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DIFFERENTIAL GAMES WITH ERGODIC PAYOFF*
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Abstract. We address a zero-sum differential game with ergodic payoff. We study this prob-
lem via the viscosity solutions of an associated Hamilton—Jacobi-Isaacs equation. Under certain
condition, we establish the existence of a value and prove certain representation formulae.
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1. Introduction. In this article, we consider a general, nonlinear controlled
dynamical system

(L.1) (t) = b(a(t), ur(t), ua(t))

with performance index r(z(t),u1(t), u2(t)), where uy,us are controls. Associated to
this controlled dynamical system we can pose two kinds of problem—H ., control and
the differential game. In H., control, the performance index is referred to as the
output response and us as disturbance. A closed set 7 with respect to which the
undisturbed system (ug = 0) is stable and a constant -y are given. The problem is to
find a strategy o = «[ug] such that

(1.2) /0 (2 (s), alus](s), ua(s))|* ds < 72/0 [uz(s)[* ds

for all t > 0 and all disturbances us. If we can find such a strategy, we say that the
problem is solvable with disturbance attenuation level .

The other problem is the differential game problem. In this case, we call the
performance index the running payoff function. There are two controllers or decision
makers called players. Player 1 wishes to minimize the running payoff function on
finite or infinite time horizon over his control variables u1 (t), whereas Player 2 wishes
to maximize the same over his control variables us(t). Since the interests of the
two players are conflicting, the basic problem is to resolve this conflict by arriving
at solution that serves the interests of both players. In other words, we look for
a min-max/max-min solution to this problem. For infinite horizon problems, one
usually considers two payoff criteria: the discounted payoff criterion and the ergodic or
averaged payoff criterion. These two payoff criteria are, in some sense, complementary
to each other. The immediate future is far more important than the distant future
in the discounted payoff criterion. Quite contrary to this, the finite time behavior of
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the system is irrelevant in the ergodic payoff criterion. It is the asymptotic behavior
of the ergodic payoff that matters. Thus in the ergodic payoff criterion, one looks for
some kind of stability or averaging mechanism taking place.

The differential game (in the sense of Elliott—Kalton) with discounted payoff cri-
terion has been studied extensively in the literature; see [1] and the references therein.
The basic idea is to show that the lower and upper value functions satisfy the dynamic
programming principle (DPP) and thus they are viscosity solutions to corresponding
Hamilton—Jacobi—Isaacs (HJI) equations. If the Isaacs minimax principle holds, then
by a minimax theorem, one obtains that the differential game has value. This pro-
cedures does not seem to be applicable to the differential games with ergodic payoff.
Thus in order to study the differential games with ergodic payoff, we need to approach
the problem in a different way.

In the traditional approach to differential games, one first establishes the DPP,
which in turn leads to the HJI equations. In this article, we follow a reverse approach
which was used by Swiech [18] to treat a stochastic differential game with a finite
horizon payoff criterion (see also [17]). The main idea is to use the integration along
the trajectories of the controlled dynamical system to study the HJI equations. Since
the HJI equation in general does not admit classical solutions, we need to use the
concept of viscosity solutions introduced by Crandall and Lions [4]. We show that if
the HJI equation corresponding to ergodic payoff criterion has a viscosity solution,
then the scalar quantity appearing in the HJI equation is the ergodic value for the
differential game problem under certain stability assumption on the dynamics. Fur-
ther, under a dissipativity assumption, we show that the HJI equation has a viscosity
solution. The novelty of this approach is that it is quite simple and it can be used to
prove the DPP.

There is a close connection between Ho, control and differential games. A Ho
control problem can be viewed as a differential game problem (see [3]). Using this
observation, several authors have studied HJI equations and established DPP for
the solutions; see [6], [9], [13], [15], [16], and the references therein. In [16] an Heo
control problem is considered and studied using the viscosity solution techniques.
Some representation formulas are proved for the viscosity solutions of the associated
HJI equation. As a consequence, the author obtained the DPP for the viscosity
solutions and established the value function to be the minimal viscosity solution under
some nonnegativity assumptions and certain stability assumptions. In [9], [13], an
analogous problem in the stochastic case is considered. Here the authors first obtained
the DPP. The value function is again shown to be the minimal viscosity solution. The
results in the deterministic case are obtained by letting the diffusion coefficient be
zero. Further in [13], the uniqueness of the viscosity solution is established in a
certain class of functions with some growth conditions. Thus the results in these
articles are similar to ours. However, the assumptions considered there are different
from the assumptions in this article. Note that in the mentioned articles, the ergodic
value corresponding to the associated differential game turns out to be zero. Thus
the results presented in this article can be seen as more general concerning differential
games with ergodic payoff. We now describe our problem.

