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PERPETUAL CONVERTIBLE BONDS*
MIHAI SIRBUT, IGOR PIKOVSKY%, AND STEVEN E. SHREVE'

Abstract. A firm issues a convertible bond. At each subsequent time, the bondholder must
decide whether to continue to hold the bond, thereby collecting coupons, or to convert it to stock.
The firm may at any time call the bond. Because calls and conversions often occur far from maturity,
it is not unreasonable to model this situation with a perpetual convertible bond, i.e., a convertible
coupon-paying bond without maturity. This model admits a relatively simple solution, under which
the value of the perpetual convertible bond, as a function of the value of the underlying firm, is
determined by a nonlinear ordinary differential equation.
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1. Introduction. Firms raise capital by issuing debt (bonds) and equity (shares
of stock). The convertible bond is intermediate between these two instruments. A
convertible is a bond in the sense that it entitles its owner to receive coupons plus
the return of the principle at maturity. However, prior to maturity, the holder may
“convert” the bond, surrendering it for a preset number of shares of stock. The price
of the bond is thus dependent on the price of the firm’s stock. Finally, prior to
maturity, the firm may “call” the bond, forcing the bondholder to either surrender it
to the firm for a previously agreed price or else convert it for stock as above.

After issuing a convertible bond, the firm’s objective is to exercise its call option
in order to maximize the value of shareholder equity. The bondholder’s objective is
to exercise his conversion option in order to maximize the value of the bond. If stock
and convertible bonds are the only assets issued by a firm, then the value of the firm
is the sum of the value of these two types of assets. In idealized markets where the
Miller—-Modigliani [17], [18] assumptions hold, changes in corporate capital structure
do not affect firm value. In particular, the value of the firm does not change at the
time of conversion, and the only change in the value of the firm at the time of call
is a reduction by the call price paid to the bondholder if the bondholder surrenders
rather than converts the bond. By acting to maximize the value of equity, the firm is
in fact minimizing the value of the convertible bond. By acting to maximize the value
of the bond, the bondholder is in fact minimizing the value of equity. This creates a
two-person, zero-sum game.

Brennan and Schwartz [5] and Ingersoll [11] address the convertible bond pricing
problem via the arbitrage pricing theory developed by Merton [16] and underlying the
option pricing formula of Black and Scholes [4]. This leads to the conclusion that the
firm should call as soon as the conversion value of the bond (the value the bondholder
would receive if he converts the bond to stock) rises to the call price. There has been
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considerable discussion whether firms call bonds at this time; see, e.g., [1], [2], [8],
[12].

In the Brennan and Schwartz [5] model, dividends and coupons are paid at discrete
dates. Between these dates the value of the firm is a geometric Brownian motion
and the price of the convertible bond is governed by the linear second-order partial
differential equation developed by Black and Scholes [4]. Brennan and Schwartz [6]
generalize that model to allow random interest rates and debt senior to the convertible
bond. In Ingersoll [11], coupons are paid out continuously, and for most of the results
obtained, dividends are zero. Again, the bond price is governed by a linear second-
order partial differential equation. In [5] the bond should not be converted except
possibly immediately prior to a dividend payment; in [11] the bond should not be
converted except possibly at maturity. Therefore, neither of these papers needs to
address the free boundary problem which would arise if early conversion were optimal.

The present paper assumes that a firm’s value comprises equity and convertible
bonds. To simplify the discussion, we assume the equity is in the form of a single
share of stock, and there is a single convertible bond. We assume the value of the
issuing firm has constant volatility, the bond continuously pays a coupon at a fixed
rate, and the firm equity pays a dividend at a rate which is a fixed fraction of the
equity value. In particular, payments are always up to date and there is no issue of
accrued interest at the time of a call, default, or conversion. Default occurs if the
coupon payments cause the firm value to fall to zero, in which case the bond has zero
recovery. In this model, both the bond price and the stock price are functions of the
underlying firm value. As pointed out by [3], this means that the stock price does
not have constant volatility. Furthermore, because the stock price is the difference
between firm value and bond price and because dividends are paid proportionally to
the stock price, the differential equation characterizing the bond price as a function
of the firm value is nonlinear. The development of a mathematical methodology to
treat this nonlinearity is the rationale for this paper.

To simplify the analysis, we assume the bond is perpetual, i.e., it never matures.
This removes the time parameter from the problem, and the free boundary problems
associated with optimal call and optimal conversion become “free point” problems.
Perpetual bonds are the asymptotic case of finite-maturity bonds; work along the
lines of this paper on these bonds is forthcoming. Also, as noted by Ingersoll [11],
perpetual convertible bonds are unknown in the market, but they are close relatives
of preferred stock, which does trade. Preferred stock does not mature, it can often be
called by the issuing firm, and it can be converted to common stock by its owner.

In the time-independent setting of this paper, it is possible to place the convertible
bond pricing problem on a firm theoretical foundation. Indeed, the price we obtain
is shown to be the only arbitrage-free price in a perfectly liquid market in which
the bond, the stock, and a constant-interest-rate money market can be traded. To
establish this we first make the assumption that the respective parties adopt not
necessarily optimal call and conversion strategies and derive the corresponding no-
arbitrage bond price (Theorem 2.1). We then pose the determination of optimal call
and conversion strategies as a two-person, zero-sum game and show that the game
has a value (Theorem 2.4). We give a full description of the bond price as a function
of the firm value in Theorem 2.5. One of the conclusions of that theorem is that it
can be optimal to call the bond before the conversion price has reached the call price.

2. The model. We consider a firm whose value at time ¢ > 0 is denoted by X (¢).
We assume that prior to call or conversion of the convertible bond, the evolution of
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X (t) is governed by the stochastic differential equation
(2.1) dX(t) = h(X(t))dt — cdt + o X (t) dW(¢),

where W is a one-dimensional Brownian motion on some probability space (2, F,P),
h is a Lipschitz continuous function satisfying h(0) = 0, and ¢ and o are positive
constants. We denote by {F(t);¢ > 0} the filtration generated by the Brownian
motion W, augmented by the null sets in F.

At time ¢, the firm has a debt D(t), and so the equity value is

(2.2) S(t) = X(t) — D(t).

The debt is in the nature of a convertible bond, which pays coupons at the constant
rate c. The bond never matures. The firm’s dividend policy is to pay continuously to
shareholders at a rate ¢ times the equity, where § > 0.

At any time, the owner of the convertible bond may convert it for stock. Upon
conversion the bondholder will be issued new stock so that his share of the total
equity of the company is the conversion factor ~, where 0 < v < 1. To simplify
the discussion, let us assume that before conversion the firm has one share of stock
outstanding. We are denoting by X (¢) the value of the firm and by D(t) the size of
the debt before conversion. Therefore, (2.2) gives the price of firm’s single share of
stock before conversion. Upon conversion, the firm issues new stock and the former
bondholder becomes a stockholder. The total value of the firm’s outstanding stock is
X(t), and the value of the stock owned by the former bondholder is vX (¢). Therefore,
the price of the share of the stock outstanding before conversion is now (1 — )X (¢).

At any time, the firm may call the bond, which requires the bondholder to either
immediately surrender it for the fixed conversion price K > 0 or else immediately
convert it as described above. If the bond is surrendered, no new stock is issued and
the price of the firm’s single outstanding share becomes X (¢) — K. In this model the
firm may not call the bond if X (¢) < K; i.e., there is no provision for reissuing debt.

Equation (2.1) describes the evolution of X (¢) only before call or conversion. Prior
to conversion or call, the firm value X (t) may drop to zero, in which case the firm
declares bankruptcy and coupons and dividends cease.

There is a constant interest rate r, and we assume § < r. Prior to call or conversion
of the bond, there are three tradable assets: the firm’s stock, the convertible bond, and
a money market paying interest r. We assume that all these are infinitely divisible and
there are no transaction costs. Thus, the value V' (¢) of a portfolio which holds A (¢)
shares of stock and Aq(t) convertible bonds at time ¢ and finances this by investing or
borrowing at interest rate r evolves according to the stochastic differential equation

+r(V(t) = AL(1)S(t) — Ao (t)D(t)) dt.

An arbitrage arises if one can begin with V' (0) = 0 and use {F(¢) }-adapted processes
A1 and As so that at some bounded stopping time 7 at or before the minimum of the
time of call, the time of conversion and the time of bankruptcy, V(7) > 0 almost surely
and V() > 0 with positive probability. We restrict ourselves to trading strategies
Aq1(t), Aa(t) which cause V(t) to be uniformly bounded from below for 0 < ¢ < 7.
Our goal is to price the convertible bond, under the assumption that the firm issuing
the bond and the bondholder behave optimally, in a way which precludes arbitrage.
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If the bond is called, the bondholder surrenders it for the call price K if K
exceeds the conversion value X (t) and converts it if vX(¢) > K. If yX(t) = K,
the bondholder is indifferent between surrender and conversion. Thus, if the bond is
called when the firm value is X (¢), then the value of the bond is max{K,vX(¢)}. If
the bond has not been called, we assume the bondholder adopts a rule of the form:
“convert as soon as the value of the firm equals or exceeds C,.” For the firm, we
consider call strategies of the form “call the first time the value of the firm equals or
exceeds C,.” The firm must choose C, > K; if C, < K, the firm would call when the
firm value was insufficient to pay the call price. The firm and bondholder each choose
a strategy, characterized by positive constants C, > K and C, > 0. Once C,,C, are
chosen, we want to find the price of the bond as a smooth function of the value of the
firm such that no arbitrage can occur.

To set the notation, for an arbitrary number a > 0 we define the nonlinear
differential operator acting on functions f € C[0,a] N C?(0,a) by

(24)  Nf@) 2 rf(@) — (e = )f' (@) + 8(x — F(@) () — 0% (x).

