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NUMERICAL STUDY OF HYPERBOLIC EQUATIONS
WITH INTEGRAL CONSTRAINTS ARISING
IN SEMICONDUCTOR THEORY™*
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Abstract. An efficient numerical scheme is described for the solution of certain types of non-
linear hyperbolic equations with an integral constraint which are used to model the Gunn effect in
semiconductors with impurity capture. We analyze the stability and convergence properties of the
scheme and present the results of numerical simulations. Depending on the value of the parameters
defining the problem, a great variety of solutions are obtained, including periodic recycling of solitary
waves and chaotic regimes.

Key words. Gunn effect, oscillations, chaos, numerical simulation, stability, convergence
AMS subject classifications. 35170, 39A11, 65M06, 656M12, 65C20

PII. S0036142999360287

1. Introduction. Pattern formation and oscillatory phenomena involving recy-
cling and motion of charge dipole waves have often been observed in semiconductors
displaying nonlinear electrical conduction. These phenomena were first observed by
Gunn [9] in bulk n-type GaAs for which the electron velocity is an N-shaped function
of the electric field. When planar contacts are attached to an n-GaAs sample and an
appropriate dc voltage bias is kept between them, there appear self-sustained oscilla-
tions of the current with frequencies in the microwave range. These oscillations are
accompanied by periodic recycling and motion of charge density dipole waves (solitary
waves of the electric field).

After Gunn’s discovery, many materials were shown to have similar current self-
oscillations, although the physical mechanisms causing the oscillations were often very
different. However, all these materials had N-shaped current-voltage characteristics,
which is an essential feature of the Gunn effect (see [2]). N-shaped current-voltage
characteristics can appear due to impurity capture processes; such is the case in p-
Ge [19] and many other semiconductors [16]. Precise measurements of the Gunn
effect in p-Ge are reported in [14] and [18]. Experiments show that intermittency and
spatiotemporal chaos are observed in addition to the usual time periodic oscillations
[14].

The Gunn effect and other instabilities of the current have been studied by an-
alyzing models of charge transport in semiconductors (see [16], [17]). For bulk semi-
conductor devices, charge transport may be described by the semiclassical Boltzmann
equation or hydrodynamic or drift-diffusion models. Each class of models describes
phenomena occurring at a different length and time scales [17]. For sufficiently large
devices, hydrodynamic or drift-diffusion descriptions are appropriate and involve less
computational cost.
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Drift-diffusion models hold for time and length scales in which the moment and
energy distributions have relaxed. For the materials used in the experiments in [14]
and [18], relevant time scales are those corresponding to impurity trapping. Such
scales are so slow (milliseconds) that the displacement current is negligible, which
means that the charge density distribution is quasi-stationary. Faster distributions
(momentum and energy) have relaxed to a quasi-stationary state much earlier. Thus
while one can argue in favor of the hydrodynamic model for short Gunn diodes (less
than 5 microns long for a 10'® em ™3 doping, say), it is not realistic to do the same for
a p-Ge device with a typical length of 1 to 14 mm and kHz frequency. In the case of
self-oscillations in semiconductors with impurity capture, a drift-diffusion description
is appropriate.

Some numerical studies are available for certain types of drift-difussion models;
see, for instance, [7], [12], [6]. Numerical studies of hydrodynamic [8], [13] and energy
models [11] have also been carried out (mainly for GaAs). While most numerical
analysis for semiconductors deals with Boltzmann, hydrodynamic, or drift-diffusion
models, specific analysis for trap-dominated drift-diffusion models is lacking.

In p-Ge, carriers are holes and there are ionizable shallow acceptor impurities
which act as capture centers and do not move. Equations describing charge transport
consist of

(i) Poisson equation (in one dimension) relating densities of holes and ionized
impurities to the divergence of the electric field;

(ii) a rate equation for the impurity density, including the processes of impact
ionization by holes of neutral impurities and impurity-hole (capture) recom-
bination.

(iii) the charge continuity equation in which the flux of holes contains drift and
diffusion terms. This equation is equivalent to Ampere’s current balance law.
In it, the total current density is equal to the sum of the drift-diffusion current
due to holes and Maxwell’s displacement current;

(iv) appropiate bias, initial and boundary conditions of the contact regions of the
semiconductor.

A model consisting of these equations and conditions is still much too complicated
to analyze. It is possible to derive a simpler reduced model by singular perturbation
methods. These methods exploit the fact that characteristic time scales of the ioniza-
tion and capture processes are much longer than the drift time of free holes. As the
ratio of these times goes to infinity, the following (nondimensional) model is derived
3], [19]:

(1.1) g;gt FAE,J) %—f +B(B,J) g—f re(B, ) % Y D(E,J) =0,

z € (0,L), t>0,
(1.2) E(z,0) = Ey(z), x € (0,L),
(1.3) E(0,t)=J(t)p, t>0,
(1.4) /OLE(:E,t)dx—q)eRJr, t>0,

where A, B, C, and D are known functions, depending on the semiconductor [15].
Typical plots for A, B, C, and D are shown in Figure 1.1. The integral constraint
(1.4) is the bias condition relating the applied voltage ® to the electric field E(x,t)
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Fi1G. 1.1. Nondimensional functions A(E,J), B(E,J), C(E), and D(E, J) used in the modeling
of Gunn efect in p-Ge. The figure shows the values of A(E,J), B(E,J), and D(E,J) for three
values of the current density J, 0.02 (low), 0.08 (medium), and 0.15 (high), which cover the range
of values observed in the simulations.

throughout the sample. The scalars p (resistivity), ® (voltage), and L (length of
the sample) are input parameters. Typically, p € [7,11], ® € [500,2000], and L €
[1000, 5000].

Solving these equations with appropriate initial data provides the time evolution
of the current density, J(t), and of the electric field distribution, E(x,t). This reduced
model has shown to be very useful to understand the generation and dynamics of
oscillations in Germanium devices [1], [3], [5]. These types of systems exhibit a rich
variety of solutions, including periodic and chaotic ones. An analytical and asymptotic
study of nonlinear dynamics in this model has been carried out in [4].

In this paper we analyze an efficient numerical scheme to solve this type of problem
with integral constraint. Some numerical simulations of these reduced equations have
been presented in [1], [3] using progressive time differentiation. In our scheme, we
use regressive time differentiation. We carry out a numerical analysis of stability and
convergence and give sufficient conditions on the nonlinear coefficients for the scheme
to work efficiently.

