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ABSTRACT. We present a method for generating local orthogonal bases on arbitrary partitions
of R from a given local orthogonal shift-invariant basis via what we call a squeeze map. We
give necessary and sufficient conditions for a squeeze map to generate a non-uniform basis that
preserves any smoothness and/or accuracy (polynomial reproduction) of the shift-invariant basis.
When the shift-invariant basis has sufficient smoothness or accuracy, there is a unique squeeze map
associated with a given partition that preserves this property and, in this case, the squeeze map
may be calculated locally in terms of the ratios of adjacent intervals. If both the smoothness and
accuracy are large enough, then the resulting nonuniform space contains the nonuniform spline
space characterized by that smoothness and accuracy.

Our examples include a multiresolution on nonuniform partitions such that each space has a
local orthogonal basis consisting of continuous piecewise quadratic functions. We also construct a
family of smooth, local, orthogonal, piecewise polynomial, generators with arbitrary approximation
order.

1. INTRODUCTION

Finitely generated shift-invariant (F'SI) spaces naturally arise in several areas of numerical anal-
ysis and approximation theory including the theory of splines and wavelets. A major advantage
of an FSI space is the existence of a convenient basis generated by a (usually) small number of
functions. When the basis is local and orthogonal the process of finding the orthogonal projection
Pf of f € L*(R) onto the space is local so that changing f on a compact interval only affects Pf
on a slightly larger interval.

In this paper we introduce and investigate a method for adapting local shift-invariant bases to
non-uniform partitions via what we call a squeeze map. When the shift-invariant basis is orthogonal,
the squeeze map may be chosen so that the non-uniform basis is also orthogonal.

The notion of squeeze maps generalizes ideas introduced in [4] where we gave examples of local
orthogonal piecewise polynomial shift-invariant bases that are easily adaptable to arbitrary grids in
R. The focus of this paper is on characterizing when a squeeze map generates a non-uniform basis
preserving any smoothness and/or accuracy (polynomial reproduction) of the shift-invariant basis.
When the shift-invariant basis has sufflicient smoothness or accuracy, there is a unique squeeze
map associated with a given partition of R that preserves this property and, in this case, the
squeeze map may be calculated locally in terms of the ratios of adjacent intervals. When both the
smoothness and accuracy are large enough, we find that the resulting nonuniform space contains
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the nonuniform spline space characterized by that smoothness and accuracy.

Two applications that provide motivation for our work are adaptive least squares and the con-
struction of orthogonal wavelets on semi-regular and irregular families of grids. In fact, while we do
not focus on refinable spaces in this paper, it is the refinable case that provides the main motivation
for our study. We remark that our methods provide a means to adapt a multiresolution on uniform
grids to one on a semi-uniform family of grids (that is, an arbitrary coarse grid that is uniformly
subdivided). In Example 6.3, we start with Daubechies’ famous orthogonal scaling function 2¢. We
find that given a nonuniform grid, there is a unique squeeze map that preserves the accuracy of the
space. In a sequel to this paper [7] we verify that spaces associated with uniform refinements of the
initial grid then form a multiresolution and we describe how to find the wavelets. In Example 6.4,
we use ideas from [5] to construct a multiresolution on an arbitrary nonuniform subdivision (the
only requirement is that each interval is subdivided into two subintervals). Each space has a local
orthogonal basis consisting of continuous piecewise quadratic functions.

Finally, in Section 7 we construct a family of smooth, local, orthogonal, piecewise polynomial,
generators with arbitrary approximation order using techniques developed [6]. These generators
have fewer components than the corresponding refinable generators constructed in [6] and so we
prefer them when refinability is not required. We mention that a possible application of this family
is to CDMA (code division multiple access) technology where several users share a single channel
using orthogonal decompositions.

1.1. Shift-invariant spaces. We call a compactly supported, finite-length (column) vector

¢1
o=|: | ecl*R)
Pn

a generator. Note that when it is clear from the context, we also consider a generator ® to be the
set of its components, that is, we also consider ® C L?(R). When we refer to the span of ® we
mean the subspace of L%(R) spanned by the components of ®.

For a generator @, let

B(®):={¢i(-—j)|j€Z,i=1,...,n}.

If B(®) is an orthogonal set, we say ® is an orthogonal generator. For a generator ®, let

S(@):={)_c(j)T®(-—j) | c(j) € R",j € Z}.
JEZ

If V.= S(®) for some generator ® then V is called a finitely generated shift-invariant (FSI) space.

1.2. Minimally supported generators. Our procedure for constructing local bases on nonuni-
form partitions starts with generators supported on [—1, 1] satisfying a local linear independence
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condition on [0, 1]. In particular, for & < n, we say that a generator

$1

Pn
(where @ consists of the first k elements of ® and & consists of the last n — k) is a minimally
supported k-generator (or just minimally supported) if

1. supp @ C [-1,1],
2. supp @ C [0, 1],
3. the collection & U (i)X[O,l] U (®(-— 1))Xo,1] is linearly independent.
We denote the collection of all minimally supported k-generators with n components by G . See

Section 5 for several illustrative examples of orthogonal minimally supported generators.
For ® € G, we denote the “left” and “right” pieces of ® by

Op = (i)X[O,l]v and &y, := (i)X[—LO)‘

Obviously, condition (3) can be rewritten as ® U ®p U @ (- — 1) is linearly independent. If & is
minimally supported then it follows from the local linear independence condition (3) above that
B(®) is linearly independent, that is, any f € S(®) has a unique representation of the form
f=>2¢;®(-—j). In the remainder of this paper, when there is clearly some underlying minimally
supported generator with k& and n as above, then for any (row or column) vector v of length n,
we let v denote the subvector of the first & components of v and ¢ the subvector of the last n — k
components of v.

Also, for f,g € L*(R)" we define (f,g) := / f(z)g(z)Tdz € R™™ where v' denotes the
R

transpose of a (column) vector v.

2. SQUEEZE MAPS

Let a = (a;);ez be a strictly increasing real-valued sequence with no accumulation point in R;
in which case we call a a knot sequence. Let L; := a;41 — a; denote the length of the jt interval
[aj+1,a;] and let 7; = 77 be given by

(x —a;)/Li—y forz <a
(x —a;)/L; for 2 > a;.

