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NUMERICAL APPROXIMATION OF SOME LINEAR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS DRIVEN BY SPECIAL
ADDITIVE NOISES*

QIANG DUT AND TIANYU ZHANGH

Abstract. This paper is concerned with the numerical approximation of some linear stochastic
partial differential equations with additive noises. A special representation of the noise is consid-
ered, and it is compared with general representations of noises in the infinite dimensional setting.
Convergence analysis and error estimates are presented for the numerical solution based on the stan-
dard finite difference and finite element methods. The effects of the noises on the accuracy of the
approximations are illustrated. Results of the numerical experiments are provided.

Key words. stochastic partial differential equation, additive noise, finite difference method,
finite element method, convergence, error estimate

AMS subject classifications. 65M65, 65C30, 35R60, 60H15

PII. S0036142901387956

1. Introduction. In recent years, it has been increasingly acceptable to adopt
SDE models as an essential component in the analysis of complex phenomena such as
wave propagation [19], climate change [22], turbulence [21, 24], and phase transition
[9, 16, 18]. The initial value and boundary value problems of stochastic partial differ-
ential equations (SPDEs) have been studied theoretically in, for example, [5, 6, 8, 10,
33]. Various numerical methods and approximation schemes for SDEs have also been
developed, analyzed, and tested [1, 2, 4, 7, 12, 13, 14, 15, 20, 25, 27, 29, 28, 31, 34, 35].

For a given physical system, many different stochastic perturbations may be con-
sidered. Generically speaking, noise may enter the physical system either as temporal
fluctuations of internal degrees of freedom or as random variations of some external
control parameters; internal randomness often reflects itself in additive noise terms,
while external fluctuations gives rise to multiplicative noise terms [18]. The main aim
of this paper is to study the properties of some standard numerical approximations
to the linear SPDEs for the random field v = u(x,t) driven by an additive noise:

(1.1) du=Audt+dW, ze€Q, t>0.

Here, €2 is a bounded spatial domain and A is a linear second order elliptic operator
with deterministic coefficients, which is defined on a space of functions satisfying
certain boundary conditions. W represents an infinite dimensional Brownian motion.
We also consider the related time-independent equation

(1.2) —Au=g+W, zeq,
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where ¢ is a given deterministic function and W denote a one-parameter family noise.
The additive noises may appear in various forms, ranging from the space time white
noise to colored noises generated by some infinite dimensional Brownian motion with
a prescribed covariance operator [6, 28]. Once the equation is reformulated into a
weak form [5], the usual Galerkin finite element methods can be constructed and
also analyzed using standard techniques. A priori error estimates of the numerical
solution depend on the regularity of the solutions of the original SPDE. Such regularity
results are often much harder to establish than their deterministic counterpart [5, 33].
In fact, if dW corresponds to the Brownian white noise, then the regularity estimates
are usually very weak, and they lead to very low order error estimates [1, 7, 13].
On the other hand, if the noise is more regular, then it becomes possible to get
higher order of error estimates for the numerical solution. In recent years, studies of
models with colored noises and their numerical approximation have started to receive
more attention; see [28] for an example of physical application and the recent works
[26, 14] for works related to stochastic ordinary differential equations (SODEs) and
the time discretization. In the present work, we provide the connections between the
discrete realizations of noises in different formulations of some SPDEs. Moreover, we
illustrate how the error analysis of the standard finite element and finite difference
approximations depends on the noises used in the model and the approximation. In
order to present a simple analysis, in this paper we focus on the case Q@ = (0,1)
and Au = Uy, — bu with the homogeneous Dirichlet boundary condition and b being a
deterministic coefficient, though much of our results can be readily extended to higher
spatial dimensions and more general second order elliptic operators. For most of the
discussion, we also try to present our results in simple finite element terminology that
is familiar to people working on the numerical approximations of deterministic PDEs
so that it is easy to be understood even for readers who are not necessarily experts
on SDEs.

The paper is organized as follows. We first describe the various forms of the
noises and their discrete representations. Next, we discuss some convergence results
for standard finite element and finite difference approximations. The models used are
one dimensional linear stochastic elliptic and parabolic equations, and the results are
established for noises given in general forms, which include the spatial or space time
white noises as special cases. Then numerical results are presented to support the
theoretical analysis. Finally, some concluding remarks are given. The details of the
proofs are provided in the appendix.

2. The representation of random noises. To study the accuracy of the dis-
crete approximations, it is useful to first consider the properties of the noises which
drive the stochastic equations and the discrete representations of the noises.

Following [1], we regularize the noise through discretization. Let {z; = ih}} be
a partition of [0,1] with & = 1/n. We begin with W (z) being the standard one-
parameter family Brownian white noise that satisfies

(2.1) E(W(x)-W(z') =8z —z'),

where § denote the usual Dirac 6-function and E the expectation. A piecewise constant
approximation of the one-parameter white noise is given by [1]

(2.) Wol2) S mys),
j=1
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F1G. 2.1. Piecewise constant approzimation for the noise dﬁ\/n(:v)/dx = (1/vh) Z;.Lzl nix;(x).

where ¢, = h~'/2 = \/n and, for j = 1,2,...,N, n; € N(0,1) is independently and
identically distributed (iid),

Ti+1 1, r; <x < Xjg1,

\/Enj:/

zj

dW(z), and x;(z) { 0 otherwise

The discrete analogue of (2.1) for the piecewise constant approximation is given by

h71

:{O

AW, (z) dW,(z')\ ,
< de  dx >—6(x—x).

ife; <z, 2/ <z for some j,

d/Wn(x) de(x’)
E( dr  dx )

otherwise.

