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Abstract. This paper deals with optimal control problems of semilinear parabolic equations
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1. Introduction. Let T be a positive number, €2 be a bounded open subset in
RN (N > 2) with a Lipschitz boundary T', and ¢, o, and & be numbers satisfying

g>N/24+1 and o> >N+1.

Consider the parabolic system

(1.1) @+Ay+f(x,t7y)=OinQ, ﬂ+g(s,t,y,v)=00n 3, y(0) =yo in Q
ot ona

(where Q := Qx]0,T[, ¥ :=I'x]0,T[, T > 0, v is a boundary control, yo € C(2), A
is a second order elliptic operator) and the following control and state constraints:

v € Vag:={v € L7(D) | v(s,t) € V(s,t) for almost every (a.e.) (s,t) € X},
(1.2) P(y) €C,
[ witstoy(s 0 v(s ) dsdt =0, 1< <m,
b

(1.3)
/ Ui(s,t,y(s,t),v(s,t))dsdt <0, mo+1<i<m.
b

(V' is a measurable set-valued mapping from ¥ with closed and nonempty values in
’P(Rk), the set of all subsets of R¥, U = (Ty,..., U,,), is a function with values in
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R™, ® is a continuous mapping from C(D) into C(D), C C C(D), D is a nonempty
compact subset of @).) Let us consider the following class of optimal control problems:

(P) inf{J(y,v) | y € W(0,T)NC(Q),v € Vaa, (y,v) satisfies (1.1),(1.2),(1.3)},

where V4 is a subset of 17ad (to be stated precisely later), and the cost functional is
defined by

J(y,v):/QF(m,t,y(w,t))dxdt—l—/EG(s,t,y(&t),v(s,t))dsdt—i—/QL(x,y(x,T))da:.

We are mainly interested in optimality conditions for such problems, in the form of
Pontryagin’s principles. The existence of optimal solutions for (P) is a priori supposed.

In the case where V, 4 = ‘7,101, and V,4 is a bounded subset in L>°(X) (the case of
bounded controls), Pontryagin’s principles for (P) have been obtained in [3, 9, 16, 17,
11, 25, 26, 4]. In this case the Pontryagin’s principle is of the form

(1.4) Hyx(y,v,p,7,A) = min Hx(y,v,p,7,\),
vEVaa

where

Hy(y,v,p,v,\) = /[VG(s,t,y,v) —pg(s,t,y,v) + AU (s,t,y,v)] dsdt,
b

(g, ) is an optimal solution, X is a multiplier associated with the mixed control-state

constraints (1.3), ¥ is a multiplier of the cost functional, p is the adjoint state (the

multiplier associated with the state constraints (1.2) only intervenes in the adjoint

equation satisfied by p). Notice that (1.4) can also be replaced by a pointwise Pon-

tryagin’s principle.

Observe that in [9, 16, 17, 11, 4] there is no mixed control-state constraint. Results
with mixed control-state constraint are obtained in [2].

As explained in [8, p. 595] and in [21], the case of unbounded controls, that is,
when V4 = V/ad is not bounded in L*(X), leads to some difficulties. In this case
Pontryagin’s principles are more recent results [8, 10, 21].

Now consider a control set of the form

(1.5) Vaa = {v € Vyq | v satisfies (1.6)}
with
/hi(s,t,v(s,t)) dsdt =0, 1 <i </,
by

(1.6)
/hi(s,t,v(s,t)) dsdt <0, bo+1<1<4,
®

where h = (hq, ..., hy) is a function with values in R’. Obviously control constraints
(1.6) can be considered as a particular case of mixed control-state constraints (1.3).
The corresponding Pontryagin’s principle for the problem (P), with the control set
Vaa defined by (1.5), may be written in the form

(1'7) Hz(g’ 177?7 17’ X? 5\) = m,i/n HE(?? U’ﬁ? D? X’ 5\)7

where X is a multiplier for the control constraints (1.6).
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The novelty of our paper is the following Pontryagin’s principle for the problem

(P) (Theorem 2.1):
(1.8) Hx.(y,v,p,7,A) = min Hx(g,v,p, 7, ),

vEVaq
when the control set V,q is defined by (1.5). Let us insist on the fact that the minimum
in (1.7) is stated with controls in Vg, while in (1.8) it is stated with controls in Vjq.
Since V4 takes integral control constraints of isoperimetric type into account, the
result is of a different nature. As an application, we are able to prove a Pontryagin’s
principle (Corollary 2.2) for local solutions of (P) (local in the L7(X)-sense). To
our knowledge, this result is completely new. Control problems for semilinear elliptic
equations, with integral control constraints, are considered in [5], but the Pontryagin’s
principle for local solutions was not obtained there. Also we can deduce from (1.8) the
classical pointwise Pontryagin’s principle for local solutions in L7 (X) of the previous
control problems; see Corollaries 2.3 and 2.4.

Let us finally mention that we deal with parabolic equations of the form (1.1),
where the coefficients of the operator A are not regular, and where the nonlinear
terms f(xz,t,-) and g(s,t,-) are neither Lipschitz nor monotone with respect to y.
When g(s,t,-,v) is Lipschitz and monotone such an equation is studied in [4] for
bounded controls. For unbounded controls, when g(s,t,-,v) is neither Lipschitz nor
monotone, but when the coefficients of A are time independent and regular, (1.1) is
studied in [20, 21] by means of estimates on analytic semigroups. Here we combine
these different difficulties. Equation (1.1) and the adjoint state equation are studied
in section 3.

Our main results are stated in section 2. Section 4 is devoted to the study of the
metric space of the controls and to the existence of diffuse perturbations of controls.
These perturbations are the key for the proof of Pontryagin’s principle, which is done
in section 5.

2. Main results. We set Qg = Q x {0} and Qr = Q x {T'}. For every 1 <
7 < 00, the usual norms of the spaces L™(Q2), L™(I"), L™(Q), L™ (%) will be denoted by
Il-lm25 I-l=0s l-llm@5 |l|l7,5. For every t > 0, we define the norm ||| by Hy||2Q(t) =
191 Z2(0,6:01 ) T N19ll7 00,1202y~ The Hilbert space W(0, T H(Q), (H'(Q))') =
{y € L*(0,T; H'(2)) | % € L%(0,T; (H'(Q)))}, endowed with its usual norm, will
be denoted by W (0,T). We denote by V.4 the set of admissible controls

Vaa := {v € Vaq | v satisfies (1.6)}.

