SIAM J. CONTROL OPTIM. (© 2004 Society for Industrial and Applied Mathematics
Vol. 43, No. 4, pp. 1222-1233

NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES WITH
DISCONTINUOUS FEEDBACK*

PAOLA MANNUCCI?

Abstract. The existence of a Nash equilibrium feedback is established for a two-player nonzero-
sum stochastic differential game with discontinuous feedback. This is obtained by studying a
parabolic system strongly coupled by discontinuous terms.
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1. Introduction. The aim of this paper is to study the existence of Nash equi-
librium points for a two-player nonzero-sum stochastic differential game. The game
is governed by a stochastic differential equation with two controls and two payoffs.

This problem can be found, for instance, in Friedman [7] and in a series of papers
by Bensoussan and Frehse [2], [3], [4]. All these papers make the assumption that
feedback is continuous.

We are interested in studying the problem assuming that the controls take values
in compact sets. In this case one cannot expect a Nash equilibrium among continuous
feedback, and the Hamiltonian functions associated with the game are nonsmooth.

We consider a simple multidimensional model problem taking two players, affine
dynamics, affine payoff functions, and compact control sets.

The loss of continuity of the feedback, due to the hard constraints, leads us to
consider a parabolic system strongly coupled by discontinuous terms. In fact, from
the usual necessary condition satisfied by the value of the Nash equilibrium feedback
in terms of the Hamilton—Jacobi theory, we reduce ourselves to studying the existence
of a sufficiently regular solution to a system of nonlinear parabolic equations which
contains the Heaviside graph. By this regularity result, we are able to construct Nash
equilibrium feedback whose optimality is proved by using the verification approach in
the sense of [2], [3], [4].

The motivation for studying games in compact control sets comes from stan-
dard nonlinear control theory; this seems a natural assumption in many applications.
In particular, Nash equilibria for nonzero-sum deterministic differential games were
recently studied by Olsder [12] and Cardaliaguet and Plaskacz [5].

2. Statement of the problem. Let Q be a bounded smooth domain in RY.
Let X be a process which satisfies the following stochastic differential equation

(2.1) dX(s) = f(s,X(s),u1(s,X(5)),ua(s, X(s)))ds + o(s, X(s))dw,
(2.2) X(t) =z,
se[t,T], € Qc RV,

*Received by the editors February 26, 2003; accepted for publication (in revised form) March 8,
2004; published electronically December 1, 2004. This work was partially supported by the Italian
MURST national project “Analisi e controllo di equazion di evoluzione deterministiche e stocastiche.”

http://www.siam.org/journals/sicon/43-4/42371.html

fDipartimento di Matematica Pura e Applicata, Universita degli Studi di Padova, 35135 Padova,
Italy (mannucci@math.unipd.it).

1222



STOCHASTIC GAMES WITH DISCONTINUOUS FEEDBACK 1223

For each s, X (s) represents the state evolution of a system controlled by two players.
The ith player acts by means of a feedback control function u; : (t,7) x RN — U; C
RF:, where i = 1,2.

Let U; := {u; Borel-measurable applications (t, T) xRN — U, ¢ R¥i},i=1,2, be
the set of the control functions u; with values u;(s, X) in U;. The term o(s, X (s))dw
represents the “noise,” where w is an N-dimensional standard Brownian motion and
o is an N x N matrix. We assume that o does not depend on the control variables uq,
ug and that o and 0! are bounded and Lipschitz on X. The function f(s, X, uy,us)
is called the dynamic of the game (2.1).

We refer to [7] for the definitions about stochastic processes, stochastic differential
equations and functional spaces.

A control function u; € U; will be called admissible if it is adapted to the filtration
defined on the probability space.

It is possible to prove, using Girsanov’s theorem, that, under convenient assump-
tions on f, for all (uy,us) € Uy X Uz admissible controls, there exists a unique weak
solution to the problem (2.1), (2.2) (see, for example, [4], [9], [6, Chapter 4]).

