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ON THE APPROXIMABILITY OF NUMERICAL TAXONOMY
(FITTING DISTANCES BY TREE METRICS)

RICHA AGARWALA*, VINEET BAFNA!, MARTIN FARACH!, MIKE PATERSONS, AND
MIKKEL THORUPY

Abstract. We consider the problem of fitting an n x n distance matrix D by a tree metric 7'
Let ¢ be the distance to the closest tree metric under the Lo, norm, that is, ¢ = ming{|| T — D {|co }-
First we present an O(n?) algorithm for finding a tree metric T such that || T — D [loo < 3e. Second
we show that it is AP-hard to find a tree metric T such that || T'— D |[eo < -g-e. This paper presents
the first algorithm for this problem with a performance guarantee.

Key words. Approximation algorithm, tree metric, taxonomy.

AMS subject classifications. 62P10, 68Q25, 92B10, 92-08.

1. Introduction. One of the most common methods for clustering numeric data
involves fitting the data to a tree metric, which is defined by a weighted tree spanning
the points of the metric, the distance between two points being the sum of the weights
of the edges of the path between them. Not surprisingly, this problem, the so-called
Numerical Tazonomy problem, has received a great deal of attention (see [2, 7, 8] for
extensive surveys) with work dating as far back as the beginning of the century [1].
Fitting distances by trees is an important problem in many areas. For example, in
statistics, the problem of clustering data into hierarchies is exactly the tree fitting
problem. In “historical sciences” such as paleontology, historical linguistics, and evo-
lutionary biology, tree metrics represent the branching processes which lead to some
observed distribution of data. Thus, the numerical taxonomy problem has been, and
continues to be, the subject of intense research.

In particular, consider the case of evolutionary biology. By comparing the DNA
sequences of pairs of species, biologists get an estimate of the evolutionary time which
has elapsed since the species separated by a speciation event. A table of pairwise
distances is thus constructed. The problem is then to reconstruct the underlying
evolutionary tree. Dozens of heuristics for this problem appear in the literature every
year (see, e.g., [8]).

The numerical taxonomy problem is usually cast in the following terms. Let S
be the set of species under consideration.

The Numerical Taxonomy Problem
Input: D :S%? - R>, a distance matrix.
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Output: A tree metric T which spans S and fits D.

This definition leaves two points unanswered: first, what kind of tree metric, and
second, what does it mean for a metric to fit D? Typically we are talking about any
tree metric, but sometimes we want to restrict ourselves to ultrametrics defined by
rooted trees where the distance to the root is the same for all points in S. In order to
distinguish specific types of tree metrics, such as ultrametrics, from the general case,
we will refer to unrestricted tree metrics as additive metrics. There may be no tree
metric coinciding exactly with D, so by “fitting” we mean approximating D under
norms such as Ly, Ly, or Lo,. That is, for k = 1,2,...,00, we want to find a tree
metric T minimizing || T — D ||x (|| T — D || is formally defined in Definition 2.6).

History. The numerical taxonomy problem for additive metric fitting under L,
norms was explicitly stated in its current form in 1967 [4]. Since then it has collected
an extensive literature. In 1977 [10], it was shown that if there is a tree metric T
coinciding exactly with D, it is unique and constructible in linear, i.e., O(|S|?), time.
Unfortunately there is typically no tree metric coinciding exactly with D, and in
1987 [5], it was shown that for L; and L, the numerical taxonomy problem is A/P-
hard, both in the additive and in the ultrametric cases. Additional complexity results
appear in [9].

The only positive fitting result is from 1993 [6] and shows that under the L., norm
an optimal ultrametric is polynomially computable, in fact in linear time. However,
while ultrametrics have interesting special case applications, the fundamental prob-
lem in the area of numerical taxonomy is that of fitting D by general tree metrics.
Unfortunately no provably good algorithms existed for fitting distances by additive
metrics, and in [6] the Numerical Taxonomy Problem for general tree metrics under
the Lo norm was posed as a major open problem.

