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RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY OF
CONTROLLED EULER-BERNOULLI BEAM EQUATIONS WITH
VARIABLE COEFFICIENTS*

BAO-ZHU GUOf

Abstract. This paper studies the basis property and the stability of a distributed system
described by a nonuniform Euler—Bernoulli beam equation under linear boundary feedback control.
It is shown that there is a sequence of generalized eigenfunctions of the system, which forms a
Riesz basis for the state Hilbert space. The asymptotic distribution of eigenvalues, the spectrum-
determined growth condition, and the exponential stability are concluded. The results are applied
to a nonuniform beam equation with viscous damping of variable coefficient as a generalization of
existing results for the uniform beam.
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1. Introduction. The Riesz basis property, meaning that the generalized eigen-
vectors of the system form an unconditional basis for the state Hilbert space, is one
of the fundamental properties of a linear vibrating system. The establishment of
the basis property will naturally lead to solutions to such problems as the spectrum-
determined growth condition and the exponential stability for infinite dimensional
systems. Unfortunately, verification of the Riesz basis generation is challenging even
for extensively studied systems such as Euler—Bernoulli beam equations. Recently, a
new approach has been suggested [1] to obtain a complete solution to the basis prop-
erty of the following uniform Euler-Bernoulli beam equation under linear boundary
feedback control:

Yee (2, ) + Yazwa (2, ) =0, 0<z<1,t>0,
(1) y(0,t) = y,(0,t) = 0,

yzx(lat) = _klymt(l»t)a kl Z 07

ymam(l,t> = kgyt(l,t>, k’g Z 0.

In this paper, we shall develop parallel results for the same system with variable
coefficients. What makes it unique compared to the case of constant coefficients
is that with variable coefficients both the characteristic equation and the analytic
expression of the eigenfunctions have no explicit formulae. The asymptotic technique
appears to be essential for the study.

There are two steps usually found in the study of linear systems with variable
coefficients. The first is to transform the “dominant term” of the system under study
into a uniform “dominant equation” by space scaling and state transformation where
no variable coefficient is involved any longer, while the second is to approximate the
eigenfunctions of the system by those of the uniform “dominant equation.” This
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fundamental idea comes essentially from Birkhoff’s works on asymptotic estimation
of the eigenpairs of the linear differential operators with generalized homogeneous
boundary conditions done in the beginning of the last century [5]. A comprehensive
review can be found in [4]. This approach has been used in dealing with the beam
equations with low order perturbation of variable coefficients (see [6], [7], and [8]). A
similar adoption can also be found in the study of the string equations with variable
coefficients, for which we refer to [9], [10], and [11] as well as the references therein.

By considering a sequence of eigenfunctions rather than whole sequences in the
state Hilbert space, the author recently presented a corollary of Bari’s theorem on the
Riesz basis property [1]. The result greatly simplifies the procedure in establishing
the Riesz basis property for systems described by discrete operators in a Hilbert space
since the result eliminates the requirement of estimation of low eigenfunctions, which
is rather difficult by other methods found in all previous papers [10], [11], [12].

Following the approach used in [1], together with the asymptotic analysis, this
paper presents the Riesz basis property for the Euler—Bernoulli beam equation with
variable coefficients. Other major contributions include the exponential stability and
asymptotic behavior of the systems under boundary feedback control.

In the next section, we shall present the main results of the paper. The proof of
the results and some remarks are given in section 3.

2. Main results. Consider the following nonuniform Euler-Bernoulli beam equa-
tion with linear boundary feedback control:

Pyt (2, t) + (BI(2)Yga (2, t))ze = 0, O<z<1,t>0,
(2) y(ovt) = yac(oat) = yxw(lvt) =0,
(Ej(x)yxx)x(lvt) = kyt(lvt)a

where z stands for the position and ¢ the time. EI(x) is the flexural rigidity of the
beam, and p(z) is the mass density at z. k > 0 is a constant feedback gain. Unlike
system (1), here we impose only one end feedback control for simplicity of computation
because, from Theorem 2.5 below, it is sufficient for the exponential stabilization of the
system. Moreover, it does not make much difference from the methodology point of
view. Actually, the analysis in this paper can be used to similarly treat the boundary
conditions of (1) along the same lines as the analysis in [1].
The total energy of system (2) is

1 1
B =5 | (p@ia.t) + BI@0 (o, 0)ds,
0
Formally,
dE(t) 2
ik L/ <0.
o ky; (z,t) <0

That is, system (2) is dissipative. Throughout this paper, we always assume that
(3) pla), EI(z) € CU0,1], BT, p>0.

System (2) will be considered in the energy Hilbert space H = H%(0,1) x L?(0,1),
HZ(0,1) = {f € H*(0,1)|f(0) = f’(0) = 0}, in which the inner product induced
norm is defined by

(4) I )l = / P@)Ng(@)] + EI@)|f" @)z Y(f,g) € H.
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Define operator A : D(A)(C H) — H as

5) { A(f,9) = (9, — 55 (EI(2) " ())"),
D(A) ={(f,9) € (Hp 0 H*) x HE|f"(1) = 0,(EIf") (1) = kg(1)}.

With the operator A at hand, we can write (2) into an evolutionary equation in H:

(©) Ly (1) = AV (1), Y (1) = (0,0, 9, 1).

When we talk about system (2) later, we mean its abstract formulation (6). We
are concerned with the Riesz basis property of (6) in H; that is, we want to know
whether the generalized eigenfunctions of A form an unconditional basis for H. To
do this, we need the following spectral property of A.