Hence,

lim F

n—oo

In Figure 2.1, some sample realizations of the piecewise constant approximation
of one-parameter white noise are illustrated for various values of n. (The random
numbers are generated using MATLAB.) We note that similar discussions can be
easily generalized to the space time two-parameter family white noises.

2.1. Noises in abstract forms. The SPDEs driven by the white noise often
have poor regularity estimates. In the physical world, to take into account the short
and long range correlations of the stochastic effects, both white noise and colored
noises may be considered. There are many situations where colored noises model
the reality more closely, and there are also instances where the important stochastic
effects are the noises acting on a few selected frequencies.

In general, we may use an abstract formulation of the infinite dimensional noise:
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(2.3) W(z) = Z orner(@),
k=1

where the random variable n, ~ N(0,1) is iid for any k, the deterministic functions
{Yx(x)} form an orthonormal basis of Ls(0,1) or its subspace, and the coefficients
{0k} are to be chosen to ascertain the convergence of the series in the mean square
sense with respect to some suitable norms.

One of the examples is given by the Fourier modes 1 (z) = v/2sinkrz which
forms a basis of H}(0,1). According to the different decay rates of the coefficients,
the noises may display quite different pictures. The pictures in Figure 2.2 and the
left two columns of Figure 2.3 provide sample realizations of noises having forms
(2.3) in the Fourier basis with coefficients o, = 2%, k=3/2, and k~'/2, respectively.
Clearly, the realizations give trajectories that look smoother than the ones for the
white noise. It can also be seen that the faster the coefficients o decay, the smoother
the noise trajectory dW,,/dx looks, which reflects stronger spatial correlation since
the noises are heavily concentrated near a few low frequencies. On the other hand,
if the coefficients decay sufficiently slowly, then the trajectory can clearly resemble
that of a white noise away from the boundary. In fact, it is well known that for
spatially uncorrelated white noises, their Fourier coefficients are independent of the
frequencies, and they stay at a constant value.

In the analysis and numerical examples given in later sections, the noises given
in terms of the Fourier modes are used. The Fourier modes provide one of many
possible representations of noises where the smoothness of the noise trajectories are
related to the decay of the coefficients in the representation. Another illustrative
example is to define the noise in terms of the lowest order wavelet basis. We include
the discussion here for comparison. Let ¢ be the wavelet function and ¢ be the scaling
function [32]. Let j denote the dilation index and k denote the translation index, and
¥ 1(x) = 2772 (272 —Fk). The discrete noise formulated in the wavelet basis is given as

J—129-1

(2.4) Wy(x) = eyp(x) + Y Y disnjrsr(@).

j=0 k=0

Here, J is the highest level to be considered, and v,n;z € N(0,1) are iid. In the
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simplest case, we may take the Haar wavelet

1, 0<z<1/2,
Plx) =4 -1, 1/2<z<1, and ¢@g::{

0 otherwise

1, 0<z<1,

0 otherwise.

)

The right two columns of Figure 2.3 show sample realizations of noises taking the form
dWy(z) dW,(z')

(2.4) with ¢ =1, d;, = 277. The correlation of the noise (2.4) E(“L* - 2520 is
given by
dWJ(I) dWJ(l'/) S /
(25)  B(—g ) = OEDY Zd]kw]k k(') -
§=0 k=0

If in (2.2) n = 27 and h = 277/, then the piecewise constant approximation of the
white noise may also be represented using the wavelet Haar basis. In fact, let y(z)
be characteristic function of interval [kh, (k + 1)h]; then

J—12/-1

dW
Z Xk (@) = v6(x) + > vuiale)
j=0 1=0
Here, v = 277/2 Zi]:_ol ne ~ N(0,1) and
(+1)2777 1
. J—j—1

T 9(—=J)/2 Z (_1)[k/2 ’ ]77k ~ N(0,1)

k=127~

are iid. Corresponding to (2.5), ¢ =d;, = 1 so that (2.5) leads again to (2.1). Nat-
urally, when higher order wavelets are used [32, 30], we may expect to have discrete
noises that are smoother spatially than the ones represented by the Haar basis when
the high frequency coefficients enjoy fast decay properties. Comparing with Fourier
modes, wavelet functions may also have compact support; thus, on the one hand,
the noises in wavelet basis can closely resemble spatially uncorrelated white noises,
while on the other hand they can also be used conveniently to simulate noise more
concentrated on certain frequencies as well as certain spatial regions.
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In summary, different forms to represent the various noises are discussed in this
section. Similar discussion can be carried out in more than one space dimension
and for noises parameterized by both time and space variables. Such discussions are
relevant to the numerical study of SDEs as the solutions of the stochastic equations
that use noises with better regularity become more regular themselves and thus may
allow higher order numerical approximations.

3. Numerical method and error analysis. In [1], approximations of SPDEs
with the additive space time white noise term discretized by the piecewise constant
random process have been studied. Here, we follow roughly the same route, though
more general types of noises are used. We show how the accuracy is affected by the
correlation or the smoothness of the noises.

We divide the discussion into two parts, starting with the simplest one dimensional
elliptic equation (boundary value problem of a SODE) and then moving to a parabolic
equation in one space dimension and in time (initial boundary value problem of a
SPDE). In the set-up of the problems, noises represented in general basis are used,
but in the analysis we specialize in using the Fourier modes as the basis of choice to
simplify the discussion.

3.1. One dimensional elliptic equation with noise. We now consider the
SDE (1.2); that s,
(3.1) —Au(z) + bu(z) = g(z) + W(z), 0<z<l1,
' u(0) = u(1) = 0,
where W (z) denotes the noise, g(z) is a given deterministic term, and b = b(z) is a
given deterministic coefficient. . )

Asin [1], we may first replace W (z) by a finite dimensional noise W,,(z) and let u,,
denote the solution of the corresponding equation. We then numerically approximate
the equation associated with W), (z) and let ul denote the numerical solution.

