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1. Introduction. We consider the periodic discrete-time algebraic Riccati equa-
tion (P-DARE) with period p > 2:

X1 =A'X;A; — ATX;B;(R; + B'X;B;)"'B/' X; A; + H,
(1.1)
= ATX;(I+G;X;)7 A + Hy,

where, for all j, A; = Ay, Hj = Hjyp, and X; = X1, are nxn matrices, B; = Bj4p
are n X m matrices, and R; = R;1, are m X m matrices; B; is of full column rank, R;
is Hermitian positive definite (R; > 0), G; = Bjijlel = Gj4p, and Hj is Hermi-
tian positive semidefinite (p.s.d.) with H; = C’jHCj. Equation (1.1) arises frequently
in solving periodic discrete-time linear optimal control problems [1], [2]. Appropri-
ate assumptions on the coefficient matrices guarantee the existence and uniqueness
of the Hermitian p.s.d. stabilizing solution set {Xj}§:1 to the P-DARE (1.1) (see
Theorem 2.5 of section 2). Note that for the case p = 1 we have a single Riccati
equation for which backward perturbation bounds and residual bounds are known
[15], [16].

A forward perturbation analysis of the P-DARE (1.1) is presented by Lin and
Sun [12], where perturbation bounds and condition numbers of the Hermitian p.s.d.
stabilizing solution set to the P-DARE are obtained [12, sections 3 and 4]. In this
paper, we present a backward perturbation analysis of the P-DARE (1.1).

Backward perturbation analysis is motivated by the following fact. Let an ap-
proximate Hermitian p.s.d. solution set {XJ };):1 to the P-DARE (1.1) be given. For
example, the approximate solution set may come from a numerical algorithm for ap-
proximating the exact Hermitian p.s.d. stabilizing solution set {X; }5-):1. Then there
are two questions associated with the approximate solution set: (1) Is the approxi-
mate solution set the exact solution set of a slightly perturbed P-DARE? (2) Is the
approximate solution set close to the exact solution set {Xj}§=1? The result of a
backward perturbation analysis may be a backward error, or a residual bound. The
purpose of backward perturbation analysis of the P-DARE (1.1) is to test the stability
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of a computation or an algorithm and to ascertain the accuracy of an approximate
solution set.

In matrix computations, developing backward errors and residual bounds is a
part of the subject of perturbation theory (see [7], [13], and [17]). In recent years, the
study of backward errors and residual bounds of matrix equations has been developed
considerably. Taking full account of the special structure of the Sylvester equation,
Higham [6] evaluates the backward error of an approximate solution to the matrix
equation and determines the sensitivity of the equation to perturbations in the data.
After that, Kagstrom [9] evaluates the normwise backward error of an approximate
solution to the generalized Sylvester equation, and determines the sensitivity of the
equation; Ghavimi and Laub [4] present a new backward error criterion, together with
a sensitivity measure, for assessing solution accuracy of nonsymmetric and symmetric
continuous-time algebraic Riccati equations. Normwise backward errors and residual
bounds for continuous-time and discrete-time algebraic Riccati equations are obtained
by the author [14], [15], [16]. This work, as a generalization of the results given by [15]
and [16], derives normwise backward errors and residual bounds for an approximate
Hermitian p.s.d. solution set to the P-DARE (1.1).

We begin in section 2 with pd-stable matrices and the Hermitian p.s.d. stabilizing
solution set to the P-DARE (1.1). In sections 3 and 4 we derive normwise backward
errors and residual bounds for an approximate Hermitian p.s.d. solution set to the P-
DARE (1.1), respectively. The results will be illustrated by simple numerical examples
in section 5.

2. Preliminaries.

2.1. Notation. Throughout this paper, C, and H, denote the set of n x n
complex and n x n Hermitian matrices, respectively, and C? and HZ denote the p-
tuple product spaces Cp, X --- x C, and H,, X --- x Hy, respectively. A denotes the
conjugate of a matrix A, AT denotes the transpose of A, and A7 = A", I stands
for the identity matrix, I,, is the identity matrix of order n, and 0 is the null matrix.
The set of all eigenvalues of A is denoted by A(A). The spectral radius p(4) is
defined by p(A4) = max{|)\;| : A\; € A(A)}. An n x n matrix ® is said to be d-
stable if p(®) < 1. The symbol || || is the Frobenius norm, and || ||z is the spectral
norm and the Euclidean vector norm. For A = (a1,...,a,) = (a;;) € C, and a
matrix B, A® B = (a;;B) is a Kronecker product, and vecA is a vector defined by
vecA = (aF,... al)T. For A € C, we have [5, pp. 32-34]

r '

vecAT = TlvecA,

where II is the vec-permutation matrix which can be expressed by

n

T T
II= E exe; X erey,,
k=1

in which e; denotes the kth column of I,,. In order to save the space of the matrix
representation, we use the following notation [12]:

