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Optimal energy decay rate for partially damped systems

by spectral compensation

Paola LORETT * Bopeng RAOT

Abstract. We study the stability of weakly coupled and partially damped
systems by means of Riesz basis approach in higher dimension spaces. We
propose a weaker distributed damping that compensates the behaviour of the
eigenvalues of the system, therefore gives the optimal polynomial energy decay
rate for smooth initial data.

Key words. weaker damping, spectral compensation, optimal energy decay
rate, Riesz basis in higher dimension space.
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§1. Introduction. The aim of this paper, the results of which were announced
in [16], is to investigate the energy decay rate of the following weakly coupled
and partially damped system

(11) {ytt+Ay+Byt+au:07

Uy + Au+ay =0

where a is real number, A is a self-adjoint coercive operator and B a linear
bounded positive operator in a separated Hilbert space H. Assume furthermore
that the resolvent of A is compact in H. Then there exists an increasing sequence
p2 — +oo and an orthonormal sequence e,, € H such that

(1.2) Ae,, = pile,, Vn > 1.
Write (1.1) as

Yy z Yy

d | z —Ay — Bz —au z

(1.3) alul™ " =A "
v —Au — ay v
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If a is small enough, it was shown in [4] that the equation (1.3) generates a
Co-semigroup of contractions on the Hilbert space

H = D(A?) x H x D(A?) x H.

Moreover, let

0

1 0

Wyp = ——= en
V2 |

€n

Then using (1.2) a straightforward computation gives

CL2

23,
This shows that the resolvent of A is not uniformly bounded on the imaginary
axis. Following [7] and [18] (see also [15] for applications) the system (1.3) is
not uniformly stable in H.

Now assume that, and this is true in the case B = I, the spectrum of A has

| wnll# =1, | Gipe, — A)w, |2, = 0.

asymptotic expansions

CL2

2’ 22’

Then the energy corresponding to the first branch of eigenvalues decays

exponentially and that one corresponding to the second branch of eigenvalues

decays only at the rate 1/t. Therefore the total energy decays at the rate 1/t.
Inspired by this remark, we look for a weaker damping operator for example

B = A" with v < 0. In that case, we have the following asymptotic expansions

of the eigenvalues

(1.4) A ~idkpn — =, A, ~ i, —

. 2 . 2
(15) Afnwizun—%, )\inwimn—m‘%w, 2v+1>0,
’ 2 2
AE, ~ i, — B2 AE, ~ i, — M2 2y +1<0
and the eigenvectors
Tirim 0
1 e + 1 0
(1.6) ef, ~ — ol g~ —=| ., 2y +1>0,
1,n \/5 0 2,n \/5 =
0 en
€n €n
1 +ipn 1 Fipin
€n —€n
(1.7) ﬁn~§ 2 %”NE . 2y +1 < 0.
iy, +ipg,

€n €n
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If 2y + 1 > 0, then the real part of AT is of order p27 and )‘ét,n is of order

1,n
uiTlﬁ' Therefore the energy corresponding to the first branch decays at the rate
t%, and that one corresponding to the second branch decays at the rate e
Since —ﬁ > %, the total energy decays only at the rate 751, Tn this case
the eigenvectors efn, ein are asymptotically decoupled, and the two equations
of (1.1) are very weakly coupled or almost independent.
If 2y + 1 < 0, then the real parts of /\fn and )\Qi’n are of the same order p27.

The total energy decays at the rate ¢% and achieves the maximum decay 1/t2

+

for 2y + 1 = 0. In that case the eigenvectors e, are well involved with the

1,n
eigenvectors ein, and the two equations are really coupled.

The paper is organized as follows. In section 2, we establish a general result
on polynomial decay rate of energy by a spectral approach. Section 3 was
devoted to the study of the optimal decay rate of system (1.1) with a weaker
damping B = A for v < 0. Under a suitable framework, we can establish
the asymptotic expansions for the eigenvalues and the eigenvectors as in (1.6)-
(1.7). But these expansions couldn’t give, except in one-dimension, the desired
quadratical convergence for the usual Riesz basis approach. We will construct
a sequence of pairwise orthogonal subspaces. By this way, we reduced the
quadratical convergence to the Parseval equality. In order to obtain a Riesz
basis we only need some weaker asymptotic expansions on the subspaces. In
section 4, we give some examples of application.

There are many results concerning the polynomial decay rate. The majority
was obtained by spectral approaches ([9], [8], [23], [24]) or frequency domain
method ([5], [13], [14]). Others results were obtained by multiplier method
([4], [20], [21]). Also we mention [22] for a general formulation for partially
damped systems and [12] for exact controllability and observability for coupled
distributed systems.

§2. Optimal polynomial energy decay rate by spectral approach. We
give a spectral approach for the polynomial energy decay rate of Cy-semigroups.

Theorem 2.1. Let S(¢) be a Cy semigroup of contractions generated by the
operator A on a Hilbert space H. Let A\; (1 < k < K) denote the k-th branch
of eigenvalues of A and {ey, » }1<k<x n>1 the system of eigenvectors which forms
a Riesz basis in H. Assume that for each 1 < k < K there exist a positive
sequence [t , — +00 as n — 400 and two positive constants ay > 0,5, > 0
such that

(2.1) ReAg,n < B g M| > pen, V> 1

g
Iuk,n
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Then for any ug € D(A?) with @ > 0, there exists a constant M > 0 independent
of ug such that

M
(2.2) IS@uol < A w0l g, V>0

where the decay rate ¢ is given by

1 1
(2.3) 0:= min — = —.
1<k<K ap o

Moreover if there exists a constant ¢; > 0, co > 0 such that

(2.4) Re\; ., > _ L and ‘ImAl’n‘ < collim Vn >1,
L

aq
In

then the decay rate d given in (2.3) is optimal.