If the noise W(x) in (3.1) is the white noise, W,,(z) is the piecewise constant

approximation (2.2), and the Galerkin finite element method with piecewise constant
basis is applied to (3.1), the error estimate is given by [1]

E|lu—up|r, <Ch,
Elluy, — UZ”Lz <C h3/2a
Ellu— uZ||L2 < C h.

Due to the poor regularity of the solution, it is seen that, even with higher order
finite elements, the order of error estimates does not improve. With colored noises,
the order of approximation may increase with better regularity on the solution and
the use of higher order elements. As an illustration, we consider the following noise:

(32) W(x) =Y ownri(z),
h=1

where {n} are random variables satisfying

n ~ N(0,1) and cov(ne,m) = E(nem) = qu,

with {0} to be chosen.
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Let {op}%2, approach {o;}?2, as n — oo in some appropriate sense; then an
approximation of W (x) is

Wo(z) = Z V20 (z) sin k.

k=1

The definition of noise term leads to the following stochastic integral for f € Lo(0,1):

S = /f VAW (z defkﬁk,
/f AW Zokfm

where fr = fol f(@)Yg(x)dx. That is, S and S, are random variables having the
distribution

S~ N (0, ZZUkUlfkfl%l) ;

k=11=1

N (QZZUZUlnfkleM) ;

k=11=1

provided the double sum is convergent.

For convenience, we introduce the following notation:
7 n T

= (01,08, .., 0%,...)

)T

b

o
0= (01,09,...,0k...

P —-
are infinite column vectors. For two vectors o and f, we use o™f to denote the

componentwise product

—
o"f = (a?fhogf%...7Jka7...)T.

Let @ be the covariance matrix of random fields {7}, namely, @ is the infinite
matrix (operator) with entries @ = (qx)35—; For an integer s, let Qs be the infinite
matrix with entries Qs = ((k1)°qri)75—;- It is easy to see both @ and @ are positive

semidefinite. Define the weighted semi-inner products of the vectors ¢ and § as

The seminorms induced by the above semi-inner products are

151G = (7, )q and (7[5, = (7. 5)q..
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Note that Qyp = Q. Using the above notation,

S~ N(00afl) . Su~ N (0]07FI)-

The difference between S and S,, is given by

E|S - S,* = EIZ — o) fimel* =

Equation (3.1) can be written in a weak form or an integral form. Both forms
are equivalent as shown in [3]. In fact, the solution of (3.1) is a stochastic process
u = u(x) which satisfies the weak formulation

(3.3) - / w(@)Ad(@)de + | bu()d(e)de = / g(@)p(x)dz + /0 ()W (z)

0 0 0

for ¢ € C%(0,1) N Cy(0,1). The integral form is

(3.4) u(x) + bk(x y)u dy—/ k(z,y)g y)dy+/0 k(z,y)dW (y).

0
Here, k(z,y) = Ay —xy is the Green’s function associated With the elliptic equation
—Av(z) = ¢(z),v(0) = v(1) = 0 so that v( fo y)dy. (x Ay means the
smaller one of x and y.) In the present 1nvest1gat10n 1t is assumed the coefficient b is
small enough so that \2 = fol fol b2k%(z,y)dxdy < 1. We note that this condition is
primarily needed in the case of b < 0; such a restriction can be lifted for b > 0, and

the conclusions given later remain valid.
We now substitute dW (y) by dW,,(y) in (3.4) to obtain the following equation:

1

1 1

65)  w@)+ [ bk uldy = [ ey + [ Hegda).
0 0 0

Thus, u,(x) satisfy the two-point boundary value problem

(3.6) — A (x) 4 bup (z) = g(x) + Wy (), ur(0) = u, (1) = 0.

The following theorem shows that wu, indeed approximates wu, the solution of
(3.4). In order to illustrate the higher order of convergence for more regular noises,
we specialize our discussion to the choice of {¢y(z) = V2sinkra}, that is, noises
represented by the Fourier modes.

THEOREM 3.1. For W, (z) = Y52, opnetbe(x) and ¢y (x) = V2sinkrz, if u,
and u are the solutions of (3.5) and (3.4), respectively, then, for some constant C > 0,

Ellu = un|z, <

ﬁ_-»
—1—,\HU 7

)

Q-1

where A < 1 is defined as before.
Proof. Let e, (x) = u(x) — up(z) and

F(z) = / (e, y)dW (y) — / (e, y)dW(y).
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Subtracting (3.5) from (3.4), we have

1
emm:fﬁmew%@@+Fm.

By Holder’s inequality, it is easy to show that

/01 &2 (z)dz < N2 /01 €2 (y)dy + 2\ (/01 F2(:1:)dx) (/01 eg(y)dy> . /01 F(a)da,

where \2 = fol fol b2 k2(x,y)dxdy and it is assumed that A < 1. Taking expectations

on both sides, letting é, = E( fo z)dz) and G, = E( fo F?(z)dz) and using the
Burkholder-Gundy-type inequality (EX )2 < E(X?), we get

(3.7) én(l—)\Q)—2>\\/a\/G>n— ;

This implies

(38) Ve <4/Gai =2
Now let us estimate G'n
é—E(/fﬂ) )—/ (f; —@ﬁ;>>2
/ Haf —o" J:)H dz,

where f(z) = (2),..., fe(x),...)T and fi(z fo (x,y)¥r(y)dy. Since
k(z,y) =z A y — acy, dlrect calculation gives that, for any x € [0,1],