0o --- 0 N

Ny, -~ 0 .
No . 0

diag{Nj}§=1= ) CYC{NJ’}?:l:
0 --- N,
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2.2. On pd-stable matrices. We first cite some definitions from [12].
Let ®4,...,®, € C,. If there are complex numbers a1, ..., o, such that

det [diag{ozjl}?:l - CYC{‘I’J‘}?:J =0,

then a; - - -y, is an eigenvalue of the matrix set {®;},_;.
The set of all eigenvalues of {®;}7_, is denoted by A ({®;}7_,). We have [12]

A ({(I)j}§=1) = )‘((I)pq)pfl ).
Consequently, if we define the spectral radius p ({fl)j }5:1) by
p ({@5})=1) = max {|A;]+ A € A({2;}]) }
then
P ({‘Pj}§:1) = p(PpPp1---D1).
Let ®y,...,®, € C,. The matrix p-tuple {®;}"_, is said to be pd-stable if the
matrix ®,®,_;--- Py is d-stable.
Let ®4,...,®, € C,. Define the linear operator L : HZ — HE by

(2.1)
L(Wy,...,Wp) = (W1 — ®FWa®s, ... Wy — W, &, W, — BT 01,

(Wl,...,Wp) S Hfl

It is known [12] that the matrix L defined by

0 ol @ oL ... 0
(2.2) L=1I,,:—
: . <I>g®<I>H
¢1T®q){f 0

is a matrix representation of L on the space

HP = {(wlT,...,wT)T s wy = vecW;, W; € H, Vj}.

p

LEMMA 2.1 (see [12, Lemma 2.1]). The linear operator L defined by (2.1) is
singular provided that there is an eigenvalue A\ € A ({CIDj}?:l) with [\ = 1.

LEMMA 2.2 (see [12, Lemma 2.2]). Let ® = cyc{®;}_,, where ®; € C, Vj. If
{®;},_, is pd-stable, then ® is d-stable.

Assume that {®; }i-):l is pd-stable. By Lemma 2.2 the matrix L defined by (2.2)
is nonsingular, and thus L~ exists. In such a case, we define the quantity by

D=L

where the operator norm || || for L™! is induced by the Frobenius norm || || on HZ.
Note that H? is not a subspace of CE, but by [12, Appendix (I)] we have

(2.3) L= L7150,
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i.e., the induced operator norms of L™ on C? and H?, are equal.
Let the matrix set {®;},_; be pd-stable. Define

. — P .
(2.4) Spd = mln{fg]&é{p”EjHQ Dp ({(I— E;) I(I)j}j:1> =1, E; €C,y VJ}.

The quantity spq measures the smallest max;<;<j, || Ej||2 such that {(I — Ej)_1<1>j }?Zl
has an eigenvalue on the unit circle. Note that the computation of s,q may be a rather
difficult computational problem in the general case.

LEMMA 2.3. Let {<I>j}§:1 be pd-stable, and let L be the linear operator defined
by (2.1) with L of (2.2) as its matriz representation. Let | and spq be the quantities
defined by (2.3) and (2.4), respectively, and let
(2.5) ¢; =11®jll2, ¢ = max ¢;.

1<j<p

Then

(2.6)

l
S Spd-
PoVeR i+l T
Proof. Let the matrices EY € C,, (j = 1,...,p) satisfy

o * . *\—1 P _
Spd = max [E7]l2 with p ({(I - £7) <I>j}j:1> =1.

By Lemma 2.1 the transformation

Wy — [(I B! <1>2} ", [(I B! @2]

Wi
] Y o
W, Wy = (1= B)) o, W, [(1- B;) ™ @,
Wy
—1 H —1
Wy — [(I— EY) ‘1’1} Wi [(I— EY) ‘I)J
is singular, where W; € H,, for all j; i.e., there are Hermitian matrices Wy, ..., W)

with W), # 0 for some index k € {1,...,p} such that
H
Wi = [(1— E5) ™" @a] Wy [(1— E3) ™ @3] =0,
(2.7) :
* ) —1 H * )\ —1
W — {(IfEl) @1} W [(IfEl) @1] = 0.
Let N; € C,, be defined by

(2.8) I+N;=(I-E)"", j=1,....p.
Then (2.7) can be written as
(2.9)
Wi\ (SEWNy®y + D NI Wy by + SYNF W Nodo)” \
L| - :

.*T * .* * T
W (BHW; N, &y + S NHW; By + S NIW; N, &)
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*

or equivalently, by letting vecW; = w} (j = 1,...,p), we have

wy . wi

) _ T\ P .
(2.10) Ll oo = (evefol¥) | |

wp wp

where
Q; = (2] N]') @ & + F @ (27 Nj') + (27 N}) ® (2j'N}T) vy,

Inverting L and taking 2-norm of the two sides of (2.10) we get

l
(2.11) v 42w — o >0,
where
(2.12) v= 1réljaé<pyj with v; = ||Njll2 Vj,

and by (2.11),
(2.13) S L P
¢? ¢+ o967 +1
Observe that the relations of (2.8) imply
N; = (I + Nj)E;
and
INjll2 < (U4 [IN; [[2) | E5 ]2

Hence, we have
[Vl

Bl > —21=

155z = 7 + 1Nl
and
e 1Nl
+ max [Njlz  1+v

1<j<p

max ||
1<j<p

Efll2 > 1
Combining it with (2.13) gives the inequality (2.6). 0

From Lemma 2.3 we get the following lemma.