Proof. Since {ex.n}1<k<r.n>1 is a Riesz basis in H, any ug € D(A?) can be
written as

K
(2.5) ug = Z Z Ak nCh.n-

Moreover there exist two constants C'; > 0, Cy > 0 such that

K 4o0 K too
26) A lannl? < ol < o
k=1n=1 k=1n=1

Using the expansion (2.5) and the continuity of the semigroup S(t), we get

K +oco

(2.7) S(t)ug = Z Z A€ e .

k=1n=1

Then using the first conditions of (2.1) and the second inequality of (2.6) into
(2.7), we obtain

K 4o
(2.8) 1S(t)uoll3, < sup Sup< 2Bnt )ZZ i
1<k<K n>1 M ep< ’“) k=1n=1
k,n

On the other hand, the conditions of (2.1) imply that there exists a positive
constant C's > 0 such that

K 4o K +oo

29) O ullaal <Y

k=1n=1 k=1n=1

||A9uOI|H




Then inserting (2.9) into (2.8), we get

( 0203
Oy, exp (224

X
Mk,n

(2.10) |S(t)uol|3, < sup sup
1<k<K n>1

))||A%o||%~

If a, = 0 for some 1 < k < K, since inf,,>1 pg,, > 0, then it is easy to find a
constant M, > 0 such that

1 M
(2.11) - < e, V1
[y, €XP (25,@) t
If ap > 0 for some 1 < k < K, then putting
t 1 20 28
I — ag T
o me
we rewrite
2ﬁkt 20
(2.12) pfexp (T ) = ful@)to.
/“l’k,n

Then a straightforward computation gives

fr(x) =2e= x°k —x — B

BL 2_9_2<9 > >0, x>akTﬁk,
Qp

<0, x<akTﬁ’“.

It follows that

(2.13) inf fi(z) = fk<o““f‘“) - (O‘kf‘“>%ez—i =M !> 0.

Inserting (2.13) into (2.12) gives that

1 M,
(2.14) <= r  n>1

— 20
o () = £
’ Mk,n

o+

Finally combining the cases (2.11) and (2.14), we get the polynomial energy
decay rate (2.2) with the constant M given by

CyC
= 273 ax M.

2.1 M
(2.15) C7 1<k<K

Now we consider the optimality of §. To simplify the notations, we write

Q) =, Ul n = HUn, )‘l,n = )\na €iin = €En.



Since p, — +o00, then for any € > 0, we can find a subsequence, still denoted
by pn, such that

1
(2.16) Y — < +o0.
n=1""
Then putting
[e%e) 04
(217) Ug = Z;l Wen,

we see that uy € D(A?) due to the convergence (2.16). On the other hand,
thank to the second condition of (2.4), we can choose a constant C4 > 0 such
that || A%/ = 1. Now using the first condition of (2.4), we get

VYm > 1.

046)‘ nt Cle
(218)  IS(uol3, = | i
Z (9+ /2) 29—|—a6 exp <201t)

m

Finally setting ¢, = <, in (2.18), we obtain that

C1C2 C1C2
2 14 14 .
(2.19) 1S (tm)uoll7, > chuL%r? “e 2e14200+¢’ m=l

This means that the trajectory S(¢)ug decays slower than t%++ on the time
sequence t,, — +00. Then for any € > 0, we can’t expect the decay rate t29++
for all initial data ug € D(A%) and for all ¢ > 0. The proof is thus complete.

Remark 2.1. If )\, is an eigenvalue of algebraic multiplicity d > 1, then
the corresponding factor in (2.8) and (2.14) will be replaced by

PO _ My
[Lk exp <2ﬁkt> — $208°

kn

where p(t) is a polynomial of degree d — 1 and M}, > 0 is a constant. Therefore,
Theorem 2.1 remains valid if the operator A admits a finite number of
algebraically multiple eigenvalues and the system of root vectors forms a
Riesz basis in 'H.

Remark 2.2. Theorem 2.1 is valid for all initial data ug € D(A?) with
¢ > 0. This is different from an earlier result of Littman-Markus in [11] where
the initial data ug should satisfy some stronger conditions.
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63. Spectral compensation for weakly damped systems. Let A be a
densely defined closed self-adjoint operator in a Hilbert space H such that for
some positive constant ¢ we have

(3.1) (Au,u) > c|lul|%, Vu € D(A).

Let v < 0, and a be a small real number. We consider the following weakly
coupled equations

Yee + Ay + Ay +au = 0,
Uy + Au + ay = 0.

In order to curry the explicit computation of the eigenvalues, we have chosen
the same operator A in the two equations of the system (3.2)-(3.3). The results of

this section complete and improve a recent work of Alabau-Cannarsa-Komornik
[4].
Define the Hilbert space

H = D(A%) x H x D(A?) x H
equipped with the equivalent inner product

(Y, 2,u,0), (f, 9,0, )1 =(A%y, AT f) + (2, 9) + (ATu, AZp) + (v, q)
+a((y,p) + (u, f)).

