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Abstract

In this paper we consider an abstract linear system with perturbation of the form

dy
E = Ay+€By

‘on a Hilbert space #, where A is skew-adjoint, B is bounded, and ¢ is a positive
parameter. Motivated by a work of Freitas and Zuazua on the one-dimensional wave
equation with indefinite viscous damping [4], we obtain a sufficient condition for ex-
ponential stability of the above system when B is not a dissipative operator. We also
obtain a Hautus-type criterion for exact controllability of system (A4,G), where G is
a bounded linear operator from another Hilbert space to H. Our result about the
stability is then applied to establish the exponential stability of several elastic systems
with indefinite viscous damping, as well as the exponential stabilization of the elastic

systems with non-co-located observation and control.
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1 Introduction

We consider a linear evolution equation

%y(t) = Ay(t) = (A +eB)y(t),
y(0) =%

(1.1)

in a Hilbert space H, where A is a densely defined, closed linear operator with domain D(.A).

We assume that
(H1) A is skew-adjoint (A* = —A), and has a compact resolvent.

(H2) B is a bounded linear operator on H with ||B|| = N;.

Under assumptions (H1) and (H2), we know that the operator A, generates a C semigroup
Se(t) on H (see [9]). In this paper we study mainly exponential stability of the above system,
i.e., that there exist y > 0 and M > 1 such that

IS.(t)]| < Me™™, Vit >o. (1.2)

When € = 1, this problem has been investigated extensively for both bounded and unbounded

operator B. These works are based on the assumption of dissipativeness of B,
Re(By,y) <0, VyeD(A), (1.3)

which implies that the energy of the system, E(t) = ||S:(¢)||?, is a decreasing function of
time. Clearly, this is not a necessary condition for E(t) being bounded upper by a function
which tends to zero exponentially. A natural question to ask is the following: Without the
dissipativeness of B, can we still obtain (1.2) under some extra conditions? This problem is

quite significant in the control theory for distributed parameter systems, because

(a) the optimality systems resulting from the regulators are non-dissipative;

(b) the closed-loop systems by feedback with non-co-located sensors and actuators are

non-dissipative;

(c) the perturbations arising from undetermined parts of models are non-dissipative, in

general.



Such a question was first raised in [2] for the one-dimensional wave equation

Wir(2,1) = wee(z,t) — d(z)wi(z,t), 0<z <1, t>0,
w(0,t) = w(1,£) =0, ¢>0, (1.4)

w(z,0) = wo(z), wy(z,0)=wy(z), 0<z<1

where d is a smooth function and changes sign on (0,1). It was conjectured that (1.2) holds
if

I = /Old(ac)sin2 nrzde > Co >0, n=1,2, . (1.5)
It turns out that (1.5) is not enough to ensure exponential stability. When ||d||z~ becomes
large enough, there will be eigenvalues of the system (1.2) with positive real part (see [3]).
Thus, in order to have exponential stability, the damping coefficient must not only satisfy
(1.5), but also has a small L norm. Later on, Freitas and Zuazua [4] considered the modified

system of (1.4):

wit(2,t) = wee(z,t) — ed(z)we(z,t), 0<z <1, ¢t>0,
w(0,t) = w(l,t) =0, ¢>0, (1.6)

w(0,1) = wo(z), wi(z,0) = wy(z), 0<z <1

They proved that if d € BV(0,1) and the condition (1.5) holds, then there exist positive

constants €g, M,w, depending only on the function d, such that for all 0 < ¢ < ¢q
1
E@t) = / (lwel? + |we[?)de < Me™**E(0), Vi > 0, (1.7)
0

for every finite energy solution of (1.6). Their result was further extended in [1] to the

equation
Wi = Wy — 26d(z)wy — b(z)w (1.8)

where b € L'(0,1).