LEMMA 2.4. Let {®, }’;:1 be pd-stable, and let L be the linear operator defined by
(2.1) with L in (2.2) as its matriz representation. Moreover, let | and ¢ be defined by
(2.3) and (2.5), respectively. If E; € C,, (j =1,...,p) satisfy

max ||Ej|l2 <

l
lsj<p P2+ o+ 1+
then the matriz set {(®; + E;)}:_, is pd-stable.
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2.3. The Hermitian p.s.d. stabilizing solution set. By [2], the matrix pair
sets {(A;, Bj)},_, and {(4;,C;)}:_, are said to be pd-stabilizable and pd-detectable,
respectively, if the pairs (A;,B;) and (A;,C;) are d-stabilizable and d-detectable,

respectively, for j = 1,...,p, where

(2.14)
Aj = Ans ) Ary )

Bj = (Ar;p) "+ An;2)Br; (1), Ary o)+ Ay (3)Brey (25 - -+ 5 Ay (0) By (0-1)5 Brey ()

¢; = (cr A A

T T T T T
(1) Ay (1) Oy 200 Ary () Ay 2 C

T T T
Ty AL ) ﬂj(p_l)cﬂj(p)) ,

and 7;( ) is a permutation defined by

k—j+1+p for k=1,...,7—1 and j > 2,
(2.15) mi(k) =
k—j+1 for k=j,...,p.

Note that the pair (A, B) is d-stabilizable if w?B = 0 and w?A = \w! for
some constant A implies |A\| < 1 or w = 0, and that the pair (A4, C) is d-detectable if
(AH CH) is d-stabilizable.

Let X; € H, (j =1,...,p) and {X;}}_, be a solution set to the P-DARE (1.1).
If the matrix set {(I + G;X;) ' A;}_, is pd-stable, then {X;}7_, is said to be a
stabilizing solution set to (1.1). If X; > 0 for all j, then {X;}7_, is said to be a
Hermitian p.s.d. solution set.

The following result is a basic result on the existence and uniqueness of Hermitian
p.s.d. stabilizing solution sets to the P-DARE (1.1). (See [1], [2], [12].)

THEOREM 2.5. For the P-DARE (1.1), if {(A;, Bj)},_, and {(A;,C;)}i_, are
pd-stabilizable and pd-detectable, respectively, then there is a unique Hermitian p.s.d.
stabilizing solution set {X;}%_; to the P-DARE (1.1).

The result will be illustrated by Example 5.1 of section 5.

Throughout this paper, the matrix pair sets {(A;, B;j)};_; and {(4;,C;)};_; of
(1.1) are assumed to be pd-stabilizable and pd-detectable, respectively.

3. Backward errors.

3.1. Definitions. Let {f(j }?Zl approximate the unique Hermitian p.s.d. stabi-
lizing solution set to the P-DARE (1.1), and assume that the matrices I +G;X; (j =
1,...,p) are nonsingular. Moreover, let AA;, AG;, AH; be the corresponding per-
turbations in the coefficient matrices A;,G;,H; (j = 1,...,p) of (1.1), respectively.
The normwise backward error n({X; };—1) of the approximate solution set {X; Mot
can be defined by

3.1 X )= i
(3:-1) n{Xiti=) gaagp{(AAj,AG?}IAHHj)}gzles

(AAj AG, AHj)
a By

7

F
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where the set £ is defined by

(3.2)
AA; € Cn, AGj,AH; € Hy,

Xj71
—1

&= {(AA;,AG;, AH) T, : = (A; + AAj)T X, [I+ (G + AGj)Xj] (Aj +AAy) ¢

+H; + AHj,

j:17"'7p

and «j,B;,v; (4 = 1,...,p) are positive parameters. Taking a; = 8; = v; = 1 for
j =1,...,p yields the normwise absolute backward error f,ps({X j }le), and taking
a; = |A4llr, 85 = |Gjllr.y; = I|Hjllr (j = 1,...,p) yields the normwise relative
backward error 7,e1({X; 1)

From (3.1) and (3.2) we see that the backward error n({X; }5_1) of an approximate
Hermitian solution set {X'j}f:l to the P-DARE (1.1) is a measure of “smallest”
perturbations AA;/a;, AG;/8;,AH;/v; (j = 1,...,p) such that {Xj}?zl is just a
Hermitian solution set to the perturbed P-DARE

