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NEAR-UNANIMITY FUNCTIONS AND VARIETIES OF
REFLEXIVE GRAPHS*
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GARY MACGILLIVRAYY

Abstract. Let H be a graph and k > 3. A near-unanimity function of arity k is a mapping
g from the k-tuples over V(H) to V(H) such that g(z1,x2,...,2) is adjacent to g(zf,ah,...,z})
whenever x;z; € E(H) for each i = 1,2,...,k, and g(z1,22,...,2;) = a whenever at least k — 1 of
the x;’s equal a. Feder and Vardi proved that, if a graph H admits a near-unanimity function, then
the homomorphism extension (or retraction) problem for H is polynomial time solvable. We focus
on near-unanimity functions on reflexive graphs. The best understood are reflexive chordal graphs
H: they always admit a near-unanimity function. We bound the arity of these functions in several
ways related to the size of the largest clique and the leafage of H, and we show that these bounds
are tight. In particular, it will follow that the arity is bounded by n —+/n+1, where n = |V (H)|. We
investigate substructures forbidden for reflexive graphs that admit a near-unanimity function. It will
follow, for instance, that no reflexive cycle of length at least four admits a near-unanimity function of
any arity. However, we exhibit nonchordal graphs which do admit near-unanimity functions. Finally,
we characterize graphs which admit a conservative near-unanimity function. This characterization
has been predicted by the results of Feder, Hell, and Huang. Specifically, those results imply that,
if P # NP, the graphs with conservative near-unanimity functions are precisely the so-called bi-arc
graphs. We give a proof of this statement without assuming P # NP.
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1. Introduction. We consider finite undirected graphs without multiple edges,
but with loops allowed. A graph in which no vertex has a loop is called irreflexive,
and a graph in which every vertex has a loop is called reflexive. When we say a graph
satisfies a property, such as being connected, a tree, a cycle, etc., we mean that the
underlying irreflexive graph (i.e., the graph obtained from it by deleting all loops if
there are any) has the property.

Given graphs G and H, with lists L(v) C V(H), for each v € V(G), a list
homomorphism of G to H with respect to the lists L is a function f : V(G) — V(H)
which satisfies the following two properties:

(i) f(v) € L(v) for all v € V(G);

(ii) f(u)f(v) € E(H) for all wv € E(G).
Note that a list homomorphism can map two adjacent vertices of G to the same vertex
of H only if the vertex of H has a loop, and, in particular, it must map any vertex
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NEAR-UNANIMITY FUNCTIONS 939

of G with a loop to a vertex of H with a loop. List homomorphisms are introduced
in [9].

For a fixed graph H, the list homomorphism problem, LIST-HOMH , asks whether
an input graph G, together with lists L, admits a list homomorphism to H with respect
to the given lists. The complexity of all list homomorphism problems has recently been
classified [11]: LIST-HOMH is polynomial time solvable when H is a bi-arc graph and
is NP-complete when H is not a bi-arc graph. (The definition of bi-arc graphs appears
in section 5.)

In the case when the input lists L(v) = V(H) for all v € V(G), the list homomor-
phism problem is the homomorphism problem, HOMH, or the H-coloring problem.
When H = K, the irreflexive complete graph on n vertices, the homomorphism prob-
lem HOMH becomes the n-coloring problem, which is polynomial time solvable when
n < 2 and NP-complete when n > 3. The complexity of all HOMH problems has
been classified by Hell and Nesettil [16]: HOMH is polynomial time solvable when H
is bipartite or contains a loop and is NP-complete if H is irreflexive and not bipartite.

The homomorphism extension problem, EXTH, another special case of list homo-
morphisms, is of particular interest. In EXTH the inputs are restricted so that each
list is either a singleton set or the entire set V(H). Extension problems obviously
correspond to questions of extending a given partial mapping (“precoloring”) to a
homomorphism and have been historically studied under an equivalent formulation
called retract problems, RETH; cf. [7, 3, 15, 21, 30]. The retract problem, RETH, for
a fixed graph H takes as an input a graph G containing H as a subgraph and asks
whether or not there is a homomorphism f of G to H such that f(v) = v for all
v € V(H). Such a homomorphism f is called a retraction of G to H. If there is a
retraction of G to H, then H is called a retract of G.

It seems difficult to classify the complexity of all extension problems. In particu-
lar, Feder and Vardi [13] have shown that extension problems capture the complexity
of the much larger class of all constraint satisfaction problems (CSPs) in the following
sense: for each CSP, say, I, there exists a reflexive graph H such that II and EXTH
are polynomially equivalent. This means that even proving that each extension prob-
lem is NP-complete or is solvable in polynomial time would answer a difficult open
question in complexity theory [13]. Recall that, by contrast, for list homomorphism
problems, we know the exact classification of the complexity [9, 10, 11]. In particular,
by techniques similar to [13] it can be seen that if a graph H admits a conserva-
tive near-unanimity function (as defined below), then LIST-HOMH is polynomial
time solvable. In turn, this implies that RETH and EXTH are also polynomial time
solvable. See [17].

Let H be a graph and k > 3 be an integer. A near-unanimity function of arity
k (or NUF}, for short) on H is a mapping g : V(H)* — V(H) which satisfies the
following properties:

(1) g(z1,22,...,x5) is adjacent to g(z},xh, ..., z)) whenever z;z; € E(H) for
eachi=1,2,...,k, and
(ii) g(x1,x2,...,2x) = a whenever at least k — 1 of the z;’s equal a.

Early papers on near-unanimity functions include [1, 20]. Near-unanimity functions
of arity 3, also called majority functions, are much studied [2, 17, 31]. A near-
unanimity function g of arity &k on H is a conservative near-unanimity function if
g(z1,29,...,21) € {T1,22,...,71} for all vertices of H¥. It is shown in [11] that all
bi-arc graphs admit a conservative near-unanimity function, implying that the cor-
responding list homomorphism problems can be solved in polynomial time via the
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940 BREWSTER, FEDER, HELL, HUANG, AND MACGILLIVRAY

results mentioned above. It is also shown in [11] that graphs H which are not bi-arc
graphs have NP-complete list homomorphism problems. Hence, if we assume that
P # NP, then bi-arc graphs are precisely the graphs which admit a conservative near-
unanimity function. We will prove this is the case without the assumption P # NP.

The categorical product of a family of graphs, {H;}icr, denoted [[,.; H;, has as
its vertex set the Cartesian product [],.; V (H;). (We restrict our attention to finite
products, i.e., |I| < o0.) Two vertices (g;)ier and (h;)icsr are adjacent if g; and h;
are adjacent in each H;,7 € I. We may write Hy X Hy X --- x Hj for the product
of the k graphs, Hi, Ho, ..., Hy, and H* for the product of k copies of H. Thus, a
near-unanimity function of arity k is a homomorphism of H* to H that is nearly
unanimous, i.e., satisfies condition (ii) above. Finally, a graph variety is a class V of
graphs which contains all products and all retracts of members of V. Given a class of
graphs C, the variety generated by C' is the smallest variety containing all of C. (The
intersection of two varieties is itself a variety, and thus the concept of smallest is well
defined.)

By abuse of notation we also denote by NUF the class of all graphs that admit
a NUFy. We let NUF = J,2; NUFy, ie., the class of graphs each of which admits
a near-unanimity function of some arity. We show that, for each fixed &k > 3, the
class NUF} is a variety and that this collection of varieties is strictly monotone,
ie,, NUF3 ¢ NUFy C --- (with strict inclusions). We show the class of chordal
graphs is contained in NUF. It follows that the variety generated by chordal graphs,
i.e., the smallest variety containing all chordal graphs, is also contained in NUF; the
variety generated by chordal graphs has been further investigated in [27]. The variety
generated by cop-win or dismantable reflexive graphs (see [29]) contains the variety
generated by chordal graphs. We give an example of a dismantable graph which does
not belong to NUF. An extended examination of the inclusions described here (and
of other varieties) is developed in [27]. In particular, NUF is strictly contained in
the variety generated by dismantable graphs, and the variety generated by chordal
graphs is strictly contained in the variety NUF [27, 25]. A polynomial time algorithm
for recognizing graphs in NUF based on dismantability is given in [25].

We give two bounds on the arity of a near-unanimity function of a chordal graph
with n vertices, in terms of its clique-size and its leafage (defined in section 3.1), re-
spectively. It follows, in particular, that the arity is at most n — v/n + 1. We present
some forbidden substructures for graphs to have a NUF. It follows from these condi-
tions that no reflexive cycle of length at least four admits a near-unanimity function.
However, we shall exhibit nonchordal graphs which do admit near-unanimity func-
tions. Finally, we give a proof, without assuming P # NP, of the result predicted by
[11], that the graphs which admit a conservative near-unanimity function are precisely
the bi-arc graphs. See also [5, 23].

2. Basic properties.

PropoSITION 2.1. For each k > 3, a graph H admits a NUFy if and only if each
connected component of H admits a NUF.

Proof. Let Hy, Ho,...,H, be the connected components of H. Suppose that g :
H* — H is a NUF on H. We begin by defining for each H; a NUF}, say, fi, on H;.
Note that by definition ¢ is a homomorphism of H* to H, and hence any restriction
h = g|x of g to a subgraph X of H* is a homomorphism h : X — H.