These works lead us to the current study in this paper. In stead of working on a par-
ticular PDE system, we would like to obtain general result along the line developed in [2].
Although the shooting method used in [4] and [1] is no longer applicable to our abstract
problem, the analysis in these papers do provide us valuable information on how to im-
pose additional conditions in order to guarantee (1.2). In the next section, we estimate
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the growth rate of the semigroup S.(t), by a formula for the type of a Cy semigroup on a
Hilbert space due to Huang [7] and Priss [10]. The exponential stability of the semigroup
follows from a negative growth rate. It is well-known that the exponential stability of a
linear system reversible in time is always connected with exact controllability of the corre-
sponding system. Thanks to the fact that our sufficient condition for exponential stability
of (1.1) is also necessary when — B is symmetrical and nonnegative, in section 3 we obtain a
Hautus-type criterion for exact controllability of system (A4, G), where G is a bounded linear
operator from another Hilbert space to H. In section 4, we apply the result on exponential
stability to several elastic systems (such as string, Euler-Bernoulli beam, Timoshenko beam
and 2-dimensional Schrédinger equations) with indefinite viscous damping or non-dissipative

perturbation arising from feedback by non-co-located observation and control.

2 Sufficient Condition for Exponential Stability

Under the condition (H1), there is an orthonormal base of H consisting of eigenvectors of A,

{¢n |n=1,2,--}, (2.1)
such that
An='nn, =1’2a"’, neRa
bn = ifud, 7 G -
0 < |Bi] <162 £ -+ £1Bn| £ |Brtr] = o0

We have taken multiple eigenvalues into account. Every eigenvalue has a finite multiplicity.

For each v > 0, set

S,={Y= D andn l > lax*=1, m €N, a, €C} (2.3)
n€Lym n€Ly,m
where
Lym={n €N| |Bn—Bn| <7} (2.4)
Let
Cy = jnf Re(—By,¥). (2.5)

Note that I,,, = L, if B = 0 and C,, > C,, for 0 < < 72. We further assume that

(H3) Cy >0, for some > 0.
4



Denote the type of semigroup S.(t) by
In || S, (4)]

n(A2) = Jim 205 (26)
and the spectral bound of 4. by
oo(A:) = sup{ReA| A € o(A.)}. (2.7)
We shall use a result in [7, 10], which states
wo(A:) = inf{s > go(A:) | Sup (AT — A)™| < 400} (2.8)
Theorem 2.1 Under the assumptions (H1)-(H3), for every C € [0,C,) it holds that
wo(Ae) < —eC (2.9)
whenever
0<e< 7(\/Nb2 GG -0) - Nb). (2.10)

2C.,\/NE - C?
In particular, S.(t) is exponentially stable if

0<e< 2NZCq (VNE+C2—1). (2.11)

Proof. We will prove that for every ¢ > —C there exists §. > 0 such that

l(eo+irJy— Ayl 2 &yl V7R, y€D(A. (21
Since for y € D(A), 0,7 € R,
(o + ir)y — Aeylllyll > Re((ec + ir)y — Aey , y) 2 e(o — No)|lyll,

(2.12) holds for all ¢ > N,. If (2.12) is false for some o € [—C, Ny], then there exist a

sequence of real numbers 7, and a sequence of normalized vectors y, € D(Ac) such that
(eo+in) [ —A)yp=fp,—0 in H as p— +oo. (2.13)
From (2.13) we have

o=

oM | =

(fp — (arpl — A)y, +€By, , Yp) = plg_noo Re(Byj,, yp)' (2.14)
5



Moreover, (2.13)-(2.14) imply that

| fo — (ol - B)yp||2
< N fell? + 2elloI = Bl fll + €%l (o1 — B)y,||?
o(1) + €*(0® — 20Re(By,, yp) + || By,||%)

IGErpd = A)y®

< (N = o®) +o{1).
Thus, for any & > 0 there exists N € IN such that
(i I — A)yy||* < (N2 —0®+6) Vp>N.
We expand y, for p > N in the eigenvectors of A:

Y = Z (ypa ¢n>¢n-

n=1
Substituting (2.16) into (2.15) yields
3 17 = Bul*l(yp, én)|? < €2(NE — 07 + 6).
n=1

Choose m = m(p) such that
|7p — Bm| = min{|r, — Bu|| n € N}.