Our Results. We consider the Numerical Taxonomy Problem for additive metrics
under the L, norm as suggested in [6]. Let ¢ be the distance to the closest additive
metric under the Lo, norm, that is, ¢ = ming{|| 7' — D ||oo }. First ‘we present an
O(n?) algorithm for finding an additive metric T such that | T — D ||oo < 3e. We
complement this result not only by finding that an L.,-optimal solution is N'P-hard,
but we also rule out arbitrarily close approximations by showing that it is A/P-hard
to find an additive metric T' such that || T — D || < g€.

Our algorithm is achieved by transforming the general tree metric problem to
that of ultrametrics with a loss of a factor of 3 on the approximation ratio. Since the
ultrametric problem is optimally solvable, our first result follows. We also generalize
our transformation from the general tree metric to ultrametrics under any Ly norm
with the same loss of a factor of 3.

The paper is organized as follows. After some preliminary definitions in Section
2, we give our 3-approximation algorithm in Section 3. We show in Section 4 that
our analysis is tight, and that some natural “improved” heuristics do not help in
the worst case. In Section 5, we give our N'P-completeness and non-approximability
proofs. Finally, in Section 6, we generalize our reduction from L, to L; norms with
finite k.

2. Preliminaries. We present some basic definition.
DEFINITION 2.1. A metric on a set S = {1,...,n} is a function D : S = R>¢
such that
s D[.’L‘,y]zo = T =Y,
e Dlz,y] = D[y, ],
e Diz,y] < D[z, z] + D[z,y] (the triangle inequality).
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Likewise, D : S2 — R>o is a quasi-metric if it satisfies the first two conditions.
For (quasi-)metrics A and B, A+ B is the usual matrix addition, i.e., (A + B)[i, j] =
Ali, 5] + B, j].

DEFINITION 2.2. A (quasi-)metric D is (quasi-)additive if, for all points a,b,c,d,

Dla, b] + D¢, d] < max{Dla,c] + D[b,d], Dla,d] + DI[b,cl}.

This inequality is known as the 4-point condition.
THEOREM 2.3 ( [3]). A metric is additive if and only if it is a tree metric.
DEFINITION 2.4. A metric D is an ultrametric if, for all points a, b, c,

Dla,b] < max{D|a,c], D[b, c]}.

As noted above, an ultrametric is a type of tree metric.

DEFINITION 2.5. A quasi-metric D on n objects is a centroid quasi-metric if
31, ..., 1, such that Vi # 5, D[i,j] =l +1;. A centroid quasi-metric D is a centroid
metric if [; > 0 for all 5. A centroid metric is a type of tree metric since 1t can be
realized by a weighted tree with a star topology and edge weights ;.

The k-norms are formally defined as follows.

DEFINITION 2.6. For n xn real-valued matrices M and k > 1, define the k-norm,
sometimes denoted Ly, by

M s = (O | M[i, ] 19,

1<J

| M |0 = rglgjx{l Mli, 5] |}

3. Upper Bound. Let m, = max;{D[a,i]}. Let C® be the centroid metric with
l; = ma — D[a, 4, ie., C%li, j] = i + |; = 2m, — Dla,i] — Dla, jl.

LEMMA 3.1 ([2, Th.3.2]). For any point a, D is quasi-additive if and only if
D + C* is an ultrametric.

LEMMA 3.2 ([2, Cor.3.3]). Given an additive metric A and a centroid quasi-
metric Q, A+ Q is additive if and only if A+ Q satisfies the triangle inequality.

Let D be a distance matrix and let X be the set of all additive metrics. We define
A(D) to be (one of) the additive metrics such that

| D — A(D) lloo = minacx || D — A [l

For point a, we say a metric M is a-restricted if Vi, M[a,1] = Dla,i]. Let X® be the
set of a-restricted additive metrics. We define A%*(D) to be (one of) the a-restricted
additive metrics such that || D — A%(D) |joo = mingexa || D — A ||co- In other words,
A*(D) is an optimal a-restricted additive metric for D. We will sometimes refer to
such a metric as a-optimal. Similarly, we define U(D) to be an optimal ultrametric
for D. Note that the functions, A(), A%(), and U(), need not be uniquely-valued. In
the following, we will let the output be an arbitrary optimal metric, unless otherwise
noted. Recall that () is computable in O(n?) time [6].