We shall see that this differential operator corresponds to the stochastic differential
equation for the firm value

(2.5) dX(t) = (rX(t) —c)dt — §(X(t) — f(X(t))) dt + o X (t) dW (t),

rather than (2.1) posited above. This turns out to be the so-called risk-neutral evo-
lution of the value of the firm. Under the risk-neutral evolution, the firm value has
mean rate of change r reduced by the coupon and dividend payments. The volatility
o is the same as in (2.1). An interesting feature of this model is that the function
f appearing in (2.5), which determines the evolution of the “state” under the risk
neutral measure for this problem, must be determined by optimality considerations.
It is not known a priori.

THEOREM 2.1. Suppose C, > K and C, > 0 are chosen (not necessarily opti-
mally) by the firm and bondholder, respectively, and set

(2.6) a, = min{C,,C,}, 7. =inf{t > 0; X(¢) ¢ (0,a.)}.
Assume X (0) € (0,a.) and
(2.7) D(t) = f(X(t), 0<t<m,

for a function f € C[0,a,] N C?(0,a.) satisfying the boundary conditions

_ ) vas if0< C, < C,,
28) =0 fa)={ 1o o e
If there is no arbitrage, then
(2.9) Nf(x)=c for0<z < as.

Conversely, if the function f satisfies (2.8) and (2.9) and the derivative f' is bounded
on (0,a4), then there is no arbitrage.

Proof. Assume that the price of the bond is D(t) = f(X(¢)) for a function
f € C[0,a.] N C?(0,a,) satisfying (2.8). In particular, the value of the equity is
S(t) = X(t)— f(X(t)) for 0 <t < 7. Taking (2.3) into account, we see that the value
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V(t) of a self-financing portfolio starting with initial capital V' (0) = 0 and containing
A1 (t) shares of stock and As(t) units of convertible bond evolves according to

dV (t) = Ar(8) [d(X (8) — F(X (1)) +6(X (1) — f(X(1)))dt]
+ Ao (t) [df (X () + cdt]
+r[V(t) = Ar(t) (X (1) — F(X (1)) — Da(t) F(X ()]t

Therefore,

(2.10) d(e "V (t))
= AL (1 - F(X (@) + Aa(8)f (X ()] dX (1)

NG [—;cf?ﬁ(t)f"(X(t)) - OX (W) + (r— O F(x(0)| at
e () [§02X2<t>f"<x<t>> e rf(X(0)] dr.

We choose Aq(t) = f/(X(#))sgn(Nf(X(t)) — ¢) and Aq(t) = —(1 — f/(X(¢))) sgn
(NF(X(¥)) —c), so that A1()(1— f/(X(t))) + As(t) f/(X(t)) = 0. With these choices
(2.10) becomes d(e~"'V (t)) = [N f(X(t)) — ¢|dt. This equation shows that the port-
folio value V (¢) is bounded from below by V(0) = 0 and provides an arbitrage unless
Nf(z)=cfor 0 <z < ay.

We now prove the converse. Assume D(t) = f(X(t)) for 0 < ¢t < 7., and f
satisfies (2.8) and (2.9). Let 7 < 7, be a bounded stopping time. Since MX(L))

X(t)
! (XX((;;)) are bounded for 0 < t < 7,, we can use Girsanov’s theorem to construct an

and

equivalent probability measure P such that

(2.11) /O h(XX(S)))ds +oW(t)=rt— 5/0 (1 - f(XX(iS)))> ds + oW (t)

for 0 <t < 7, where W is a Brownian motion under P. The differential of the value
of the firm may be rewritten as

(2.12) dX(t) = rX(t)dt — 6(X(t) — f(X(£))dt — cdt + o X (t)dW (1), 0<t<T.

Let us consider the value V (¢) starting with initial capital V' (0) = 0 corresponding
to a self-financing trading strategy Aj(t), As(t) for 0 < t < 7. We can write the
evolution of V (t) as
(2.13) d(e™ "V (1)) = Ay (t)(d(e " S(t)) + be~ " S(t)dt)

+ Ao(t)(d(e™ " D(t)) 4 ce”"dt).
Since D(t) = f(X(t)), S(t) = X(t) — f(X(¢)), and the function f is smooth, we can
apply It6’s formula to obtain
(2.14)  d(e ""S(t)) + e IS (¢)dt
= e (NFX(1) = ) di+ e (1= (X (6)o X (H)dW (1),
(2.15)  d(e”"'D(t)) + ce”"dt
= —e T WIX (D) = o) + e T (X))o X (W (2).
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We assume N f(x) — ¢ = 0 for 0 < = < a., and taking into account (2.14), (2.15),
and (2.13), we conclude that e ")V (¢ A 7) is a local martingale under P. But V is
uniformly bounded below, and Fatou’s lemma implies E [e ="V (7)] < V(0) = 0. This
means it is impossible to have P{V () > 0} = 1 and P{V(7) > 0} > 0. Since P is
equivalent to the probability measure P, no arbitrage exists. 1]

In the remainder of this section we state the principal results of the paper. Their
proofs are provided in section 7.

To compute the “no arbitrage” price of the convertible bond for some (not neces-
sarily optimal) call and conversion levels, we need an existence and uniqueness result
for boundary value problems associated with (2.9).

THEOREM 2.2. Let y; be a positive number and 0 < y; < x1. Then there exists
a unique solution f € C[0,21] N C?(0,x1) of the boundary value problem

Nf(z) =c for z € (0,21),
(2.16) { F(0) =0, f(z) =y,

Furthermore, the derivative f’ is bounded on (0,21). If y1 < x1, then f'(x) <1 for
all z € (0,z1).

Taking into account Theorem 2.1, Theorem 2.2, and the discussion regarding the
price of the bond at call or conversion time, we see that once the call and conversion
levels have been set, the “no-arbitrage” price of the convertible bond is

(2'17) D(t) = f(X(t),Oa,CO),

where the function f(z,C,,C,) is given in the next definition.
DEFINITION 2.3.
(i) If 0 < C, < C,, define f(x,Cy,Cy,) for 0 <z < C, to be the unique solution
of the equation N'f = ¢ on (0,C,) satisfying the boundary conditions f(0) = 0,
f(Cy) =~C,. Forxz>C,, define

_ ED Co <z <,
f(@, Ca, Co) = { max{K,vz}, z>C,.

(ii) If K < C, < C,, define f(x,Cq, Cy) for 0 <z < C, to be the unique solution
of the equation N'f = ¢ on (0,C,) satisfying the boundary conditions f(0) = 0,
f(Cy) = max{K,~C,}. Forx > C,, define f(x,Cq,C,) = max{K,yx}.

Equation (2.17) provides a bond price once the call and conversion levels C, and
C, have been chosen. The firm wishes to minimize the value of the bond (in order to
maximize the value of equity), and the bondholder wishes to maximize the value of
the bond. This creates a two-person game, and according to the next theorem, this
game has a value.

THEOREM 2.4. There exist C% > K and C} > 0 such that for each x > 0, we
have

(2.18) flz,C3,C5) = inf f(z,Ca,C5) = sup f(z,Cy,Co).
CazK Co>0

Equation (2.18) implies the following equalities, so we can define

S * *\ . I
(2.19) f*(w)—f(x,Ca,Co>—ngoocgf]( (x,CmCo)—C}lngcs?fof(x,Ca,Co)-
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This is the price of the bond as a function of the underlying firm value z, and C}; and
C? are the optimal call and optimal conversion levels, respectively.
THEOREM 2.5. The function f, is in C[0,00) and is described by one of three
cases. There are two constants 0 < K1 < Ky depending on r,0,0,c, and .
(i) If K > K, then f. € C'(0,00) and satisfies

(2.20) 0< fi(z) <1 forz>0.

In this case,

Cy =min{z > 0; f.(v) =ya} = P
[« restricted to (0,C%) is the unique classical solution of Nf. = ¢ on (0,C%) with
boundary conditions f«(0) =0 and f.(C¥) =~C%,

(2.21) f«(x) =~z for x> CF,

andC';:%>C';:%.
(il) If K1 < K < Ky, then f. restricted to (0, K /7) is the unique classical solution
of Nfx = c on (0,K/vy) with the boundary conditions f.(0) =0 and f. (K/y) = K.

We have

(2.22) 0<f,ﬁ(x)<1for0<:z:<%,
(2.23) fu(x) =~z for z > g

In this case, C}; = C) = %

(i) If Ky > 0, there is a third case. A sufficient condition for K1 > 0 is 0 <
v < % In the third case, 0 < K < Ki, f. restricted to (0,K/v) is continuously
differentiable, C € (K, K/7v), and f. restricted to (0,C) is the unique solution of
N fo=c on (0,CF) with the boundary conditions f.(0) =0, f.(C,) = K. We have

(2.24) 0< fi(z) <1 for0<az<Cl,
K, Ci<z<X&
_ ) a = 50
(2.25) fo(@) { v ok

In particular, fL(Ci—=)=0and K < C} <C} = %
From Theorem 2.5 we see that the firm debt at time ¢ is D(t) = f.(X(¢)), and
(2.2) becomes

(2.26) S(t) = X(t) - £L.(X(1)).

Solong as z € (0, C*AC?), the function F(z) £ z— f.(z) is strictly increasing because
of (2.20), (2.22), and (2.24) and hence has an inverse F'~!. We may invert (2.26) to
obtain X (t) = F~1(S(t)), and thereby obtain a formula for the market price of the
convertible bond in terms of the equity of the firm: D(t) = f.(F~1(S(¢))). In all
three cases of Theorem 2.5, the firm should call as soon as D(t) rises to the call price
K. In cases (i) and (ii), this is the first time the conversion value of the bond rises to
the call price. In case (iii), the call should occur before the conversion value rises to
the call price. The owner of the bond should convert as soon as D(t) — vyF~1(S(¢t))
falls to zero, i.e., as soon as the difference between the bond price and the bond’s
conversion value falls to zero.