Setting

[N

D(A) = {w =(y, z,u,v)T € H zve€ D(A?), y,uc D(A)},

z
—Ay— A"z —au
v

A

S € v

—Au — ay
we can write the system (3.2)-(3.3) into an evolution equation

d
(3.4) prick Aw, w(0) = wp.

Under the condition (3.1), we can prove easily that A is a maximal dissipative
operator on H provided that a is small enough. Therefore A4 generates a C°-
semigroup of contractions on H (Theorem 1.4.3 in [17]). Moreover, setting the
energy by

1 1 1
B(t) = 5 (143912 + lyell® + 143l + el + aly, w) + a(u,y) )



8

then a straightforward computation gives that

d
—E(t) = —[|[Ay]|? < 0.
7 (t) | A7y <

Assume furthermore that the resolvent of A is compact in H. Then there
exists an increasing sequence p? — 400 and a orthonormal sequence e, € H
such that

(3.5) Ae, = pie,, VYn > 1.

Moreover the system {e,, },,>1 forms a Hilbert basis on H.
Now let A be an eigenvalue and (y, z,u,v) be the associated eigenvector of
the operator A. Then we have

z = Ay,

—Ay — Az —au = Az,
(3.6) v =,

—Au — ay = .

We will see in Proposition 3.3 that all eigenvectors of A are of the following
form

(3.7) Y= Qpenp, Z = Aapen, u = Bpen, v = AGnén.

Inserting (3.7) into (3.6) we get

(N + pp + A )a, + a3, =0,
(3.8) 5 5 B
acy, + (A 4+ ps)Bn =0

which has non trivial solution (a,, 5,) # (0,0) if and only if X is a solution of
the equation

(3.9) (N2 + A2 + p2) (N + p2) = a®.

Proposition 3.1. For each u,, > 0, the corresponding eigenvalues )\fn, )\Qi’n
of the system (3.2)-(3.3) satisfy the following asymptotic expansions.
LIf-1/2<~y<0,

2y 1
N
(3.10) AE = i, - g 0(—),
1, B i
2
+ . a 1
(311) >‘2,n = Zl:Z,un - W + O(m)



LIty < —1/2,
2y
(3.12) )\fn =4i/p2 +a— “7” + O(M?H),
2y
(3.13) Ain = 4i/iZ —a— MTn o>y,
L Ify = —1/2,
1+ V1 —4a? 1
(3.14) AE = Lip, — ¥+ O(—Q),
7 4/“Ln M,
1F V1 —4a? 1
(3.15) N, = i - —— 1+ 0(—).
’ 4“” Hn

Proof. Firstly, let \,, be one of the four solutions of the equation (3.9). If
A2 4+ p2| < 1, then it follows that

(3.16) 2—” = +i 4+ O(u,?).

If |A2 4+ p2| > 1, then from the equation (3.9) we get
A2 | Aoy _
(52) + 22 4+ 1= 0u?).
L L
It follows that

(3.17) 2—” = +i+O(u2 ).

Combining (3.16) and (3.17), we get

(3.18) 2—" = +i+ 02 + O, ?).

Next, solving the equation (3.9), we get

(3.19) 2NZ 4+ p2) = =22 T/ A2 + 4a2.

The symbol a ~ b means that a — b — 0. In the following computations we
use many times the expansion v/1 +z = 1+ z/2 + O(z?).



10

CaseI: —1/2 <y <0. From (3.18), we have
(3.20) At Y| ~ 27— o0,

Using the asymptotic expansion (3.20) into (3.19), we get

A% = _Mn - >‘1 n:un’y + O( 2’Y+1)
(3.21) )
2 9 a 1
)‘Q,n = —Hn + )\2 n’u%'y + O( 6’7+3>

Hn

It follows from (3.21) that

PN Tt 1
N = i 2B (LY,
K Mn
(3.22) -,
+ ) a 1
Ao = Fipin F Do T + O<Mgw+4)'

In particular, we get

AL, = Fip, + 0(u2),
(3.23)
Ag:n = +ipn + O< 2w+2)

Inserting (3.23) into (3.22) gives that

2y 1
(3.24) XE, = i — E 1+ 0(—),
b 2 l,l/n
2
+ . a 1
(3.25) >‘2,n = :|:Z,un - W + O(W)

Case I1 : v < —1/2. From (3.18) we have
(3.26) 22| ~ 11427 =5 0.

Using the asymptotic expansion (3.26) into (3.19), we have

AL pt2
X, =2 +a) - 12“ +0(u*?),
(3.27)

ALnp2)
= o At o(en),



It follows from (3.27)

: iIA
N, = Fin/i2 +at e O(udtY,

2/ p2 +a

(3.28) o
. ? Lnﬂéy 4v+1
A = i/ —a+ 2Lt L ot
2, 1 N/ (™)

In particular, we get

Ain = Fiv/p2 +a+0(u2),
Non = Fin/p2 — a+O(u).

Inserting (3.29) into (3.28) we have

(3.29)

(3.30)

Case IIT : vy = —1/2. From (3.18) we have

(3.31) M o +0(i), Mn s + O(%).