The mathematical structure of system (1.1)—(1.4) leads naturally to implicit sche-
mes. The reasons for this are as follows:

e The higher order hyperbolic operator in (1.1) is written in characteristic form,
so that space and time are characteristic variables. Thus initial and boundary
data are given on characteristic curves ¢ = 0 and z = 0. Notice that the higher
order term is mixed; it involves time and space derivatives.

e The boundary data at x = 0 (E(0,t)) is not known a priori. It is determined
using the integral constrait (1.4), which couples all the values of E(x,t),
x € [0, L] at time ¢.
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e The term 0J/0t = (1/p) OE(0,t)/0t appearing in the differential equation
(1.1) makes it nonlocal. The domain dependence properties and finite time
propagation of hyperbolic operators are lost.
Under these conditions, when one discretizes (1.1)—(1.4) by using either progressive
or regressive finite difference approximations for the time derivatives, a scheme is
obtained where the new time level, E; *1 is computed from the old level E! by solving
a system of equations. Although the resulting schemes are implicit, the peculiar
structure of the matrices allows us to implement a fast resolution procedure.

We use our scheme to investigate oscillations and chaotic regimes in Germanium.
Although the problem is one dimensional, it is very computationally intensive, and
therefore efficient numerical methods are required. On the one hand, the very large
nondimensional length of the samples of interest (L ~ 3500) plus the accuracy desired
leads to a large number of discretization points and, on the other hand, the interest
in analyzing and characterizing chaotic solutions requires integration of the equations
for a very large number of time steps. We also show some of the patterns observed
for the current.

The paper is organized as follows. Section 2 describes the numerical scheme,
the resulting equations, and the implementation of the method. Section 3 describes
the analysis of the stability and convergence properties of the scheme, first for the
linearized problem and then for the fully nonlinear problem. Section 4 presents the
results of some specific numerical experiments and, finally, in several appendices we
explain in more detail some technical results needed in the analysis of section 3.

2. Description of the numerical scheme. We consider the nonlinear hyper-
bolic problem (1.1)—(1.4). From Figure 1.1 we see that

(2.1) A B>0, C<0.

In what follows, we assume that (2.1) holds.

Notice that the characteristic curves of the second order operator are x = con-
stant, ¢t = constant, so that for a point (zg, tg) the domain of dependence is 0 < xg,0 <
t < t9. The characteristic curves of the first order operator solve z'(t) = %x(t), S0
that they are contained in the region of dependence of the second order operator. In
view of this, the problem is well posed given an initial condition and a boundary con-
dition at x = 0. The integral condition on F may be satisfied adjusting the boundary
condition through the extra unknown J(t).

To solve (1.1) with boundary condition (1.3) and integral constraint (1.4) we
use a uniform spatial grid with spacing h = L/ N and time step At = k and use
condition (1.3) to eliminate J in favor of Ey. Thus the unknowns of the problem are
E! = E(ih,jk),i = 0,1,..., N, with the subscript i referring to space and the
superscript j to time.

To approximate the time derivatives at time j + 1 we use

OEITT 2

R AR E

OE! )
o +O(k%),

Et —

which is equivalent to a second order, implicit, Runge-Kutta method (trapezoidal
rule). The same approximation is used for J;:

EItY gt 19ttt o . 10E]
0 ] J _73 0 :—(E6+1—Eé)—*h+0(k2)~

J+1 =
oo — J p | dt p Ot pk p Ot
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We choose a second order backward difference approximation for the space deriva-
tives, E,, in the interior points (i = 2, 3,..., N) because the use of central differences
leads to instabilities. Thus

DEI 3B _apt 4 B
dr 2h

The second derivative term, E,;, combines the space and time derivative approx-
imation just described. Thus

+O(h?).

E, —

82Ej+1 1 . . . . . .
i (3E§+1 — 4B + BIY) - 3E] +4E] | - Efﬁ)

OxOt hk
1 OE!  OEl, OEl,
— 3=t = - h% k).
+2h<3aﬁ+ ot o | TOLK)

Ext

At i = 1 we use a first order backward difference formula,

Ej+1 Ej+1 7Ej+1
P B 2B om,
ox h

82Ej+1 2 ) . ) )
geor ~ (BB )

1 (0E] OE]
at ot

- ) + O(h,k?).

The use of this formula leads to a triangular matrix (see section 3) relating the values
of the unknowns at time j + 1 to their values at time j. The resulting system of
equations can be solved very efficiently. A more accurate second order formula can
also be used with slight changes in the solution procedure.

Introducing these formulas in (1.1), denoting E; = % and multiplying the re-
sulting finite difference equation by 2ph k produces, for i = 2,..., N,

(4CR)EITY 4 p (6 + 4Ah + 3Bk) BV TY — 4p(2 + Bk)EZ*! + p (2 + Bk) B3}
= (4Ch)E? + 2p(3 4+ 2AR)E? — (8p)E7_, + (2p)E?_, + (2Chk)Eq
(2.2) +p (2ARhk 4 3k)E; — (4pk)E;_1 + (pk)E;_s — 2pDh k.

Similarly, for i = 1,

20(2 + 2Ah + BE)EIT! + (—4p — 2pBk + 4Ch) E} ™!
= (—4p +ACh)E} + 4p(1 + Ah)E{ + (—2pk + 2Ch k)Eg
(2.3) = 2p(k + Ahk)E, — 2pDhk.

The pattern of grid points involved in the numerical scheme is shown in Figure 2.1.
Notice that the discrete dependence domain contains the continuous dependence do-
main.

Since there are N+1 unknowns, an additional equation is needed which is obtained
from (1.4):

29
(2.4) Ey +2F +---+2Eny_1 + Exy = 5
Equations (2.2)—(2.4) constitute a system of N +1 nonlinear algebraic equations which
have to be solved at each time step to obtain the values of Ey,..., En.
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Fia. 2.1. Stencil of the finite difference operator used in the numerical scheme.

As an initial condition to start the scheme, we use E0 = (® /L), ES = 0.

Notice that, since the characteristics are horizontal and vertical lines, we will not
have the usual Courant-Friedichs-Lewy stability and convergence condition (k /h) <
(1/¢), ¢ being the slope of the characteristics. Instead, we will require h, k to be small
enough. We will further assume that kN is bounded. Let us recall that hN = L is
fixed.