Xj—l = (A] + AA])HXJ [I -+ (G] -+ AGj)Xj]il(Aj + AAJ) —+ Hj + AHj,
(3.3)
j=1...,p.
Moreover, from (3.1) and (3.2) we see that

(3.4) n({X;}P_y) = max n;,

1<j<p

where each 7; is defined by

= min
(AA;,AG;,AH;)EE,

(3.5) n;

<AAj AG; AH]-)
aj BT

)
F

in which the set &; is defined by

(3.6)
AA; €Cp, AG;,AH; € Hy,

Xj—l
5j: (AAJ',AGJ',AHJ') . 1

—(A;+ 841X [TH(G+AG)K; | (45 + A4y)

+Hj+AHj

Consequently, the problem of estimating the backward error ﬁ({Xj}§=1) is re-
duced to the problem of estimating n; for j =1,...,p.
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3.2. Estimates of n; (j = 1,...,p). For each j € {1,...,p} define
(3.7) Lj=X;,(I+G;X;)"' €H,, K;=LjA;€C,
and define the residual Ej by
(3.8) Rj=X;o1 — A X1+ G5 X;) ™" A, — Hj,
where X, = Xp. Moreover, define
q;(AA;, AG))
(3.9) =-KMAG;L;AG;(I+ LiAG)) ' K; + KIAG(I + L;AG)) L L;AA;
+AANLAG (T + L;AG)) T K; — AAI (I + L;AG;) 1L AA;.
Then by [15, section 2], the jth equation of (3.3) is equivalent to
(3.10) KPAA; + AU R, - KYAG K+ AH; = R; + q;(AA;, AG)).
3.2.1. The real case. We now consider the case that all the coefficient matri-

ces Aj;, G, Hj; the perturbations AA;, AG;, AH;; and the approximate solution set
{X;}}_, are real. In such a case, (3.10) can be written as

(3.11) KTAA; + AATR; — KTAG;K; + AH; = R; + q;(AA;, AG).
Define the matrix T} by
(312) Tj = (aj |:In & f(]T + (K]T ® In> H} N —,BjK]T ® KJT, ’}/j_[nz) 5

where II is the vec-permutation matrix. Then (3.11) is equivalent to the nonlinear
system

vecAA;
a;
vecAG;
Bj
vecAH;
T

(3.13) T;

= vecﬁj + vecq; (AA;j, AGY).

By using the technique described by [15, section 2] we can prove the following result.
THEOREM 3.1. For each j € {1,...,p}, let T be the matriz defined by (3.12),
and define 74, pj, ptj, and v; by

i
T;

TJTvech ’

Tj:’ ; pJ:’

2 2’
(3.14)

ni = (a3 + BIK 1) 1202 vs = G1%501 |1+ G %)

)
2
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where TJT denotes the Moore-Penrose inverse of Tj, and Lj, K;, and Ej are the ma-
trices defined by (3.7) and (3.8). If

1 .
(3.15) p; < min ¢ —, 7 ,
Vit omivy 420 + \/(TjVj +2p)? — T3V
then
(316) lj S 77j S Uj,
where
o 27p;
UJ - 2 2 ’
(1 +vip;) + \/Tj (1 +vjp;)? — Ari(T05 + 1) p;
(3.17)
2
pju
lj=pj— —

(1 = vjuy)

From Theorem 3.1 and the relation (3.4) we get the nonlinear estimates

. = P < X Py < s =t

(3.18) = max Iy < n({X;}j.,) < max u; = u
Note that
L — . &2 03 l: = ,_ﬂQ 03 =1
uj = pj+—=p; +0(p°), 1j=p; p;+0(p”), j=1,....p.
Tj Tj

Consequently, we have the linear estimates
(3.19) nj~p; Vi, and n({X;}_;)~ max p;

1<j<p
as maxi<;<pp; — 0 (j — 00).
3.2.2. The complex case. Let
o [In QKM+ (KI'® I,)II| =Uj1 +iQ;1,
—ﬁjf(T ® f(JH =Uj2 + 182,
vecAA; = x; +1y;, vecAG; =uj +iv;, vecAH; = z; +iwj,
vecR; = r; +is;, vecqj(AA;, AGy) = a; +ib;, i=+/—1,

where Uj ;, and Q5 (k= 1,2) are real matrices, and T, Yj, Uj, Vg, 25, Wi, T4, 85,05,b;
are real vectors. Moreover, let

Uip =1 Uje Q50 vl2 0
(3.20) T\ = ,

Qi Uin Qo Uiz 0 vl
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and

T
T , 7T ,T ,T T T
R L T I T I
Xj = RPN ﬁ ’ Ev V! ] .
Qj j i Vi i

Then (3.10) is equivalent to

@, [T a;
g XJ_<Sj>+<ba‘>'

Referring to [10], [11], and the proof of Theorem 3.1, we can prove the following
result.
THEOREM 3.2. For each j € {1,...,p}, let Tj(c) be the matriz defined by (3.20).

