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Abstract In this paper, we study several NCP-functions for the nonlinear comple-
mentarity problem (NCP) which are indeed based on the generalized Fischer-Burmeister
function, ¢,(a,b) = ||(a,b)||, —(a+b). It is well known that the NCP can be reformulated
as an equivalent unconstrained minimization by means of merit functions involving NCP-
functions. Thus, we aim to investigate some important properties of these NCP-functions
that will be used in solving and analyzing the reformulation of the NCP.
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1 Introduction

The nonlinear complementarity problem (NCP) [13, 20] is to find a point x € IR" such
that
r20, F(z)=0, (z,F(z))=0, (1)

where (-, -) is the Euclidean inner product and F' = (Fy, Fy,-- -, F},)T maps from IR" to
IR". We assume that F'is continuously differentiable throughout this paper. The NCP
has attracted much attention due to its various applications in operations research, eco-
nomics, and engineering [9, 13, 20].

There have been many methods proposed for solving the NCP [13, 20]. Among
which, one of the most popular and powerful approaches that has been studied inten-
sively recently is to reformulate the NCP as a system of nonlinear equations [17] or as an
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unconstrained minimization problem [8, 10, 14]. Such a function that can constitute an
equivalent unconstrained minimization problem for the NCP is called a merit function.
In other words, a merit function is a function whose global minima are coincident with
the solutions of the original NCP. For constructing a merit function, the class of func-
tions, so-called NCP-functions and defined as below, serves an important role.

A function ¢ : IR? — IR is called an NCP-function if it satisfies
¢(a,b) =0 <= a>0,b>0, ab=0. (2)

Many NCP-functions and merit functions have been explored during the past two decades
6, 16, 25, 26]. Among which, a popular NCP-function intensively studied recently is the
well-known Fischer-Burmeister NCP-function [10, 11] defined as

Opp(a,b) = Va2 + b2 — (a+0). (3)

With the above characterization of ¢, the NCP is equivalent to a system of nonsmooth
equations:

¢FB ('rl 7F1(x))

(I)FB (m) = ) =0. (4)

Pes (T, Fu())

For each NCP-function, there is a natural merit function, ¥ . : IR" — IR given by

Foa() 1= 5190 @) = 5 3 b P )

from which the NCP can be recast as an unconstrained minimization:

min ¥__(z). (6)

zelR™

In this paper, we are particularly interested in the generalized Fischer-Burmeister
function, i.e., ¢, : R* — IR given by

¢p(a,b) := [[(a;b)]l, = (a+b), (7)

where p is a positive integer greater than one and ||(a,d)|, = {/|al? + |b|P means the p-
norm of (a,b). Notice that ¢, reduces to the well known Fischer-Burmeister function ¢,
when p = 2 and its related properties were recently presented in [3, 4]. Corresponding
to ¢, we define ¢, : R?* — Ry by

Uyla,b) = 1 16y(a, D) ®
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Then both ¢, and ¢, are NCP-functions and yield a merit function

n 1 n
qu(x) = Z¢P($Z ,FZ(ZL’)) - §Z¢p(xl 7Fi<1;>>27 (9)
i=1 i=1
from which the NCP can be reformulated as an unconstrained minimization:
521{{% U, (x). (10)

However, there has some limitations for the (generalized) Fischer-Burmeister functions
and some of its variants when dealing with monotone complementarity problem. In
particular, its natural merit function ¥, does not guarantee bounded level sets for this
class of problem which is an important class (see page 4 of [1]). Some modifications to the
Fischer-Burmeister have been proposed to conquer the above problem, see [16, 25]. In
this paper, we extend these modifications to the generalized Fischer-Burmeister function
¢p. More specifically, we study the following NCP-functions:

é1(a,b) == ¢p(a,b) —aasby, a >0,
¢2(a,b) == ¢p(a,b) —alab),, a >0, .
ds(a.b) == \JI6,(a, )P + alashi)?, a >0, (1)
a(a,b) = /[6,(a, D) + af(ab)4]2, @ >0,

The function ¢; is called penalized Fischer-Burmeister function when p = 2 and was
studied in [1]. The functions ¢9, ¢3, ¢4 generalize the merit functions of p = 2, which
were discussed in [25, 27]. Note that for i = 1,2, 3,4, we have

¢ia,b) = ¢y(a,b) (12)
for all (a,b) € N_ (this notation is used in [25]) where
N_:={(a,b)| ab < 0}. (13)
Thus, ¢; where i = 1,2, 3,4 are only different in the first or third quadrant.
Similarly, for each ¢; there is an associated ; : IR? — IR, given by
1
Vi(a,b) == §\¢i(a, LI i=1,2,3,4, (14)
which is also an NCP-function for every i. Moreover, for ¢ € {¢1, ¢2, 3,4}, we can
define
¢(z1 , Fi(z))

CI)(ZL’) = ) ) (15)