For any choice of admissible controls u;, us we have the following payoff functions:

Ji(t, T, ug,un) = Em{ /tT Li(s, X (s),u1(s, X(s)),u2(s, X(s)))ds + gi(T,X(T))},
(2.3) i=1,2,

where 7 = T Ainf{s > t, X (s) ¢ Q}, E, is the expectation under the probability
P, l; and g; are prescribed functions (the assumptions will be specified later), and
X = X(s) is the unique weak solution of (2.1)—(2.2) corresponding to (w1, ugz) € Uy xUz
admissible controls.

Each player wants to maximize his own payoff.

DEFINITION 2.1. A pair of admissible controls (Ty,us) € Uy X Us is called the
Nash equilibrium point of the differential game (2.1)—(2.2), with payoff (2.3), if

(24) Jl(tu$7ﬂlaHQ) Z Jl(t,ﬁU,Ul,ﬂQ),
(25) JQ(t,fE,ﬂl,EQ) Z Jg(t,fﬂ,ﬂl,llq),

for all (t,z) € (0,T) x Q and for all (uy,us) € Uy X Uy admissible controls.
The functions

(2'6) Vl(tv‘r) = Jl(tax’ﬂlaQQ)a VQ(tax) = JQ(tvxaﬂlaﬂ2)

are a value of the Nash equilibrium point (w1, u2).
We define the pre-Hamiltonians H;(t, z, p, us,uz) : (0,T)x RY xRN xU; x Uy —
R,i=1,2:

(27) Hl(taxap,ul(tvm)vu2(t7x)) =pe f(t,x,ul(t,x),uQ(t, (E))
+ ll(taxaul(taz)7u2(t7x))a
HQ(t,.T,]?,’U/l(t,JJ),uz(t,l‘)) =p- (t,x,ul(t,x),UQ(t,x))
+ la(t, z,ug (t, x), ua(t, x)).
We set
1 *
a = —00
2

(o is the transpose of o) to be the matrix with elements ap , b,k =1,..., N.
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If the value functions Vi, Vo € C12, we can apply Ito’s formula; changing the
time variable (T'—t — t), we get that Vi, V5 solve, in Qp := (0,T) x Q, the following
nonlinear parabolic system coupled by the Nash equilibrium problem:

N

oVi(t, x) 0?Vi(t, x)
(2.8) o Z ahk(tﬂﬁ)m
k=1
= maX{uleUl}Hl (t7 z, V.V (t, .’L‘), Uy (t, l’),ﬂg(t, m))
= Hy(t,z, V. Vi(t,x),u1(t,x), us(t, x)),
Wa(t,r) 2Va(t, z)
2.9 _— = apk(t, r) ———=
( ) 8t h,kzzl hk( ) &rhaxk
= MaxX{u,ev,} Ha(t, 2, Vo Va(t, 2), Ui (t, ), uz(t, v))
= HQ(ta z, VL‘/Z(t) I),Ul (t7 x)a EQ(ta .13)),
(2.10) uy(t,x) € argmax{uleUl}Hl(t,m,VmVl(t,x),ul(t,x),ﬂg(t,x)),
(2.11) Uy(t, ) € argmaxy,,cp,1 Ha(t, z, Vi Va(t, 2), w1 (¢, 2), u2(t, v)),
(2.12) Vi=g1(t,z), Vo =ga(t,x) on 0pQdr,

where 0,Q7 = ((0,T) x 09) U ({t = 0} x Q). (Here and in the following we write,
for the sake of brevity, argmax,, ¢y, H;, which means argmax,, ; ,)ev, Hi)-
The functions
Hi(t,x,V,Vi(t,x),u1(t, ), a(t, z))
= maX{uleUl}Hl (ta z, V.1 (t7 x)v ul(tv £L.)7 HQ(L .’E)),
HQ(t7 T, Vzvl (ta 3’]), U1 (tv SC), EZ(ta ‘T))
= maxXyy,ev,} Ha(t, 7, Vo Va(t, ), 01 (t, z), uz(t, v))
are called the Hamiltonian functions associated with the game (2.1)—(2.3).
We want to outline here the classical procedure used in Friedman’s book [7] to

prove the existence of a Nash equilibrium point @1, us.
1. Suppose that, for any fixed p € RY, there exist u}, u} such that

uj(t,z,p) € argmax{uleUl}Hl(Lx,p,ul(t,x)mg(t,x)),
uy(t,z,p) € argmaxy,, ey, Ha(t, z,p, ui(t, ), u2(t, v))
(2.13) are measurable in (¢,2) € Qr and continuous in p.

