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Abstract

In this paper, we seek analytically checkable necessary and sufficient con-
dition for copositivity of a three-dimensional symmetric tensor. We first show
that for a general third order three-dimensional symmetric tensor, this means
to solve a quartic equation and some quadratic equations. All of them can be
solved analytically. Thus, we present an analytical way to check copositivity of
a third order three dimensional symmetric tensor. Then, we consider a model of
vacuum stability for Zs scalar dark matter. This is a special fourth order three-
dimensional symmetric tensor. We show that an analytically expressed necessary
and sufficient condition for this model bounded from below can be given, by using
a result given by Ulrich and Watson in 1994.
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1 Introduction

Checking that a scalar potential is bounded from below (BFB) is an ubiquitous and
difficult task in particle physics. For this task, copositivity of symmetric tensors plays
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an important role [5, 7, 8, 9]. Copositive tensors were introduced in 2013 [13], and
studied in [16]. Motivated by the BFB study in physics [5, 7, 8, 9], and the tensor
complementarity problem study in optimization [14, 15], various testing methods for
detecting if a symmetric tensor is copositive or not appeared [1, 2, 3, 10, 12]. Recently,
some analytical expressable sufficient conditions for copositivity of third order and
fourth order three-dimensional symmetric tensors also appeared [11, 17]. However, it
is still very difficult to find analytically expressable necessary and sufficient conditions
for copositivity of third order and fourth order three-dimensional symmetric tensors,
while such conditions are very useful in particle physics [5, 7, 8, 9].

In this paper, we seek analytically checkable necessary and sufficient condition for
copositivity of an three-dimensional symmetric tensor for two problems. The first
problem is to check copositivity for a general third order three-dimensional symmetric
tensor. The second problem is a model of vacuum stability for Z3 scalar dark matter,
studied in [8]. This is to check copositivity of a special fourth order three-dimensional
symmetric tensor. A theorem of Ulrich and Watson [18] is used for solve the second
problem.

In the next section, preliminary knowledge on copositive tensors is presented. A
theorem of Ulrich and Watson [18] in 1994 is also stated there. In Section 3, we present
a necessary and sufficient condition for copositivity of an mth order three-dimensional
symmetric tensor. To check this condition, a one variable polynomial equation of
degree (m — 1)2, and some one variable polynomial equations of degree m — 1, need to
be solved. In Section 4, we present a necessary and sufficient condition for copositivity
of a third order three-dimensional symmetric tensor. By using a theorem given in [11],
this result is simpler than the general case. The works need to be done is to solve a
quartic equation and at most four quadratic equations. We may solve them analytically.
We then present an analytically expressed necessary and sufficient condition for the
vacuum stability model for Z3 scalar dark matter in Section 5.

2 Preliminaries

We denote the set of all mth order n-dimensional real symmetric tensors by S, ..
where m and n are positive integers, m,n > 2. For A = (aj,...,,) € Smn, we have
i, iy, = 1,--- ,n and a;..;, is invariant under any index permutation. For x =
(1, ,2,)" €R",

n

mo.__ E
.AX = iy Liq =t " Ly

iy im=1

We say that A is copositive if for any x € &}, we have

Ax™ > 0.



We say that A is strictly copositive if for any x € R}, x # 0, we have

Ax™ > 0.
We have
a 1 m m— -
12, 5tm=
Liu and Song [ 1] proved the following theorem. We will use this theorem in Section

4.

Theorem 2.1 (//1, Theorem 8.1]) Suppose that B = (b;j;) € Ss2. Then B is coposi-
tive if and only if by11 > 0, basg > 0, and either

(a) bira >0, bias > 0; or

(b) max{byi1,boon} >0,

For a quartic polynomial g(t) with real coefficients,
g(t) = at* + bt* + ct? + dt + e, (2.1)

Ulrich and Watson [18] proved the following theorem. We will use this theorem in
Section 5.