Let U;, i = 1,2, be given compact metric spaces. Let A;, i = 1,2, denote the
set of all measurable functions u; : [0,00) — U;. The set A; is called the set of
all admissible controls for player i. Consider the d-dimensional controlled dynamical
system z(-) described by

(1.3) { f((é; - Z‘Sx(t)aul(t%UQ(t)), >0,
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where b : R% x Uy x Uy — R? and u;(-) € A;. We assume that
(A1) b is continuous and there exists a constant C; > 0 such that for all u; € Uy
and ug € Uy

b(z, u1,u2) — by, u1,u2)| < Crlz —yl.

Let 7 : R% x Uy x Uy — R be the payoff function. We assume that
(A2) r is continuous and there exists a constant Cs > 0 such that for all u; € Uy
and ug € U,

|7(2, ur,u2) — (Y, u1, uz)| < Colx —yl.

Let T’ denote the set of all maps « : Ay — A; that are nonanticipative in the
sense that for any ¢ > 0 and ug, ug € Ua, ua(s) = 2(s) for all s < ¢ implies afus](s) =
aftz](s) for all s < ¢. Similarly, A is defined to be the set of all maps from A; to As
that are nonanticipative.

Let

T
pr(@)i=sup it timsup [ r(a(®). Su(s) m(s) ds
ﬁEAul(')e/h T—o00 T 0

1 (T
p~(z):=inf sup 1imsup—/ r(z(t), uz(s), alus(s)) ds.
ael’ uz(-)€EAs T—o0 T 0

The functions p*(z),p~ (z) are called the upper and lower ergodic value functions
associated with the differential game. If p*(x) = p~(x) = p, a constant for all z, we
say that the differential game with ergodic payoff criterion has a value.

The rest of the paper is organized as follows. In section 2, we prove that if the
associated HJI equation has a viscosity solution (p,w), then the upper and lower
values coincide with p, and thus the differential game has value. We then prove some
more representation formulas for the ergodic value. We also prove DPP for viscosity
solution and a partial uniqueness result for viscosity solutions. In section 3, we show
the existence of a viscosity solution to the HJI equation in two ways under a suitable
assumption. Section 4 contains some concluding remarks.

2. Viscosity solutions and ergodic value. Consider the following HJI equa-
tions

(2.1) p= inf sup {b(x,us,us)  Dw(x) +r(x,u,uz)}, = € RY
u1€UL 4peU,

and

(2.2) p= sup inf {b(z,ur,us) Dw(x)+r(z,ui,u)}, v €R™L

us €U, U1€UL

DEFINITION 2.1. A wiscosity subsolution of (2.1) is a pair (p,w), where p is a
real number and w(-) is an upper semicontinuous function such that for x € R* and
a smooth function ¢, we have

p < inf sup {b(z,ui,us)  Dp(x) + r(z,u1,usz)}
u1€UL 4y Uy
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whenever w — ¢ has a local mazimum at x. A pair (p,w) of a real number p and a
lower semicontinuous function w(-) is said to be a viscosity supersolution of (2.1) if
for x € R% and a smooth function ¢, we have

p> inf sup {b(x,u1,uz)  Dé(z) + r(z,ur,uz)}
u1€UL 4pcU,
whenever w— ¢ has a local minimum at x. A viscosity solution of (2.1) is a pair (p, w)
that is both viscosity sub- and supersolution of (2.1). Similarly, a viscosity solution of
(2.2) is defined.

We now proceed to prove the main result of this section, which provides estimates
for pT in terms of viscosity sub- and supersolutions of (2.1) and, similarly, for p~, in
terms of viscosity sub- and supersolutions of (2.2). We prove this result under the
following additional assumption:

(A3) For each x € R, there is a constant M = M (z) > 0 such that |z(t)| < M
for all ¢ > 0, where x(-) is the solution of (1.3) under any pair of admissible controls
(u1(~),u2(~)) e A x As.

Remark 2.2. Since for any t,s > 0,

¢
x(t) — x(s) :/ b(a(7), ur (1), us(7)) dr
and |z(7)| < M by assumption (A3), we can find a constant C' > 0 such that
|z(t) — x(s)| < C|t — s].

Thus under assumptions (A1) and (A3), the solutions of (1.3) are globally Lipschitz
continuous.

We now state and prove the main result of this section. Throughout the section,
we assume (A1)—(A3).