2. Solve the parabolic system

N

oVi(t, x) 02V (t, x)
—_— ank(t, T) ——— =
8t h;1 hk( ) 835},,311%
(214) = Hl (ta z, vmvla U‘T (t7 €T, Vﬂcvl)v u; (ta Z, VT‘/Q))v
Walt,z) 9*Va(t, x)
o~ D (b ) e
hk=1

= H2(t7$’vxv27UI(TZl‘,vm‘ﬁ),u;‘(t,x,vag)),
Vi=gi(t,x), Vo = ga(t,z) on 9pQr.
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3. Prove that the pair of functions (uy, ug) with values

ﬂ1(ﬁa m) = u>1k(t7$7 vzvl(t7$))7

Ug(t, x) = us(t, x, Vo Valt, z))

is a Nash equilibrium point (see Definition 2.1).

Therefore to obtain Nash equilibrium points for the associated stochastic differ-
ential game, we look for a “sufficiently regular” solution of system (2.14).

A similar procedure is used, in the elliptic case, by Bensoussan and J. Frehse [2],
[3], [4] to study systems of Bellman equations.

We want to emphasize that the results of Friedman and Bensoussan and J. Frehse
on the existence of classical solutions and of Nash equilibrium points are obtained
under the assumption that there exist some feedback

uj € argmaxy, ey, Hi(t, @, p,ur, u3), uy € argmaxy,. ci, Ha(t, v, p,uy, uz)

that are continuous in p (see, for example, assumption (D) [7, section 17, p. 497]). If
we assume that the sets U;, i = 1,2, are compact, the assumption on the continuity
of the feedback can be too restrictive.

Weaker assumptions on the regularity of the feedback can be found in [8] and [9].

In this paper we consider a model problem with Uy, Us compact sets in R, affine
dynamics of the game, and affine payoff.

Let us list the assumptions:

(2.15) Uy = U, = [0, 1],

(2.16) flz,ui(t,x),us(t,z)) : Qx Uy x Uy — RV,
flz,ur(t, @), uz(t, ) = fi(@)ui(t, z) + fa(z)ua(t, o),
fi(z): Q=RN, fi(x) e CY(Q), i =1,2,

(2.17) Li(x,ui(t, ), us(t,z)): Qx Uy xUs; — R,
Li(z,ur(t,x), us(t, x)) = li(z)u(t, ), 1=1,2,
Li(z): Q— RN, lj(z) e C'(Q), i=1,2,

(218) gl(tam) € HlJra(ﬁT)a a € (Ov 1)a 1=1,2,
ahk(t,a:) S CZ(QT),
N
(2.19) VIEP < > an(t,2)née < pl¢l?, v >0,
h,k=1

for all (t,z) € Qr and for all £ € RV,

Taking into account the affine structure of f and [ in (2.16)—(2.17), the functions H;
and H in (2.7) become

Hy(z,p,ui(t, ), us(t,x)) = (p < fi(x) + ll(x))ul(t,x) +p- fo(x)ua(t, x),
(2.20)  Ha(z,p,us(t, z),ua(t, x) z) + lo(x))ua(t,z) + p- fi(z)ui(t, z).

~—
I
—~
hS]
IS
—~
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From (2.15) and (2.20), for any fixed p, we have
Ui (t, ) € argmaxy,, ey, 1 Hi(z, p, ui(t, ), Ua(t, 7))
= argmax(,, ;. »)eo.1) (- f1(@) +1(@)ur(t,2) +p - fal)ua(t,z)
(2.21)  =Heav(p- fi(z) + l1(x)),

where Heav(n) is the Heaviside graph defined as Heav(n) = 1 if n > 0, Heav(n) = 0 if
n < 0, and Heav(0) = [0, 1].
Analogously