LEMMA 2.1. Let A be defined by (5). Then A~! exists and is compact on H.
Hence o(A), the spectrum of A, consists only of isolated eigenvalues, which distribute
in conjugate pairs on the complex plane. Moreover, the eigenfunction corresponding
to X € o(A) is of the form (\"1¢,¢), where ¢ # 0 satisfies

Np(x)p(x) + (EL(z)¢"(x))" =0,  0<wz <1,
(7) $(0) = ¢'(0) = ¢"(1) = 0,
(EI(x)¢")'(1) = Mko(1).

To verify the basis property, we need the asymptotic properties of both eigenvalues
and eigenfunctions, which are stated as the following propositions.

PROPOSITION 2.2. Let A be defined by (5). Then the eigenvalues {\,, \,} of A
have the following asymptotic property:

N GRS 1 1 O
(8) _
where n is a large positive integer and A, denotes the complex conjugate of \,,. More-
over, \, is geometrically simple when n is large enough.
PROPOSITION 2.3. Let A\, be defined as in Proposition 2.2. Then there is a
solution ¢y, to (7) corresponding to X\, having the following asymptotic expansion:

—g(l + i)ei foz

‘O, (x) = sin(n + 7/2)z — cos(n + 7/2)z

9
( ) +e—(n+1/2)7rz + (_1>ne—(n+1/2)7r(1—z) +(’)(n_1),

o ) \ /2
,g(l +1i)e? Js “(T)dT)\;qu’é(x) = <Ep§(i)) [cos(n + 7/2)z —sin(n + 7/2)z

+ef(n+1/2)7rz + (71)n67(n+1/2)7r(17z)] +O(n71)

(10)
where z = z(x) and a(z) are defined by

SCRTAC ORI G

0= (£5) & () S (F)
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The main result is the following basis property for system (2).

THEOREM 2.4. Let A be defined by (5). Then the following hold.

(i) There is a sequence of generalized eigenfunctions of A which forms a Riesz
basis for the state space H.

(ii) The eigenvalues {\n, A} of A have the asymptotic expansion (8).

(iii) All A € o(A) with sufficiently large modulus are algebraically simple.

Therefore, A generates a Cy-group, and, for the semigroup et generated by
A, the spectrum-determined growth condition holds: w(A) = S(A), where w(A) =
limy oo 1||et|| s the growth order of e*! and S(A) = sup{ReA|X € o(A)} is the
spectral bound of A.

Remark 1. From Theorem 2.4 (iii), (9) and (10) are asymptotic expansions for
all generalized eigenfunctions of A.

Theorem 2.4 is the fundamental property of system (2). Many other important
properties of system (2) can be concluded from Theorem 2.4. The exponential stability
stated below is one such important property that has been studied extensively in the
past two decades.

THEOREM 2.5. System (2) is exponentially stable for any k > 0. That is, there
are constants M,w > 0 such that the energy E(t) of system (2) satisfies

B() = / ()2 (1) + EI(@)2, (x, O))de < Me™'E(0) Vi >0,

for any initial condition (y(x,0),y:(x,0)) € H.
Theorem 2.4 will also be applied to the following beam equation with variable
viscous damping:

p(z)ytt(xat) + b(CC)yt(CC,t) + (Ef(x)ym(l“vt))m = 07 0<z< 17t > 07
(12) y(ovt) = ym(ovt) - yzr(lat) -
(BI(2)Yza)x(1,t) = ky (1,1).

The uniform case of EI = p = const,b € C[0, 1],k = 0 was discussed in [8]. System
(12) can be written as

d

Y(t) = (A+B)Y (1), Y(t) = (y(, 1), ye(-,1)),
where A is defined by (5) and B is a linear bounded operator on H:

(14) B(f,g)=(0,-b-g).

Equation (13) can be put into the generic framework of discrete-type operators per-
turbed by the linear bounded operator in the Hilbert spaces. First, we introduce the
following definition.

DEFINITION 2.6. A linear operator A in a Hilbert space H is called discrete-type,
or [D]-class for short, if there are Riesz basis {¢n}3° of H, complex series {\,}7°,
and an integer N > 0 such that

(1) limy— o0 [An] = 00, Ay # Ay as mym > N;

(ii) Ay, = A\ptop, n > N;

(iii) Alp1, B2, ..., dN] C [B1, P2, - .., dN], and A has spectrum { N}V in [p1, p2, ..., dN],
where [¢1, B2, . .., oN| is the linear subspace spanned by {p;} Y.

Remark 2. Theorem 2.4 shows that A is of [D]-class.



RIESZ BASIS OF VARIABLE COEFFICIENT BEAM EQUATION 1909

It is known that any [D]-class operator A must be a discrete operator [14], and
for the Cy-semigroup et generated by A, the spectrum-determined growth condition
holds. The following basic result can be concluded from the proof of a more general
result in [14] (see also [15], [16, section V.4]). A short proof will be given in the next
section.

THEOREM 2.7. Suppose that A is of [D]-class satisfying conditions of Defini-
tion 2.6 in a Hilbert space H. Let d,, = ming,zpm, | Ay — A, If

(15) i d;? < o0,

n>N

then, for any linear bounded operator B on H, there are constants C, L > 0, an integer
M >0, and eigenpairs {pin, ¥n}3y of A+ B such that

(i) |t — An| < C for alln > M.

(ii) H% - d)n” < Ld;l,n 2 M. Hence ZZO:M ”wn - ¢n||2 < 0.