THEOREM 2.3. (i) Let (p,w) be a viscosity subsolution of (2.1). Then

T
(2.3) p < 21612 u1(i.r)1£v41 hTHiHéf%/o r(x(s),ui(s), Blui](s)) ds.

(i) Let (p,w) be a viscosity supersolution of (2.1). Then

1 (T
(2.4) p> ;161]2 (ir)léA1 li;nsup T/o r(z(s),u1(s), Blui](s)) ds.
u - — 00

(iii) Let (p,w) be a viscosity subsolution of (2.2). Then

1 T
(2.5) p < inf sup liminf—/ r(z(s), afuz](s), ua(s)) ds.
acl ua(-)EAs T—o00 0

(iv) Let (p,w) be a viscosity supersolution of (2.2). Then

1 T
(2.6) p> inf sup limsup—/ r(z(s), afuz](s), uz(s)) ds.
aEFu2(.)€A2 T—00 T 0

Proof. We prove (iii) and (iv); (i) and (ii) can be proved similarly.
Let (p,w) be a viscosity subsolution of (2.2). Assume that w is CY! (i.e., w
is differentiable with bounded and Lipschitz derivatives). Let K be the common
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Lipschitz constant associated with w, Dw. Then (p,w) satisfies (2.2) in the classical
sense. In particular, for any € > 0 and any = € R?,

(2.7) p—e< sup inf (b(x,uy,us)  Dw(x)+ r(x,ur,us)).
ws €Us u; €Uy

Set

Az ug) = inf (b(z,u1,us) - Dw(z) 4+ r(z, ur, us)).

u1 €U

Then it is easy to note that A is uniformly continuous on R? x U,. Since U, is
separable, we can find a sequence {ub} in U and a family of balls {B,., (z;)} covering
R such that

p—e< Az, ud) for all z € B, (x;) and 1.

Note that here the sequence {ub} can be chosen to be finite since Uy is compact. In
that case, the sequence of balls { B, (x;)} should be replaced by a finite family of open
sets.
Define, ¢ : R* — U, by
k—1
Y(x) = ub if 2 € By, (z1) \ | B, (x:).

i=1

Then 1 is a Borel map and p — ¢ < A(z,9¥(z)) Vo € RY. We make the following
claims.
Claim A. For z € R, m > 0, there exists ™ € A such that

(p—e)N —C— —/ 8), M u1](s)) ds < w(z(N)) — w(x)

for any positive integer N, where x(-) is the solution of (1.3) with the initial condition
2(0) = z under controls (ui(-), 6™[u1](+)) and C' is a constant depending on K, Cy, Cs
but not on x, N, and m.

Claim B. For each o € T, we can find @;(-) € Ay and @s(-) € Az such that

(2.8) B™](-) = 2(-) and altg](-) =t (:)-

Assuming the claims to be true, we complete the proof of (2.5). Divide the
inequality in Claim A by N, and let N — oo to obtain

1 N .
(2.9) (p—e) <O~ —i—hmmfﬁ/o r(2(s), ur (s), 8™ [ua] (s)) ds.

N—oo

Using (2.8) in (2.9), we deduce

1 1 N
p—e€) <C—+ inf sup hmmf—/ r(z(s), afus](s), us(s)) ds.
(P9 <Cotint sw lminf g | r(a(s)afusl(s) ua(s)

Letting m — oo, we obtain

1 N
(p—¢) < ng (51)1pA lgnlnf —/0 r(z(s), afus](s), ua(s)) ds.
o Ug = 2 — 00
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We now need to replace the limit along the integers by the limit along any real
sequence. For this, choose any sequence T,, — co. Then

Ty
Tin/ r(x(s), alus](s), uz(s)) ds

(Tn]
- Tin/o r(x(s), ofug](s), uz(s)) ds + Tin [T] r(x(s), aluz](s), uz(s)) ds.

Using (A3), we note that the second term on the right-hand side of the above equality
vanishes as n — oo. Note also the fact that

1 1

ol (T]
ﬁ[) r(x(s), alug](s), ua(s)) ds — [Tn]/o r(2(s), afus](s), ua(s)) ds| — 0

as n — o0o. Thus

S IR B e
lim —/O r(z(s), alus](s),ua(s)) ds = lim ]/O r(z(s), afuz](s), ua(s)) ds.