(1) 7i(z) = {

Then 7; maps the points a;_1, a;, and a;41 to —1, 0 and 1, respectively.
Suppose ® is an orthogonal minimally supported generator. Consider

BO = U q)OT]‘.
JEZ
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If ® is continuous and k& = 1 (for example, see the example in Section 6.1) then (because 7; is
affine on each “overlap” interval [a;, a;41] and continuous on R) it follows that By is a continuous
orthogonal basis for its span.

On the other hand, if ® € C''(R) and 9'(0) # 0 (for example, consider the continuously differen-
tiable ® with & = 2 in Example 6.2) then the components of By are not in C''(R) for nonuniform
a. In particular, ® o 7; is not differentiable at a; unless L;_; = L;. This leads us to consider a
more general construction in which linear combinations of @, o 7; are pieced together with linear
combinations of ®p o 7; via what we call a squeeze map.

More specifically, let Ag) and Ag) be invertible & X & matrices for j € Z and let A; : R — RFxk
denote the matrix valued function on R defined by
Aj = x1,0AL + xp AR -

Given A and a knot sequence a, we call the the sequence of mappings o = (0;),cz where 0; : G} —

L*(R)" is given by B
_ (A;®or;
U]((I)) - ( (i)OT]‘ )
a squeeze map (on G ).
As before we let 7;(®) denote the vector of the first £ components of o;(®) and 5;(®) the
remaining n — k components. Observe that
5']‘((1)) = (X[—I,O)Aij)i) + X[O,I]Ag)é) oT; = (A( )(I) + A( )q)R) 0T,
and suppa;(®) C [a;_1, aj4+1] while supps;(®) C [a;, a;j41].
If o is a squeeze map on G and ® € G, then we define
®):= | o;@
J€Z
and

®):={) c(j)o;® | c(j) eR",j € Z}.
JEZ

The minimal support of ® and the invertibility of Ag) and Ag) imply that B,(®) is linearly
independent.

If o is a squeeze map with matrix sequences (Aij)) and (Ag))7 we define
R = Ri(o) = (A7) Ay (e ).
We say that two squeeze maps ¢ and v on G are equivalent whenever S,(®) = S5, (®) for any
P egyp.

Lemma 1. Suppose o and v are squeeze maps on G'. Then o and v are equivalent if and only if
(2) Rj(o) = Ri(v)  (J€Z)
Proof. Suppose (2) holds. Then
_ (4) .
(A (@) = (A7) (@) (e 2)

where o has matrix sequences (Aij)) and (Ag)) and v has matrix sequences (AL(j)) and (Ag
Hence, 0;(®) and v;(®) (considered as sets) have the same span proving S,(®) = 5, (P).

(j))‘
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On the other hand, if S;(®) = S, (®) then the local linear independence of B, (®) and B, (®)
shows that &;(®) and 7;(®) have the same span for each j € Z. Thus, there must be some
nonsingular matrix W; such that

vj(®) = W;o;(®)  (je2)
which implies that (2) holds. O

Our motivation for considering squeeze maps is that if ® is a minimally supported orthogonal
generator then we can always find a local orthogonal basis for S, (®) N L#(R). To see this, note
that the elements of @;(®) are orthogonal to the elements of ;41 (®):

(@;(®), 0541(®)) = LAR (@n, @1( = D)AT™) T =0 (j€2)

It then follows that ¢;(®) is orthogonal to o;/(®) for any j # j' € Z. Finally, for each j € Z, we
choose some orthogonal basis for the span of &;(®) (for instance, by applying the Gram-Schmidt
process to &;(®)). This change of basis corresponds to constructing a squeeze map v equivalent
to ¢ such that B,(®) is an orthogonal set and is equivalent to performing the following matrix
factorization: Let B]'B]T be a Cholesky factorization of (¢;,5;), that is

() BB =(0)(®),0;(®)) = L A (@1, ) (A]) T + LAY (@, @) (AF))T
Then v with matrix sequences (Bj_lAij)) and (Bj_lAg)) is equivalent to o, and B,(®) is an
orthogonal basis for S, (®) N L*(R). Thus we have

Lemma 2. Suppose ® is a minimally supported orthogonal generator and o is a squeeze map for
&, Then there is some squeeze map v equivalent to o such that B, (®) is an orthogonal basis for

S, (@) N L*(R).
3. POLYNOMIAL REPRODUCTION AND SMOOTHNESS

In this section we give necessary and suflicient conditions for a squeeze map o to preserve
the accuracy (polynomial reproduction) and regularity of S(®). Throughout this section & is a

generator in G’ and o is a squeeze map on G with matrix sequences (Ai])) and (Ag)). Recall that
R; = (AVY=1AY) for j € Z.
First we address the smoothness of S,(®). Since S,(®) is locally finite-dimensional it follows

that S, (®) C C™(R) if and only if o;(®) C C™(R) for all j € Z.
Theorem 3. Suppose & C C™(R). Then, for j € Z, 0;(®) C C™(R) if and only if
(4) R;®W(0) = (L;/L;-1)@"(0)

that is, if and only if ®9(0) is either 0 or a right eigenvector of R; with eigenvalue (L;/L;_1)? for
0<qg<m. (Here O denotes the ¢t derivative of ®.)

Hence, S, (®) C C™(R) if and only if (4) holds for all j € Z.

Proof. The theorem follows from

. -9 AW &) (-
o, (@) D7) = ((LJ—I) AOL (0 ))
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and
. V=2 4D ) o+
Uj(q))(q)(]-l-) — ((LJ) A% 2'7(0 ))
for0<g<mandje€Z. O

Let II,, p > 0, denote the collection of univariate polynomials of degree at most p. A generator
¢ is said to have accuracy p+1if 11, C S(®). If & has accuracy p+1, then (since B(®) is a linearly

independent set) for each [ = 0,...,p, there is a unique sequence of 1 X n vectors (aq(j));ez such
that
(5) 2= ()P — ) =Y @) ®(e - j) + @) - j).

JEZ J

We say (o, ®) has accuracy p+ 1if [1, C S, (®), in which case there exists for each [ = 0,...,p,
a unique sequence (a}(j));ez, such that

(6) w'=3 a(j)o(@)().

