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Abstract. Necessary and sufficient conditions for the regularity of the minimum time function
and minimum energy function for a control system with controls in LP([0,4+oo[,R™) and p > 1
are given in terms of topological properties of the reachable sets. In particular, standard local
controllability assumptions are sufficient to yield the continuity of both value functions for linear
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and p > 1.
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1. Introduction. In this paper we consider the system
() 9(t) = Fy®) + D giy®)ui(t), >0, wue LP([0,+00[,R™)

for p > 1 and give results on the regularity of the functions Tp(x,K ) and Ep(x,T),
which are, respectively, the minimum time needed to steer a point x € R" to the
origin, along the trajectories of (5),, under the constraint f0+oo lu(s)|Pds < KP and

the minimum of the needed energy, defined as (fOT |u(s)|P ds)*/?, under the constraint
t <T (T,K > 0 given). Strictly related to the regularity of such value functions are
the topological properties of the reachable sets defined as

T
R,(T,K) = {x € R": Ju such that (s.t.) / lu(s)|P ds < KPand y,(T,u) =0
0

We point out that the cases p > 1 and p = 1 are very different. In fact, for p > 1,
the following three properties are obtained among the results of section 2: the sets
R (T K) are ‘compact, an optimal control exists for the above minimization problems,
and T and E are lower semicontinuous. On the other hand, for p = 1, we give an
example (Example 2.1) in which the sets Rl(T, K) are not closed, an optimal control
for the minimum time problem does not exist, and T is not lower semicontinuous.
This difference is mainly due to the fact that for p = 1 the limit of minimizing
sequences of trajectories can be a discontinuous function. However, following [3] all
the results obtained for p > 1 can be proven also in the case p = 1 by considering
an extended system (S)1 whose trajectories are graphs or limits of graphs of solutions
to (5') 1. We then embed the two original minimization problems into two extended
minimization problems related to the system (5); which in general are not equivalent
to the original problems. Indeed, in section 2 we show that the extended reachable sets
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are the closure of the original reachable sets and that the extended minimum time and
minimum energy functions, denoted by Ti(x, K) and E;(x,T), respectively, are the
lower semicontinuous envelopes of T, and E,, respectively. The extended problems
are in fact equivalent to the original problems if some controllability around the origin
is assumed.

In section 3 we begin by giving necessary and /or sufficient conditions for the upper
semicontinuity, Lipschitz continuity, and Holder continuity of the maps T and E for
p > 1, and of T7 and Ej in terms of global topological properties of the reachable sets
and of the extended reachable sets, respectively. In subsection 3.2 we show that, for
p = 1, assuming in addition a controllability condition of the original system around
the target, many of the previous properties hold also for the original functions Ty
and F; in the interior of their domains. In subsection 3.3 we show via a dynamic
programming approach that assuming just local controllability around the origin is
sufficient to yield the local Holder continuity of E and T in the state variable = for
p > 1, while an example (Example 3.3) shows that this is not possible in the case
p=1 neither for the function Tl nor for T7.

In section 4 we show that controllable linear systems have reachable sets that
verify all the global topological properties introduced in the previous section. In
particular, this yields that Ty and E; are at least continuous in the interior of their
domains. In the nonlinear case we show that a classical local controllability condition
used for systems with compact valued controls (see, e.g., [8]) implies the local Holder
continuity of Tp in the state variable x for p > 1.

A huge literature treats the regularity of the minimum time and minimum energy
functions, mainly under the assumption that the admissible controls are compact val-
ued. To our knowledge, there are results on the regularity of the value functions Tp
and Ep only for linear systems (also in infinite dimension) and for p > 1 (see, e.g., [4],
[6] and the references therein). In fact, in the case p = 1, the Lipschitz continuity of
T, has been proved by Rampazzo and Sartori [14] but under assumptions not verified
by system (S); if the target is a point. The bibliography that we give does not intend
to be complete. Besides the articles to which we referred above, we mention here just
those papers most related to our point of view. For nonlinear systems Petrov [13] gives
the Lipschitz continuity of the minimum time function. For linear systems and for
symmetric polysystems the Holder continuity can be found in Liverovskii [9]. For non-
linear systems the problem is treated in the framework of more general issues on con-
trollability by Bianchini and Stefani [2], Sussmann [18], and many others. All of these
last results concern the case of compact valued controls. For linear systems and LP-
constraints on the controls, very sharp estimates on the energy needed to reach the ori-
gin as time approaches zero are given by Seidman [16] and by Seidman and Yong [17].

Notation. In what follows p’ will denote the integer such that % + ﬁ = 1, with

the usual convention that p’ = oo and i =01if p =1; A° will denote the interior of a

given subset A C R™ and A its closure; moreover, given a function u : X — [—o0, +-00],
X CRY, u, and u* will denote, respectively, the lower and the upper semicontinuous
envelopes.

2. Reachable sets. Minimum time and minimum energy functions.

2.1. Statement of the problems. For any integer p > 1 we consider the affine
control system given by

() 9(t) = fly(®) + Zgi(y(t))ui(t), t>0, we LP([0,+o0[,R™),
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where f, g1,...,9m : R® — R™. Throughout the paper we assume that f, g1,...,9m
are locally Lipschitz continuous, sublinear functions. More precisely, if ¢ = f or

Y=g, ..., = gm and N > 0, there are some constants L, = L, xy and M, such
that
(2.1) lo(z1) — p(@2)| < Lplwy — a2 Vo, @ st [o], [z < N

lp(x)| < M,(1+|z|) Vo e€R™

Hence for any x € R™ and any control u, we will denote by y (-, u) the unique solution
to (S)p corresponding to u such that y(0) = «.
For any p > 1, T > 0, and K > 0 we denote by U, (T, K) the set of admissible

controls given by

T
U, (T, K) = {u e LP([0,T],R™) : / lu(t)|P dt < KP}
0

and define the reachable set in time T and with energy K as the subset of R™ given
by

R,(T,K) = {;p cR": Ju e L?p(T, K) s.t. y.(T,u) = 0}.

We also define the minimum time function with p-energy K and the minimum
p-energy function in time T as

Ty(x, K) =inf{T >0: z € Ry(T,K)}, E,(x,T)=inf{K >0: z € R,(T,K)},

respectively. For p > 1 we will prove that the reachable sets 7A2p(T , K) are compact
and an optimal control for the minimum time and minimum energy problems always
exists. For p = 1 instead, the following simple example shows that even for linear
systems, the reachable sets R4 (T, K) might not be closed and also that minimizing
sequences of trajectories can converge to a discontinuous function.

Ezxample 2.1. Consider the system

U1 = —Y2,
Y2 = —u
with scalar control u € U (T,K) for T, K > 0. For any u, the solution is given by

(Y1, Y2) (21 ,20) (t,u) = (21 — fg(t — s)u(s)ds, xa — fot u(s)ds). As shown in [5, Chap.
ITI, Ex. 3], one has

RiUT,K) = {(z1,22) € R?: [Ty — 22| < TK, |zo| < K}

Therefore R4 (T, K) is not closed. Moreover, there exists a minimizing sequence for
the minimum time problem which does not converge to a solution of the system.
Indeed, fix P = (21,22) = (£,1), £ > 0. We have that P € R (T,1) for every T >t in
that the control

(1) = (T —8)~' —(T)~' fortel0,T—1f
() = O~ =T forte [T —4T]

belongs to Uy(T,1) and is such that yp(T,dr) = (0,0), but P does not belong to
Ri(t,1). Consider now the sequence of controls (u,)nen Where u, = t; 1. It is clear
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that yp(t + L, u,) = (0,0). Notice though that lim, oo (y2)p(L, u,) = 0 while for
every n one has (y2)p(0,u,) = 1. Thus the limit function of our minimizing sequence
is discontinuous.