Since this is true for any sequence (7},) tending to oo, we obtain

(p—e¢) < inf sup liminf%/O r(z(s), alus](s),ua(s)) ds.

aClly,()ed, T—oo

This proves (2.5) under the assumption that w is C''. We now turn to the general
case. Let w, be the sup-convolution of w, i.e.,

wt) = s fue - ELY,

2| <M+2 2e

Then w, converges to w uniformly as € — 0 on By := B(0, M + 1), and w, are
Lipschitz continuous and satisfy a.e. on Bjs41

p < inf sup {b(y,ur,u2) - Dwe(y) + r(y, u1,uz)} + o1(e)
u2€U2 y, €U,
for some modulus o (see [10], [11]). For each § > 0, let w? be a smooth approximation
of w, such that w?, Dw? are smooth and they converge to w., Dw, uniformly on
compact sets, respectively, and they all have the same Lipschitz constant. Now, using
these facts, we can find another modulus o9 such that

(210)  p< inf sup {b(y,u1,u2) - Dwl(y) +r(y, ur,u2)} + o1(€) + 2(8)
uz €U uy €Uy
on Bjyry1/2. Note that 0 may depend on € and 2. Observe that while proving (2.5),

we have used the smoothness of w only in By;. Thus we can use the above arguments
with w? and (2.10) to conclude

1 (T

p < inf sup liminf —/ r(z(s), afua](s), uz(s)) ds + o1(€) + 02(6),
a€l y,(yed, T=o0 T,

where z(+) is the solution of (1.3) with the initial condition 2(0) = 2 under the controls

(auz](+), u2(+)). Now letting 6 and then e to 0, we obtain (2.5). This completes the

proof of part (iii). We now proceed to prove the claims.
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Proof of Claim A. Let t = L. Define

uh'(s) = ¢(z) for s € [0,1).

We extend the definition of (u3'(-),z(:)) to [0, (¢ + 1)¢) assuming that it has been
defined on [0,it) as follows. Let z(-) be the solution (2.1) with initial value = and
controls (u1(-),u5"(+)) in the interval [0,dt). Set

uy'(s) = (x((it)”)) for s € [it, (i + 1)¢).
Note that x((it) ™) exists since X (-) is Lipschitz continuous and bounded. This defines
uJ*(-) on R.

Let 2(.) be the solution of (1.3) with initial value x(0) = x and controls (u1 (), u5*(+) ).
Then,

w(a((i+1)t)) — w(z(it))

G+1)t
- / Duw(a(s)) - bla(s), u (s), u'(5)) ds

(1)t
- / (Duw(a(s)) — Duw(a(it))) - b(a(s), ur(s), ulf (s)) ds

(i+1)t
+/ Dw(z(it)) - (b(x(s), u1(s), uz'(s)) — b(z(it),u1(s), us’(s))) ds

it

(i+1)t
+ / (Dw(z(it)) - b(x(it), u1(s), us'(s)) + r(x(it), ui(s), us'(s))) ds

it

(i+1)t
+/ (r(z(s), ur(s),uy'(s)) — r(z(it), ui(s), ug'(s))) ds

it

(i+1)t
<[ ) s s) ds.
it

Note that w, Dw,b are all Lipschitz along the trajectory z(-) and they are bounded
by assumptions (A1) and (A3). Using these facts in the above together with the
definition of v, we obtain,

(i+1)t

(i+1)t
w(z((@+ 1)t)) — w(z(it)) > —C’/t (s—it)ds+ (p— e)/ ds

it

(i+1)t
— / r(x(s), u1(s),uy"(s)) ds

it

(i+1)t
=-—Ct+(p—et— / r(z(s),ui(s),us’(s)) ds

it

for a constant C' > 0 which will depend only on x and other Lipschitz constants. Now
define a strategy ™ € A by ™ [u1](-) = ud*(+) for ui(-) € A;. Note that 8™[u1](-) on
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[it, (i + 1)t) depends only on [0,:t). Adding these inequalities for ¢ = 0,..., Nm — 1,
we get the inequality stated in Claim A.

Proof of Claim B. We define such controls inductively. Let @a(-) = ¢ () on [0, ).
Define a1p4) = altiz]|[o,;). Having known ;(-) and z(-) on [0,it), we define uy(-)
on [it, (i + 1)t) by ua(s) = ¢(x(it)”), where x(-) satisfies

x(s) = b(z(s), t1(s), uz(s)), s € [0,1it)

and z(0) = « . It is now easy to check (2.8). This completes the proof of Claim B.

We now prove part (iv). Let w be a viscosity supersolution of (2.2) and assume
w € CH1. The proof for general w follows from an argument as in that of (iii). One
has for any € > 0 and any = € R,

sup inf (b(x,u1,us) - Dw(z) + r(x,ui,u2)) < p+e.
ua EUs uy €Uy

Set
Az, ur,uz) = (b(z,u1,u2) - Dw(z) + r(z, us, u2)).