[ I fn I

Using the asymptotic expansion (3.31) into (3.19), we have

(3.32) i

i 1

)\inZ—Mi¥§(1i\/1—4a2)+0<—2),
A\ = 2 1(1 1—4a2)+ 0 S
2,n — /-Ln:F2 :F a 2/

n

It follows from (3.32) that

1+ v1— 42 1

(3.33) X, = i — ———— +0(— ),
’ 4/“Ln /J’n
15 vI— 4a2 1

(3.34) AE = gy, - YT o(=).
7 A I

The proof is thus complete.

11
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If Afn, A;n are simple eigenvalues, then setting

a
3.35 -~ af ,
( ) ﬂl,n ()\:lt’n)g_i_ugl 1,n

(3.36) of, = ——=2n 1 @;n

in (3.8) we get

e (A3.) i )en
— —_
)\l,n a’>\2,n
en ((Ai )2+ 2
Iy )en
+ o+ + ot —_2m/  Pml
(3'37) el,n - al,n _ a€n ’ 627n - ﬁQ’n a
A (T2 402) en
s , AT
2,n
aey ’

- 9%n
(>‘1,n)2+“% €en

Now let us denote by V,, the eigen-space corresponding to the four eigenvalues
MDA

1,n
_ + + — —
Vn - Sp{el,rﬂ 62,n7 el,n’ eQ,n}‘

From the expressions in (3.37), the subspaces {V,,},>1 are clearly pairwise
orthogonal in H. It is possible that the equation (3.9) has multiple solutions
for some special parameters u,,a. However for a small enough, the Rouché
theorem shows that the equation (3.9) admits at most a double solution for the
first branch of eigenvalues )\fn = AM.ns efn = e1,, which satisfies the following
equation of derivation

(3.38) (A + 127 (A2 + 12) 4+ 20(A2 + A2 4 p2) = 0.
In that case, we look for the corresponding root vector €i , = (Yn, Zn, Un, Up)
such that

(I - Al,nA)gl,n = €1n

which involves that

e ~ e
( Zp — )\l,nyn = )\ln )

M

—Ay, — A"z, —au, — Az, = ey,

(3.39) On = Anlln = =5

ae
ATy, — Ay — ATy = — e
\ (M., +12)
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Setting

(340) gn = 01,n€n, Uy = ﬁl,nen
in (3.39) we get

€n

>\1,n’

ae,

gn - al,n)\l,nen +
(3.41)

Up = 61,n)\1,nen -

where the constants o ,, and 31 ,, satisfy

21 + p?7
—Of-%ALnM%“+Ainﬁhnr—aﬁLn=:—J%%—ii—v
17
(3.42) , "
2 2 a
T by h=
CLOél, (/’l/ + l’n)ﬁl, )\%’n—}—u’%

Since A1, satisfies (3.9) and (3.38), the first equation of (3.42) can be reduced
to the second one. Therefore choosing
2

(343) Aln = 5 5>
ALy + b3

ﬁl,n =0.

in (3.40)-(3.41) we get the corresponding root vector

2
VWA
A u "

20,A1’n

+ = )en
(3.44) Cin = <*3n+“i A
0

a

TN OF ) o

Accordingly, we modify the subspace V,, as

_ + = —
Vn - Sp{el,ru 62,n7 el,n7 eQ,n}'

Once again, the expression (3.44) shows that the subspaces {V,,},>1 are still
pairwise orthogonal in H.

Proposition 3.2. Let Efn, Ezin be the eigenvectors of the decoupled system
(corresponding to a = 0)

T 0
1 1
(3.45) BE, =—| “ |, B = 0

v2 | 0 VR |

0 en
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Then the following relationship holds

+ —
E2,n7 El,n7

(3.46) (ef e;n, €1 62_7”) = (B

1,n> 1,n

Ey )L

where L, is a 4 x 4 matrix such as

1 0 0 O
0 1 0 0
BANLe={ 0 o0 1 o +O<W> 2% +1>0,
0 0 0 1
1 -1 0 0
1 1 1 0 0 1
(3.48) Ln = V210 o 1 -1 + O(ﬂgin{Q,—(Z’H—l)}) 2y+1<0,
0O 0 1 1
Va, a0 0
_ia_ ia 0 0 1
_ Va,  Va_ < ) _
A49) L, = V2 + - 2 1=
(3.49) V2 0 0 Vi va, +0 ) 2+ 0
00 g e
where we have put
1+ 1 —4a2
(3.50) ay = %

Proof. For 2y + 1 > 0, using the asymptotic expansions (3.10)-(3.11), we
have

1 1 1 1
3.51 —_— = O(*), — = O(pu>—2 ,
SRV A s
1 1 1 1
39 0 E—0(h), = Lol
( ) ( 27n> +lun M%{H—l ’ )\;ﬁ:’n j:l,un + M%’y+4
Inserting (3.51)-(3.52) into (3.37) gives
==
1 e 1
+ n
(353) el’n = ﬁ 0 + O<W>7
0
0
1 0 1
351 SR B I BRTE )
( ) 2, /2 oo P
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For 2y + 1 < 0, using (3.12)-(3.13), we have