A vertex of H* with at least k — 1 coordinates equal is called a nearly unanimous
vertex. For each connected component C of HF, we define f; on C as follows. If C has a
nearly unanimous vertex x = (21, s, ..., 2x), define f; = g|c. By near-unanimity, we
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have f;(x) € H;. Since f;(C) is also connected, f;(C) is a subgraph of H;. On the other
hand, if C' contains no such vertex, then define f; : C — H; by fi(z1,22,...,2k) = 21.
It is easily seen that each f; is a NUFy on H;.

Conversely, suppose g; : HF — H; is a NUF;, on H; for each i = 1,2,...,p. Let
C be a component of H*, and let z = (x1,29,...,2%) and y = (Y1, Y2, .- ., Yr) be two
vertices in C'. Since C is connected, there is a walk from x to y in C and, thus, a walk
from z4 to ys in H for each s, where 1 < s < k. That is, for each component C of
H* and each coordinate s, there exists a component H ; of H such that z, € Hj if
and only if ys € H;. Hence exactly one of the following conditions holds for all of the
vertices of C":

(i) all k coordinates belong to the same Hj; i.e., C' is a subgraph of HJ’-“;

(ii) exactly k — 1 coordinates belong to the same H;, and the other coordinate
belongs to H,,, m # j; or

(iii) at most k — 2 coordinates belong to any H;.
Let x = (21,2, ..., k) be a vertex in C. In case (i), define g(z) = g;(z). In case (ii),
choose some coordinate ¢ such that z; € H;. Define g(x) = z;. (We fix ¢ for the entire
component C; thus, g is simply the projection of C onto its tth coordinate.) Finally,
in case (iii), let g(z) = ;.

In all cases, g is a homomorphism. Moreover, g satisfies the near-unanimity con-
dition. In case (i), g inherits the property from g;. In case (ii), any nearly unanimous
vertex in C' must have all £ — 1 coordinates from H;, including x¢, equal. Finally, in
case (iii) there are no nearly unanimous vertices. d

PROPOSITION 2.2. For each k > 3, if a graph H admits a NUFy, then H admits
a NUFk+1.

Proof. Let g : H* — H be a NUF, on H. Then the function h : H¥' — H
defined as h(z1, a2, ..., Tk, Tr+1) = g(z1, T2, ..., k) is a NUF; on H. a

The argument above also proves the following.

COROLLARY 2.3. For each k > 3, if a graph H admits a conservative NUFy, then
H admits a conservative NUFg 1.

We provide examples of graphs in NUF;; — NUFy for each k£ > 3 in section 4.1.
Thus the converse of Proposition 2.2 does not hold. On the other hand, we will show
that the converse of Corollary 2.3 does hold; i.e., H admits a conservative NUF}, for
some k > 3 if and only if H admits a conservative NUF3.

PROPOSITION 2.4. Let G be a graph that admits a NUFy, and let H be a retract
of G. Then H also admits a NUF}.

Proof. Let g be a NUFy, on G, and let r : G — H be a retraction. Then it is easy
to verify that 9/:7"0(9|V(H)k) is a NUF; on H. |

The above result shows that the class of graphs which admit a NUFy are closed
under retractions. In the case of conservative functions, the class is also closed under
taking induced subgraphs.

PROPOSITION 2.5. Suppose the graph G admits a conservative NUFy and H is
an induced subgraph of G. Then H admits a conservative NUFy.

Proof. Let g be a conservative NUF, for G. The restriction of g to H* is a near-
unanimity homomorphism of H* to G, and to H as well since g is a conservative
NUF. d

PROPOSITION 2.6. Let X1, Xo, ..., X, be graphs in NUFy. Then the product X1 X
Xo X -+ x X, is also in NUF,.

Proof. By associativity of the product, it suffices to verify the claim for two graphs.
It is easy to check that if gx and gy are near-unanimity functions of arity k£ for X
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and Y, respectively, then

g((l‘layl)7 (.1327y2), R (xkvyk))) = (gX(xth) o axk)agy(y1?y27 s 7yk))

is a NUFy for X x Y. 0

COROLLARY 2.7. For each k > 3, the class NUFy is a variety.

A dominating vertex of a graph G is one adjacent to all other vertices of G. We
make the following observation.

ProroSITION 2.8. If the reflexive graph H has a dominating vertex v, then H
admits a NUFy for all k > 3.

Proof. By Proposition 2.2 it suffices to show that H admits a NUF3. The function

{ x  if at least two of a, b, ¢ equal z,
g(a,b,c) = }
v otherwise

is a NUFs3. 1]

A graph is chordal if it does not contain an induced cycle of length greater than
three. We shall show that each chordal graph belongs to NUF, and we shall show that
each reflexive cycle of length at least four does not. However, Proposition 2.8 allows
us to find examples of nonchordal graphs with a NUF. The wheel w, is the graph
obtained from a cycle of length n by adjoining one (new) vertex adjacent to all other
vertices.

COROLLARY 2.9. Each reflexive wheel w,,,n > 4, is a nonchordal graph in NUF3.

Since NUF; is the variety generated by finite paths [2, 17, 19], we see that each
reflexive wheel is in the variety generated by finite paths and thus in the variety
generated by chordal graphs. In [27] it is shown that the variety generated by chordal
graphs is in fact strictly contained in the variety NUF.

3. Reflexive chordal graphs. In this section and the next section, all graphs
are assumed to be reflexive unless otherwise stated. We show in this section that every
reflexive chordal graph admits a near-unanimity function. (By contrast, in section 4.2
we shall show that no reflexive cycle of length greater than three admits a near-
unanimity function.) We provide two bounds on the arity of the NUF. One bound is
based on the leafage of the graph, and the second is based on the clique-size and is
obtained through the study of tree obstructions. We remark that the two approaches,
leafage and tree obstructions, often allow us to compute the minimum k for which a
graph admits a NUFy. Typically the leafage is used to demonstrate the existence of
a NUF}, and tree obstructions are used to prove the nonexistence of a NUF;_.

3.1. Arity bounds based on leafage. Let T be a tree. A subtree of T is a
connected subgraph of T'. A rooted subtree R of T is a subtree of T" with a distinguished
vertex called the root of R, denoted r(R).

It is well known that a graph H is chordal if and only if it is the intersection
graph of a family F of subtrees of a tree; that is, there is a one-to-one correspondence
between V(H) and F such that two vertices of V(H) are adjacent in H if and only
if the corresponding subtrees of F have at least one vertex in common; see [14]. The
family F, together with the underlying tree, is called an intersection representation
of H by subtrees. The leafage I(H) of a chordal graph H is the minimum number of
leaves of a tree in which H has an intersection representation; cf. [26].

In the following H is a chordal graph. We use F to denote a (fixed) family of
subtrees of a tree T" which gives an intersection representation of H. Further, let 7
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be the set of all rooted subtrees R of T such that R —r(R) is the union of some (zero,
one, or more) components of T'—r(R), and if R—r(R) is the union of zero components
of T — r(R), then r(R) is a leaf of T. For a rooted subtree R, we denote by [r the
number of leaves of T contained in R; note that these definitions ensure that Iz > 1
for any rooted subtree R.

Given a collection S of k4 1 (not necessarily distinct) subtrees in F, we say that
a rooted subtree R € 7T is critical with respect to S if it satisfies the following two
properties:

1. there are at least k — [g + 1 subtrees of S, each of which contains a vertex
of R;

2. for each R’ € T contained in R — r(R), there are at most k — [p/ subtrees
of S, each of which contains a vertex in R'.
The two conditions above are referred to as Properties 1 and 2.

LEMMA 3.1. Let S be a family of k + 1 (not necessarily distinct) members of F.

Then

(a) every rooted subtree in T satisfying Property 1 contains a rooted subtree
which is critical with respect to S; and

(b) there are pairwise vertex disjoint critical rooted subtrees Ry, ..., R, such that
T —\UY_, R; does not contain any critical rooted subtrees.

Proof. Let the rooted subtree X satisfy Property 1. If X also satisfies Property 2,
then X is critical with respect to S, and we are done. Otherwise, X — r(X) contains
another rooted subtree X’ which satisfies Property 1. Again, if X’ also satisfies Prop-
erty 2, then X’ is critical; otherwise, X’ — r(X’) contains a third rooted subtree X"
which satisfies Property 1. Continuing this way, we will find a critical subtree with
respect to S. A subtree consisting of a single vertex which satisfies Property 1 trivially
satisfies Property 2.

To see statement (b), note that the entire tree T' (with an arbitrary root) satisfies
Property 1. In addition, a rooted tree R which does not satisfy Property 1 cannot
contain a subtree R’ which satisfies Property 1, since k — g +1 < k —lr/ + 1 in the
case that R’ is a subtree of R. ]

THEOREM 3.2. Fvery chordal graph H of leafage k admits a NUF 4.

Proof. Let F be an intersection representation of H by subtrees of a tree T" with
k > 2 leaves. We shall show that the intersection graph H of F admits a NUF;.
By Proposition 2.1, we may assume that H is connected. Further, we assume that
every vertex of T' belongs to a subtree in F. For convenience, we shall not distinguish
between the vertices of H and the subtrees of F.