We can now consider (12). By Remark 1, A is of [D]-class. And the spectral
separation of A satisfies d;! = O(n~!). In Remark 4 of the next section, we shall
show that d,, is never vanishing. Hence Theorem 2.7 can be applied to (A, B) = (A, B)
to get the following parallel result of Theorem 2.4 for system (12).

THEOREM 2.8. Suppose EI,p € C*0,1], EI,p > 0,b € C[0,1]. Then the follow-
ing hold.

(i) A+ B is of [D]-class.

(ii) The eigenvalues {pn,in} of A+ B have the asymptotic expansion

(16) tn = Ap + O(1) as n — oo,

where \p, is defined by (8).
(iii) The corresponding eigenfunctions {(p,, 11, ¥y ) YU{ their conjugates } of A+
B have the asymptotic expansion

(17) (#51%7%) = (>‘;1¢n7 $n) +€n asn — 00,
where ¢, is defined by (9) and
(18) lenller = O(n71).

The following result can be viewed as a consequence of Theorem 2.8.
COROLLARY 2.9. Let {p,} be the eigenvalues of A+B determined in Theorem 2.8.
Then

(19) lim Rep, =

n—oo

)

z 1
_lfol b(m)e—%fo a(T)de$+4k€_%f0 a(T)dr
2 fol p(x)e_% foz a(T)de!L‘

where z = z(x),a(z) are defined in (11).

Corollary 2.9 concludes some existing results for system (12). We give several
examples below.

Ezxample 1. Suppose that p = 1,k = 0, and EI is a constant. Then a = 0.
Equation (19) becomes

1 1
(20) lim Rep, = —5/ b(x)dz,
0

n—oo
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which is a strengthened conjecture

. Repu; 1
(21) fi 2= RO i/ b(x)da
0

n—00 n 2
made in [13] for the same system with hinged boundary conditions and resolved later
in [6] under the assumption that b(z) > 0. However, we do not impose any assumption
on the symbol of b.
Ezample 2. Suppose that p = EI = 1,k = 0. Then (12) becomes
(22) { yee (2, t) + (@)Y (2, 1) + Ypaaa (2, 1) = 0, 0<z<1,t>0,
Y(0,t) = ¥2(0,t) = yuz (1, 1) = Youa(1,2) = 0,

which is just the system studied in [8]. Equation (20) holds for this system. However,
our result shows that the main hypothesis (1.3) of [8] is nothing but fol b(z)dx > 0.
Moreover, from our discussion, Theorem 2.8 is sufficient to derive (20). This is because
spectral analysis for system (22) with b = 0 is quite simple and does not necessarily
need to rely on Theorem 2.4 [1].

Ezample 3. Suppose that b(x) > 0 for = € [0,1], and b(x) > by > 0 for all z in
some subset (a,b) C [0,1] in (22). The system is then exponentially stable. When
k=0,b(z) >0 for z € [0,1] and b(x) > by > 0 for all  in some subset (a,b) C [0, 1],
system (12) is also exponentially stable. However, the method used in [18] appears
to be unavailable for this case. We will give a short interpretation for Example 3 in
section 3.

Finally, we present a high order approximation of the eigenvalues of system (12).

PROPOSITION 2.10. Suppose (3) and

1

1 s )
23 ba) e C'0,1), [ bla)e T “Oag 1 ake 3 Sy @9 5 g,
(23)

0

Then the eigenvalues {jin, fint of A+ B have the asymptotic expansion

i

7 2 1 1
(24)%:—%’;“[@“/2)%] _272/0 al(T)dT—#/o b(r)dr + O(n~Y),

where b(2),a1(z), and k are given by

- kb p(1) M
(25) = B (Em)) ’

(26) by = 28, % /0 ’ < p(r) )1/4 dr,

(27) a1(z) = fga’(z) — %az(z) — —a(z2).

3. Proof of main results.
Proof of Lemma 2.1. A direct calculation shows that

A7H(f.9) = (¢,0) for any (f,g) € H,
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(U =/,
(z) _kf(l)/om(x )EI( )dTJr/xp(T)g(T)dT/jdﬁ/f %ds

The compactness follows from the Sobolev embedding theorem. Other conclusions
are obvious, and the details are omitted. 0

In order to study the asymptotic behavior of the solution of (7), we rewrite (7) in
a standard form of the eigenproblem of a linear differential operator with generalized
homogeneous boundary conditions:

00() + 251 @) + T o) 4 X o) =
@) o0 =0 0) =" =0
#"(1) = A0

Two basic transformations are essential. First, the “dominant term,” ¢*)(z) +
A2p(x)/EI(z)¢(x) of (28), is transformed to become a uniform form by space scaling.
In fact, set

(29)  é(z) = f(2),2 = 2(x) = ;11/: (;52))1/4 dr,h = /01 (}527)))1/4 dr

Then f satisfies

FO(2) +a(2)f"(2) + bs(2)f"(2) + c(2) f'(2) + Xh* f(2) = 0
£(0) = f(0) =0,

(30) f' () +aof'(1) = ,
kh® ( p(1) \ T
"(1) = bof'(1) + A 1
where ag and by are constants depending on h,p(i)(1)7E 19(1),i = 0,1,2,bs(2) and
c(z) are the smooth functions of h, p(z), EI®)(z),i = 0,1,2,3 through z = z()
)

defined by (11), and a(z) is the function given by (11).
Second, in order to cancel the term a(z)f"” in (30) as was done in [4], we make
the invertible state transformation

(31) fz) =t w g o)
Then g satisfies

9(4)(2)+a1(Z)90”(z)+a2(2)9’(Z)+a3(2) 9(2) + A*hg(2) = 0,

9(0) = ¢'(0) =0,
(32) g"(1) = a11g'(1) + a129(1),
kh? (1) \
(1) = azg'(1) + | A 1
9"(1) = azg'(1) + BI(D) (Ef(l) +asz| g(1),
where a;j,i,7 = 1,2 are some real constants depending on h, p( (1), EI®(1),i

0,1,2,a(2) and az(z) are the smooth functions of h,p(z), EI(z),i = 0,1,2,3
through z = z(x) defined by (29), and a4(z) is given by (27).
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It can be seen that (7) and (32) are equivalent. Our next task is to use the eigen-
pairs of the uniform “dominant term,” ¢ (z) + A\?h*g(z) = 0 of (32), to approximate
those of the whole system. Note that when k& = 0, (32) is in the standard form of a
linear differential operator with generalized homogeneous boundary conditions, which
was studied in [4] in greater detail.