1 1 1 1 1
355) == L O, = +0<—)
(3.56) EES +o(i) (AE,)? + 42 =a+O(ud*h).
A;n Tipin w3/’ " " "
Inserting (3.55)-(3.56) into (3.37) gives
Tiinm
1| e, 1
(3.57) =5 | o | +owy+o(—).
i, 1y,
€n
, Fitin ,
(3.58) G =5 | et | Fow ) +0(—5).
i, 1y,
€n
For 2y + 1 = 0, using (3.14)-(3.15), we have
1 1 1 1
3.59)  (Af)2 4l = Fiaw +0(—5), o= o(-—)
( ) ( 1,n) + Ky Flat + ,u% ) )\il:n :t@/ubn + ,u% )
1 1 1 1
£ V2, 2 _ _
Inserting (3.59)-(3.60) into (3.37) gives
Tiinm
1
(361) eitn = \/ai eaTrLsn + O<_2)7
| o .
:tiani
i :
(3.62) G =vaz | | +0(=).
| ez tn
:t’LCL:F

The proof is thus complete.

+

1.n and

Remark 3.1. If 2¢v + 1 > 0, the leading term of the eigenvectors e

ein are decoupled. The system (3.2)-(3.3) is over-damped and ”essentially
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decoupled”. While if 2y 41 < 0, the leading term of efn and ein are well
well coupled. The system (3.2)-(3.3) is right-damped in that case. In particular,
when 2y + 1 = 0 the parameter a appears explicitly in the leading term of the
matrix L,,.

Lemma 3.1. Let {X,},>1 be a Riesz basis of subspaces in a Hilbert space
X and {Y,},>1 a Riesz sequence of subspace in X. Assume that there exist
a sequence of isomorphisms {L,,},>1 from X,, onto Y;, and positive constants
m > 0, M > 0 independent of n such that

(3.63) m||xn| < [|[Lnxn| < M|z, Vo, € X,, Vn>1.
Assume furthermore that for each n > 1, there exists a Riesz basis

{fnihi<i<r, (In < 400) in X, and positive constants ¢ > 0,C > 0 independent
of n such that

I, I, I,

(364) CZ |an,i|2 S ||an2 S CZ ‘an,i|27 vxn = Zan,ifn,i-
i=1 i=1 i=1

Then the sequence

(3.65) Gn,i = Lin [, Yn>1, 1<i<I,,

forms a Riesz basis in X.
Proof. Since {X,,},>1 is a Riesz basis of subspaces in X, then for any z € X
there exists a unique sequence {z, },>1 with z,, € X,, such that

(3.66) 2= w0, Y |zl < 2P <D flwal
n=1 n=1 n=1

This combining with (3.64) imply that the sequence {fy i}n>11<i<r, forms a
Riesz basis in X.
Now define the application L in X as following

(3.67) Lz = i L,x,, T = i Ty
n=1 n=1

It is obvious that L is a linear application in X. Moreover, since {Y},},>1 is a
Riesz sequence of subspaces in X, we get

(3.68) Y I Lnza|? < Ll < C" || Lnaa®.
n=1 n=1
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Combining (3.63), (3.66) and (3.68) we get

MC//

Cl

mc//

Cl

(3.69) |]|* < || L < lz]?, vz e X.
It follows that L is an isomorphism in X. Thus the sequence {g, ; }n>11<i<1,,,
being the image of the Riesz basis { f,, i }n>1,1<i<1, by the isomorphism L, forms

a Riesz basis in X. This achieves the proof.

Proposition 3.3. Let v < 0 and a be a real number small enough. Then
the system of eigenvectors {efn, e;n, €9.m» €2 5 fn>1 Of A forms a Riesz basis in
H. In particular, all eigenvectors of A are of the form (3.7).

Proof. For alln >1 let

(3.70) W, = Sp{ET,, ES,. B3, ET,.}.

It is clear that {W,},>1 forms a Hilbert basis of subspaces and {V,},>1 is
a Hilbert sequence of subspaces in H. The condition (3.64) is trivial since
Ef:n, E;:n, E5 s E5,, 1s a Hilbert basis in the subspace Wy,. Let L, be defined
as in (3.46). Following Proposition 3.2, L,, has a constant leading term which
is invertible. This together with the fact that L, is invertible for all n > 1
imply the condition (3.63). Then applying Lemma 3.1, we get that the system
of eigenvectors {ein, ein, €3.m» €2 5 fn>1 forms a Riesz basis in ‘H. In particular,
all eigenvectors of A are of the form (3.7). The proof is thus completed.

Remark 3.2. There were many papers based on Riesz approach for which
the essential part is to show that the sequence of the root vectors is quadratically
close to known Riesz basis. This approach requires a very long calculation and
is limited to one-dimensional problems (see [7] and the successions).

The idea of Proposition 3.3 lies in constructing the pairwise orthogonal
tn, e;n, €1 s €3, Deing orthogonal. By
this way, we reduced the quadratical convergence to the Parseval equality. In

subspaces V,, without the eigenvectors e

order to get the condition (3.64), we need only some asymptotic expansions
such as (3.47)-(3.49) which do not give any quadratical convergence.

To fix the idea, we consider the case where A := —A is the Laplacian on a
bounded open set 2 C RV with the homogeneous Dirichlet boundary condition
as in Example 4.1. Following a classical result of Agmon (Theorem 14.6 in [2]),

we know that p1,, ~ n*/N. Let 2y + 1 > 0, then the series of general term

1
+ + _
(3.71) lern, — Einll = O(m)
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converges in [2 if and only if N < 2(2y+1). This is never trueif —1/2 < v < —1/4
even in one-dimension. In the best case v = 0 which corresponds to the usual
damping v, the series of general term (3.71) converges in [ if and only if
N < 2. This confirms that the quadratical convergence could be expected only
in one-dimension.