By the uniform continuity of A, we can find a countable family B, (z;) x B, (ub)
covering R% and a sequence u} € U; such that

Az, ub,ug) < pte YV (x,u9) € By, (x;) X By, (ub).
Define a map v : R? x Uy — U, by

k-1
Y(x,uz) = uf if (2,u2) € By, (wx) % By, (u5) \ ([ By, (2:) By, (u).

i=1
Then v is Borel measurable and
Az, p(z,ug),uz) < p+e V(x,uz).

Claim C. For each integer m > 0, there exists o™ € I' such that
N N
|l amlual(9).uas)) ds + w((N)) - w(o) < (p+ ON + €
0

for all positive integers N and wuz(-) € Az, where x(-) is the solution of (1.3) with
the initial condition x(0) = x under controls (a™[us](-),u2(-)) and C is a constant
independent of N and m.

Assuming that the claim is true, we see, on dividing by N and letting N — oo,

I C
fimsup - [ r(a(s), a”fus)(s), ua(s)) ds < () + -
N —o0 N 0 m
which implies
1 N
inf sup limsup—/ r(z(s), alus](s), ua(s)) ds < p.
0

ael’ uz ()€U, N—o0

From this one can deduce (iv).
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Proof of Claim C. Let t = 1/m. Define a™[us3](s)) = ¥(x,usz(s)) for s € [0,1).
Assuming that we have defined a™[usg](-),z(-) on [0,it), we extend its definition to
[0, (i+1)t) as follows. Let x(-) satisfy (1.3) in (0, 4¢) with the initial condition (0) = x
under the controls (a™[us](+), u2(+)). Then define a™[us](s) = ¥(x((it) ™, ua(s))) for
s € [it, (i + 1)t). This defines o™ € T.

Now let z(+) denote the solution of (1.3) with the initial condition x(0) = = under
the controls (a™[uz](-), u2(-)). Then, for any 4, as in Claim A, we can show that

(i+1)t
w(x((i 4+ 1)) —w(x(it)) < Ct2 + (p+ e)t — / r(z(s), ™ [uz](s), ua(s)) ds.
it

Summing over 4 from 0 to Nm — 1, we obtain Claim C. O

As an immediate consequence of the theorem, we obtain the following comparison
principle.

COROLLARY 2.4. Assume that (p,w), (p, @) are viscosity sub- and supersolutions
of (2.1) (or (2.2)). Then, p < p.

Proof. We prove for the case of (2.1). The proof of (2.2) follows similarly. By
parts (i) and (ii) of Theorem 2.3, we have

1 T
< inf liminf d
pssup inf, tmin T/o r(x(s), ui(s), Blua](s)) ds

and

1 (T
p>sup inf limsup —/ r(x(s),ui(s), Blui](s)) ds.
BeAu1()EAI T—oo 0

Hence p < p. ]

Remark 2.5. In this corollary, we have not assumed any growth on w and .
If w and w are given to be bounded, then one can give a very simple proof of this
comparison principle using comparison principle for stationary HJI equations (see
12)).

Note that under assumptions (A1)—(A3), if (2.1) has a viscosity solution (p,w),
then p = p*, and if (2.2) has a viscosity solution (p,w), then p = p~, using Theorem
2.3. Thus if the Isaacs minimax condition holds, i.e., for any z,p € RY, if we have

inf sup {b(z,ur,us) - p+r(z,u,ux)} = sup inf {b(z,us,uz) p+r(r,u,u)},
u2 €U w1 €U, w1 €U uga €Uz

then, using Fan’s minimax theorem [8] we can deduce the following result. We omit
the details.

THEOREM 2.6. Assume that the Isaacs minimazx condition holds. Assume that
(p,w) is a viscosity solution of (2.1) or equivalently of (2.2). Then p = p*(x) = p~ ()
for all x € R?.

By interchanging the roles of taking limits as 7' — oo and taking infimum and
supremum over controls in the proof of the Theorem 2.3, we obtain the following
result.