Let S be a collection of k 4 1 subtrees of F. Although some of the k + 1 subtrees
of S may be the same, we treat them as distinct in the counting below.

By Lemma 3.1, there exist Ry, Ro, ..., R, pairwise vertex-disjoint critical rooted
subtrees with respect to S such that 7' — U?_ R; does not contain any critical rooted
subtrees. We claim that there is a subtree in F containing all the roots r(R;), i =
1,2,...,p. When p = 1, this is clearly true as by assumption every vertex of T is in a
subtree of F. So assume that p > 2. In this case, we prove the stronger statement that
in fact there is a subtree in S which contains all the roots. Suppose to the contrary
that none of the k + 1 subtrees of S contains all the roots. Then each subtree of S
has vertices in at most p — 1 critical rooted subtrees R;. (Observe that any subtree of
S that contains vertices in any two rooted subtrees must in fact contain both roots
of the subtrees.) Denote by ¢; (i = 1,2,...,p) the number of subtrees of S, each
of which has a vertex in R;. Then we have (p —1)|S| = (p—1)(k+1) > >7 ¢
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By Property 1, ¢; > k — lr, + 1. Thus we have

p—1)(k+1) ch
p
Z lR +1
p(k+1) ZZR,

which gives ¥ | lg, > (k + 1). This implies that some leaf of 7" must be contained
in at least two critical rooted subtrees, contradicting the assumption that the critical
rooted subtrees are pairwise vertex-disjoint.

Ultimately the goal is to define a NUF on these families of subtrees. Suppose at
least k subtrees of S are the same subtree X. We claim X contains all the roots. In
fact, a rooted subtree R € 7T is critical with respect to S if and only if V(R)NV(X) =
{r(R)}. To see this, observe that R satisfying Property 1 requires V(X)NV(R) #
and R satisfying Property 2 ensures V(X)N V(R — 7(R)) = 0. On the other hand,
V(X)NV(R) = {r(R)} implies that R contains vertices from at least k > k —lp + 1
elements of S, since g > 1. Also, R — r(R) contains no vertices from the k copies of
X, which implies that R — r(R) contains vertices from at most k — [z_,(r) subtrees
of S, as Igr_,(r) > 1. Consequently, X contains all the roots.

It remains to define the near-unanimity function g on H. Given k + 1 vertices of
H, consider the corresponding family S of subtrees in F. Decompose T into p critical
rooted subtrees {R;}Y_; as described in Lemma 3.1. Define g(S) as follows: When at
least k subtrees of S are the same subtree X, let g(S) = X; otherwise, let g(S) be
any subtree of F which contains all the roots r(R;). It remains to verify that g is a
homomorphism from H**! to H. Thus consider two adjacent vertices in H**'. That
is, let S ={U1,Us,...,Uky1} and S’ = {V1, V4, ..., Vii1} be two collections of k + 1
subtrees (from F) such that U; intersects with V; for each j =1,2,...,k+ 1. Again,
let Ry, Ry, ..., R, be the decomposition of T" into critical subtrees with respect to S.
Suppose to the contrary that g(S) and g(S’) do not intersect. Let P : 2921 ...24 be
the shortest path from g(5) to g(S’) where zp € V(g(5)) and z4 € V(g(S’)). Let C be
the component of T'— z4 containing 2y and C’ be the component of T'— zy containing
z4- Let A be the rooted subtree consisting of C with r(A) = z4_1. Then A is a rooted
subtree containing g(.S) but no vertex from ¢(S’). Similarly, B = C’ with r(B) = z;
is a rooted subtree containing ¢(S’) but no vertex from g(5). Since each leaf of T' is
either in A or in B, we must have [4 + Ip > k. Since g(S) does not intersect with
B, B contains none of the roots of Ry, Ry, ..., R,. Thus, B cannot satisfy Property 1
with respect to S. This means that S contains at most k£ — [ subtrees such that each
of them has a vertex in B. In other words, S contains at least k+1— (k—ip) =ip+1
subtrees, none of which has a vertex in B. Thus, these g + 1 subtrees must all be
contained in A. Each of these subtrees intersects a member of S’. Hence S’ must
contain at least [g + 1 subtrees, each of which contains a vertex in A. On the other
hand, a similar argument shows that S’ contains at most k — 4 subtrees, each of
which has a vertex in A. So we must have g +1 < k —l4,ie.,la+Ig < k—1,in
contradiction to the fact that l4 + 1 > k. O

Lin, McKee, and West [26] proved that for every chordal graph H with n vertices,
the leafage is at most n — lgn — = lg lgn + O(1). Hence, each chordal graph with n
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vertices admits a NUF of arity n —1gn — %lg lgn 4+ O(1). We improve this bound in
the next section.

The upper bound on the arity in Theorem 3.2 is sharp in the sense that there are
chordal graphs of leafage I which do not admit a NUF;. In section 4.1, we construct
families of graphs useful for showing lower bounds, including the one just mentioned.

3.2. Arity bounds based of tree certificates. We recall the problem EXTH
from the introduction. An instance of EXTH consists of a graph G together with lists
L(v) C V(H), where each L(v) is either a singleton set or all of V(H). Let X C V(G)
be the set of vertices x for which L(x) is a singleton. Then we may view the function
p: X — V(H) defined by p(x) = h € L(z) as a preassignment of images (in H) to the
vertices in X. The vertices in X are called preassigned vertices. The EXTH problem
asks if there exists a homomorphism f : G — H which extends the preassignment p
(i.e., satisfies f(x) = p(z) for x € X). In the case of a yes instance, we say that p is
extendible (in H ). In the following we shall use the language of lists, or of extending
preassignments, as is convenient.

Before entering the technical details of our work, we outline some key ideas used in
the development. (We use the standard notation for X C V(G), and G[X] denotes the
induced subgraph of G with vertex set X.) First, it is clear that, given a preassignment
p: X — V(H), if p is not a homomorphism of G[X] to H, then p is not extendible.
On the other hand, if p is a homomorphism G[X]| — H, then a natural algorithmic
idea is to successively extended p by one vertex, i.e., select v € V(G)\X, and define
f(v) =h € L(v) (and set f(u) = p(u) for all u € X) such that f: GIX U{v}] - H
is a homomorphism. Clearly the condition we must verify is that f(u)f(v) € E(H)
whenever uv € E(G) for each u € X. Such a value h is an allowed image for v. On
the other hand, in searching L(v) for an allowed image for v, we may remove from
L(v) any value h' such that p(u)h’ ¢ E(H) for some v € X, where uv € E(G).
Below we will talk about u causing h' to be removed from L(v). Finally, if some L(v)
becomes empty by removing nonallowed images, then p : X — V(H) cannot extend
to a homomorphism of G to H. (The image of v under any homomorphism ¢ : G — H
extending p will always be an allowed image, and thus ¢(v) is never removed from
L(v).) This process of removing nonallowed images is known as a consistency check;
see, for example, [17].

Testing all possible extensions of p to all of G is an exponential process; however,
for certain graphs H, as identified below, the extendability of p can be determined by
considering only a polynomial number of possible extensions. In particular, for such
a graph H and a given instance (G,p) of EXTH, the preassignment p : X — V(H)
is not extendible to H if and only if there exists a certificate of nonextendability in
the form of a tree with at most k preassigned leaves (where k is a constant depending
on H). The existence of such algorithmically well-behaved NO-certificates yields that
EXTH is polynomial.

We begin with the concept of a conflict.

DEFINITION 3.3. Let G and H be graphs. A set X C V(G) with a preassignment
p: X — V(H) which is not extendible, such that the restriction of p to any proper
subset X' of X is extendible, is called a conflict in G with respect to H. The size of
the conflict is | X|. A graph H has strict extension-width k if every conflict (in any
graph G with respect to H) has size at most k.

Feder and Vardi [13] give several equivalent descriptions of graphs that admit
a NUFj. In particular, the following connection between strict extension-width and
near-unanimity is presented.
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THEOREM 3.4 (Feder and Vardi [13]). A graph H admits a NUFy, if and only if
it has strict extension-width k — 1.

A graph has bounded strict extension-width if it has strict extension-width k for
some integer k. Thus the theorem implies that NUF is precisely the class of graphs
with bounded strict extension-width. See [17] for more details on this connection.

Reflexive graphs with a NUF3 have been most carefully investigated. (Irreflexive
graphs with a NUFj3 are characterized in [2].) The class of reflexive graphs with a
NUF3 is known to be the smallest variety containing all reflexive paths [28]. It is also
known to be precisely the class of all reflexive graphs H such that H is a retract
of any G of which it is an isometric subgraph [19, 28]. What this means in the lan-
guage of extensions and conflicts is the following. Given a graph G containing H
as a subgraph, let p : X — V(H) be a preassignment where X = V(H) and p is
the identity function. Note that in this context (G,p) is naturally viewed as an in-
stance of the retraction problem for H. Either p is extendible (in the case that H is
isometric) or there is a conflict of size two (otherwise). Such a conflict yields a cer-
tificate of nonextendability. In particular, the certificate is a path P with end vertices
u and v preassigned as p'(u) = a,p’(v) = b, where a,b are vertices of X = V(H).
By taking P so that dp(u,v) = dg(a,b) < dg(a,b), we see that p’ is extendible
in G but pop’ is not extendible in H. Hence, p is not extendible to a homomor-
phism of G to Hj i.e., H is not a retract of G. (For a description of NUFy, k > 3,
as a variety generated by some starting set of building blocks, see [12]. See also [19]
and [4].)