1/2 1/2

wm

| fr(z _’/ (z,y)n(y dy’ ‘/ xy\fsmkwydy’
which implies that, for x € [0, 1],
|77 -7, < o= -
—1

for some constant C' > 0. Hence,

-],
Q-

Combining the above inequality with (3.8), we get

Tz
Bllu = uallze < /Bl = uwally, = v < 1 |77 -4

This proves the theorem. o
We now state a bound on W,,(x) in the following lemma.
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LEMMA 3.1. For W,,(z) = S50, opmibe(z) and vx(z) = 2sinkrz, if s >0 is
an integer, then

0o 1/2
E||Wa - < C (Z( i s)2> :

k=1

provided that the right-hand side is convergent.
Proof. First,

ds (de) = i V207 (kr)® sin (sg + ]ﬂm) )
k=1

dzs \ dz
Since {sin(s%5 + kmx)} are orthogonal on [0, 1], we have

2
& (AW, \|? L& - R
E‘ e ( I ) . :E/O <Z V20 (k)® sin (52+k7rx)> dx

k=1
=EY (op)ni(km)* <) (o}
k=1

for some constant ¢ > 0. The above inequality also implies that, for any r < s,

ar [ dw,\ | a [ dw, \ |’
2|z (%), <=l ().,
dx dx Lo dx dx Lo
Hence,
o 1/2
E|[Wallms < \/E|Wall}. <C (Z ork®) )
k=1
for some constant C' > 0. O

Concerning the above lemma, we note that similar lower bound can also be es-
tablished. Moreover, the results may be established for the case s < 0 as well.

We now consider a standard finite element approximation of u,,. From the weak
formulation (3.3), u, satisfies

1 1 1 1
(3.9) / u ' () + b / n(2)(2)d = / o) b(x)d + / o(x)dW, (z)

for ¢(z) € HL(0,1). By the Lax—Milgram theorem, there exists a unique solution
un, € H{(0,1) to (3.9). For convenience, we consider the same partition of [0,1]:
O0=z; <29 <+ <Tpy1 =1witha; = (i—1)h and h = 1/n. If V{(0,1) denotes the
finite element subspace of H (0, 1), and {¢;(2)}}, forms a basis of V{*(0, 1), the finite
element solution of (3.9) is u” € VJ*(0.1) that satisfies (3.9) for all ¢(z) € V{(0,1).
Thus, u”(z) = Ef\il u¢y () satisfies the following linear system for j = 1,2,... ,N:

Zul/ o) (x +bZUz/ d1(z)pj(w
(3.10) / 2)65(x dx+Zaknk / b5 (@)
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where n;, € N(0,1). The solution u” is clearly well defined.

The following lemma gives the standard finite element error estimates of (3.9) in
the pathwise sense.

LEMMA 3.2. If Voh( 1) contain all piecewise polynomials of degree r in H}(0,1),
and u, € H}(0,1) N H"T(0,1), then

(3.11)  uy —ul

nll

1 < CR Y Ju || e < CR7FH|g + W | s

L2 + hlu, — uZ|

for some constant C > 0. ]

Furthermore, combining Theorem 3.1 and Lemma 3.2, an estimate on E(|lu —
ul||1,) follows from the triangle inequality.

THEOREM 3.2. Let u and ul be the solution of (3.3) and (3.10), respectively; if
the hypothesis in Lemma 3.2 is satisfied, then the error estimate is

Ellu—ull|z, < C{H?f 5, gl + hr+1E||v'vn|HM}
—1

(3.12) <C H? —F

oo 1/2
o gl [Z L ]

k=1

for some generic constant C > 0. ]

Numerical examples are given in a later section to provide an illustration of the
specific order of error estimates one can get based on the above theorem.

Remark 3.1. The same idea can be applied to two dimensional elliptic equations in
a rectangular domain, namely, by representing the two dimensional noise as the combi-
nations of the tensor products of ¢y (x), similar to how Theorem 3.2 can be obtained.

3.2. Parabolic equation in one spatial dimension. Let gtgv denote a space

time noise term and g be a deterministic function; we now consider the linear stochas-
tic equations of the form

t oz? )
(3.13) w(0,2) = ug(x), 0 <z <1,
u(t,0) =wu(t,1) =0, t >0,

where the coefficient b, for simplicity, is assumed to be a constant.
The weak formulation of (3.13) is

/ u(t,x da:—// sxdzdxds+//busa: x)dxds
(3.14) :/ dm—f—//(b VAW (s, x) // (s,z)p(x)dzds

for ¢ € C2[0,1] N Cy[0,1] . The integral formulation of (3.13) is

t 1 1
(315)  u(t,x)+ /0 /0 Gz, y)bulz, y)dyds = /0 Go(, y)uo(y)dy

t 1 t 1
+/ / ths(af,y)dW(&y)Jr/ / Gi—s(z,y)g(s,y)dyds,
0 0 0 0
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where Gi(z,y) =2> °_, sinmrzsin mmye~(m™*t is the fundamental solution of
'Ut(t, SU) - Umc(ta CE) =0, U(va) = ¢($), v(t70) = U(tv 1) =0,

1
so that v(t,z) = [; Gi(z,y)o(y)dy .
Using the same idea as that in the previous section, we represent the noise as

2 oo
(3.16) O =3 oty e),

where o (t) is a continuous function, 7 (¢) is the derivative of standard Wiener
process, and p(r) = V/2sinkrz. Now define a partition of [0,7] x [0,1] by
rectangles [t;,tit1] X [xj,2j41] for ¢ = 1,2,...,I and j = 1,2,...,n, where
ti = (i —1)At, zj = (j —1)h, At =T/I, and h = 1/n. A sequence of noise which
approximates the noise is defined as

82

(3.17) i Zok Y@ Z\/—nle1>

where y;(t) is the characteristic function for the ith time subinterval and
1 tit1
Mki = —F=
! VAL Jy,

Replacing oy (t) by o (t), we get the discretization in the x-direction, and replacing

7k (t) by Zf 1 %ﬁm‘Xi(t) we get the discretization in the t-direction. Then atlg/; is

dne(t) ~ N(0,1).

substituted for 3 in (3.15) to get the following equation:

t 1 1
(318)  un(t) + /0 /0 G ()bt (5, y)dyds = /0 Go(z, y)uo(y)dy

t 1 t 1
+ / / Grsl, y) AW (s,y) + / / G, y)g(s, y)dyds:
0 0 0 0

that is, u, is the solution of the equation

o (4, 1) — L (8, ) + bun (t,2) = DWa (t,2) + g(t,z), t > 0,
(3.19) (0 x) =up(x), 0<z <1,
Un(t,0) = un(t,1) =0, ¢ > 0.