THEOREM 2.7. Let (p,w) be a viscosity solution of (2.1). Then

1 T
= li inf — ds.
p ngoglelgu1(l_§1€A1T/o r(x(s),ur(s), Blua](s)) ds
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Similarly, if (p,w) is a viscosity solution of (2.2), then

1 T
p= lim inf sup —/ r(z(s), auz](s),ua(s)) ds.
T—oo a€el ua(-)EAy T 0

Remark 2.8. Let w* (T, z) and w™ (T, z) denote the upper and lower value func-
tions of the finite horizon problem with horizon T', dynamics (1.3), payoff function r,
and zero terminal cost; i.e., they are defined as follows:

T
wH(Ta) = sup | inf [ s, lunl o) s

and

T
w™(T,x) := inf sup / r(s,z(s), afus](s), uz(s)) ds,
O‘GFuQ(')E.A2 0

where z(-) is solution of (1.3) with the initial condition z(0) = 2 under respective
controls. Then the conclusion of the above theorem can be restated as
(T
and j— lim 202
T—o00

T

T
p= lim 22

This can be seen as the longtime behavior of viscosity solutions of HJI equations
corresponding to differential games on finite horizon. We refer to [2], [14] for the
study of longtime behavior of viscosity solutions of Hamilton—Jacobi equations.

We now give another representation formula for p in terms of the discounted value
of the differential game. Let w) denote the upper value of the differential game on an
infinite horizon with discount factor A > 0, i.e.,

wy(z) = ;Ielg ul(ir)lefAl/o e_)‘sr(x(s),ul(s),ﬂ[uﬂ(s)) ds;

then
p= )1\13}) Awy ().

An analogous statement holds for the lower value function. This is the content of our
next result. We closely follow the arguments in the proof of Theorem 2.3.
THEOREM 2.9. (i) Let (p,w) be a viscosity solution of (2.1). Then

= lim sup inf A A ds.
p=limsup inf A [ r((s) ua(s). Sn(s) ds

(if) Similarly, if (p,w) is a viscosity solution of (2.2), then

p=lim inf sup A\ e r(x(s), afu](s), ua(s)) ds.
A—0 el us(-)EAs 0

Proof. We prove only (ii); (i) can be proved in an analogous way. Again we prove
this under the additional assumption that w is C*'. The proof of the general case
can be done as before.
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Fix z. Let 8™ € A be as in the proof of Theorem 2.3. Let ui(-) € A;. Let x(-)
denote the solution of (1.3) with the initial condition x(0) = z under the controls
(u1(+), B™[u1](+)). Then for a.e. s,

d

%67’\5111(33(5)) = e Mb(z(s), u(s), 42) - Dw(x(s)) — Ae M w(z(s)).

Now following the arguments in the proof of Claim A of Theorem 2.3, we obtain

e Ny (0 + 1)t)) — e M (z(it))

(i4+1)t
/ e Du(x(s)) - blx(s), ua(s), A" [ur](s)) ds

t
(i4+1)t (i+1)t
—C/ e (s —it)ds+ (p—e)/ e ™ ds
it

it

Vv

(i+1)t
_ / e r(x(s), ur(s), 5™ [w](s)) ds

it

Y

LT e a1 oI i G
C’tA[e e }—i—(p 6))\[6 e }
(i+1)¢
[ et ), 7 ) (s) ds.
1t

Adding these inequalities for i = 0,..., Nm — 1, and multiplying by A, we get

e Maw(z(N)) = Mw(z) > c%u —e M (p—l —e ]

- )\/0 e N r(x(s), ur(s), 8™ u1](s)) ds.

Now letting N — oo, we obtain

p— €+ Aw(xg) < )\/OOO e Mr(x(s), uy (s), B u1](s)) ds — C%.

Using (2.8), we get
p—e+Aw(zg) < inf  sup )\/ e Mr(x(s), afus](s), ua(s)) ds.
gl uz(-)€A2 0
Now taking limit as A — 0 and then ¢ — 0, we get
p <liminf inf sup )\/ e r(z(s), afus](s), uz(s)) ds.
A—0 «a€el us(-)EA, 0

Similarly, we can obtain

o0

p>limsup inf sup A\ e Mr(x(s), afus)(s), ua(s)) ds.
A—0 @€l y,()ed,  Jo
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This completes part (ii). a
Remark 2.10. If (p,w) is a viscosity subsolution of (2.2), then note that the
following result holds:

p < inf sup liminf)\/ e r(z(s), afug](s), uz(s)) ds.
aEFU2(_)eA2 A—0 0

Similar statements hold for the other cases.

We now present a dynamic programming principle for the viscosity solutions of
(2.1) and (2.2).

THEOREM 2.11. (i) Let (p,w) be a viscosity solution of (2.1). Then for any
T >0,

] T
wie)=sup inf | [ r(a(s) (). Bun](s) ds-+ w(e(T)| - oT.

(i) Let (p,w) be a viscosity solution of (2.2). Then for any T >0,

‘ T
w(x):égfru;})l&z) /0 r(z(s), aluz](s), uz(s)) ds + w(z(T))| — pT.