We have just observed that graphs in NUF3 have certificates of nonextendability
in the form of a path whose end points have been preassigned. We now extend this
concept to larger certificates.

DEFINITION 3.5. A reflexive graph H has extension-width one if for any G and
any preassignment p : X — V(H), where X C V(QG), either p is extendible or there
exist a tree T and a set of vertices X' C V(T preassigned by a mapping p’ : X' — X
such that p' is extendible in G but pop’ is not extendible in H. The tree T together with
the preassignment p' is called a tree-certificate. Furthermore, the tree T is minimal
if the preassigned vertices are precisely the leaves of T and they form a conflict (in H
with respect to T').

Thus, by the comments above the reflexive graphs with a NUF3 are precisely the
reflexive graphs of extension-width one, where the (minimal) tree-certificates can be
chosen to be paths.

In [18] the concept of width one is defined as tree duality. A graph H has tree
duality if for all G either G — H or there exists a tree T such that T — G and
T 4 H. The notion of extension-width defined here differs slightly from that in [13];
it has been adapted to extensions (and implicitly to retractions). Thus our condition
is that either a preassignment p extends to a homomorphism of G to H or there is
a tree T and a preassignment p’ from T to the preassigned vertices of G (under p)
such that p’ extends to a homomorphism of T' to G but p o p’ does not extend to a
homomorphism of T' to H. Clearly, the existence of a tree-certificate demonstrates that
p is not extendible. The proposition below shows that each tree-certificate contains a
minimal tree-certificate.

PROPOSITION 3.6. Let (G,p) be an instance of EXTH where X C V(Q) is the
set of preassigned vertices. Suppose T is a tree and p' : X' — X is a preassignment,
where X' CV(T), such that p’ is extendible (in G) but pop’ is not extendible (in H ).
Then T contains, as a subtree, a minimal tree-certificate.
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Proof. Let T' be a minimal subtree of T with respect to nonextendibility in H,
and let X" C X’ be the set of preassigned vertices of in T”. We first claim that each
vertex in X" is a leaf. Suppose to the contrary that some vertex v € X" is not a leaf.
Let T7,...,T) be the subtrees of 7" — v. Consider T; + v. By the minimality of 7",
T; + v is extendible in H. Moreover, since v is preassigned the same value in T; + v
for all 4, we obtained that the preassignment X" of T’ is extendible in H, which is a
contradiction.

We claim that all the leaves in T are preassigned. Suppose to the contrary that
some leaf v € T” is not preassigned. By minimality, the preassignment from 7" — v
to V(H) is extendible. In particular, the parent of v receives an image. Since H
is reflexive, v can receive the same image. Thus this preassignment of X" to H is
extendible, which is a contradiction.

Therefore, T is a tree whose leaves are preassigned and the leaves form a conflict.
That is, 77 together with the preassignment is a minimal tree-certificate. 0

Tree-certificates are used implicitly in [9] but are first formally defined and studied
in [27]. Finally, we remark that K5 is an example of a graph with width two. That is,
for the HOM K problem, i.e., testing if a graph is bipartite, the NO-certificates are
odd cycles, i.e., partial two-trees.

A special type of tree-certificate is introduced in [19]. A hole in a reflexive graph H
is a set Z of vertices with a mapping 6 : Z — {0, 1,2, ...} such that no h in H has the
distances dg (h,z) < §(z) for all x € Z, but for each proper subset Z’ of Z, there is an
h satisfying these inequalities for all z in Z’. A k-hole is a hole in which the set Z has
exactly k vertices. A unit hole is a hole in which § is the constant mapping with range
{1}. If Z = {x1,9,...,21}, we may refer to the hole as a (6(x1),8(x2),...,6(xx))
k-hole.

Equivalently, a hole in H is a tree T' with exactly one branch vertex (vertex of
degree greater than two), together with a precoloring p : X — V(H), where X is
the set of leaves of T'. The length of the path from the branch vertex to the leaf x
is precisely §(x). Further, (X, p) is a conflict in T with respect to H; i.e., p is not
extendible in H, but any proper subtree of T', with the same precoloring (restricted
to the subtree), is extendible in H.

From the above discussion, we obtain the following corollaries of Theorem 3.4.

COROLLARY 3.7. A reflexive graph that admits a minimal tree-certificate with k
preassigned leaves cannot have a NUFy.

Proof. The minimal tree-certificate contains a conflict with k vertices, showing
the strict extension-width is at least k. a

COROLLARY 3.8. A reflexive graph with a k-hole cannot have a NUFy.

It turns out that the reflexive graphs with a NUF3 are also characterized as the
class of reflexive graphs which do not have holes [19, 28]. Thus a reflexive chordal
graph which is not in NUF3 must have a hole. We shall elaborate on this fact in
section 4. Specifically, such graphs must have a unit hole of a particular kind.

We now return our attention to improving the bounds on the strict extension-
width of reflexive chordal graphs. In Figure 1 is an algorithm from [9]. This algorithm
solves the connected list homomorphism problem, denoted by the CLIST-HOMH prob-
lem, where H is a reflexive chordal graph and the lists of any instance induce connected
subgraphs of H. The proof of correctness for the algorithm follows from properties
of the perfect elimination ordering of H; see [9]. We present the algorithm with the
addition that we explicitly construct a tree-certificate for G in H when G is a NO-
instance of the problem. A digraph D is used in the algorithm to retain information
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CLIST-HOMH Algorithm [9]
Input: A graph G with lists L : V(G) — P(V(H)) such that L(v) induces a connected subgraph
of H.
Output: A homomorphism f : G — H such that f(v) € L(v) for all v, or a tree-certificate T'
proving G /4 H.
1. Let hi,ho,...,hn be a perfect elimination ordering of H (an ordering such that any two
neighbors of h; among hjy1,hit2,...,hn are adjacent).
2. Set V(D) ={tg : g € V(G)}; E(D) = 0.
3. Fori=1ton
3.1 Remove h; from all lists L(g) in which it is not the only member.
3.2 For those g which have L(g) = {h;}:
3.2.1 assign f(g) = h;
3.2.2 for each g’ adjacent to g, remove from L(g’) all vertices that are not adjacent
to h;; and add the arc tyty to D if some vertex is removed from L(g’);
3.2.3 delete g from G.
3.3 If some list L(z) = 0, then let T be the subgraph of D consisting of descendants of
te. Answer NO; return T together with the lists L where L7 (t4) equals the original
L(g) (provided as input).
4. Answer YES; return f.

F1a. 1. An algorithm for CLIST-HOMH, where H is a reflexive chordal graph, and each list
induces a connected subgraph of H.

about which vertices cause the removal of elements from lists (of other vertices). In
the case of a NO-instance we prove below, the digraph D contains a tree-certificate
(T,p'); thus, H has extension-width one. Also, we provide bounds on the size of the
conflict contained in T, thus providing bounds on the strict extension-width of H.
That is, we prove the following.

THEOREM 3.9. Fach reflexive chordal graph H has extension-width one and
bounded strict extension-width.

The proof of the theorem appears below after the development of some preliminary
results.

LEMMA 3.10. At any step of the CLIST-HOMH Algorithm in Figure 1, the di-
graph D 1s acyclic.

Proof. If tyt, is an arc of D, then g is removed from G before ¢’ is removed
from G. 0

LEMMA 3.11. Suppose the CLIST-HOMH Algorithm in Figure 1 answers NO
and returns (T, Lt) for some instance (G, L) of CLIST-HOMH . Then for each vertex
ty € V(T) other than the root, the corresponding vertex g € V(G) is assigned to some
hi, i.e., f(g) = hi, by the algorithm. Furthermore, this assignment is injective.

Proof. Suppose tg, and ty, are both children of some vertex ¢, in T'. The arcs
tytg, and tgty, in T are created in D after each t,, and t,, are assigned an image
at step 3.2.2 of the algorithm. Thus, assume that the assignments f(g1) = h; and
f(g2) = h; are made by the algorithm. Without loss of generality we may assume
that h; precedes h; in the perfect elimination ordering, or h; = h;. The arc in T from
ty to tg, was added to T when the assignment f(g2) = h; caused some vertex, say,
h, to be removed from L(g). In particular, hjh ¢ E(H) and h appears later in the
perfect elimination ordering than h;. Also, h;h € E(H); otherwise, h; causes h to be
removed from L(g) before t,, is assigned h;, and thus t4t,, would not appear in D.