2.1. Assumptions.
(A1) The operator A is defined by

N N

N
Ay(‘x’t) = _ZDi Z(aij(xvt)Djy(I’t)) + ai(x’t)y('r7t) +Z(bi(x’t)Diy($vt))a

i j=1 i=1

the coefficients a;; belong to L>(Q), a; and b; belong to L??(Q), and

N
(21) AP <) ay(x,t)g&  for all € € RY and for ae. (2,t) € Q with A > 0.

ij=1

We make the following assumptions on f, g, F, G, L, &, V.
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(A2) For every y € R, f(-,y) is measurable on Q. For almost every (z,t) € @,
f(x,t,-) is of class C* on R. The following estimates hold:

[f(2,t,0)] < My(x,1),  Co < fy(z,t,y) < Mi(z, t)n(|yl),

where M; belongs to L(Q), 7 is a nondecreasing function from R to R* and C € R.
(We have denoted by f?; the partial derivative of f with respect to y, throughout what
follows we adopt the same kind of notation for other functions.)

¥ and every v € R, g(s,t,-,v) is of class C* on R. For almost every (s,t) € ¥, g(s,t,
and gy (s,t,-) are continuous on R x R. The following estimates hold:

(A3) For every (y,v) € R?, g(-,y,v) is measurable on ¥. For almost every (s,t) €
)

|g(s,t,07v)| < M?(sut) + Al‘v|7 C’0 < g;(sut7y7v) < (M2(87t) + A1|UD77(|1‘/|)7

where My belongs to L7 (X), Ay > 0, Cy and n are as in (A2).

(A4) For every y € R, L(-,y) is measurable on Q. For almost every x € Q, L(z, )
is of class C' on R. The following estimate holds:

Lz, y)| + Ly, (2, 9)] < Ms(x)n(|y]),
where M3 € L(Q), n is as in (A2).

(A5) For every y € R, F(-,y) is measurable on Q. For almost every (z,t) € @,
F(w,t,-) is of class C* on R. The following estimate holds:

|F (.t )| + [Fy (. t,y)| < Ma(z, t)n(|y]),

where My € L'(Q), n is as in (A2).

(A6) For every (y,v) € R? G(-,y,v) is measurable on X. For almost every
(s,t) € ¥ and every v € R, G(s,t,-,v) is of class C* on R. For almost every (s,t) € %,
G(s,t,-) and G (s,t,-) are continuous on R x R. The following estimates hold:

—Ms(s,t) = Aufo|” < G(s,1,0,0) < Ms(s,t) + Aafv]7,

|Gy (s, t,y,0)| < (Ms(s, ) + Axfo")n(]yl),

where M5 € L(X), A; and 7 are as in (A3).

(A7) The function h = (hq,...,h) is a Carathéodory function from ¥ x R into
R’ satisfying

|hi(87tvv)| §M5(S,t)+[\1|’0‘6 fori:la"'a‘e()a

—Ms5(s,t) — A1|v|” < hi(s,t,v) < Ms(s,t) + A1|v|” fori= Lo+ 1,...,¢;

A1 and M5 are the same as above.

(A8) The function ¥ = (¥y,...,V,,) is a Carathéodory function from ¥ x R?
into R™. For almost every (s,t) € X and every v € R, U(s,t,-,v) is of class C! on R.
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For almost every (s,t) € 3, ¥ (s, t,) is continuous on R x R. The following estimates
hold:

|U;(s,t,0,0)] < Ms(s,t) + Aq|v]” fori=1,...,mo,
—M;5(s,t) — Aq|v|7 < Wi(s,t,0,0) < Ms(s,t) +Aq|v|]7 fori=mo+1,...,m,

W3y (s,t,y,0)| < (Ms(s,t) + AaJo|7)n(lyl) fori=1,....,m,

where Ay, M5, 7 are as before. We also suppose that the function ® : C(D) — C(D)
is of class ct , and that C C C(D) is a closed convex subset of finite codimension in
C(D), where D is a compact subset of ().

2.2. Statement of the main result. We define the boundary Hamiltonian
function by

Hs(y,v,p,v,\) = /[VG(S,t,yw) —pg(s,t,y,v) + AV (s, t,y,v)] dsdt
>

for every (y,v,p,v,\) € C(Q) x L7(Z) x L7 (2) x R*™. (Here A\ = (AL,..., ™),
AU(s,t,y,v) = >0 NW,(s,¢,y,v). Throughout the paper we adopt the same kind
of notation for scalar products in R™.)

THEOREM 2.1. If (A1)—(A8) are fulfilled and if (g
there exist p € LY*(0,T;W11(Q)), v €e R, A € R™, i €
measures on D) such that

v) is a solution of (P), then
M(D) (the space of Radon

(2.2) (D, A\ a)#0, >0, formog+1<i<m, \;>0, Xi/ U, (s,t,7,0)dsdt = 0,
>

(2.3) (,z—=®(H)p <0 foralzeC,
0P, e Iy :
ap TAPH (@ t9)p = vE (@ t9) + [¥(9) Al in Q,
a_ — =\ = — — = S — = —\* —
CAN G (515,000 = 7G5, 1,9,0) + AV (51,9, 0) + [#' (@) Al on 3,
p(T) = vLy(2,5(T)) + [®' ()" A5, on 9,
= & 1,d N 1 1
(2.5) pelL’ (0, T;W>%(Q)) for every (8,d) satisfying %4 + = 5 <73
(2:6) Hx(9,0,p,7,A) = min Hy(y,v,p,7, ),
veVad

where [®'(y)*fi]|q is the restriction of [®'(y)* ] to Q, [®'(y)*fi]|s is the restriction
of [2'(y)* ] to X, and ['(y)*illg, is the restriction of [®'(y)*f] to Qr, [®'(y)*A] is
the Radon measure on D defined by z — ([, @’(g)z)M@)XC@) for 2 € C(D), (-,")5
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denotes the duality pairing between M(D) and C(D), A* is the formal adjoint of A,
that is,

N N
ZD <Z aji(z,t)Djy(x,t)) + bi(z, t)y(x, 1) ) Zaz x,t)Diy(z, t).

i=1

2.3. Pontryagin’s principles for local solutions. By definition, a local solu-
tion (g,v) of (P) in L7(X) is a solution of the problem

(Ps.c) inf{J(y,v) |y € C(Q), v € Vaa, (y,v) satisfies (1.1)~(1.3), ||t — v]lo.x < €}

for some ¢ > 0. The following Pontryagin’s principle for local solutions of (P) is a
direct consequence of Theorem 2.1.

COROLLARY 2.2. If (A1)—(A8) are fulfilled and if (§,0) is a solution of (Ps.),
there then exist p € LY(0,T; WHY(Q)), 7 € R, A € R™, i € M(D) satisfying (2.2)—
(2.5) along with

Hg(g,@,ﬁ,f/,X): min Hz(g,’l},ﬁ,f/,X)-

vEVaa, [|[9—v| o, n<e

As a consequence of this corollary we can get the classical pointwise Pontryagin
principle for a local solution in L7 () of the control problem

(P)  inf{J(y,v) | y € W(0,T)NC(Q),v € Vg, (y,v) satisfies (1.1), (1.2), (1.3)}.