Define p1; and v; by (3.14), and define T;C) and p(c) by

J
T-(C)T Tj
J 5]

(c)

t
T](C) _ ‘ Tj(c)

, p§c>—‘
2 2

If

(c) : 1
P; < min , 5
Vi c c c
J 7']( )Vj—I—QMj—I—\/(T]( )uj—|—2uj)2—7';) 1/?

then we have

where

(e) _ i Py
. 2 ’
7O+ ;09) + \/TJ(C) (1 + w302 — 47007 + ) pl

2
) Hju§‘)

(e) _ (e
i =p —

T;C) (1-v, ug.c) )

From Theorem 3.2 and the relation (3.4) we get

(c) — (©) « X 1P < (COR )
PSSz < e g = e

4. Residual bounds. In this section we prove the following result.

THEOREM 4.1. Let {Xj}é-):l be an approzimate Hermitian solution set to the
P-DARE (1.1) such that the matrices I + G;X; (j = 1,...,p) are nonsingular, and
the matriz set {(I + Gij)flAj}‘?:l is pd-stable. Define the residuals }A%j by

(4.1) Rj=X;1 - AUX;(I+G;X)7"A; - Hy, j=1,....p,
where Xo = Xp, and define the linear operator L : HY — HP by

(4.2)
L(Wy,..., Wy_1,W,) = (W1 — BHWybs, ..., W,y — DHW, B, W, — é{fwlcin) :
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where Wi, ..., Wy, € H,, and the matrices <i>j are defined by
(4.3) ;= (I+G;X;)7 "4, j=1,...,p.
Moreover, let

¢ = max ¢; with ¢; = ®;ll2 Vj,

1<j<p
(4.4) . o1 ,
Y= max v with Vj:H(I+Gij)’ GjH2 Vi,
and
_ —1 _ =~ ~
(4.5) =T = L R R

F
where the operator norm || || for L=! is induced by the Frobenius norm || | on CP. If
l
< ;
v(292 + 29/ % + 1 + 1)

then for the unique Hermitian p.s.d. stabilizing solution set {X; }’;:1 to the P-DARE
(1.1) we have

(4.6)

(4.7)

- - 2le
H(X1 X Xy - X,)

F = (1+ye)l + /(1 + ve)22 — 4(¢? + 1)vle

As a corollary of Theorem 4.1, we have the estimate

r(e)

e 2HL*1(Rl,...,Rp)HF

< = = =
P 14 1+7HL—1(R1,...,RP)

H(X1 X1 Xy - X)

F

Moreover, from (4.7) we obtain a relative error bound byei(X;) for each X; (1 <
J<p):

||Xj—XjHF< 1X — X||p/l1X;llF < r(e) /|1 X r

(4.8) < _ 2 < -
1X;l1 7 1= X = X[|p/[X;llr — 1 =r(e)/[IX;]lF

bt (X;).

Proof of Theorem 4.1. The proof is completed by the following three steps.
Step 1. Perturbation equation.
Let

X =diag{X;}’_,, X =diag{X;}?_,,
AX =diag{AX;}F_| with AX; =X;-X;, j=1,...,p,
A=cyc{A;})_,, G =diag{G;}|_,,

H = diag(Hy, ..., Hy, Hy), R=diag(Ra,...,R,, R1).
Then (1.1) and (4.1) can be expressed by
(4.9) X=A"X(I+GX)'A+H
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and
(4.10) R=X-A"X(I+GX) 'A—H,

respectively. By simple matrix operations, we can get from (4.9) and (4.10) the per-
turbation equation [16, section 3]

(4.11)
AX-AH(I+XG)'AX(I+GX)'A=R

~ ~ ~ -1 ~
FAT(I+XG) ' AX(I+GX)"'\GAX [I+(I+GX)—1GAX} (I+GX)~'A,

or equivalently,

(4.12)
L(AXy,...,AX, 1,AX,) = (R, ..., Ry, R1) + (fo(AXy), ..., [,(AX,), f1(AXY)),

where L is the linear operator defined by (4.2), ﬁj (j = 1,...,p) are the residuals
defined by (4.1), and the functions f;(AX;) (j =1,...,p) are defined by

(4.13)
fi(AX;)
= AH(I + X;G))PAX; (T + G X;) LG AX T + (I + G5 X;) TG AX,) 7!
(I +GiX;) 7" 4;.

Since the matrix set {(i)j}§=1 is pd-stable, the operator L is invertible. Conse-
quently, the perturbation equation (4.12) can be expressed by

(AX1,...,AX, 1, AX,)
(4.14) R L
=L Y(Ra,..., Ry, R1) + (f2(AX2), ..., [r(AX,), f1(AXY))].