¢(zn , Fn(1))



from which the NCP is equivalent to the unconstrained minimization:

Irg]g}l U(z) (16)
where
U(z) = *H‘P )P = Z¢ i, Fi (17)

is the natural merit function corresponding to ¢ € {¢1, Pa, P3, P4}

The paper is organized as follows. In Sec. 2, we review some background definitions
including monotonicity, Fy-function, semismoothness, e.t.c. and known results about ¥,
and its related properties. In Sec. 3, we show that all (¢;)%,i € {1,2,3,4} are continu-
ously differentiable and investigate properties of the merit function ¥ constructed via ¢;
with ¢ € {1,2,3,4}. In particular, it provides bounded level sets for a monotone NCP
with a strictly feasible point. In addition, we give conditions under which a stationary
point of ¥ is a solution of the NCP. In general, the analytic techniques used in this paper
are similar to those in [1, 8, 25] since the work is somewhat considered the extensions of
NCP-functions studied in those literatures.

Throughout this paper, IR™ denotes the space of n-dimensional real column vectors
and T denotes transpose. For any differentiable function f : R — IR, V f(x) denotes
the gradient of f at x. For any differentiable mapping F = (Fi, ..., F},)T : R® — IR™,
VF(z) = [VFi(x) --- VF,(x)] denotes the transpose Jacobian of F' at x. We denote
by ||z||, the p-norm of x and by ||z| the Euclidean norm of z. In this whole paper, we
assume p is a positive integer greater than one.

2 Preliminaries

In this section, we recall some background concepts and materials which will play an
important role in the subsequent analysis. Let F' : IR" — IR™. Then, (1) F' is mono-
tone if (x — y, F(x) — F(y)) > 0, for all z,y € R". (2) F is strictly monotone if
(x —y,F(x) — F(y)) > 0, for all z,y € R™ and = # y. (3) F is strongly monotone
with modulus p > 0 if (z — y, F(z) — F(y)) > ullz — y||?, for all z,y € R™. (4) F is a
Fy-function if max (x; —yi)(Fi(z) — Fi(y)) > 0, for all z,y € R" and z # y. (5) F is a
1757!1
P-function if max (x; — y;)(Fi(x) — Fi(y)) > 0, for all z,y € R™ and = # y. (6) Fis a
uniform P-function with modulus > 0 if max (z; — ui) (Fy(x) — Fi(y)) > pllx —y|)?, for

all 7,y € R"™. (7) F is a Ry-function if for every sequence {z*} satisfying {||z*||} — oo,
min; z¥ min; F;(z*)

lim inf > 0, and lim inf

- - > 0, there exists an index j such that
k—oo |z k—oo ||
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{4} — oo and {Fj(2*)} — oco.

It is clear that strongly monotone functions are strictly monotone, and strictly mono-
tone functions are monotone. Moreover, F' is a FPy-function if F' is monotone and F
is a uniform P-function with modulus g > 0 if F' is strongly monotone with modulus
> 0. In addition, when F' is continuously differentiable, we have the following: (i) F is
monotone if and only if VF(z) is positive semi-definite for all z € IR"™. (ii) F is strictly
monotone if VF(x) is positive definite for all z € IR™. (iii) F is strongly monotone if
and only if VF(x) is uniformly positive definite. An Ry-function can be viewed as a
generalization of a uniform P-function since every uniform P-function is an Ry-function
(see [2, Prop. 3.11]).

A matrix M € IR"" is a Py-matrix if every of its principal minors is nonnegative,
and it is a P-matrix if every of its principal minors is positive. In addition, it is said to
be a Ryp-matrix if the following system has only zero solution:

x>0,

It is obvious that every P-matrix is also a Py-matrix and it is known that the Jacobian of
every continuously differentiable FPy-function is a Fy-matrix. For more properties about
P-matrix and Py-matrix, please refer to [7]. It is also known that F' is an Ry-function if
and only if M is an Ryp-matrix when F' is an affine function, see [2, Prop. 3.10].

Next, we recall the definition of semismoothness. First, we introduce that F is strictly
continuous (also called ‘locally Lipschitz continuous’) at x € IR™ [24, Chap. 9] if there
exist scalars k > 0 and 0 > 0 such that

[1F(y) = F(2)I < klly — 2| Vy,z € R" with [ly — x|l <6, ||z —zf| <4;

and F' is strictly continuous if F' is strictly continuous at every xz € IR™. If § can be
taken to be oo, then F'is Lipschitz continuous with Lipschitz constant . We say F' is
directionally differentiable at x € IR™ if

F'(z;h) = lim Fla+th) = Fz)

t—0+ t

exists Vh € R";

and F is directionally differentiable if F' is directionally differentiable at every x € IR™.