Moreover, Tl is not lower semicontinuous on the closure of its domain, where the

domain is given by
Urso ({(z1,22) € R? ¢ |za| < K} U {(21, sgn(z1)K) 1 21 # 0}) x {K}).

In fact, 71((0, K), K) = +o0 while clearly (11).((0,K), K) = 0.

2.2. Extended system and extended problems. The facts addressed in Ex-
ample 2.1 lead us to introduce for p = 1 an extended system, whose corresponding
extended reachable sets coincide with the closure of the original reachable sets and
whose trajectories allow us to represent the (eventually discontinuous) limit function
of sequences of solutions to (S’)l In fact, in order to unify the proofs relative to the
two cases p > 1 and p = 1, let us introduce the following extended system for any
p > 1 (see also [15] and Remark 2.1 below):

IS

t/(s) = wo(s)’
K'(s) = lw(s)l”,

(S)P m
y'(s) = f(y()wh(s) + Y giy(s)wils)wf ' (s), s €[0,1],
i=1

where the controls (wg,w) : [0,1] — [0, 4+00[xR™ are measurable functions. For any
control (wp, w) and any x € R™ we will denote by (¢(s), k(s), y(s)) (or by (¢(s, wg,w),
k(s,wo,w), yg(s, wo,w)) if we want to specify the control) the solution to (5), cor-
responding to (wg,w) such that (¢(0), k(0),y(0)) = (0,0,z). We will sometimes refer
to such a solution as forward solution to (S),. The solution to (5), where the third
equation is replaced by y/(s) = —f(y(s))wh(s) = S, gi(y(s))wi(s)wh " (s) such that
(t(0), k(0),y(0)) = (0,0, z) will be denoted by (t(s), k(s), y; (s)), and we will refer to
it as backward solution to (S),.

For any p > 1, T > 0, and K > 0, we denote by U,(T, K) the set of extended
admissible controls given by

1 1
U (T, K) = {(wo,w) € 17((0, 1], [0, +oo[xR™) : / whds < T, / ol ds < K”}
0 0

and define the extended reachable set in time T and with energy K as the subset of
R™ given by

Rp(T,K) ={z € R": (wo,w) € Up(T,K) s.t. y,(1,wp, w) =0}.

We define also the extended minimum time function with p-energy K and the
extended minimum p-energy function in time T as

Ty(z,K) =inf{T >0: 2z € Ry(T,K)}, E,(a,T)=inf{K>0: z€R,(T,K)},

respectively. We refer to the appendix for the technical propositions that relate the
solution to (5), to the solution of (5),.
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Remark 2.1. In view of Proposition A.1 in the appendix, if p > 1, the (¢,y)-
components of the trajectories of (S), are substantially only time reparametrizations
of graphs of trajectories of (S),, in the sense that when (wo,w) = (0,w) on some set
[s1, $2] one has y,(-,0,w) = constant on [s1,s2]. Hence for any T" > 0, K > 0 the
reachable set R, (T, K) coincides with R, (T, K), and T},(z, K) and E,(z,T) coincide
with T,(z, K) and E,(x,T), respectively. In the case p = 1 instead, one has y/(s) =
S gi(y(s))wi(s) Vs € [s1,s2]. Hence the set of the extended trajectories is larger

than the set of the graphs reparametrizations of trajectories of (5);. Notice that such
extension of (S‘)l is equivalent to an extension in measure only in the special case of
commutative control systems, i.e., when the Lie brackets [g;,g;] = 0 Vi # j. (See,
e.g., [8] for an extension in measure in the special case of linear systems; see [3] and
[10] for an approach to the general case which agrees with the one followed here.) We
point out that system (5), is introduced even in the case p > 1, not only to give the
same proof for several results which are valid for any p > 1, but also because in the
extended problems we can consider extended controls belonging to a compact set, as
it follows from Proposition A.2 in the appendix.

2.3. New results. As anticipated before, in this subsection we prove that the
reachable sets (the extended reachable sets in the case p = 1) are compact; that
a bounded optimal control for the extended minimum time and minimum energy
problems does always exist; and that the minimum time and the minimum energy
functions (the extended functions in the case p = 1) are lower semicontinuous. Similar
results were already proven in [6] only for p > 1 and (infinite dimensional) linear
systems. Moreover, for p = 1 we show that the extended reachable sets coincide with
the closure of the original sets and that the extended functions turn out to be the
lower semicontinuous envelopes of the original functions.

PROPOSITION 2.1. Let p > 1. For any T, K > 0 the set R, (T, K) is compact.
Furthermore, if p=1, one has R1(T,K) = ﬂS>T7i’,1(S, K). Moreover, if T > 0, one
has R1(T, K) = Ri(T, K).

Proof. The assumptions on f and g¢;, ¢ = 1,...,m, imply easily that R, (T, K)
is bounded. To prove that R,(T, K) is closed, let us consider a sequence (x,), C
R,(T, K) such that lim, x,, = x. For any x,, let (wo,,w,) € U,(T, K) be a control
such that y, (1, wo,,w,) = 0. In view of Proposition A.2 in the appendix, we can as-
sume that |(wo,,, w, )P < 2P(KP+T) a.e. Hence the sequence of extended trajectories
((tn, kn, Yn))n (Where t, = t(-, wop, Wn), kn = k(-; Wopn, Wn), Yn = Ya,, (s Wop, wn) Y1)
is equibounded and equi-Lipschitz. By the Ascoli-Arzela theorem it has a subsequence
uniformly converging to a function (¢,k,y) such that (¢(0),%(0),y(0)) = (0,0,x),
t(1) < T, k(1) < KP, and y(1) = 0. Moreover, by a well-known result (see, e.g.,
[8, Chap. IV]) (t,k,y) is in fact a trajectory of (5), since for all z € R™ the set
{(wo, f(z)wo + Xity gi(2)wi, Jw]) = wo > 0, w € R™, |(wp,w)[P < 2P(KP +T)} is
convex and compact. Then € R, (T, K). (In the case of linear systems and for p =1
a proof of the above result in terms of an approach in measure can be found in [8].)

The fact that Ri(T,K) = Ng>rR1(S,K) can be shown using the same ar-
guments as in [14, Theorem 3.1]. In order to prove the last statement, it suf-
fices to prove that the inclusion Ry (T, K) C Ry (T, K) holds for any T > 0. Let
x € Ri(T, K), let (wo,w) € Uy (T, K) be a control such that |(wg,w)[P < 2P(T + KP),
and y, (1, wo, w) = x. For any n let us define wy, = (wg—i— %)1/;)7 and let o, =
sup{o € [0,1] : [7 wo(s)ds < T}. Hence the backward trajectories (t,,k,y, )(-) =
(t7 k, y(;)(v Won;s w) and (tdna k, y;,,)() = (t’ k, ya)(a WonX[0,04,]> w) of (S)l SatiSfy the
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estimates

1
o, (s) = t(s)| <to, (8) = tn(s)| + |tn(s) — t(s)] < / wor, (s) ds +

On

3

2
<=
n

S|

(1) = 1] < o, () = i )]+ b (1) =l <0 (1) v 0]

where w : [0, +00[— [0,400[ is an increasing function, continuous at 0, such that
w(0) = 0. This concludes the proof in that x,, =y, (1) € Ry (T, K) by definition and
limy, 4o, = . O

PROPOSITION 2.2. Let T >0, K >0, and p > 1. Then for any = € R, (T, K)
there exists a bounded optimal control (wg,w) for the extended minimum time prob-
lem and a bounded optimal control (Wy, W) for the extended minimum energy prob-
lem.