Theorem 3.1. Let v < 0 and a be a real number small enough. Then for all
Yo, 70 € D(A) and y1,u; € D(A2) the energy of the system (3.2)-(3.3) has the
following polynomial decay rate

1
(372) E(t) < C(lAwol} + |Auoly + 1Ayl + AP l) g Ve >0
where
ﬁ, 2y +1>0,
(3.73) d(y) = —%, 2v+1 <0,
2, 2v+4+1=

Proof. Following Proposition 3.1, the eigenvalues of A satisfy the asymptotic
expansions (2.1) with

ar=-2y, a=2(y+1), d=-3g, 2y+1>0,
(3.74) o = g = —27, ==, 2y+1<0,

ap = ag =1, 0=2, 2v4+1=0.
On the other hand, following Proposition 3.3 the system of eigenvectors of A
forms a Riesz basis in H. Then applying Theorem 2.1, we get the polynomial

energy decay rate (3.72)-(3.73). The proof is thus achieved.

The following theorem gives the repartition of energy within the two equations
of the system (3.2) -(3.3).

Theorem 3.2. Assume the same conditions as in Theorem 3.1. Let
wp € D(A) be an initial data and

(3.75) E\(t) = %(HA%y(t)qu +l2()117),

(3.76) Bo(t) = S (142 (o) + o0l

be the corresponding energy of the first equation, respectively the second
equation. Then the following estimates hold

1
t_ga
1 1

(3.78) Ei(t) < Ol Awo|*—=, Ex(t) < Cl|Awg|*—=,  2y+1<0.
- t=~

t— v

1
1

£t

(3.77) Eyi(t) < C||Awg||? Ey(t) < C|| Awg|? , 2y+1>0,



Proof. Developing efn, §t on the basis Efcn, E;n, we get
+ + + + + + + o+
(379) 61, =0 nE + o) nE2 ,n? e?,n = Bl,nEl,n + ﬁ?,nEZn‘

Writing

(380) Z ay nel ,n + Z CL2 n62 ,n?

then we have

_ + AF ¢+ + Aot +
(381) U)(t) - Z al,ne L el,n + Z a2,ne Zm eZ,n
n=1 n=1
s +
_ + = S 1 + ot )\ ot +
_Z(a’l nQ1 € 1 ag n/Bl n€ ? )Eln
n=1
0o
+ + ATt + ot At +
+Z(a1 n@2 n€ b +a2n 2n€ 2" )E2n
n=1

The orthogonality of Ei E;n implies

1,n
1 oo
(382) E1<t) = 52 ay nail:n 1n +a2n :I:n )\ t‘27
(383) E2(t> =5 Z ‘al na2n l nt +(1,2 nﬁ 2n ‘

If 2y +1 > 0, then from (3.47) we get

,n

(384) af, = O(1), of :o(ﬂ%), + :o(ﬂ%), £ = 0(1).

Inserting (3.84) into (3.82)-(3.83), we get

2

i 14 A 4ry+4 ﬁ%
Hn €’n
‘Hn 1n‘2 ‘Hn 2n|2
(3.86) ) < CZ s T
n=1 Hn 2, u2rt2
Hrne

Using the estimate for any 6 > 0, > 0

(3.87) p2lers > Ot
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in (3.85)-(3.86), it follows that

1 1 1

(3.88) B (t) < CHAon2< =+ t—2) < Ol Awol* 5,

o/ 1 1 , 1
(389)  Ea(t) < Clldul? (= + o) < CllMwol> =

t—— tr+1 trFT
If 2y + 1 <0, then from (3.48)-(3.49) we get

(3.90) ai, =0(1), a5,=0(1), Bf,=0(1), By,=O0().
Inserting (3.90) into (3.82)-(3.83) we get

- 1

+ 2 + 2

(391) EI,Q(t) S C;(‘Mnal,n‘ + ‘MnGQ,n‘ ),u%eui”t .

Then using (3.87) into (3.91) gives we get (3.78). The proof is thus complete.

Comments on theorems 3.1 and 3.2. From (3.73) we see that the
decay rate () is an increasing function for —oo < v < —1/2, decreasing for
—1/2 <~ < 0 and achieves the maximum 2 at v = —1/2. The best decay rate
d = 2 occurs for y = —1/2.

If 2y +1 > 0, the system (3.2)-(3.3) is over-damped in the sense that the
eigenvectors efn are asymptotically decoupled from the eigenvectors ein. In
that case, the interferences between the two equations are very weak and the
wave propagates almost independently in the two equations. The energy of the
first equation F;(t) decays more quickly than the energy FEs(t) of the second
equation.

If 2y +1 < 0, the system (3.2)-(3.3) is right-damped in the sense that the
+

1,n
damping applied to the first equation is well transmitted to the second equation

and the system is really coupled. Consequently, the energies F1(t), Eo(t) of the
two equations decay at the same rate. This balanced repartition of energies
within the two equations is due to the compensation of real parts of the two

eigenvectors ey, are involved with the eigenvectors efn. In that case the

branches of the eigenvalues.