Assume F : IR™ — IR™ is strictly continuous. We say F' is semismooth at x if F' is
directionally differentiable at x and, for any V' € OF (z + h) (the generalized Jacobian),
we have

F(z+h)—F(x) —Vh=o(|h])-
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We say F'is p-order semismooth at x (0 < p < 00) if F' is semismooth at z and, for any
V € OF (z + h), we have

F(z +h) — F(z) — Vh = O(||h]|***).

We say F' is semismooth (respectively, p-order semismooth) if F' is semismooth (respec-
tively, p-order semismooth) at every x € IR¥. We say F is strongly semismooth if it is
l-order semismooth. Convex functions and piecewise continuously differentiable func-
tions are examples of semismooth functions. Examples of strongly semismooth functions
include piecewise linear functions and LC' functions meaning smooth functions with
gradients being locally Lipschitz continuous (strictly continuous) [7, 22]. The composi-
tion of two (respectively, p-order) semismooth functions is also a (respectively, p-order)
semismooth function. The property of semismoothness plays an important role in nons-
mooth Newton methods [21, 23] as well as in some smoothing methods mentioned in the
previous section. For extensive discussions of semismooth functions, see [11, 18, 23].

To end this section, we collect some useful properties of ¢,, 1, defined as in (7) and
(8), respectively, that will be used in the subsequent analysis. All the proofs can be found
in [3].

Property 2.1 (/3, Prop. 3.1, Lem. 3.1]) Let ¢, : R*> — R be defined as (7). Then
(a) ¢, is an NCP-function, i.e., it satisfies (2).

(b) ¢, is sub-additive, i.e., ¢,(w + w') < ¢p(w) + ¢(w') for all w,w' € R?.

(c) ¢, is positive homogeneous, i.e., ¢,(aw) = ap,(w) for all w € R? and a > 0.

(d) ¢, is convex, i.e., pplaw + (1 — a)w') < ad,(w) + (1 — a)p,(w') for all w,w" € R
and a > 0.

(€) ¢, is Lipschitz continuous with Ly = 14+ /2, i.e., |p,(w) — ¢pp(w')| < Lyllw — w'||;
or with Ly = 142077 je. |p,(w) — ¢pp(w')] < Lo|lw — w'||, for all w,w' € R2.

(f) ¢, is semismooth.

(g) If {(a*,v*)} C IR? with (a* — —0) or (b¥ — —o0) or (a* — oo and V¥ — o0), then
we have |¢,(a®, b)| — oo for k — .

Property 2.2 (/3, Prop. 3.2]) Let ¢,, 1, be defined as (7) and (8), respectively. Then
(a) 1, is an NCP-function, i.e., it satisfies (2).

(b) ¥,(a,b) >0 for all (a,b) € R?.



(c) v, is continuously differentiable everywhere.
(d) Vuwy(a,d) - Vy,(a,b) >0 for all (a,b) € R®. The equality holds <= ¢,(a,b) = 0.
(e) Vayp(a,b) =0 <= Vy,(a,b) =0 <= ¢,(a,b) = 0.

From these properties, it was proved in [3] that W,(z) > 0 for all z € IR" and
U,(z) = 0 if and only if = solves the NCP (1), where ¥, : R" — IR is defined as (9).
Moreover, suppose that the NCP has at least one solution. Then x is a global minimizer
of U, if and only if z solves the NCP. In addition, it was also shown in [3] that if F is
either monotone or Fy-function, then every stationary point of ¥, is a global minima of
(10); and therefore solves the original NCP. We will investigate the analogous results for
the merit function ¥ which is based on ¢; studied in this paper. On the other hand, as
mentioned the natural merit function induced from the generalized Fischer-Burmeister
(which behaves like the Fischer-Burmeister function) does not guarantee bounded level
sets under the assumption of F' being monotone. Instead, there needs that F' is strongly
monotone or uniform P-function to ensure that the property is held. Another main
purpose of this work is to obtain same results for the merit function ¥ studied in this
paper under the weaker assumption that F' is monotone only (see Sec. 4).

3 Properties of ¢ and v

In this section, we investigate properties of ¢ € {¢1, pa, @3, P4} and ¢ € {11, 12, 3,4}
defined as in (11) and (14), respectively. These include strong semismoothness of ¢ and

continuous differentiability of ¢). First, we denote

Ny :={(a,b)| a > 0,0 > 0,ab=0}. (18)
This notation is adopted from [1] and it is easy to see that (a,b) € N if and only if (a, b)
satisfies (2). Now we are ready to show the favorable properties of ¢ and .
Proposition 3.1 Let ¢ € {¢1, P2, ¢3, 04} be defined as in (11). Then
(a) ¢(a,b) =0 <= (a,b) € Ny <= (a,b) satisfies (2).
(b) ¢ is strongly semismooth.