PERPETUAL CONVERTIBLE BONDS 65

3. Generation of candidate functions. Theorem 2.5 asserts that for small
values of x, the value f.(x) of the convertible bond satisfies the second-order ordinary
differential equation NV f(z) = ¢. Not only is this equation nonlinear, it is also singular
at = 0. Rather than solving the differential equation N f(z) = ¢ directly, we
generate a one-parameter family of solutions to the variational inequality

(3.1) min{N f(z) — ¢, f(z) — vz} = 0.

To do this, we first construct for a fixed function g € C]0,qa], a solution to the
variational inequality

(3.2) min{L,f(x) — ¢, f(z) —yz} =0,

subject to boundary conditions f(0) = 0, f(a) = ~va. Here, the linear differential
operator L, is defined by

(3-3) Lof(x) & rf(x) = (re —c)f'(z) + 8(z — g(x)) f'(x) — %02$2f”(x)-

In section 6 we prove existence of a function g for which the solution to this equation
is g itself.

DEFINITION 3.1. Let a € (0,00) be given. Denote D, = [0,a] and let G, be the
set of continuous functions g: Dy — R which are continuously differentiable on (0, a)
and satisfy

g(O) = O, g(a) ="a,
g(x) > vz, —My,<g(x)<1 Ve (0,a),

where M, will be defined in Proposition 5.6. We denote by G, the closure of G, with
respect to the supremum norm in C[0,al.

Denote Doy = [0,00) and let G be the set of continuous functions g: Do — R
which are continuously differentiable on (0,00) and satisfy

9(0) =0, g(z) =~z V€ [by,00),

g(x) >~vz, 0<g(z)<1 Vze (0,00),
where by is a finite number depending on the function g. Let (C.,d) be the complete
metric space of continuous functions on Do, which satisfy lim,_,o[g(z) — vya] = 0,

and d is the supremum metric. We denote by Goo the closure of Goo in (Cy,d).
Fora € (0,00], g € Gu, and x € D,, we define X*(t) by X*(0) = z and

(3.4) dX*(t) = rX*(t)dt — & (X" (t) — g(X*(t))) dt — cdt + o X*(t) dW (t)

for 0 <t <78 ATZ, where 72 2 inf {t > 0; X*(t) = y}. We then set

a’ Yy
(3.5) T.g(x) 2 sup E [/ e Medu + T coye” T XT(T)
0<7T<TENTE 0

where the supremum is over stopping times T which satisfy 0 <1 < 75 ATZ.

We interpret the objects in Definition 3.1 as follows. Suppose we have a function
g which maps the value of the firm into the value of convertible bond. Then S(¢)
in (2.2) is given by S(t) = X (¢) — g(X(¢)). As we have already seen in the proof of
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Theorem 2.1 (see (2.12)), under a “risk-neutral” measure, we expect the value of the
firm to have mean rate of growth equal to the interest rate r, reduced by the dividend
and coupon payments. In other words, if g(z) is the value of the bond when x is the
value of the firm, then the evolution of the value of the firm should be given by (3.4).

The fortunes of the firm, which depend on the function g and the initial condition
2, may result in bankruptcy at time 77 . If bankruptcy never occurs, then 7§ = oco. The
bondholder collects dividends at rate ¢ until bankruptcy occurs or until he converts the
bond to stock. He may convert at any stopping time 7 < 77; if he has not converted
by the time 7,, he must do so at this time. The parameter a in this restriction on
the stopping time 7 will allow us to construct a one-parameter family of solutions
to (2.4), and we shall later see that the correct choice of the parameter a depends
on the call price K. However, in this interpretation of the function T,g, we do not
permit the firm to call. Since the conversion option is worthless after bankruptcy, we
assume without loss of generality that 0 < 7 < 77. Upon conversion, the bondholder
receives stock valued at y X% (7). It follows that the risk-neutral value of a conversion
strategy 7 is E UOT e "edu+ I coope” "y X ()], and T,g(x) is the value of the
optimal conversion strategy, if it exists.

We began this discussion with the supposition that g(x) is the value of the con-
vertible bond when z is the value of the firm. But the value of the convertible bond
should be the risk-neutral discounted value of coupons collected plus the risk-neutral
discounted value of the stock received upon conversion. In other words, we seek a
function f € G, such that T,f = f. Such a function will satisfy (2.9), at least for
small values of .

In section 4 we prove continuity of the function T,g. In section 5 we show that,
like g, the function T, g is in G,, and we state the Hamilton—Jacobi-Bellman equation
(3.2) satisfied by T,g. In section 6, we show that the mapping Ty : G, — G, has a
unique fixed point, which we call f,. Section 7 shows that for each call price K, there
is a value of a so that f, is a part of the function described in Theorem 2.5. This
enables us to prove Theorems 2.4 and 2.5. Finally, at the end of section 7 we also
prove Theorem 2.2.

4. Continuity of candidate functions. Let a € (0,00] and g € G, be given,
and define T,g by (3.5). If a is finite, we extend g to be constant on (—o0,0] and
on [a,00). Since the extended g is Lipschitz, we may use (3.4) to define X*(¢) for
all t > 0. The assumptions on g ensure that for some n > 0, §(z — g(x)) + ¢ > nx
for all z > 0. We now set Z(t) = exp {—cW(t) — 102t}, so that d(Z(t)X*(t)) <
(r—o% —n)Z(t)X*(t)dt for all 0 <t < 7¢. Integration yields

t
Z0X*(0) <ot (r-0* =) [ Z@X*()du. 0<t<7,
0
and an application of Gronwall’s inequality gives the bound

(41) X7(1) <

1
) s {UW(t) + (7" - 0% - 77) t} , 0t <5

Z(t) 2

LEMMA 4.1. The function T,g satisfies the bounds

(4.2) vy < Tog(z) < Sy v YV € D,.
r

Proof. The lower bound in (4.2) follows from taking 7 = 0 in (3.5). For the upper
bound, we apply the optional sampling theorem and Fatou’s lemma to the martingale



PERPETUAL CONVERTIBLE BONDS 67

exp {oW (t) — 0%t} and use (4.1) to obtain for any stopping time 7 satisfying 0 <
Ty

(4.3) Ee™""X*(r) < aEexp {aW(r) - ;027'}

1
< zliminf E exp {UW(t AT) — =a(t A 7')} = .
t—oo 2
Therefore,

o0
Tug(z) < / e "Medu+vy sup Ee "TX%(1) < < + yz.
0 0<r<Tg r
LEMMA 4.2. For ally >0, 7';” s almost surely continuous in x at all x > 0.
Proof. 1t is possible to choose for each initial condition a version of the process
X*(t), t > 0, such that X*(¢) is jointly continuous in (¢, z), almost surely (see [15,
Theorem 4.2.5]). Because of the uniqueness of the solution to (3.4), we have for
0 < &<z <ythat Xé() < X*(t), 0 < t < oo, almost surely; if these processes
ever coalesce, they would henceforth coincide. This implies that limgq, 7'5 > 7.
On the other hand, 7§ = inf {t > 0; X”(t) > y}, which implies that limg, 75 < 77
Therefore,

(4.4) lglgl 75 =T,

By a similar argument, we conclude

(4.5) lﬁllnmng =7,
Combining (4.4) and (4.5), we see that, almost surely, lime_, 75 = 77, 0 < x < y,
and (4.4) holds for x = y. A similar argument shows that lim,_,, 7'5 =71, 0<y<uz,
and (4.5) holds for x = y. |

Using (4.1) to bound e~ "' X *(t), limy_.o. exp{oW (t) — 252t} = 0, joint continuity
of X*(t) in (t,x), and Lemma 4.2, we conclude that the process

AT AT . .
(4.6)  Y*(t) 2 / e edu + Lipnrg ars<ocye "NV (E A TS ATE)
0

is jointly continuous in (t,z) € [0,00] x D,, almost surely. In particular, we have
continuity at time t = oo, where

TONTY . .
Y*(c0) £ / e Medu + H{TOmAT:<OO}e*T(TO Ay X2 (18 A TE).
0

LEMMA 4.3. The function Tyg is lower semicontinuous on D,.
Let 7 be any nonnegative stopping time. Lemma 4.2 implies that 7 A 75 A 77 is
almost surely continuous in z. The function

TATY ANTY o
hro=E / e "edu + ]I{T/\Tg/\:<oo}efr(“70 Ny X (TATGATS)
0

is thus lower semicontinuous (Fatou’s lemma), and T,g(x) = sup, h o(z), the supre-
mum of lower semicontinuous functions, is lower semicontinuous. 0
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We know from inequality (4.1) that

1 x
(4.7) sup Y*(t) < Sy YT Sup exp {aW(t) - (n + 02> t} -S4 eV,
0<t<oo T t>0 2 r

where W* = sup,~ [W(t)— (% + L) t]. According to [13, Exercise 5.9, Chapter 3],
W* has density

(4.8) P{W* € db} = 2 (g + g) exp {2 (% + g) bpav,  b>o0.

This means that Ee”"" < oo, so we obtain

(4.9) E sup Y?(t) < oc.
0<t<oo

In light of Lemmas 4.1 and 4.3, the set

S, 2 {z € Dy Tug(a) = ya} = {x € D : Tug(x) < 7a)
is closed, contains the origin, and contains a if a is finite. We define
(4.10) 7 Einf {t > 0; X*(t) € S},

a stopping time satisfying 7% < 73 A7Z. Since inequality (4.9) holds, it is known from
the general theory of optimal stopping that the process

tATY ATY .
@) 2502 [ et g ooy T DT (07 7 A7)
0

is a supermartingale for 0 <t < oo; the stopped process Z*(t A 72), 0 <t < 00, is a
martingale; and 77 is an optimal stopping time, i.e.,

(412)  Tug(a)=E / " e edu + L coye T AX (1) | = EY®(72).