A stronger damping A7y; does not necessarily give a better total decay rate
of energy. A good damping should provide a compensation of the real parts
of the two branches of eigenvalues and carry the transmission of the damping
from one equation to another. This can be done by means of suitably weaker
damping.
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We believe that the spectrum compensation is a natural phenomenon for
partially damped distributed systems. It seems interesting to consider coupled
systems with different operators A;, A as in [4]. Indeed the same results could
obtained without essential difficulty in the case As = A? or other similar
situations(see [1], [3] for example). But in general we can no long calculate
explicitly the eigenvalues as in Proposition 3.1.

64. Examples of application. Let {2 C R" a bounded open set with smooth
boundary I'. We denote by || [|o.a, |- ll1,0, |-
spaces L2(Q), H*(Q2), H?(Q) - - - respectively.

2.0 - - - the norms of the Sobolev’s

Example 4.1. Let us consider the system of weakly coupled wave equations

Yie — Ay + (—A)_1/2yt +au=0 in €,
(41) Ut — AU, + ay = 0 in Q,
y = Uu = O on F

where @ € R is small enough, and where (—A)~'/2 is a linear continuous
operator from L?(Q) onto H}(Q).
Defining the operator A in L?(Q) by

(4.2) A=—-A with D(A) = H?*(Q)NH;(Q),

we easily check that A is a densely defined closed self-adjoint operator with
compact resolvent in L?(€2). Then applying Theorem 3.1 we get the following
optimal polynomial energy decay rate

(4.3) ly®11F o + @5 .0 + [u® o + lu®E

C
<=5 (llyo 2o+ lulia)

%,Q + []20 %Q + [Juo

for all smooth initial data

aa Ao W) @M, (a0 - a) )
' u(x,0) = ug(x) € H*(Q) N HI(Q), ug(z,0) = vo(z) € HE(D),

If we have taken a stronger damping y; as it was done in [4], instead of 1/t
we could only get 1/t as the energy decay rate for the same initial data.

Example 4.2. Now we consider the system of weakly coupled plate equations

yee + A%y + (AQ)_l/Qyt +au=0 in €,

(4.5) Uy + A%u+ay =0 in Q,
yz%zuzg—}izo on T
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—1/2

where a € R is small enough, and where (A?) is a linear continuous operator

from L2(2) onto HZ().
Defining the operator A in L?(Q) by

(4.6) A=A? with D(A)=H*Q)NHZQ),

we check easily all the conditions of Theorem 3.1. Then for any smooth initial
data

(4.7) {y(%o) =yo(x) € H Q) NH(Q),  wi(x,0) = 20(x) € HF(Q),
‘ u(x,0) = ug(x) € HXH(Q) N HE(Q), ui(z,0) = vo(z) € HE(Q),

we have

(4.8) ly®13.0 + Iy @ON5 .0 + w3 o + lu®)]E

C
<= (llwo 2o+ lvwlda).

2 2
1.0 T ll20ll2.0 + [luo
Similarly if we have taken a stronger feedback control y; as it was done in [4],
we could only get 1/t as the energy decay rate for the same initial data.

In [4] more general systems with different operator A, As were considered
under an artificial condition D(Ag/ ) € D(A1), j > 2 which restricts the
applications to the distributed systems of the same kind boundary conditions
(see examples 6.1-6.5 in [4]). The following example shows that the above
mentioned condition is not necessary and the polynomial energy decay rate
should be true for more general coupled systems.

Example 4.3. Consider the following system of compactly coupled and
partially damped Euler-Bernoulli beam equations

Yir + Yozza + 0y +aug, +y =0, O<z<m
utt+uxxwx_ayxzo, 0<£ll'<7T,
w(0) = Uz (0) = u(m) = uge(m) = 0.

(4.8)

Putting
V={yeH*0,m),y'(0) =y'(r) =0}, W ={ue H*(0,7),u(0) =u(r) =0}
we define the energy space

H =V x L*(0,7) x W x L*(0, 7).
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It is easy to prove that the system (4.8) generates a Cip-semigroup of contractions
on the space H for b > 0 and a small enough. Moreover, setting the energy

1 T

(@9 E@) =5 [ (ol + sl + Il + uaal? + uef? — ay ~ aug ),
0

we have

d

(4.10) L g = —b/ |2z < 0.
a ;

Now we consider the associated eigen-problem

)\2y+ymm+b)\y+aux+y20 O<zr<m
AU+ Upgze — aYz = 0 O<zx<m,

iy e(0) = Y1z (0) = o(7) = Yrea(7) = 0,
w(0) = Uy (0) = u(m) = Uge(w) = 0.

Let

(4.12) Y = ay, COS NI, u = [, sinnz

be an eigenfunction. Then A must satisfy the system

an(A2+bX+n*+1) —aB,n =0,
Bn(A%2 +n?) +azan =0

(4.13) {
which has non trivial solution if and only if
(4.14) (A2 +nHY (A2 +bA+n? +1) +a’n? =0.