Proof. We show the existence of a bounded optimal control only for the ex-
tended minimum time problem, the proof for the extended minimum energy problem
being analogous. Let p > 1, and for x € R,(T, K) let ((wo,,wn))n be a minimiz-
ing sequence of controls, i.e., assume that the backward trajectories (¢, kn,y;, )(:) =
(1, k53 ) (w0, wn) of (5),p satisfy

liTantn(l) =T,(z, K), ko(1) < KP, y (1)=z Vn.
On the basis of Proposition A.2 in the appendix, we can suppose that |(wg,,, w,)|? <
2°(Ty(x, K) + KP) + 1. At this point, the same arguments used in the proof of
Proposition 2.1 allow us to conclude that there exists a subsequence of (¢, kn,y;, )(+)
which converges uniformly to a backward solution (¢,k,y~) of (5), associated to a
bounded admissible control (wo,w) € Up(Tp(z, K), K), optimal in that fol wh(s)ds =
Tp(x, K) (and y~ (1) = =, fol |lw|Pds < KP). O

Remark 2.2. In Proposition 2.2 we proved the existence of an extended optimal
control (wg,w). If p > 1, in fact, one could also prove the existence of an optimal
control in the original setting (either directly or using the arguments of Remark 2.1).
If p = 1 instead, as already shown in Example 2.1, an optimal control for the original
problem might not exist.

For any p > 1, T, K > 0 we define the sets

(2'2) Rp(K) = UTZORp(T, K), SP(T) =

Hence the domains of the functions T}, E,,, Tl, and E; are given, respectively, by

Dom(T},) = Uk >o(Rp(K) x {K}), Dom(E,) = Urso(Sp(T) x {T}),
Dom(T1) = Ugso(R1(K) x {K}), Dom(Ey) = Upso(S1(T) x {T}).

As a consequence of Propositions 2.1 and 2.2 we will prove that the functions T},
and E, are lower semicontinuous. We remark that this holds not only in the state
variable x but in their whole domains.

THEOREM 2.1. For any p > 1, the functions T, : Dom(T,) — [0,+00] and
E, : Dom(E,) — [0,+00] are lower semicontinuous. Furthermore, in the case p =1
one has that (E1), = By and (1), = Ty.
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Proof. Let p > 1. We prove only the statements for 7},, the proofs for F, be-
ing analogous. In order to show that T, is lower semicontinuous, let us fix (z, K) €
Dom(T,). We argue by contradiction and suppose that there are T' < T,(z, K)
and (z,, K,) € W(Tp) such that Tp(zn, K,) < T, and lim,(z,, K,) = (z, K).
Hence for all n sufficiently large one has K, < K + 1 and z, € R,(T,K,) C
R,(T, K +1). By Proposition 2.2, there exist optimal controls (wo,,, w,) € Up(T, K,,)
uniformly bounded, e.g., by 2P(T + (K + 1)?), such that the backward trajectories
(tna knv y;)() = (t7 kv y()_)(a Won,, wn) to (S)I) SatiSfy

(1) <T, k(1) <Kpn,  y, (1) =an.

As in Proposition 2.1, known theorems imply that there is a subsequence of
(tn, kn, vy, )(-) uniformly converging to a backward trajectory of (5), steering 0 to
z in time not greater than 7" and with energy not greater than K, in contradiction
with the hypothesis that T' < T, (z, K).

In order to prove that (Tl)* = T, we observe that T} < (Tl)* follows from the
inequality T7 < Ty and from the lower semicontinuity of 7T7. The reverse inequality,

instead, is an easy consequence of the fact that Ry (T, K) = Ng>7R1(S, K) for each
T>0,K>0. O

Remark 2.3. The fact that 1}, and E,, are lower semicontinuous functions for any
p > 1 allowed us to characterize them together with their domains as the unique lower
semicontinuous solutions, in the viscosity sense, of suitable boundary value problems
(see [12]). Incidentally, the equalities (7}), = Ti and (E), = E; follow also as a
by-product of the results in [12].

We end this section by stating the following last remarkable property of the
reachable sets, which is well known if p = +oc0.

PROPOSITION 2.3. For any p > 1, the set valued map (T, K) — R,y(T, K) is a
continuous map from [0, +00[x [0, 4-00[ to the space of compact subsets of R, endowed
with the Hausdorff distance.

Proof. Let (Ty, Ko), (T, K) € [0,+00[x[0,400[. If Ty < T and Ky < K, one
has R,(To, Ko) C Rp(T,K) and R,(To, Ko) C B(R,(T,K),e) Ve > 0. If Ty > T
or Ko > K, for any x € R,(Ty, Ko) let (wo,w) € U,(To, Ko) be a control such that
|(wo, w)|P < 2P(To+ KY), and yg (1, wp, w) = . Let us define the values o3 = sup{o €
0,1] : fJ wh(s)ds < T} and o2 = sup{o € [0,1] : [ |w(s)|Pds < KP}. Hence
the backward trajectories (t,k,y~)(-) = (¢, k,yo )(-,wo, w) and (to,, Koy, Yo, 5,)(0) =
(t, ks 9o ) (s WoX[0,01]> WX[0,05]) OF (), satisfy the estimates

o (5) — £(3)] < / wl(s)ds < |To - T,

o1
1

Koy (s) = k(s)| < / [w(s)[P ds < |[K§ — KP| Vs €[0,1],
o2

Yo ,00 (1) — ] S w(|KE — KP| + [To — T1),

where w : [0, +00[— [0,4o0[ is an increasing function, continuous at 0, such that
w(0) = 0. This concludes the proof in that z =y, ,,(1) € Ry(T, K) by definition
and R,(Ty, Ko) C B(Ry(T, K),w([K{ — K?] + [To — T1)). The proof is completed by
switching (To, Ko) with (T, K). d

3. Main results. We split this section into three subsections. In subsection 3.1
we begin by showing that the upper semicontinuity and the Hoélder continuity of = +—
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T,(z, K) and of x — E,(x,T) are equivalent to certain global topological properties of
the reachable sets (see Theorems 3.1, 3.2). Furthermore, we give sufficient conditions
for the upper semicontinuity of T),(z, K) and E,(x,T) in the pair of variables (x, K)
and (z,T), respectively (see Theorem 3.3). After that we characterize the reachable
sets and their boundaries by means of T, and E, (see Propositions 3.1, 3.2), and we
get also a maximality property for T, and E, (see Proposition 3.3).

In subsection 3.2 we deal with the critical case p = 1. Here we prove that the
original functions coincide with the extended functions under a (very natural) local
controllability assumption (see Lemma 3.1 and Theorem 3.4). Therefore under such
an assumption all the regularity results obtained in subsection 3.1 in the extended
setting hold also for Ey, T1, and R (T, K) (see Corollaries 3.1, 3.2).

In subsection 3.3 we consider only the case p > 1, and we show that local con-
trollability assumptions are sufficient for the local Hélder continuity of © — E,(x,T)
and z — Tp(z, K) (see Theorems 3.5, 3.6).

3.1. Global topological properties and regularity results for p > 1. Let
us introduce and briefly comment on the global topological properties of the reachable
sets that we will use in what follows.

(C.1) Fixp>1and T > 0. Then

Ry(T,K) C RYT,K + H) VK >0VH > 0.
(C.2) Fix p > 1 and T > 0. Then there exist C»(7T") and § > 0 such that
B(R,(T,K),Co(T)H) C Ry(T, K + H) VK >0, 0< H <.
(C.3) Fix p> 1 and K > 0. Then
Ryp(T,K) C RYT + S, K)  ¥T >0VS > 0.

(C4) Fix p > 1 and K > 0. Then there exist a > 1 (independent of K), C4(K),
and 6 > 0 such that

B(R,(T, K),Co(K)S®) C Ry(T + S, K) VI'>0, 0< 8 <38.
(C.5) Fix p> 1 and K > 0. Then
Rp(T, K) NRYK) CRY(T+S,K) VT >0YS >0,

where R, (K) is defined as in (2.2).
(C.6) Fix p > 1. Then for any 7', K > 0 one has that

r€RYT,K)=3e>0 st. xR, (T —¢,K—¢).