To prove this, one can first show, using the Markov property, that the process
{Z%(t) }o<t<oo is the Snell envelope of {Y*(t)}o<i<oo, i-€.,

(4.13) Z*(t) = esssup, >, E [Y*(1)|F],

and then appeal to [14, Appendix D] . Another way to prove it is to combine Theorem
1, page 124, and Theorem 3, page 127, from [20].
LEMMA 4.4. Assume a = oo. We have

(4.14) v < Toog(z) <z Vi € Dy,
and there is a number b > 0 such that

(4.15) Toog(z) =y Vo € [b,00).
If a € (0,00), we have

(4.16) vyr <T,g(z) <z Va € D,.
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Proof. We shall construct a number b > 0 and a function ¢: [0,00) — R such
that

(4.17) v < p(z) <z Vxel0,b], ¢(x)=~vyzVz e b o00);

¢" is defined and continuous on [0, 00), except at v/b and b, but has one-sided deriva-
tives at these points; ¢’ is defined, bounded, and continuous on [0, c0) except at v/b,
but has one-sided derivatives at this point which satisfy

(4.18) D~ p(Vb) — DY (V) > 0,

(4.19) Lyp(x) >c Yrel0,00))\ {\/B,b}.

Once b and ¢ are constructed, we choose an arbitrary z > 0. With X(t) =
X?(t), the extension of Itd’s rule to continuous, piecewise C? functions [13, Chapter
3, Theorem 7.1 and Corollary 7.2] implies that

d (e p(X (1)) = —e " Lyp(X (1)) dt — e (Dvp(\/é)—DW(\/l?)) dA(t)
+e Mo X () (X (1) dW (1),

where A(t) is the (nondecreasing) local time of X at v/b. From (4.18) and (4.19), we
see that

d (e (X (1)) < —e "tedt + e T o X (8@ (X (£)) dW (£).

Hence, for any stopping time 7 < 7§ and any deterministic time T', we have
TAT
Ee="""T) (X (r AT)) < p(z) — E / e,
0

where we have used the boundedness of ¢’ and (4.1) to ensure that the expectation
of the It6 integral is zero. This last inequality implies

p(z) > E :

TAT
/ e~ "edt + I conye "Ny X (T AT)
0

Letting T'— oo and using Fatou’s lemma, then maximizing over 7, we obtain ¢(x) >
T,g(z). Relations (4.14), (4.15) follow from (4.2) and (4.17).

If a € (0,00), then the function h(x) = x on [0,a] is two times continuously
differentiable on (0, a) and satisfies Lyh(x) > ¢. Since h(z) > ya for each 0 < 2 < a,
we can do the same computation as above for the function h instead of ¢ and obtain
(4.16).

The remainder of the proof is the construction of b and ¢. For b > €2, define the
positive function n(b) = (1 —~)/(4 logb+ % —1). Consider the function

KB) 2 ey = n(b) 1+ 58VB(1 =) (3 = n(b) = 30*(6) V5.

Since limy oo 7(b) = 0, we have limy,_, k(b) = co. We fix a value b > e® for which
k(b) > 0, n(b) < . For any g € G, we know that lim, .. [g(z) — yz] = 0, so for b
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sufficiently large, we also have

(4.20) x—g(z) > ( Vb Va € [Vb,o0),

~ N

Y

d=e Vz € [b, 00).

(4.21) 6(x — g(x)) 5

With b chosen to satisfy all the above properties, we set

z, 0<x<Vb,
(4.22) (@) = ¢ vz +nb)Vb (£ —log%—1), Vb <z <b,
vz, x> b.

A straightforward computation verifies that ¢ has the desired properties.
COROLLARY 4.5. The function T,g is continuous on D,.
Proof. Recall from the proof of Lemma 4.3 that for each y > 0, the stopping time
is a continuous function of x. The complement of the closed set Sy,

x
Ty

£ {:L' € Da§Tag(x) > ﬂ}/x}a

is a countable union of disjoint open intervals, and on each of these intervals («, ),
we have 77 = 77 A 75, which is a continuous function of z € [, 5]. On the set S,

= 0. Hence, 77 is continuous on both S, and its complement C,. To show that 77
is continuous on D, = C, U Sy, it remains only to show that if {z,}52, is a sequence
in C4 converging to x € Sg, then T — 78 = 0. But 77 <77 and 77" — 177 =0,
alrnost surely (Lemma 4.2), so the desired result holds.

For a < oo we have 0 < X*(t A7¥) < a. For a = oo, Lemma 4.4 implies there
exists b > 0 such that [b,00) C S,. In this case, 0 < XT(t A7T) < max{x,b}. The
continuity of T, g follows from the representation (4.12), the continuity of 7%, the joint
continuity of Y*(t) on [0, 00] X D,, and the dominated convergence theorem. O

PROPOSITION 4.6. The function T,g is twice continuously differentiable on C,
and satisfies the equation

(4.23) LyT,9 =conCy.

If g € G,, then Tog is three times continuously differentiable on Cg.
Proof. Let x € C4 be given, and choose 0 < a < x < § such that (o, 5) C C,.
Consider the linear, second-order ordinary differential equation

(4.24) Loh(z) =c¢ Vze(a,p),

with the boundary conditions h(a) = T,g(«), h(8) = T,g(5). Because the coefficients
of (4.24) are continuous, the equation has a twice continuously differentiable solution
h satisfying these boundary conditions. If g € G,, so that the coefficients of (4.24)
are continuously differentiable, then h is three times continuously differentiable. 1t6’s
formula implies that

d[e T (X ()] = e [~ Loh(XT(t)) dt + o XT ()W (X7 (t)) dW (1))
—e Medt+ e o X (N (XU (L)) dW ().
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Integrating this equation from ¢t =0tot = 77 /\TE and taking expectations, we obtain
TZ/\TE o
w) =B / e tedt + e TN R(XT (72 A 75))
0

=E

T;/\Tg .
/ e tedt + e T NE T, (X T (TE A 73))
0
=EZ*(75 /\Tg) = Z%(0) = Th9(x),

where we have used the fact that Z%(t A 72 A Tg) is a bounded martingale, since
T NT5 < T ]

Remark 4.7. Let us denote by D*T,g the derivatives from the right and left of
T,g, when these one-sided derivatives exist. We likewise denote by DT, g the derivative
of T,,g, when the derivative exists. Because it is open, the set C, is a countable union of
disjoint open intervals, which we call the components of Cy. Let (c, 3) be one of these
components. The second-order differential operator £, does not degenerate to a first-
order operator at any point in [a, (], except at a when a = 0. Therefore, the function
h in the proof of Proposition 4.6 is twice continuously differentiable at the endpoint
B and also at o provided that o > 0. We conclude that D™ T,¢(8) = lim;3 DT,g(x)
exists. If @ > 0, then DT, g(a) = lim, |, DT,g(x) also exists.

5. The invariance property of T,. As in the previous section, let a € (0, co]
and g € G, be given, and define T,g by (3.5). In this section we show that T,
maps G, into itself. For this we use the theory of viscosity solutions of Hamilton—
Jacobi-Bellman equations developed by Crandall and Lions (see [7], [9]). The proof
of Proposition 5.1 below is standard, so we omit it. See [19] for a similar proof.

PRrOPOSITION 5.1. The function T,g is a viscosity solution of the Hamilton—
Jacobi—Bellman equation

(5.1) min{L h(z) —¢,h(x) —yx} =0 Va € D,.

We use Proposition 5.1 to deduce other information about T,g.
COROLLARY 5.2. Given any b € (0,a), the set Cy N (0,b) is nonempty.
Proof. Suppose T,g(x) = vz for all z € [0,b]. Then

LyTog(x) —c= (v — e+ oy(x — g(x)),

which is strictly negative for z > 0 sufficiently small. This violates the viscosity
supersolution property of T,g. 0

LEMMA 5.3. If (0,a) NSy contains a point b, then [b,00) N D, C S,.

Proof. Assume b € (0,a) NS, and denote B(x) = yx. Because T,g(b) = $(b) and
T.g > ©, the viscosity supersolution property for T, ¢ implies

c < Lyp(b) = ey + 6v(b— g(b)).
But the function z — = — g(z) is nondecreasing on D,. Therefore
c<cy+6y(x —g(z)) Ve b,o00)ND,.

We must show that T,g(z) < B(z) for all x € [b,00) N D,. Assume on the
contrary that n £ sup {T,g(z) — @(z); z € [b,00) N D, } is positive and let z( attain
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the supremum in the definition of 7. (The supremum is attained because both T,g
and P are continuous, and if a = co, then T,g(x) = P(x) for all sufficiently large z.)

We take ¢(x) = @(z) +n for z € [b,00) N D,, so that p(x) > T,g(x) for z €
[b,00) N D, and p(z9) = Tug(xo). We have o(b) > Tog(b) and can choose ¢ on
(0,b) so that it is twice continuously differentiable and dominates T g on all of (0, a).
Because T, g is a viscosity subsolution of (5.1) and ¢(xg) = T,g(x0) > Y20, we obtain

Lyp(xo0) = rTag(x0) — Y(rzo — c) + 6y(z0 — g(20)) < ¢ < ye+ dy(wo — g(w0)),

and hence T,g(zg) < ~yxo, a contradiction to the choice of zy. We conclude that
Tog(z) < P(x) for x € [b,00) N D,. 0

From Corollary 5.2 and Lemmas 5.3 and 4.4, we have the following.