(2.22) Us(t, ) € Heav(p- fo(x) + l2(2)).
From (2.20), (2.21), (2.22), the Hamiltonian functions assume the form

Hl(mvpa Hl(ta .’E),ﬂg(t,l’)) = maX{uleUl}Hl(CE,p, ul(tvx)aEZ(ta fE))

(2.23) = (p- filz) + lLi(2) , +p- folx)ua(t, x),
Hy (2, p, U1, U2) = maxyy,ev,} Ho(x, p, Ui (t, 7), ua(t, x))
(2.24) = (p- fa(2) +l2(1’))+ +p- fi(@)u(t, o),

where we denoted by (h), the positive part of the function h.
Taking, for any fixed p,

(2.25) ui(t,z,p) € Heav(p - fi(z) + l1()),
(2.26) us(t, z,p) € Heav(p - fa(z) + lg(;zc))7

we have that u], u} do not satisfy (2.13) because they are not continuous in p. Hence,
in this case, we cannot use the results of [7].
From (2.25), (2.26), the parabolic system (2.8), (2.9) becomes

N

2
% — Z ank ajhg;k € (val - fi(x) + ll(x)) Heav(V, Vi - fi(z) + l1(x))
k=1
(2.27) £ VLV - fala)Heav(V,Va - fole) + la(e)) in Oz

N 2
CACHE o P AL Ry (Vng~f2(3:)+lg(x))Heav(VxV2 - fa(z) + 1o (2))

W bkl hk 8:ch8xk
(2.28) + V. Va - fi(z)Heav(V, Vi - fi(z) + l1(z)) in Qr,
(2.29) Vilt,z) = g1(t,x), Valt,z) = g2(t,z) on Opfdr.

This is a uniformly parabolic system strongly coupled by the Heaviside graph con-
taining the first order derivatives of the unknown functions.
Equations (2.27) and (2.28) are to be interpreted in the following way:

N

ovy A
- };1 L o el RCACRE R hy(t, ) + V,Vi - faho(t, ),
vV 92V,
e hgz:l ahk 0202, = (VxVQ - fa+ l2>h2(t,$) + V. Vo fihi(t, x),

hi(t,z) € Heav(V Vi - f1(x) + l1(x)), ha(t,z) € Heav(V,Va - fa(x) + l2(2)).
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Following the previous scheme, first we investigate the existence of a solution Vi, Vo
of (2.27)—(2.29). Next, if we find sufficient regularity, it will be possible to prove the
existence of a Nash equilibrium point.

In section 3 we provide an existence result for a solution Vi, V5 in H'T® (QT) N
W, 2(Qr) of the system (2.27)-(2.29), and in section 4 we prove the existence of a
Nash equilibrium point.

3. Existence of a solution to the parabolic system. We give the following
definition.

DEFINITION 3.1. (V4,V3) is a strong solution of the system (2.27)—(2.29) if

(a) Vi(t,x), Va(t,z) € H**(Qp) N W2(Qr) for some oo € (0,1), ¢ > N +2;

(b) equations (2.27)—(2.28) hold almost everywhere and (2.29) holds.

THEOREM 3.2. Under assumptions (2.15)—(2.19), taking Heav(n) = 1 if n > 0,
Heav(n) = 0 if n < 0, and Heav(0) = [0,1], there exists at least a strong solution
(V1, Va) of the parabolic system (2.27)—(2.29).

Proof. Let us consider the approximating problems obtained by replacing the
Heaviside graph Heav(n) with smooth functions H,:

H,(n) € C®(R), H,(n) € Loo(R),

H,(n)=0ifn<0, H,(n)=1ifn>
(1) H, >0,

H,(n) — Heav(n) in L,(K), p>1, K C R is any compact of R,

H,(n) — Heav(n) in C° outside a neighbourhood of = 0.