J

Theorem 4. Suppose ® has accuracy p + 1 and o is a squeeze map for ®. Then (o,P) has
accuracy p+1 if and only if a;(0) is either 0 or a left eigenvector of R; with eigenvalue (L;/L;_y)"
Jorl=0,....pand all j € Z.

Proof. Using (6) and the definition of o;(®), observe that (o, ®) having accuracy p+1 is equivalent
to the existence of sequences (a}(j));jez, { =0,...,p, such that

o = af() AR o mj(a) + af(i + DALTVD 0 i (2) + 6{(7)® 0 7i(2),
for j € Z, and = € 7']4_1([07 1]) = [a;, aj41]. By substituting Tj_l(w) for « in the above, we obtain

I
AN N ) : 1) = iy
> () Lia'al= = a}(j) AP @ () +af(j + DA B — 1) + dl(j)d(a),

=0
where [ and j are as above, but here x € [0, 1]. Now, since @ has accuracy p+ 1, we can use (5) to
replace z* in the above. In particular,

2t = @ (0)®(z) + @ (1)®(x — 1) + &(0)®(z)

for « € [0, 1]. With this substitution and the minimal support properties of ®, we find an equivalent
system of equations,

>
(7) a(Hay =3
>
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Now, since Ag) and Ag) is invertible for all j, the last two of these lead to

l l
(%) > (1) s e @@y = X (§) Hodiamal) .
=0 =0

Here, we may apply Lemma 8 proved at the end of this section, observing that «;(0) and «;(1)
satisfy (14), as, therefore, do &;(0) and &;(1). The “only if” part of the result follows.

All steps in the above argument are reversible except the one from (7) to (8). The “if” part of
the result is achieved by choosing & and & as in (7). The choice is consistent with (8) and leads
to the desired accuracy of (o, ®). O

If & C C™(R) and has accuracy p+ 1, then i)(q)(O) =0for 0 < ¢ <m and so
- d
(9) @(0)@W(0) = —a'| = (¢,

- q
d$ =0

for 0 < ¢ <mand 0 <[ < p, where §;, denotes the Kronecker delta. For 0 < ¢ <mand 0 <[ < p,
we define the following matrices:

ao(0)

(10) Vi= : and W, = (®(0) - - - ®(9)(0))
@1(0)

Then (9) is equivalent to the matrix equation

(11) VoW, =D

where D is the (p+ 1) x (m + 1) diagonal matrix whose ({,1)*" component is (I — 1)!. The rank of
the right side of (11) is min(m + 1,p+ 1). Also, V,, and W,, have rank at most k& which gives the
following bound for k:

Lemma 5. Suppose ® C C™(R) and has accuracy p+ 1, then
kE>min(m+1,p+1).

We next consider when accuracy or smoothness uniquely determines the squeeze map (up to
equivalency) and when accuracy forces smoothness or smoothness forces accuracy.

Theorem 6. Suppose ® C C™(R) and has accuracy p+ 1. Let a be a given knot sequence.

(i) If £ < p+ 1 and the square matriz Vi_1 is nonsingular, then there exists a unique (up to
equivalence) squeeze map o with knot sequence a such that (o, ®) has accuracy k. In addition,
Ss(®) C C™(R).

(ii) If k < m 41 and the square matriz Wy_y is nonsingular, then there exists a unique (up to
equivalence) squeeze map o with knot sequence a such that S,(®) C C*~'(R). Furthermore,
(o, ®) has accuracy p+ 1.

Proof. Case (i). Suppose k < p+ 1,V := Vj_; is nonsingular, and o is a squeeze map for ®. Then
a;(0) # 0 for 0 <! < k—1 and so Theorem 4 asserts that (o, ®) has accuracy k if and only if &;(0)

is a left eigenvector of R; with eigenvalue (Lle )i for 0 <1< k—1and j € Z. The latter condition
i

is equivalent to

VR]‘ = A(LJ‘/LJ‘_l) |4 (] S Z)
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where A()) is k& x k diagonal matrix whose (/,1)*" component is A'~! for A € Ry. Thus, (o, ®) has
accuracy k if and only if
(12) Ry =V 'AL;/L;) V. (j€Z).

Equation (11) shows that ®(@)(0) is the ¢*" column of V='D. Multiplying both sides of Equa-
tion 12 on the right by ®(4)(0) then shows that ®(?)(0) is a right eigenvector of R; with eigenvalue
(Lfil )4 for 0 < ¢ < m. Hence, Theorem 3 shows that S,(®) C C"™(R).

Case (ii). Now suppose k < m + 1 and W := Wj,_; is nonsingular. As in case (i) we find that
(o, ®) has accuracy k if and only if

(13) Rj=WA(L;/L;i_ ) W™!

L;

T, )t for 0 <1 < p. Hence Theorem 4

and that a;(0) is a left eigenvector of R; with eigenvalue (

shows that (o, ®) has accuracy p+ 1.
]

If £ = min(m+ 1, p+1) then it follows from (11) that V;_; and Wj_; are both nonsingular and
so both cases in Theorem 6 hold. The next theorem shows that S,(®) contains the spline space

S;n(a) = {f € Cm(R) | f|(aj,a]+1) € Hp7 ] € Z}

when & = min(m+1,p+1). In this case, it is known from classical spline theory that the accuracy
determines the approximation order of S, (®). Note that S}*(a) = II,, if m > p.

Theorem 7. Suppose & C C™(R), ¢ has accuracy p+ 1 and k = min(m + 1,p+1). Let a be a
given knot sequence.
(i) There exists a squeeze map o with knot sequence a such that S,(®) C C™(R) and has accuracy
p+ L
(ii) If v is any other squeeze map with knot sequence a such that either S,(®) C C*'(R) or
(v, ®) has accuracy k then v is equivalent to o.
(ili) S} (a) C So(®). (This is nontrivial only when m < p in which case k = m+-1.)

Proof. If k = min(m + 1,p+ 1) then it follows from Equation (11) that V;_; and Wj_y are both
nonsingular and parts (7) and (i) follow from 6.

JFrom part (i) we have II, C 5,(®) and so we only need consider the case m < p. Since Wj_4
is nonsingular, it follows from (11) that @;(0) =0 for l=m+1,...,p.