_ CoroLLARY 2.3. If (A1)-(A8) are fulfilled and if (y,v) is a local solution of
(P) in L°(X), there then exist p € LY (0, T;WH1(Q)), v € R, A € R™, i € M(D)
satisfying (2.2)—(2.5) along with

M., 5(s.8).0(5.0) (5. 1).7.0) = _min H(s. 1. 5(s.6). €.5(s.1).7,3)

for almost all (s,t) € 3, where

HE(satvyafapa v, )‘) = VG(Svtayag) *pg(S,t,y,f) + )‘\I/(s7taya§)‘

Proof. The pointwise Pontryagin’s principle stated in the corollary may be de-
rived from the integral Pontryagin’s principle of Corollary 2.2 by using the same
construction as in [21, proof of Theorem 2.1]. The idea in the proof of [21] is
to construct a pointwise perturbation v, of ¥ such that lim, ) (s0,t0)0n(5,t) = &,
lim, LY ({(s,t) € ¥ | va(s,t) # v(s,t)}) = 0, where £ € V(so,t0), (s0,t0) € &, LY
denotes the N-dimensional Lebesgue measure. We obtain the pointwise Pontrya-
gin’s principle by replacing v by v, in the integral Pontryagin’s principle of Corollary
2.2, by dividing by LN ({(s,t) € & | va(s,t) # 0(s,t)}) # 0, and by passing to the
limit when n tends to infinity. The only difference with [21] is that v, must satisfy
| — vnllo.z < €. Due to the condition lim, LN ({(s,t) € & | va(s,t) # 0(s,t)}) =0, it
is clear that this condition will be realized for n big enough. O

Let us observe that integral control constraints can be studied in the framework of
the problem (P). Indeed, the mixed constraints (1.3) can include the integral control
constraints. Then Corollary 2.3 provides a Pontryagin’s principle for problems with
integral constraints on the control and the state, even with mixed integral constraints,
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as well as pointwise constraints on the control and state too. The corresponding result
is stated in the following corollary.

COROLLARY 2.4. If (A1)-(A8) are fulfilled and if (§,0) is a local solution of
(P) in L7 (%), there then exist p € LY(0,T;Wh-1(Q)), » € R, A € R™, X € RY, and
ii € M(D) such that

AN #£0, 720, (g2 ®(H)5<0 foralzeC,

)\i/\lli(s,t,gj,z’))dsdt:O for 1<i<m, A\>0 for mo+1<i<m,
s

S\i/hi(s,t,@)dsdtzo for 1<i<t, X\>0 for bo+1<i<U,
b))
AP Ty = vF + [ () nQ
at p yp =V Y y /'[/ Q m b
% +g,D —l/G/—i-)\\If’—i-/\h—i-[(I)’( Valls on X
37114* y ’
P(T) = vLy (2, 4(T)) + [®"(9)"Allg, on Q,

where f’ stands for f’ (x,t,7), G’ for G! y(s,t,9,0), and the same convention is used
for other functions. Also the followmg pomthse Pontryagin’s principle holds:

Hx(s,t,5(s,1),0(s, 1), p(s, 1), 7, A, ) = (i, H(st,5(s,8),€, Pls,1). 7, AN

for almost all (s,t) € 3, where
Hs:(s, 6y, 60,05 M A) = vG(s5,1,5,€) — pg(s, t,y, ) + AU (s,£,y,€) + M(s, 1, €).

3. State and adjoint equations.

3.1. State equation. Existence and regularity results for (1.1) and (2.4) rely
on estimates in C(Q) for solutions of linear equations of the form

(3.1) % +Ay+ay—¢ divé in Q, 9y +by=1v% on¥X, y0)=gy in.

ot ona

If assumption (A1) is satisfied, if (a,¢) € LI(Q) x LY(Q), (b,y)) € L7(X) x L7 (L),
the existence of a unique solution in C([0,T); L3(Q)) N L*([0,T]; H'(2)) for (3.1) is
proved in [12, Chapter 3, Theorem 5.1] when & = 0. The result can be extended to
(3.1) by the same method if the support of £ is compact in @ and if £ belongs to
Lo(0,T,(L4(Q))N) with d > 1,6 > 1,N/2d + 1/6 < 1/2. Recall that a weak solution
in L2(0,T; HY(2)) N C([0,T]; L2(R)) of (3.1) is a function y € L?(0,T; H(Q)) N
C([0,T); L*(Q2)) satisfying

0
/Q _yé + ; ai; DjyD;z + Z(ainiz +b;Diyz) + ayz | dxdt + /Z byz dsdt

-,

¢z + ZgiDiz‘| dxdt —|—/ Pz dsdt +/ y(0)z(0) dz
- b Q
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for every z € C1(Q) such that z(-,T) = 0 on Q. For linear equations with Dirichlet
boundary conditions

9y

5 TAytay=9¢—dive inQ, y=v onX,  y0)=y inQ,

estimates of the form

(3.2) 1yl < C <||¢||q,Q F [ Plloos + D lillase + |y0||c(9)>

are obtained in [12, Chapter 3, Theorem 7.1] for d > 1,6 > 1,N/2d+1/6 < 1/2. In
this estimate the constant C' depends on T, N, A, q,5,6,d,>", |la?]l4.0, >; 16?1140
but also on ||al|4,o. The case of Robin boundary conditions is considered in [4] to study
nonlinear equations of the form (1.1) when the function ¢(s,t,-,v), in the boundary
condition, is monotone and Lipschitz, and when the boundary control v is bounded
[4, Theorem 5.1]. The case when the function g(s,t,-,v) in (1.1) is neither Lipschitz
nor monotone (g satisfies (A3)), and when the control v belongs to L7 (%), but when
the coefficients of the operator A are regular and independent of the time variable,
is studied in [19]. Estimates in C(Q) are obtained by semigroup techniques and
comparison principles [19, Proposition 3.3 and Theorem 3.1]. Here we emphasize the
fact that assumptions on the operator A are minimal (bounded leading coefficients,
unbounded coefficients of order zero), that we deal with nonhomogeneous boundary
conditions, and that source terms in the domain and in the boundary conditions are
unbounded.

THEOREM 3.1. Under assumptions (A1)—(A3), if v € L°(X), then (1.1) admits

a unique weak solution y, in W(0,T) N C(Q). This solution obeys
lvolle) < Crlllvlle,z + 1),

where Cy = C1(T,Q, N, Cy,q,5). Moreover, the mapping v — vy, is continuous from
L% (%) into C(Q).