To analyze the properties of the method it is convenient to rewrite it as

(2.5) MITLEITL = Aqi+] (Ej + I;Ea> + Fitt
where
E’ E! —2phkD]
J — T — Jj — v
E=lp | = | 7= —20m0s |
E} B} 20

A — (TjH ”jﬂ) M (Tj“ Vj“)

U 1 0 0

4p 0 0 0 0 0 0

—8p 6p 0 0 0 0 0

T - 2p —8p 6p O 0 0 0
a 0 20 —8p 6p 0 0 0 ’

0 0 0 0 .. 2p —8p 6p

T =T + 4ph diag (AT, ..., A + 5 diag (B BT,

j ' k. +1 +1
AR . 5 diag (BJ*, ... BT,
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j+1 j+1 j+1 j+1
17 v’ K s?

J+1 Jt+1
u a Ey 51

Fia. 2.2. Structure of the system.

4C{+1h . 2p6{+1k —4p _2/)6{“]“ o\ T

ACT h 4 BT R+ 2p pBy K 2
it = 4C§+1h , pItl — i+l 0 cou=| ..

ACih 0 1

For short, we denote D 4 = diag (AJT", ... ,.Ag\,ﬂ) and Dp = diag (B/1!,... ,Bgvﬂ).
We also set b1 T! = (=2pB7 1k, pB} Tk, 0,...,0). To solve (2.5) it is convenient to
take advantage of the triangular structure of matrix T9+!. Following the method
proposed in [1], if the system is partitioned as in Figure 2.2, its solution can be ob-
tained by solving two linear systems defined by the same matrix, 77+, with different
right-hand sides. In fact,

(2.6) Titlyitl — gitl - gt |

(2.7) Ti+1,3+1 — i+l N PZandl
and since

(2.8) a BT pu BT = g
(2.9) T EITL 4 it T = gitt

these two equations can be used to solve for E/t! and E}™ in terms of yit!, z0+1,
From (2.9) and (2.7)

Ti+1 gty it it E(J)-H = Qitlyi+l o gl o gt it E(J)-‘rl’

and introducing this value in (2.8),

J+1 j+1
g+l Sl uYy
(2.10) BT =
(2.11) ) AR ZARy Oy A

In the present case, a = 1, sJ7' = 2&/h, and

I+l — itl <Eﬂ + I;Eﬁ) 4 it (E(J) + ];Eé) +Fg+1.
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The subindex  means that we are removing the /N + 1th coordinate from the vectors,
ie, Bl = (E{,...,E%).

Let us rewrite these expresions in order to make explicit which is the matrix
relating the j + 1th time step to the jth step.

We introduce the following matrices:

2yt

Zitt =~
1—w- 2+’

NIt — 4 zitl Qj+1 - ﬁ(Tj-&-l)—lDBT
) 2 M
Then we may express E71! in terms of E7 as follows:

, e Sk

B = e e )6 (B + )
1 j+1 Lk

(- QY (Bl + B

1—wu-zitl 2

w- (TI+1) =1 Ri+1
1—w-zitt

+ B} + - E,

(2.12) 5

Eﬂ+1 _ (I— Nj+1Qj+1) (Ez + I;Eﬂ) +Nj+1(Tj+1)71FTJ"+1

(2.13) — NIty ~lpitt (Eg + ];E{)> .

Notice that u - 2/t! stands for the scalar product of two vectors, whereas z/t1u?
denotes the matrix obtained as a product of a vector Nx1 and a vector 1x/V.

3. Analysis of the scheme.

3.1. The iteration matrix. In order to analyze the stability and convergence
properties of the scheme, it is convenient to express the level j + 1 in terms of the
level 0.

Since the time derivatives are related as follows,

.2 o . 2 o o . .
Bl = 2 (B) ~ B7") ~ B = LB} < 2B/ 4 2B/ — o4 (CIPEI) 4 (-D/EY

and E? = 0, we may rewrite (2.12) and (2.13) as

B = (I - NPV QITY 2B — 2SI~ +2F972% — ... 4 (=1 E"]

_Nj+1(Tj+1)71bj+1[2E(j)‘ _ 2E(])’—1 + 2E(J)'—2 g (—l)ng]
(3.1) N ()

Ej+1 _ ;[u . (Tj+1)71bj+1][2Ej _ 2Ej—1 + 2Ej—2 et (—I)JEO]
0 Ty it 0 0 0 0

1 . . ) ) )
P (o @TREL - 2B 4 2B — 4 (C1Y B

(T -1 it ,4 - a '
(3'2) u- ) z + [QE(JJ — QE(]J ! + 2E6 2_ ... + (—I)JEg]

1—wu-zitt
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The vector E7*1! is given by

Ej+1 _ Rj+1 [QEJ*QEJ71++(71)jEO} + Kj+1

with
RIH1 I- NJ'+1Qj+1‘ 7Nj+1(Tj+1)—1.bj+1 |
- l—ulﬁ (u ’ QJJFI) 1+ m [u . (TJ+1)71bJ+1] ,
Nj+1(Tj+1)*1Frj+1
Kt — < U - (Tj-i-l)—ng.g.l ) ]
1—w.-201t
Therefore,
Bt — Rj+1(2Rj _ ]) - (2R1 - ])EO n o RIH1 [ n i+
j—1
(3.3) +2ZRJ’+1(2RJ’ — D) QR - )KL
=0

To analyze the convergence and stability properties of this scheme, a detailed
study of all the matrices involved in it is needed. This is done in Appendix A.

3.2. The linear problem. We consider the linear problem in which the func-
tions A, B,C, D are only functions of x and t. We also assume that those functions are
bounded with bounded derivatives and such that A(z,t) > 0, B(x,t) > 0, C(z,t) < 0.
Let A > 0 be such that

max ){|«4I, B, [Cl, DI, 1B} < A.

[0,L] X [0,00
The discretization of this problem leads to system (2.5), where Al = A(ih, kj), B! =
B(ih, kj), C! = C(ih,kj), D! = D(ih,kj) are known sequences. Therefore, E/T! is
computed explicitly from E7 by means of (2.13), (2.12) or from E° by means of (3.3).