For simplicity, first suppose that one of the knots, say a;, is 0. Then (7) implies

a(i)AY = Llay(i) =0, (I=m+1,...,p).
Thus Equation (6) becomes

o! = &(0)5:(®) + Y ai(j)o;(®).

j#i
Thus the truncated powers (ac_|_)l, [=m+1,...,p, can be written as
(e4)' = &(0)3:(®) + ) aj(j)o;(®).
i>i

and so are in S,(®) for l = m + 1,...,p. Observe that shifting the knots by a constant shift
translates the basis B,(®) by the same amount. Hence S,(®) contains the truncated powers
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((x —aj)y) forl=m+1,...,pand j € Z. The truncated powers form a basis for S, (a) showing
that (iii) holds. O

Finally, we prove the following lemma that was used in the proof of Theorem 4.

Lemma 8. Suppose ag, a1, L1 € R and Lo = a1 —ag. Further, suppose a(0) and (1) are sequences
of 1 X k vectors such that

l

(14 ) =3 () a0

=0
Jorl=20,....p. Then the k X k matrices C' and D satisfy the conditions

l

(15) > (1) setiaoe = i (1) zhatr e

1=0
Jorl=20,....p if and only if
(16) o (0O)(LIC — LiD)y =0
Jorl=10,....p.

Proof. For a given [, we may use (14) to substitute for ;(1) in (15). Then using routine combina-
torial manipulations we find

(17) Xl: (i) Liad™a;(0)C = 2; (j) aj(o)Di: (i ~ i) Liak.

=0 =7

By shifting the index on the inner sum by j, the left-hand side becomes
l I -7 / ]
, — 7\ jiti l-i-j
Z; (]) a](O)Dz; ( ; ) Ly a,
j i=

= (;) a;(0) Ljay ™ D,

i=0

~ |l

where the final equality follows from a; = ag + Lo and the Binomial Theorem. Thus (15) is
equivalent to

l

> (i) ai” i (0)(LiC = LyD) = 0.

=0

JFrom here it is easy to show the equivalence with (16) by induction on [ =0,...,p. U
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4. CONSTRUCTING THE SQUEEZE MAP

Suppose & C C™(R), ® has accuracy p+ 1 and & < max(m + 1,p+1). Then either case (i) or
(71) of Theorem 6 holds and the squeeze map preserving accuracy in case (i) or smoothness in case
(1) is unique up to equivalence. In both cases there is a full set of k eigenvectors for R; for j € Z
with specified eigenvalues. These eigenvectors then uniquely determine R; through either (12) or
(13). In case (i), let U = Vj_1 and in case (ii) let U = W, where V;_; and Wj_; are given by
(10). Let

(18) RN =UTTANT (A >0).

Then R; = R(A;) where A\; := L;/L;_; for j € Z. Thus, the squeeze map is determined (up to
equivalence) for an arbitrary knot sequence. Furthermore, each R; is determined only by the ratio
L;/L;_4.

Now suppose @ is an orthogonal generator. Let o be the squeeze map with matrix sequences
(I, R;). Following the proof of Lemma 2, an equivalent squeeze map v so that B, (®) is orthogonal
may be found as follows. First, find a Cholesky factorization (see Equation (3):

(19) BA)BA)T = (@, ®1) + AR(\) (PR, Pr)R(N)T.

Let B; = \/L;_1B();) for j € Z. Then v with matrix sequences A}j) = (Bj_l) and Ag) = (Bj_le)
gives an orthogonal basis. Again note that for fixed ®, B; depends only on L;_; and L; and (since
a Cholesky factorization is equivalent to an LU factorization using Gaussian elimination) we can
find a closed form expression for v; in terms of the ratio A\; = L;/L;_y. This makes it simple and
quick to construct the squeeze map for an arbitrary knot sequence.

In our examples we only consider k =1 or k& = 2. When £ = 1 it is trivial to obtain B;. Suppose

a b
=)
is a symmetric positive definite matrix (that is, v’ Av > 0 for any nonzero 2-vector v). Then A is

positive definite if and only if both @ and det A are positive. One choice for B such that BBT = A
is given by

(20) B:\%(Z \/dgﬂ)'

5. ORTHOGONAL MINIMALLY SUPPORTED GENERATORS

5.1. Rescaling orthogonal generators. Any orthogonal compactly supported generator may be
used to construct an orthogonal generator supported on [—1, 1] as we next describe. If the support
of ® = (é1,...,¢,)" is contained in [—1, M], then let ®); denote the generator consisting of the
concatenation of the M generators ®(M - +k), (k = 0,...,M — 1). Then ®ps is an orthogonal
generator supported in [—1,1] and S(®ps) equals S(®)(M-) (that is, the dilation by 1/M of the
space S(®)). The local linear independence conditions for minimal support must then be checked
separately. Example 6.3 is constructed in this way.
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5.2. General construction. In [5] the authors developed a method for constructing orthogonal
generators. For W C L%(R), let Py denote the orthogonal projection onto W.

Lemma 9. ([5]) Suppose ® is a minimally supported k-generator. There exists an orthogonal
minimally supported k-generator ¥ such that S(¥) = S(®) if and only if

(21) (I = Pyg))® L (I = Pg5)@(-— 1)
(that is, (I — Pgg))éi L (I = Pgg))éi(- = 1) for 1 <i,j < k).

Proof. (Sketch of proof.) Let U be an orthogonal basis for the span of ® and choose ¥ to be
an orthogonal basis for the span of (I — Ps(é))(b. Then W is an orthogonal, minimally supported

k-generator for S(®) if ¥ and W(- — 1) are orthogonal (or, equivalently, if (21) holds). The other
direction relies on the observation that if ® and ¥ are minimally supported k-generators such that
S(¥) = S(P) then
span® = span¥
and
span® U d(- + 1) = spanW U W(- + 1)
O

The idea of the construction is to choose @ so that (21) holds. The orthogonal generators in
Examples 6.1 and 6.2 and Section 7 are constructed in this way.

6. EXAMPLES

In this section we present several examples to illustrate our methods. Examples 6.1 and 6.2 first
appeared in [4]. In both examples it is the smoothness condition that determines the squeeze map.
Also, in these two examples, k = min(m + 1,p + 1) and so the resulting S, (®) conatins S}*(a) by
Theorem 7.

