There exists a positive constant Lg,, independent of W € W,
such that in any interval of real numbers of length Lg,, the function |||W]||72 o(t) (|||W]|| # 0),

where

o(t)=—R Y T ( By, 6(Ho — Ao — p15)Bith) - (7.2)

J€lIres,j#kEZL
has a 6y/4 almost period, 6 is given by (H5). More precisely, there exists Lg, > 0 which does
not depend on W such that in any interval of length Ly, there is a number T = 7(6y/4), such
that for allt € IR

W2t +7) — W20 | < 6/4. (73

If wi¢(0) € H, then, there exists an ¢y > 0 (depending on C, ry, 6y and Lg,) such that
whenever |||W ||| < o, the solution of ([/.1) satisfies the local decay estimate (identical with the
one in Theorem P.1):

lw— o)} < CE) " wy doll, t€R. (7.4)

Sketch of Proof. Once we drop ¢ from all expressions (since it is not present in the actual setting),

the arguments in the previous sections hold in this case except the analysis of o(¢) in Proposition
F3. Formulas (5.30) and ([-3) are the same, but now p;, 5;, j € Z are not fixed as they define
W by (H4) and W sweeps a general class W. This may prevent us to find a fixed time interval,
M, independent of W € W, after which o(t) is within I'/2 distance from its mean, see relations
(B-52p.59).

Nevertheless, (HT) is exactly what we need to overcome the difficulty. A straightforward
calculation shows that any 6y/4 almost period of |||W]||~%0(t) is a I'/4 almost period for o(t).
Consequently, L(I'/4) in (p.54) is bounded above by L(6y) given in (H7). But the latter is
fixed, so, we can choose

M =8CL(6y)/0 (7.5)
independent of W € W and still satisfy (p-59) hence (5:52).

Finally, we can close the arguments exactly as we did for Theorem 1],

Remark 7.1. Theorems analogous to Theorem .3 (respectively Theorem P.3) can be proved
under hypotheses (H1)-(H5), (HT) (respectively (H1)-(H6)).

Examples: (H7) holds trivially for
(VD)W ={cW(t,z): e € R, W fixed}

or
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)W={eW(Et,2): eeR—{0}, |[e| <1, W fixed}.

In the Example 1, € cancels in the formula |||W]||7%c(¢) while in the Example 2 we have a
time dilatation which shrinks the gaps between the almost periods, so L(6y) valid for W is good

for the entire family.

(3) There are more general families of perturbations W for which (H7) holds. For example if

W is equi-almost periodic, see section fJ.

8. Appendix: Singular operators

In this section we present the definition and the properties we needed previously for the singular

operators:
e—iHot (HO —A— 7;0)—1 Pc’ ) (HO — A) PC, P.V. (H(] - A)_l Pc7

and establish the identities
(Hy—AFi0)'"P, = P.V.(Hy—A)""P. £ ind (Hy — A) P,
suggested by the well known distributional identities

(zTi0)" = P.vé +ir 5(z).

Recall that we are in the complex Hilbert space H with self-adjoint “weights” wy and
projection operator P, satisfying (i), (ii) and (iii). We can then construct the complex Hilbert
space H, as the closure of the domain of w, under the scalar product (f,g), = (wyf, wig)
and the complex Hilbert space H_ as the closure of P.H under the scalar product (f,g)_ =
(w-f,w-g) .

By hypotheses of section |}, Hy is a self-adjoint operator on H and satisfies the local decay
estimate (R.3). Based on this property, in [[I, B2, it is proved that for A in the continuous
spectrum of Hy and t € IR

T, = ilim e Ho—A=ims g P
NGO Jt
—t } )
T = —ilim e~ Ho=A+im)s g P,
N0 J—o0o

are well defined, linear bounded operator from H, to H_. We then define

Tl (Hy — A —i0)'P, = e MT, (8.1)
e (Hy — A 4+i0) ' P, = AT (8.2)
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and

1
PV.(Hy— A 'P, = 5T+ T5) (8.3)
1 ,
o(Hy— MNP, = 2—7rz'(T0 —13) (8.4)
Note that the definitions imply the identities:
(Hy— AT i0)"'Pe=P.V.(Hy— A) "' Po +ind (Hy — A) Pe.. (8.5)