Proof. The proof relies on Theorem 3.2 (see [19]). 0

THEOREM 3.2. Suppose that (Al) is satisfied, (a,¢) € LI(Q) x LUQ), (b,y) €
L7(X) x L7(X), and & belongs to (D(Q))N. If in addition a > Cy a.e. in Q and
b>Cy a.e. in% (for some Cy € R), then the unique weak solution y of (3.1) belongs

to C(Q) and satisfies the following estimate:

yllog < Ca | 9l + 1les + D il nso,ramy + Ivollea) | -
(®) (2)

where d > 1, 6 > 1 satisfy N/2d+1/6 < 1/2 and the constant C2 only depends on T,
Q, N, Co, A, q,5,68,d, 37, |allq.q, 22 107140

Remark 3.3. Notice that the constant C does not depend on ||al|, o and ||b]|5,5.
As in [12] (see the above estimate (3.2)), the assumption a > Cy may be dropped out,
and in this case the constant C5 must be replaced by a constant also depending on
lallq,o. But the corresponding estimate cannot be used to treat nonlinear equations
of the form (1.1).

Proof. To prove this theorem, we need only to establish the L°-estimate; the
rest is classical. We prove the L°°-estimate by using the so-called truncation method
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as in [12, Chapter 3, proof of Theorem 7.1]. If y is a weak solution of (3.1), then we
have

/Q[y(:c, t)z(x,t) — y(x,0)z(x, 0)] dz

¢
0
+/U /Q fya—j + ; ai; DjyD;z + ;(ainiz + b;D;yz) + ayz| dzdr

t t t
—|—/ / byz dsdr = / / oz + Z &Diz] dxdr + / / Yz dsdr
0o Jr 0o Ja p o Jr

for every t € [0,7] and every z € Wzll(Q) We establish only the upper bound
for y. (The lower bound can be obtained in the same way.) For k > 0 we set
y*(x,t) = max(y(z,t) — k,0). By using Steklov averagings, as in [12, p. 183], we prove
that

(3.3) % /Q W (2, 6)?2 — yF (,0)2] da

¢
+/ / E aiijykDiyk + E (ainiyk + biDiykyk) + ayy® | dzdr
0 Ja |3 -
0,7 i

t t t
+ / / byy® dsdr = / / qﬁyk—i—ZfiDiyk] dxdr + / / Yy* dsdr
0 JT 0 JQ 3 0 JT

for every ¢ €]0,T]. Thus, it follows that

1 t
(3.4) 3 / y*(x,t)? dr + // Z aijDjy* Diy* + (a — Co + N)yy* | dadr
Q oJa |5
t t
—l—//(b — Co)yy* dsdr = — // [Z(Giniyk + b Diy*y*) + (Co — A)yykl dxdr
0JrT o/ |5

t t
—// Coyy* dsdT+//
0JT 0/

for every k > k := ||y0||C(§). Since a — Cy > 0 a.e. in Q, b— Cy > 0 a.e. on 3, and
yy* > (y¥)? a.e. in Q, with (2.1) we obtain

t
oyt + giDiy’f] dzdr + / /F Py” dsdr
P 0

(3.5) Iy*@O)113.0 + 2A19* 172 0,021 ()

t
< -2 // [Z(ainiyk +b:Diy"y*) + (Co — A)yyk] dxdr
0Ja

t
dxd7+2// Yk dsdr
0JT

t t
—2// C’oyykdsdT—FQ//
0JT 0/

oyt + > &Diy"
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for every k > k. Set Ap(t) = {x € Q| y(x,t) > k}, Bi(t) = {s € T | y(s,t) > k},
Qr(t) = {(z,7) € @x]0,t[| y(z,7) > k}, Tp(t) = {(s,7) € I'x]0,t[| y(s,7) > k}. We
estimate the terms in the right-hand side of (3.5) by means of Young’s inequality and

we obtain

ly* (@))13.0 + A||yk||2L2(o,t;H1(Q))

t K2 t
< E// S ((aiw)? + (b)) + (Co — A2 dde+L// €242 dsdr
Ao AL Ay Br(7)

t t
2 / / [¢||yk|+z|si||niyk|] ddr +2 / / ol dsdr,
0J Ak (1) i 0J By(1)

where K > 0 satisfies |[¢[a,r < K|l 1 (o) for all ¢ € H'(Q). Since y = y* + k in
Ag(7) and Bg(7) for a.e. 7, it follows that

Iy (@))13.0 + A||yk||2L2(0,t;H1(Q))

S (a2 +02) + (Co — A2 | (4)? + k?) dudr

6 t
1), /
A 0JAg(7)

6K2
// C2((y")* + k%) dsd7+2// [¢||y |+§ & || Dy || dzdr
By (7) A (T)

+2// ly¥| dsdr
04 By (1)

for every t € [0,T] and every k > k. With Holder’s inequality we have

(3.6) Iy O30 + A" 220,00 ()

1
7/

< (K (Qu(0)I7 +|Qu(t)) + KalSi(8)]) K2

QR T + Q)7

N
e )Hyk ||22(NN+2) ,x]0,¢

+2(|¢llq.0|@x

i1 ___ N
(t)|7 2T ||yk||w7ﬂ><]0,t[

1

1 ___ N
B SO B 10 + 2105 Z0 017 TR g im0 4

10,

A 2K3 ¢ 8(d=2) =
+3I Eeemian + 5 ([ 1 ar)

where

K =

)

> _(lafllg. + 16ll.@) + (Co — A)?

i

>l o
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6K2
Ky = TCO and K3 = ZH&”%NO,T;L‘NQ))’

|Qk(t)| denotes the (N + 1)-dimensional Lebesgue measure of Qx(t), |Xk(¢)| denotes
the N-dimensional Lebesgue measure of 3 (t), and | A (7)| denotes the N-dimensional

Lebesgue measure of Ag(7). Notice that N(gd 2) 4 ‘S Z > % Then there exists

o> % >28uchthatM+5 2 > 1;”(5262) > N. For such an 7 we have

2
1(%%%-&-1) > I We deﬁner >2by 1= 10422 422 <1 and we
obtain 2* + 1 > & Thus the imbedding from L2(0, ¢ H'(Q2)) N C([0,t]; L?(2)) into

L7(0,t; L™()) is continuous; see [12, p. 75]. Observe that

N 1
7

< () ¥

— 1

+ () o BR()[F

Qi (1) ™5 + | Qu(t)| 7~ < ()

Let us choose £ > 0 small enough to have

— 2 1 _ N — _1
(3.7) Ka (@)™ + @)yl g0+ K@D Il 10

1 A
< 5 min Iyll%

for every y € L*(0,; H*(Q)) N C([0,%]; L*(2)). Then from (3.6) and imbedding theo-
rems, it follows that