Now we assume that

T gt -
/ / / / G?_ (z,y)b*dydsdxdt = \* < 1.
o Jo Jo Jo

Then, under proper assumptions on {ox(¢)} and {0} ()}, w, approximates u, the
solution of (3.15), as illustrated in the next theorem.
THEOREM 3.3. Let {o(t)} and its derivative be uniformly bounded by

ok ()] < Br, lop(t)] < v VE € [0,T],
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and the coefficients {o}(t)} are constructed such that
o (t) —op (O] < ai, o ()] < B, o' ()] < i Ve € [0,T]

with positive sequences {aj} being arbitrarily chosen, {Bp} and {y;} being related to
{a} Br} and {vx}. Let w,(t,z) and u(t,x) be the solution of (3.18) and (3.15),
respectively; then, for some constants C > 0, independent of At and h,

B20)  Elu-wl < g 2Z< K2 (%?)2}(&)2),

provided that the infinite series are all convergent.

The proof of Theorem 3.3 is given in the appendix.

Remark 3.2. The assumption on A being small is not crucial; some generaliza-
tions can be made without this assumption, for example when b < 0.

Now we consider the approximation of u,. In particular, we use a finite element
discretization with respect to the = variable and an implicit difference method in the
t variable. Since u,, satisfies the weak formulation,

/un(tx dx—i—// 8un d¢ dxds—i—//bunsx x)dxds
(3.21) :/ dm+//¢> VAW, (s, x) // s, x)¢(x)dzds

for ¢ € H}(0,1). Meanwhile, the semidiscretization in space leads only to the following
problem: find u,(t,-) € H}(0,1), t € (0,T), such that

aun L ou, 09 9*wW,,
(3.22) ; qﬁd ; —fd +/ bun¢dx—/0 ( Si0w >¢d

with
/01 un (0, z)p(x)dx = /01 uo(x)p(x)dx

for all ¢ € H}(0,1),t € (0,7).
The finite element discretization of (3.22) is to find u”(¢,-) € V{(0,1), ¢t € (0,7T),
such that

8u L oal o¢ v ! *W,
(3.23) ; qﬁd ; aia—d +/O bun¢dx—/0 (g—l— 8t8x>¢dm

with

for all ¢ € VJ*(0,1), t € (0,T). Here, VJ*(0,1) denote the finite element subspace of
H(0,1). By using the expression

n—1

ﬂZ(t7 Z‘) = Ul(t)@(x)a te (07T)7
=1
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(3.23) leads to a system of ODEs for v;(t),{ = 1,... ,n—1. Using the backward-Euler
method to solve this ODE system yields the following numerical scheme:

n—1 1 n—1 1
S (i1 — ui) / ou(@) @, (x)dw + ALY wir1y / 91(v)¢}(x)dx
=1 0 =1 0
n—1 1
+ bAt Z oy / ¢1(z)pj(z)dz
=1 0

e = [ / g5, 0)05(a)dnds + / / )W (5,2

for j=1,2,... ,n—1,i=1,2,...,I where wu;; = w(t;) . Let

t27x Zuzl¢l

For simplicity, we now focus on the case of using the continuous piecewise linear finite
element in the spatial discretization. The following pathwise error estimate can be
found in Theorem 8.2 of [17]:

(325)  [lun(tm, ) — up(tm, )|l L,

<C’H1—i—logA << Hé)Un

The following lemma gives estimates of the terms on the right-hand side of (3.25).

LEMMA 3.3. Let u, be the solution of (3.15) with g € C*([0,T] x [0,1]), uo €
C?[0,1], and o7(t) has the bound given in Theorem 3.3. Let the constant b be suitably
small. Then, if 6t < 1/(2]b]), the following inequalities hold for some constant c,
independent of At and h:

dT+maXh [l (2, H2>

t 1/2
(3.26) E/ %(7, M dr<e ((At)2 + ALY KB+ Z(Atﬂ,’;)2>
ti—1 t Lo k k
and
1/2
(3.27) Ellun(t,)|m2 < c (1 + 721# [19) ) .

The proof of Lemma 3.3 is given in the appendix.
Combining Lemma 3.3 and inequality (3.25), we have the following theorem.
THEOREM 3.4. Assume that the conditions in Lemma 3.3 hold; then

PO\ 12
Bl (b ) = Y < ¢ (14 10w 32

. 1/2
x ((At)? FACST R+ YA + thk%ﬁz)?)
k k k

for some constant c. 0
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The error  E|u(ty,-) — u?(tm, )|z, can be obtained by applying the triangle
inequality to the results of Theorems 3.3 and 3.4.

Remark 3.3. Note that when applied to the case of white noise, that is, oy (t) = 1
for all k, we may take B = o =1, o) =0for k< N,and B! =0} =0, af =1
for £k > N, where N — oo as n — oo; then, after simplification, the estimates in the
above theorems give

h tm \ '/ 1 1/2 A73/2 h>N3/?
Ellu(tm, ) — ul(tm, )|, gc(1+log At) {N1/2 + (At)/EN"= + INLE }

so that h = O(At)'/2 and N = O(h=1/2) = O((At)~'/*) give a best order of (At)'/®
or h'/4 up to a logarithmic factor, for E|[u(ty,, ) —u” (tm,")||1,. This is indeed a very
low order convergence estimate as was expected [1]. In the next section, however, we
present a few examples with colored noises for which the above theorems allow much
better estimates on the order of the approximations.