PROPOSITION 5.4. If a is finite, then Cg = (0,b) for some b € (0,a] and S; =
{0} U [b,a]. If a = o0, then Cy = (0,b) for some b € (0,00) and Sg = {0} U [b, 00).

Let b be as in Proposition 5.4. We have already seen that T, g is twice continuously
differentiable on C, = (0, b) with a one-sided derivative D~ T,g(b) at b. Since T,g(x) =
vz on Sy, this function is clearly differentiable on the set (b, a) if b < a, with one-sided
derivative DTT,g(b) = 7. It remains to examine the differentiability of T,g at the
point b.

PROPOSITION 5.5 (smooth pasting). The function T,g is continuously differen-
tiable on (0,a).

Proof. 1t suffices to show in the case that b < a that D~ T,g(b) = D*T,g(b).
Because Tyg(x) > ~a for all x € D, and T,g(b) = b, we must have D™ T,g(b) <
~v. If D™T,g(b) < v, we choose m € (D~ T,g(b), DTT,g(b)), k > 0, and define
o(z) = vb +m(z — b) + k(z — b)? for = in an open interval containing b. Note that
©(b) = T,g(b) and ¢'(b) = m. Therefore, p(z) < T,g(x) for z # b in a sufficiently
small neighborhood of b (whose size depends on k). We construct ¢ outside this
neighborhood so that ¢ is twice continuously differentiable on (0, a) and p(z) < Tog(x)
for all z € (0,a). Because T,g is a viscosity supersolution of (5.1), the inequality

0 < Lyp(b) —c=ryb— (rb—c)m + (b — g(b))m — o?b*k — ¢

must hold. Since k > 0 is arbitrary, this is impossible. a

We have proved so far the following properties of the value function T, g: for any
g € Gas T,g is a continuous function on D, and it has a continuous derivative on
(0,a), Tog(0) = 0 and Tog(z) > vz for all © € D,. If a is finite, then T,g(z) = va; if
a = 00, then Twg(x) = vz for x sufficiently large.

We now need to prove an invariance property for the operator T,. Up to this
point, we have taken ¢ to be an arbitrary function in G,. For the next proposition,
we must restrict our attention to g € G,,.

PROPOSITION 5.6. Let a € (0,00] be given. Then T, maps G, into G,.

Proof. Assume that g € G,. By the above remark, it remains only to show that
—M, <DT,g <1on (0,a)if a is finite and 0 < DT,g9 < 1 if a = oo.

First we claim that the function ¢ = DT,g (defined on (0,a)) cannot attain a
positive local maximum or a negative local minimum in C,. By Proposition 4.6, % is
C? on C,. Assume that ¢ has a positive local maximum at x, € C;. Thus, we have
Y'(z+) = 0. In particular,

2 (Lugla) (@) = —nf () =0,

L=,
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Equation (4.23) implies for = € C, that

c=L,T,9(x)
= r(Tug(z) — w(e) + cv(w) + 8(x — g()b(x) — 0% (),
and thus
d / 1 2,2 111
0= 2L, Tagle)| | =801 = (w))(e.) — 3ot ().

Because 9 has a local maximum at x., ¥ (z.) < 0. But 1 — ¢’(z.) is positive, and
Y(x,) > 0. We have a contradiction, and hence 9 cannot have a positive local maxi-
mum in Cy. If 9 has a negative local minimum at z., we likewise have a contradiction.

We consider now the case that a = co. For & < y we have X*(t) < XY(t) almost
surely and 7§ < 7§ almost surely. It follows from (3.5) that T g is nondecreasing.
The lower bound DT,,g > 0 is established. For the upper bound, DT.g(z) < 1, we
recall that C; = (0,b) for some b € (0,00). Assume there were a point zo € (0,b)
where DTo.g(z9) > 1. We know that DT,g(b) = v < 1. Now consider a point
x1 € (0,20). If DTg(x1) < 1, then DTg would have a positive local maximum
in the interval (z1,b), which is impossible. We conclude that DT.g(xz1) > 1. In
other words, if there were a point g € (0,b) where DT g(xo) > 1, then DTog > 1
on the whole interval (0,2p). The upper bound in (4.14) would immediately imply
that Toog(x) = z for 0 < z < xp, and once again DT,,g would have a positive local
maximum in (0, ). We conclude that DT.g(zo) < 1 for all 29 € (0,b).

If o is finite, we can modify the above argument, using (4.16) in place of (4.14)
and D~ T,g(b) < v (in case C;, = (0, a)), to obtain the upper bound DT,g < 1 on
(0,a).

The proof of the lower bound DT,g(x) > —M, for the case a < oo is more
involved. Again using the notation C, = (0,b), we assume there is zg € (0,b) such
that DT,g(xo) < 0. Let 21 € (0,z9). The continuous function DT,g attains its
minimum on [z1,b] at 1 or b, since it cannot attain a negative interior minimum. In
case the minimum is attained at z1, this means that DT,g(z1) < DT,(z¢) < 0. For
any 0 < xo < x1, DT, cannot attain a negative interior minimum on [z2, o), so we
can conclude that DT, g(x2) < DT,g(x1) < 0. This should hold for any 0 < z2 < z1,
which is in contradiction to T,g(0) = 0, Tyg(x) > vyx. So if DT,9(xg) < 0, then for
any z1 € (0,x9), DT,g attains its negative minimum on [z, b] at b. This means that

2 D™ T,g(b) < inf D,T :
(5:2) ag(b) < inf DaTg(x) <0

In other words, the derivative D,Tg either is nonnegative or, if it has negative values,
is bounded below by DT, g(b). Of course, the latter case can only happen for b = a.
The first case satisfies the conclusion, so we assume
(5.3) D™ T,g(a) = I%n]DTag(a:) < 0.

xc(0,a
This means that C; = (0,a) and hence L,T,9(x) = ¢ for all =z € (0,a). Let h satisfy
Lgoh(z) = c for x € (ya,a) and h(ya) = va, h(a) = va. Since Tog(va) < va = h(ya),
Tog(a) = va = h(a) and L Tog(x) = Lyh(x) for all € (0, a), the usual comparison
argument based on the maximum principle yields T,g(z) < h(x) for all z € [ya,a).
But T,g9(a) = h(a), and this implies

(5.4) D™ T,g(a) > D™ h(a).
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It suffices to find a lower bound on D~ h(a). We have 0 < va < Tyg(x) < h(z)
for z € [ya,a]. In order to find an upper bound on h, we let z* € [ya, a] be such that
h(z*) = max,c(yq,q h(z). If z* is an interior point of [ya,a], then h/(z*) = 0 and
h"(xz*) < 0. But Lyh(z*) = c from which we conclude that max,e[yq,q) R(z) = h(z*) <
€. If 2* is not an interior point of [ya,a], then max,¢[yq.q h(2) < h(va) = h(a) = ya.
In either case, we have

(5.5) 0 < h(z) < max {fya, ;} Vz € [ya,al.
We know that
(5.6) 0<g(x)<a Yzc€]ya,al.

Neither (5.5) nor (5.6) depends on the lower bound —M, < ¢'(z) satisfied by functions
g in C, when a is finite.

Since h(ya) = h(a), there exists g € (ya,a) such that h'(z9) = 0. We solve the
equation L h = ¢ on (ya,a) for A" and then integrate to obtain

6.0 W@ = [ (o) (g = ) + 8~ 9 ) — ] dy
T
for all x € [zg,a]. Taking into account the bounds (5.5) and (5.6), we may use
Gronwall’s inequality to obtain |h'(a)| < M, for some constant M, depending only
on the bounds max{~ya, £} and a appearing in (5.5) and (5.6) and also depending
on the interval [ya,a]. From (5.3), (5.4) we conclude that DT,g(z) > —M, for all
z € (0,a). 0
Remark 5.7. M, is bounded in a as long as a is bounded away from 0.

6. The fixed point property. For a = oo we recall that G is a closed subset
of the complete metric space (Cs,d) (see Definition 3.1). For a < oo, the set G, is a
closed convex subset of the Banach space C|0, a] endowed with the supremum norm.
We denote by d(f, g) the metric associated with the supremum norm. We have proved
that T (Goo) C C, and T,(G,) C C[0,a] for a < co. We also know (in both cases
a = 0o and a < o) that T, (G,) C G,. In this section we prove that T,(G,) C G, and
the operator T}, has a unique fixed point in G,. Many of the arguments in the rest of
the paper are based on the following lemma.

LEMMA 6.1 (comparison). Let 0 < a < 8 and f,g € C(«,3) be given. Consider
v € Cla,B) a viscosity subsolution of Lip(z) < ¢ on (o, B) and ¢ € C{(a,3) a
viscosity supersolution of Lo(z) > ¢ on (o, B). Assume that at least one of the
functions is a classical (C*(a, 3)) solution of the corresponding differential inequality
and that the function ¢ — 1 attains a local mazimum at z. € («,8). Then

r(p(@.) = (@) < 6(f(2e) — g(x:)) @ (w4) = 6(f () — g(@:))¥' (22).

Proof. Let us assume that ¢ € C?(a, 3) is a classical solution of Lp(z) < c.
(The argument in the other case is identical.) This means that

() = (rzs — )@’ (@) + (20 — f(@))¢ (2) — %szcf@”(w*) <c

The function 1) — ¢ attains a local minimum at z,, and since ¢ is C? in a neighborhood
of x,, we can consider ¢ as a test function when we apply the definition of the viscosity
supersolution ¢. We obtain the inequality

(@) = (e = ) (22) + 6(2s — g(24)) ' (24) — %02963%”(%*) >c.
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Comparing the above results, we conclude that

r(p(@.) — (@) < 6(f(20) — g(:))@ (@)

Since x, is a point of interior maximum for ¢ — 1, and both ¢ and ) have continuous
derivatives on (0, a), we have that ¢'(z.) = ¢’ (). O

PROPOSITION 6.2. For 0 < a < 0o, we have Ty(Gy) C Ga, and the mapping T,
has a unique fized point in G,.