—_

)
n

We denote by Vi, Vo, the solution of the problem

OVin N 02Vi,,
8; B Z ahkaxhalxk B (vxvl" At l1>Hn(va1n “fi+1h)
k=1
(32) + Vo Vip - f2Hn(vva2n . f2 + lz) in QT7
OVon N 92Vs,
3725 > ahk@xhazxk B (vIVQ" fat 12>Hn(sz2n f2+12)
h,k=1

(33) + vx‘/Qn N len(vxvln : fl + ll) in QT,
(34) Vin = 91, Von = g2 in apQT~

From [11, Theorem 7.1, p. 596] on quasi-linear parabolic systems with smooth coef-
ficients, there exists an unique solution of problem (3.2)—(3.4), Vi, (¢, ), Van(t,z) €
H2+a(QT).

At this point, regarding the terms H, (V. Vi, - f1 + 1) + foHn (Ve Van - fo + 1)
and H, (V. Van - fo+12) + f1H, (Vi Vi - f1 +11) in (3.2)—(3.3) as bounded uniformly
on n, from [11, Theorem 9.1, p. 341}, we find an uniform estimate in qu:

2 2 2-1 2-1
(35)  [Viall$hy + 1VanlChy < CUHnllg.00 191155 42, 92155 0f) < €,
where C' is independent of n and ¢ > 1.
By means of an embedding theorem (see, for example, [11, Chapter 2, Lemma 3.3]),

taking ¢ > N + 2, we obtain
o o N +2
(3.6) Vinlfi® +Waulf <€ a=1- 522,

where C' is independent of n.
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We can now extract two subsequences, which we denote again by Vi, Vs, such
that

(3.7) Vin — Vi in C%(Qr), i=1,2,

OVin, - oV; in CO(QT)a 1=1,2, h=1,...N.

(9$h (93%
From the weak precompactness of the unit ball of qu’l, we have

Vi OV
ot ot
PVin OV
axhal‘k 83’:ha$k

(3.8) weakly in Lo(Qr), i=1,2,

weakly in Ly(Qr), i=1,2, h,k=1,...N.

From (3.7), (3.8)

N +2
(3.9)  Vi(tz), Va(t.z) € HY*(Qp) N WIA(Qy), with a=1— =
q

Now we have to prove that V7, V5 solve (2.27)—(2.28) almost everywhere in Q7.

From assumptions (3.1) and (3.8), the two sequences Hy, (V. Viy-f1+l1), Hp(ViVap:
fa+12) are uniformly bounded in L2 (€7 ), and hence we can extract two subsequences
such that

(310) Hn(vzvln : fl + ll) - hl(tvx) Weakly in LQ(QT)v
Hn(vx‘/gn . f2 —+ l2) — hg(t,$) Weakly in LQ(QT)

We now show that h;(¢,z) € Heav(V,V; - f; + ;) almost everywhere ¢ = 1,2. To do
this let us consider the following sets:

P :={(t,z) € Qr : V. Vi(t,z) - fi(z) + L;(z) > 0},
N :={(t,z) € Qr : V,Vi(t,z) - fi(x) + I;(x) < 0},
2, ={(t,x) € Qr : VVi(t,2) - fi(x) + li(z) = 0},

i=1,2.

From (3.7), we have that, for a sufficiently large n, V, Vi, (¢, ) - fi(z) + l;(x) > 0 for
all (t,z) € P;. Hence, from (3.1), we obtain that

H, (VoVin(t,z) - fi(z) + 1;(x)) — 1 = Heav(V,Vi(t,z) - fi(x) + l;(x))
for all (¢t,x) € P;,i=1,2.
Analogously, in N, for a sufficiently large n, V, Vi, (z,t) - fi(x) + l;(z) < 0, and
hence

H,(VaVip(z,t) - fi(z) + 1;(z)) =0 = Heav(V,Vi(z,t) - fi(z) + l;(2))

for all (t,z) € N;,i=1,2.
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In Z;, from the assumptions on H,, (see (3.1)), we have that 0 < h; < 1 almost
everywhere, and hence

(3.11) hi(t,z) € Heav(V, Vi(t, z) - fi(z) 4+ I1(x)) almost everywhere in Qr,

(3.12) ho(t,z) € Heav(V,Va(t,x) - fo(x) + l2(x)) almost everywhere in Q.