Remark 3.4. The estimate on the order of convergence in the time step size is seen
to be at best O(v/At), which is largely due to the fact that we restricted our attention
to the case where {n;(¢)} in (3.16) correspond to the derivatives of the Wiener process
with ¢ being the parameter. In many physical applications, other processes may also
be used [11]. One may also naturally consider more general formulation for the noise
terms {nx(¢)} like what is used for dW/dz in (3.2). In the case where {7} are more
regular in time, better error estimates may be obtained using similar techniques.

Discussions and extensions to higher space dimensions can be found in [36].

4. Numerical results for some model equations.

4.1. One dimensional elliptic equation. We now study two cases of the one
dimensional elliptic equation with noise described in the previous section. We demon-
strate that for different forms of coefficient {0} }, different rates of convergence are to
be obtained.

Case 1. Let the random variables {n;} be iid, namely,

5 ) = b = 1 ifk =1, 1 n_ ) ok k<,
k. = L£\NkT) = Okl = 0 ifk#£1 Uk-—k3/2’ Ok = 0, k>n.
Then
50 o\ 1/2
pe S | 11 1
el - (2 (53)) <
From Lemma 3.1, we have, for some generic constant C > 0,
. 1/2 ~ 1/2
E|[Wllz, < C <Z<o£)2> <C <Z k3> =C.
k=1 k=1

In other words, W, € L5(0,1); this means that, in Theorem 3.2, r = 1. If the
piecewise linear finite element basis is used, and g € Ls(0,1), the following error
estimate yields

E(”u - quHLz) < C(n_2 + hQHg + Wn”Lz) < Ch2 .
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Thus, asymptotically, we have a second order convergence rate in h for the expectation
of the L? error.

Case 2. Now let us consider using different coefficients {o}'} which yield high
order convergence results for high order finite element spaces. Still let

1 ifk=1, 1 ok, k<mn,
0 ifk#1,

gr = E(mem) = 6, = { Ok =177y Ok = 0. k>n

Then

> A\
7ol - (5 (D)) <
H” Tl (Z <k7/2 k)) =

k=n+1

From Lemma 3.1, we have

o0 1/2 e’ 1 2 1/2

k=1 k=1

In other words, W, € H?(0,1); this means that, in Theorem 3.2, r = 3. If we use
the cubic spline finite element basis, and assume that g is bounded in H?(0, 1), the
following error estimate yields

E(lu —upllz,) < C(n™* + h¥llg + Wil g2) < C b

for some constant C' that depends only on g. Note that such a high order cannot be
achieved if we have adopted a white noise [1].

The finite element method (3.10) is implemented for (3.1) with g(z) = 2+ bz — ba?
and the noise W as defined in section 3. The exact solution of (3.1) is given by
u = ug + us, where ug and us correspond to the deterministic and the stochastic
parts. Moreover, ug(z) = (1 — z) and

o~ V20% .
us(x) = Z mnk sinkmax .
k=1

The numerical solution is calculated for n = 4,8,16,32,64,128 (h = 1/n being the
length of the subintervals). For each n, 10,000 runs are performed with different
samples of the noise, ||u —u’||z, is calculated for each sample, and the averaged value
E|lu—ul||1, is calculated.

For Case 1, we let b = 0.5, 0, = k~3/2, and we use the continuous piecewise
linear finite element space. The left picture in Figure 4.1 gives the decay of error.
The horizontal axis denotes log;,n, and the vertical axis denotes log;o E||u — u”||L, .
The slope of the error curve is nearly —2, in agreement with the theoretical result.

As for Case 2, we let b = 0.5, 0, = k~7/2, and we use the finite element space
consisting of piecewise cubic splines. The right picture in Figure 4.1 gives the decay
of error. The slope of the error curve is now nearly —4, also in agreement with the
theoretical result.

4.2. Parabolic equation in one spatial dimension. Now consider a special
case of parabolic equation described in the previous section. Let

cost oi(t), k<n,
(0 =T "Z“):{ 0 kon
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log(En)

-05 o 05 1 15 2 25 3 -2 -1 [ 1
log(n) log(n)

Fic. 4.1. The error decay with o, = k=3/2 and k~7/2.

and the upper bounds of,3;,v; given in Theorem 3.3 can be chosen as

n __ 0’ kgn’ n __ n_l
o = 1?13 k> n ﬁk_lyk_ﬁ'

Backward-Euler in time with the piecewise linear finite element in space approxima-
tion (3.24) was tested for the numerical solution of problem (3.14) with

g(t,x) = 10(1 + b)z*(1 — )€’ — 10(2 — 12z + 1227%)e .
We use b=0.5 and T =1 . In the absence of noise term, the exact solution is
u(t,x) = ug(t,r) = 10e'z*(1 — )%,  with wug(z) = 102%(1 — x)*.

The exact value of Fu(1,0.5) is about 1.699.
In theory, using the above definitions, we have

4.1 - (0[2)2 < — i < i _ h7

(4.1) ZQ(/C?T)Z_ Z k8 — n7 ’
k=1 k=n-+1

(12 S RE?+ o) <Y () <6
k=1 k=1

(4.3) DB (kB <C.
k=1 k=1

From Theorems 3.3 and 3.4, we have

Ellu— wallz, < e(h” + (A8)2)1/2,

h tw \ /2 1/2 h?
Eltun(tm, ) — wp (bm, )L, < c (1 + log At) ((At) /2 4 (At)1/2> .