Lemma 3.1 suggests that we may be able to approximate the closest additive
metric to D by approximating the closest ultrametric to D + C¢, i.e., by computing
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U(D + C*) — C*, for some point a. Lemma 3.2 tells us that we need to guaran-
tee the triangle inequality for the final metric to show that it is additive. Thus
we need to modify our heuristic. Specifically, for any point a, we will show that
| D—A%*D) |loo < 3|| D—A(D) ||co, and we will give a modification U*() of U()
such that A%(D) = U*(D + C*) — C®. We will use the following result implicit in [6].

THEOREM 3.3. Consider two n x n distance matrices L, M : S? — Ry and a
real value h such that L[i,j] < M[i,j] < h for all i,j. There is an O(n?) algorithm
to compute an ultrametric U, if it ewists, such that for all 4,35, L[i,5] < Uls,j] < h,
and || M — U || 1s minimized.

Proof. Our proof uses the construction of Theorem 5 in [6]. First we show how,
given a distance matrix 4 : S* — R, we can construct in time O(n?) an ultrametric
U, such that U < A (i.e., Vi,j : U[i,j] < A4, j]) and such that for any ultrametric
U <A U <U.

Let T' be a minimum spanning tree over the graph defined by A. The ultrametric
U is now defined as follows. Let e = (7, j) be the maximum weight edge of T', and let
Ty and T, be the subtrees of T obtained by deleting (¢, j). Then U has root at height
Ali, j]/2 and the subtrees of the root are the ultrametric trees U; and Us, recursively
defined on 77 and Ty. Clearly, U < A.

CrAamM: 3.3.1. For any ultrametric U', if U' < A then U’ < U.

PROOF: Let S; and S be the partition of S defined by T7 and T5. By induction,
for k =1,2, Uy > U'|S2.

Let U] and U be the two subtrees of U, and let S} and S} be the corresponding
partitioning of S. Set w = A[i,j] and v’ = ming jyes;xs; Alt, j]. Since w is the
maximum weight in the minimum spanning tree T, w’ < w. However, it is required
that U’ < A, so the height of the root of U’ is w'/2, that is, the maximal distance in
U'is w'. Thus for all (,5) € S1 x Sq, Ui, j] = w > w' > U'[1, j]. O

Consider an ultrametric U’ as described in the Theorem 3.3, i.e. for all 1,7,
Lii,j) <U'[t,j] < h,and e = || M — U’ || is minimized. Set

et = max; jes, (M[i,j] - U'li, j]) < €

Suppose that we knew et. Define A" such that A5+{i,j] = min{M[i, j] +¢e*, h},
and construct T¢' and U¢" < A" as described above. Since U’ < A5+, U":+[i,j] >
U'fi, 5], s0 L[i, 5] < U [i,5] and || M = U Jjoo < || M = U’ ||co.

Now observe that if T' is a minimum spanning tree for M then T is also a minimum
spanning tree for A" Thus it follows that the topology of an optimal ultrametric U
may be the same as the one we would construct from T and M. Given that T defines
the right topology, we can construct the optimal ultrametric as follows.

Let e = (¢,7) be the maximum M-weight edge of T, and let T; and T be the
subtrees of T" obtained by deleting (7, 5). Let S; and S be the partition of S defined
by T1 and T2. Set

_ max(; jyes? M[i, j] + ming jyes, x5, M4, j]
o 2

Then U has root at height min{A, 4} /2 and the subtrees of the root are the ultrametric
trees U; and U, recursively defined on 77 and T5. ]

3.1. The L,, Approximation. The stem of a leaf is the edge incident on it.
LEMMA 3.4. For all points a, || D — A%*(D) |leo < 3|| D — A(D) ||co-