In addition, note that ¢, cannot be assigned h;. Since h; caused h to be removed
from the list, there must be a vertex in the elimination ordering after both h; and h
that will remain in the list for g (after the current round). Recall that the lists are
connected. In particular, adjacent vertices receive unique images.
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We claim that h; and h; are nonadjacent in H. This is immediate from properties
of the elimination ordering and the observations h;h € E(H), hjh ¢ E(H). The same
argument shows there is no path h; = uy,ua, ..., U, = h; in H where each u, precedes
w41 in the perfect elimination ordering. Indeed, for such a path, hjh ¢ E(H) implies
Um—1h € E(H), which in turn implies u,,—oh € E(H). Continuing back to h;, we
conclude h;h ¢ E(H), which is a contradiction.

Finally, there is no vertex h’ in the perfect elimination ordering with paths
h = ui,u2,..., Uy, = h; and h = wy,ws,..., Wy, = h; such that each u; pre-
cedes upy1 and each wy precedes wy4q in the perfect elimination ordering. Suppose
to the contrary that such paths exist. Then us and wy are common neighbors of b’/
and must be adjacent. Without loss of generality us precedes ws in the elimination
ordering. Thus the paths ug, us, ..., Un, = h; and ug, wo, w3, ..., wn, = h; are paths
with the property above, and the first path has been shortened by one vertex. We
thus repeatedly shorten the paths until one has length zero, say, the first path, at
which point we have a path from h; to h;, which is the case analyzed in the previous
paragraph.

This last result about two paths ending at h; and hj, respectively, shows that
the descendants of ¢4, and t,4,, respectively, receive images that are disjoint sets of
vertices in H, completing the proof that the function f defined in the algorithm is
indeed injective. |

We now establish that in the case of a NO-instance, the CLIST-HOMH algorithm
does indeed return a tree. Recall that for a list homomorphism problem vertices with
lists of size one are called preassigned.

LEmMMA 3.12. If the CLIST-HOMH Algorithm in Figure 1 answers NO and
returns (T, Lr), then T is a tree rooted at t,, where x is the vertex whose list
becomes empty in step 3.3. Moreover, the preassigned vertices are leaves in T, and
the preassigned images form an independent set in H.

Proof. Every vertex in T other than the root ¢, has in-degree one. Suppose to the
contrary that some vertex ¢ has predecessors ¢t and ts. Using the proof of Lemma 3.11,
one can easily show that the descendants of ¢; and t5 are disjoint sets and thus derive
a contradiction.

To see that preassigned vertices in T are leaves, observe that internal vertices of
T are assigned a value from their list and have something removed from their list by
a child. Thus, the list of an internal vertex cannot be a singleton.

Suppose t4, and t,, are leaves of T, neither of which is the root. Then they have
a common ancestor, say, tq, such that the (4,4 )-path and the (t4,t,,)-path in 7'
are internally disjoint. Let ¢, and t, be the first vertex after ¢, on the two paths,
respectively, with ¢,, = t,, possible. Without loss of generality, f(g1) precedes f(gz2)
in the perfect elimination ordering. If f(g1)f(g2) € E(H), then there are paths in H
from f(g1) to f(g1) and f(g1) to f(g5), contrary to the proof of Lemma 3.11.

Finally, suppose that the root t’ is a preassigned vertex. Then the unique child of
the root, say, t4, causes the single element from L(t'), say, I/, to be removed when the
algorithm makes the assignment f(g) = h. Consider some other leaf, say, t4,, in the
tree, including the possibility that ¢, is a leaf. Suppose further that the assignment
f(g1) = hy is made by the algorithm. Then there is a path from h; to h in H whose
vertices are in increasing order with respect to the perfect elimination ordering. Each
vertex on this path is nonadjacent to h’. In particular, hih' ¢ E(H). Therefore, the
set of all leaves is independent. 1]
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COROLLARY 3.13. Suppose (G, L) is an instance of EXTH where X C V(G)
is the set of preassigned vertices. Further, suppose the CLIST-HOMH Algorithm in
Figure 1 answers NO and returns (T, Lt). Then T contains as a subtree a minimal
tree-certificate.

Proof. Suppose (T, Lt) is returned by the CLIST-HOMH Algorithm. Because
the lists Ly come from L, each is either a singleton or the entire set V(H). Hence
(T, Lt) is also an instance of EXTH, in particular, a NO-instance. Note the mapping
ty — g is an embedding of T" in G. Thus, T is extendible in G but not in H. By
Proposition 3.6, T' contains as a subtree a minimal tree-certificate. 0

Proof of Theorem 3.9. Let (G, L) be a NO-instance of EXTH. We will establish
that there is a tree-certificate for G with respect to H. Moreover, this tree contains a
conflict of size at most |V (H)|.

If H is not connected, we consider two cases. First, if some component of G has
preassigned vertices in different components of H, then a path between two such
vertices is a tree-certificate containing a conflict of size two. On the other hand, if for
each component of G its preassigned vertices appear in the same component of H,
then (G, L) is a NO-instance if and only if some component of G is a NO-instance for
some component of H. Thus, we may restrict our attention to connected graphs G
and H. Hence, any instance of EXTH can be viewed as an instance of CLIST-HOMH
where each list is a singleton or V(H), and since H is connected, we can apply the
algorithm in Figure 1. Given that (G, L) is a NO-instance, the algorithm returns a
tree-certificate by Corollary 3.13. Furthermore, this tree has at most n = |V(H)|
leaves by Lemma 3.11. The former statement shows that H has extension-width one;
the latter statement shows that H has strict extension-width n. O

Theorem 3.9 shows that each reflexive chordal graph with n vertices belongs to
NUF,,+1. We now improve the bound.

THEOREM 3.14. Let H be a reflexive chordal graph with n vertices and mazimum
clique-size w > 3. Then H admits a NUFy, with k < min{n—w+1,n—n/(w—1)+1}.
In particular, k <n —+/n+ 1.

Proof. First observe that n —/n > min{n —n/(w—1),n —w}. Hence it suffices to
prove that the strict extension-width of H is less than or equal to both n —n/(w — 1)
and n — w.

Suppose G is a NO-instance of EXTH. By Corollary 3.13, there is a tree-certificate
for G. In particular, there is a tree T with lists L from V(H) that is nonextendible
in H. Moreover, the preassigned vertices of T' are precisely the leaves of T', and they
form a conflict.

Suppose s vertices of T are preassigned values in H. These s vertices can only be
leaves of T', including possibly the root ¢ of T, if the root has only one child. Also,
by Lemma 3.12, the preassigned values form an independent set in H. Thus, a clique
with w vertices in H contains at most one of the s preassigned images; therefore, the
remaining vertices in the clique are not among the s vertices, showing that the strict
extension-width is at most s < n — w + 1. This establishes that H admits a NUF}, for
k <n—w+ 2. In the case that s =n —w + 1, we note that H must be a split graph
with s independent vertices and a clique of size n — s. However, such a chordal graph
has an intersection representation with s — 1 leaves. Thus the leafage of H is at most
s—1, and we conclude from Theorem 3.2 that H admits a NUF; where k <n—w+1.

Let r be the number of children of ¢, the root of T'. The r children eliminate at
least r values from the list for ¢. If r £ 1, then each of these r vertices must remove
at least one value from L(t) which is not among the preassigned images for the leaves
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of T'. Suppose to the contrary that this is not the case. Let ¢, be a child of ¢ that
removes only values from L(¢) that come from the set of preassigned images. Then
we can remove the subtree rooted at ¢4 from 7" and obtain a smaller tree-certificate,
contrary to our assumption that T is minimal. Indeed, each preassigned image, say,
hi, will be removed from the list of all vertices in T at iteration 4 of the for-loop in
the algorithm. Hence, the values that t, removes from L(v) will all be removed by the
algorithm anyway, without the subtree rooted at ¢, being present. (Observe that all of
the preassigned vertices form an independent set, but the lists are connected. Hence
L(v) must contain a vertex that appears later in the perfect elimination ordering than
all of the preassigned vertices. Thus v will not be assigned a preassigned image, and
they will indeed all be removed from L(v).)

Let ¢ be the number of internal vertices of T' (other than the root). Each of these
internal vertices is assigned an image which again is not among the preassigned images
for the leaves of T'. There are [ remaining vertices in H that are not one of the s + 4
assigned images nor one of the r images removed from L(t). Define p = r + 1 + 4,
unless r = 1, in which case p = [+ i. Thus, n — s = p. We will establish the result by
showing that p > n/(w — 1).

Let d be the maximum number of children of a vertex in T" other than the root. The
number of vertices in H assigned as images to vertices in T" other than the root is at
most r+id, since the root has r children and each of the 7 internal vertices has at most
d children. The r eliminated values from the list for the root ¢, and the [ additional
elements counted above, are the only other vertices of H, giving n < 2r + [ + id.

Note finally that w > d+ 1. If d = 1, the claim is trivial. Suppose d > 2. Consider
the d neighbors of an internal vertex ¢, (other than the root) of T'. Call these neighbors
tgrstgys-- -, tg,. Further, suppose the algorithm makes the assignments f(g) = h and
f(gi) = h; for i = 1,2,...,d, and suppose these assignments occur in the order
i =1,2,...,d. The d children remove d vertices from L(t,). In particular, say that
the assignment f(g;) = h; causes x; to be removed from L(t,). Each of x5, 3, ..., 24
must appear later in the perfect elimination ordering (by the construction of T') than
hy. Also, each z; for 2 < ¢ < d must be adjacent to hi; otherwise, h; would have
caused z; to be removed from L(t,). Hence h; is adjacent to h and each of z; for
2 < ¢ < d. Since h; precedes the other vertices in the perfect elimination ordering,
hi,h,x2,...,24 form a clique of size d + 1.