Define the function g(AXy,...,AX,_1,AX,) on H? by

g(AXl, sy AXp_l, AXP)
(4.15) R o
=L '[(Ra,...,Rp, R1) + (f2(AX3), ..., [(AXy), f1(AX1))].

Obviously, g( ) can be regarded as a continuous mapping M : HEZ. — HP, and the set
of solutions to (4.14) is just the set of fixed points of the mapping M.

Step 2. Estimates of some fixed points of M.

From the definition (4.15) we get

[(f2(AXo), ..., [p(AXp), H(AX))|F

(4.16) lg(AXq,...,AX))|lr < e+ ] ,

where € and [ are defined by (4.5). Moreover, from (4.13) we get

D3I AX]1% - P*VIAX; 1%

417) |1 f(AX)|F < < :
WID 5K e < TR < T3 A% AX,)]r

jzla"'apa
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where ¢;, $,7;,7 are defined by (4.4). Here we assume that the set {AX;}7_; satisfies
(4.18) 1—9[[(AXy,...,AX,)|r > 0.
Combining (4.16) and (4.17) gives

PANAXs, . AX)E
0Ky AX,)[7)

By using the technique described by [16, section 4] we can prove that if € satisfies
the condition (4.6), then the mapping M has a fixed point (AXY,...,AX}) in the
set

(4.20) S = {(AX1, ..., AX,) € HD = |(AXy,...,AX,)|r < r(e)},

where r(¢) is defined by (4.7).
Note that the condition (4.6) implies that for any (AXy,...,AX,) € S, the
inequality (4.18) holds. In fact, if (AXy,...,AX,) € S, (), then we have

MAX, . AXp) [ <qr(e)  (by (4.20))

2ye
<TS (by (47)
l
by (4.6
< e o)
<1

Step 3. On the matrix set {Xj - AX7 le.
Let

AX™ = diag(AXT,...,AX})

and
Y = X — AX* = diag(Y1,...,Y,).

Then from Step 1 we see that Y is a Hermitian solution to the DARE (4.9); i.e., Y
satisfies

(4.21) Y =AY (I+GY) "A+H,
or equivalently,

Y - AH(I+YG) 'Y (I+GY)'A
(4.22)
—H+AH(I+YG)'YGY(I+GY) A

Observe the following two facts:
1. The matrix on the right-hand side of (4.22) is Hermitian p.s.d.
2. The matrix (I + GY)~!A can be written as

(I+GY) A= - (I+GX) 'GAX*|(I + GX) A,
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or equivalently,

~ -1_.)?
(4.23) cyc{(1+Gij)—1Aj}§.’_l:cyc{[l—(HGij)—lGjAXﬂ <1>j} :

j=1

where the matrices @j are defined by (4.3), and by the hypotheses the matrix set
{®;}7_, is pd-stable. Moreover, for j = 1,...,p we have

H(IJrGij)*lGjAX;

2
< H(I+Gij)‘1GjH2 1AXT ]2

<~;r(e) (by (4.4) and (4.20))

2vle
= (1 +ve)l + \/(1 +7€)212 — 4(¢p2 + 1)7le (by (4.4) and (4.7))
2ve
1+ e

l
< (by (4.6)).
P*+ o +1+1
Consequently, by Lemma 2.4, the matrix set {[I — (I + Gij)*lGjAX;]ﬂ(i)j}?:l is
pd-stable. By (4.23), the matrix set {(I + G,Y;) "' 4; };):1 is pd-stable. Further, by
Lemma 2.2, the matrix

eye {(I +G;Y;) 43} = (I +GY) "4

is d-stable.

Hence, the Hermitian matrix ¥ = diag(Y3,...,Y,), as a solution to (4.22), is
positive semidefinite [3, Proposition 2.1]; and so the matrix Y, as a Hermitian solution
to the DARE (4.21), is positive semidefinite and stabilizing. By the uniqueness of
the stabilizing solution to the DARE (4.21) [8, Proposition 1], we have ¥ = X =
diag{Xj}i?:l, the unique Hermitian p.s.d. stabilizing solution to the DARE (4.9).
Thus, the matrix set {Yj};’:l is just the unique Hermitian p.s.d. stabilizing solution
set to the P-DARE (1.1).

Overall, we have proved the estimate

(X1 = X1,.... X, — Xp)|lp = [(AXT, ..., AX))|lp <7(e). O
Note that the function r(€) defined by (4.7) has the Taylor expansion at € = 0:

2
r(e) =€+ %62 +0(*) as e —0.