Proof. For all i, j, let [i, j] = A(D)[¢, j] — D[¢, 7], and € = max; ;{|e[¢, 7]|}. Derive
an a-restricted tree T/® from A(D) as follows. We will move all 7 either towards or
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away from a until each 4 is distance Dla,i] from a. If A(D)[a,i] — Dla, ] is negative,
we simply increase the length of its stem. Otherwise, ¢+ must be moved closer to a.
Consider the (weighted) path from i to a. Let p be the point on this path which is
distance Dfa, 1] from a. We simply move ¢ to this location. In either case, no point ¢
is moved more than |e[a,4]|, and so [A(D)[i, 5] — T/°[3, 5]| < le[a, i]| + lela, j]]. Now,
T/% is additive by construction, and for all 4, T/%[a, 4] = D[a,i]. Further, for all 4, 7,

\D[i, 5] - T7°[i, j)| < |AD)[i, 5] — T/*[i, 4]l + |D[s, 5] — A(D)[, 511,
< (lela, ]| + lela, 411) + le[d, ]I
< 3e.

Finally, by the optimality of A®*(D),
H D — AG(D) “oo < || D-T/® ”oo < 3e.

d

LEMMA 3.5. For any point a, A%(D) can be computed in polynomial time.

Proof. We say an ultrametric U is a-restricted (with respect to D) if it satisfies
the following constraints:

(1) 2mg >Uli, j] > 2max{l;,;}, for all 7,7,
(2) Ula,t] = 2m,, for all ¢ # a.

For any distance matrix M, define Y*(M) to be an a-restricted ultrametric which
minimizes || M —U*(M) ||oo- Note that for all 7,7, U*(M)[i,5] < 2m,. We can
therefore apply Theorem 3.3, and so || M —U*(M) || can be computed in O(n?)
time.

Let T = U%(D + C®) — C*. We now show that T' = A*(D).

CramM: 3.5.1. T is an a-restricted additive metric.

Proor: Let D® = D + C°. Constraint (2) implies that T' is a-restricted, since
Tla,i] = U*(D + C)[a,i]— C?a, i] = 2m, — (2mq— Dla,i]) = Dla,i]. By Lemma 3.2,
we only need to show that T satisfies the triangle inequality, 1.e.,

Tli,5] < TI[i,k]+ Tk, ], for all distinct 7,7,k
& UYD[i,j] - Cli,5] < UD*)[i,k] — C°[i, k] + U(D*)[k, 5] — C°[k, J]
& U*(D*)i, 3] < UN(D*)[i, k] +U*(D)[k, 5] — 2L
& U(DG, 5] < max{U*(D)[i, k], U (D), 5]}

+ min{U*(D*)[i, k],U*(D*)[k, 5]} — 2.
Now, since UY*(D*) is an ultrametric,
U (D*)[i, 5] < max{U*(D*)[i, k], U*(D*) [k, j]}-

Also, min{U*(D*)[i, k],U(D*)[k,j]} = 2lx by Constraint (1). Hence, the claim is
proved. O
CLAM: 3.5.2. A%(D) + C* is an a-restricted ultrametric.
.PrOOF: From Lemma 3.1, A%(D) + C® is an ultrametric. To show that
Constraint (2) is satisfied, define T/ = A%(D) 4+ C* and note that:

T'[a,i] = A*(D)[a, 1] + C*[a,i] = Dla,i] + ; + lo = 2m,.

For Constraint (1), we use the fact that .A%*(D) is a metric, and therefore, for all
i, J # a,
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A*(D)[a, 5] £ A*(D)[t, j] + A*(D)[a, i]
= T'[a,j] - C%a,j] < T'[i, 5] - C°[i, 5] + T'[a, i] — C*{a,1]
= T'a,7] <T'[5,1] + T'[a,i] — 2l
= 2mg < T'[j,1] + 2mg — 2,
= T'[j,1] > 2.

-~

By symmetry, T7[j,1] > 21;. Also,
T'[i, j] = A*(D)[i, j] + li + 1
< A*(D)la, 1] + A*(D)la, j] + li +{;
= 2my,

Therefore, Constraint (1) is also satisfied and Claim 3.5.2 is proved. O
Finally,
| T =D o 2 | A%(D) = D Jloo (by Claim 3.5.1)
= (A*(D) +C*) = (D +C%) [l
> || UMD+ C*) — (D + C%) ||oo (by Claim 3.5.2)
=||T — D ||sx (by construction).