We claim p(w — 1) = (p—i)(w — 1) + i(w — 1) > 2r + 1 +id > n. To see this note
that w — 1 > d, and by hypothesis w — 1 > 2. If » # 1, then p —i = r + [, and the
claim follows. When r = 1 we have p — i =, giving l(w — 1) > 2+ (and the claim),
except for [ = 1 and w = 3, or [ = 0. First, note that [ > 1; otherwise, the root ¢
and its only child in 7" would map to the last two vertices in the perfect elimination
ordering, which are adjacent.

Hence, assume that [ = 1 and w = 3. If some internal vertex of T' other than the
root has d’ < d children, then we claim that n < 2r + 1+ id — (d — d’). In this final
case the difference of one is accounted for unless d = d’ = 2. This is not possible since
the child of the root ¢ would have two children that remove two values from its list,
giving [ > 2, contrary to [ = 1. Therefore, p(w — 1) > n, or p > n/(w — 1), completing
the proof. 0

4. Reflexive graphs without NUF.

4.1. Graphs without NUF;, for some k. Having established in the previous
sections that each reflexive chordal graph belongs to NUF}, for some k, we now turn
our attention to providing lower bounds on the arity of the NUF.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



952 BREWSTER, FEDER, HELL, HUANG, AND MACGILLIVRAY

We first show that reflexive chordal graphs without NUF3 must have a unit hole
of a particularly simple kind.

DEFINITION 4.1. The reflexive chordal graph Ry is formed by constructing a clique
on vertices yi,...,Yr and adding independent vertices x1,...,x) and edges x;y; for
1% 7.

THEOREM 4.2. Let H be a reflexive chordal graph which is not in NUFs. There
exists k > 3 such that Ry is an induced subgraph of H. Furthermore, the set X =
{z1,29,..., 2k} CV(Ryg) is the vertex set of a (1,1,...,1) k-hole in H.

Proof. Tt suffices to show that H does indeed contain an induced copy of Ry with
no vertex adjacent to all the x;’s. Clearly, such a copy of Ry is a (1,1,...,1) k-hole
in H.

Since H ¢ NUF3, there exist a graph G and a preassignment p : X — V(H),
where X C V(G), |X| > 3, and X is a conflict. As described in the proof of Theo-
rem 3.9, we may assume that G and H are connected. (A conflict must belong to a
single component of GG, and conflicts receiving their images in two components of H
have size two.) Hence, by Corollary 3.13, there is a tree-certificate (T, p") for G with
respect to H. In particular, p’ : X’ — X, where X’ is the set of leaves of T. Fur-
thermore, | X'| = | X|. Suppose to the contrary that |X'| < |X|. Since X is a conflict,
P (X') is extendible in H (as it is a proper subset of X). This contradicts the fact
that (T,p’) is a tree-certificate.

Hence, T is a tree, with at least three leaves which form a conflict with respect to
H under the preassignment pop’. Without loss of generality, assume T is the smallest
tree whose leaves form a conflict of size |X'|.

We consider two cases, depending on the degree in T of the root t.

Case 1. degp(t) = r > 3. Let the children of ¢ be t1,ts, ..., .. In the execution of
the CLIST-HOMH Algorithm in Figure 1 these are mapped to vertices x1, xa, . .., x,
of H, respectively. By (the proof of) Lemma 3.12, X = {z1,x2,...,2,} is an inde-
pendent set. Since ¢ is the root of 7' (meaning that it arose from the first vertex of G
whose list became empty), the vertices 1, x2,. .., x, have no common neighbor in H.
By the minimality of T, for j = 1,2,...,r the vertices in X — {z;} have a common
neighbor y; in H.

By the minimality of 7', for j # i the vertex y; occurs after x; in the perfect
elimination ordering of V(H). Suppose to the contrary that some child of the root,
say, x;, removes a set of images, say, Y;, from the list of the root, all of which occur
before x; in the perfect elimination ordering. Then we may remove x; and all of its
descendants from T'. The algorithm will remove all elements of Y; from the list of the
roots in Step 3.1 before the assignment f(¢;) = x; is made. Hence, there is no need to
include z; in the tree, contrary to our assumption of minimality. In particular (since

r > 3), any two of y1,¥2, ..., y, have a common neighbor z; occurring before them in
the perfect elimination ordering. Therefore, {y1,y2, ..., ¥, } induces a clique in H, and
{z1,29,..., 2} U{y1,¥y2,...,yr} induces a copy of R,, with no vertex in H adjacent

to all the x;’s.

Case 2. degp-(t) = r < 2. Since T has s > 3 leaves, at least one child of the root,
say, tg,, is the root of a subtree of T' consisting of a path from t¢,, to a vertex t’ with
at least two children (where ¢, = ¢’ is possible). Let the children of ¢’ be t3,..., %
(k > 3), and assume these vertices have been mapped to xs, ..., x, respectively, by
the algorithm.

If r = 2, then let ¢y, be the other child of ¢. Further, let h be the image assigned
to tg, in the algorithm, and define v to be the vertex v = ¢4,. On the other hand,
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if r =1, then ¢ is a leaf, and by Corollary 3.13 the original list for ¢, L(¢), must be a
singleton, say, {h}. In this case, define the vertex v to be v =t¢.

Consider the k — 1 assigned images xo, ..., T;. A vertex x1 will be defined below.
Let 41 be the value in H assigned to ¢’ by the algorithm. As before, for each ¢, the k—2
vertices x;, j # 7, have a common neighbor y; following y; in the perfect elimination
ordering, with y; not adjacent to x;. Hence, for each ¢ = 2,... k, y; and y; have a
common neighbor, x;, j # 4, preceding them in the perfect elimination ordering. Thus,
the y;’s, i =1,2,...,k, form a clique.

Let d = du(y1,h) be the distance in H from y; to h. Since T does not map
to H, dr(t',v) < dpg(y1,h). Let d' = dr(¥',v). Furthermore, for i # 1, the distance
d; = dg(y;, h) must satisfy the inequality d — 1 < d; < d'. To see the inequality, note
that y; is adjacent to y;; hence, d — 1 < d;. Also, by the minimality of T, T — {z;}
maps to H with ¢ mapping to y;. Hence, d; < d'.

Consider a tree T (whose leaves are vertices in H) consisting of a vertex y*
adjacent to each y; for i > 2 together with a path of length d — 2 from y* to h.
If 7' does not map to H, then, since T” has distances between its leaves at least their
distance in H, the tree T’ is another example of a tree like T, but smaller, which is
a contradiction. Hence, T’ maps to H, and, in particular, y* maps to a vertex xi.
By the distance inequalities, x; is not adjacent to y;, but it is adjacent to all y; with
i# 1.

Finally, consider x; with ¢ # 1. The vertex z; is distance at least d from h in H.
This follows from the algorithm and properties of the perfect elimination ordering.
If h comes after y; in the perfect elimination ordering, then a path from z; to h in H
of length at most d — 1 easily yields a path of length at most d — 1 from y; to A in H,
which is a contradiction. Similarly, h preceding y; also leads to a contradiction. Since
x1 is at distance d — 2 from h in H, it follows that x; is not adjacent to any x; with
i # 1. Furthermore, no vertex w in H is adjacent to all x;, since otherwise we could
map T to H by mapping ¢’ to w at distance d — 1 = d’ from h in H. This completes
the proof. ]

We continue our examination of holes from page 947, where we defined holes and
provided a correspondence to trees with one branch point. The above proof shows
that for chordal graphs H without NUFg3, there is an instance of EXTH whose tree-
certificate is a (1,1,...,1) hole. Historically, holes have been studied in the (equiva-
lent) language of retractions. We adopt the retraction language for this next result.
Given a graph G with a subgraph H, we say a hole in H is filled if G contains a
vertex g whose distances to the vertices of the hole are within the distance given in
the definition of the hole, i.e., dg(g, ) < é(x) for each x in the hole. Thus, a filled hole
corresponds to a tree-certificate where the tree is a subdivision of a star. On the other
hand, we now provide a graph G that does not retract to a reflexive chordal graph
H, yet G does not fill a hole in H. In essence, the tree-certificate for G is necessarily
more complex than a subdivision of a star.

THEOREM 4.3. There is a reflexive chordal graph H with a NUF5 (but not a
NUF4) and an instance G of RETH that does not retract to H, yet no vertex of G
fills a hole in H.

Proof. The graph H has ten vertices a;, b;, ¢;, d;, e; for i = 1,2 and edges a;c¢;, a;d;,
biCZ‘, biei, Cidi, Ci€;, diei, dldz, €1€9, dlez, and €1d2. The instance G is H together
with three vertices x1,x2,y and edges x;a;, x;b;, x;y. None of z1,xz9,y fills a hole
in H, and yet G does not retract to H. To see that no hole is filled, observe that
d(xz1,v) > d(cy,v) for all v € V(H). Hence x; cannot fill a hole in H. A similar
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bl €1 €2 b2

F1c. 2. A G containing a subgraph H induced by the black vertices. The graph H is in NUF5 —
NUFy4. The graph G is a NO-instance of RETH yet fills no holes in H.

argument shows that neither x4 nor y fills a hole. Figure 2 contains a drawing of H
(with black vertices) and G (consisting of H plus the three white vertices).