Taking into account that the reachable sets depend here on two variables, conditions
(C.1) and (C.3) are the natural generalization of the classical “expansion property”
of the reachable sets defined, e.g., in [7]. Loosely speaking, they say that R,(T, K)
expands “well” if one increases either the variable K or the variable T at disposal.
Conditions (C.2) and (C.4) are stronger than (C.1) and (C.3), respectively, giving
also an estimate on the rate of such an expansion.

Condition (C.5) is a weaker version of (C.3), coinciding with it when the set
Rp(K) is open. We are led to introduce it by the fact that in the case p = 1 condition
(C.3) may be too strong a requirement (see Example 3.1 below). Condition (C.5)
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instead is fulfilled, for instance, as soon as the reachable sets are convex and (C.1)
holds (see Proposition 3.2). Hence in particular it always holds for linear controllable
systems (see section 4). Incidentally, Example 3.2 shows that (C.5) can hold even if
the reachable sets are not convex (and (C.3) does not hold).

In the classical minimum time problem for linear systems with compact valued
controls, the convexity of the reachable sets yields the so-called maximality property,
that is, for all points belonging to the boundary of the reachable set at time 7' the
minimum time turns out to be equal to T (see, e.g., [7]). In what follows we will prove
that, assuming (C.6), similar maximality properties for E, and T, hold also for our
system. Notice that when the reachable sets R,(T, K) are convex, condition (C.6)
turns out to be verified in view of Proposition 2.3. This fact can be proved exactly as
for p = 400 (see, e.g., [7]). Hence in particular (C.6) is always fulfilled if the control
system is linear. However, Example 3.2 again shows that it can be fulfilled even if the
reachable sets are not convex.

Ezample 3.1. Let us consider the (controllable) linear system 2’ = Ax 4 u, where
AER, xz, ueR™.

(a) Let p > 1 and consider u € U,(T, K) for some T, K > 0. Tt is not difficult to
show that if A # 0, one has

1—eATP \ 7
Rp(T,K)=Rp(I,K) =2z €R": |g| <K | ——5— ,

while if A = 0, one gets

Ry(T,K) = Ry(T, K) = {x eR": || < Kﬁ} .

Therefore conditions (C.2) and (C.3) turn out to be always verified, while (C.4) is in
force only in the case A < 0.
(b) Let p =1 and u € Uy (T, K) for some T, K > 0. In this case one recovers that

Ri(T, K) = Ra (T, K) = {{x R B
{reR": |z| <K} if A>0.

Hence conditions (C.1) and (C.2) are always verified, while conditions (C.3) and (C.4)

hold only in the case A < 0.

This example suggests that, at least for linear controllable systems, conditions
(C.1), (C.2) for p > 1, and condition (C.3) in the case p > 1, should be verified (see
also section 4), while (C.3) for p = 1 and condition (C.4) for all p > 1 are in fact very
strong.

Example 3.2. Let us consider in R? the system

z=—-yu+ (x+ v,
y=(z+u+yv

with (u,v) € Up(T, K) for T, K > 0, and p > 1. With an obvious change of coordi-
nates one can study the system

T = —yu+ v,
Y = zU+ Yyv
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with target (—1,0), which in polar coordinates is given by p = puv, 6 = u. In these
coordinates for each 7" > 0 and K > 0 the reachable set is given by

Rp(T, K) = {(=1,0)}

1 1 1 1
= U {<p, 6) : 6] < kT e~ (KT-RPTY < ) < (7R T }
0<k<KP

Therefore R,(T, K) is not convex for every T, K > 0, but still condition (C.6) is
verified for all p > 1. If p > 1, condition (C.3) is also verified, while if p = 1, only
the weaker condition (C.5) is fulfilled. Incidentally, notice that in the case of controls
(u,v) such that |u| < 1,|v| < 1, and without LP-constraints, (C.6) is not verified (see,
e.g., [1]).

THEOREM 3.1. Fiz T > 0. For any p > 1, the function E,(-,T) is upper
semicontinuous in the set S,(T) (defined as in (2.2)) and the set Sp(T) is open if and
only if condition (C.1) is verified.

Furthermore, condition (C.2) is a necessary and sufficient condition for E, to
verify the inequality

|Ep(21,T) = Ep(x2,T)| < |21 — 22|/ Ca(T) V1,22 €R",

where Co(T') is the same as in (C.2).

Proof. Let x € Sp(T). In view of the existence of an optimal control for the
minimum energy problem stated in Proposition 2.2, x € R, (T, E,(z,T)). Condition
(C.1) easily implies that S,(T") is open and it is verified if and only if for any € > 0
there is some é > 0 such that B(z, ) C Rp(T, Ep(z,T)+¢) or equivalently if and only
it BE,(y,T) < Ep(z,T) +¢ Vy € B(x,0), that is, E,(-,T) is upper semicontinuous
in §,(T). Notice that (C.2) implies S,(T) = R™. Furthermore, let z1,22 € R”
be such that |z — x| < Co(T)é, where Co(T) and 6 are the same as in (C.2),
let K = E,(x1,T), and suppose that E,(z2,T) > K. In view of Proposition 2.2,
z1 € Rp(T,K) and, if (C.2) is verified, setting H = |r1 — z2|/C2(T) one has that
9 € Rp(T, K+H). Hence E,(z2,T) < Ep(x1,T)+|x1—22|/C2(T) and the statement
of the second sufficient condition holds. The proof of the necessity can be obtained
by reversing the previous arguments.

Finally, it is easy to extend these results to all z1,zs € R™. 0

THEOREM 3.2. Fiz K > 0. For any p > 1 the function T,(-,K) is upper
semicontinuous in the set Ry(K) (defined as in (2.2)) and the set Rp(K) is open if
and only if condition (C.3) is verified.

Furthermore, condition (C.4) is a necessary and sufficient condition for T, to
verify the inequality

T — 2o 1/a
Ty, ) = Tyfan, )| < (P

Yz, 15 € R™ such that |z — x2| < C4(K)6®, where C4(K), &, and a are the same as
in (C.4).
We omit the proof, since it is completely analogous to the proof of Theorem 3.1.

ProposiTION 3.1. Letp>1 and T, K > 0.
(a) One has

Ry(T,K)={z €R": Ty(x,K)<T}={zeR": E,(z,T)<K}.
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(b) (Characterization by means of E,.) If one assumes (C.1) and (C.6), one has

Ry(T,K) ={zx eR": Ey(x,T) < K},
OR,(T,K)={zeR": E,(z,T) =K},
Sy(T) = Sp(T) ={z € R": Ey(z,T) < +o0}.

(c) (Characterization by means of T},.) If one assumes (C.3) and (C.6), one has

RYT,K) = {x € R" : Ty(z, K) < T},
IR (T, K) = {z € R" : T,(x,K) =T},
RY(K) = Ry(K) = {x € R": Tp(x,K) < +00}.

(d) If (C.1) is assumed and the reachable sets are converz, then
(3.1) Ry(K)={z e R": Tp(z,K) < 400 and Ep(x,T) < K VT > Ty(z, K)}.

(e) If (C.6) is assumed, the relation (3.1) is equivalent to (C.5).

Proof. Statement (a) is immediate because of the existence of extended optimal
controls. The inclusions Ry (T, K) C {xr € R" : E,(z,T) < K} and R(T, K) C {z €
R™: T,(z,K) < T} follow by (C.6). To prove the first equality in (b) let us observe
that (C.1) implies that

Rp(S,H) CRy(T,H) CR(T,K) YV0O<S<T and VO< H < K.

Let © € R™ be such that K’ = E,(z,T) < K. In view of the above inclusions, it
suffices to show that

(3.2) z € R,(S, H) for some S < T and H < K.