At this point, from (3.7), (3.8), (3.10), (3.11), (3.12), we obtain that Vi, V5 satisty

(2.27)—(2.28) almost everywhere in Qp and from the regularity of the functions Vi,

Vo, we have that Vi(t,z) = g1(¢, x), Va(t,x) = ga(t, x) for all (¢, x) € 9,Qr. O
REMARK 3.1. If we choose W (n) € Heav(n), we are not able to solve the problem

N

oy 0*v;
S — (VuVi - fo A L)W (VaVi - f1 41
5 hk:lahkafﬂhaxk (VoVi- i+ L)W(VaVi - fi+ 1)
(3.13) + Vo Vi o W(VoVa - fo +12),
- 2V,
S — (VaVs - fot+ B)W(VaVi - fo +1
En hk:lahkaxhamk (VaVa fo+ )W (VaVa - fo+1o)
(3.14) + Vo Vo AW (V- fi + 1),

because we cannot exclude that meas{(t,z) € Qr : V,V; - fi(z) + l;(z) =0} >0, i =
1,2. Hence we cannot prove that

but only that
Hy(ViVip - fi +1;) = hy € Heav(V, Vi - fi +1;), i=1,2.

4. Existence of a Nash equilibrium point. We now prove the following.

THEOREM 4.1. Suppose that the assumptions of Theorem 3.2 hold. Let (Vy, Va)
be a strong solution of the parabolic system (2.27)—(2.29); then any admissible control
(Uy,T2) such that

(4.1) Uy (t, z) € Heav(V,Vi(t, z) - f1(z) + l1(x)),
(4.2) Ug(t, x) € Heav(V, Va(t, ) - fo(z) + la(x))
is a Nash equilibrium point for the stochastic differential game (2.1)—(2.2) with payoff
(2.3).

Proof. The existence of a strong solution (V;, V2) of the parabolic system (2.27)—
(2.29) is stated by Theorem 3.2.

To prove that @;(¢,x) € Heav(V,V;(t,x) - fi(x) 4+ l;(z)), i = 1,2, are the values of
a Nash equilibrium point, as in Definition 2.1, we have to show that

Jl(t,:v,ﬁl,HQ) > Jl(t,x,ul,ﬂg),

(43) Jg(t,l‘,ﬁl,ﬂg) Z Jg(t,z‘,ﬂl,’llg)

for all (u1,ue) € Uy X Uy admissible controls.
Let us denote

(4.4) vi(t,
t

’UQ( )

)
)

x Jl(t,x,ﬂl,ﬂg),
x JQ(L.%‘,ELEQ).
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Using a generalization of It6’s formula applied to functions in W,}? (see, for example,
[1, Theorem 4.1, p. 126]), we have that the couple (v, v2) solves the following parabolic
system (here and in the following we omit, for the sake of brevity, the dependence on
the variables (¢, x)):

N

81)1 821)1 _
4.5 —_— — ——— = Hi(z,t,Vv1,u,
@) hg;l W Gty (& Vatn T, )
= (Vg;’Ulf1 + ll)ﬂ1 + VxquQUQ in Qr,
N
6’02 (92’02
4.6 — — =H t,V U, w
( ) ot hélahkaxhaxk 2(957 ) xU2,U17U2)
= (Vv - fo+12)U2 + Vyva fin in Qp,
(4.7) v = g1(t,x), vo =g2(t,z) on O,Q7.

From (4.1), (4.2), we have

N

oy 9%,
- h%;l ant gy € (Vaovr - fi+ h)Heav(VaVi - f1 4+ 1)
(4.8) + Vv - foHeav(Vi Vo - fo +13) in Qp,
Ovs N 0?0
—r h; ko= € (Vava - fo o+ lo)Heav(Va Ve - fo +1o)
+ Vs - fiHeav(V V1 - f1 +11) in Qp,
(4.9) v = g1(t,x), va =g2(t,z) on O,Q7.

Let us now fix (u1,us) € Uy x Us admissible controls and denote

(410) wl(t,x) = Jl(t,l',ul,ﬂg),

wa(t, x) .= Jo(t, x, U1, ug).