Hence,

1/2 2
t h
. R . < om 1/2 )
@) Elultn) bt s < (14108 3 ) (@024 s )
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TABLE 4.1
E(ul(1,0.5)) and E(ul(1,0.5))2 by the backward-Euler finite element scheme.

h At | Bh(,05) | BE@l(1,05)? | B(sn) | var(as.)
.25 .25 1.5268 2.3495 .0061 .9830
.25 125 1.6147 2.6301 -.0217 1.0141
.25 .0625 1.6599 2.7826 -.0166 1.0079
.25 .03125 1.6821 2.8586 .0083 .9908
.25 .01563 1.6976 2.9142 -.0086 .9750
125 .25 1.5198 2.3283 .0045 .9697
125 .125 1.6071 2.6059 -.0014 1.0097
125 .0625 1.6529 2.7569 -.0238 .9780
125 .03125 1.6777 2.8432 .0002 .9829
125 .01563 1.6912 2.8910 .0006 .9687

.0625 .25 1.5193 2.3263 -.0006 1.0182
.0625 125 1.6043 2.5963 -.0069 .9886
.0625 .0625 1.6519 2.7539 .0124 .9852
.0625 .03125 1.6758 2.8372 -.0110 .9908
.0625 .01563 1.6888 2.8825 .0069 19962
.03125 .25 1.5198 2.3277 -.0163 .9650
.03125 125 1.6044 2.5971 -.0217 .9527
.03125 .0625 1.6503 2.7497 -.0071 .9984
.03125 .03125 1.6731 2.8281 .0044 9765
.03125 .01563 1.6855 2.8724 -.0101 1.0479
.01563 .25 1.5181 2.3230 -.0166 .9918
.01563 125 1.6067 2.6041 -.0134 .9667
.01563 .0625 1.6500 2.7482 -.0114 1.0067
.01563 .03125 1.6749 2.8336 -.0170 1.0365
.01563 .01563 1.6851 2.8704 -.0067 L9872

In the actual implementation, different values of At and h were used. For each pair
{At, h}, 10,000 runs are performed with different sample of noise, and the ensemble
averages are calculated. The numerical results of E(ul(1,0.5)) and E(u"(1,0.5))?
are presented in Table 4.1.

The computational results converge as At and h approach to 0. From the table,
it can be observed that, for fixed h, the results converge faster as At decreases, but
for fixed At the convergence is less transparent as h decreases. This can be explained
by the error estimate (4.4), which is bounded by (At)'/2 4 h?(At)~1/2. If At and h
are of the same order, the At term dominates in the estimate.

The numerical accuracy is also affected by the random number generators used
in the different realizations. (The particular generator used in our implementation
is obtained using MATLAB.) For comparison, the last two columns of Table 4.1 list
the mean and variance of 7,/ ;. We see that, for the relatively larger magnitude of
E(ny,2,1), the error of E(ul(1,0.5)) turns out to be larger as well.

Additional numerical examples can be found in [36].

5. Conclusion. In this paper, the numerical approximations of SDEs with dif-
ferent noise realizations are considered. In many instances of stochastic modeling, the
noises may indeed be represented in various forms, with some emphasis on the correla-
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tion in space and time, while others exhibit the correlation in frequency or spectrum.
Our study indicates that the accuracy of the numerical approximation depends on the
form of the underlying noise. Both rigorous error estimates and experimental results
are provided in our paper.

Throughout our discussion, simple linear equations in one space dimension are
used for the purpose of illustrations. We note that much of our consideration can be
generalized to stochastic elliptic and parabolic equations in higher space dimensions.
For the case of a simple two dimensional square domain, related discussions have been
provided in [36]. By confining the theoretical analysis to the one space dimension here,
some tedious technical details and complicated expressions are avoided.

Naturally, it will be very interesting to study the similar problems for nonlinear
SDEs, which actually motivated the present investigation. It is hopeful that such
studies may lead to a better understanding of the behaviors of the discretization error
and the modeling error in conducting numerical simulations of nonlinear stochastic
dynamics for practical problems [9, 18, 28].

Appendix.

Proof of Theorem 3.3.

Step 1. First, we verify the existence of such {o}(¢)}. Since {o},(¢)} are continuous
on interval [0, T], by the Weierstrass approximation theorem, for an arbitrary sequence
oy, where n is a fixed number, £ = 1,2,..., there exists a sequence of polynomial
{P}(t)} such that

o (t) — PL(t)] < 2= vt e [0,77.
Let
t
op(t) = / P (s)ds + o1(0),
0
and we have

ok (t) — o ()] = / (0h(s) — PL(s))ds| < .

By the triangle inequality,

o5 (D] < low(O)] + af < B + Bk

af =
n n n an n
o7 ()] = [PEO)] < lok(®)] + Z5 <+ 3£ =

Step 2. Let &, (t, z) = u(t,x) — uy(t, ) and

F(t,z) = //Gtsxwdvv(sy //Gtsmdvv(sy)
e —E// (t, x)dzdt,
F—E// t;vdwdt.
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Subtracting (3.18) from (3.15), and applying similar manipulation as that in section
3, we get

n

Ellu — unll7, = & < a—ne

To estimate F,, we introduce an intermediate noise form

2717 o)
%tg;n =" op (i (£ (@),

k=1

that is, a noise discretized only in the z-direction. Let

Fi(t,e) = / t / G )W (s.3) / t / G ()T (5,1),

Fy(t,x) = //Gtsxde(sy //Gtsxde(sy);
then

F(t,x) = Fi(t,z) + Fs(t, x),

F—E//F2txdxdt<2<//Fltxdxdt—f—E//thxdmdt)