Particularly important properties of these operators are their symmetries when viewed as quadratic

forms on H, x H,. For example, on any f, g € H, the quadratic form induced by 7; is given
by:
(f,9) = (wif,w-Tg).
Note that
(. Tig) = iy (£, [~ e A"24sPyg ) = (w. fw-Tg) (8.6)

by the following calculation:

lim
7\0

l'm( , ’/Oo —iHo—A=ims Js P ) = l'm( ,Pc'/oo e Ho=A=in)sgsp )
nl\,‘O f ! t ¢ 9 nl\O f ! t 9
= lim (f, w+w_Pci/ e_i(HO_A_i")Sdsch>
N0 t
_ lm( 7 _./OO _i(HO—A—in)stPC )
771\‘0 wy fiw_i t e g

= (w-i-.fa w—T‘tg)a

where we used the that P, is a projection operator commuting with the integral operator, the
identity wiw_P, = P, on H, the self adjointness of wy and P, and lim,\ o w_T; = w_T, in
L(H H).

Identity (B.q) suggests the notation:

(f,9) = (f, Trg)
for the quadratic form induced by T}, where (-, ) can formally be treated as the scalar product
in H. Moreover, (B.0) implies
(f, Trg) = (T 1. 9).
Therefore, the quadratic form induced by P.V.(Hy — A)~!'P, is the symmetric part of the one
induced by Ty while §(Hy — A)P. induces the skew-symmetric part of it divided by the factor

1. As a consequence both the forms corresponding to the last two operators are symmetric.
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In conclusion, for any f,g € Domain(w,), t € IR and A € oeon(Ho) we have:

(f,eTHU Hy — A T i0) ' Peg) (wy f,w_ e (Hy — A5 i0) "' Peg)
i e ] o] (8.7
(. 3(Ho~ MPeg) = (s fru_(Hy ~ NPeg) < 2 o f| gl (89

(£, PV.(Hy—A)"Peg) = (f,w PV.(Hy—A)'Peg) < Cp [lwyf| [lwsg]. (8.9)

IA

The inequalities are due to the boundedness of T3, where C; denotes the norm of 7; in L(H4, H_).
Moreover, the following symmetry properties hold:
(f; e (Hy = AFi0) "' Peg) = (¢7™"(Hy — A £i0)"'Pef, g)

(fa 5(H0 - A)ch) = (5(H0 - A)Pcfa g)
(f,PV.(Ho—A)""Peg) = (P.V.(Hy—A)"'P.f,g).

9. Appendix: Almost periodic functions

In this section we present the definition and the properties of almost periodic functions we used
throughout this paper. We will confine to functions of the form f : IR — X where X is a

complex Banach space with norm denoted by || - ||.

Definition 9.1. We say that
fIR—=X

is almost periodic if and only if it is continuous and for each € > (0 there exists a length

L(e, f) > 0 such that in any closed interval of length greater or equal than L(e, f) there is at
least one T with the property that for all t € IR we have

If(E+7) = f@Ol <e (9.1)

The number T with the property above is called an e-almost period for f.

We say that the family, F of almost periodic functions is equi-almost periodic if L(e, f) can

be choosen independently of f € F.

Example 1 Any continuous periodic function is almost periodic since for any € > 0 we can
choose the length L(e) to be the period of the function.

Theorem 9.1. Any almost periodic function has a relative compact image.

42



The proof of the theorem can be found in [f, Property 1, pp. 2]. In particular, any almost
periodic function f : IR — X is in the Banach space of all bounded and continuous functions
on IR with values in X, C(X), endowed with the uniform norm. The next result is Bochner’s

characterization of almost periodic functions, see for example [[J, Bochner’s theorem, pp. 4].

Theorem 9.2. (Bochner) Let f : IR — X be a continuous function. For f to be almost periodic
it is necessary and sufficient that the family of functions {f(t+ h)}, —oo < h < ¢ is relatively
compact in C(X).

As a consequence of Bochner’s criterion and Property 4 from [[, pp. 3] we have:

Theorem 9.3. Suppose X, Xs,..., X1 are Banach spaces, f; : R — X;, 1 < i < k are
almost periodic functions and g : [[F_, — Xg41 is continuous. Than g(fi(t), fa(t),..., fi(t)) is

an almost periodic function.