Now we proceed as in section 4, Chapter 2 of [4] to estimate asymptotically the
solutions to (32). Since system (2) is dissipative, all eigenvalues are located on the
left half complex plane. Due to the conjugate property of the eigenvalues, we may
consider only those A with 7/2 < argA < .

Let A = p?/h?. Then, as 7/2 < arg A < 7,

(33) w/4 <argp < m/2.
Now set

wy = ¥ Wy = e/ Wy = —wy,wy = —w1,
(34) Sz{plgéargpég}-

In what follows, p is always assumed to be in S. Note that
(35) Re(pw1) < Re(pwa) < Re(pws) < Re(pws) Vp e S.
The following important facts are used frequently in what follows.

(36) { Re(pwi) = —|p| sin(arg p + §) < —v/2/2|p| <0,
Re(pws) = |p| cos(arg p + ) < 0.

Lemma 3.1 comes from Theorem 2.4 in section 4, Chapter 2 of [4].
LEMMA 3.1. For |p| large enough, p € S, there are four linearly independent
solutions gx(z),k =1,2,3,4 to

9W(2) + ar(2)g" () + as(2)g'(2) + as(2)g(2) + p*g(z) = 0,

such that

91(2) = e (1 + O(L)),

04,(2) = pure? (1L + O(L)]
i 01 (2) = (pwrrerr2[1 + O(L),

5/(2) = (o1 + O(3)

With these preparations, we come to the proof of Proposition 2.2.
Proof of Proposition 2.2. Let g(z) be a solution of (32). There are constants
¢, =1,2,3,4, such that

(38) 9(2) = c191(2) + cag2(2) + c393(2) + caga(2),

where gi(2),k = 1,2, 3,4 are defined by (37). By boundary conditions, ¢;,4i = 1,2,3,4
are solutions to the following system of linear algebraic equations:

c191(0) + c292(0) + c393(0) + ca94(0) =0,

c191(0) + c295(0) + c3g5(0) + cag4(0) = 0,

(97 (1) = a11g; (1) — ar2g1 (V]er + [0 (1) — a11g5(1) — a12g2(1)] e2

+lg5 (1) — a1195(1) — ar2g3(D]es + [97 (1) — ar195(1) — a12g4(1)]es = 0, )

[97"(1) = 219} (1) — a2201(1) — kpg1(1)] e1 + [95" (1) — az1g5 (1) — azag2(1) — kp?g2(1)]e2
+195"(1) — a2195(1) — a22g3(1) — kp?gs(D)]es + [g' (1) — a2195(1) — az294(1) — kp?ga(1)]es = 0,
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where k is defined by (25).
From (36) and (37), for any k,1 < k <4,

91(0) = 1+ O(2), g}, (0) = pur[1 + O(L),

1
p
1

), 9
(40) [95 (1) — a119;,(1) — a12gx(1 )] = (pwi)*e” 1+ O(3)],
g (1) — an1g; (1) — azagx (1) — kp?gr(1)
= (pwi)?er*[1 4+ O(3)] = kp?er*[1 4+ O(3)],
and
(41) 72| < 1, ]e7r| = O(e™ W) as |p| — o,

for some constant ¢ > 0. Then we know that g(z) is nonzero if and only if p satisfies
the characteristic equation

(1] (1] [1] [1]
dot pwi[1] pwa(1] pws (1] pwa[l] —0
(pwr)?eP (1] (pw2)?eP2[1]  (pws)?ePs[1]  (pwa)®e (1] ’
(pwr)?eP (1] (pw2)?eP2[1]  (pws)®ePs[1]  (pwa)®er~2[1]

where [1] = 1+ (’)(%). Since wy = —w1, w3 = —wa, the above equation is equivalent to
1] 1] e’ 1] s 1]
w1 1] wa1] —weeP?[1]  —wief1[1] |
WDt ey wgenywgn w7
wiett 1] wier2(l] —wil] —wi1]

Noting that each element of the matrix in (42) is bounded, we may rewrite (42) as

1 1 erv? 0

w1 Wo —woel¥? 0 1 _
(43) det 0 wleren w2 w? +(9(p =0,

0 wlerw? —w3 —w$

which results in

2
" s (2721)

Wy + w1

o()-+o()

By solving (44), we obtain (8) by the same arguments as those of section 4, Chapter
2 of [4]. Since the matrix in (43) has rank 3 for each sufficiently large p,,, there is only
one linearly independent solution g to (32) for p = p,,. Hence each A, is geometrically
simple for n sufficiently large. 0