Taking advantage of the orthogonality of {sinkmwz} on the interval [0, 1], we have
Z V2sin krze™ k™) t/ (ok(s) — U?(s))e(k“)zsdnk(s).
0

Since 7ng(t) is the standard Wiener process,

T 1 t
E/ F2(t,z)dzdt = Z/ e 2(km)%t (/ 2% (g, (5) — o—;g(s))st) dt
0 0 0

o0

o) T t
< am 2/ e—2(k}7‘l’)2t </ eQ(kTr)zst) dt < C (ak )
= Z( k) o 0 =1 Z 2(k)?

k=1

1 tit1
Mki = VAl ), dni(t),

we have

0 t
— Zwke—(kw)zt l/ (k)2%s n( )dnk( )
k=1
¢ 2 1
,/O (k) SG’?(S)Z \/EnkiXi(S)dS]

1=1

et [ S [ (e L[5 s
_ —(km)“t mT)°s __n T8 _n/~\ g~
=3 e > [ (e - 5 / 7 57(5)d5 | dipe(s)

i=1 i

¢ 1
+f (e(k”>2%z<s>—t t / %30 (5 >ds> dnk<s>],
t]t — L tI
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where I; is the integer such that ¢;, <t <t;,41 . Then

T 1
E/ / F(t, z)dxdt
72(k7r tfl tit1 tit1 5 5.
= Z/ / (/ (e(k’r) Sop(s) — ekm) 50?(5))515) ds
i=1 Yti ti

At tit ) . N2
+/ (t e )2 (/ ( (k) SO-ITCL(S) _ e(kﬂ) sag(g))ds) dS) dt.
tr, t t;

For s, § € [t;,t;+1], using the smoothness assumption on oy (t), we get

2z ~
e o7t (s) — B S (5)]
< [e®™% — Dol () + F 5o (5) — o7 ()
(k;7r)2 (k‘7T) tit1 n( )At—l—e(kﬂ') tit1 n/(fz)
< e et (o) 281 + ) At

Here, t; <& < t;41. Without loss of generality, we assume ¢ = t7,41; then

T 1
E/ / F3(t,x)dzdt

< Z/ 2(km)t lz/ ' At (e (km)? Lt (k)28 + ) (At)?) ds] dt
_ OZ / . [Z / 206001 (k) (67)2 + (7])2) (M) ds] di

oo I

<00 / e MR g (R (B7)” + (4F)7) (A)?
k=1 1i=1
oo I

SO KB + (GEA(AY
k=11i=1

Z (K4 (B)* + (i)*) (A)%.

The last inequality comes from Zf”:l, 1 < I = 1/At. The theorem is now
proved. a

Proof of Lemma 3.3. In general, by applying the same technique as in the proof
of Theorem 3.1, we may first estimate

B[ [ o< 58 [ (G nw0) + (Gosle (o) vds

c t ol t ol 2
+ _E/ / (/ / Gt_s(z,y)de(s,y)> dxdt.
1-X Jo Jo o Jo
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Next, one may differentiate (3.18) to get

O, Lo )
Gt = [ [ S s pduds + [ 6l

t 1 8 t 1 8
+// —ths(x,y)g(&y)dydﬁ// =Gi_s(x,y)dWy(s,y).

Then one may estimate F ft fo 0“" (t,z))?dxdt using the above equation. Simi-

larly, one may estimate Efo 8 S (t, ))dedt.
Since we have assumed that b is a constant, we now provide a simpler estimate
which, in spirit, is similar to the estimate derived from the integral formulation.

Let g(t,2) = Y ge(t)n(@), un(t,z) = Xpu (On(a), uolw) = Sy wthn();

then

Zul™ () + (K22 + b)ul” () =

Thus, for t € [t;_1,t;),

t
u](cn)(t):e—((kw)2+b)tuk_~_/0 e—((kw)2+b)(t—s)gk(5)ds

JrZ/ (o) +2) e~ S)ikﬁé)nm x;(s)ds.

This leads to

t
u,(en)(t) _ e—((kﬁ)ub)tuk +/O 67((k:7r)2+b)(tfs)gk(s)ds

77k; g o~ ((km)24b)(t—s) g
+ E o (s)ds,
V tj—1 k

where t] =t; for [ < and t; = t. It follows that

2 t
E {uén)(t)} <cu2 —2((km) +b)t+cT/ e—2((kw)2+b)(t—s)gi(s)ds

0
7 t* 2
c T (kT2 4b)(t—s)
+At;</t-le orp(s)ds

i—

for some constant c.
Since ug € C%[0,1] and g € C?([0,T] x [0,1]), we have, for some constant ¢ > 0,

t
S (k) { 2 = 2((km)>+b)t +/ e—2((kﬂ-)2+b)(t—s)gz(S)ds} <e
0

k
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Using the bounds on ¢} and the fact that b is a small constant, we have

2
< e —((k)24b)(t—s) n( )dS)
=1

< o(B1)? / —2((km)>+b) (t-3) g

c(B)?
= km2+b

Thus, for small b, we have

Ellun (7, )2 < (Ellun(r,)|[32)"?
1/2
(1 + —Z k(B )

for some constant ¢ > 0. This proves the inequality (3.27).
For (3.26), we have

D) = (k)2 + 0 (1) + ge(t) +

So,

E/tjil <§t (s )>2d8 < cE/ti ((kzwz+b)u,§")(s))2ds+c/ti [62(s) + (o7(s))?]ds.

t171 tifl

) 1/2
dr < | AtE / dr
L2 L2

1/2
c ((At)2+mz k2(52)2+Z(Atﬂ};)2> .
k

Thus,

ou,,

8un
W (7'7 )

t;
)
ti—1

(7—7 )

k
This proves (3.26). O
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