Then we have

T<Irp=ful  Vng L.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

In fact, if |7, — Bm| = 7, (2.19) holds obviously. If |7, — Bm| < %, then (2.19) follows from

|7 — Ba] 2 |Bn — Bm| — |Tp — Bm|- Combination of (2.17) and (2.19) gives that
2
T 2 lmdn)l S0 - o +9)
né¢lym
Define
%= 3 (U budbn, >N

TLGIq,m

Then (2.20) implies that

2e 2 2 2 4¢? 2 2
M@—%HS;sz—a+& 12”%“21—;ﬂN;—a+5)
6
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Note that —o < C < C, £ N,. Since the function

5 = VNE+Cy(Cy+ ) — Ny

2 _ g2
Ny -z

(2.23)

q(

is monotonically increasing on (—C., Ny) (see Supplement 1), the inequality (2.10) implies

(2.11) and, therefore,

JNE+C2 - N,
2Nye/y < 2~ ’ 2 <1

C, ~/NE+CZ4N,

From (2.22) we know z, # 0 if ¢ is small enough. Hence, We have z,/||z,|| € £, and

4 2
~Re(Bzy, ) 2 Cyllz|* > Gy (1 - -%(Nf ~o*+34)). (2.24)
It follows from (2.14), (2.22) and (2.24) that

o = _lim Re(Byp,y,)

p—+00

Sg}%[Re(Bzm zp) + Re(B(yp - zp)v yP) + Re(Bzp, yp — zp)]
P

IA

IN

sup(—Cy||z[|* + (1 + |z )1 Bllllyp — 2]
p>N

4¢? 4Nye
—C,(1- ?(sz —0?+46)) + 7” JNZ— o2+ 6. (2.25)

We take ¢ — 0 in (2.25) to get

2
C,+0<4C, (%\/N,? - 02) + 4N, (%VN;" - 02) . (2.26)

If o = Ny, then (2.26) is an obvious contradiction. For —C < o < N, (2.26) implies

IN

g 2
> — > —g(-C .

which contradicts (2.10).

Since A, also has compact resolvent, from (2.12) we deduce that the resolvent of A, is
bounded on €0 + 2R for all ¢ > —C. By the resolvent equation, the resolvent is bounded
on {eo +ir|o > —C — 6,7 € R} for some § > 0 small enough. The proof is complete from

(2.8). ]

It is easy to see that (H3) is satisfied with 4 = 7o when the following conditions hold:
7



(H4) The spectrum of A satisfies the gap condition
inf{|B; — Bel : 5,k = 1,2, -+, B; # Bx} =7 > 0. (2.28)
(H5) For any normalized eigenvector ¢ of A,

—Re(Bé, ) > Co > 0. (2.29)

Corollary 2.1 Assume that the conditions (H1), (H2),(H4) and (H5) hold. Then the semi-
group Se(t) is ezponentially stable if

O<ex

> Nb o (, /Nz +C2 - N,,) . (2.30)

Moreover, for every C € (0,Cy), it holds that

vo(wvb + Co(Co — 0) M)
2Co\/NE —

Proof. This follows from Theorem 2.1 with v = v, C, > Cp and the fact that the function

a(z) = \/N2+:v(:c—0) N, ( Nbg"'\/(xﬁ[bc)z'l'xfo"'l)—l

Z T —

(2.31)

wo(Ae) < —eC V0<e<

is monotonically increasing for z > C > 0. a

Remark 2.1: In the analysis above, we provided not only the sufficient conditions for the
exponential stability of semigroup S.(t), but also an explicit negative bound of the type
wo(A:) of semigroup S(t) with the perturbation parameter € in an explicit range.
Remark 2.2: Chen et al. [2] discussed the exponential stability of (1.1) with € = 1 and the
dissipative operator B. In addition to the assumptions similar to (H1)-(H3), they needed the
condition that Re(By,,y,) — 0 implies By, — 0 for any sequence of normalized vectors y,.
This condition does not hold generally if B is nondissipative. On the other hand, If —B is
symmetrical and nonnegative, i. e., —B = —B* > 0, then the assumption (H3) is necessary
for the exponential stability of semigroup S.(t) (see the proof of Theorem 3.1 below).
Remark 2.3: The spectral gap condition (H4) is very restrictive. Corollary 2.1 applies
primarily to the one-dimensional problems. Actually, as we will see in Section 4, the condition

(H4) can be absent even for some PDE system on the region of one spatial dimension.
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Roughly speaking, (H5) means that the damping operator B is uniformly effective for all the
normalized eigenvectors. When the spectral gap condition fails, (H3) means that the damping
operator B is uniformly effective for all the normalized linear combinations of eigenvectors

corresponding to the eigenvalues located in the y—neighborhood of any eigenvalue.