If the optimal control (wg, w) associated with E,(z,T') is such that 7" = fol whds < T,
(3.2) is verified for S = 7', and H = K'. Otherwise, i.e., in the case T = T,
then » € R,(T, K') and by (C.1) z € Ry(T, H) for any K’ < H < K. Hence by
(C.6) there exists some ¢ > 0 such that x € R,(T — ¢, H —¢) and (3.2) is veri-
fied for S = T — ¢ and H = H. The second statement of (b) follows from (a) and
from the first part of (b), in view of the fact that the sets R, (T, K) are closed.
The third statement is a straightforward consequence of (C.1). All the equalities
in (c) can be proved in a similar way. To prove (3.1), notice that the inclusion
Ry(K) D Ur=oR, (T, K) is always verified. If the sets R, (T, K) are convex, the con-
verse inclusion is a consequence of the fact that they are closed. Otherwise, since
from the previous characterization of R (T, K) it follows that UrsoRp (T, K) = {z €
R™ : Ty(z,K) < 400 and Ep(z,T) < K for some T > T,(z,K)}, thus, to con-
clude, it remains to show that T,(z, K) = inf{T' > 0: E,(z,T) < K}. Suppose that
T =inf{T >0: E,(z,T) < K} > T,(z,K). Since the function E, is lower semicon-
tinuous and decreasing in T, T is in fact a minimum and K’ = E,(z,T) < K. Thus
z € Ry(T,K') and (C.1) implies that 2 € R(T, K). By (C.6), z € Rp(T' —¢,K —¢)
for some € > 0, so that E,(x,5) < K —¢ for all S € [T —¢,T], in contradiction with
the definition of T

The implication (3.1) = (C.5) is clear. Conversely, condition (C.5) means that
for all z € R,(K) one has x € Ry(T,K) VT > Ty(z,K), and (C.6) yields that
z € Rp(T — ¢, K — ¢) for some € > 0. Hence E,(x,T) < K VT > T,(z, K) and the
equivalence is proved. 1]
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PROPOSITION 3.2. Letp > 1.

(a) If (C.1) and (C.6) are assumed, Dom(E,) is an open set.

(b) If (C.3) and (C.6) are assumed, Dom(T},) is an open set.

(c) If (C.1) is assumed and either the reachable sets are convez or (C.6) and (C.5)
are assumed, then Dom(T),) is not necessarily open but one has that

DOm(Tp)O = UK>OR;(K) X {K},

where Ry (K) is given in (3.1).

Proof. We prove only (c), the proofs of (a) and (b) being similar and, in fact,
easier. We begin by showing that for all p > 1, Ux~oR,(K) x {K} is an open
set. Indeed, given z € Rp(K), by (C.6) and Proposition 3.1 it follows that there
exist € and § > 0 such that B(z,6) C Rp(K —¢). Hence (y, H) € R)(H) x {H}
V(y,H) € B(x,6)x]K — e,4+00[. This concludes the proof if the sets R,(H) are
open; otherwise, it remains to show that Dom(T},)° C UgxsoRy(K) x {K}. Let
(x,K) € Dom(T,)°. Since B((z,K),6) C Dom(T},) for some § > 0, we have, in
particular, that x € R,(K — ¢), so that Ey(z,T) < K for some T. In view of
Proposition 3.1, this is equivalent to claim that z € R (K). ad

As already remarked, the controllability assumptions (C.1)—(C.4) yield continuity
results only for the maps z — E,(z,T) and z — T,(x, K). However, the dependence
of Ey(z,T) and T, (z, K) on the scalar variables T' and K, respectively, is not trivial.
For instance, the Hamilton—-Jacobi-Bellman equations associated with F, and T,
involve the derivatives 0E, /0T and 01, /0K, respectively, as suggested in the case p >
1 by the dynamic programming principles (TDPP) and (EDPP) stated in Proposition
3.4 below (see also Remark 2.3). Together with condition (C.5) and (C.1), condition
(C.6) yields the continuity of the minimum time and of the minimum energy function
on its whole domain, respectively, as shown in Theorem 3.3, and also the maximality
properties stated in Proposition 3.3.

THEOREM 3.3. Letp > 1.

(a) Assume (C.5) and (C.6). Then the minimum time function T,, : Dom(T},)° —
[0, 4+00[ is upper semicontinuous.

(b) Assume (C.1) and (C.6). Then the minimum energy function E, : Dom(E,) —
[0, +00] is upper semicontinuous.

Proof. Let (z, K) € Dom(T),)°. Propositions 3.1 and 3.2 imply that = € Ry (T)(z, K)
+e,K) for any ¢ > 0, and by (C.6) it follows that there exists &’ > 0 such that
v € Rp(Ty(z, K) +e—¢',K —¢'), so that B(z,6) C Rp(Tp(w, K) +¢—¢', K —¢)
for some 6 > 0. Hence T,,(y, H) < Tp(z,K) +¢ Yy € B(z,8) VH > K — ¢’ and this
concludes the proof. The proof concerning F,, follows the same lines. 0

PROPOSITION 3.3. Let p > 1, and assume (C.1), (C.6).

(a) Fix K > 0. Then

E,)(z,T,(z,K)) =K Vo € Ry(K)\ Ry(0, K).
(b) Assume (C.3) and fiz T > 0. Then
Tp(x, Ep(z,T)) =T Vo e Sp(T) \ Rp(T,0).
(¢) Assume (C.5) and fit T > 0. Then
Tp(z,Ep(z,T)) =T Vo € Ry(K)\ Ry(T,0), where K = Ey(z,T).

Proof. Let p > 1, and let (z, K') be such that T,,(z, K) > 0. By the existence of the
optimal control for the minimum time problem, we can assume that E,(x, T, (x, K)) <
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K. Suppose that E,(z,T,(x, K)) < K. Since by definition one has that E,(z,T) > K
VT €]0,T,(z, K)[, in view of Theorem 3.3 we find a contradiction with the fact that
E, is upper semicontinuous and decreasing in T'. This yields statement (a). Since the
function T}, is decreasing in K, the proof of (b) and (c) follows in an analogous way
from Proposition 3.1(c) and Theorem 3.3. o

By the results in the appendix it follows that R,(0,K) = {0} Vp > 1. For
p = 1 instead, the set R1(0, K) is in general nontrivial, as shown, e.g., by Example
3.1(b). In this case the maximality property (a) above fails if T} (z, K) = 0, that is, for
z € R1(0,K). Indeed, Th(z,K') =0 VK’ > K, so that Ey(z,T1(z,K')) = K < K’
VK’ > K. Analogous remarks hold for (b) and (c). Notice that under the assumptions
made on the drift f in section 2, for any p > 1 the set R,(7,0) = {0} if f(0) = 0.

3.2. Regularity results for E, and Ty. Our goal in this subsection is to prove
that the original minimum time and minimum energy functions coincide, in fact, with
the extended functions under the following local controllability condition:

(C.7) 3¢ > 0 such that Ve < é: B(0,8) C Ri(e, e) for some 6 > 0.
LEMMA 3.1. Let p =1 and assume (C.6) and (C.7). Then
RS(T,K)=RS(T,K) VT,K >0.

Proof. The inclusion RS(T, K) ¢ R{(T, K) is trivial. To prove the converse
inclusion, fix € R{(T, K). Then (C.6) implies that x € RS (T — 2¢, K — 2¢) for some
positive e < &, where ¢ is the same as in (C.7). Fix z € Bz, ) C R (T — 2¢, K — 2¢).
Let (wp,w) be a control such that fol wo(s)ds < T — 2, fol lw(s)|ds < K — 2e, and
y(1, wp, w) = 0. Consider then the control (wq + %, w) and denote by (¢, kn,yn) the
corresponding solution to (S);. In view of (C.7), let § be such that B(0,8) C R4(e, €).
By standard estimates it follows that |y,(1)| < § and 1/n < e for n large enough,
so that y,(1) € Ri(e,¢) and hence z € Ry(T, K —¢) Vz € B(x,pu). Hence z €
R(T,K). O

THEOREM 3.4. Let p =1 and assume (C.6), (C.7).