Therefore, || T'— D ||oo = || A%(D) — D ||oo- This proves the lemma. O

Lemmas 3.4 and 3.5 imply:

THEOREM 3.6. Given an n X n distance matriz D, we can find a tree metric T
in O(n?) time such that

[T =D oo <3[[ A(D) = D |loo-

4. Tightness of analysis. In this section we show that the constant in Lemma 3.4
is tight, and that for some distance matrices it is not improved by trying different
values of c.

THEOREM 4.1. There is an n X n distance matrix D such that, for all points c,

| D= AD) oo _,
| D~ A(D) |l
Proof. Consider the following distance matrix D for the points qo, - - -, ¢s:
Dlgi,q;] = d—¢ ifi=(j+1)mod9ori=(j—1)mod9
= 0 if i =7 mod 3

= d+ ¢ otherwise.

Note that for each ¢ = g;, there exists a1 = q(it+1)mod9, 32 = @(i—1)mod9, b1 =
d(i+4)mod9, and b2 = q(i_4)mode Such that
D[c,al] = D[az,C] = D[bz,bl] = d- £,
D[bl,C] = D[C, b2] = D[al,ag] = d+8, and
D[al, bl] = D[az, bz] = 0.
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If we take d to be much larger than ¢, it is easy to see that any reasonable
approximation by a tree metric 7" uses a tree with a central vertex m from which
three edges lead to subtrees containing ¢, {a1,b1} and {as, by} respectively.

Hence,

T(b1,c] — Tlc, a1] + Tlay, ag) — Tlag, c] + Tle, bo] — T[b2, b1] = 0,
whereas
D[bl, C] - D[C, al] + D[al, ag] -— D[az, C] + D[C7 bz] - D[bz, bl] = be.

Therefore any such approximation T satisfies || D — T || > €.
For a c-restricted approximation T' (where T'[u, ¢] = D[u, c] for all ¢), we find that

T[al,ag] — D[al,agl — T[bz, bl] + D[bQ, bl] = 66,
and so || D =T ||eo > 3e.

40,93, 46 ¢ = 40,943,496

92,95, 98 q1,q4,97
b2 = ¢5,q2 b1 = qa,q7

Fi1G. 1. Trees approzimating D.

Figure 1 shows optimal solutions which establish that || D — A(D) ||cc = € and
that || D — A(D) |jeo = 3¢. 0

Some rather involved examples show that there are c-optimal trees for which
changing the edge-lengths cannot bring the error down below 3¢ — o(1). Thus there
is no significant worst-case advantage to the obvious heuristic of changing the edge-
lengths optimally using linear programming.

5. Lower bound. In this section, we show that the problem of finding a tree T’
such that || T — D |loo < %€ is N'P-hard. First, we show that a decision version of the
Numerical Taxonomy Problem is N'P-complete.

The Numerical Taxonomy Problem
Input: A distance matrix D : S — R>, and a threshold A € R>o.
Question: Is there a tree metric T which spans S and for which || T — D || < A.

THEOREM 5.1. The Numerical Taxonomy Problem is N'P-complete.

Proof. That the problem is in NP is immediate. We show A/P-completeness by
reduction from 3SAT. For an instance of 3SAT with variables z,,...,z, and clauses
Ci,...,C, we will construct a distance matrix D such that the 3SAT expression
is satisfiable if and only if || D — A(D) ||co < A = 2. Let integer r represent some
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sufficiently large distance (like 10). We construct a distance matrix D to approximate
path lengths on a tree with leaves x;, z;, h; for 1 <7 < n, and ¢;, i, cf for 1 < j <k,
and v.

To simplify the description of the construction we first present it in the form
of a set of inequalities on the distances between the vertices of a tree T', which are
expressed later in the required form. For example, we shall write “T'[z;,Z;] > 2r” at
first, and realize this constraint eventually by letting D[z;, Z;] = 2r + A. We classify

the inequalities as follows.
A: Literal pairs
T[.’L‘i, ii‘z] Z 27‘, T[:L‘z, hz] S T, T[ﬂ_?z, hz] S T, for all 1.