Let us study the stability properties of scheme (3.3) when the coefficients do not
depend on E}. From (3.3) we get

1B e < IRl [|2R7 =12 ... [|2R = I|l2 | Eoll2 + [IE7F1 |2
j—1
F2[[R o K Yo + 2 ) R |2 12R7 1|z .. 2R — 1|z || K2
1=0
In Appendix A we show that for h,k small enough, with kN bounded, we have
IR ]y < 4, 2RI~ — Ty < 7,0 <1< jwith 0 < < 1 and [K9]5 < G [[Dl|u
with G > 0 for all j. Then (cf. [10])

. 1+~
(3.4) 1872 < 7 Bolls + {2 G Dl
On the other hand, the discretization of (1.1) given by (2.5) is consistent. Let
E(x,t) be the solution of (1.1), which is bounded, with bounded derivatives. We
define & = E(ih, jk). Then &/ satisfies (2.5) with an error

(3.5) 6J+1 _ Mj+1 53+1 _ MJ+1 (gj + 25J> _ FJ+1 :hkO(h”+hq),p,q> 1.



HYPERBOLIC EQUATIONS WITH INTEGRAL CONSTRAINTS 177

More precisely, since we made approximations of order 2 for the derivatives, except
for the spatial derivatives at ¢ = 1 where we chose order 1, the vector /! has all its
components of order hk(h? + k?) except one of order hk(h + k?).

Using the first order approximation at ¢ = 1 results in a triangular structure which
simplifies the analysis in Appendix A, which leads to the stability bound (3.4). It is
easy to show that using the second order approximation at ¢ = 1 results in a small
perturbation to the previous result, so that (3.4) holds again and in (3.5) p = ¢ = 2.

Now, if E/ is the solution to (2.5), following the same proof as for (3.4) and
assuming k, h small and kN bounded we get for some C > 0

1B — €12 < C(hP + k)

with p, q as above. That is, when all approximations are of order 2, we get convergence
of order 2.

3.3. The nonlinear problem with smooth bounded nonlinearities. We
assume now that the coeflicients A, B, C, D are functions of £. We furthermore assume
that the functions A(FE), B(E), C(E), D(E) are globally bounded and have bounded
derivatives:

max([[Alloo, [A'loo, [ Blloos 1B lloo: [ICllocs € lloos [ Plloos 1D [loe) < A

We keep the assumptions on the signs: A, B > 0 and C < 0. ‘ 4

The discretization of this problem leads to system (2.5), where A = A(EY),
B = B(E!), ¢! = C(E!), D! = D(E’) are known sequences. Therefore, Eit! is
computed solving the implicit nonlinear system (2.5).

3.3.1. Resolution of the nonlinear system. To compute Ef + given FJ we
solve

(3.6) M(E/HYY BITY = M(E7HY) <E.i + ];E9> + F(EHY,

where M (E7T1), M(E7+Y), F(E7T!) are defined as in section 2.3 but with coefficients
involving A(E+1), B(E'*Y), C(E/TY), D(E*T1). We follow an iterative procedure.

First, we solve (3.6) with coefficients A(E7), B(E’), C(E’), D(E?) and get a
solution EI+1.1,

For n > 1, we iterate and solve (3.6) with coefficients A(EIttn=1) B(Ei+ln=1)
C(Eittn=1 D(EITLm=1) In this way, we get a sequence of solutions E7+1:m,

Then we prove that EI1™ converges to a solution E/T1 of (3.6). We leave the
details of the convergence for Appendix B, where we also prove that

|E/*| < C(A,B), |E[*! — BIY| < (),
‘ B <Eg o Eg) ‘ < C(Mk, [EIY] < C(A).
These bounds are important in Appendix C to conclude that the norm of the Jacobian

matrices are small.

3.3.2. Uniqueness and speed of convergence. Let us prove uniqueness of
solution for (3.6) and compute the speed of convergence of the iterative schemes.
Keeping the notation of section 3.2, we see that

Bt — R(Ej+1) (Ej + ];EJ> 4 K(Ej+1),
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Let us assume that we have another solution £911!:
g1 — R(eith <EJ + 2Eﬂ> 4 K&,

Then

k

EItY — gt = (R(BIT) — R(&7TY)) (EJ’ + 2E’J’) + K(E7tY) — K(&71)

and
[E7HE — &7y < Max e[ DK (§)]|2]| EZHT — €74

+ S MuxelpRE) (B + 5 B )l E - €4
l

From the estimates on the derivatives of R and K (C.1), (C.2), we see that for h,k
small

(3.7) [E7H = &7y < C(h k) BT — €772

with 0 < C(h, k) < 1. Thus E/t! = &1 if BJ = & and B = £7. Since the initial
data are the same for both, we conclude by iterating that they coincide at all the
subsequent levels.

A similar computation yields

| B+ By < Maxl|DE (9|l | B 1m — Bl

Mo o) (4 £ )| i - ey,

2

so that using (C.1), (C.2) from Appendix C,
[ By < Ry B - B0,

with C(h, k) < 1. We have fast geometrical convergence.

3.3.3. Stability and convergence. Since in the previous schemes we always
have |EY| < C(A, L), the L™ stability is guaranteed. We assume in the following that
all the approximations for the derivatives are of order 2 (see comments after (3.5)).

Let £ be a solution of the continuous nonlinear problem. We denote & =
&(ih, jk). Then

It = R(&ITY) (5] + 25]) + K& + hO(h? + k?).

Proceeding as in section 3.1, we can express the level j + 1 in terms of the level
0 for both the solution E} provided by our scheme and the “discretized” continuous
solution &

EITl = R(EVTY(2R(E?) —1I)--- (2R(EY) — I)E® + 2R(E' 1) K (E7)
(3.8) +K(E7TY +2 Jz_: R(ETYHY(2R(E?) —I)--- (2R(E'™Y — K (EY),
=0
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gt = R(ETTH(2R(ET) — I)- - (2R(EY) — N)EY + K(E71Y) + hO(Rh2 + k?)

+2Jz_: R(ETTY(2R(ET) = I) -+ (2R(E77Y) — I) (K (E') + hO(R? + k?))
=0
(3.9) +2R(EVT) (K (E7) + hO(R* + k7))

taking B0 = 0 = £°. Therefore, since £0 =
it gitl
(3.10) = (R(Ej+1)(2R(Ej) —1)---(2R(EY) = I) — R(ETTH(2R(EV) — 1) - -~

(2R(EY) — 1))50
(3.11) +2Z ( R(EFY)(2R(EY) — I)--- (2R(EY) — I) — R(ETH(2R(E) — 1) - -

(23(53—1) — 1)) K(E) +2(R(E/™) = R(E)) K (E)

(3.12) +2§ R(EYV(2R(ET) — I)--- (2R(E7Y) - 1) (K(El) - K(gl))
f?f.;(Ej“) — K(E7)) + 2R(EY) (K (BY) - K(&7))

(3.13)  —hO(h® + k%) — QS R(EVFH)(2R(EV) —I)--- (2R(E77Y — DRO(K? + k?)
—2R(E7THRO(A? l+:22).