Proof. Let f,g € G, be given. We denote ¢ = T, f and 1 = T,g. Since ¢(0) =
¥(0) = 0, we know that sup,cp_ (@(z) =1 (z)) > 0. We recall that ¢, ¥ are continuous
on [0, a] for finite a (or they are continuous on [0, 00) and equal to vz for x large enough
if @ = 00). Thus there exists . such that ¢(z.) — ¥ (z+) = max,e(o,q(¢() — Y (z)).
If p(z.) — ¢¥(zs) =0, then

sup,ep, (P(2) = P(2)) < p(e.) —P(z.) =0 < ;maX{Ma, 1}d(f, 9)-

Assume that ¢(z.) —¢(z.) > 0. Since p(0) = (0) and ¢(a) = ¥(a) (or p(x) = P (z)
for all = large enough if a = c0), we see that 0 < z, < a. Moreover, since p(x,) >
(zs) > Y., we know z, € Cp = {x: p(x) > vz}

We remember that ¢ is a C? function on the open set C t, it is a classical solution
of Ly = con Cy, and 1 is a viscosity supersolution of £, > c. Lemma 6.1 implies

r(e(xy) —P(ay)) < 6(f(xx) — g(xs))¢’ (24). Therefore,

sup (pla) — 0(2) < p(a) — ¥(a) < 1) — gla)ll¢ )]

z€[0,a]

Since ¢'(x.) = 9'(z4), it is enough to assume that at least one of the functions f
and g is an element of G, to conclude that |¢’(z,)| < max{M,, 1}, where M, = 0 for
a = co. Consequently, we obtain

s () = () < | max{My, (. ).

We can switch ¢ and 9 in the argument above and obtain a similar inequality for
1 — . In other words, we have proved that

(61) A(T.f, Tog) < & max{ Mo, 1}d(f,9),

provided that at least one of the functions f and g is an element of G,.

We now choose f € G,, and let f,, € G, be such that d(f,,f) — 0 as n — oo.
Using (6.1) we immediately obtain d(Ty f, Tof) — 0 as n — oo, and since T, f,, € G,
for all n, we conclude that T, f € G,.

A similar approximation argument (f, — f, gn — g, fn,gn € Ga), together with

d(Taf7 Tag) < d(Tafa Tafn) + d(Tafna Tagn) + d(Tagna Tag)

yields

AT, Tag) < * max{M,, 1}d(f.9) 1.9 € T
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We consider separately the two cases a = co and a < co. If a = oo, then M, = 0.
Since 6 < 7, T, is a contraction on the complete metric space (Goo,d). Applying the
Banach fixed point theorem, we conclude that T, has a unique fixed point in Guo.

If a < 00, the Arzela-Ascoli theorem implies that G, is a convex and compact
subset of the Banach space C[0,a]. Since T, : G, — G, is a continuous mapping
with respect to the norm of C[0, a], Schauder’s fixed point theorem implies that there
exists a fixed point of T}, in G,. Suppose there were two fixed points of T}, namely f
and g. Assume without loss of generality that

f(as) = g(x.) = max (f(z) —g(z)) >0,

z€[0,a]

so z, € Cy. We apply Lemma 6.1 to conclude

r(f(@) = g(@a) < 6f (w)(f (24) — g(24)),

which is impossible since f(z.) — g(z.) >0, 6 <r, and f'(z,) < 1. (We use here the
fact that f has a continuous derivative on (0,a) and f € G, to conclude f’(z,) < 1.)
This means that f < g on [0,a]. Interchanging f and g, we obtain f = g, so the fixed
point is unique. 0

We denote by f, the unique fixed point of T}, in G,. The function £, is continuous
on D, and continuously differentiable on (0,a). Associated with the function f, is a
number b, € (0,a] such that

(6.2) Li falx)=c, folx)>~vr, 0<2<b,,
(6.3) Ls, fo(x) Z ¢, falz) =7z, bo <z <a

Even if a = 00, by, is finite.
PRrROPOSITION 6.3. The number b, is given by

Joa if a < beo,
(6.4) b“{ boo if @ > bo.

Proof. The proof is based on the same comparison argument for viscosity solutions
that allowed us to conclude that the fixed point is unique in Proposition 6.2, namely
an application of Lemma 6.1.

Consider first the case a < by, and suppose b, < a. The function f, is defined
only on [0, a], but we may extend it by the formula

(6.5) Fola) = { falw) f0<z<a,

v if x > a.

It is apparent from (6.3) that f,, is continuous on [0, co) and continuously differentiable
on (0,00). Furthermore, for > a we have

(6.6) c< Ly fola) =cy+8y(1—v)a < ey +8y(1 =)z = L5 fo(2).

Using (6.6) we conclude that f, is a viscosity solution of the equation min{L f (z)—
¢, f(z) —yr} =0 on (0,00). Furthermore, f, has a continuous derivative on (0, o)
and f,(z) = vz for large x. We can now compare f, and fo. We know that either

sup (f,(2) = foo()) <0

z€[0,00)
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or there exists . € (0,bs) such that

fa(@) = foo(z) = sup (f,(2) = foo()) > 0.

z€[0,00)

In the latter case, x, € C? and Lemma 6.1 implies

T(?a(x*) - foo(x*)) < 6f</>o(x*)(fa(-r*) - foo(x*))7

which is impossible since r < § and f/_(x,) < 1. This means that the only possibility
is f, < foo- In the same way we prove that fo, < f,, 50 f, = fo. This implies that
bq = boo, which contradicts the hypothesis b, < a < boo.

The case a > bo is similar since f,(a) = va = fx(a), and the restriction of foo
to [0, a] is a viscosity solution of (3.1) on (0,a). We can use the same comparison
argument to conclude that foo|(o,a] = fa, Which implies b, = boo.

COROLLARY 6.4. For 0 < a < oo, the function f, is in G,.

Proof. We have already seen that f, is continuously differentiable, and since
fa € Ga, we conclude that —M, < f/(z) <1 for 0 < x < a. It remains only to prove
that the derivative f! cannot attain the value 1.

Assume, by contradiction, that f,(x¢) = 1 for some xo € (0,a). This means f,
has a maximum at zg and zg € Cy,, where f, is two times continuously differentiable.
Hence, f!(zo) = 0. Moreover, Ly, fo(xo) = ¢, so (r — 8)(xo — fa(x0)) = 0. Since
r— & > 0 we see that f,(xg) = xg. The function f, is thus a solution of the ordinary
differential equation Ly f(z) = ¢ with initial conditions f(z¢) = zo, f'(z0) =1 on
the interval [zg,b,]. However, the only such solution to this equation is f(x) = =,
and we conclude that f,(z) = z for zo < z < b,. This contradicts the fact that
fa(ba) = ’Yba < bg.

COROLLARY 6.5. For every 0 < a < oo, the function f, is concave for small
values of x, it has a right derivative at x =0, and DT f,(0) < 1.

Proof. Since f, = T,f, and we just proved that f, € G,, we know from the
first part of the proof of Proposition 5.6 that the derivative f, = DT,f, cannot
attain a positive local maximum in (0,b,). Since fo(0) = 0, fo(bs) = vba, and f,
is differentiable on (0,b,), we can conclude from the mean-value theorem that there
exists x4 € (0,b,) with f(z,) = ~. Since D~ f,(bs) < 7y, we can argue that for any
x1 < 22 < x, we have f/(x1) > fl(x2). To do this, we first use the fact that f, cannot
attain a positive interior maximum on [z2,b,] to conclude that f;(z2) > fi(zy) =~
and then use the fact that f, cannot attain a positive interior maximum on [z1,z,]
to further conclude that f!(xz1) > f.(x2). In other words, the derivative f/ is strictly
decreasing on (0, z). This means that the function f, is concave on [0, z,] and

fa(z) =0

+ Ay — lim '
(6.7) D" fa(0) = lim == === = lim f;(v)

is well defined. It is obvious that D% f,(0) < 1.

7. Proofs of Theorems 2.2, 2.4, and 2.5. For each call price K we construct
a function f* so that f*(z) is the value of the convertible bond when the value
of the firm is x. For small values of z, the function f*(x) agrees with f,(x) for
an appropriately chosen a, depending on K. In order to proceed, we must first
understand the dependence of f, on the parameter a. For this purpose, we define
m: (0,00) — (0,00) by

(7.1) m(a) = max_f,(z).
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Because fo = foolj0,a] for @ > bo and f is nondecreasing by virtue of its membership
in ?oo, we have

(7.2) m(a) =vya Va > by

For a < bso and z € (0, a), we have f,(x) > va (Proposition 6.3 and the inequality in
(6.2)), and so it is possible that m(a) > ya for 0 < a < bs,. We shall in fact discover
that there is a number by € [0, boo) such that m(a) > va for 0 < a < by, whereas
m(a) = ~ya for a > by (see Remark 7.3).

LEMMA 7.1. The function m: (0,00) — (0,00) is strictly increasing and contin-
uwous and satisfies limg o m(a) = 0.