These inequalities force h; to be the midpoint of the path between z; and z;, for
all 4.

B: Star-like tree

(1) Tv,zi)<r+1, T, <r+1, foralli,

pig ?

(2) T[h,,hj] 2 2, T[hi,xj] >r T[hz,.’f]] Z T, fOI‘ all ’L,] (Z 7& j)

The inequalities B(1), together with those in A, imply T'[v, h;] < 1 for all 4, and
we can then use the first inequality of B(2) to deduce that T'[v, h;] = 1 for all 1.

Xs A9x X
/ Pt = |
r-,I -
y h,
v
® r
> 1 A )
B —e
hs A
ne ha
& .
X5
X JDV

F1G. 2. Portion of sample layout

The vertex v must be at the center of a star with each h; at distance 1 from it
along separate edges. From each h;, at least one of the two paths of length r to z;
and Z; proceeds away from v. An impression of a general feasible configuration is
presented in Figure 2.

The essential feature of such configurations, which we shall use in our reduction,
is that for each i, at least one of z; and Z; is at distance r + 1 from v. The final
inequalities will represent the satisfaction of clauses by literals. A satisfying literal
will correspond to a vertex Z; € {z;, Z;} such that T[v,%;] = r — 1. Clearly, z; and z;
cannot both be satisfying literals.

Now, we present the third set of inequalities that deal with the “clause” vertices
¢j, C5, ¢;. Specifically, we will show that a clause is satisfied if and only if at least one
of its literals is at a distance less than r 4+ 1 from v.
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C: Clause satisfaction
For each clause C; = (y;,¥;,y; ) where y;, y;, y; are literals, we have three vertices
/ I

¢” and the following inequalities (where we drop the subscript j for clarity):

€32 C52 €5

Tle,y] <r+1, Tle,y"] <r+1,
T,y <r+1, T,y <7 +1,
T,y <r+1, T[",y] <r+1,

Tle,c1>2, T[d, "] > 2, T[c",c] > 2.

If T{v, y;], Tlv,y;]} and T[v,yj] are all 7 + 1, then the first inequalities in C force each
of ¢;, c;-, c;-’ to coincide with v, contravening the last three inequalities. However, if at
least one of these literals is at a distance r — 1 of v then a configuration of the form
illustrated in Figure 3 is feasible.

Yy ak

v ey
FiG. 3. Layout of clause vertices

We claim that the complete set of inequalities is satisfiable if and only if the
corresponding 3SAT formula is satisfiable. In one direction, suppose that there is a
satisfying truth assignment to the logical variables. For each variable, lay out the
corresponding tree vertices so that the vertex corresponding to the true literal is at
distance 7 — 1 from v (the “false” literal will be at distance r +1 from v). Each clause
has a satisfying literal, therefore, for each j, at least one of y;, y;-, y;’ is at distance r—1
from v in the tree, thus allowing a legal placement of c;, c;-, cj. On the other hand, if
there is a tree layout satisfying all the inequalities then at least one of y;, y;., y; must
be within distance 7 — 1 of v for each j. Since at most one of z; and Z; can be within
r — 1 of v, the layout yields a (partial) assignment which satisfies the logical formula.

To complete the proof, we construct a distance matrix D such that (1) if for some
tree metric T, || T — D |lo < A, then T satisfies all the inequalities from A, B and
C, and (2) for the tree layout T' described above, corresponding to a satisfiable 3SAT
expression, we have || T'— D |0 < A.