Consequently, for sufficiently small |[L=(Ry,..., ﬁp)H F, we have the first order esti-
mate

1K = X1, Xy — X)lp Se= HL—I(ﬁl,...,ﬁp)

» .
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5. Numerical results. We now use a simple numerical example to illustrate
our results of sections 3 and 4. All computations were performed using MATLAB,
version 6.1. The relative machine precision is 2.22 x 10716,

Ezample 5.1. Consider the P-DARE (1.1) with n = 2, p = 3, and

0 0 0 1 00
A1<10m 0>’ A2<0 0)’ A3<0 1
1
0

1 0

=5 7)
1 0

H1:<01 )

(1) w=(ov) m=(a)

). o
). e

oo <o
oo © O

) e

Thus, the corresponding P-DARE (1.1) can be written

(5.3)

X3 = A,{(I + G1X1)71A1 + Hl,
X = Ag([-f— GQXQ)_lAQ + Hs,
Xy = AT(I 4+ G3X3) ' As + Hs,

where A; and G;, H; are the matrices of (5.1) and (5.2), respectively.
By (5.1), (2.14), and (2.15), we get the matrices A;, B;, and C; (j = 1,2, 3) with

A1A3A2A1(0 0),

0 0

0 00 01
Bl = (A3A2.Bl, A3B27 B3) = ( 0 0 0 1 0 )7

¢ = (cf, arct. arages)” = (

0 0

A2=A2A1A3:(0 0),

By = (A2A1 B3, AyBy, By) = <

0
1
0 000
¢, = (CF, ATCT, AgAch%)TZ(l 0 1 0)

0 0

A3A1A3A2(O 0)7

B3 = (A1A3B2, A1Bs, By) = (

o= (cf. axcf, apagen)” - (

o O
o O
o O
N +— O

1
0

)
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TABLE 5.1

Estimates of relative backward errors (k = 12).

*

m * u cral(X1, X2, X3)
0 | 8.8x10713 | 8.8 x 10~13 2.7

1| 57x10711 | 5.7 x 1011 7.1 x 10

2 5.7 x 1079 5.7 x 1079 7.1 x 102

3 | 35%x10°7 7.8 x 1077 7.1 x 10°

4 * * 7.1 x 107

It can be verified that the matrix pairs (A;, B;) are d-stabilizable, and (A;,C;) are
d-detectable for j = 1,2,3; i.e., the matrix pair sets {(A;, B;)}?_, and {(4;,C})}3_,
are pd-stabilizable and pd-detectable, respectively. By Theorem 2.5, the P-DARE
(5.3) has a unique symmetric p.s.d. stabilizing solution set {X;}?_,. Tt is easy to

verify that the set {X;}3_, with
10
) w=(o V)

1 0
ne(48) ne

is the unique symmetric p.s.d. stabilizing solution set, which is independent of the
values of m. ~
Let the approximate symmetric p.s.d. solution sets {X 7'}?:1 be given by

0 0
0 1

(5.4)
- —0.3 0.2 I 0.1 0.1 L
Xl_X1+<—0.2 0.8)><10 : XQ_X2+<0.1 —0.2)“0 :
- 0.2 03 o
X3—X3+< 0.3 06>X10 , k=0,1,2,....

We now are going to give estimates of backward errors and residual bounds for the
approximate symmetric p.s.d. solution sets.

Estimates of backward errors. Some numerical results on backward errors of
the approximate solution sets are listed in Tables 5.1 and 5.2, where the bounds [*
and u* are computed by (3.17)—(3.18), and the values of the relative condition number
Cre1(X1, X2, X3) listed in Table 5.1 are computed by [12, (4.24)] with

& = I1X5llr o5 =NA45llr, v = IGillr, n=I1H;llr,  j=1,2,3.
The cases when the condition (3.15) of Theorem 3.1 is violated are denoted by asterisks
in Tables 5.1 and 5.2.

From the results listed in Table 5.1 we see that the relative backward error in-
creases as the relative conditioning of the P-DARE deteriorates.

The results listed in Tables 5.1 and 5.2 show that the relative backward errors
are very small (n({X; ?:1) S 5.7 x 107%) in the cases of k = 12 and m < 2, and
in the cases of m = 1 and k > 10; this means that in such cases each approximate
symmetric p.s.d. solution set {Xj }?:1 is an exact symmetric p.s.d. solution set to a
slightly perturbed P-DARE.

From the results listed in Table 5.2 we see that the relative backward error de-

creases as the error || X — X|p = \/23:1 | X; — X;||2 decreases.
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TABLE 5.2
Estimates of relative backward errors (m =1, cpe1(X1, X2, X3) ~ 71).

k & u* IX - X|lr
2 * * 1.2 x 10—2
4 3.4 %1073 7.9 x 1073 1.2 x 1074
6
8

5.7 x 1075 5.7 x 1075 1.2 x 106
5.7 x 107 5.7 x 10~7 1.2 x 108
10 | 5.7x 1079 57x 10792 | 1.2x 10710
12 | 57x 1071 | 5.7 x 1071 | 1.2 x 10712

Computed results for this example show that
lj%u]%pj, j:1,2,3,

which mean that the linear estimates (3.19) are relatively sharp, while the nonlinear
estimates (3.16) do not even exist in some cases. However, it is worth pointing out
that the nonlinear estimates (3.16) guarantee the existence of the solution to the
optimization problem (3.5), while the linear estimates (3.19) would formally give

approximate bounds which might not correspond to any solution to the problem
(3.5).