(3.8) V(Hyk“w,gx]oj[ + ”yk”%NTJFI)J‘X]O’[[ + Y5l £ 0,27 0)) <

< Iyl < Ka (1QeDIZ7 + QeI + 2k ) k

5—2
26

1__ N 1 t 5(d—2)
K (1Qu@7 T 4 [Du(D] )+K< [ A7) 752 dT) ’
0

for k > k, where v > 0 depends on A, and where K, depends on Ki, Ko, K3, Q,

[¥]l7,5, and A. Now, we set (k) = IQk(f)I“’V“) + [Se (BT + (5 [Ag(r)] Fdr)?.
Observe that, for every £ > k > 0, we have y* > ¢ — k a.e. in Q,(f), a.e. on Zg(f),
and a.e. in Ay(7) for a.e. 7 €]0,¢[; therefore

(3.9) (L—=K)o() < Hka 2NE2D) )]0, 7] + Hyk” 2D 1 x]0,7] + ||yk||L’~‘(0,E;LT(Q))~

Taking k = 0 in the above inequality, with the definition of the function 6 we first
obtain £0(¢) < Ky for all £ > 0, where Ko = |yl 2ovs2) axjoq T Iyl zev+0) rxjof T
N ? ? N ’ B

llyll L7 (0,507 () In particular, for £ = Kj, this implies (Kp) < 1. On the other hand,
(3.8) and (3.9) give

(3.10) (0= 10(0) < B2 (10 DI +1Qu(D)E + [Z()

5—2
26

1 1N K. ¢ a(a=2)
+|Qk(f)‘ql/ TN + |Zk(t_>|f71’ 2(1§V+1)) k+ 74 (/ |Ak(7-)‘d(6—2) d7->
0
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for all £ > k > max(Ko, 1,k). Set

N +2 N+1 6—2
a = ———— =— Q3=
! Nq ’ az N&'’ s =T 26

o = min(ag, ag, as),

and observe that o > 1. Since 6(Ky) < 1, and since ¢ is a nonincreasing function,

we also have |Qr(¥)| < 1, |Zx(¥)] < 1, and fot |Ap(7)|7dr < 1 for all k > Ky. Thus it
follows that

Qr(D)|27 + [SK(D)? + |Qu(D)[2

5—2
26

1 N 1 N 3 7
+HQr(t)| 7 ENFD 4 |8y ()77 VD 4 (/ | Ak (T)|" d¢> < 30(k)>.
0

From (3.10), we deduce
(3.11) (L —k)O(0) < K50(k)“k

for every ¢ > k > max(Kj, l,l;). With the same arguments as in [12, Chapter 3, p.
186], still using (3.8), we finally obtain

(3.12) 1Ylle.@ < K,

where Kg depends not only on T,Q,N,Cy, A, q,5,6,d,Y, [|a?]lq.0, >, 16?40, but
also on Ko, [ollo: 1910 [¥lls.5: and 3 1612, 0.ppucy). The constant K
depends on Ky = HZ/H%NTH),QX]O,E[ + Hy”w’r‘x]o’ﬂ + lyllL7 0,507 < Cllylloa-
By using the same trick as in (3.4), we can obtain an estimate of ||y|/o( depending
onT,Q, N, Cy A, q,0,0,d, Zi ||a12||q7Q, Zz ||b12||q,Qv ||y0Hc(ﬁ)> Zi ||€i||%5(07T;Ld(Q))’
l9]lq,0, and ||?]|5,5, but independent of ||allq,o and ||b]|5,5. Since (3.1) is linear, the
estimate given in Theorem 3.2 can be easily deduced from (3.12). O

3.2. Adjoint equation. Let (a,b) be in L9(Q) x L? (X)) with a > Cy and b > C.
We consider the terminal boundary value problem

Jp
8nA*

_ 9

(313) -

+ A'p+ap = pg in Q, +bp=pson, p(T)=pg onQ,

where 1 = pg +pis + pi,, is a bounded Radon measure on Q\Qo, po is the restriction

of 1 to @, px is the restriction of p to ¥, and pg_ is the restriction of y to Qr. A
function p € L1(0,T; WH1(Q)) is a weak solution of (3.13) if

ap € L'(Q), bpe LY(Y), a;DipecL'(Q), and bpeL'(Q) fori=1,...,N,

0
/Q pafil + ZZJ: a;;D;pD;y + zi:(aiDipy + bipD;y) + apy | dxdt + /z: bpy dsdt

= /7 _ ydu(x,t) for every y € C*(Q) satisfying y(z,0) =0 on €.
Q\Qo

As for elliptic equations [23], it is well known that (3.13) may admit more than
one solution. However, uniqueness is guaranteed if we look for solutions of (3.13)
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satisfying some Green formula. (Such uniqueness results are proved in [1] for elliptic
equations and in [4] for parabolic equations.)

THEOREM 3.4. Let pu be in Myp(Q \ Qo) and let (a,b) be in LI(Q) x L°(%)
satisfying a > Cy a.e. in Q, b > Cy a.e. ¥, for some Cy € R. Equation (3.13) admits
a unique solution p in L*(0,T; WH1(Q)) satisfying

9y Yy
/Qp {m + Ay + ay} dxdt + /Ep {aTLA + by} dsdt = <yau>0b(6\§0)XMb(a\§0)

for every y € {y € W(0,T)NCQ) | 5 + Ay € LUQ), 5% € L7(), y(=,0) =

0 on Q}. Moreover p belongs to L‘s'(O,T; wid () for every 6 > 2, d > 2 satisfying
%+%<% and we have

1PNl Lo’ (0,007 () < Calé, d)H“”Mb(@\ﬁo)’

where Cy(6,d) = Cy(T,Q,N,Co,q,0,6,d,||ail|12a(q), [|bil| 24 (q)), but Cy is indepen-
dent of a and b.

Proof. Due to Theorem 3.2, the proof of Theorem 3.3 follows the lines of the
proofs of Theorem 6.3 in [4] and of Theorem 4.2 in [18]. Since we improve the results
given in [4, 18], we sketch the main points of the proof. Let (hy), be a sequence in
C.(Q) (the space of continuous functions with compact support in @), (k). be a
sequence in C.(X), and (£,), be a sequence in C(£2) such that

”hnHLl(Q) = ”/LQ”Mb(Q)? ”anLl(E) = H/LE”Mb(Z)7 ”gnHLl(Q) = H’uﬁT”M(ﬁT),
lim,, /Q hnpdzdt = (¢, 1Q) c,(Q)x My(@)>
limn/zkmdsdt = (0, 1) 0y (2) x My (5)

1imn/Q€n¢d$ = (D B ) 0@y x M)

for every ¢ € C(Q). Let (pn)n be the sequence in W(0,T) defined by

— A, A n n — hn 5
T + Ap,, + ap in Q O

+bpp =k, onX, p,(T)=4¢, inf.