We recall that for k, h small, there exists 0 < v < 1 such that
(3.14) [[R(E")|l2 <, |R(E)ll2 < v, 12R(E7) — Il2 < 7, [[2R(E7) — I} < .

The terms in (3.13) are bounded by C(A, L)i'—z(h2 + k?). Using the results in Ap-
pendix C, the terms in (3.12) are bounded by C(A, L)kH"’ max;||E* — £'|a. The
difference of matrix products in (3.10) can be bounded using the identity

—jl

(315) ajaj_1-~a2a1—bjbj_l-nbgbl Z a;a;—1 - CLJ l_b] l)b] 1—1" b1

with a; = R(E7),b; = R(&7) and a; = 2R(E") — I,b; = 2R(E%) — I for 1 < i < j.
Using (3.14), (3.15) and repeating the procedure in Appendix C, we bound the terms
in (3.10) by C(\, L)kyI~tmax;||E? — £¢||2. Analogously, we bound the sum of terms
in (3.11) by C(), L)k””maxi”Ei — E&*|2. Thus, for some positive constants C, Cy,

(316) (]. - kCl)manHE‘j - 5‘j||2 S Cg(h2 + kz)

We conclude that the convergence is of order 2.

4. Numerical results. As an example of the results obtained, we have used
the method described in section 2 to carry out numerical simulations for the case of
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Fi1G. 4.1. Nondimensional functions V(E), K(E), R(E), and j(E) used in the modeling of the
Gunn effect in p-Ge.

ultrapure p-type Ge [3], [4]. The functions defining this problem are

_JVI(E) _ K(E)+ R(E) -1
Ae) = 2 () - KEE A o) -
1) o) = SEE G - 000 = (i L) V)

with J = E(0,t) / po- The behavior of functions K, R, V, j is shown in Figure 4.1, and
introducing these values in (4.1), the behavior of A, B,C, D as a function of E and J
is deduced. This behavior is shown in Figure 1.1 for typical values of J.

The system behavior depends fundamentally on the parameters p and ®/L. The
nondimensional contact resistivity p regulates the rate of generation of the waves in
the anode (left side of the spatial domain). The ®/L parameter regulates the size and
velocity of the propagating waves. Thus each point on the p — ®/L plane corresponds
to a particular solution. For small values of ®/L an ohmic solution is observed (sta-
tionary field distribution). For values of ®/L above a critical value, different types of
dynamic solutions result. For most points in this region, complex periodic solutions
are generated and there are small areas in the plane which correspond to chaotic
solutions with complex transitions of different kinds.

Notice that the coefficient functions defined in (4.1) are not globally bounded.
However, this difficulty can be avoided by a typical truncation argument. We want
to use our schemes to track numerically the pulses described in [4]. These pulses are
such that 0 < Enin < E < FEpar with Enin, Emee constants given in [4].

Therefore, we truncate our coefficient functions to appropriate constant values
outside the interval (E, iy, — €, Eae +€), € > 0 small in such a way that the truncated
coefficients A, B, C, D are globally bounded, with bounded derivatives, and coincide
with the original coefficients in the interval where we expect to find the pulse. The
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F1G. 4.2. Periodic cycle in the current intensity and electric field distribution for the parameters
of the Figure 4.3.

solution of the problem with truncated coefficients coincides with the solution of the
original problem. Thus write down the numerical algorithms for the truncated prob-
lem and the stability and convergence results established in section 3 are guaranteed.

Figures 4.2 and 4.3 show the results obtained with the numerical method described
above in the case in which the solution exhibits a periodic behavior. Figure 4.2 shows
the field distribution at four instants of a complete cycle. At time (1) a wave is
disappearing at the right boundary and a new wave appears in the left boundary. At
time (2) the new wave grows very fast, leading to a fast decrease in the current density,
while the old wave continues disappearing. At time (3) the new wave is increasing its
area at a slow rate to compensate for the area loss of the disappearing wave. At time
(4) the wholly developed wave appears. Figure 4.3 shows the graphic representation
of a complete simulation including several cycles. Notice that the small space step
necessary to get the desired accuracy (h = 0.5) and the large length of the sample
(L = 3500) leads to a space discretization requiring N = 7000 grid points.

Figure 4.4 shows the results obtained for values of the parameters that produce
a more complex behavior apparently chaotic. In this case, the numerical results are
very sensitive to the spatial step h and temporal step k, so that it is necessary a
strict control of the precision of the method. It should be pointed out that in order
to characterize these chaotic solutions, the transition between chaotic and periodic
solutions and the location in the parameter space of chaotic solutions, it is necessary
to compute very long simulations (¢ ~ 100000 in nondimensional time units). In fact,
there are regions in the parameter space where periodic solutions are observed but
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tric Field (E)

Flec

F1G. 4.3. Graphic representation of the numerical results obtained in the simulation for L =
3500, Eg = 0.75, p = 7.5, a = 1.21 and space and time steps h = 0.5, k = 0.1. The 3D graphic
located in the lower part of the figure shows the space-time evolution of the electric field, E. The 2D
graphic located in the upper part of the figure shows the temporal variation of the current density, J.

FiG. 4.4. Graphic representation of the numerical results obtained in the simulation for L =

3500, Ep = 1.0, p = 10.0, a = 1.21 and space and time steps h = 0.5, k = 0.1. The graphics layout
is the same as that of Figure 4.3.
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Fic. 4.5. FFT spectrum of the series J—t: (a) corresponds to the simulations of Figure 4.3 and
(b) corresponds to the simulation of Figure 4.4. One can observe the periodicity of (a) (Lyapunov
exponent of —0.000321) and the chaotic aparence of (b) (Lyapunov exponent of 0.000512). In both
figures, the FFT spectrum is in normalized units and the frequency is in arbitrary units.

with very long periods (~ 10000), and to distinguish these solutions from the chaotic
ones it is necessary to include at least 10 time periods. For the time step and total
time used in Figure 4.4 the number of time steps needed is N; = 100000.

Figure 4.5 shows the FFT spectrum of the runs corresponding to Figures 4.3 and
4.4 for a simulation time of 60000, where the initial transients have been removed.
The spectrum of case (b) appears chaotic and in fact this can be confirmed computing
the maximum Lyapunov exponent, -0.000321, in the case (a) and 0.000512 in the
case (b).