In Example 6.3, we rescale Daubechies orthogonal scaling function 3¢ as described in Section 5.1
to construct a continuous orthogonal refinable generator minimally supported on [-1,1] with k =
n = 2. The accuracy in this case is p+ 1 = 2 and, by Theorem 6 part (i), the squeeze map is
uniquely determined by the accuracy condition once a knot sequence is specified. In fact, it is this
example that motivated our study of the accuracy of squeezed spaces S,(®). In Example 6.3 we
have m 4+ 1 =1 < 2 = k and so Theorem 7 does not apply in this case.

We are also interested in this example because the generator ® is refinable, that is

1
(22) O(-/2) =Y c(j)®(-—j)
JEZ
for some finitely supported sequence ¢ : Z — R™ ™ (in this case the support of ¢ is {-2,—-1,0,1}.

We next remark that such a refinable minimally supported generator ® generates a semi-regular
multiresolution analysis (that is, a multiresolution consisting of a nonuniform coarse space that is
uniformly refined, see [3]) as follows: Let a® be an arbitrary knot sequence and let a* D a® be given
by

ay; = a? and ag;q = (a +a2)/2 (7 €Z).
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Let 0® and o' be the squeeze maps determined (up to equivalence) by the knot sequences a® and
a', respectively. Then one may verify (and we take this up in a sequel to this paper [7]) that
Sy0(P) C S, (P). Thus we provide a way to construct orthogonal semi-reqular multiresolutions
from orthogonal scaling functions in a way that preserves the accuracy and smoothness of the shift-

nvariant multiresolution.

In Example 4, we construct an irregular multiresolution analysis (that is, a fully nonuniform
multiresolution, see [3]) such that each space in the multiresolution has a compactly supported
orthogonal basis consisting of continuous piecewise quadratic functions. The spaces in this irregular
multiresolution are not, strictly speaking, squeezed spaces of the form S,(®), but instead result
from a slight generalization of our notion of squeeze map. The ideas behind this construction are
further developed in [7].

6.1. k=1, m=0, p=1, n = 2. Let h denote the hat function defined by h(z) = (1 — |z|)* and
suppose w € L?(R) is nontrivial and supported in the interval [0,1]. Let ® = (h,w). Then (21)
reduces to:

<h7 w><w7 h( — 1)> ]

(w, w)

(23) (hyh(-=1)) =

Thus, any w € L*(R) supported in [0, 1] and satisfying (23) gives an orthogonal generator ¥ by
the process described in Lemma 9. For example, let ¢ be the piecewise quadratic function given by
q(z) = x(1 — z)x[0,11(z). Choose w € span{g, ¢} so that w = c1q + coq® for some constants cy, cs.
Substituting into Equation (23) yields a quadratic equation in the variable o := ¢3/¢q:

o® 4+ 30a + 105 =0
or @ = —15 £ 2v/30. The graphs of ¢; and ¢, are shown in Figure 1 for « = —15 — 24/30. (This

example was first given in [4].)
For 0 <2 <1, we have

b1(e) = V3 (1—a) (1-22+ (=3+v30) & (1-5 (1 -2) a))

and

b2(x) = /330 — 6030 (1 —2) z (—1—|— (15—|—2\/%) (1—2x) x)

Note that ¢y is even and supported on [—1, 1] and that ¢y has support [0, 1].

In the case £ = 1 and m = 0, the squeeze maps preserving continuity are given by R; = 1 for
all j € Z. By Theorem 6, this squeeze map will also preserve the approximation of ®. By the
symmetry of ® we have

(g, Pr) = (PR, Pr) = 1/2.
Using (3) we get that o given by

generates an orthogonal basis B, (®).
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Ficure 1. Continuous orthogonal generator of Example 6.1.

6.2. k=2, m =1, p =3, n = 4. We next construct a continuously differentiable orthogonal
generator. We start with the C'! cubic Hermite spline functions

(I+2)2(1—22) 2 €[-1,0]
hi(z) =4 (1—2)*(1+42z) = €]0,1],

0 otherwise

(14 2)%z =z €[-1,0],
hao(z) ={ (1—2)%x = €]0,1],

0 otherwise
and add two continuously differentiable functions wy and wy supported on [0,1]. (In [[5]], it is
shown that at least two w’s are required in this case.) The condition (23) is equivalent to the
following:

(hiy wi)(w, (= 1) (i wa)(wa, by (- = 1))

(w1, wy) (wg, wy)

(24) (hiy hj(- = 1)) =

Again let ¢ be the piecewise quadratic function given by ¢(z) = (1 — 2)x[0,1)(*). We choose w; to
be of the form (¢; + c2q + c3¢%)¢* and wy of the form (- — 1/2)(cq + c5q)¢* so that wy is symmetric
about = 1/2 and wy is antisymmetric about @ = 1/2. Substituting into (24) yields three qua-
dratic equations in the three variables c3/¢y, ¢3/¢y, and c¢5/cy. Solving these equations numerically
and choosing ¢y and ¢4 so that ||wq]| = ||ws|| = 1 yields several solutions. One solution with good
properties is given by:

c1 | +2.102558692333885
cy | +214.7707569159831
c3 | -492.4339092336308
cq | -112.0742772596177
cs | +1401.893433767276
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FIGURE 2. The C! orthonormal generator of Example 6.2. From upper left, going
clockwise: ¢17 ¢37 ¢47 ¢2-

The graphs of the components of the resulting orthogonal generator (¢1, ¢z, ¢3, ¢4) are shown in
Figure 2.

From the construction of ® we see that W = (®(0) ®'(0)) is diagonal and so, using (18), we get
that S, (®) c CY(R) if

1 0
=09 = (g )
where \; := L;/L;_4.

Since & is piecewise polynomial the inner products (@, ®r) and (®Pr, Pr) are easily calculated.
Using Mathematicaa to perform these calculations, we arrive at the squeeze maps defined by

1.414213 0
ey

() 1

Ayl = a ,

Ly 2.829115—2.829115)2 3.162893
(1425) /(03816344 ;) (141) (2.62031+1,)  /(0.381634+ 1) (1+1,) (2.620314);)
and

1.414213 0
ey

g 1

R L]‘_l 2.829115—2.829115/\5 3.162893 ),

(142;)4/(0.381634+2,) (14+1;) (2.62031+);)  /(0.381634+1,) (1+2;) (2.62031+2))
We show in Figure 3 the resulting 7;(®) for several values of A;.