(a) If (C.1) is verified, then Ey = Ey in R™x]0, +oo|.

(b) If (C.5) is verified, then Ty = Ty in Dom(Ty)°. Moreover, Dom(T})° =
Dom(Tl)O.

Proof. (a) Let (x,T) € R"x]0,+o00[ and set K = Ey(z,T). If K = 400, then
Ei(z,T) = 400. Let K < +00. Since & € Ry(T, K), in view of (C.1) one has that
x € R$(T,K +¢) Ve >0, and by Lemma 3.1 it follows also that 2 € RS(T, K + ¢)
Ve > 0. Hence Ey(z,T) < Ei(x,T) +¢ Ve > 0, and since ¢ is arbitrary we get
Ey(z,T) = Ey(2,T).

(b) Let x € R}(K) and assume (C.5). By Proposition 3.2(e), it follows that
Ei(z,T) < K VT > Ty(z, K), or equivalently that x belongs to R (T (x, K) + ¢, K)
for any € > 0. In view of Lemma 3.1, this implies that = € R$(Ty(z, K) + ¢, K).
Hence T (z,K) < Ty(z,K) + ¢ for any ¢ > 0, which yields T} (z, K) = T} (x, K)
V(z,K) € Dom(Ty)° and also Dom(T1)° = Dom(T})°, in that Ty(z,K) = +oo
implies 7} (z, K) = 4o0. O

Taking into account Lemma 3.1 and Theorem 3.4, the following results for Ey
and T are straightforward consequences of Propositions 3.1 and 3.3 and Theorems
2.1 and 3.3.
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COROLLARY 3.1. Let p=1 and assume (C.1), (C.6), and (C.7). Then
(a) Dom(E7) is an open set and FE; is upper semicontinuous in Dom(E7) and

lower semicontinuous in Dom(E1):;

(b) if (C.5) holds, then for any K > 0 one has By (x, Ty (z, K)) = K Yo € R$(K)\
R1(0, K).

(c) If (C.2) holds, then for any T > 0 one has S(T) = R™ and there exists L1 > 0
such that for all x1,x2 € R™ one has

|B1 (29, T) — Ey(21,T)| < Ly|za — 21).

COROLLARY 3.2. Let p =1 and assume (C.5), (C.6), and (C.7). Then we have
the following: R .

(a) Dom(T1)° = Ugso(RS(K) x {K}), and Ty is upper semicontinuous in
Dom(Ty)° and lower semicontinuous in Dom(Ty). If (C.3) holds, then Dom(T}) is
open. R ) ) R

(b) If (C.1) holds, then Ti(z, Er(x,T)) = T Vo € RI(K) \ Ri(T,0), where
K = Ey(z,T). If (C.3) holds, then Ty (x, Ey(x,T)) =T Va € Si1(T) \ R1(T,0).

(c) If (C.4) holds, then for any K > 0 one has R1(K) = R"™ and there exists
Lo > 0 such that

Ty (x1, K) — T1 (29, K)| < La|wy — a9/

V1, 29 € R™ such that |x1 —x2| is small enough and where « is the same as in (C.4).

3.3. Local controllability conditions and regularity results for p > 1.
In line with what has already been done for linear systems in the case p > 1 and
for nonlinear systems for p = co, we prove local versions of Theorems 3.1 and 3.2 for
p > 1 (see Theorems 3.5 and 3.6, respectively) using the following local controllability
conditions:

(C.8) Fix p > 1. Assume that there are a constant € > 0 and an increasing
function 7 with 7(0) = 0 such that for all o € R, (T, K) N {z: |z| < &} for some T,
K > 0, one has

B(zo, 7(T)H) C R,(T, K + H) Vr(T)H < &.
(C.9) Fix p > 1. Assume that there are some o, € > 0, and « > 1 such that
B(0,0KS%) C Ry(S,K) VS,K >0 suchthat ocKS® <e.

Notice that, even if (C.8) is a local condition, it differs essentially from assumption
(C.9) and, more generally, from the usual local controllability conditions, where one
assumes that there exists a ball centered at the origin contained in any reachable set
in small time (and with small energy, in our case). Indeed, condition (C.8) requires
that around the origin the reachable sets display a “good expandability” property
in the K-variable. More precisely, one has to have that for any xy near the origin
and belonging to some R, (T, K), there exists some ¢ > 0 such that all the points in
B(zg, 0 H) can reach the origin using controls with energy less than or equal to K+ H.
Finally, we refer to Remark 3.1 and Example 3.3 below for some considerations about
the local controllability conditions and the regularity for p = 1.

The proofs of Theorems 3.5 and 3.6 below are based on the following dynamic
programming principles.
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PROPOSITION 3.4. Let p > 1. For every (z,T) € (R™\ {0}) x [0, +oo[ and every
S < T one has

(EDPP) EP(x,T) = inf {/S [ul? dt + EP (y.(S,u), T —S) : ue LP([O,S],Rm)}.
0

For every (z, K) € (R"\ {0}) x [0, +o0[ and every T < T,(z, K) one has
T B
Ty(x,K) =inf { T+ T, | y.(T,u), (K” f/ |u|pdt>
0

T
(TDPP) u e L7([0,T],R™), / lulP dt < K?
0

THEOREM 3.5. Let p > 1, and suppose that condition (C.8) is verified. Then
for fixed T, K > 0, and N > 0 there exists some Ly > 0 such that for all x1,xo €
R,(T,K)Nn{x: |z| < N} one has

|Ep(22,T) — Ep(21,T)| < Lo|zs — 1|7

Moreover, S,(T) is an open set.

Proof.

Step 1. Let z1,22 € Sp(T)N{x : |z| < N}, let K1 = E,(x1,T), and suppose that
E,(z2,T) > K;. In view of Proposition 2.2 and Remark 2.2, there exists an optimal

control u such that E,(z1,T) = (fOT |ulP dt)'/P. Let t < T be the first time such that
Yu, (E,u) € B(0,€). Since p > 1, by the estimates

(33) sup |y3c1 (t7u)‘ < C’l = (Mf + ZM&) (1 +N)6MfT+Z:11 Mg, K,T*/?
t€(0,7T7] P

and

yzltu|_‘/ [ (Ya, (£, 1)) +Zgz ymltu))u@()‘| dt

(T 5)+K12M 5)1/’)/]

<(1+Cy) | M

it follows that there is some positive constant Cs such that
(3.4) i |2

) &l
Moreover, similar standard estimates yield that

— _ - m _1/ ’
Yo (£, 1) — 9, (B )] < |9 — By T2ty B a8

where Ly and Ly, (i = 1,...,n) depend on the compact set to which y,, (¢,u) and
Y, (t, u) belong for all ¢ € [0,T).
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Step 2. Let us first consider only 1, x2 such that

. m /v’
|932 — 351| < Py = g/eLfTJrZi:l LyiKlTl ’ ,

and let

- ‘x2 — CUl‘eLfT+ZZ1 LgiKlTl/p/

([&]")

Hence by applying (C.8) to zo = ya, (t,u) € Rp(T — ¢, (K? — fT |u|P dt)}/P) we have

) 0
that y,, (¢, u) € R,(T —t, (K¥ — fOT |u|P dt)'/P + H), which, in view of (EDPP), yields

1/p p\ 1/p

T T

Ey(z2,T) — Ep(x1,T) < / |ulP dt + <Kf —/ |u|P dt) +H - K.
0 0

By assuming H < 1, straightforward calculations lead to the local Holder continuity
estimate of the statement for some Lo > 0.