The computational complexity for each iteration and each time step of the algo-
rithm can be estimated as follows:

e Matrix element computation: this is the most computationally intensive part,
especially due to the evaluation of functions A, B,C,D at each grid point,
which includes computation of exponentials, logarithms, and arc tangents.
This requires approximately 115 % N floating point operations (flops). Once
these functions are evaluated, computation of the matrix elements requires
approximately 60 x N flops. Thus a total of 175 % N flops are carried out.

e Back substitution to solve two triangular systems: this is very fast since only
4% N flops are needed

e Residual calculation: this computation is needed to check convergence and is
computationally analogous to the matrix element computation.
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Thus the computational cost per iteration and time step is 354 * N flops (2.5
megaflops for N = 7000). The number of iterations required at each time step for
convergence is very small. Generally 1-3 iterations suffice, except at certain times
when a new wave is generated or when two waves coalesce, in which case up to 10
iterations are needed. Considering an average of three iterations per time step, the
total computational cost for a particular simulation (Cost ~ 354 N Njterations Nsteps)
is of the order of 710! flops. Assuming that the program is run on a system with
a performance of 10 megaflops per second, a total of 20 hours are needed per run.
These estimates show that although the problem is one dimensional, it is rather
computationally intensive and therefore it is important to optimize the numerical
algorithm.

Appendix A. Study of the matrices.

A.1. Comparison principles for T9t! . Let us recall that 77+! = (I +
%DB)T—&—ZLphDA, with D4, Dp, T as in section 2. We assume the coefficients satisfy
(2.1) in section 3. T7*! is a lower triangular matrix. It is obviously nonsingular, with
spectral radius smaller than 1 for the values of p we work with.

We need to be able to give sharp bounds on the solutions of systems of the type
Ti+lyx =b. Typically, b = o1, v7t!. The bounds will be obtained as a consequence
of the following series of comparison principles.

LEMMA A.1l. Let us consider the system (I + gDB)TJ: =b. Ifby > 0,bo+2b1 >0

and b, > 0,n > 2, thenx, >0, x, > Tp_1, Tp < % ]kV:O g—’;, with by, >
T b
1 and by = 4p+2231k'
More generally, we have the mazimum principle (I—&—%DB)TJU =b, (I—f—%DB)Ty <
b=y <z

Proof. The x, are computed as solutions of the difference equation x, = bn +

— bn
~ 6p+3pBrk’ n

4 1 . . b b. 4
3Tn—1 — 3Tp—2, N > 2 starting with z; = ﬁ, Ty = é + 321 0
Now for n > 1 we set

(A.1) an = 6p + 3pBnk, B, = 8p +4pBrk, v = 2p + pByk

and a; = 4p + 2pBi1k. Notice that 57 =2 I — % and B, = an + v,. We also set

3 Qn
on = 4’2’;%’1. The solution x,, to 77712 = b is given by

bl b2 4
14 60)7 = ==, (1+62)w0 = 2 + =
(1+61)xy oy’ (1+ 62)x2 o +3$17
b, 4 1
(A2) (1 + 6n)l‘n = ;n + g.’l)n_l - gl‘n_Q, n> 2.

LEMMA A.2. Let us consider the sequence x,, defined by

by by 4
1+6 =— (146 ==+ -
(14 6)x1 ar’ (14 6)x a +3331,
b, 4 1
(AS) (1 + (S)l'n = ain + gxn,1 — gfﬂnfg, n>2

with § > 0 small. Ifb, > 0 (resp., b, <0), then x,, > 0 (resp., x,, <0). The condition
by > 0 (resp., by < 0) may be relaxed to 3(1 4 6)by + 4by > 0 (resp., <0).
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Proof. The solutions of the homogeneous difference equation (1+6)y,, — %yn_l +
%yn—Q = 0 are given by

(A4) Yn=Ar ()" 3+ Br_(8)" 3 n>2,

where r_(6) ~ % + £6 and 7 (6) =1 — 26.

For a right-hand side by, b2,0,...,0, we compute y1,y2 and then use (A.4) to
compute A and B so that we know y,,n > 2. If by,b5 > 0, then A > 0,B < 0 and
y2 > y1 > 0. For large n, yp, — yn—1 ~ A(ry — 1)7“174 < 0. However, we cannot have
Yn < Yn—1 and y, < 0 at the same time so that y, remains always positive. More
precisely, 0 < y,, < A(by, bg)’/’i_S.

bn,

and we compute y,,n > ng from (A.4) starting from y,,—1,Yn,- Again, if b,, > 0,
A>0,B<0,and 0 <y, < A(b,,)r+" (0t for n > ng.

The sequence z,, is obtained adding the solutions y, for the right-hand sides
b1,02,0,0,...and 0,...,0,b,,,0,...,0, ng > 2. Thus lemma A.2 follows. O

LEMMA A.3. We assume that 0 < 6 < 6, < 6. Let x,, be defined by (A.2). Let
z,, be the solution to (A.3) with § = § and T, the solution to (A.3) with § = 6, both

with right-hand side 2—1. If b, >0 and é is small enough, then x,, > 0. Moreover,

For aright-hand side 0, .. .,0,by,,0,...,0, we have y, = 0,n < ng, Yn, =

(A.5) Tp < xp < .

When b, < 0, the signs are reversed in the above inequalities. These comparison
principles also hold when by > 0 (resp., ba < 0) is replaced by 31 (1+61)ba+4aby > 0
(resp., < 0). This implies that (T7T1)~! is a positive matriz.

Remark. We may take 6 = %maX(A)E for h < h. For the lower bound, we may

take either the uniform bound § = 0 or § = 3% min(A)h.

Proof. Assume b, > 0. Then we have 0 < 7 < z5. Assume that x, > 0 for
n < ng. Then

- 4 1 b, -
(A.6) (14 é)a, = ggcn,1 — gmn,g + o + (6 — bp)xn.