Theorem 2.2 ([18, Theorem 2]) Let g(t) be a quartic and univariate polynomial de-
fined by (2.1) with a > 0 and e > 0. Define

3

y V= da_%6_47
A =4(B* = 3ay + 12)° — (728 + 9a By — 2% — 27a® — 27%)?,
p=(a—=7)?=16(a+ B+ +2),

n=(a—7)?"- %(aﬂwﬂ%\/ﬁ—?)-

Then (i) g(t) > 0 for all t > 0 if and only if

N

_3 _1 1
a=ba 1e 1, f=ca 2e

(1) [f<—2 and A<0 and o+ >0;

A <0 and a+~v >0
(2) —2<p3<6 and or
A>0 and p <0
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A<0 and a+v>0
or

(3) B>6 and S a>0 and v >0

or

A>0 and n < 0.

\

(i1) g(t) > 0 for allt > 0 if
(1) a>—¥and7>—%forﬁ§6;

(2) a>—=2v/B—2and vy > —2/B —2 for B > 6.

3 A Necessary and Sufficient Condition

Let A = (1,0,0), B = (0,1,0) and C' = (0,0,1). Denote the triangle AABC' by
S=AABC ={xeR® 21+ a9 +13=1,2y > 0,29 > 0,23 > 0}. The three edges of
S are AB, BC' and C'A.

For a three-dimensional symmetric tensor A, we have the following necessary and
sufficient condition for its copositivity.

Theorem 3.1 Suppose that A = (ai,...,,) € Sm,3, where the integer m > 2. Denote

3

Vi@, T2, 03) = Y Qiigeiyy Ty T

G2, ,im=1

for i = 1,2,3. Then A is copositive if and only if the following five conditions are
satisfied:

(1) ay.; >0, as..o >0, and az..3 > 0;

(2) There are no x1 > 0 and xo > 0 such that

E Aoy Lig * * * L, = E Agigy Lig * * " Ly < O, T+ To = 17 (32)

i2, im=1,2 2, im=1,2

(8) There are no 1 > 0 and x3 > 0 such that

E A1jgeripy Lig = " Lipyy = E A3io iy Lig = Ly < O, T+ T3 = 1; (33)

12, ,tm=1,3 12, ,im=1,3

(4) There are no x5 > 0 and x3 > 0 such that

E Aoy Lig * * * L, = E Aoy iy Lig * " Ly, < 0, To + T3 = 17 (34)

i2, im=2,3 2, im=2,3
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(5) There are no y; > 0 and yo > 0 such that

wl(yla Y2, 1) = wQ(yby?? 1) = w3(y1>y27 1) < 0. (35)

If the three “>” inequalities in (1) are changed to the “>7 inequalities, and the
four “<” inequalities in (3.2-3.5) are changed to the “<” inequalities, then we have a
necessary and sufficient condition for strict copositivity.

Proof Clearly, A is copositive if and only if for all y € S, Ay™ > 0, i.e.,

(a) Ay™ > 0 if y is one of the vertices A, B and C;

(b) Ay™ > 0 if y is in the relative interior of the edge AB;

(¢) Ay™ > 0 if y is in the relative interior of the edge C'A;

(d) Ay™ > 0 if y is in the relative interior of the edge BC

(e) Ay™ > 0 if y is in the relative interior of S.

Clearly, condition (a) is equivalent to condition (1).

Condition (b) does not hold if and only if there is a global minimizer (zy,xs) of the
following minimization problem

2

) 1
e {E D i Yim 1 T2 = Ly > 0,0 > 0} ; (3.6)

i1, im=1

such that x; > 0, xo > 0 and the global minimum of (3.6) at (z1,x2) is negative. By
the optimality conditions of (3.6), we have

E Qiigering Tig =+ Tipy — N =, for i =1,2,

2, im=1,2

Ty + Ty = 1,
| Z Oa €2 Z Oa
p1 >0, o = 0,

xip; = 0, fori=1,2,

where A\, p; and ps are Langrangian multipliers. Since x; > 0 and xo > 0, we have
1 = pz = 0. Thus,

: : a'iiZ“‘i7rLI7;2 o 'Iim = )\? for 1= ]-9 2)

12, ,im=1,2

Ty + Ty = 1,
I120,x220, x3 = 0.