To establish that H admits a NUF5 and not a NUF,4, we first observe that it
is easy to construct an intersection representation for H with leafage 4. Hence, by
Theorem 3.2, H admits a NUF5. Suppose to the contrary that g is a NUF, for
H. Then g(ay,a1,a1,¢1) = a1 and g(c1,b1,b1,b1) = by. Since (a1,a1,a1,¢1) and
(c1,b1,b1,b1) are both adjacent to (dy, 1, ¢1, 1), we must have g(dy, ¢, ¢1, e1) adjacent
to both a; and b;. Namely, g(di,c1,c1,e1) = ¢1. However, (dq,c1,c1,e1) is adjacent
to (da,dy,e1,ez). Thus, g(da,dy, e, es) is adjacent to ¢;. A similar argument shows
that g(do,d1,e1,e2) is adjacent to co. In particular (as,as,ce,a2) and (ba, ca, b, ba)
are both adjacent to (cg, ds, ea, ¢2). Hence, g(cg,ds, ea,¢c2) = co and g(dz,dy, e1,€2) is
adjacent to co (as well as ¢;), which is a contradiction. O

We complete this section by establishing that the bounds in Theorems 3.2 and
3.14 are tight.

THEOREM 4.4. For each i > 0 and w > 3, there exists a reflexive chordal graph
LB(w,i) withn = 2w+i(w—1), strict extension-width s = w+1i(w—2), and leafage s.

Proof. Fix w > 3.

For the case i = 0, LB(w,0) is the chordal graph with vertices z1,...,xz,,
Y1, ---,Yw, & clique on the y;, all edges xy; with k # [, and all loops, i.e., a copy
of R, as defined above. To see that LB(w,0) has strict extension-width at least
s = w, consider an instance T (a tree defined below) of EXTLB(w,0). The tree T'
has root t adjacent to w leaves, each assigned to a unique x in LB(w, 0). Clearly, the
preassignment does not extend to a homomorphism 7" — H, but if one of the w leaves
in T is deleted, say, the leaf mapped to x1, then the root ¢ can be mapped to y;. Thus
the x;’s form a conflict of size s = w. On the other hand, there is an intersection
representation of LB(w,0) with s leaves. Hence, by Theorem 3.2, LB(w, 0) belongs to
NUF;41. We have n = 2w, strict extension-width s = w, and leafage s.

For the case i = 1, consider the element z; in the preceding construction, with
w — 1 neighbors y; with j # 1. To construct LB(w,1), add vertices 2,23, ..., 2y,
adjacent to x1, plus edges zxy; for k # [ and | # 1. Similarly, replace the leaf in T
that is preassigned to x; with a vertex ¢’ having the w — 1 children each preassigned
to a unique z;. Thus n has increased by w — 1, and the fact that T" does not map to
LB(w, 1) depends on w — 1 new leaves in T' but no longer depends on ¢’ (which is no
longer preassigned to z1). Hence the size of the conflict has increased by at least w —2;
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however, it is easy to see that the leafage has increased by at most w — 2. Therefore,
s has increased by w — 2.

Note that the new vertices zj have w — 1 neighbors in LB(w, 1) as before for the
2 in LB(w,0). We may repeat the process of enlarging each LB(w, ) and changing
T as follows. In LB(w,4) add w — 1 new vertices, the 2, ..., 2, above, and join each
to some vertex and w — 2 of its neighbors, as for x; above, ensuring that no two of
the new vertices have the same neighborhood. In T, select a leaf, say, u, as before, for
the preimage of x1; add w — 1 leaves each adjacent to u, and map each (injectively)
to the new w — 1 vertices, say, zo,..., 2y, as above. Thus each time we increase n by
w — 1 and s by w — 2. This completes the construction. a

The bound in Theorem 3.2 is tight.

COROLLARY 4.5. For each |l > 3, there is a reflexive chordal graph H with w = 3,
and leafage 1, such that H € NUF;; — NUF;.

Proof. The graph LB(3,1 — 3) is such a graph. d

The bounds in Theorem 3.14 are tight.

COROLLARY 4.6. For each w > 2 there is a reflexive chordal graph H € NUF; —
NUFy_1, where k=n—w+ 1.

Proof. The graph LB(w,0) is such a graph. d

COROLLARY 4.7. For each i > 0, there is a reflexive chordal graph H € NUF —
NUFj_1 withw =3, where k=n—n/(w—1) + 1.

Proof. The graph LB(3,14) is such a graph. |

4.2. Graphs without NUF}, for any k. We now construct classes of reflexive
graphs that do not admit a near-unanimity function of any arity. Given a vertex v
and a subgraph S of a graph H, we use the notation d(v, H) to denote the minimum
distance from the vertex v to a vertex in the subgraph H, where the minimum is taken
over all vertices of H. We are working with reflexive graphs; however, N(v) denotes
the vertices other than v that are adjacent to v, i.e., v &€ N(v).

LEMMA 4.8. Let H be a connected reflexive graph and t,b be two nonadjacent
vertices of H. Suppose that for each x € N(t) there is a complete subgraph K(x),
which is either a mazimal clique or a single vertex, with the property that d(x, K (x)) >
max{d(t, K(z)),d(b, K(z))}. Then H does not admit a NUFy, for any k > 3.

(The hypotheses are illustrated in Figure 3, where ¢ is the top vertex, b is the
bottom vertex, and for each x € N(t), K(z) is one of the middle four vertices which
is not adjacent to z.)

Proof. Suppose to the contrary that g is a NUF; on H. For each j =1,2,... k,
let Z; be a vertex, say, (z1,%2,...,2x), of H® with the property that z; = ¢ for
all 7 < j, z; = b for all ¢ > j, and z; is an arbitrary vertex of H. Thus z; =
(t,...,t,z;,b,...,b). Consider any vertex € N(t). By hypothesis there exists a
complete subgraph K (z) with d(z, K(x)) > max{d(t, K(x)),d(b, K(z))}. Thus there
exist y, 2z € V(K (z)) with d(z, K(x)) > d(t,y) and d(x, K(z)) > d(b, ). Hence in H*
the distance between Z;, and (y,...,y,2;,2,...,2) is less than d(z, K(z)). For each
v € K(z) the vertex (y,...,y,2;,%,...,2) is adjacent to (v,...,v,x;,v,...,v). Hence
9(y,...,y,xj,2,...,z) must be adjacent to v, and as K (z) is either a single vertex or
a maximal complete subgraph of H, g(y, ...,y,%;,%,...,2) must be a vertex of K(z).
We have

d(z, K(x)) > d(Z;, (Y, ..., ¥, Tj,2,...,2))

Z d(g(@)ag(%?%%azaﬂ))
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K(2) K(y)
K(w)
b

Fic. 3. A dismantable reflexive graph without a NUF.

and, consequently, g(Z;) # z. Since « was an arbitrary member of N(t), we conclude
that g(z;) ¢ N(1).

Since H is a connected graph, there is a (t,b)-path (¢t =)vi,ve,...,v;(=b). Thus,
in H*, we have the following path, say, P:

(.5, b,by o 5 B) ~ (£, 001,b,b, oo by b) ~ (£, 012, by o byb) ~ - -
N(tvaabab7"'7b7b) ~ (t7t7bab7"-7b7b)N (t7tvvl—17b7"'7b’b) ~o
~ (b bb) ~ (ot 0ty by B) e~ (1 E 1, D).

Since ¢(t,b,b,b,...,b) = b and g(t,t,...,t,t,b) = t, we must have that g(P) is a
(b,t)-walk in H. Since t and b are nonadjacent, some interior vertex of P must map
to a neighbor of ¢, contrary to our claim above. ]

COROLLARY 4.9. No reflexive cycle of length at least 4 admits a NUFy for any
k> 3.

Proof. Let C : viva...v,v1 (n > 4) be a cycle. We show that C satisfies the
assumption of Lemma 4.8: Set t = vy, b = v3, K1 = <{’U(anl-‘7’U"%‘|}>, and Ky =
<{/U[nT+3w,’U"nT+4'|}>. Then N(t) = {ve,v,} and

(v, K1) = [%J > [%J — 1 = max{d(t, K1), d(b, K1)},

d(vs, K3) = LSJ > LSJ —1 = max{d(t, K»),d(b, K2)}. O

We have established that all chordal graphs belong to NUF. Recall that it is
proved in [27] that the variety generated by chordal graphs is properly contained in
NUF. The corollary below shows that some dismantable graphs do not admit a NUF.
It has subsequently been established in [25] that NUF is properly contained in the
variety generated by dismantable graphs.

COROLLARY 4.10. The dismantable reflexive graph in Figure 3 does not admit a
NUFy for any k > 3.