The last theorem has very important consequences in the theory of almost periodic functions.

We will list only those which are useful in our presentation.

Corollary 9.1. A finite sum of almost periodic functions with values in the same Banach space

is an almost periodic function.

Corollary 9.2. A product between a complex valued almost periodic function and an arbitrary

almost periodic function is an almost periodic function.

Corollary 9.3. If H is a complex Hilbert space, L(H) is the Banach space of the bounded
linear operators on H and W : IR, — L(H) is an almost periodic function then for any ¢, ¥ € H

the following functions are almost periodic:

t — Wty

t = (¥, W(t)e)
t = (W(t), Wt)e),

where (-, -) denotes the scalar product on H.

Another essential result in the theory of almost periodic functions is (see for example [,

Property 3, pp.3]):
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Theorem 9.4. Any uniform convergent sequence of almost periodic functions converges to-

wards an almost periodic function.

Corollary 9.4. If {1} jez C IR and {f;}ez C X satisfies ¢z ||55]] < oo, then
> etitp;
jEZ

is an X — valued almost periodic function of t.

Proof: According to Weierstrass’s Criterion the series Y- ;.7 €', is uniformly convergent on
R.

By Corollary P.T and Example 1 the partial sums of the above series are almost periodic.
The result follows now from Theorem P.4. I

We continue with the harmonic analysis results for almost periodic functions.

Theorem 9.5. (Mean Value) If f : R — X is almost periodic then the following limit exists

and it is approached uniformly with respect to a € IR:

1 a+t
lim — f(s)ds = M(f) € X.

t—oo t Jq

Moreover, whenever

t

o dsupyer [|F(s)[[L(/2, f)
- £

we have -
Ip(5) =5 [ f)ds <=,

for all a € IR.

The proof of the mean Value Theorem in this form can be found in [B, pp. 39-44]. Note that
although Bohr’s book consider only complex valued almost periodic functions the proof can be
carried on to Banach space valued functions by simply replacing the modulus by the norm and
the Lebesque’s integral for complex valued functions by the Bochner’s integral.

The results of the next theorem are presented in [J, Chapter 2].

Theorem 9.6. (Fundamental theorem) If f, g : IR — X are almost periodic then:
(a) for any p € IR,

t )
| ) ds = alp, £)

o1
lim —
t—oo ¢
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exists and is non-zero for at most a denumerable set of u’s; if a(p, f) # 0 then a(p, f) is called
a Fourier coefficient for f while p is called a Fourier exponent;

(b) a(u, f) = a(p, g) for all p € IR if and only if f = g;

(c) let A(f) = {u: a(u, f) # 0} denote the set of Fourier exponents for f; then there is an
ordering on A(f), A(f) = {u1, po,...} independent of the Fourier coefficients, such that for
any € > 0 there exist the numbers N(¢) € IN, 0 <k, . <1, n € IN with the property that the

trigonometric polynomial
N(e)

P.(t) = 3 knealpn, fle™
n=1

satisfies
1f(t) = P.(t)|| <e foralltelR.

Moreover k,, . can be choosen such that for any fixed n, lim. ok, = 1.
In this paper we use a less general result than the above Fundamental Theorem, namely:

Corollary 9.5. If f(t) = ez e™'3; where {11;}jez C R and Y ;cq ||3;]| < oo, then A(f) =
{1;tiem, alpj, f) = B;, j € Z, in particular if p; # 0, j € Z then M(f) = 0. Moreover, we can
arbitrarily order A(f) and still have that for any € > 0 there exists a natural number N () such

that:
Jj=N(e)

If@) = > Bl <e,

j=—N(e)
or, in other words, in this particular case the conclusion in part (c) of the Fundamental Theorem

is valid even if we have an arbitrary order on A(f) and we choose k;. = 1.

Proof: By the Weierstrass criterion the series

f(t)e—iut — Z 6i(uj—u)t5j
jeZ
is uniformly convergent on IR. So, when we compute a(u, f) we can integrate term by term and

therefore use the identities:

Lt e [0 AA£D
g ‘“—{1ifA:o

to get the first part of the Corollary. The last part is a direct consequence of the fact that f is

an absolute and uniform convergent series. ||
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