Due to Theorem 3.2, and by using the same arguments as in [4, 18], we can prove
that there exists a constant C5(6,d) = C5(T,2, N, Co, q,7,6,d, ||ai||L24(q), |bill L24(q))
such that

[Pnll Lo 0, mswra () < Cs(6, Al g, (Gr00)
for every (6,d) satisfying % + % < % Since ¢ > % + 1 and 6 > N + 1, there exist
(61,d1), (62,d2), (63,ds) satisfying & + & < & for i = 1,2,3, such that & > ¢/,

* Nd| _ N—1)dods _
= N—é/l >q, 65 >d, W >3a', 6% > (2q), and dj > (2q)’. Therefore

HanLq/(Q) < C”anL&’l (O,T;Wl’d/l () < 005(617d1)H/’(‘||Mb(Q\QO)5
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||p"||L5’(E) S OHp"”L&;(O,T;WI’d"Z () S 005(62’d2)||:uHM}7(Q\QD)7

Hpn||L(2q)’(O’T;Wl,aq)’(g)) < C||pn||Lag(0,T;W1,dg(Q)) < 005(537d3)||ﬂ||Mb(Q\Qo)~

Then, there exist a subsequence, still indexed by n, and p such that (p,,),, converges to
p for the weak-star topology of L% (0, T; W4 (€)) for every (6, d) satisfying N+l
%. By passing to the limit in the variational formulation satisfied by (py )., we prove
that p is a solution of (3.13). The uniqueness can be proved as in [1, 4]. O

4. Technical results.

4.1. Metric space of controls. To apply the Ekeland variational principle, we
have to define a metric space of controls in such a way that the mapping v — v,
be continuous from this metric space to C(Q). Due to Theorem 3.1, this continuity
condition will be realized if convergence in the metric space of controls implies con-
vergence in L?(X). In the case where boundary controls are bounded, convergence in
(Vaa,d) (where d is the so-called Ekeland’s distance) implies convergence in L7 (X).
This condition is no longer true for unbounded controls; see [10, p. 227]. To overcome
this difficulty, we proceed as in [5] and we define a new metric space in the following
way. Let ¥ be in V4. (In section 5, © will be an optimal boundary control that we
want to characterize.) For 0 < M < oo, we define the set

Vaad(0, M) ={v € Vgq | lv = 0llox < M}.
We endow the set V,4(0, M) with the Ekeland metric
d(v1,v2) = LY ({(5,1) € B | vi(s,2) # va(s,1)}).

PROPOSITION 4.1. Let © be in Vyq. Let M > 0 and {(vy)n,v} C V(0,M). If
(Un)n tends to v in (V (0, M),d), then (vy,), tends to v in L7 ().
Proof. Since 1 < & < o, the proof is immediate if we notice that we have

/ v — 0|7 ds < [0 — val|7.55(d(0m, 1)) 7
>

< (M) (d(v,v) . O

PROPOSITION 4.2. For every M > 0, we have that

(i) (Vaa(v,M),d) is a complete metric space;

(ii) the mapping which associates y, with v is continuous from (Voq(0, M), d) into

c@Q);

(iii) the mappings v — J(y,,v) and v — fz U, (s,t,y,,v)dsdt are continuous
(respectively, lower semicontinuous) on (Voq(0,M),d) for 1 < i < mqg (re-
spectively, mog+1 < i <m).

Proof. Claims (i) and (ii) are proved in [5], for control problems of elliptic equa-
tions; this proof can be repeated here with the obvious modifications. Contrary to
[4], [21], the mapping v — J(y,,v) is not necessarily continuous on the space of
“truncated controls” endowed with the Ekeland metric. We can prove only a lower
semicontinuity result. This result is stated in [5, Proposition 3.1] under the additional
assumption that G(s,t,y,) is convex. In fact we can prove the same result without
this convexity assumption. Let (v,), be a sequence converging to v in (V,q(0, M), d).
From Proposition 4.1 and Theorem 3.1 we know that (v,), converges to v in L7 ()
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and (y,,)n converges to y, uniformly on Q. With assumption (A6), with Fatou’s
lemma, and with Lebesgue’s dominated convergence theorem we have

liminfn/G(s,t,(),vn)dsdtz/G(s,t,O,v) dsdt,
b b

1 1
limn// G;(&t,9yv”,vn)yvnd9dsdt:// G (5,t,0y,,v)y,d0 dsdt.
= Jo = Jo

Therefore we obtain

liminfn/ G(8,t,Yu,,Un) dsdtzliminfn/ G(s,t,0,v,) dsdt
b> b>
1
+limn// G (5,t,0Y0,,, V) Yw, dO dsdt
» Jo

1
2/G(s,t,0,v)dsdt+// G;(s,t,ﬁyv,v)yvdé’dsdt:/G(s,t,yv,v)dsdt.
b »Jo b

Following the same ideas, we can prove the continuity (for 1 < i < mg) or the lower
semicontinuity (for mg +1 <i < m) of v — [, ¥;(s,t,y,,v) dsdt. 0

4.2. Existence of diffuse perturbations. Let v be an admissible control, and
let v1 and ve be in Voq(v, M). A diffuse perturbation of vy by vs is a family of functions
(vp)p>0 defined by

[ wvi(s,t) on X\ E,,
vp(s,1) = { va(s,t) on E,,

where I/, is a measurable subset of ¥ satisfying some conditions. Such perturbations
are used to derive Pontryagin’s principles from the Ekeland variational principle.
In the case of bounded controls (when Vo4(0, M) = V,q) the use of this kind of
perturbations goes back to Yao [24, 25] and Li [13] (see also [17, 11, 26, 14]). Some
variants have been developed in [4] for bounded controls, and in [21] for unbounded
controls. In [5] we have investigated the case of unbounded controls with integral
control constraints. Here we prove that the diffuse perturbations defined in [21] may
be extended to derive a Pontryagin’s principle for problems with integral coupled
control-state constraints. Before proving the existence of such diffuse perturbations
let us state an auxiliary lemma analogous to Lemma 3.2 of [5].