Proof. Tt is clear from (7.2) that m is strictly increasing on [bs,00). We first
show that m is nondecreasing on (0,bs]. Let 0 < a1 < a2 < bo be given. Since
fa (0) = 0 = fo,(0) and fq, (a1) = ya1 < fa,(a1), if the function f,, — f,, attains
a positive maximum over [0,a;] it must be at an interior point z. € (0,a1). But
Ly, fa (@) =c =Ly, fa,(x) for 0 <z < ay, and z € Cy, , where f,, is C*. Lemma
6.1 implies that

71(fal (:L'*) - fag(x*)) < 6(fa1(x*) - fa2($*))f¢,11 (1'*)7

which is impossible because 6 < 7 and f;, (z.) < 1. We conclude that fo, (z) < fa,()
for all z € [0, a1]. Therefore m is nondecreasing on (0, beo].

By the same comparison argument, the function f,, — f,, cannot attain a positive
maximum in (0,a1), 80 fa, () — fa, () < fa,(a1) —vay for 0 <z < a;. It follows that

(7.3) m(az) —m(a1) = max { max fo,(z), max faz (@ )} —m(a1)

z€[0,a1] z€lay,az)
< max{ max (fa2( ) = fay (%)), max (fa,(x) —~a1)}
z€[0,a z€lar,az]

:max{fa2 al)f’)/al, max (fa2() ’Yal)}

=—ya1+ max fo,(z )
z€lar,az]
By virtue of its membership in G,, and Remark 5.7, the function f,, satisfies f}_ (x) >
—C for all z € (0,a2) and some positive constant C which is bounded away from zero
so long as ag is bounded away from zero. Thus, for x € [a1, as],

az
funl@) = funlaz) = [ F, @) dy < 02+ Claz -~ 2) < 50z + Claz — @)
Substituting this into (7.3), we conclude that

(7.4) 0 <m(az) —m(ar) < (C+~v)(az — a1),

so long as as is bounded away from zero. The function m is thus continuous.

We now prove that m(a;) < m(asz). Assume, by contradiction, that m(a;) =
m(az). Let xg € [0,a1] be such that fq, (r9) = m(a1). We must actually have xo €
(0,a1) because m(a1) = m(az) > vaz > va1 = fq,(a1) > 0 = f4,(0). We have already
shown that f,, dominates f,, on [0, a1], and hence we must have f,, (x¢) = fa,(20)-
The comparison argument using Lemma 6.1 shows that neither f,, — fao, nor fo, — fa,
can have a positive maximum in the open interval (0, xg); we conclude that

(7.5) far (x) = fay () V€ [0,20].
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Both fq, and f,, are solutions of the ordinary differential equation L£;f(z) = c on
[%0, 1] and have the same initial conditions f,, (z0) = fa,(%0), fo, (x0) = fi,(x0). It
follows that

(7.6) far () = far () Vo € [0, 01]-

This implies that f,,(a1) = fq4,(a1) = va1, which contradicts Proposition 6.3. We
conclude that m is strictly increasing on (0, beo].

Finally, since f,(z) < z for 0 < z < a, we see that 0 < m(a) < a, and conse-
quently lim, o m(a) = 0. a

LEMMA 7.2.

(i) Assume m(a) > va for somea > 0. Thena < =
a € (0,a).

(ii) If m(a) > ~a, the function f, attains its mazimum over [0,a] at a unique
point x4 € (0,a).

Proof. (i) If a > %, we define h(z) = ya > 1 for x € [0,a]. Then Ly, h(x) = c for
0 < z < a. Lemma 6.1 shows that f, — h cannot have a positive maximum in (0, a),
and since f,(0) =0 < h(0) and f,(a) = ya = h(x), we conclude that f,(z) < h(a) for
all 0 < x < a. Consequently, the maximum of f, is m(a) = va.

Assume now that m(a) > ~a for some @ > 0. We have just seen that @ < =
Let a € (0,a) be given. Define £ = a/a < 1 and rescale the function fz by setting
f(x) = Lfz(%) for all z € [0,a]. We compute f'(z) = fi(%£) and f"(z) = }f2(%),
from which we conclude that

and m(a) > ~va for all

T

Eff(a:)zﬂﬁfifg(%)+c(1—l)fé(l)§€c+c(1—€):c Yz € (0, a).

Lemma 6.1 shows that f — f, cannot have a positive maximum over [0,a] at a point
in (0,a). But f(0) = f,(0) = 0 and f(a) = fu(a) = va, and therefore f,(z) > f(z)
for all € [0,a]. In particular,

(7.7) m(a) = max f,(x) > max f(z)=4¢m(a) > lya = vya.
z€[0,a] z€[0,a]

(ii) Let us assume now that m(a) > ~va and there exist 0 < zy < yo < a such
that fu(x0) = fa(yo) = m(a). Since fo(x) < m(a) for zqg < x < yo we see that f,
has a local minimum at some point 1 € (g,y0). Then f/(z1) =0, f/(z1) > 0, and
we may use the equation Ly, fo(x1) = c to obtain rf,(21) > ¢. This is impossible

C
T

because fq(z1) < m(a) < m(TCr) =

Remark 7.3. We define by = sup{a > 0,m(a) > va}, where we set by = 0 if
m(a) = ~va for all @ > 0. Lemma 7.2 shows that m(a) > ~a for all a € (0,by). This
lemma further shows that by < % Since for > bo, we have foo(x) = vz and

Ly foo(x) > ¢, we conclude that

rYboo — (Pbeo — )7 + 6(boo — Vhoo )y > ¢,

which implies §(1 — v)booy > ¢(1 — 7), and consequently by, > 5- In summary,
(7.8) 0<by< = <5 <b.
yro 6

LEMMA 7.4. If0 <~ < 3, then by > 0.
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Proof. For small values of a, we construct a quadratic subsolution of

(7.9) { Lyg(z) <cfor 0<z<a,

9(0) =0, g(a) = va,

which satisfies max,¢[o,q) g(z) > ya. According to Lemma 6.1, g — f, cannot have a
positive maximum over [0,a] in (0,a), and since g(0) = f,(0) = 0, g(a) = fu(a) = va,
we see that f, > g on [0,a]. It follows that m(a) > va.

The remainder of the proof is the construction of g. We define

X

g(x):—22+<’)/+;)x

so that ¢g(0) = 0 and g(a) = ya. Direct computation results in

Lyg(z)
re?  cw 1 o3 36yx?  ba? 9 S o’z
=——-——+ |7+ )c—53 - — =0y x4+ —+
4a 4 2a

2

2a a 2 2a? 2

ra 1 36va Sa  oa
<= - — 4+ — .
_2+(7+2) +—-t+ Tt vzelod

Since (v + 1) ¢ < ¢, we have SUPge0,q] L£99(2) < c for sufficiently small a. 0

We summarize what has so far been established.

(a) For a > by we have f, = foolj0,q) and the maximum m(a) = va of f, over
[0,a] is attained at the right endpoint a. We have fq(z) > vz for x € (0,bs) and
fa(z) = ya for x € [bso, al.

(b) For by < a < bso, the maximum m(a) = va of f, over [0, a] is attained at the
right endpoint a and f,(x) > vz for all = € (0,a).

(c) If by > 0 (a sufficient condition for this is 0 < v < 3), then for 0 < a < by,
we have f,(x) > vz for all z € (0,a) and the maximum m(a) > va of f, over [0,a] is
attained at a unique point z, € (0, a).

For a fixed call price K we want to define f*(z) to be f,(z) for small values of z,
where a is the unique parameter such that m(a) = K. Denoting

Kl :A/b07 K2:’yb007

we have the following three situations corresponding to the three cases of Theorem 2.5.
(i) If K > Ky, we set a = % We define

] fa(@) = foolz) fO0<z<aq,
(7.10) fulx) = { . i
We see that f.(x) = f(x,C%, C¥) for CF = % and CF = by < C}.
(ii) If K41 < K < Ko, then again we set a = % We define

_ fa(z) f0<z<aq,
(7.11) folz) = { v if x> a.
In this case, fi(x) = f(z,C*, C%) for C* = C* = %
(iii) Assume K7 > 0 and 0 < K < Kj. Because m(by) = Kj, there exists a
unique a = m~}(K) < by such that m(a) = K. Since K < K;, Lemma 7.2 implies
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that K = m(a) > ~va and there exists a unique z, € (0,a) such that f,(z,) = m(a).
Since f, < 1, we obtain that K = m(a) = fo(2a) < @e, 50 K < 24 < a < % We now

take Cp = x4, Cp, = % and define

falz) for 0 <z <CF
(7.12) ffley=¢ K for CF <z < C7,
v for x > C}.

Again we have f.(z) = f(z,Cx,CZ). Since f.(C*) =0, f. is a C* function on (0, %)

It is apparent that the function f. and the numbers C%, C just defined have all
the properties set forth in Theorem 2.5. The uniqueness of solutions to N'f = ¢ in
that theorem follows from Lemma 6.1. We now accept Theorem 2.2, whose proof will
be given later in this section, and show that the function f, defined by (7.10)—(7.12)
is indeed the function f, given by (2.19), and the numbers C} and C; defined above
satisfy (2.18). Using f., C*, and C? just defined in this way means that the proof of
Theorem 2.4 given below also completes the proof of Theorem 2.5.

Proof of Theorem 2.4. We need to prove that

(7.13) [z, ¢35, C5)
(7.14) flz, 05, C5)

f(z,C,,C}) for each C, > K, z € (0,00),

<
> f(z,C;,C,) for each C, > 0, x € (0,00).

Case (i). K > Ko = Ybso.

IfC,>Cr= %, then clearly f(z,C¥, C*) = f(z,C,, C) for x € (0, 00).

IfCcx <C, < %, according to Definition 2.3(i) we have f(z,Cy, CX)=f(z,C¥, C¥)
for 0 <z < Cy, and f(z,Cq,CY) = K > f(z,Ck,CF) for Cp <z < % For =z > % ,
we have f(z,C¥, C*) = f(z,Cy,C%) = 7.