(c) Let {a*},{bF} C IR be any two sequences such that either ak bt — oo or a¥ — —oo

or V¥ — —oo. Then |p(a®, b¥)| — oo for k — oc.
Proof. (a) It is enough to prove the first equivalence. Suppose ¢(a,b) = 0, fori = 2, 3,4,

¢i(a,b) = 0 yields ¢,(a,b) = 0 which says (a,b) € N, by Property 2.1(a). For i = 1,
¢1(a,b) = 0 implies ¢,(a,b) = aayby. Since o could be any arbitrary positive number,

7



the above leads to ¢,(a,b) = a;b; = 0 which which says (a,b) € N, by Property 2.1(a)

again.

On the other hand, suppose (a,b) € Ny then ¢,(a,b) = 0 by by Property 2.1(a). Since
a>0,b>0, we obtain a, by = ab = 0. Hence we see that all ¢;(a,b) =0,i =1,2,3,4.

(b) The verification of strong semismoothness of ¢ is a routine work which can be done
as in [25, Lemma 1]. We omit it.

(c) This follows from Property 2.1(g) and definition of (-),. O

Proposition 3.2 Let ® be defined as in (15) with ¢ € {¢1, o, ¢3, d4}. Then

(a) @ is semismooth.

(b) ® is strongly semismooth if every F; is LC function.

Proof. By using Prop. 3.1(b) and the fact that every LC! function is strongly semis-
mooth, the results follow. O

The following is a technical lemma which describes the generalized gradients of all
¢i,1 =1,2,3,4 defined as in (11). It will be used for proving Prop. 3.3.

Lemma 3.1 Let ¢, ¢o, P3, ¢4 be defined as (11).

(a) The generalized gradient O¢y(a,b) of ¢1 at a point (a,b) is equal to the set of all

(Va, vp) such that

(Uaﬂ Ub) =

_aPt et _
(n(a,b)z1 LT b)||”*1 1) O‘<b+aa+’ a+8b+)’
f (a,b) # (0,0) and p is even,
sgn(a)-aP~1 sgn(b)- bp 1 19
< ﬁ](ajb)‘lgfl — 1, “‘l]( b)” 1) — a<b+8a+, a+ab+) ( )
#(0,0) and p is odd,
= (0,0),

aa

b)
(5_17 C_l)a (a> )

where (§,C) is any vector satisfying |£|P1%1 + |C|P1%1 <1 and

1, if 2>0,
0zy =% [0,1], if z=0,
0, if 2 <0.



(b) The generalized gradient Ops(a,b) of ¢ at a point (a,b) is equal to the set of all
(Va, vp) such that
apfl bpfl
(Va, V) = (_ -1, g - 1) —a(b,a),
I(a, b) 5" I(a, b)[I5~"
if (a,b) # (0,0),ab > 0 and p is even,
(v, v3) ( Ty 1) a(b,a) - [0,1]
ay Vb = T/ asno—1 Y T, o ~Niuo—1 - ) ' I )
I(a, b) 5" I(a, b)[[5~"
if (a,b) # (0,0),ab =0 and p is even,

p—1 bpfl
('Ua,'Ub) = (”(a_l_17 _1)7

a,b)|lp I(a, b)5~"
if (a,b) # (0,0),ab < 0 and p is even,
_ (sgn(a) - a”! . sgn(b) - bt A

o) = (e " T Y o0

if (a,b) # (0,0),ab > 0 and p is odd, (20)

.qP 1 b) - pp1

) = (T~ o ~Y) o001

if (a,b) # (0,0),ab =0 and p is odd,

) - aP

sgn(a) - aP~1 sgn(b) - P~
Vg, U = 1 _]-7 -1 )
o) = (g o~
if (a,b) # (0,0),ab < 0 and p is odd,
(Uwvb) = (f - 1a C - 1) - O!(b, a’) : [07 1]7
if (a,0) = (0,0),

where (§,() is any vector satisfying ]f\ﬁ%l + \C\”% < 1.

(c) @3 is continuously differentiable everywhere except at (0,0) with

d)P(aab)' ap_;_l _1:| +C¥((Z+)(b+)2
L li(a.b)IB

¢3(a,b)

if (a,b) # (0,0), and p is even,

[ aP—1
e s ] et
L 2)llp

¢3(a,b) )
if (a,b) # (0,0), and p is odd,

Vads(a,b) = (21)

Hmbf)]‘l”‘l_ Fola)i(bs)
? p
¢3(a,b) )
if (a,b) # (0,0), and p is even,

[ pp—1
Gp(ab)- m—l} +aat)?(b+)
L ? P

¢3(a,b)

1

¢P(a’b)'

Vips(a,b) = (22)

if (a,b) #(0,0), and p is odd,



and 0¢3(0,0) = (vq, vp) where (vq,vp) € (—00,00).