3 Hautus-type Criterion for Exact Controllability
Let H and U be Hilbert spaces. Consider the control system (A4, G)
t
y(u,t) = ey +/ e(t=AGu(s)ds (3.1)
0

where A generates a Co semigroup €4 on H, G € L(U;H), yo € H. When H =C" and

U =C™ are finite dimensional, the famous Hautus lemma [6] says that the system (4, G) is

controllable if and only if
Rank[A\] — A, G] =n Ve€o(A), ' (3.2)
or, equivalently,
IAL = Ayyll+ 1IGyllv >0 VAe€a(A), |lyll =1. (3.3)
When A* = —A, (3.3) is equivalent to
|G*¢|lu >0  V ¢ being normalized eigenvectors of A. (3.4)

In this section, we will give a counterpart of the special Hautus criterion (3.4) for infinite-
dimensional systems. We need the following Lemma given in K. Liu [8, Thm 2.3]. Concerning

the definitions of exact controllability and exponential stabilizability of (A, G), we refer the
reader to [8].

Lemma 3.1 Let A* = —A, G € L(U;H). Then the following propositions are equivalent:
(a) The system (A,G) is ezactly controllable.
(b) The system (A, G) is exponentially stabilizable.

9



(c) For every positive-definite self-adjoint K € L(U) the operator A— GKG* generates an

exponentially stable Cy semigroup on H.

By Lemma 3.1 and the frequency domain condition for exponential stability [7, 10], K. Liu
[8] gave a Hautus-type criterion for exact controllability of the second order conservative
systems in Hilbert spaces. Also by Lemma 3.1, Zhou and Yamamoto [11] gave a counterpart

of (3.3) for the conservative system (A, G), A* = —A. Our result is the following:

Theorem 3.1 Suppose that the assumption (H1) holds and G € L(U;H). Then the follow-

ing propositions are equivalent:
(a) The system (A, G) is ezactly controllable.
(b) The assumption (H3) holds for B = —GG*, that is,
lim, inf {|G"¢]ly > 0. (3.5)
(c) There exists F € L(H;U) such that the assumption (H3) holds for B = GF.

Proof. The implication (b)=>(c) is trivial, (c)=>(a) follows readily from Theorem 2.1 and
Lemma 3.1.

(a)=>(b): By Lemma 3.1, the exact controllability of (4, G) is equivalent to the exponen-
tial stability of the semigroup S.(¢) with B = —GG*, ¢ > 0. Thus, it suffices to prove that
(H3) is necessary for the exponential stability of S.(t) when —B = —B* > 0. In this case,
Cy 2 0 for all ¥ > 0. If for any v > 0, Cy = 0, then there exist 8,, and a normalized vector

of the form
Yy = Z anbp (3.6)
n€ly,m
such that
1 L
| Byl < [(=B)2|[{— By, $y)2 < 7.
Thus,
(88l — A)eyll Sev+ 1| 32 (Bm — Ba)iandall < (1 +€)7- (3.7)
n€lym
This means that the resolvent of A, is unbounded on ¢R if it exists. Thus, S.(¢) is not

exponentially stable. a
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Remark 3.1: If the spectral gap condition (H4) holds, then the condition (3.5) takes the

form

|G*|lu 26 >0  V ¢ being normalized eigenvectors of A. (3.8)

This is just a counterpart of the finite-dimensional case (3.4).

4 Applications

In this section, we apply our result about exponential stability to the wave, beam, and
2-dimensional Shrodinger equations with indefinite viscous damping or non-dissipative per-

turbation arising from feedback by non-co-located observation and control.

Example 1: The 1-d wave equation with indefinite viscous damping

wy(,t) = wee(2,t) — ed(z)wy(z,t), 0<z<1,t>0,
w(0,t) = we(1,¢) =0, >0, (4.1)
w(0,%) = wo(z), wi(z,0)=wi(z), 0<z <1,

where d € L*(0,1) is real-valued. The underlying Hilbert space is

|

with the inner product

w

€ H'(0,1) x L*(0, L)| w(0) = 0} ,

v

%1 V2

([ “ } , [ v }) = /Ol[wgw; + v155)dz.