LEMMA 4.3. Let p be such that 0 < p < 1. For every vy, va,v3 € Vaq, there exists
a sequence of measurable sets (E}), in % such that

N n N
(4.1) LN(ED) = pLN (%),
(4.2) / |v; — v3|? dsdt = p/ |v; — v3|” dsdt  for i=1,2,
En b
(4.3) / h(s,t,v;)dsdt = p/ h(s,t,v;)dsdt fori=1,2,
En b

1
(4.4) —xpp — 1 weakly-star in L™ (X) when n tends to infinity,
p
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where X pr is the characteristic function of Ej.
Proof. We follow the ideas of [21, Lemma 4.1]. Let us take a sequence (@n)n
dense in L}(X). For n > 1 we define f* € (L'(X))"+2+3 by

= (179017' <o Pns |U1 - U3|07 |1)2 - 03‘07h('7 ~,’01),h(~, 'aUQ))'

Thanks to Lyapunov’s convexity theorem, for every n > 1 and every p € (0,1), there
exists a measurable subset E7' C X satisfying

fTdsdt = p/ f" dsdt.
En b

As in [21], it is easy to prove that (4.1)-(4.4) hold for the sequence (E7 ). O

THEOREM 4.4. Let p be such that 0 < p < 1. For every vi,vs,vs € Vyq, there
exists a measurable subset E, C ¥ such that

(4.5) LY(B,) = p£ (2),

/ |y —v3|Udsdt+/ |va — 3|7 dsdt
S\E, E

P

(4.6)
=(1- p)/ |vy — v3]? dsdt + p/ |vg — v3]? dsdt,
by b
/ h(s,t,vy) dsdt —|—/ h(s,t,vs) dsdt
\E, E,
(4.7)
=(1- p)/ h(s,t,v1)dsdt + ,0/ h(s,t,vs) dsdt,
b b
. .1
(4.8) Yp =Yy1 +pz+1, with glirb ;”%HC(Q) =0,

(4.9)  J(Wp,vp) = J(y1,v1) + p[Jy(y1,v1)2 + J(y1,v2) — J(y1,v1)] + o(p),
(4.10) /\Il(s,t,yp,vp) dsdt
>

= (Wm0 4 10 ot 00z 4 WGt ) = W, 00)] ) d + o)
b
where v, is the control defined by

(4.11) vp(s,t) = { Egﬁg on ?Ep\ "

Yp, Y1 are the solutions of (1.1) corresponding, respectively, to v, and to vy, z is the
weak solution of

0z

5 TAF+ (e tiy)z =0 in Q,
0z

(412) 87+g;(57tayl7vl)z:g(sat7y1av1) 7g(sat7y17v2) on Za
na

2(0)=0 in Q.
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Proof. Using Lemma 4.3, the proof is similar to the one of Theorem 4.1 in [21]
and the one of Theorem 3.4 in [4]. The relation (4.10), which does not appear in our
previous papers, is deduced with the help of (4.4) and (4.8). 0

5. Proof of Pontryagin’s principle.

5.1. Penalized problem. Following [15, 16], since C(D) is separable, there
exists a norm | - | c()> which is equivalent to the usual norm Il 1] o) such that
(C(D), |- |C(5)) is strictly convex, and M (D), endowed with the dual norm of |- |C(5)
(denoted by | - | M(B)>v is also strictly convex; see [7, Corollary 2, p. 148 or Corollary
2, p. 167]. We define the distance function to C (for the new norm | - |C(5)) by

de(p) = inf [¢ = 2|55
Since C is convex, then d¢ is convex and Lipschitz of rank 1, and we have
de (¢’ —de (¢’
(1) Timsup 2+ P2) = de(e)

P\0, 14
o' —p

= max{(&,z)M(ﬁ)xc(B) | € € dde(p)}

for every ¢,z € C(D), where ddc is the > subdifferential in the sense of convex analysis
(see [6]). Therefore, for a given ¢ € C'(D) we have

(5.2)
(&2 = @) mDyxo@) T de(p) < de(z) forall § € dde(p) and for all z € C(D),
|§|M(5) <1 for every £ € ddc(y).

Moreover it is proved in [16, Lemma 3.4] that, since C is a closed convex subset of
C(D), for every ¢ ¢ C, and every & € ddc(y), then ‘§|M(5) = 1. Since dd¢(yp) is
convex in M(D) and (M(D),| - | () Is strictly convex, if ¢ & C, then 9dc () is a
singleton and d¢ is Gateaux-differentiable at (.

Let (7,7) be an optimal solution of (P). Consider the penalized functional

\
Julw.v) = l(J(y,v)—J(y,@H,:z) +(de(@)?

mo 2 m + 2 %
—I—Z [/ U, (s, t,y,v) dsdt] + Z (/ W, (s, t,y,v) dsdt> 1
i=1 E i=mo+1 L M2

We easily verify that (7,7) is a k%—solution of the penalized problem

(P inf{Jx(y,v) |y € W(0,T)NC(Q),v € Vauq(¥, M), (y,v) satisfies (1.1)}

for every M > 0 and every k > 0. For every k > 0, we set M}, = k(25 ~25) and we
denote by (P*) the penalized problem (P,]cw’“)

5.2. Proof of Theorem 2.1. Step 1. For every k > 1, the metric space
(Vaa(0, My,),d) is complete; see Proposition 4.2. Let us prove that the functional
v — Jg(yy,v) is lower semicontinuous on this metric space. Since the mappings
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v — J(yo,v) and v — [ V(s t,y,,v)dsdt (mg +1 < i < m) are lower semi-
continuous on (Vaq(0, My),d), it is clear that v — (J(yu,v) — J(¥,0) + k%)Jr and
v — ([5 Ui(s,t, yu,v) dsdt)+ (mp +1 < i < m) are also lower semicontinuous on

(Vaa (0, My),d) because r — r* is a nondecreasing continuous mapping from R into
R*. On the other hand, the mappings v — Js Wi(s, t,yy,v)dsdt (1 < i < myg) are

continuous on (V,q(?, My),d). Since the mappings r — 72 and r — r2 are nonde-
creasing and continuous from R into R, then v — J(y,,, v) is lower semicontinuous.
Due to Ekeland’s variational principle, for every k > 1, there exists v, € V,q(0, My)
such that

1 1
(5.3) d(vg,0) < z and Jg (Y, vk) < Jk(yp,v) + %d(vk,v) for every v € V,4(0, My).

(yx and y, are the solutions of (1.1) corresponding, respectively, to vy and v.) Let vg
be in V4. Let ko be large enough so that vy belong to Voq(v, M) for every k > ko.
Observe that, for the above choice of My, (vg)x tends to © in L7(X). Let us check
this. Denote by 3, the set of points (s,t) € ¥ where vy(s,t) # 0(s,t). From (5.3) we
know that £V (%) < 1/k. Then

/ 15 — v|7 dsdt = / 15 — o7 dsdt < [ — vg||7 £ £ (D)~
(54) » B b B ’

< MZke—l= k2= — 0 when k — +o0.