(d) ¢4 is continuously differentiable everywhere except at (0,0) with

——1|+a(ab)s-b
Lliam) BT } (ab)+

da(a,b) ’
if (a,b) # (0,0), and p is even,

[ aP—1
#p(asb): W—l} +o(ab)4-b
L 11te:5)lp

¢da(a,b) ’
if (a,b) # (0,0), and p is odd,

p(ab)- | —L—

Va¢a(a,b) = (23)

pp—1l
lla b5~
$a(a,b) ’
if (a,b) # (0,0), and p is even,

[ —1
a,b)- sgn(b)-bP 1
o )_||<a,b>n£*1

o4(a,b) )
if (a,b) # (0,0), and p is odd,

1

+a(ab)t-a

¢P(a’b)'

Viga(a,b) = (24)

+a(ab)+-a

and 0¢4(0,0) = (vq, vp) where (vq, vp) € (—00,00).

Proof. (a) First, we note that ¢, is continuously differentiable everywhere except at
(0,0) (see [3]). Hence, by the Corollary to Prop. 2.2.1 in [5], ¢, is strictly differentiable
everywhere except at the origin. Let ¢, (a,b) := a;by. Then ¢, is strictly differentiable
at the origin as proved in [1, Prop. 2.1]. Both ¢; and ¢, are strongly semismooth
functions, we know that they are locally Lipschitz (strictly continuous) functions. Thus,
the Corollary 2 to Prop. 2.3.3 in [5] yields

d¢1(a,b) = d¢,(a,b) — a - P (a,b).

On the other hand, the generalized gradient of ¢, can be verified as below (see [3]):

p—1 bp—l
0p,(a,b) <H(aab)||£_1 -1, W — 1), if (a,b) # (0,0) and p is even,
sgn(a) -a?~t  sgn(b) - . :
Opp(a,b) < I b)Hg_l 1, H(a,b)%* 1>, if (a,b) # (0,0) and p is odd,
ad)]?(a? b) = (5 -1, C - 1)7 if (CL, b) - (Ov O)? (25)

where (£, () is any vector satisfying \5]# +|¢ |# < 1. In addition, it was already shown
in [1, Prop. 2.1] that
8¢+(a, b) = (b+aa+, a+ab+>.

Thus, the desired results follow.
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(b) Following the same arguments as in part(a) and using the fact that

(b, a), if ab >0,
d(ab), = { (0,0), if ab <0,
(bya)-10,1], if ab=0,

the desired results hold.

(c) It is known that (¢,)? and (ayb;)? are continuously differentiable. Then the desired
results follow by direct computations using the chain rule and the fact that

1
{ if 2> 0,

0(Vz) =4 2Vz

(—o0, 00), if z=0.

(d) Same arguments as part(c). O

Proposition 3.3 Let 1 € {11,1, 03,94} be defined as in (14). Then
(a) 9(a,b) =0 <= (a,b) € N, <= (a,b) satisfies (2).

(b) ¢ is continuously differentiable on TR2

(c) Vat(a,b) - Vy(a,b) >0 for all (a,b) € R2.

(d) (a,b) =0 <= Vi(a,b) = 0 <= Vaih(a,b) = 0 <= Vy(a,b) = 0.

Proof. (a) The proof is straightforward by the same arguments as in Prop. 3.1(a).

(b) The ideas for the proof are indeed borrowed from [8, Prop. 3.4].

For i = 1 and p is even, v(a,b) = 1(¢1(a,b))®. By the chain rule (see [5, Theorem
2.2.4]), we obtain 9v;(a,b) = d¢;(a,b)? ¢1(a,b). We will show that A1 (a,b)? ¢y (a,b) is
single-valued for all (a,b) € IR? because the zero of ¢; cancels the multi-valued portion
of d¢1(a,b)T. To see this, we discuss several cases as below.

(i) If a > 0,b > 0, then (b;0ay,a0by) = (b,a) which is single-valued. Hence, by (19),
it is easy to see that d¢;(a,b)” ¢1(a,b) is single-valued.

(ii) If a > 0,b < 0, then (b;0a,,a0by) = (0,a) which is single-valued. Hence, by (19),
91 (a,b)T ¢y (a,b) is single-valued.

(iii) If @ > 0,b = 0, then (b;day,a,0by) = (0
under this case, we observe that ¢;(a,b) =
¢1(a,b)" ¢1(a,b) is still single-valued.
(iv)Ifa<0,b>00ra<0,b<0,o0ra<0,b=0, then (b;da,,a,0by) all equals (0,0)
which is single-valued. Hence, by (19), d¢1(a,b)” ¢1(a,b) is single-valued.

(v) If a =0,b> 0, then (b;0a,,a,0by) = (b-[0,1],0) which is multi-valued. However,

,a - [0,1]) which is multi-valued. However,
(a,b)|l, — (@ + b) — cayby = 0. Hence,
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under this case, we observe that ¢;(a,b) = ||(a,b)||, — (¢ + b) — aa;by = 0. Hence,
091 (a,b)T ¢y (a,b) is still single-valued.

(vi) If @ = 0,b < 0, then then (byday,a;0bs) = (0,0) which is single-valued. Hence, by
(19), 0¢1(a,b)T ¢1(a, b) is single-valued.