By the comparison principle x, > Z, for n < ng. In a similar way, z, < z,, for
n < ng. Let us see that z,,4+1 > 0 and by induction we get (A.5) for all n. Now

1
(A7) (1 + 6n0+1)$n0+1 > Ty + g(xno - xno—l)'

To ensure xp,+1 > 0 we need Tp,—1—Tn, < 3Tp,- SINCE Tpg—1—Tny < Ty, — Ty, it 8
enough to prove z,, _; < 4Z,,. This follows from the explicit expressions as solutions
of difference equations for z,, and Z,, when ¢ is small enough. 0

A.2. Order of magnitude of N7t1, We recall that
1 2z{+1... 22{+1 z{+1

1—w-zitl 41 o G+l g+l
2z 22y zy

NIt =T+

where 2971 is the solution to T7+123+!t = ¢3*1, From the previous maximum princi-
ples, it is clear that

1

J+1
(A.8) 27T <0 Vn, T

>0, |u-2Z2T>u-z|,
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where Z is the solution for § = hmax(A) with right-hand side (—ay,72,0,...,0).
Since Y7, ~ cte 3t ~ =< we see that

1

A.3. Order of magnitude of Q7t'. This matrix is lower triangular with spec-
tral radius less than 1 for k small. In view of its definition, we expect Q7+ to be
almost diagonal.

LEMMA A.4. The diagonal elements of Q11 are of order k. The nondiagonal
elements are of order kh.

Proof. The columns ¢; of Q7*! are solutions to the systems T7+'q; = ¢;, where
the vectors ¢; are columns of %DBT.

Let ¢; = (07...,073pkl’5’i,—4pkBi+1,pkBi+27O7...,O)t be one of such columns.
Then g¢; is given by ¢, ; = 0 for n < ¢ and
(a; +6i)qi: = 3pkB;,
(ai+1 + 51'+1)Q¢+1,i = 5i+1(h,i - 4Pk3i+1,
(Qiga + 0iv2)tiv2,i = Bivalit1,i — Vitalii + 20kBite,

on 4 1 ‘
1+ — | qni= 5qn-1,i— 5qn-2,, n>i+1
Qn 3 T3

Developing the coefficients at the node ¢ in powers of h, k, we see that g; ; ~ %Bi(l —

ng - %h.Al), qii+1 ™~ —%hk‘AzBZ - %th; and qii+2 ~ —%hk.Alb)z - %hk’B; From

this, we conclude that |g, ;| < gn,; < C(A;, Bi)hk, n > i+2, where g, ; is the solution

to (A.3) with 6 = § = 0, zero right-hand side and starting from |g;11 |, |¢i+2,i|- O
A.4. Order of magnitude of Z7+t1Q7*, We first remark that

j+1 j+1
Z{Jr Sl....zf' S1

1

Zj+1Qj+1 —_
1— -2+l j+1 J+1
zy Sr..zy SN

where S; = 2(gi; + -+ qv-14) + gn,i ~ C(A,B)kL. On the other hand, using
Lemmas A.1-A.3

2k Ss

(A.10) S

~ hkC(A,B,C, L)

since |zx| < z;, ~ max(|C|)L + C(a1, f1) for § = 0.

A.5. Norm of I — NI+1Qi+1, Products of matrices of this type will appear
when we express the level j+ 1 in terms of the level 0. In order to have E/T! bounded
as j tends to infinity, we need to see that the norm of these matrices is smaller than
1 for a certain norm.

LEMMA A.5. For h, k small enough with kN bounded

(A1) I = NTFIQTFY3 = p((I = NTFHQIH) (I — (Q7F ) (NTHH)') < 1.

Proof. We decompose
(I = NPT (I — (@7 (NTH)T)
= ([-Q" (I - + (I - @@ (z7*)
+Zj+1Qj+1(I _ (Qj+1)t) 4 Zj+1Qj+1(Qj+1)t(Zj+1)t.
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We must prove that the spectral radius of this matrix is smaller than 1. By Gersh-
gorin’s theorem [10, page 135], the eigenvalues lie in balls centered in the diagonal
elements and with radius either the sum of the modulus of the elements in the same
column or the sum of the modulus of the elements in the same row.
Let us consider the different matrix products P = RS involved.
IfR=(I—-Q*),S=R,

(A.12) pijl SC(AB) Y k°h* < C(A B)KhL,
l<min(i,j)
k 2
(A13) ImA§(1—2&>+%XAB%%L

IfR= (I _ Qj-i-l)’ S = (Qj+1)t(Zj+1)t or R = Zj+1Qj+1, S = (I _ (Qj+1>t)7

(A.14) Ipij| < C(A,B,C,L)k*h, |pii| < C(A,B,C,L)(k*hL + kh).
If R=Zit1Qit! § = RY,
(A15) ‘pi7.j| < C(A,B,C,L)th, |pi7j| < C(A,B,C,L)k‘2h

Adding up, we see that we have a matrix with diagonal elements of order (1 —
£Bi)?+C(A,B,C, L)) (k*h+kh) and nondiagonal elements of order C(A, B,C, L)k?h.
Therefore, the eigenvalues lie in balls with centers (1 — kB;) and radius of order
S k2hLC(A, B), that is, C(A, B)k*L?. For k small enough, the spectral radius is of
order max(1 — kB;) < 1. Thus the norm-2 of these matrices is less than 1. 0

A.6. Norm of RIT', 2RI+ — . We have the following lemma.

LEMMA A.6. For h,k small enough with kN bounded |R’|j; = a < 1, ||2R? —
I <a<1, and |K7||2 < G||D||0o-

Proof. By Lemma, A.5, the result holds for I — N7+1Q7*!. In R7*! we have one
more column and row. Let us estimate their size.

The comparison principle for T9+! allows us to bound the solution of T7 1z =
b1 by the solution of (T —4phD 4)y = b+, which is bounded by C(A, L)k. Since
the elements of Z7*! are bounded by C(A, L)h, we conclude that

A0 [T T o < C(A, LR
From (A.8), (A.9) we know that w(TI+1)~1pit

i o 1—u-2i+1
Thus, =T < O(A, L)k and 0 < 1 — C(A, L)k < 1+

Analogously, we obtain ||K7||2 < G||D||so-
Finally, since the nondiagonal elements of Q71! are of order kh and the diagonal
elements are of order h, we get || —_5+ (u-Q7)||oc < C(A, B, L)kh. In view of these

< 0and 0 < ﬁ < C(A,L)h
GH+1y—1p5+1
Toamr— < L.

estimates on the terms of the extra row and column, we obtain |[RITl; < a < 1.
Now 2R’ — I has a similar structure to R’ and ||2R’ — I||2 < a again. O

Appendix B. Bounds on discrete derivatives.
LEMMA B.1. Given a vector E°, we can compute a sequence EIT1 such that

M(Ej+1)Ej+1 _ M(Ej+1) <Ej + ];EJ> +F(Ej+1)'
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Moreover,
(B.1) |EITY < C(A,E°), |EIT — I < C(A)h,
(B.2) 50— (B4 58| < ok B < o)

Proof. Let us assume that we have computed E7 and
B < C(A, %), |E] — B]| < C(A)h,

B — (7 B < ok B < ().
We solve M (E7)E/*11 = M(E7)(E7 + 5E7) + F(E7). Then
ey (Bt — i K iy (it _gi K
( ) r - 7'_5 T +Z(E) EO _EO_EEO
~QUE) (B} + S ) — b(B) (B} + & ) — 2phkD(E),

Using |E/| < C(A) and |E/ — E!_|| < C(A)h we see that the right-hand side is of
order k2 + kh. Therefore,

‘(Ei“*l - El - 2E£) + 2(B7) (E(%“’l ~Ej - QE(J))‘ < C(A)k.