Residual bounds. Here we only present a few results in the case of m = 0. In
such a case, the relative condition number ¢, (X7, Xo, X3) =~ 2.7. Taking k = 4 in
(5.4) we obtain an approximate symmetric p.s.d. solution set {X; }?:1’ among which
each X ; approximates X; (1 < j < 3) up to 5 significant figures.

A computation by (4.7) gives

" isxi0t D ik,

~ ~ , ~ ~1.1x107%
[ X1llF | XallF | X3l 7

Combining the estimates with (4.8) we get relative error bounds for X; (j = 1,2, 3):
(5.5) ba(X1) 1.5 x 1074, ba(Xo) & 1.5 X 1074, bre(X3) =~ 1.1 x 1074,
From (5.5) we see that the approximate symmetric p.s.d. solution set {X j }5?:1 has at
least 4 correct digits.

Note that by Theorem 4.1 the estimate (4.7) can only be applied to the case where
the condition (4.6) is satisfied; i.e.,

e > 0.

l
6(e) = —
© v(2¢2% 4 29/ 92 + 1 + 1)

The results listed in Table 5.3 show the scope of application of the estimate (4.7) for
this example.

Ezample 5.2 (see [12, Example 5.1]). Consider the P-DARE (1.1) withn = 3,p =
3, and

A =VIAPY, G =viaPv, 1 =vIEOV, =123,
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TABLE 5.3
m | crel(X1, X2, X3) 8(e)
0 2.7 6(e) >0 if and only if £k >1
1 7.1x 10 6(e) >0 if and only if k> 11
2 7.1 x 103 6(e) > 0 if and only if k> 13
3 7.1 x 10° 6(e) > 0 if and only if k> 21
TABLE 5.4

Estimates of relative backward errors.

r* u*

2.2x 10715 | 2.2 x 1015
1.9 x 10715 | 1.9 x 10~15
3.8x 10715 | 3.8 x 1071
1.9%x 107 | 1.9 x 10714
4.0x 10713 | 4.0x 10713
5.0x 10712 | 5.0 x 10712
5.0x 10711 | 5.0 x 1011

olu|k|w|n~ofS

where

A = diag(0,107™,1), AL = diag(1072,10"™,1 + 10~?),

A = diag(1073,10"™*1,0.5),

1 1 1
G\ = diag (‘10—"’, Z107™, 5§ x 10—7”) , H"” = diag (,lom,j,j x 10—7”) ,
j j j

J=12,3,
and
. 1
Vi =1-2vv! with v = ﬁ(l’ 1,17,
Vo =1 —2vv) with wy = i(1 1,2)T
2 \/6 )+ )
Vs =1 —2v3v] with wg = L (-1,1,3)T.
’ VAV

By applying the file “dare” of Control System Toolbox, we get computed symmet-
ric p.s.d. solution sets {X;, X5, X3} to the P-DARE (1.1). Some numerical results on
backward errors and residual bounds for the computed solution sets are listed in Tables
5.4 and 5.5, respectively, where the relative error bounds brel(f(j) for Xj (j=1,2,3)
are defined by (4.8).

The results listed in Table 5.4 show that each computed symmetric p.s.d. solution
set {)N(l7 X, )~(3} by applying the file “dare” of Control System Toolbox is the exact
symmetric p.s.d. solution set to a slightly perturbed P-DARE; in other words, the
computation has proceeded stably.

From the results listed in Table 5.5 we see that the computed symmetric p.s.d.
solution sets {Xl,Xg,Xg} have high relative precision when m is a small natural
number; e.g., in the case m = 3, each computed X ; has at least 14 correct digits.
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TABLE 5.5
Residual bounds.

m € T(e) brcl(kl) brcl()zé) brcl(X3)

0 | 83x10713 | 83x10713 | 221 x10713 | 7.5 x 10715 | 3.2 x 10~13
1 | 13x107 | 1.3x107 | 23%x 10715 | 23x 10715 | 1.3x 10715
2 | 33x10713 | 33x10713 | 6.2x1071% | 9.6 x 10715 | 3.2 x 10°1®
3 120x10711 | 20x 10711 | 3.8x1071* | 6.0 x 10714 | 2.0 x 1014
4 | 42x107° 42x1079 | 80x10718 | 1.2x10712 | 41 x 10713
5 | 5.4x10°7 54x10"7 | 1.0x 1011 | 1.6 x 10~ | 5.3 x 1012
6 | 5.3x10°° 53x107°% | 1.0x 10710 | 1.6 x 10719 | 5.3 x 10~1!
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