Define

v

EH RS N AN
A= , B= . y= .
830 O—d(:c) Wy

11

D(A) = { [ v J | w € H*(0,1),v € H(0,1),w(0) = v(0) = w'(1) = 0} ,



Then, the system (4.1) can be rewritten as (1.1). A has a complete orthonormal set of

eigenfunctions
1 sin(n + 37z

¢:I:

" (4T | ti(n + Yrsin(n + L)rz
with eigenvalues

i8E = +i(n + %)n, n=0,1,2,---.
It is easy to see that (H1), (H2) and (H4) are satisfied with 4o = 7, and

—(B¢%, ¢E) = /: d(z)sin*(n + %)ﬂ'wdw. (4.2)
Thus, (H5) holds if and only if

inf [ " d(2)[1 — cos(2n + 1)ra]dz > 0. (4.3)

For example, we take
d(z) =14+ acos2krz, a€R (4.4)

with k being any positive integer. Then,
1
Yo=m, Ny=1+]a, —<B¢:,¢$>=§ Vn2>0.

Therefore, S.(t) is exponentially stable if

0<e< er—m(\/m +la)2+1-2(1+]a]). (4.5)

Moreover, for every C € (0, 1), it holds that

r(4(1+ a2 +1-2C - 2(1 + |a|)).

wo(Ae) < —eC V 0<e< (4.6)
( 2/(1 + |a])? - C?
We can also choose d(z) with local support, such as
sin4rz, i <z< %,
d(z) = { 2sindrz, 1<z <8, (4.7)
0, otherwise.

For this case,
3
—_ T oty > — > 0.
(B¢n,qbn)_20ﬂ_, Yn>0
12



Example 2: Exponential stabilization of the Euler-Bernoulli beam equation with non-co-

located observation and control.

Consider the following system with distributed control and locally distributed observation

4

w2, 1) + Woraa(z,t) = f(z,t), 0<z<1,t>0,

w(0,t) = w(l,?) = we(0,¢) = we(1,¢) =0, ¢ >0,

| (0,0 = 0(1,0) = wes(0,8) = wee(1, ) .
w(0,t) = wo(z), wi(z,0) =wi(z), 0<z<1,t>0,

h(z,1) = wi(a, 1), z€(L1), t>0.

\

Our purpose is to find a bounded linear operator K from L%*(1,1) to L?(0,1) so that the

feedback control law

f(-,t) = —eKh(-,1), t>0 (4.9)
stablizes the system (4.8) for some € > 0. The simplest form of operator K would be

2c(z)h(l —z), O0<=z<3,
2d(z)h(z), ;<z<l,

[Kh)(z) = { (4.10)

where ¢ € L*(0,1), d € L*(3,1) are real-valued. The underlying Hilbert space is
H = [H?*(0,1) n H}(0,1)] x L*(0,1)

with the inner product
w, Wao 1
( ) ) = [wll‘lI?” + ’Ul'l_)g]dx .
o o /0 1Ws
Define

w

v

D(4) = { } | we H0,1),0 € H2(0,1),w,0 € H}(0,1),w"(0) = w"(1) = o} ,
0 0

0 I ; w
’ B = y Y=
—3;‘ 0 0 —KIO wi

where I is the embedding from L?(0,1) to L*(3,1). Then, the closed-loop system (4.8)-(4.9)

A=

can be rewritten as (1.1). A has a complete orthonormal set of eigenfunctions

¢ +_ 1 siInnmwe
n 2.2 . .
e tenn?sinnme

13




with eigenvalues

iBE = +in’n?, n=1,2,---
It is easy to see that (H1), (H2) and (H4) are satisfied with 7o = 37%. For K defined in
(4.10), we have

—(B¢E, %) = 2/0% c(z)sinnm(l — z) sinnrzdz + 2/: d(z)sin® nrzdz
= /j[d(l —z) + (=1)"*'¢(2)](1 — cos 2nwz)dz. (4.11)

Thus, (H5) holds if and only if

1
in>fl'/{;2[d(l —z) 4+ (=1)"*'¢(2)](1 — cos 2nmz)dz > 0. (4.12)
For example, we take
c(z) = cosdrz, d(z)= -;—+ cos4mz. (4.13)
Then, .
Ny =3, —(B¢E ¢F) = i Vn>1.

Therefore, S.(t) is exponentially stable if

2
0<e< -’;—(\/145 - 12). (4.14)

Moreover, for every C € (0, 7), it holds that

3#2(\/145 —40 — 12)
wo(Ae) < —eC  V 0<e< N e .