Finally, consider the case K < C, < C% = by. Using the Case (i) assumption,
we have K > Ky = vboo = 7C¥ > vC,. From Definition 2.3(ii),

f(CmCaaC:) = maX{K/YCa} =K > 'VCa = f*(ca)

Since f(-) = f(-,Cy, C}) satisfies Ly f(x) = con (0,C,) and Ly, fi(z) = c on (0,C,),
an application of Lemma 6.1 yields

flz,Cr.Cx) = fu(x) < fx,CQ,CF) for 0 <z < C,.
For C, <z < %, we have

f(@.Ca, €)= max{K 72} = K = [, () = £.(o) = £(2.C1,C).

For z > %7 we have f(z,Ck,C%) = vz = f(z,Cy,C%). This completes the proof of
(7.13) in Case (i).

To establish (7.14), we let C, > 0 be given. If C, < C%, then f(C,,Ct, C,) =
~vCy» < f+(Cy). Applying Lemma 6.1, we get

(7.15) flz,Cr,C,) < fu(z) = f(2,CL,C) for 0 <z < C,,.

The same inequality is easily verified for C, < x < co.
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The case C} < C, < C% is the most interesting. We know that the function
fG) = f(-,C%, C,) satisfies

Lif(z) =cfor 0 <z <C,,
f(0)=0, f(C,) =~C, = f*(C,) (since C, > C* = by,).

We recall that f. is a C! viscosity supersolution of L¢, fi(z) = ¢ on (0,C,), so
Lemma 6.1 can be again used to obtain

f(x,C5,Co) = f(z) < f*(x) = f(z,C5,CF) for 0 <z < C.
For C, < z, we have
f(x,C5,C) = vz = f*(x) = f(x,C;, Cy).

IfC, >C = %, we just observe that f(xz,C* C,) = f(z,Cx, %), S0 we can
reduce this case to the case C, = C} already considered. This completes the proof of
(7.14) in Case (i).

Case (ii). vbp = K1 < K < K5 = ybso.

This is the simplest case, all proofs being based on comparison arguments for C?
solutions of the equation Ly f(x) = c¢. The details are left to the reader.

Case (iii). 0 < K < K1 = 7b,.

If C¥ < C, < o0, there is no change:

fz,Cr,C,) = fa,Cr,C%) for 0 < x < 0.

If0 < C, <, then f(C,,Cx,C,) = vC, < fu(C,). The Comparison Lemma 6.1
implies

fz,Cr.C,) < f(x,Cr,Cy) for 0 < x < (.

For C, < x < C*, we have f(z,C%,C,) = va < f(z,Ck,C¥), and for C* < x we know
that f(xz,C*,C,) = f(z,Ck,C%) = max{K,vx}. This completes the proof of (7.14)
in Case (iii).

We consider (7.13). If K < C, < C¥, then f(C,,C,,Ck) = K > f(C,,Ct C%).
The Comparison Lemma 6.1 implies f(x,Cy,C3) > f(x,Ck,C¥) for 0 < z < C,. For
x > C,, we have f(x,C,,C%) = max{K,va} > f(z,C*, C¥).

The case C, > C¥ can be reduced to the case C, = C¥ since f(x,C,,Cx) =
flz,Ck,C%) for all z > 0 if C, > C. We do that case now.

Assume C} < C, < C?. First we claim that f.(-) = f(-,C*,C%) is a C! viscosity
subsolution of

(7.16) Ly, f«(z) < con (0, {j) ,

and then we use the Comparison Lemma 6.1 (the difference fi.(-) — f(-, Cq, C¥) cannot
have a positive maximum in (0,C,)) to conclude that

faulx) < fz,Cy, CF) for 0 <z < C,.

In the comparison argument we also use the fact that f(-) = f(-,C,, C%) satisfies
Lif(x)=cfor 0 <z < Cq, and

f*(O)ZOZf(O,Ca,C§)7 f*(Ca>:K:f(Ca7Ca70;)'
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For C, < < & we have f.(z) = K = f(x,C,,C;), and for z > £ we know that
fo(@) =y = f(z,Co, CF).

This means that the proof of (7.14) is complete, provided we can show that f.
is a viscosity subsolution of (7.16). We know that Ly, fi(z) = c for 0 < z < Cf, f.
being a C? function on (0, C¥). From (7.8) and the Case (iii) assumption, we see that
rK < c¢. Furthermore, f.(x) = K for C <z < % We conclude that Ly, f.(z) < ¢
on (€, ).

It remains to show that if 1 € C2(0,C) dominates f* on (0, C¥) and agrees with
f* at C%, then

(7.17) r(C3) = (rCg = ) (C7) + 6(CF = H(CY'(C) — %02(02)21/1”(02) <ec

Since f, € C’l(O,%) and f/(C*) = 0, we have ¢/(C¥) = 0. Since 0 < C < a, we
know Ly, fa(Cy) = ¢, and since f,(C}) = K and f,(C}) = 0, we obtain

1
(7.18) rK — 502(0;‘)2 "er) =ec.

However, since ¥(C5) = fo(CX), ¢/ (C¥) = f1(C*) = 0, and 1) dominates f, on [0, C]
(because f.(z) = fu(x) on [0,C%]), we conclude that

(7.19) fa (C3) <9"(C3).

Substituting this into (7.18), we obtain (7.17). O

Remark 7.5. The proof of the last claim is based on the elementary observation
that for a C? function, a one-sided maximum is enough to conclude that the second
derivative is not positive, provided that the first derivative vanishes. Furthermore, we
have proved that f is a viscosity solution of the variational inequality max{N f.(z)—
¢, f«(x) — K} =0 on (0, %)

Proof of Theorem 2.2. For y; = x1, it is easily verified that f(z) = x is a solution
of (2.16), and the Comparison Lemma 6.1 establishes uniqueness.

For 0 < y1 < 1, uniqueness again follows from Lemma 6.1 once we have a solution
satisfying f <1 on (0,z1). The proof of existence is based on a fixed point argument
similar to the proof of Proposition 6.2 with a < co. In fact, the argument here is
simpler, since we deal only with C? solutions of the differential equation £, f(z) = ¢
rather then viscosity solutions of the variational inequality min{L,f(z) — ¢, f(z) —
vz} =0.

For 0 < 41 < x1, we set A = 1 — y; and define G to be the set of all functions
g € C[0,21] N C?(0, 1) such that g(0) =0, g(x1) = y1, and

g(z) > max{z — A,0}, —M(z1,y1) <g'(z) <1 Vae(0,z1),

where M (x1,y1) is -a constant to be determined later but depending on only z; and y;.
We further define G to be the closure of G in C[0, ;] with respect to the supremum
norm || - ||. For g € G, we set

o NTY .
(720) Tg(x) =E [/ 1 ce "du —+ ]I{T:I <Tg}€*7‘(7'0 /\Tml)yl ,
0

where X*(t) is given by (3.4) with X®(0) = z. It is clear from its definition that
Tg > 0 for every g € G. We use the argument in the proof of Proposition 4.6 to
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conclude that for g € G the function T'g is of class C? on (0,z1) and £L,Tg(x) = c for
0 < x < x1. The continuity of T'g at 0 and x; follows from Lemma 4.2. The functions
max{z — A,0} and x are respective sub- and supersolutions of L,f = ¢ which lie

respectively below and above T'g at the endpoints 0 and z;. Lemma 6.1 implies that
for all g,h € G,

(7.21) max{z — A,0} < Tg(z) <z for 0 <z < xq,
(7.22) |Tg —Thl| < sup [DTg(x)lllg—hl|.
o<z<zi

We now prove that T(G) C G, the analogue of Proposition 5.6. For g € G, the
first part of the proof of Theorem 5.6 shows that DTg cannot attain a positive local
maximum nor a negative local minimum in (0,27). This implies that either DTg
is nonnegative on (0,z1) or else D™ Tg(z1) < DTg(z) for 0 < = < x;. To show
that DTg(z) > —M/(x1,y1), it suffices to find a lower bound on D~ Tg(x1) which
may depend on x; and y; but not on g. For this purpose, we let h be the solution
on [y1,x1] of the equation L,h = ¢ with boundary conditions h(y1) = h(z1) = y1.
Lemma 6.1 shows that h is nonnegative and dominates T'g on [y1, 1], and hence
D= h(z1) < D™ Tg(xzy). If h attains a maximum at some point z. € (y1,z1), the
equation Lyh(x,) = ¢ implies h(z,) < £. If h does not attain a maximum in (y, 1),
then h is dominated by its value y; at the endpoints of this interval. In either case,
we obtain a bound on |h| which is independent of g. Furthermore, there must be
some point zg € (y1, 1) where A’ vanishes. We solve the equation £,k = ¢ for h”
and integrate from xg to obtain (5.7). We then use Gronwall’s inequality to obtain a
bound on |k’| independent of g.

We need also to obtain the upper bound DTg < 1. We observe first that since
Tg(x) > max{x — A,0} and these two functions agree at x = z1, we must have
D Tg(x1) < 1. We use the same arguments used to prove DT,g < 1if g € G, to
conclude that DT'g < 1 on (0, z1). This completes the proof that T(G) C G. A relation
similar to (6.1) shows that the operator T is continuous on G, and hence T'(G) C G.
Schauder’s fixed point theorem implies the existence of a function f € G satisfying
Tf = f. This means, in particular, that f € C[0,21] N C?(0,21) and L;f = ¢, so f
is a solution of (2.16). Since f is differentiable and f € G, we know that f’ < 1 on
(0,21). In fact, f' < 1. The proof is identical to the proof of f, < 1. O

Acknowledgment. The third author thanks John Noddings for introducing him
to convertible bonds.
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