Step 3. By a standard compactness argument, the above estimate on the local
Lipschitz continuity can be easily extended to the whole set R,(T, K)N{x : |z| < N}.
Moreover, since for any z1 € Sp(T') there are some K > 0 and some N > 0 such that
z1 € Rp(T,K) C {z : |z| < N}, by the previous steps it follows that there is some
Pz, > 0 such that B(z1, ps,) C Sp(T). Hence S,(T') turns out to be open. 0

THEOREM 3.6. Let p > 1, and suppose that condition (C.9) is verified. Then,
for fired T, K, and N > 0 there exists some Ly > 0 such that for all x1,x2 €
Rp(T,K)N{x:|z| < N} one has

1
ap’ |

|Tp($1aK) - Tp($2,K)| < L4\$1 — T2

Moreover, R,(K) is an open set.

Proof.

Step 1. Let x1,29 € Rp(K)N{x : |z| < N} such that |z — z2] < 1, let
Ty = T,(x1, K), and suppose that Tp(xe, K) > Ti. In view of Proposition 2.2 and
Remark 2.2, there exists an optimal control u such that (fOTl |ulP dt)'/P < K and

Yuy (Th,u) = 0. Following [6], let A = 1 — |zo — z1| and consider the trajectory
Yuo (-, Au). Since (KP — \PKP)L/P > K (1 — \)Y/P_ by (TDPP) it follows that
Ty(w2, K) < To + Ty (s (T3, Au), K (1= 0)7).

Standard estimates yield that

|ym2 (Th Au)‘ < (1 + Cl)

m
/ . m 1/p’
KTll/p E MgieLerZi:l Lo KTy ‘| |xo — 1|

i=1

for some constant C; > 0, where Ly and L, (i = 1,...,n) depend on the compact
set to which y,, (¢, Au) and y,, (¢,u) belong for all t € [0, T].
Step 2. Let us first consider only 1, x2 such that

|22 — 21| < poy =&/(1+C1)

m
/ m 1/p’
KT 37 M, bl Lok ]

i=1



Downloaded 03/06/18 to 147.162.22.66. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

MINIMUM TIME, MINIMUM ENERGY 805

so that by (C.9) and by the definition of A it follows that

Y (T2, M) ]1/“

T, (ym(Tl,AU),K(l - /\)1/p) = LK(l—A)””

— ’ m 1/p!
(1 + Cl) |:T11/p Zzﬂil MgieL‘erZi:l Lg; KT, ! :|

(35) < |$2 —$1|1/p/

g

At this point (TDPP) leads to the local Hélder continuity estimate
1
Tp(a',‘g, K) — Tp(xl,K) S L4|l‘2 — $1|"‘P’ 5

where L4 denotes the constant written above.

Step 3. In the same way as in Theorem 3.5, this result can be extended to the
whole set R,(T, K)N{x: |z| < N}, and R,(K) turns out to be open. O

We point out that under condition (C.4) the exponent of Holder continuity of
the minimum time function T, (-, K) obtained in Theorem 3.2 is 1/, which is larger
than the exponent 1/ap’ given in Theorem 3.6 under the weaker condition (C.9).
For instance, in Example 3.1 and for A < 0, Theorem 3.2 yields the local Lipschitz
continuity of T),(-, K') for every p > 1. Notice though that if only (C.9) is in force, the
exponent 1/ap’ cannot be, in general, improved (see [6]). Analogously, condition (C.2)
yields the Lipschitz continuity of E, (this is the case of controllable linear systems)
while condition (C.8) yields only its Holder continuity.

As straightforward consequences of Theorems 3.1, 3.5 and of Theorems 3.2, 3.6,
respectively, one has the following results.

COROLLARY 3.3. Let p > 1 and assume (C.8). Then the global topological
property (C.1) turns out to be verified.

COROLLARY 3.4. Let p > 1 and assume (C.9). Then the global topological
property (C.3) turns out to be verified.

Remark 3.1. If p =1, the arguments used in the proofs of Theorems 3.5 and 3.6
do not work, even if we consider the extended minimum time and minimum energy
functions (and the corresponding dynamic programming principles). More precisely,
both the crucial estimates (3.4) and (3.5) are in force thanks only to the fact that
1-— % > 0. In fact, no regularity property of 77 (-, K') can be propagated in the whole
set Rq(K) from properties of the system in a neighborhood of the target, as shown
by the following example.

Ezample 3.3. Let us consider the (controllable) linear control system introduced
in Example 3.1(b). In the case A > 0 one has that Ry (K) = R1(T,K) = B(0, K).
Hence the set R1(K) turns out to be closed even if (C.9) is verified. On the contrary,
a regularity result for T similar to the one obtained in Theorem 3.6 for p > 1 would
actually imply that R (K) is open.

4. Sufficient controllability conditions. In this section we prove that for
linear systems the classical Kalman condition implies the topological properties
and the local controllability conditions introduced in the previous sections. In the
general case of nonlinear systems, we show how a well-known controllability condition
around the target yields some of the local controllability assumptions introduced in
section 3.
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We start by considering a linear control system of the form
(L) y = Ay + Bu,

where A is an n X n and B is an n X m-real matrix. Let us introduce the Kalman
condition

(K) {i: rank[B,AB,...,A'B] = n} # 0,

and let r = min{i : rank|[B, AB,..., A'B] = n}. If p = 400, it is well known that (K)
is necessary and sufficient for the continuity, in fact, for the Holder continuity, of the
minimum time function—see, e.g., [9]. Results on the continuity of (z,T) — E,(x,T)
for T'> 0 and on the Holder continuity of x — T),(z, K) for K > 0 (for linear control
systems) can already be found in [4] and [6] but only in the case p > 1.

LEMMA 4.1. Consider system (L).

(a) For everyp > 1, T >0, and K > 0, the set ﬁp(T, K) is conver and

(4.1) Ry(T, K) = KR, (T, 1).

(b) Assume (K). Then conditions (C.1), (C.2), (C.5), and (C.6) are verified for
allp > 1. If p=1, condition (C.7) also holds.

(c) Assume (K), and let p > 1. Then condition (C.9), with a = 1% +r, and
condition (C.3) are verified.

Proof. The homogeneity property (4.1) is proved for p = 1 in [8], and one can
easily extend the proof to the case p > 1. By (K) the dimension of R, (T, K) is n, and
this together with (4.1) implies (C.1) for p > 1. In order to prove (C.2), fix T' > 0 and
let € R, (T, K) for some K > 0. By (K), for any H > 0 it is possible to find (see,

e.g., [8]) n+1 controls uy, ..., u,+1 such that fOT |us () [P dt < HP, with |u;(t)| = 74
T

fort € [0,T], i =1,...,n+ 1, and such that, denoting by y; = [, eT=YABy,(t) dt,
the convex hull generated by {z+y;,i = 1,...,n+1} contains a ball B(x, §). Moreover
it is also easy to show following [9] that there exist some constants 6 > 0 and C > 0
such that for any 1" > 0 one has § > Cj %TT for all H < 6. Hence (C.2) turns out
to be verified by setting, e.g., Co(T) = COTTl—;p. Since the (original) reachable sets

are convex and R4 (T, K) = R1(T, K) the previous result yields (C.7) for p =1, and
by Proposition 3.2 it also follows that (C.6) is verified and (C.1) implies (C.5). The
proof of (C.9) follows from [17] (see also [6]). Finally, by Corollary 3.4 it follows that
(C.9) implies (C.3). O

Owing to Lemma 4.1, the following results on the minimum time and the mini-
mum energy functions are straightforward consequences of the propositions and the
theorems in section 3.

COROLLARY 4.1. Consider system (L), assume (K), and let p > 1. Then we have
the following:

(a) Dom(E,) = R"x]0,+o00|, and the map E, is continuous on it and lower
semicontinuous on R™ x [0, +o0l.

(b) For any K > 0, E,(z,Ty(z,K)) = K Vz € R,(K)\ {0}, and R,(K) is an
open set.

(¢) For any fized T > 0 there exists L1 > 0 such that for all z1,z9 € R™ one has

‘Ep(x%T) - Ep(ﬂflvT” < Li|zg — 4.