Remark 4.1: Let d = 0 in (4.10), then the observation and control are completely non-

(4.15)

co-located. In this case, by (4.11) we know that K can be uniformly effective only for
finite many eigenmodes. The problem of whether there exists K € £(L*(3,1), L*(0,1)) with
suppKh C (0,1) for any h € L*(1,1) such that (H5) holds remains open.

Example 3. Two-dimensional Schrodinger equation with distributed control and locally dis-
tributed observation:
%(w,t) =tAy(z,t)+ f(z,t), z € Q=(0,a) x (0,0), t >0
Ylaa=10,t>0, y(z,0)=yo(z), z€N (4.16)

h(z,t) = y(z,t), z €M =(%,a)x(0,b), t>0.
14



Let
H = L*()

with the standard L? (complex) inner product. Define
A=A, D(A)=H*Q)n HL(N). (4.17)

Then, the operator A is skew-adjoint, and has eigenvalues

k* 12

. . 2
/\k’l—iﬂk,l—i(ag-l-b—z)ﬂ', k,lEIN,

and the corresponding normalized eigenfunctions

. kmzy | Imzy

2
¢k,1(fv)—msm ——sin——, k,l € N.

Set the feedback control law
f(-,t) = —eKh(-,1), K e £(L2(91),L2(Q), (4.18)

c(z1)h(a —z1,22), 0<z1<%, 0<z,<b,

[Kh)(2) = { (4.19)

d(z1)h(z), s<z1<a,0<z <D,

where ¢ € L*(0,3), d € L*(%,a) are real-valued. Then, the closed-loop system (4.16)-
(4.18) can be rewritten as (1.1) with B = —K I, where I, is the embedding from L?(Q)
to L?(€;). When a/b is a rational number, the gap condition (H4) is true, but there are
multiple eigenvalues. While a/b is an irrational number, the gap condition (H4) is false
(see [2]). So, we have to check the condition (H3). We recount the eigenvalues and the

corresponding normalized eigenfunctions:
zIB”l = zﬂknylrn ﬂn S ﬁﬂ+l7 ¢‘n = ¢knyln, n e ]N'

Choose v = (Z)?, then

DRI B R L |
I'y,m={n€]N|| 22 + b2 I<¥

We note that for p,q € I,,m, p = ¢ if and only if [, = [,, for any ¥ € Z,,

2a, . kpmzy . LTz, 9
S Un@n = — sin sin la.|* = 1. (4.20)
‘nEI;m ﬂgy:,m ab a b ’ neIZy:,m
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Using the orthogonality of {sin(lrz,/b)}2, in L?(0,b), we have

—(By,¢) = / c(ml)/ apledp(a — x1, 22)dq(z1, z2)dz2dz,

P:qEI'y m
2

Zan sin knmzy . l,mzy
ﬁ a:l)/ P ——sin 5 dzodz;
2 . g kn
= 2% lal / [d(a — 1) + (=1)"**"c(z,)] sin? ~22Z “dz. (421)
n€ly,m 0
Thus, (H3) holds if and only if
int, [ ) + (-1 >0 (422

The sufficiency follows from (4.21). If (4.22) is false, then there exists a sequence ¢, of

positive integers such that

lim E[d(a —z) + (—1)1+£"c(a:1)] sin? a2y dz, =a <0.

n—+o00 Jo

Thus, for the sequence ¢, ; of normalized eigenfunctions of A we have

T 20
fn 1d$1 - — < O,
a

~(Bbtus » btut) = = [ ld(a —22) + (~1)*6rc(z)] s’

which implies that (H3) is false. For example, we take

¢(z1) = cos 47;:61 , d(z) = % + cos Aoy . (4.23)
Then,
3 Tyo 1
Nb_§a 7”(;)’ 0’7_4
Therefore, S.(t) is exponentially stable if
2
0<e< 3= (V3T-6). (4.24)

Moreover, for every C € (0, 1), it holds that

w2 (m - 6)

— 4.25
wo(Ae) < 50 V 0 <e< aZ\/g—_4C2 ( )
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Example 4. Timoshenko beam equation with indefinite viscous damping

4

Ut = PUgy — PPy — edy(T)uy, O<z<mt>0,

) Gt = q¢zs + Pus — pp —edy (), 0<z <, t>0,

u(0,t) = u(m,t) = ¢,(0,t) = ¢o(m,t) =0, t>0,

| w(z,0) = uo, ws(z,0) = u1, é(z,0) = ¢o, ¢:(2,0) =1, 0 <z < T,

(4.26)

where p, ¢ > 0 are constants and d;, d, € L*(0, ) are real-valued.