6.3. Semi-regular multiresolution analysis: £k =2, m =0, p =1, n = 2. Let 3¢ denote the
continuous orthogonal scaling function of Daubechies supported on [0, 3] and let

e=v2 (22$((22":12))) '
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FiGure 3. &;(®) from Example 6.2 for (a) A; =2 and (b) A; = 10.

Then, as discussed in Section 5.1, ® is an orthogonal generator supported on [—1,1]. The local
linear independence condition for minimal support may be verified from the support properties of
® and the fact that the components of @ are orthogonal to the components of @7, thus showing
that ® is a minimally supported generator with & = 2. Also, note that ® is continuous and has
accuracy 2. In this example, it is the accuracy that determines the squeeze map.

Recall that o¢ satisfies a refinement equation

3
(25) 20 =Y cja(2- —j)
7=0
where
1++/3 3+3 3-V3 1-3
Cy = 4 y €1 = 4 y C2 = 4 y €3 = 4 .

Using the refinement equation it is possible to calculate the following coefficients from the zeroth
and first moments of 5¢:

ao(0) = (%%) ar (0) =

ST

4v2 T AV2
and g . . . . .
R i L R L ol
28/3 12 1 7./3 28/3 12 7./3
Then
R(A)_1(1— 3+ (1+v3) A (14+V3) (1-)) )
T2\ (1-V3) (1= 14+VBH(1-V3) A
and
(@1, 1) + AR(\) (@R, @R)R(N)T) = 814 (Z((i)) igi;)
where

a(A)=35-20V3+4 (21+8V3) A—4 (44+23V3) X+ (141 +50V3) X’



16 G. C. DONOVAN, J. S. GERONIMO, AND D. P. HARDIN

b@):(—1+A)(%‘—84A—31V§A+¢QA2+19v§Aﬂ

() =19-20v3+4 (214+8V3) A= (19+2V5) X2+ (27— 4V3) X’

The factors B; may then be calculated from (20).

6.4. Irregular multiresolution analysis: & = 1, m = 0, p = 2, n = 3. Let (aé)éez be a
sequence of nested knot sequences such that ag‘]{'l = a? for £, j € Z and let Vy = 5072((14) the space
of continous piecewise quadratic splines with break points given by a‘. From the theory of splines
it follows that (V7) is a multiresolution analysis. Here we construct a multiresolution (V) such that

ViC V) C Vi

and each V/ has a local orthogonal basis. The local orthogonal basis for V/ is generated with a
generalization of the squeeze map idea. Our construction here extends the idea of intertwining
multiresolution analyses ([5] to the nonuniform case.

Let ® = (h,q) where h and ¢ are as in Example 6.1. Then V, = S_.(®) where o is the squeeze
map with knot sequence a’ given by R; =1.

Let If = [a?, a§_|_1]. The idea of the construction is to add basis functions wf € V; supported

on If for each j € Z to the basis B, ¢(®) in such a way that the resulting space V/ has a local
orthogonal basis. We first describe the construction when I = If = [0, 1], the general case will
follow by rescaling. Then a := aéﬂ_l is in (0,1). Define ¢1 0, ¢1,1 and hy by

),

r—a

f]1,0(96) = Q($/a)7 qi,1 = f](

and
z/a for z € [0, d]
hi(z) =S (1—2)/(1—a) fora € [a,l1]
0 otherwise.

Observe that the space A of functions in V! whose support is contained in [0,1] is spanned by 41,05
¢1,1, and hy. Note that ¢ is in this 3-dimensional space. We choose w = wf in the 2-dimensional
orthogonal complement of ¢ in A. A basis for this space is given by (with help from Mathematica)

up = a*(3a — 5)qi 0+ (1 — a)*(24 3a)q1 1
16
ur= (=243 (-1+a) )qo+ (—2+3(-1+a)a)g1 + (g —12 (=14 a)®a®)h;.
We choose w in A and orthogonal to ¢ so that it is of the form

w = c1uy + cou9.

Define
0R = (I - Pspan(w,q))hR
and

0L = (I - PSPan(w(~+1)7q('+1)))hL
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where hp = hx[p,1) and hr = hx[_1,0). In order to construct a local orthogonal basis we require
(Or,00(-—1)) =0
which is equivalent to the following quadratic equation in the variable ¢ = ¢;/co
(26) 0=5 (4—5 (1—a)®a® (154 (1 - a) a))
~20 (24+a (94+13a (-3+2a))) c+4 (1+45 (1 —a) a) ¢
The discriminant of this equation is
80(4-15(1- a)2a2)2
giving the two solutions

~20(2+ a(9+ 13a(2a — 3))) £ 4v/5(4 — 15(1 — a)%a?)
B 8(1445(1 — a)a) '

Hence, there are two choices for w for any a € (0,1). For each a € (0,1) choose one such w and
denote it by Wy where A = (1 — a)/a is the ratio of the lengths of the two subintervals [0, a] and
[a,1]. Let O\ = 0r and 6\ = 01, with w = W). Define

Or.n, +0r s
P AR — q

Wi,

£+1

and note that ®‘:*# is continuous and supported on [—1,1]. Given a we construct basis

functions supported on [a§—17‘1§+1] = [agyiQ,ag‘]'T_ll_Q] as follows. Let Tf be as in (1) with knot
£

sequence af, let Lg =ajyy — a?, and
£ __ ypi+1 {41
Aj = Lajii/ Ly
Note that the collection of functions
BZ = U q)/\f—l’/\f o Tf
JEZ
is an orthogonal system of functions. Let
V/ = spanj. B
for £ € Z. Then
Vi CV{ C Vi C Vi

from which it follows that (V/)sez is a multiresolution with local orthogonal basis B’.
Figure 4 shows several of the basis functions (we chose the minus branch of the square root) for
a=...,0,3,7,10,... and apy; =...,0,1,3,6,7,8,10,....
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Ficure 4. Continuous, orthogonal piecewise quadratic basis functions from Ex-
ample 6.4 with knots a4 =...,0,1,3,6,7,8,10,....