Then

A= Z T Z Qi Lig * * " Ly < 0.

i=1 g, ,im=1,2



This shows that conditions (b) and (2) are equivalent. Similarly, conditions (c¢) and
(3) are equivalent; conditions (d) and (4) are equivalent.

Condition (e) does not hold if and only if there is a minimizer (z1, s, x3) of the
following minimization problem

1
min{aAym:y1+y2+y3:1,y120,y220,y320}7 (3.7)

x1 > 0, 29 > 0 and x3 > 0, such that the minimum value is negative. By the optimality
conditions of (3.7), we have

%(931,552,553) — A

Wi, fori=1,2 3,

T+ 20 +2a3 = 1,
r, > 0, fori=1,2,3,
wi > 0, fori=1,2,3,
xip; = 0, fori=1,23,

where A, p1, po and pg are Langrangian multipliers. Since xy > 0, x5 > 0 and x3 > 0,
we have p; = ps = sz = 0. Hence,

Ui(ry, 29, 03) = A, fori=1,23,

T+ To+2x3 = 1,

x;, > 0, fori=1,23.

Then
3
A= Z:ﬂiwi(xl,zg,xg) = Ax™ < 0.
i=1

Let 21 = 13 and 25 = yax3. We see that conditions (e) and (5) are equivalent.
The extension to strict copositivity is clear. 0]

Condition (1) is very easy to check.
Consider condition (2). Substitute zo = 1 — 2 to (3.2). Let

¢1(z1) = Z Alig-ipy Lig ** " Liipy 5

i2, im=1,2

Go(m) = D iy Ty,

12, ,im=1,2

and

¢(r1) = ¢r1(x1) — Pa(21).
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Then, checking if condition (2) holds is equivalent to solve the one-dimensional poly-

nomial equation

¢($1) =0,

where ¢ is a polynomial of x;, with degree m — 1, to confirm that ¢ has no root x;
such that 0 < x; < 1 and ¢, (1) < 0.

Conditions (3) and (4) can be checked similarly.

We now study the procedure to check condition (5) of Theorem 3.1.

Let

Va(yr1, y2) = V1(y1, Y2, 1) — Va(y1, ¥2, 1), Us(y1, ¥2) = 1 (y1, 92, 1) — ¥3(y1, 42, 1).

Then, checking if condition (5) holds is equivalent to solve the system of polynomial
equations

Ya(y1,92) =0, ¥5(y1,12) = 0, (3.8)

where 14 and 15 are polynomials of y; and ys, with degree m — 1, to confirm that (3.8)
has no solution (y;,y2) such that y; > 0, yo > 0 and ¥ (y1, 32, 1) < 0.
To solve the system (3.8), we may first regard it as a system of polynomial equations

of Yo
m—1 m—1
Z nyy =0, Z Tyt =0, (3.9)
=0 1=0

where 7; and 7; are polynomials of y; with degree i, and can be calculated by (3.8), for
i =0, ---m — 1. By the Sylvester theorem, system (3.9) has a solution if and only if
its resultant vanishes [6]. The resultant of (3.9) is a 2(m — 1) x 2(m — 1) determinant

M m - N2 Mm-1 0 -0 0

0 Mo - MTm-3 Nm-2 MNm-1 " 0 0

0 0 - m 2 o Nme1 0
G(y): 0 0 -- 0 o m o Nm—2 Thm—1

! To Tt Tmes Tme1 O 0 0 |

0 T *°° Tm—-3 Tm—2 Tm-—-1 -°° 0 0

0o 0 -+ 71 1 To ot Tl 0

0 0 0 T0 T1 o Tm—2  Tm—1

which is a polynomial of y; with degree (m —1)%. Find all of its roots satisfying y; > 0.
Substitute such roots to

m—1
> iy =0 (3.10)
=0
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For each root «, we have a polynomial equation of y, with degree m — 1. Find all of its
positive solutions § > 0, where « is the corresponding root of G. For all such solution

pairs («, [3), check if (o, B,1) = 2(y1, 92, 1) = ¥3(y1,92,1) < 0 or not. If there is
such a solution, then condition (5) of Theorem 3.1 is violated. Otherwise, condition
(5) of Theorem 3.1 is satisfied.