The couple (w1, ws) solves the following parabolic system:

(4.11) Gwr _ gNa ﬂ*H(xtiuﬂ)
. 82‘,‘ e hkaxhal‘k - 1 5 Uy xWl, W1, U2
= (Vowi fi + l1)ur + Vaw fous in Qr,
N
6’(1)2 (9211)2
4.12 —_ = —F=H t, Vyowo, Uy,
(4.12) En h%ﬂahkaxhamk o(x,t, Vaws, Uy, us)

= (Vaws - fa +l)us + Vywe fir in Qp,
(4.13) wy = g1(t,x), wa = ga2(t,x) on OpQdr,
w1, W € qu’Q(QT).

From the expressions (2.20) of H;, Hs, taking into account (2.10), (2.11), we have
that, for any p fixed,

(4.14) (pfi +h)ui(t, ) < (pfi +h)w(t, @),
(pf2 + l2)ua(t,x) < (pf2 + l2)ua(t, x).
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Consider now the functions 2z := v1 — w1, 29 := va — wo. From systems (4.5)—(4.7)
and (4.11)—(4.13) we have

0z N 0%z
L Z app o = (Vaur - fi + L) + Vo1 - folio

ot ol " Oxn0xy

(4.15) — (Vz’LUl . f1 + l1)u1 — Vwy - fgﬂg in QT,
62’2 N 6222 _ —
ot hg::l ahkm = (Vava - fo+l2)Us + Vyva - f1Us

— (Vaws - fo+la)us — Vyws - fitn in Qrp,

z1=2 =0 on 0,Qr.

Taking into account (4.14), we obtain

%—ia Oz > (Vgur - f1 + 1)ug + Vaor - fou
ot P hkaxhaxk > (Vgvr - f1 +11)us 2V1 * folla
— (Vawy - fi +l)ur — Vawy - follp
(416) =Vgz1 - <f1U1 + f2U2> in Qr,
82’2 N 822’2
2 > . . T
5 hél ank e (Vavg - fo+1l2)us + Vyva - fith

— (Vaws - fo 4+ l2)uz — Vaws - fiug
(417) =Vy,z9 - <f2U2 + f1U1> in Qp,

21 =2 =0 on 0,07.

Equations (4.16), (4.17) are no longer coupled and the terms fiuy + foTs, fous + f1uy
are known and bounded. Hence we can apply an extension of the maximum principle
to parabolic equations whose coefficients are in L™ (see, for example, [10, Chapter 7]),
obtaining

(4.18) z1(t,x) >0, z(t,x) >0 in Q.

Taking into account (4.4) and (4.10), from (4.18) we obtain (4.3), i.e., the result. a

REMARK 4.1. The results proved in section 3 and 4 hold true even if we take
M > 2 players and if we take the functions f and [ linear and dependent explicitly on
t, i.e.,

f(t,z ur,ue) = fi(t, x)ur + falt, x)ue + f3(t, ),
ll(t,l‘,ul,’b@) = ll(t,x)ul + hl(t, .73),
l2(t7$,U1,UQ> = lg(t, SL‘)UQ + hg(t, Q’J)

The only difference is the appearance in (2.27)—(2.28), as source terms, of the functions
fa(t,x) + hi(t,x) and f5(t,x) + ha(t, z), respectively.
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REMARK 4.2. In [12], Olsder studied the Nash equilibria of the following nonzero-
sum deterministic differential game with open-loop bang-bang controls:

= (1—x)u; — zug,

with payoff

T T
J1 = / (crx —u1)ds, Jo= / (co(l — ) — uz) ds,
t t
and controls subject to

Because of the hard constraints, also in this case, the optimal controls contain Heavi-
side functions.

REMARK 4.3. If we change the control sets taking Uy = Us = [—1,1], as done in
[5] in the deterministic case, the optimal feedback equilibria are

wy €sign(p- f1+ 1),
wy € sign(p - f2 +l2),

where sign(n) =1 if n > 0, sign(n) = —1 if n < 0, and sign(0) = [-1,1].
The Hamiltonian functions take the form

Hy(z,p,u1,U2) = |p- fi(z) + L(z)| +p - f2()te,
Ha(x,p,u,u2) = |p- f2(2) + la(2)| + p- fr(z)a,

and also in this case our method can be applied.
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