7. HIGHER ORDER ACCURACY AND SMOOTHNESS

Let S” be the space of polynomial splines of degree n with C'™ knots at the integers. If we
denote A™™ = {g € S} : supp g = [0, 1]} then it is easy to see [6] that an orthogonal basis for

A™™ is provided by ¢ (t) = t™(1 — t)mp?in;fg(% —1),2m+2 <i < n where pjm+5/2(t) is the
monic ultraspherical polynomial of degree j with A = 2m 4 5/2. If we set ® = (¢ - --¢7)T where

7ot =0,...,m,supp ¢ = [—1,1] are appropriately chosen (i.e., judicious linear combinations of
ri and [0 i =0,...,m with rl () = /(1 + )"t —1 <t <0and [{ (1) = /(1 — )"0 <t < 1)

then @ and all its integer translates form a basis for S, This basis is not orthogonal so ® does
not generate a local orthogonal basis. We will modify ® in order to construct an orthogonal set
of generators. We do this by adding to ®, m + 1 functions w; chosen so that W L A™" and
(I = Pw)ol*,(I = Pw)¢7(-—=1)) =04,j=1,...,m+ 1. Here W = span{w; : ¢ = 1,...,m + 1},
Py is the orthogonal projection onto W, and (;B:“ = (I - P{An,mAn,m(H)})(me. In the examples
given below we will choose w; to be linear combinations of {qb;”}pn In this way w; L A™™ since
the {t™(1 — t)mplzm+5/2(2 - —1)}72, is a set of orthogonal polynomials. Notice that the above w;

will have their knots located at the integers. This is in contrast to the construction carried out in
[6] where in order to build a MRA it was necessary to use w; with half integer knots.

7.1. C° example. As a first example we consider the case m = 0. Then ro(t) = (1 +¢) and
Io(t) = (1 —t) and we will choose w} = ¢%.; + @, ¢, 5. Since ¢? is symmetric or antisymmetric
about 1/2 depending whether ¢ is even or odd respectively we see that w} chosen above will be
either symmetric or antisymmetric. With #2(-) = (I = Pyno)ro(- — 1) and [2(t) = (I — Pano)lo we
choose a, so that ((I — Pyp)fo, (I - Pw?)io(t» = 0. This gives the following quadratic equation for
an

(27) <f‘g7ig><w7f7w7f> = <w7f,r0(- - 1)><w711710>7
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Ficure 5. The functions ¢g and ¢3 from Section 7.1 for n = 3.

or
(75, ig>(< 24—17 ¢2+1> +an( 24—37 ¢2+3>) =
(28) (<¢2+17 ro(- — 1)) + an( 24—37 ro( — 1)>)(<¢2+17 lo) + O‘n<¢2+37 lo))-
;From [6] we find (72, 12) = %n;:;!n!, (P, 1) = m and (rg, ¢2) = 2”_2%. Furthermore

since (@0, ¢¥) = ;—2% the above equation may be solved for «, to obtain,

N (2n4+7)@2n+3)(n+1) £ V302rn+T7)2rn+3)(n+1)(n+3)(n+3))(2n+5)
e (n+2)(n+1)(n? — 5n — 30)

and ¢ is given by
¢3’0(t) = - P(w;l,w;l(~+1)))h(t)7
where h(t) = (1 - |t])T.
With (b?’o = w} we have the following theorem,

Theorem 10. Forn > 3 &, = (¢g’0,¢7f’0,¢3... ,qﬁ%)T constructed as above is a continuous or-
thogonal generator for B(®). Furthermore ®,, has accuracy n + 1.

7.2. C! example. We now construct a family of C! orthogonal compactly supported generators
which have varying degrees of accuracy. In this case four ramp functions, rj = t'(14+)? 1 =0,1 and
I, =t'(1—1t)%i=0,1, are needed in the construction of the orthogonal generators with support

equal to [—1,1]. We set f‘T’Z() = (I = Pgna)ri(- — 1) and Z?’Z(t) = (I — Pyn1)li. The necessary
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integrals to compute the above projections can be found in [6]. In order to make the computations
somewhat more tractable we biorthogonalize the above ramp functions. Utilizing the integrals [6]

4(=1)"TH(n? 4 2n — 9)(n — 2)!

29 ~n,1 ln 1 —
(29) (it ity = ey 7

ot gndy _ 12(=1)"(n - 2)!

) l ? —

(30) <T‘0 01 > (n‘|‘ 3)| !
and

. 36(—1 ”+1(n—3)!
31 n,1 ln 1 —
(31) ) = 2

— ’\nvl ) AT 1 ( ™ 7l77« 0> — Anvl (l/?717r77«70> 3

we set rp0 =7y, lho = lo s T =Ty = lraodao) 00 and [, =1 — mln,l' With the

help of the inner products given above, we find
(=1)"36(n — 3)!
(n+ DY (n2+2n-9)’

(32) <rn,17 ln,1> =
and

(33) (Fag, 1) = —

327 (n 4+ i) (n+i—4)!(2+i4+2ni —n—3)
8 (2n + 29)!(n? 4+ 2n - 9) '
Two functions w; ¢ = 1,2 will be needed to construct orthogonal generators from the above ramp

functions and these will be symmetric and antisymmetric with respect to 1/2 in order to con-
struct symmetric or antisymmetric generators. To this end let w; = wvo(n) + a1(n)ve(n) where

vi(n) linear combination of ¢! . and ¢}, .. chosen so that (v;(n),rn1) = 0. Thus vo(n) =
— o EN=2) g1 4 @l and vy(n) = —9g B 1 4 gl Likewise wy = vy (n) +
2(2n+5)(2n+3) n-l-l n+3 2 202n49)(2n+7)(5n+9) ¥n+3 n+5° 2 1