Proceeding as in Proposition 3.1, we find easily that

b 1
+ _ 4.2
2
£y O 1
(4.16) N, = in? = 55 4+ 0( =),

Then for A\ = /\fm taking

1 an 1
+ + +
L
A N T
in (4.12) we get the corresponding eigenvector

cosnx

+in?
1 cosSnx 1
417 oo 0(-) Vn > 1.
( ) el,n \/5 0 + n ) n =

0
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For A = )‘ét,n’ taking
L s (A +n46i _ O(l)
\/57 1,n 2,n

+ _
62’” an
in (4.12) we get the corresponding eigenvector

0
1 0 1
4.18 et =— | .o |+ 0(-), vn > 1.
( ) 2,n \/5 L n
sinnmx

Using the same procedure as in Proposition 3.3, we can prove that the
system {efn,ezi’n}nzl form a Riesz basis in H. But in the one-dimensional
case, the Riesz basis property is evident because the eigenvectors efn, efn are
quadratically closed to a Hilbert basis due to the expansions (4.17)-(4.18),
therefore form a Riesz basis in H (Theorem 4.2.3 in [6] and Theorem 4.1 in [19]
for the original idea on the eigenvalues of lower frequence). Moreover, (4.15)-
(4.16) show that the eigenvalues of the system (4.11) satisfy the condition (2.1)
with p1 , = p2., = n? and oy = 0,2 = 1. Then applying Theorem 2.1, we get
the following polynomial energy decay rate

1
(4.20) E(t) < C(llyolli + 120l + lluoll + llvoll3) vt > 0.

t_27
for the solution of the system (4.8) with smooth initial data yo € H*(0, ) N
Viug € H*0,7)NW and 29 € V,vg € W.

Remark 4.1. The coupling terms ay,., au, do not appear in the expression
(4.10). Nevertheless the energy decays at the rate 1/t% instead of 1/t for the
system coupled through the displacements ay, au.



1]

9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]

18]

25

References

M. Afilal and F. Ammar Khodja, Stability of coupled second order equations,
Comput. Appl. Math. 19(2000), 91-107.

S. Agmon, Lectures on elliptic boundary values problems, Van Nostrand, 1965.
F. Ammar Khodja and A. Benabdallah, Sufficient conditions for uniform
stabilization of second order equations by dynamical controllers, Dynam.
Contin. Discrete Impuls. Systems 7(2000), 207-222.

F. Alabau, P. Cannarsa and V. Komornik, Indirect internal stabilization of
weakly coupled evolution equations, J. Evolution Equations 2 (2002), 127-150.
A. Batkai, K.-J. Engel, J. Priiss and R. Schnaubelt, Polynomial stability of
operator semigroups, to appear in Math. Nachr.

I. C. Gohberg and M.G. Krein, Introduction to the theory of linear non
selfadjoint operators, AMS, Providence, 1969.

B.Z. Guo Riesz basis approach to the stabilization of a flexible beam with a tip
mass, SIAM J. Control Optim. 39(2001), 1736-1747.

F. Huang, Characteristic condition for exponential stability of linear
dynamical systems in Hilbert spaces, Chinese Ann. of Diff. Eqs, 1(1985),
43-56.

S. Jaffard, M. Tucsnak and E. Zuazua, Singular inter stabilization of the wave
equation, J. Diff. Equa., 45(1998), 184-215.

W. Littman and B.Liu, On the spectral properties and stabilization of acoustic
flow, STAM J. Appl. Math. 59(1999), 17-34

W. Littman and L. Markus, Some recent results on control and stabilization
of flezible structures, Proc. COMCON Workshop, Montpelier (1987).

J.-L. Lions, Contrélabilité exacte et stabilisation de systemes distribués,
Masson, Paris, 1984.

Z. Liu and B.P. Rao, Characterization of polynomial decay rate for the
solution of linear evolution equation, to appear in Z. Angew. Math. Phys.

K. Liu, Z. Liu and B. Rao, Fzponential stability of an abstract non-dissipative
linear system, J. SIAM Contr. Optim. 40(2001), 149-165.

Z. Liu and S. Zheng, Semigroup associated with dissipative systems,
Chapman & Hall/CRC Research Notes in Mathematics, 394. Chapman
& Hall/CRC, Boca Raton, 1999.

P. Loreti and B. Rao, Compensation spectrale et taux de décroissance optimal
de l’energie de systemes partiellement amortis, C. R. Acad. Sci. Paris, 337,
Série I (2003), 531-536

A. Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations, Springer, New York, 1984.

J. Priiss, On the spectrum of Cgy-semigroups, Trans. Amer. Math. Soc. 284
(1984), 847-857.



26

[19]

[20]

[21]

B. Rao, Optimal energy decay rate in the Rayleigh beam equation,
Optimization Methods in Partial Differential Equations, ed. Cox and
Lasiecka, Contemporary Mathematics, 209 (1997) 211-229.

B. Rao, Stabilization of a plate equation with dynamical boundary control, J.
STAM Control Optim. 36(1998), 148-164.

B. Rao and A. Wehbe, Polynomial energy decay rate and strong stability
of Kirchhoff plates with non-compact resolvent, to appear in J. Evolution
Equations.

D. Russell, A general framework for the study of indirect damping mechanisms
in elastic systems, J. Math. Anal. Appl. 173(1993), 339-354.

A. Wehbe, Boundary stabilization of wave equations with dynamical control,
Applied Mathematics Letters, 16(2003), 357-363.

X, Zhang and E. Zuazua, Polynomial decay and control of a 1 — d hyperbolic-
parabolic coupled system, J. Diff. Egs. 204(2004), 380—438.