Concerning (1), for all vertices a,b, and all z € R>o, if an inequality is of the
form T[a,b] > z, let D[a,b] = z + A. Correspondingly, if the inequality is of the form
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T[a,b] < z, let Dla,b] = z ~ A. Concerning (2), for Z; € {z;,;}, Z; € {z;,7,},
¢ # J, in our intended configurations we have 2r — 2 < T'[z;, ;] < 2r + 2, with either
extreme possible. Therefore we take D[z;,Z;] = 2r. Since A = 2, this covers both
extremes. Similarly, for each clause C' we take D[c,y] = D[¢',y'] = D[¢",y"] =r + 1.
Suitable values for the remaining entries of D are easy to find. This completes the
proof of Theorem 5.1. a
Next, we strengthen Theorem 5.1 to show a hardness-of-approximation result.
THEOREM 5.2. Given a 3SAT instance S, a distance matriz D can be computed
in polynomaal time such that:
1. If S is satisfiable, then || D — A(D) |l < 2.
2. If S is not satisfiable, then || D — A(D) |loo > 2+ §.
Proof. We extend the construction of Theorem 5.1 by relaxing some of the in-
equalities by a fixed amount § and omitting others. The matrix D is the same as
before.

A: Literal pairs

T[lei, f?l] Z 2r — 5, T[il?l, hz] S T - (5, T[.’Ei, }Lz] S T+ 5, for all 1.

B: Star-like tree

Tw,z;))] <r+1+6, T <r+1+4§ Tvh]<1+6, foralli,

Tlhi,h;] > 2 =6, foralli,j (i #j).

C: Clause satisfaction
For each clause C = (y,y',y”) where y,y’, v’ are literals, we have three vertices
¢, c, " and the following inequalities:

Tle,y | <r+1496, Tlc,y"] <r+1+9,
T,y <r+1+4+4 T,y <r+1+34,
Tyl <r+1+46, T,y <r+1+4,

Tle,d]1>2-6, T[,"|>2-4, T[c,c'] >2-6.

Note that the inequalities are a relaxation of the inequalities in the construction
of Theorem 5.1. It follows that if S is satisfiable, then there is a tree T that satis-
fies these inequalities for all non-negative §. Consequently, if S is satisfiable, then
I D~ A(D) floo < 2.

In the remaining part, we consider an arbitrary tree T which satisfies inequalities
A, B and C. Our aim will be to show that if S is not satisfiable then § > 1/4, and so
| D—T | >2+1/4.

For any three distinct tree vertices w,v,w, let meet(u,v,w) denote the inter-
section point of the paths between them. We interpret z; as false if and only if
T[h;,meet(v, h;, z;)] < T[h;,meet(v, h;, Z;)]. Without loss of generality, we may re-
strict our attention to a tree for which our interpretation sets all z; to be false.
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For any variable z;, let h; denote meet(h;, z;, T;), and 9; denote meet (v, h;, z;).
Note that x; being false implies that T'[h;, 9;] < T'[h, ﬁl]

CrLam: 5.2.1. For all i, (1) T[hi, ;] < T[hs, hi] < 38/2, and (2) Tlzi, hi] —
T[h,i, ill] 2 r—20.

Proor: For (1), 2T[hi, hi] = Tz, he) + T[T, hi] = Tlwi, 73] < 2(r+68)— (2r—6) =
36.

For (2), Tz, ili] — Tlhs, iL,] = Tlx;, ;) — T[T, hi] > 2r =6 —(r+90) =r—26. O

For each j # i, set h! = meet(h;, hs, ;).

CrAM: 5.2.2. For all § < 2 and for all j # 1, T[hi,hz] < Tlhs, 0i].

PROOF: Suppose T'[h;, hf] > T[h;i, 0;]. Then there are simple paths from #; to
U; to hj and from v to 9; to h;. Therefore

0= T[hi, @1] -+ T[’l]i, hj] - T[hi, hj]
< T[hz, ’LA)z] + T[’U, hj] - T[hi, hj]
<36/24+(1+9)—(2-9)
Hence 6 > % O
CraM: 5.2.3. For all § < 2 and for all i # j, Tlx;,x5] > 2r +2 — 56.

Proor: By Claims 5.2.2 and 5.2.1(1), T'[h;, h]] < 36/2 and T[hj,hj-] < 36/2.
Since T'[h;, hj] > 2—4 and § < 1/2, we may conclude that we have a simple path from
h; to hl to h; to h;, and a simple path from z; to hi to h! to h; to izj to z;. Note,

however, that h; and hg may coincide, and similarly for h; and Bj. In conclusion,

Tlai, z;] = Tz, hi] + Tlhi, hl] + TR, hi] + T[h, hj) + T[hj, z;]

PR

[, hi] + T[h{, h;-] + T[flj, ]

T
T[:Ei, ilz] + T[hz, hj] — T[hl, iLZ] — T[hj, }ALJ] + T[}Alj, il?j]
>2(r—20)+2—-6=2r+2-56.