Step 2. Theorem 3.1 gives the existence of measurable sets Ef,f C %, such that
LN(Ep) = pLN (%),

/ |vk—17|"dsdt+/ |vo — 0|7 dsdt
(5.5) E\Eg By

=(1- p)/ |vg — 0| dsdt + p/ |vo — 0|7 dsdt,
) )

/ h(s,t,vy) dsdt + h(s,t,vo) dsdt
T\Ek

(5.6) Ey
=(1-p) /E h(s,t,vy) dsdt + p/E h(s,t,vp) dsdt,
57 /Z(\Il(s,t,y];,v’;) — U(s,t,yg, v)) dsdt
= p/z(\ll'y(s,t, Yy V) 2k + (s, t, Yk, v0) — U(s, t, Yk, vi)) dsdt + o(p),
(5.5) R S L L PR
(5.9) J(yE, i) = J Yk, vi) + pAJx + o(p),

where v is defined by

k _ Uk(sat) on E\E;]fa
(5.10) vi(s,t) = { vo(s.1) on EY,
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yk is the state corresponding to v¥, z is the weak solution of

0
%+A2k+f{,($,t,yk)zk =0 in Q,

8219
% +g;(sat7ykhvk:)zk = 9(37t>yk7vk) - g(3>tayk7U0) on 27

zx(0) =0 in €,

and
AJk—/QFé(x,t,yk(x,t))zk(m,t)dxdt+/EG;(s,t,yk(s,t),vk(s,t))zk(s,t) dsdt
+/[G(s,t,yk(s,t),vo(s,t))—G(s,t7yk(s7t),vk(s7t))] dsdt+/ Ly (x,yx(T)) 21 (T) d.
b Q

On the other hand, for every k > ko and every 0 < p < 1, due to (5.5) and (5.6), vk
belongs to Vaa(0, My). If we set v = v¥ in (5.3), it follows that

_ ko k
(5.11) i i (Yrs vi) — Jr (Y, v5)

1N
< = ).
liny p < LN (D)

Taking (5.1), (5.7), (5.9), and the definition of Jj into account, we obtain

(5.12) — Z/kAJk)\k/ [\IJ(, Yk, Vo) — (-, Yk, v) + \I/;(~,yk,vk)zk] dsdt
Y
1
— (k> @' (yr)21)p < EﬁN(EL
where
, U, (s,t, yp, vp) dsdt ,
AL = Jx (;k(yi”“U:’;) "% for 1< i < mo,
, U, (s,t, yp, vi) dsdt )™
)\}’C:UE (Sj(zkzk))s ) for mo+1 <1 <m,
k\Yk, Vk
_ de(® de(®
~ (J(yk,on) = J(,0) + 35) " _ c(2(yx))Vde(@(yi) 4 P(yk) £ C,
v = AR Mk = Jr(yr, vr)
k\Yk> Uk 0 otherwise.

For every k > 0, we consider the weak solution pj of

dp . .
- 8: + A%pr + fo (@, ye)pe = v Fy (2,1, yx) + (9 (yn) " 1]l @
o) .
(5.13) 3 P + 9y (Y, vk )Pk = VR Gl (5 Uk i) 4+ MW (5 vk vi) + (9 (yk) " ] |2,
0y

pe(T) = vie Ly (2, yi(T)) + [ (yu) " sl Iz,
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where [®'(yr)*1r]lQ, [®'(yr)*pr]ls, and [’ (yx)* 1x]|q,. have the same meaning as in
Theorem 2.1. By using the Green formula of Theorem 3.4, we obtain

Z/k/QF;(x,t,yk)zk dxdt—&—uk/ZG;(s,t,yk,vk)zk. dsdt—!—uk/QL;(a:,yk(T))zk(T) dx

+)\k/ Wy (5, t, Yk, vk) 2k dsdt + (pw, © (yk) 21)
s

0 0
= / Pk (Zk +A2k+f;($7t,yk)zk) difdt-i—/pk (Zk +9;(5,tvykavk)2k> dsdt
Q 6t b3 aTLA

Pk [9(3, ta Yk, Uk‘) - 9(8, t7 Yk, UO)] dsdt.

T

With this equality, (5.12), and the definition of AJj, we have

(5.14) / (kG (s, t, Yk, Vi) + MY (s, Yk, Vi) — DR (S, T, Yk, Vi )] dsdt
>

1
< / [I/kG(S,t, Yk, ’UO) + Akqj(sv t, Yk, 'Uo) - pkg(s’ L, Yk, UO)] dsdt + E‘CN(E)
b))

for every k > ko.

Step 3. Notice that v7 + >, (M) + |Mk|3v((5) = 1. Then there exist an element
(7, \, i) in RT™ x M(D) with 7 > 0 and \; > 0 for mg+1 < i < m, and a
subsequence, still denoted by (vg, Ak, ik )k, such that

(Vs M) — (7, \) in RY™ iy — [ weak-star in M (D).

From Theorem 3.4, we obtain the estimate

Pkl Lo 0, m5w1 )y < Cal6,d) {||F;(-, yi)ll@ + G, (o yms ve) 12 +

HL;(H yk(T))”l,Q + |/\k|||‘1';(-aykavk)”1,2 =+ |Nk|M(B)H‘I);/(yk)||£(c(5);c(5))}
for every (6,d) satisfying 47 + + < 1, where £(C(D);C(D)) denotes the space of
linear continuous mappings from C(D) to C(D).

Since the sequences (vg)k, (Ak)ks (tk)ks (Yk)k, and (vg)r are bounded, respec-
tively, in R, R™, M(D), C(Q), and in L°(X), the sequence (px)x is bounded in
LY (0,T; W' (Q)). Then there exist p € L* (0, T; W% (Q)) and a subsequence, still
denoted by (pg)x, such that (pg), weakly converges to p in LO (0,7 W4 (Q)) for
every (6,d) satisfying 25 + + < 3. By using the same arguments as in [21], we can
prove that p is the weak solution of (2.4).

Step 4. Recall that (vg)g tends to v in L7 (X) (see (5.4)).

By passing to the limit when k tends to infinity in (5.14), with Fatou’s lemma
(applied to the sequence of functions (vxG(-,0,vk()), \eP(+,0,vk(+)))x and the con-
vergence results stated in Step 2, we obtain

(515) Hz(gu’ljuliﬂu 5\) g HE(?%”OJ@ 075‘)7
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for every vg € V4. On the other hand, from definitions of pg and A, and from (5.2),
we deduce

)\}C/ U, (s, t, Yk, vg) dsdt =0, mg +1 <i<m,
by

(g, 2 — (I)(yk»/\/t(ﬁ)x(](ﬁ) <0 forall z €C.

We obtain (2.2) and (2.3) by passing to the limit in these expressions. Since C is of
finite codimension, by using the same arguments as in [22], we prove that (7, A, i) is
nonzero. a
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