(vii) If @ = 0,b = 0 then ¢ (a,b) = 0. Hence, d¢;(a,b)? ¢1(a,b) is single-valued.

Thus, by applying the Corollary to Theorem 2.2.4 in [5], the above facts yield that v,
is continuously differentiable everywhere. For p is odd, going over the same cases, the
proof follows.

For i = 2, iy(a,b) = L(¢2(a,b))®. We discuss the following cases : (i) (a,b) # (0,0) and
ab > 0, (ii) (a,b) # (0,0) and ab = 0, (iii) (a,b) # (0,0) and ab < 0, (iv) (a,b) = (0,0).
From (20), we know that 0¢s(a,b) becomes multi-valued when ab = 0 or (a,b) = (0,0).
However, ¢s(a,b) = 0 under these two cases which implies that d¢s(a,b)? do(a,b) is still
single-valued. Hence, 1, is continuously differentiable everywhere by the Corollary to
Theorem 2.2.4 in [5] again.

For i = 3,4, from (21)-(24), it is trivial that d¢s(a,b),dp4(a,b) are single-valued when
(a,b) # (0,0). When (a,b) = (0,0), we observe that ¢3(a,b) = ¢4(a,b) = 0. Hence,
Igp3(a,b)T ¢3(a,b) and dgy(a,b)T¢d4(a,b) are still single-valued, which yield that 3,1,
are continuously differentiable everywhere by the same reason as above.

(c) For i =1, ¢y = £(¢1)?, we employ and go over the cases discussed as in part (b).
(i) If a > 0,b > 0, then (b;0a,a0by) = (b,a). Hence, from (19), we obtain that

aP il
Vet = (1 [0lA

for both p are even and odd. Then, V, ¢4 (a,b) - Vytb(a,b) equals

(W —1- ab) (H(Cl,by;)|1|$l —1-— aa)gb%(a, b).

-1

. ab) on(a,8), Van(a,5) — ( _ aa) or(a,b).

Since, W <1, II(QbZ)iHl”*l <1, and aa > 0,ab > 0, we know
Clp—l bp—l
_—1—ab)<0 and (_—1—aa)<0,
<H(@>b)\|§ ' [(a, )15~

which implies that V¢4 (a,b) - Vi (a,b) > 0.
(i) If a > 0,b < 0, then (by0day,a0b;) = (0,a). Hence, from (19), we have

aP~1

Ol

bp—l

V(8] = <H< (@0l

- 1) ¢1(a7 b)a vb"vbl(av b) = ( -1- O./CL) Cbl(a’ b),

for p is even; and

-1

O)llp~

—pp-1

V(@) = <||< @Ol

— 1) o1(a,b), Vir(a,b) = ( — aa) ¢1(a,b),
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bp—1

for p is odd. Again, since ’ y | =T
ll(a,b) Il

W < < 1, and aa > 0, it can be easily
verified that V¢4 (a,b) - Vi (a,b) > 0.

(iii) If @ > 0,b = 0, then ¢;(a,b) = 0 which says V,i1(a,b) = 0 = Vyihi(a,b). Hence,
Vai(a,b) - Vyihi(a,b) = 0.

(iv) If a <0,b>0o0ra<0,b<0,0ra<0,b=0,then (byda,,a,0db;) = (0,0). Hence,
from (19), we have

apfl bpfl
a1\ a, = - 1\a,0), pP1\a, = - 1Gab;
Vetn(a0) Q( G 1>¢(“ Vat(a,b) Q( G 1>¢<)
for p is even; and
1 sgn().apl_> (ab lab:<89n(b)'b”1_> (ab
vantnd) = (S 1) ot Swoe) = (i 1) e

for p is odd. Again, by )”p 1 W < 1, the desired inequality holds.

(v) If a =0,b > 0, then gbl(a b) = 0 which says V,¢1(a,b) = 0 = Vyih1(a,b). Hence,

Vawl (Cl, b) : wal (aa b) =0.
(vi) If a = 0,b < 0, then then (b;0a,a,0by) = (0,0). Hence, from (19), we have

<1, and ’”

Vati(a.0) = ~on(a ), Vonla) = (1P = 1) )
for p is even; and
Vawl(% b) - _¢1(a7 b)v Vbqvbl(aa b) = (H(_bz;h - 1> ¢1(a7 b)’

for p is odd. By the same reasons as in previous discussions, we obtain that V.11 (a,b) -
Vihi(a, b) > 0.

(vii) If @ = 0,0 = 0, then ¢1(a,b) = 0. Hence, V,¢1(a,b) = 0 = Vyihi(a,b) and
Vawl(aa b) ' Vbqu)l(a b) = 0.

For i = 2, 1, = 1(¢)?, we discuss discuss four cases as in part (b).