In Remark 4, we will indicate that each eigenvalue of A must be geometrically
simple. Noting (37), (38), and (42), we can write g, g” as

pw[ll[l] pw[ll[l] pfp(‘iz—[zl)][l] pr(uil—[:)][l]
(45) g(Z) = det 2 ePwi [1] w3 2pw2 [1] w%[l] w%[l] ’
w ep“’l[l] wier2[1] —w3[1] ~will]
(46) 9//(2) = ;02 det epwlm w%ep“’?[l} ? w%[l] ' wi[l}
wiert[l]  wier[1]] ~wi1] —wi[l]
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LEMMA 3.2. Let Ay, pn, be defined as in Proposition 2.2. Then the unique (up to
a scalar) associated solution g, to (32) has the following asymptotic expansion:

V2

n 77(1 +i)gn(z) =sin(n+7/2)z — cos(n + 7/2)z 4 e~ (*+1/2)7=
47
+(7l)nef(n+1/2)7r(17z) +0(n71),

2
" _%(1 +4)p, 29l (2) = i[cos(n 4 7/2)z — sin(n + 7/2)z
48
4o (/DS | (L1)pe-(rH1/2m0-5)] | O(n),

Moreover, it follows directly from (37) and (45) that
(49) P gn(2) =0n™).

Proof. Tt follows from (45) that

1 1 ePn 0
Prwiz Prwaz pnwa(l—2) pnwi(l—2)
( ) d (& (& (& e O
gn(2) = det 2 pnw 2 2 + — -
0 wyefne? w5 wi Pn
0 wiernwz —ws —w$

After a simple calculation, we find that

gn(2) = Wiwi[2wiefr@r® + 2wgefne? ePnw1(1=2)
+Hwz + wr)err2ern 2177 4 (wy — wi)ern2?] + O(5 )
=/2(i — 1)[sin(n + 7/2)z — cos(n + 7/2)z
+67(n+1/2)7rz + (71)n67(n+1/2)7r(172)] +O(%)

This is (47). Equation (48) can be proved similarly. 0

Note that the asymptotic expansions (47) and (48) are exactly the same as those
obtained in [1] for the eigenfunctions of system (2) with constant coefficients; i.e.,
EI = p = const. However, it should be pointed out that the estimates in [1] and [2]
rely on the analytic expression of the eigenfunctions.

Proof of Proposition 2.3. The result follows directly from the following facts that
are deduced from transformations (29), (31), and (49):

V2 L V2

SYE et O () = ~YE( 4 i)gu(2),

(50) —?(1 ijedJo O 2 ) —g(l +)on2gl(z) + O (i) ,

o) = oot = o (A0 i w0 (1) o

Before proving Theorem 2.4, let us recall that for a closed linear operator A
in a Hilbert space H, a nonzero x € H is called a generalized eigenvector of A,
corresponding to an eigenvalue A of A which has finite algebraic multiplicity, if there
is a positive integer n such that (A — A)"z = 0. A sequence {z,}5° in H is called a
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Riesz basis for H if there is an orthonormal basis {e,, }$° in H and a linear bounded
invertible operator T such that

Te, =x,,n=1,2,....
It is seen that each Riesz basis sequence must be approximately normalized:
Cl < HInH < 02,01702 > O,TL: 1,2,....

Suppose that {A\,}7° C o(A) and lie in some left half complex plane. If each A,
has finite algebraic multiplicity m,, and m,, = 1 as n > N for some integer N > 1,
then there is a sequence of linearly independent generalized eigenvectors {z,, };*%
corresponding to A,. If {{x,,}2}52, forms a Riesz basis for H, then A generates a
Co-semigroup e®* which can be represented as

oo My, My oo My
eMp = E et E (s E Jnj(t)zy, for any x = E E GniTn, € H,
n=1 i=1  j=1 n=1i=1

where f,,;(t) is a polynomial of ¢ with order less than m,,. In particular, if a < ReA < b
for some real numbers a and b, then A generates a Cy-group on H. Moreover, the
spectrum-determined growth condition holds for e?t.

In order to remove the requirement of the estimation of the low eigenpairs of the
system, a corollary of Bari’s theorem is recently reported in [1] (a simplified proof
can be found in [2]), which provides a much less demanding approach in generating
a Riesz basis for general discrete operators in the Hilbert spaces. The result is cited
here.

THEOREM 3.3. Let A be a densely defined discrete operator (that is, (A —A)~1 is
compact for some \) in a Hilbert space H. Let {z,}5° be a Riesz basis for H. If there
are an N > 0 and a sequence of generalized eigenvectors {x,}%7,, of A such that

o0
Z [, — 2n]|* < oo,

N+1

then

(i) There are an M > N and generalized eigenvectors {xno}}! of A such that
{ano T U{2n}3341 forms a Riesz basis for H.

(ii) Consequently, let {xno}! U {x,}37.,, correspond to eigenvalues {c,}5° of A.
Then o(A) = {0,}3°, where oy, is counted according to its algebraic multiplicity.

(iii) If there is an My > 0 such that oy, # o4y for all m,yn > My, then there is an
Ng > My such that all o,,n > Ny are algebraically simple.

Remark 3. Tt follows from Theorem 3.3 that when A and B satisfy the conditions
(i) and (ii) of Theorem 2.7, A + B is of [D]-class.

In order to apply Theorem 3.3 to the operator A4 when we consider {z,} in
Theorem 3.3 as the eigenfunctions of A, we need a referring Riesz basis {z, }7° as well.
For the system (2), this is accomplished by collecting (approximately) normalized
eigenfunctions of the following free conservative system:

(51) { p()yu(z,t) + (EI(2)ype(x,t))ge = 0, 0<z<1,t>0,
Y(0,1) = 42(0,) = yau(1,t) = (Elysa)a(1,t) = 0.
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The system operator Ap : D(Ag)(C H) — H associated with (51) is nothing but the
operator A with k£ = 0:

{ Ao(f.9) = (9. — 51 (BI(2) " (2))"),
D(Ao) = {(f,9) € (HE N H*) x HE|f"(0) = f"(1) = 0}.