Proof. We prove (ii); (i) can be proved analogously. Let T' > 0 and m a positive
integer. Take t = T'/m. As in Claim C, we obtain a™(.), given ¢, us(.), such that

T 2
w(z(T)) —w(z) < —/0 r(xz(s),ui(s),uz(s)) ds+ (p+€)T — C’T—

m .

Therefore

a€l g, ()eAs

w(x) > inf  sup (/0 r(z(s), afuz](s),uz(s)) ds + w(m(T))) —pT.

We can prove the other inequality similarly. 1]

We now turn our attention to the uniqueness of w. Define a set Z as follows: z € Z
if z = limy, 00 2(t,), where t, — oo and z(-) is a solution of (1.3) with an initial
condition z(0) = g for some ry € R? under some controls (uy(-),uz(-)) € A; x As.
Then Z is nonempty under assumption (A3). We now show that if (p, w1) and (p, w2)
are two viscosity solutions of (2.1) such that w; = wy on Z, then wq = ws.

THEOREM 2.12. Let (p,w1) and (p,wz) be two viscosity solutions of (2.1) such
that wy = wy on Z. Then wy = wo. An analogous result holds for (2.2).

Proof. We prove this for the case when w1, wsy are C1!. The general case follows
similarly as in the proof of Theorem 2.3. Let m be a positive integer. Let a™ be as in
Claim C when we take w = ws, and let 8™ be as in Claim A when we take w = w;.
Taking o™ as « in (2.9), we obtain @;(-) € Ay and @s(-) € As such that

B ](-) = tz(-) and a™[u2](-) = 1 (-).

Using this, we obtain
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and

wa(a(N)) = waa) < - | " a(s), o™ [aal(s), ia(s) ds + o — IN + O,
From these two inequalities, we obtain
(2.11) w1(2) — ws(x) < wn (2(N) — w((N)) +20°-

Using the compactness and equi-Lipschitz continuity of trajectories, we get a trajec-
tory Z(-) such that z(-) — Z(-) as m — oo. (Note that x(-) above depends on m.)
Now from (2.11) we obtain by letting m — oo

wi(z) — wa(x) < wi(Z(N)) — wa(T(N)).
Now letting N — oo, we see that
wi(x) — wa(x) <0.
Similarly, we can prove
wa(z) —wy(z) <0.

Thus wy; = ws. |

Remark 2.13. The uniqueness result in [13] is established under certain growth
conditions on the solutions. Here we have obtained similar results without any such
condition. Our uniqueness result, however, is not complete. We have shown that if
two solutions coincide on the set Z, then they are identical. In view of this, it would
be interesting to investigate the structure of Z.

3. Existence results. In the previous section, we studied some representation
formulas related to the viscosity solutions of (2.1) and (2.2). We now study the
existence of viscosity solutions to (2.1) and (2.2). We refer to [9] for analogoues
results. Here we present two simple proofs of the existence result.

To this end we make the following assumption.

(A4) There exists a constant C3 > 0 such that for all x,y € R% and (uy,u2) €
U1 X UQ,

<b($,U17UQ) - b(yaulvu2)v T — y> < _CS|:E - y|2

Remark 3.1. (i) Let (u1(-), u2(+)) € A1 xAz. Let 2(-) and y(-) denote the solutions
of (1.3) with the initial conditions z(0) = = and y(0) = y, respectively, under these
controls. Then using (A4), we get

d

17t =y < =Csla(t) —y(®)*.

Now using Gronwall’s inequality, we obtain
2(t) — y(b)] < o — yle”

for a constant C4 > 0.
(ii) Using Gronwall’s inequality, it is easy to see that (Al) and (A4) together
imply (A3).
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We now give some examples where (A4) holds.
Ezample 3.2. (i) Let Uy, Us be subsets of R™ and R, respectively, for some m
and q. Let b be given by

b(z, u1,u2) = Bz + Cruq + Coug + b1 (x, ur, ug),

where B is a dxd matriz, C1 a dxm matriz, Co a dxq matriz, and by : R*x Uy xUs —
R?. We assume the following:

Ja > 0 such that (Bx,z) < —alz|?
and
|b1 (2, u1, uz) — b(y, ut,u2)| < aqlz — y| for some a; < a.

Under these assumptions, it is easy to verify that (A4) is satisfied.
(ii) Let Uy, Us be as above and let b be given by

b(z,u1,us) = A+ Byuy + Boug + b(x),

where A is a dxd matriz, By a dxm matriz, and By a dxq matriz. Assume that there
are matrices Cy,Co of orders dxm and d X q, respectively, such that A+ B1C1+ B2Cy
is stable. Further assume that b is bounded and Lipschitz continuous. Then (A4) is
satisfied.