(i) If (a,b) # (0,0) and ab > 0, from (20), we have

-1

DEt

bpfl

V”“““:<w 1@ O

1— ab) ¢a(a,b), Vyiha(a,b) = < aa) ¢2(a,b),

for p is even; and
sgn(a) - aP~1 sgn(b) - P~
I(a,0)I5~ I(a,0)I5™

for p is odd. By the same reasons as in previous discussions, it can be easily verified that
vawl (a7 b) ’ wal (a7 b) > 0.

Vaba(a,b) = < —-1- ab) B2(a,b), Vyho(a,b) = ( —-1- aa> b2(a,b),

13



(ii) If (a,b) # (0,0) and ab = 0, then ¢9(a,b) = 0. Hence, V,12(a,b) = 0 = Vyiha(a,b)
and V1 (a,b) - Viyha(a,b) = 0.

(iii) If (a,b) # (0,0) and ab < 0, the arguments are the same as case (iv) for i = 1 except
that ¢, is replaced by ¢,.

(iv) If (a,b) = (0,0), then ¢s(a,b) = 0. Hence, V,5(a,b) = 0 = Vyhe(a,b) and
Vﬂbg(&, b) . waz(a, b) = 0.

For i = 3, 13 = 1(¢3)%, we have two cases as below.

(i) If (a,b) # (0,0), from (21)-(22), we have
ar~!

I(a,0)[p"

! 2
D)5 - 1> + a(ay)”(by),

Vata(a,b) = op(at)( 1) +alan).),

Vitsas) = gyl )

for p is even; and

sgn(a) - aP~!
I(a, )5~

sgn(b) - P~
I(a,0) 15"

for p is odd. Thus, V,¢3(a,b) - Viyiis(a, b) equals

9 aP—1 . pp—1 _ 2 3 3
¢p(a’b)<n<a,b>£1 1) (n(a,b)zl 1) +a(ay)*(by)
1

000, D) (1 = 1)a(a P (00) + 6y(0,0) (1 Er = 1)alay) (0,

Vata(ab) = oplat)( 1) +afas)(b:)?

Votbs(a,b) — ¢p(a,b)( _ 1) +alay)(by),

or
S n a a1 1 sgn(b)-bt 1

+ dyla, b)(sg’“;)a’” - 1)a<a+> )+ b b) (L0~ 1)) (b,

Note that in the above expressions, it is trivial that the first and second terms are
nonnegative. We also notice that

ab, if a>0,b>0
(a,)(bs) = { ‘

else.

Therefore, we only need to consider the subcase of a > 0,b > 0 for the third and fourth
terms. In fact, summing up the third and fourth term under this subcase gives

aab: Gyl Kn(afiﬂl%—l ~1)as <||<ai>|1|z—1 - 1)4
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al + P
et e T~ et
= aab- gylaD)ll(a D)~ (a-+b)
aab~¢§(a,b)
> 0.

Thus, we proved V,¥s(a,b) - Vytbe(a,b) > 0.

Fori=4, 9, = %((]54)2, we also have two cases as below.
(i) If (a,b) # (0,0), from (23)-(24), we have

Va0, b) = dplo) (e —1) alab) b
Viila,b) = ¢p<a7b>(||(f’;w—1)+a<ab>+-a,

for p is even; and
sgn(a) - aP~!
Vatn(a,b) = ayla.b)(
’ I(a,0)I5 ™
sgn(b) - bP~1
(@, 0)I5™

for p is odd. Thus, V,¢4(a,b) - Vihu(a,b) equals

dp(a;b) <||<a72>||1‘3‘1 - 1) <||(aliz>||1£‘1 - 1) +a*(ab)? - (ab)
+ ¢p(a,b) <||(£)_||151 — 1)a(ab)+ -a+ op(a, b)((ab:)_llgl — 1>a(ab)+ b

- 1) + alab); - b,

Vita(a,b) = op(a,b)( 1) +alab)y o,

or
2 sgn(a)ﬂ,p*l o sgn(b)-blkl o 2 2,
¢P(a’b)( (@bl 1) ( @)l 1> + or{ab)s - (ab)
sgnla)-a 1 sgn
+ 0y{a,0) (LI~ 1)a(ab). 0t 0,0 b) (B9~ 1)a(ab). b
The first and second terms are nonnegative by the same reasons in previous discussions.

We notice that
(ab), — ab, if ab >0
T 0, else.

Thus, we only need to consider the subcase of ab > 0 for the third and fourth terms. In
fact, summing up the third and fourth term under this subcase gives

ot | (s~ o (e~
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P+ bP
a(ab)s -6yl 0)

— a(ab)s - dpla b)[[[ (@, B)ll, — (a+b)]
— a(ab)s - ¢2(a.b)
> 0.

—(a+0b)

The arguments hold as well for p is odd. Hence, we proved V,9s(a,b) - Viyiba(a,b) > 0.