(d) Dom(T},) is an open set and the map T}, is continuous on it and lower semi-
continuous on Dom/(T),).
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(e) For anyT >0, T,(z, Ep(z,T)) =T Vo e R"\ R,(T,0).
(f) For any fized T, K, and N > 0 there exists Lo > 0 such that for every
x1,22 € Rp(T, K)N{z : |z| < N} one has

_1
|Ty(z1, K) = Ty (22, K)| < Lo|z1 — 22|

COROLLARY 4.2. Consider system (L), assume (K), and let p=1. Then we have
the following:

(a) Dom(E;) = R"x]0, 400, Ey is continuous on R™x]0,4o00[ and lower semi-
continuous on R™ x [0, 4+o00].

(b) For any K >0 Ey(x,T1(2,K)) = K Vo e RS(K)\ R1(0,K).

(¢) For any T > 0 there exists Ly > 0 such that for all x1,x9 € R™ one has

By (@, T) = Er (w1, T)| < Lafws — 2.
(d) Dom(Tl)o = UK>0(7AZC1’(K) x {K}) and Ty is continuous in Dom(fl)o and

lower semicontinuous in Dom(T}).

(e) For any T > 0 Ti(z,Fy(2,T)) = T Yz € R$(K)\ Ri(T,0), where K =
Ey(x,T). If (C.3) holds, then Ty (z, Ey(z,T)) =T Y € R™\ Ry(T,0).

(£) If (C.4) holds, then for any K > 0 the set Ry (K) = R™ and there exists Ly > 0
such that

Ty (21, K) — T1 (29, K)| < La|zy — a9/

Va1, xe € R™ such that |x1 — xa| is small enough, where a is the same as in (C.4).

In the framework of nonlinear control systems we prove that the following well-
known assumption (H) implies some of the local controllability conditions introduced
in subsections 3.2 and 3.3 (see, e.g., [8]).

(H) f(0) =0 and f is continuously differentiable in a neighborhood of the origin.
Let A = 0,f(0) (9.f(0) denotes the Jacobian matrix of f in the origin) and B =
(91(0),...,9m(0)); A and B verify (K).

Let us recall that, as shown in section 3, local conditions alone are sufficient in
order to obtain some partial regularity results for 7}, and E, only in the case p > 1
(see Theorems 3.5, 3.6). Any result for p = 1, instead, requires us to assume also
some global topological properties of the reachable sets.

LEMMA 4.2. Consider system (S), and assume (H). Then conditions (C.9) and
(C.3) hold for p > 1; condition (C.7) holds for p=1.

Proof. The proof is based on an analogous result proved by Bianchini and Stefani
in [1] for compact valued controls. In fact, it is possible to deduce from [1] that
for any T and K > 0, denoting by U (T) = {u € L>=([0,T],R™) : |u;| < K, i =
1,...,m} and by Roo(T') the corresponding reachable set, for sufficiently small & one
has B(0,0Ke%) C Roo(€), where a = 2r + 1 + p. It is clear that if u € U (T'), then
for p > 1 one has that = € Z]p(T, K) if T < 1. Therefore for sufficiently small e, there
exists a constant o’ such that B(0,0'Ke®) C R, (e, K). This implies (C.9) for p > 1
and (C.7) for p = 1; (C.3) follows by Corollary 3.2. 0

As a consequence of this lemma, one has that under the hypotheses of Theorem
3.4 the extended problems are equivalent to the original ones for p = 1. Moreover,
in view of Theorem 3.6, (H) yields the regularity of T,,(-, K) for p > 1 and for any
K >0.

COROLLARY 4.3. Assume (H). Then for p > 1, fivxed T, K, and N > 0 there
exists Ly > 0 such that for every x1,x2 € Rp(T, K)N{x : |z| < N} one has

1
Ty (21, K) — Tp(z2, K)| < La|wr — 22|07,
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with a =2r + 14 p ¥p > 0. Moreover, R,(K) is an open set.

Remark 4.1. Due to Theorem 3.5, in order to check the local Holder continuity
of Ey(-,T), one should prove directly condition (C.8). As already remarked at the
beginning of subsection 3.3, this condition is essentially different from usual local
controllability conditions (for bounded valued control systems), and hence it cannot
be easily deduced from them. We just mention that in Example 3.2 conditions (C.8)
for p > 1 (in fact, also the stronger condition (C.2)) and (C.7) for p = 1 turn out to
be verified. Moreover, for any control system which is linear just in a neighborhood
of the origin and here verifies the Kalman condition, (C.8) for p > 1 holds.

Appendix. The following propositions clarify the relation between (S), and (S),.
We omit the proofs in the case p > 1, in that they are completely similar to the proofs
given for more general nonlinear systems and for p =1 in [11].

PROPOSITION A.1. Fiz p > 1. For every y(-) = y(-,u) solution to (S), in [0,T]
and for every increasing and surjective absolutely continuous map t : [0,1] — [0,T],
the graph parametrization (t,y ot) of y is the (t,y)-component of a solution of (S),
associated with the control (wo(s),w(s)) = (/t'(s), &/t'(s)u(t(s))) for a.e. s € [0,1].1

Moreover, if s : [0,1] — [0,1], o — s(0), is a nondecreasing and surjective abso-
lutely continuous map, for every trajectory (t,k,y)(s) = (¢, k,y)(s,wo, w) of (S), the
map (£, k,9)(c) = (t, k,y)(s(0)) Vo € [0,1] is still a solution to (S)p, corresponding
to the control (i, W) defined by wo(0) = wo(s(0))% (o) and (o) = w(s(o)) % (o).

Due to the first part of Proposition A.1, the set of graphs of trajectories of (S)p
can be identified with the subset of (¢,y)-components of trajectories of (S), with
the corresponding control (wp,w) such that wy > 0 a.e. In this sense (S), can be
considered as an extension of (S’)p.

For any p > 1, let (wg,w) € LP(]0,1], [0, +00[xR™). If (wp,w) = 0 a.e. in [0, 1],
we set

(w§(8), we(s)) = (wo(s),w(s)) for a.e. s €[0,1];
otherwise let o : [0,1] — [0, 1] be defined by

o(s) = Jo (w0, W) d
fol |(wo, w)(s") P ds’

Vs € [0, 1].

We set

(A1) (wg(o(s))z(;(s),w%a(s))ﬁ(s)) = (wo(s),w(s)) for a.e. s €[0,1].

In principle (A.1) defines a multivalued control map. Yet (w§,w®) turns out to
be uniquely determined a.e.

PROPOSITION A.2. Fizp > 1. Given a control (wg,w) € LP([0,1], [0, +00[xR™),
the expression (2.2) defines a measurable map (w§, w®) a.e. on [0, 1] and |(w§, w®)|P(s)
= fol |(wo,w)|P(s)ds for a.e. s €[0,1]. The control (w§, w®) and the corresponding
solution (t°,k°,y°)(-) = (¢, k,y)(-, w§,w®) to (S), will be called the canonical repre-
sentatives of (wo,w) and of (t,k,y)(-,wo,w), respectively. Moreover, the relation

(. k,y) (071 ({€})) = (% kS, 5°)(€)

LIf a control z is Lebesgue measurable, here and in what follows we assume to replace it with a
Borel measurable control ¢ such that ¢ = z a.e., so that the composition with ¢(s) is still measurable.
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holds true for all £ € [0, 1].

Remark A.1. Due to Proposition A.2, the canonical representative of any control
(wo,w) € Up(T, K) is bounded, in that |(w§, w®)[P(s) < 2P(T + K?) for a.e. s € [0,1].
Moreover, the reachable set R, (7T, K) and the minimum time and the minimum energy
functions do not change if one considers only canonical representatives of controls.
Hence in the extended problems one deals in fact with bounded valued controls.
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