The underlying Hilbert space is
H = Hy(0,7) x L*(0,7) x H'(0, ) x L*0, )
with the inner-product induced by the quadratic form of energy,
s v, 6, 91712 = [ (pluc — 81 + aléal? + ol + 92) d.
Define in H

D(A) = {lu,v,¢,9]" | u,v,€ H;(0,7), u,¢ € H*(0,), ¢ € H'(0,7)},

[0 1 o 0] (0 0 o0 o
2 0 —pd, 0 0 —dy(z) 0 0
A | PO P , B 1(x)
00 I 0 0O 0 0 0
pO, 0 qd2—pl 0 | 0 0 0 —do(z) |

Then, the system (4.26) can be rewritten as (1.1) by setting y = [u, us, ¢, ¢¢7. It is easy
to verify that (H1) and (H2) are satisfied. To compute the eigenvalues of A, we solve the

eigenequation

Al 0, 6,917 = A, v, 6,917, [u,v,,9]7 € D(A).
Eliminating the unknowns v, ¢, ¢, we obtain

{ PQUszzs — (P + @) AUz + A*(N? + p)u = 0,
u(O) = u(ﬂ-) = u‘m‘(o) = ua:z(ﬂ') = 0.

A straight forward calculation leads to

M1 = =3l(p + @n? + 1+ §/[(p — 9In? + pI? + dpar?, (427)
Mz = =3P+ an® + 5l = 3/[(p — O)n® + pI* + dpan?,
17



/\,:'f,i = +14,/—MA%;, (counting multiple eigenvalues)

and the corresponding normalized eigenvectors

Zi.=_1_

R, ;

where

[sinnz, AZ;sinnz, S.;cosnaz, A Spicos nz]T, 1=1,2, neN
R SRR SV,
Su=i(+ ) 0
1 2 14i 2 2 2
= o (-0 =g+ (Vo= gm + P+ apan?),  (428)
1
Roi =[5 [pln = Sui)? + a2, = 3 = 22,82,1]7 (4:29)

These sequences

for p =g,

for p # g,

have asymptotic expansions:

{ Moy = ivB(n+ GY +0(2), S3;=1+0(3), w30)
R} ; = 2npn?® 4+ O(n), ji=1,2,

[ (,5)=(1,2) for p>q,  (i,j)=(2,1) for p<g,

) A= —qn®+0(1), A2 =—pn®+0(1), : (4.31)

Shi=(1-127n?+0(1), S =0Gs),
| Rii=mq(1-12)’n*+0(n?), R:;=mpn®+O(1).

In order to verify condition (H3), we need the following observations of the eigenvalues:

1. Each of the two branches of eigenvalues are distinct within itself. This can be verified

by showing that —A2;,7 = 1,2 are strictly monotonically increasing functions of n?,

see Supplement 2. Moreover, inf,>; I/\,f_H,,- - /\,f,,-l =v; >0, : = 1,2, by the asymptotic

expansions

. +
2. infn>1 [An,

(4.30) and (4.31).

— A%,] = 73 > 0. This follows from the fact that A2, — A2, > 0 for all

n > 1 and the asymptotic expansions (4.30) and (4.31).

3. Multiplicity of each eigenvalue is less than two. For any 1 < m < n, there exists r = p/q

such that A\, ; = An 2, i. €., double eigenvalues occur. This can be verified by showing

that the function f(r) = (A2, — AZ ,)/q changes sign on (0, 00) (see Supplement 3).

18



4. When p # g, the gap condition (H4) does never hold. In fact, if \/p/q = k/I, k,l € N
is a rational number we have A};, — A}, = O(1) for p > g and A}, — A}, = O(1) for

p < g as j — oco. See Supplement 4 for the case when 1/p/q is an irrational number.
Choose v = min{v1,72,7s,2|A{;|}. From the above observations, we know that
S, = {aZi + a2t | lal +laf =1, M, =M, <7, mn €N, ,q et} (432)