Thus

(B.3) ’Eé“’l —-E - ZF)

S| < Ck

and for i > 0 |E/TH — ED — gEf| < C(A)k. On the other hand, by (3.4), we see that
|EITH < (A, E°). Now from
(4p + 2pB(E))R)(E{ ' — g ™HT)
= 4pA(EDh(B] — B — 2pD(B])hk, |
(60 + 3pB(EDR)E 1 — B — (274 pB(EDI(EL — B3
— 4pA(BD(E] — BN — 2pD(E))hk

and from (B.3), it follows that |E/T"! — E/T 1Y < C(A)h.
Assuming we know E7t1n—1 we compute the solution E7+L™ to

M(EFHLn=1y pitln — Aq(pitin=ly (Ej + ];EJ) + F(Eithn-1),

As before, we obtain

|EIT < O(A, E), | BTN — B < C(A)h,

B <E ; ’;E> ‘ < C(A), BT < C().

Taking to the limit as n — oo we conclude the proof. 1]
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Appendix C. Bounds on Jacobian matrices.
LemMmA C.1. For K and R defined in section 3.1, we have

(C.1)

(

C.2)

Supe | DK(§)]2 < C(A, L)k,
Supg || DR (€)]l2 < C(A, L)k*h, 1 =1,...,N.

Proof. We estimate the different terms appearing in these matrices.

(1)

Term N(E)(T(E))"'F.(E).

First, remark that ¢ = (T(E))™'F.(E) is a solution to T(E)c = F.(E) and
le| < C(A,B,D, L)k. Therefore, c¢g,(E) is a solution to T(E)cg, = (F.)g, —
Tg,c. This right-hand side is (0,...,0, —2phkD’'(E;) + 4pkB'(E;)c;—o—
pkB' (E;)ci—1 — 3pkB'(E;)e; — 4phA'(E;)c;,0,...,0) From the comparison
results in Appendix A we conclude that ||cg,||ec < C(A,B,D, L) (hk + k?),
assuming hL, kL < constant.

We now differentiate N(E) with respect to E; and get

1

UZ(E)Ez t
AB+ 1—u-z2(F)

(©3) 0—u =(B))2

z(E)Elut

As before, z(E)g, is a solution to T(E)zg, = v(F)g, — Tr,z. This right-
hand side is (0, ..., 0,4kC’(E;) + pkB(E;)zi—2 — pkB(E;)zi—1 — 3pkB(E;)z; —
4phA(E;)z;,0,...,0) plus a term of order pkB'(E;) if i = 1,2. Thus ||zg, ||co <
C(A,B,C, L)k. The elements of Ng, are therefore of order C'(A, B,C, L)kh.
In conclusion, the components of the vector (N (E)(T(E)) " 'F,.(E))g, are of
order C(A,B,C,D, L)(k? + kh).

u(T(E) ' F(E),
Term 1(771)_2(}3)( e
1
Reasoning as in (1), |(%)E| < CO(A,B,C,D)(k? + kh).
Term N(E)(T(E))~'b(E).

Since ¢ = (T(E))"'b(E) solves T(E)c =
bg, — Tr,c. Therefore, ||cg,|lcc < C(A,B, L
C(A,B, L)k for i =1,2.

We conclude that (N(E)(T(E))™'b(E))g, < C(A,B,C, L)k?* except for i =
1,2, where we have order k.

Term ﬁ(u (T(E))~'b(E)).

In this case |(#Z(E)(u (T(E))"'(E)))E,| < C(A,B,C,L)k* except for
i = 1,2, where we have order k.

Term (I — N(E)Q(E))(E/~' + LEi-1).

The columns ¢ of Q(E) are solutions of the systems T'(E)c = [, where [ are
columns of %DB(E)T. Therefore, the derivatives of the columns, cg,, are
solutions to T(E)cg, = lg, — Tr,c. The vector lg, is zero except for the
columns c¢ in the positions 4,7 — 1,1 — 2. We conclude that the elements of
Q(E)g, are of order kh, except the elements in the columns 4,7 — 1,7 — 2,
which are of order k. Let us set e = EF7~1 4 %Ej_l. From Appendix B, we
know that e; — e;—1 ~ C(A)h. Therefore, [Q(E)e]g, is of order kh?, except
for the columns ¢,7 — 1,7 — 2 which are of order kh.

Now (I — N(E)Q(E))e)s, = —N(E)5,Q(E)e — N(E)Q(E)e),. The ele-
ments of N(E)g,Q(E)e are of order k*h. The elements of N(E)(Q(E)e)g,

i

b(E), we see that T(E)cg, =
Vk? for i # 1,2 and ||cg, [0 <
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are of order kh2, except for three columns. In conclusion, the elements of
(I - N(E)Q(E))e)g, are of order C(A, B,C, L)kh?, except three columns of

order kh.
(6) Term #Z(E)(u -Q(E)).
The elements of (ﬁz(m(u -Q(E)))E, are of order C(A, B,C, L)kh.
From (1), (2) we obtain (C.1). From (3), (4), (5), (6) we get (C.2). 0
LEmMA C.2. It holds that

(C.4)

(C.5)

(C.6)
() = meey) (B 570 ) ) = S ra(e) ~ Rate) (574 )

(C.7)

[K(EB7) = K(&7)]2 < C(A, L)K|| E? — & |2,

H(R(Ej) — R(&9)) <Ej1 + ];Eﬂ'l) < C(A, LK E? — &7),.

2

Proof. Tt follows from Lemma C.1 and

Ki(E?) — K;(§7) = VEK; (&) (B — &),

( l

- zl:v [Ril(g) (E;'—l + ];E{—lﬂ (BF —&)). O
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