For the last inequality, we used Claim 5.2.1(2). O

Finally, we show that if S is not satisfiable then § > 1/4. If § > 2/7 then this is
trivially true, so we may assume that the conclusions of Claims 5.2.2 and 5.2.3 apply.

Let vertices z,z’, 2" in T correspond to the three false literals of a clause. Let
p = meet(z,z’,z"). Without loss of generality, assume T'[z,p] > T[z’,p] > T[z", p].
Let d be at the middle of the path from z to 2. By Claim 5.2.3, T'[z,d] = T[z",d] >
r+1—56/2. Hence the bounds of r+1+46 on T[z, ¢] and T'[z", ¢] from the inequalities
in C imply that T'[d, '} < 74/2.

Now d is situated on the path from z to p, and T[p,z'] > T[p,z"], implying
T[d,z'] > T[d,z"] > r +1~55/2. Hence, as above, the bounds of 7+ 1+ 4 on T[z, "]
and T[z", "] imply that T'[d, ¢} < 76/2. Consequently T(c',c"] < T[c/,d]+T[d,c"] <
75. However, from C we also have the inequality T[¢’,c’] > 2 - 6. Thus 70 > 2 -6
and so § > 1/4.

Since T was arbitrary, we have shown that if S is not satisfiable then there is no
tree T such that | D — T |leec <2+ 1/4,i.e., || D — A(D) |l > 2+ 1/4. a

Theorem 5.2 immediately implies a hardness-of-approximation result for the Nu-
merical Taxonomy Problem.

COROLLARY 5.3. It is an N'P-hard problem, given a distance matriz D, to find
an additive metric T such that

v

| D=T [l
| D = A(D) |loo

<9
g
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Proof. For any such T, if || D — T ||oc > 2+ 1/4 then || D — A(D) ||oo > 2 and S
is unsatisfiable, and if otherwise then || D — A(D) ||oo < || D = T ||oo < 2+ 1/4 and
S is satisfiable. O

6. Generalization to Other Norms. First, we show that Lemma 3.4 can be
generalized to other norms.

THEOREM 6.1. Let D be a distance matriz and T be a tree such that || D — T ||, <
e. Then there exists a point a and an a-restricted tree T/® such that || D — T/* ||, <

Je.
Proof. For any point a, the construction of Lemma 3.4 returns an a-restricted

tree T/® such that
(3) 1T/%[4, §] = D3, 4]| < leli, 5)| + lela, ]| + |e[a, ]|, for all i, ;.

Also, by the convexity of the function |z|P for real x, we have

k k p
lzilP | iy @i
4 > r=
(4) ;:1 = .

We continue the proof by an averaging argument. Clearly,

| T/~ DI,y

n

min{(| T/ - D |, )7} < 2=ze=1

We use inequalities (3) and (4) to bound the sum.

Z(HT/“ D lp ”—Z Z Z ela, 1] — ela, 5P

a=1li= 11,7511_7 1,5#a

<Y ST S (elisdl 4 lela P + lelan 1P

a=li=1,i#a j=1,j#a
Pr(| T — D )"

The theorem follows. ad

As in the case of Lo, we can show that if T is an a-optimal tree for D under Ly,
then T+ C® is an optimal a-restricted ultrametric for D + C'® under the same norm.
We define the Additive, problem as, given a matrix D, output an additive metric
A minimizing || D — A ||gx. Similarly, the Ultrametricy problem is, given a matrix D,
output an ultrametric U minimizing || D — U ||x.

We conclude with:

THEOREM 6.2. If A(D) is an algorithm which achieves an a-approzimation for
the a-restricted Ultrametricy problem and runs in time T(n) on an n x n matriz,
then there is an algorithm F (D) which achieves a 3a-approzimation for the Additives
problem and runs in O(nT(n)) time.
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