For any ch,::l + cng,z € X,, by v < 43 we have n # m, and

[(m,n,c1,¢5) = —(B(aZi, +eZy,), aZi +aZi,)
i cidmy . C2Am 2 ’
= | di(z ——’31 z+ sinmz| dz
T )’ B
n n C2A;l;; 2Sm 2 2
+/ ’1 > cosnz + —22702 cosmz| dz (4.33
1 R (4.33)
Thus, (H3) holds if and only if

inf{l(m,n,c1,c2) | m # n,lei]? + |eo|* = 1,m,n € N, ¢1,¢; €C} > 0. (4.34)

For example, we take
di(z) = oi(1 + Picoskiz), >0, 2+ #0, |Bi|<2, kieN, i=1,2.  (4.35)

Using

| / cos k2x cosnz cos mzdz| < 4

{=0, ky = 2n or 2m,

<%, otherwise,

™
/ cos k1 z sin nz sin mzdz
0

we deduce that

™ A -,
[(m,n,c1,¢c2) > 5041(1— )(Rfu lea]? +"Rgn—2lc |

T Iﬁzl ( nleLl 2 ’\‘7271 2513;2 2)
+-ay(l - ——la|" + ——=|c
2 2( 2 ) Rﬁ,l I 1' RTZn,Z I 2I
T,
2 5 mln(nl, 77‘2)

where we have put




) AR |Ba] _’\12n,2531,>

Now, using the asymptotic expansions (4.30) and (4.31) we can easily conclude the following:

1. When p = ¢, (H3) holds even if either a; or ey is zero. Therefore, by Theorem 2.1,
Se(t) is exponentially stable if € is small enough. This means that when the two wave
speeds are the same, only one displacement or rotation angle damping is sufficient for

the exponential energy decay in the Timoshenko beam.

2. When p # g, (H3) holds if both oy and a; are positive. Therefore, S,(t) is exponentially
stable if € is small enough. On the other hand, for di(z) = 0 or dz(z)) = 0, it is easy to
see that S.(t) is not exponentially stable for any € > 0. This means that when the two
wave speeds are different, the displacement and rotation angle dampings are necessary

for the exponential energy decay in the Timoshenko beam.

5 Technical Supplements

Supplement 1. Let 0 < C, < N,
N2+ C,(Cy+ ) - Ny
\/Nb2 —z? .

Then, g is monotonically increasing function on (—C.,, Ns).

g(z)

Proof. Write the function g in the following form

-1
C’Y Nb - C'y Nb2 Nb
= /1 +C+ ———] .

9(z) VN, —z Ny+z ( Cy+z 7 /C,Y+x
Then the monotony of g follows from the fact that all the factors are positive monotonically
O

1

increasing functions on (—C,, Np).

Supplement 2 —/\i,i,i = 1,2 are monotonic increasing functions of n?.

Proof. It is obvious that the conclusion holds for —A2 ;. Let

flz) = (p+@z+p—+/l(p— 9z +p)? + 4pgz

= (p+q)z+p—/[(p+q)z+pl? — dpgz.
20




Then, 2f(n?) = —)Z ,. Since
[(p+ g)z + pl(p + ¢) — 4pgz
V(P + a)z + p]2 — 4pgz?

_(ptgz+p—4pe(p+q)'z
V(2 + 9)z + pI? — 4pga?

fl) = (p+q) -

= (p+9) |1

and the fraction in the bracket is strictly less than one, we know that f'(z) > 0 for all z > 0.

a

Supplement 3 For any 1 <m < n, there exist p,q > 0 such that A2, = )2,
Proof. Let r = p/q, and

flr) = %()‘12;,1 - /\1271,2)
= (r+1)(m*-n?+ \/[(r —1)n?2+r]?2 +4rn2 + \/[(r — 1)m? +r)? 4 4rm?,

which is continuous for r € (0,+00). Moreover, we have

r]_l)I(])f_l'_ f(r)=m?-n? <0, r_l_}l_gloo f(r) = 4o0. (5.1)
This proves that for certain ratio of p and g, there exis double eigenvalues. O

Supplement 4 Let /p/q be an irrational number, then there ezxist sequences of integers
ki = +00, l; = 400, such that gk? — pl? = O(1).
Proof. By a result in number theory [5, p.140], for any j > 1, there exist a rational number

lj\/g— k;

— k;

%? with [; > j such that

gk} — pl?| = Q(lj\/g

1
< qu(2\/§+ 1)- T =2/pq + q.
j

<L
ST

1
_f 1. €.,
J

Thus,
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