(d) Going over exactly the same cases for each i discussed as in part (c) where V ¢ (a, b)
and Vyi(a,b) are formed, it is not hard to verify that the desired result is satisfied. We
omit the details. O

Based on the properties of 1 stated as in Prop. 3.3 and using the same proof tech-
niques developed in [6, 15, 16], we have the following condition for a stationary point to
be a solution of the NCP. We omit the details.

Proposition 3.4 Assume that z* € R™ is a stationary point of ¥ defined as (15)-(17)
(except for W induced from 1y) such that the Jacobian VF(x*) is a Py-matriz. Then z*
s a solution of the NCP.

As pointed out in Prop. 3.4, if ¥ is induced from 1, then Prop. 3.4 does not nec-
essary hold for such a W. The reason is that there needs V,¢(a,b) - Vyio(a,b) > 0
when ¢(a,b) # 0 in the proof. However, this is not always true (we proved that
Vao(a,b) - Vyb(a,b) > 0) for 1hy. A counterexample for p = 2 was given in [25, pp.
206-207]. Hence, due to this reason, the merit function induced from 1, may not be
recommended even though it is continuously differentiable.

4 Bounded level sets

As mentioned earlier, the merit function ¥, defined as in (9) does not guarantee bounded
level sets for monotone NCP. In fact, it needs that F' is either strongly monotone or uni-
form P-function to obtain property of bounded level sets, see Prop. 3.5 of [3]. In this
section, we establish that if F' is either a monotone function with strictly feasible solu-
tion or a Ry-function, the merit function ¥ defined as in (17) provides the bounded level
sets. This results indicates that ¥ may be a better choice of merit function for the NCP
than W, in certain sense. The motivation is from [1] where a condition, under which a
penalized Fischer-Burmeister function is guaranteed to have bounded level sets property,
was proposed. We also adopt the condition for our merit functions studied in this paper.
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Now, we begin to see under what condition the level sets
L(3) = {x € R W(x) < 7} (26)

are to be bounded for all ¥ > 0. When p = 2 and 1 = 94, as shown in [1], it turns out
that the following condition on F is sufficient. We employ it for our ¢’s and extend the
existing results as for p = 2 to general p > 2.

Condition A For any sequence {z*} such that
|l2*]] = o0, [=a"]4 <00, [-F(a")]s < oo, (27)

it holds

max(z] [F ()] = oo, (28)

Proposition 4.1 If F' satisfies Condition A, then the level sets L(7) are bounded for all
v =>0.

Proof. Suppose not, then there exists an unbounded _sequence {xk} C L(~) for some

v > 0. Since ¥(z*F) < v for all k € N and ¥(x qu z;, Fi(x)), there is no index

i such that ¥ — —oo or Fj(z*) — —oo by Prop. 3.1( ) Hence, (27) in condition A is
held, which says max(z¥), (F;(2*))y — oo. In other words, there is a j and at least a

subsequence {z%} where k € K C N such that
() (B () — 00 ke K.

However, this implies ¥(z*) is unbounded by definition of ¢ as in (11) and Prop. 3.1(c)
again which leads to a contradiction to the level sets assumption. O

In fact, condition A is satisfied if F' is either a monotone function with a strictly
feasible point or a Rp-function ([1, Prop. 3.10]) which indicates that the condition A
on F' may be the weakest assumption to guarantee bounded level sets for the nonlinear
complementarity problem since both F' is monotone with a strictly feasible point and
a Ro-function are sufficient to condition A. By the way, it is also known that if F' is
a Py-function and the NCP has a nonempty and bounded solution set, then there is a
strictly feasible solution for the NCP (see [1, Prop. 3.12]).
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5 Final Remarks

In this paper, we have studied several new NCP-functions based on the generalized
Fischer-Burmeister function and have shown that each of them enjoys all the properties
possessed by their counterparts when p = 2. The property of error bounds is not included
in this paper though we also wished to investigate conditions under which the merit func-
tions W derived from 1,7 = 1,2, 3,4 provide error bounds for the NCP. In fact, it was
shown in [1] that if F' is a uniform P-function then the aforementioned property holds for
p = 2 and ;. However, we have not established the parallel results for general p > 2 and
the other 1;s. The main reason is that we could not yet derive analogous inequalities as
in [26, Lem. 3.1] for ¢, p > 2 which plays an important role in proving the error bounds
property. We will keep an eye on this topic. On the other hand, according to the the
theoretical part built in this paper (not taking it for granted before we prove it even
though we think it should be true), the numerical implementation of related algorithms
may be interesting for future research.

We want to point something out. During the reviewing, [3] relaxes the condition of
p being positive integer greater than one to more general condition of p > 1. Moreover,
Lemma 3.1(a) is improved in [19] where the condition p > 1 is considered.

Acknowledge. The author thanks the referees for their helpful comments and is grateful
to Professor P. Tseng for his suggestion on studying these NCP-functions.
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