(n+8)(n+1)n 1 +
2(2n+7)(2n+5) (n+8) ¥ 1+2

¢1 14 and v3(n) = vi(n+2). The biorthogonality of the ramps and the construction of v; i = 0,1, 2,3
imply that each «;(n) must be chosen as a solution to the equation,

az(n)vs(n) where v;(n) 7 = 1, 3 are orthogonal to r,, o. In this case vy (n) = —

<rn,i7 ln,i><wi—|—17 wi—|—1> <w2+17 r; ( - 1)><wi+17 lzl>

Utilizing (32), (33), and (¢}, ¢) = 5=5 2213;'_'5(;;714-7)” to compute the inner products needed in the

above equation we find using a symbohc manipulation routine such as maple that

ay(n) =
5(2n+11)(n+4 1
(5m+9)2n +7) 20+ 11)ar(n) & (n+4) (n+ 5) (5n + 9) (20 + D {EE T 2 (1)}
(n+3) 2q3(n) 7
where
q1(n) = 41n° + 6251 + 3733n° 4 1109902 + 17010n 4 11340,
g2(n) = 170° + 131n* — 105n° — 2979n? — 7884n — 6804,

and

g3(n) = 37n" + 1376n° 4 18862n° + 139394n* 4 502291n> + 109916002 + 1287090n + 635040.
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Likewise

az(n) =

n n n 1

(2 +9)(n + 8) (—(2n+ 13)qs(n) £ (n+ 5)(n + 6) (n + 8) (20 + 9O{ LA g5 (n) ) )

(n+3)(n+6) 2qs(n) '
where

qa(n) = 11n° + 1151° 4 323n* + 893n° 4- 8642n* 4 28968n + 25200,
q2(n) = 3n° + 270 + Tn® — 503n? — 1486n — 1400,

and

qgs(n) = 51 + 39n° — 335n° — 5129n* — 2948403 — 112048n? — 242304n — 159600.

Knowing w; and wy, we are now able to construct the orthogonal C1. Let ho(t) = 2|t|> — 3]¢]* +
1, if t € [-1,1), and 0 elsewhere, hy(t) = (1 — |t|)?t, if t € [-1,1), and 0 elsewhere, and (/5?4’_11 =
w;, i =1,2. Then with ¢/"' = (I — Plot, .. 61 63 (+1), 0k (41))) s @ = 0, 1. the above computations
give,

Theorem 11. For n > 5, and o;(n) given above ®!(n) = {(/53’1, oo, OLY* is a continuously differ-
entiable orthogonal generator for B(®'(n)). Furthermore the last n — 1 functions are symmetric or

antisymmetric about 1/2. The first function qbg’l s symmetric about 0 while qﬁ?’l s antisymmetric
about 0.

We now construct the squeeze map associated with ®!(n). Since the last n — 2 generators are
supported on [0, 1] we need only concentrate on qbg’l and ¢7f’1. Because of the definition of hg and
hq1 and the symmetry of qbg’l and qﬁ?’l it is easy to see that W(n) is a diagonal matrix for all n.
Therefore R(n) is as in the previous C'' example and with Ag) a diagonal matrix R(n) is equal
to Ag). In order to complete the construction of the squeeze map we need to compute the inner
products (@7, ®r) and (Pg, Pr). From equation(3.9) in [6] (we would like to point out some errors
in that equation namely r?_l’_kl in the first term on the right hand side should be r?’k, the factor
multiplying the third term on the right hand side should be (n-k-1-i), and the factor multiplying
the last term should be (n+k+i+3)) we find that

(n? 4+ 2n — 6)(n — 2)!

n,1  n,1y _
(34) <T‘0 77‘0 > =4 (n _I_ 3)' j
n,l  nd\ _ (n B 2)'
(35) (ri"rg ) = 6m7
and
n,l  n,l\ (n B 3)'
(36) <T‘1 77‘1 >— 12m

To continue on we choose the minus sign in o (1) and the plus sign in ay(n) to compute ¢/ i = 2, 3.
Then (33) and the norm squared of ¢! can be employed to compute (using a symbolic manipulation
routine such as maple) the norms of qﬁ?’l ¢ = 2,3 and the inner products of these functions with



22

G. C. DONOVAN, J. S. GERONIMO, AND D. P. HARDIN

\ A
\ 4
\ N
\ |
\ ~
\ ~_ | [
| — %=\ ] N
| / |
\ Vo
™~ /7 \
EEN — |/
\/ V v
6,1 6,1
0 1
N\ - /\ N\
00 [\ 2\ [\
/ \ / \ / \
r Fo 2
\ \
7\ o7 o I} T
\ / / \
\ \
\\\\ 7// \ / 0.0 \“ “c
\/ Y
6,1 6,1
2

3
FiGURE 6. The functions qﬁ?’l for n = 6, and 7 = 0..3.

~TL
r;

' i =0,1. With these in hand, equations (34),(35), and (36) can be used to compute (®p, ®r)
which is

-6 n? —9n46
(n—2)(n%242n49)(n+1)(n+2)(n+3) (n—2)(n%24+2n4+9)(n+1)(n+2)(n+3)
-6 n®—9n+6 12 n—3 .

(n—2)(n%24+2n4+9)(n+1)(n+2)(n+3)

(n—2)(n%242n49)(n+1)(n+2)(n+3)

4 n%43n%—10n>—21n2427n418
<q)R7 ¢R> = "

Since these functions are either symmetric or antisymmetric (@7, ®7) is the same as the above
matrix except that the off diagonal elements take the opposite sign. Thus equation (3) becomes

BBT =

(n®+3nt—10n2 —21n2+270+18)

(Ly= L1 ) (" =9m46)
(L s ) (n—2)(n%24+2n4+9)(n+1)(n+2)(n+3) Lj_l(n—22)(n2—|—2n—|—9)(7;—|—1)(n—|—2)(n—|—3)
J J-1 (Lj—Lj—1)(n°=9n+6) 19 (L] =L;Ly—1+L5_)(n=3)
L;_1(n—2)(n?+2n49)(n+1)(n+2)(n+3)

L?_l (n—2)(n?242n4+9)(n+1)(n+2)(n+3)
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The determinant of the above matrix may be written as
(Lj+Lj-1)?

Lt (n =22+ 20+ 9)(n+ D0+ D (n +3))

+6(5n° — 92n° + 54n® + 4230 — 450) L; L ;4]

so that (20) may be used to compute B.

det(BBT) = [12(n® — 9n — 18) (L2 + L?_,)
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