COROLLARY 4.11. There is a reflexive graph H that does not admit a NUF of
any arity such that every nonidentity retract of H admits a NUF3.

We complete this section by observing for irreflexive graphs that if H admits a
NUF}, then H must be bipartite. The proof is analogous to Corollary 4.9.

PROPOSITION 4.12. Let H be an irreflexive graph. If H is not bipartite, then H
does not admit a NUF for any k > 3.
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5. Conservative NUF. We complete the paper be examining a special type
of near-unanimity functions called conservative functions. Recall that ¢ € NUFy is
a conservative near-unanimity function if g(xy,xa,...,2) € {x1,22,..., 2} for all
(z1,...,2k). Conservative near-unanimity functions have also been called choice or
projective and are of particular interest since if H admits a conservative NUF, then
the list-homomorphism problem for H is polynomial time solvable.

The computational complexity of LIST-HOMAH has been determined for any fixed
(general) graph H. In [11] a new class of intersection graphs called bi-arc graphs is
introduced. The LIST-HOMH problem is polynomial time solvable if H is a bi-arc
graph and is NP-complete if H is not a bi-arc graph. This result generalizes the work
of [9, 10] since a reflexive graph is a bi-arc graph if and only if it is an interval graph,
and an irreflexive graph is a bi-arc graph if and only if it is a complement of a circular
arc graph of clique covering number two.

The polynomial time algorithm of [11] is established by showing that every bi-arc
graph admits a conservative NUF3. Under the assumption that P # NP, the bi-arc
graphs are precisely the graphs with a conservative NUF3. We now establish this
result without the assumption P # NP.

Let C be a circle with two specified points p and ¢. A bi-arc is an ordered pair
of arcs (N,.S) on C such that N contains p but not ¢, and S contains ¢ but not p. A
graph G is a bi-arc graph if there is a family of bi-arcs {(N,,S:) : « € V(G)} such
that, for any not necessarily distinct vertices x,y € V(G), the following hold:

(1) if z and y are adjacent, neither N, intersects S, nor N, intersects Sy;
(ii) if  and y are not adjacent, both N, intersects S, and N, intersects S;.

(Note that there cannot be bi-arcs (N, S), (N’,S") such that N intersects S” but
S does not intersect N’ or vice versa.)

We begin by showing that the irreflexive graphs that admit a conservative NUF3
are precisely the complements of circular arc graphs of clique covering number two.

An edge-asteroid in a bipartite graph with the bipartition (X,Y") is a set of 2k +1

edges uovg, u1v1,. .., uskver (K > 1 and each u; € X and v; € Y) and 2k + 1
paths, Po1,Pi2,..., Par0, where each P; ;1 joins u; to u;41, such that for each
i=0,1,...,2k there is no edge between {u;,v;} and {viti, Vigr+1} U V(Pitk itk+1)

(subscripts are modulo 2k + 1). We refer to the (odd) integer 2k + 1 as the or-
der of the edge-asteroid. An edge-asteroid which has no edge between {ug,vo} and
{v1,v2, ..., 02 }UV (P12)UV (Pe3)U.. .UV (Pag_1,2) is called a special edge-asteroid.

We will use the following structural characterization.

THEOREM 5.1 (see [10]). An irreflexive bipartite graph H is the complement of
a circular arc graph if and only if H is chordal bipartite and contains no special
edge-asteroids.

THEOREM 5.2. Let H be an irreflexive graph. The following are equivalent:

(a) H is bipartite and the complement of a circular arc graph;
(b) H admits a conservative NUF3;
(¢) H admits a conservative NUFy, for some k > 3.

Proof. In [11], it is shown that every complement of a circular arc graph of clique
covering number two has a conservative NUF3. Clearly, if H has a conservative NUF3,
then H has a conservative NUF for some k.

To complete the proof, assume to the contrary that H is not the complement of
a circular arc graph of clique covering number two, but H does admit a conservative
NUFy, say, g. If H is not bipartite, then by Proposition 4.12 H does not admit a
NUF}, for any k. Therefore, H is bipartite.
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Suppose H contains an induced (even) cycle, say, C, of length at least six with
vertex set 0,1,2,...,2n — 1. In light of Proposition 2.5, g is a conservative NUFj on
the cycle C. Consider the following path in C*:

(0,0,...,0,0,2) ~(2n—1,...,2n—1,1,3) ~ (0,...,0,2,2)
~@n-1,...,2n—1,1,3,3) ~ (0,...,0,2,2,2)
~eem (20 —1,1,3,...,3,3) ~ (0,2,2,...,2,2).

By near unanimity, the first vertex of the path must map to 0. The vertices of the
form (2n—1,...,2n—1,1,3,...,3) cannot map to 1, since such vertices are distance
n—2from (n+1,...,n+1,n—1,n+1,...n+1) and 1 is distance n from n + 1.
Thus the second vertex of the path must map to 2n — 1, the third to 0, the fourth to
2n — 1, etc. By parity, the final vertex maps to 0, which is a contradiction.

Hence H is chordal bipartite. We conclude that H contains a special edge-asteroid.
Let the path Py 1 be ug,p1,p2,...,pt ur. Consider the following path in HE:

(w0, - - -, Uo, Uy, Uk1) ~ (Vos - - -, V0, P1, Vkt1)
~ (UO, S 7u0ap2auk+1) ~ (UOa R aUOap?nUk-‘rl)
I RN (UO, .. .,uo,ul,uk+1).

Notice that, in this path, all coordinates with the exception of coordinate k — 1
alternate between u; and v;. We will describe this situation by saying that coordinate
k — 1 traverses that path Py 1 while all other coordinates alternate.

We claim g(ug,...,up,u1,uxt+1) = ug. Clearly the first vertex of the path is
mapped to wug. Since g is a conservative function and there is no edge between
{ug+1, Vg+1} and {vg, v1 }UPp 1, we know that no vertex in the above path is mapped to
{41, Vp41} I g(ug, . . ., ug, U1, up41) = u1, then we look at the path from (ug, . . ., ug,
Uy, Ug41) to (uog,...,up,ur,uks2) where the last coordinate traverses the path
Pit1 p+2 while all other coordinates alternate. Since there is no edge from {us,v1}
t0 {Vk+1,Vk+2} U Pry1 k+2, the image of the entire path must alternate between wuy
and v1, and thus g(uo,...,up, u1, uk+2) = u1. Similarly, we consider the path from
(uo, - .., ug, ur, Ugt2) to (ug, ..., up, Uz, ukt+2) where coordinate k — 1 traverses Pj o
while all other coordinates alternate. Again there is no edge between {uj 2, vg2} U
{ug,vo} and {v1,v2}U P 5. Thus g(ug, . . ., uo, U2, Uk+2) = ug. Continuing in this man-
ner, we can move coordinate k£ down to ug and coordinate k — 1 up to ui. We find
that g(ug, ..., up, ug, up) = uk, which is a contradiction. This proves the claim.

Consider the path from (ug,...,ug,u1,ug+1) to (ug,..., U, Ugt1, Ukt+1), Where
the (k — 1)st coordinate traverses all the paths Pj 2, P33, ..., Py k41 while the other
coordinates alternate. Since there is no edge from {ug,vo} to any of these paths
P i1, the image of the entire path must alternate between ug and vy, and thus,

g(ug, ..., up, Ugt1,Up+1) = up. Continuing in this manner, we can show that
g(uo, ..., o, Uky1,. -, Upy1) = uo and thus g(uo,Upy1,...,Ukp1) = ug, which is a
contradiction. 0

We conclude by characterizing all graphs that admit a conservative near-unanimity
function.
THEOREM 5.3. Let H be a graph. The following are equivalent.
(a) H is a bi-arc graph;
(b) H admits a conservative NUF3;
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(¢) H admits a conservative NUF.

Proof. Assume H is a bi-arc graph. In [11], it is shown that H admits a conser-
vative NUF3. Clearly, if H admits a conservative majority function, then it admits a
conservative NUF.

Thus assume H admits a conservative NUF. Let H* = H x K5. Note that H*
is irreflexive since K5 is irreflexive. We have established how to construct a NUF for
the product of two graphs given that both factors admit a NUF (see Proposition 2.7).
This construction preserves the conservative property. Consequently, H* is bipartite
and the complement of a circular arc graph by Theorem 5.2. Using Proposition 3.1 of
[11], we have H is a bi-arc graph. 0

Note that by Corollary 2.3 and Theorem 5.3, H admits a conservative NUF3 if
and only if H admits a conservative NUF, for all k > 3.

It is shown in [11] that the reflexive bi-arc graphs are precisely the interval graphs
and the irreflexive bi-arc graphs are precisely the complement of circular arc graphs
of clique covering number two. Thus we have the following.

COROLLARY 5.4. A reflexive graph admits a conservative NUF if and only if it
is an interval graph and an irreflezive graph admits a conservative NUF if and only
if it is the complement of a circular arc graph of clique covering number two.

It is easy to construct a conservative NUF for a reflexive (resp., irreflexive) bi-arc
graph using an interval (resp., a circular arc) representation of the graph. In [11], a
direct construction of a conservative NUF is given for bi-arc trees. However, a direct
construction for general bi-arc graphs still remains elusive.
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