Ay is skew-adjoint with compact resolvent in H. Since Propositions 2.2 and 2.3 still
keep valid when k = 0, we have the following counterpart for the operator Ag.

LEMMA 3.4. Fach p € o(Ap), with sufficiently large modulus, is geometrically
simple and hence algebraically simple. The eigenvalues { Ao, Ano} and the corre-
sponding eigenfunctions {(\, g no, Pno) } U{their conjugates} of Ay have the following
asymptotic expressions:

Mo =2 = /01 (;;?7)_))1/4617',/)71 - % (m ;) 2(144) + O asn — oo,
(53)

(52)

where n is a large positive integer, and

V2

N fz a(t)dr .
—7(1—5—2)64 0 ¢no(x) =sin(n + 7/2)z — cos(n + 7/2)z
+e—(n+1/2)7rz + (_1)ne—(n+1/2)7r(1—z) +O(Tl_1),

e 2\ /2
,?(1 +i)e* S5 a(T)dT)\;Ong)ZO(x) =1 (Lgﬁ(;)) [cos(n + 7/2)z — sin(n + 7/2)z

+€7(n+1/2)7rz + (71)77,67(7’744’*1/2)71'(172)] +O(n71).

(54)

Proof of Theorem 2.4. Since Ay is a skew-adjoint discrete operator in H, from a
well-known result in functional analysis, the set of all w-linearly independent
eigenfunctions of A, forms an orthogonal basis for H. Since (¢n0, AnoPno) defined
by (54) are approximately normalized, {(¢no, Ano®no)} U {their conjugates} form a
(orthogonal) Riesz basis for H. Combining (9), (10), (53), and (54), we see that there
is an IV > 0 such that

(55) D IO s ) = (g b0, o)l = Y O(n™?) < oc.

n>N n>N

The same is true for their conjugates. Hence the conditions of Theorem 2.5 are
satisfied with correspondence A = A, x, = (A, dn, dn), 2n = (A,_L(}(ﬁno,qbno). The
proof is complete. ]

Now we are in a position to show the exponential stability confirmed by Theo-
rem 2.7. Since the spectrum-determined growth condition holds, which is claimed by
Theorem 2.4, system (2) is exponentially stable if and only if there is an w > 0 such
that

ReA< —w VYV Aeo(A).
LEMMA 3.5. Let A\, be defined by (8). Then there is an wo > 0 such that

(56) lim Re),, = —wqy < 0.

n—oo
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Proof. Let (\,¢) = (An, ¢n) in (7), where ¢, is defined by (9). Multiplying ¢,, on

both sides of the first equation in (7) and integrating from 0 to 1 with respect to x,
we obtain

1 1
%2 [ p@lon@Pde+ [ Bl + Eh6a(DF =0
0 0

Since Im\,, # 0 for sufficiently large n, we have, from the above equation, that

1
2Re/\n/0 p(2)|pn(2)|?dr = —k|dn(1)]? as n — oo.

Then by (9) and the Riemann-Lebesgue lemma, we have

1 z
Tim_[gn (D] = 16¢~ 4 S0« iy / Dl6u(a)Pde =4 [ paje IO

where z = z(x) is specified by (29). Hence

lim Re), = —2k < 0.
n—o0 fo %f a(T)de]J

The result follows. 0
Proof of Theorem 2.5. By Lemma 3.5 and the spectrum-determined growth con-
dition, we need only show that

(57) ReX < 0 for any A € o(A).

Since the system is dissipative, ReA < 0 for any A € o(A). Suppose that Re\ = 0.
Then from Re(AY,Y) = —k|p(1)|? for each Y = (¢, A\¢), we have ¢(1) = 0. In this
case, (7) becomes

Xp(2)6(z) + (EI@)¢" (@) =0,  0<z <1,
(58) {¢<o>¢'<0> 6"(1) = ¢ (1) = ¢(1) = 0.

The proof is complete if we can show that there is only zero solution to (58). To this
end, we follow the idea used in [17].

First, we claim that there is at least one zero of ¢ in (0,1). In fact, by ¢(O
¢(1) = 0, it follows from Rolle’s theorem that there is a &; € (0, 1) such that ¢'(&;) =
which, together with ¢/(0) = 0, claims that (E1¢")(£2) = 0 for some & € (0,&7), and
so (EI¢") (&) = 0 for some &3 € (€2, 1) by the condition (EI¢”)(1) = 0. Hence there
isa &y € (&,1) such that (EI¢")"(£4) = 0 by the condition (EI¢"”)'(1) = 0. However,
(EI3")"(€1) = —A2p(€)(&); we conelude that ¢(€;) = 0.

Next, we show that if there are n different zeros of ¢ in (0,1), then there are at
least n + 1 number of different zeros of ¢ in (0,1).

Indeed, suppose that

0<§1<£2<"'<€n<17¢(§i):077;:1727~“7n

Since ¢(0) = ¢(1) = 0, it follows from Rolle’s theorem that there are n;,4 = 1,2,...,n+
1

)

O<m<&i <m<iH< <& <<l
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such that ¢'(n;) = 0. Noting that ¢'(0) = 0, there are «;,i =1,2,...,n+ 1,
O<ar<m<ar<n<- - <aptr <Mpy1 <1

such that (EI¢")(ay;) = 0. Since (EI¢")(1) = 0, using Rolle’s theorem again, we have
Gi,i=1,2,...,n+1,

O<ap <1 <as<-<apt1 <Pny1<1

such that (EI¢")'(8;) = 0. Finally, by the condition (EI¢”) (1) = 0, we have ¢;,i =
1,2, n+1,

0<br1<th <fBar< -+ <Ppt1 <Ipt1 <1
such that (EI¢")"(9;) = 0. Therefore,
G(9:)=0,i=1,2,....,n+1.