We now prove the existence via the vanishing limit in the discounted payoff
criterion.

THEOREM 3.3. Assume (Al), (A2), and (A4). Let wy be the unique viscosity
solution in the class of linear growth functions of

(3.1) Awx(z) = inf  sup  (b(x,u1,u2) - Dwx(x) +7(2, u1,uz)) .
u1(-)€AL yy()EA,

Then Mwy(z) — p, a constant as X — 0. Also for any T € RY, wy(-)—wx(Z) converges
uniformly on compact sets to a continuous function w(-). Thus (p,w) is a viscosity
solution of (2.1) for any & € R®. Moreover, p = p*(x) for all x € R?. An analogous
result holds for the existence of a viscosity solution to (2.2).

Proof. Using standard results in differential games and viscosity solutions [1], we
have

wy(z) =sup inf /000 e Mr(z(t), ui(t), Blul](t)) dt.

BeAui()€A

Let u1(+) € A; and uz(-) € Ay. Then using Remark 3.1(i), we see that

|$_y|7

o (o)

/ e Mr(x(s), uy (s), ug(s)) ds —/ e Mr(y(s), ui(s), ua(s)) ds| < c L

0 0 4 + )\
where z(-), y(-) are solutions of (1.3) with initial conditions z(0) = x and y(0) = y,
respectively, under the controls (uj (), u2(+)). Using this fact, it is easy to note that wy
is Lipschitz continuous where the Lipschitz constant is independent of A. Therefore
by Ascoli-Arzela’s theorem for a fixed Z, wy(z) — wx(Z) converges locally uniformly
to a continuous function w(zx) and Aw,(z) converges to a constant p. By the stability

of viscosity solutions, we note that (p,w) is a viscosity solution of (2.1). Now by
Theorem 2.6, p = p*(x) forallz € R. O
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We now turn our attention to the increasing horizon limit case. Let T > 0 and wyg
be any Lipschitz continuous function. Now consider the HJI equation in (0,77) x R4,

wi(tx) = inf sup {b(e,ur,us) - Du(t,x) +r(z,ur,um)}.
(3.2) w1 EUL uy el
w(0,z) = wo(x).

Then we have the following theorem.

THEOREM 3.4. Assume (A1), (A2), and (A4). Let w(t,x) be the unique viscosity
solution of (3.2) in the class of linear growth functions. Then @ — p, a constant,
and w(T,x) — pT converges locally uniformly to a continuous function weo(x) such
that (p,weo) is a viscosity solution of (2.1). Moreover, p = pT(x) for all x € RY. An
analogous results holds for (2.2).

Proof. Using standard results in differential games and viscosity solutions [7], we

have the following representation formula for w(t, x):

BeAui(-)EAL

T
w(T,z) =sup inf [/0 r(z(s),u1(s), Blui](s)) ds + wo(z(T))

As in above theorem, using Remark 3.1(i), we can show that

1— e Gl
(T, 2) = w(Toy)l < —F——le —yl.

Using Ascoli-Arzela’s theorem, it is easy to see that # — p, a constant w(T, x) —

pT — woo(x) locally uniformly to a continuous function we(x). We now need to
show that (p,ws) is a viscosity solution of (2.1). Let

w(t,x) = w(t/e,x) for t € [0,1].

Then wé(t,z) — PE — Weo (¢, x) locally uniformly as e — 0. Now it is easy to see that
we is viscosity solution of

ewi(t,x) = infy ey, sup,,cp, {0(x, u1,uz) - Dw(t, x) 4+ r(x, u1, uz)},
w(0,2) = wo(x)

in (0,1) x R?%. Using the stability of viscosity solutions [5], we get that (p,ws) is a
viscosity solution of (2.1). This completes the proof. O

4. Conclusions. In this paper, we have studied a zero sum differential game
with ergodic payoff. We have identified the scalar appearing in the HJI equation as
the ergodic value. Under a dissipativity-type condition, we have also established the
existence of a viscosity solution to HJI equations. We have carried out two asymp-
totics, namely, we have shown that the ergodic value is the vanishing limit of the
discounted value. At the same time, the ergodic value is also the time averaged limit
of the finite horizon value. Finally we wish to mention that although we have identi-
fied the scalar appearing in the HJI equation as the ergodic value, we have not been
able to establish the uniqueness (in some sense) of the solution of the HJI equation.
We have obtained only a partial uniqueness result. Thus the uniqueness issue and the
existence of viscosity solution to HJI equations under (A3) alone still remain problems
that need further investigation.
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