Third, by mathematical induction, there is an infinite number of different zeros {z; }$°
of ¢ in (0,1). Let g € [0,1] be an accumulation point of {z;}7°. It is obvious that

¢(2)(x0) = Oa i = Oa 17 273

Note that ¢ satisfies the linear differential equation (EI(z)¢”(x))"” + Np(x)¢(z) =
0. Therefore, ¢ = 0 by the uniqueness of the solution of linear ordinary different
equations. 1]

Remark 4. The proof of Theorem 2.5 shows that each eigenvalue of A must be
geometrically simple. In fact, suppose that (¢1, A1), (P2, Ap2) are any two eigenfunc-
tions of A corresponding to A\. Then one can choose constants ¢y, co not identical to
zero simultaneously such that ¢ = ¢1¢1 + ca@o satisfies ¢(1) = 0. Now ¢ satisfies (58),
and so ¢ = 0. Hence ¢; and ¢o are linearly independent.

From previous discussions, we see that our method can be easily used to get
the Riesz basis property for the following beam equation under boundary moment
feedback control:

p(@)yi(z,t) + (BL(2)Ye(2,1))ee =0,  0<z<1,t>0,
(59) y(O,t) = yx((),t) = yacx:c(lvt) =0,
Yoz (1, 1) = —kya (1, 1), k> 0.

It should be noted that the referring Riesz basis applied with Theorem 3.3 is accom-
plished by collecting all eigenfunctions of the following conservative free system:

({E) tt(x,t)'f'(EI(l') xﬂ:(mat))xm:(), O<zx< 1,t>0,
(60) { 5(07?) = yl’(07t) = yxjx(Lt) = ymt(l,t) =0.

This is the same as that of the uniform case [1]. Moreover, the analysis in this paper
shows that the low order perturbations do not affect the basis property. For example,
if we assume b(z) € C3[0, 1], then Theorem 2.7 is still valid for the following system:

{ P(2)Yse(2, 1) + b(2) Yo (2, 1) + (E1(@)Ya(2,1)ze =0,  0<z<1L,t>0,
y(ovt) = yI(Oat) = ym?(lvt) =0, (El(x)ymr)r(lvt) = kyt(lﬂt)'
(61)

Let us turn to system (12). First, we give a short proof of Theorem 2.7 by virtue
of Theorem 3.3.
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Proof of Theorem 2.7. Obviously, A + B is a discrete operator in H. Write
A+ B = A,+T, where Ag¢, = A\, for all n > 1 and T is a linear bounded operator
on H. We may assume without loss of generality that ||¢,| = 1 for all n > 1. Since
{¢n}5° is a Riesz basis, there is a K > 0 such that for any ¢ = > | a,¢, and any
complex series {0}, |Bn| < 1,

(62) < Kol

n=1

By (15), we have d,, — oo as n — oo. Hence for any C' > K||T||, there is an integer
M > N such that 2||T||K/d,, <1 for all n > M and

A = Ap| > C for any A satisfying |A — A\,| = C,n > M.

First, for any ¢ = > | an¢y, and X satisfying |\ — A\,| = C,n > M,

>

ICR(A, As)oll = < K|ol],

an¢n

and so ||[R(A, As)|| < K/C. Hence |R(\, A)T|| < K||T||/C < 1. This shows that
=Cn> M} C p(As +T) since A € 0(A; + T) if and only if 1 €

{AlIA = Al
P(R(AN, As)T). Let Ty, = {A||A — An| = C},n >M. Consider eigenprojectors
1 1
Qn—Po=— RN\, As +T)d\ — —/ R(A, As)dA
21 T,

A)T|™ Ay
=5 Z / R(\, ™ R(\, Ay )dA.
One can choose C' > 0 large enough such that

K|T|/C

(63) 1Qn — Poll SCZ(KIITII/C)’”K/C:KW

m=1

<1

Therefore, dim(Q,,) = dim(FP,). Hence there exists a unique i, |ptn, — An| < C such
that u, € 0(As +T) = 0(A+ B). This is (i). Moreover, since ||P,én| = ||¢nll = 1,
we see that @, ¢, # 0 and

1 .
(64) @nén = dn + 5 g:‘l /F [R(X, AT R(N, A)dAdAdy,.

Next, take A, = {A||A — \p| = dn/2} n > M. Then for any ¢ = > °° | an¢y and
X € An,[dn/2RON A = | >t B 3 a am@mll < K6, and thus [|R(N, As)|| <
2 K. Since ||[R(), A,)T|| < d2n||T||K < 1, we see that {A,,n > M} C p(4;, +T) =
p(A+ B). Now consider

~ 1 1

On—Po=— | RO\ A, +T)d\— —/ RO\, A)dA

21 Sy,

%ZZ/ R\, A)T)™R(A, Ay)dA
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We have
27K L

1Qn — Pl < "5~ _T|K < -, n>M,

1— 27K
for some constant L > 0. We may consider

~ L

(65) ||Qn_Pn||Sd7<1, n > M.
Hence dim(Q,,) = dim(P,) = 1, and Q,, = Q,, as n > M. Therefore, 1, = Qnén
satisfies
(66) |Wn*¢n||2 SLQd:LQ asn > M,

proving the theorem. |
Note that the eigenproblem of (12) is to find the nonzero solution 1 such that

K20(2)(e) + pbla)b(a) + (BI@)"(2)” =0,  0<az <L,
(67) $(0) = '(0) = (1) = 0
(EI(@)"Y (1) = pkib(1),

and the eigenfunction of A + B is of the form (3, uw).

Proof of Corollary 2.9. Let (p1,%) = (tn,tn) in (67), where 1), is determined by
(17). Multiplying 1), on both sides of the first equation in (67) and integrating from
0 to 1 with respect to x, we obtain

1 1 1
,u%/ p(m)|wn(a:)|2dx—|—,un/ b(a:)|1/)n(x)|2dx +/ EI(J:)|¢Z(x)|2daj+k)\n|¢n(l)|2 = 0.
0 0 0

Since Im p,, # 0 for sufficiently large n, we have, from the above equation, the
following:

n(z)]2d Eln ()2
(68) Repn = — 1fo Dln(@)de + kju (D) as n — oo.

2 Jo p(@) |t (x)[2dz

It follows from (17) and (18) that Hd]n — ¢7LHL2(O,1) — O, ||w;,L — (]sanLZ(O)]_) — 0 as
n — oo. By the trace theorem [¢,, (1) — ¢,,(1)] — 0. Therefore,

(@) Pda + k| on (1) ]2
(69) Repn, — — lfo DIgn(@)lde 1 klgn (L) as n — o0.

2 I p(2)|¢n ()| 2dz

Similar to the proof of Lemma 3.5, we obtain (19). a
Proof of Example 3. It follows from the proof of Corollary 2.9 that for any
eigenfunction (¢, uv) of A+ B

2 ! 2 ! 2 ! " 2 _
i [ @l [ sl Pde+ [ 0P =o.

If Im p = 0, then from the above equation

(Rep)? / () 2d + Rep / b(a) () P + / " () 2da = 0.
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Hence Rep < 0. If Im p #£ 0,

_ 1M @W@Pds 1k [ el
2 [y @)Pde T2 [ g()2de

Therefore, for any pu € o(A 4+ B), Rep < 0. This, together with (20), gives the
exponential stability of system (22), which is indicated in [18]. By similar reasoning,
when k = 0,b(z) > 0 for x € [0,1] and b(x) > by > 0 for all x in some subset
(a,b) C [0,1], system (12) is also exponential stable. 0

Finally, we give the proof of Proposition 2.10. The validity of Proposition 2.10
deduces Lemma 3.5 automatically.

Proof of Proposition 2.10. Like the transformation from (7) to (32), (67) can be
transformed into

9D (2) + a1(2)g" (2) + a2(2)g' (2) + a3(2)g(2) + Ahb(2)g(2) + A\htg(z) =0,
g(0) =¢'(0) =0,
g"(1) = ang'(1) + a29(1),

ey kRS p(1) \ T
g" (1) = a219'(1) + [)\El(l) (EI(1)> + a2

g(1),

(70)

where the functions are the same as those in (32). By Theorem 2.8 and Corollary 2.9,
all eigenvalues of A4 + B with sufficiently large modulus must be located on the left
complex plane under the assumption (23). Following [4], by noticing the smooth
assumption (3) and (23), we know that for A = p?/h?2, |p| sufficiently large,

9W(2) + a1(2)g" () + as(2)g' (2) + as(2)g(2) + An*b(2) + A*h*g(z) = 0
admits four linearly independent solutions g, k = 1,2, 3,4 for any p € S, which satisfy

gr(2) = ePr*[1 + L'“T(Z) + O(p%)],
Gh(z) = poper=s<(1 + £42 + O,

(71) ;
9(2) = (pon)*err*[1+ £+ O(),
gi'(2) = (pwp)Perors[1 + 252 1 O( %), k=1,2,3,4,
where
(72) o) =g [ i+ S [ia
k(z) = 4Wk0a17'7 4wk0 T)dT.
Similar to (37)—(40), by noting (71), we can write the characteristic equation (42)
as
1 1 epw2 0
w1 w2 —woef¥? 0
det| 0 wher {1 + ﬂ w3 {1 + ﬂ W {1 + ’54} _o(X
o ol rl 2
0 w%epu? [1 + ‘€2:| — EEP% _wg {1 4 45:| _ E _aﬁ |:1 4 &:l — E
p| p Pl p p| p
(73)

where ¢, = Li(1). A direct computation yields

k 20 1
(74) P2 = 142 wy+ 2240 <2> :
p p p
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Substituting p = —(n + 1/2)7ws + O(n~!) into (74), the term O(n~!) satisfies

B 2k 20y _
) 1y _ _ 2y.
w0 = 2 1 2me C)
hence
B k 20y 1 _
1\ _ - 2
O™ ) = G/ Dmw ~ g 1/ 2man 2y O
Therefore,
2%k 20, 1

p:—(n+1/2)7rw2—|—2 O(n™?),

(4 127w | (n+ 1/2)mws 205
which produces

- 20
M2 = p? = =2k +i[(n+1/2)7)> — 072 +0(nh).
2
The required result then follows. ]
It is seen that Proposition 2.10 coincides with the estimates in [1] for the uniform
system (1) with k; =0,b=0.
Thus, from (24), condition (23) can be replaced by

(75) /01 b(z)dz = ;L/Ol Zig (bf;g))w dz > 0.

For the case of EI = p = 1, the result can be found in [6].
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