Hence, for checking condition (5) of Theorem 3.1, we need to solve a polynomial
equation of degree (m —1)? and at most (m — 1)? polynomial equation of degree m — 1.
Totally, for checking conditions of Theorem 3.1, we need to solve a polynomial equation
of degree (m — 1)?, and at most (m — 1)® + 3 polynomial equations of degree m — 1.

In particular, for checking copositivity of a third order three-dimensional symmetric
tensor, we only need to solve a quartic equation and at most seven quadratic equations.
These can be done analytically. We will study this in the next section.

4 Third Order Three-Dimensional Symmetric Ten-

SOTrsS

Suppose that A = (a;;,) € S53. Then A has ten independent entries aj11, ags, asss,
a2 = A121 = Aa211, G122 = G212 = G221, G113 = Q131 = A311, @133 = G313 = @331,
(223 = QG232 = G322, (233 = (323 = (332, and G123 = Ug31 = U312 = G213 = (132 = U32].

By using Theorem 2.1, the following theorem is simpler than Theorem 3.1 with
m = 3.

Theorem 4.1 Suppose that A = (a;;;) € Ss33. Denote

3
Vi1, 29, v3) = Z AijkLj L,

j,k=1

for i =1,2,3. Then A is copositive if and only if the following five conditions are
satisfied:

(1) ay11 > 0, age >0, assz > 0;

(2) either a1z > 0 and ajze > 0, or max{aii1, age} > 0 and

1110399 + 403150092 + T4 0599 — 6a111011201290229 — 303150799 > 0;
(3) either ayiz > 0 and 133 = 0, or max{alu, a333} > 0 and

anlai’gg + 46!:1)’13@333 + afna%gg — 6a111a1130133a333 — 35@13@%33 > 0;
(4) either Qo3 > 0 and 933 = 0, or max{aggg, a333} > 0 and

a222a§’33 + 4a§’23a333 + a§22a§33 — 06ag22a29302330333 — 3a§23a§33 > 0;
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(5) There are no y; > 0 and yo > 0 such that

U1 (Y1, Y2, 1) = Ya(1, 92, 1) = 31,92, 1) < 0. (4.11)

Proof Conditions (1) and (5) are from Theorem 3.1. By applying Theorem 2.1 to the
three edges of AABC, we have conditions (2), (3) and (4). O

Not only condition (1), but also conditions (2), (3) and (4) are explicitly given.
Thus, Theorem 4.1 is simpler than Theorem 3.1 with m = 3.
As to condition (5) of Theorem 4.1, for i = 1,2, 3, we have

Yi(y1,y2,1) = amyf + amyi + 2a;12v1Y2 + 2a;13Y1 + 2ai23Y2 + A433.

Then,
Va1, y2) = 770?/% + mye + 02, Us(y1,y2) = Toyg + T1Y2 + To.
We have
o = Q122 — A222,
m = 2[(a112 — a122)y1 + G123 — a293],
T2 = (am - a112)y% + 2(a113 - a123)y1 + 133 — @933,
To = A122 — 223,
71 = 2 [(a112 — a123)y1 + @123 — s3],
Ty = (&111 - 0113)y% + 2(CL112 - Ol123)yl + @133 — a333.
Then
m m n2 0
(;] ml) nj s Mo M 12 m ne 0
G(yl) = =nm| T T2 0 |+T0| 0 M N

To T1 T2 0
To T1 T2 To T1 T2
0 To T1 T2

= 0T + N2TE — 20072T0T2 — M TIT2 + i ToTa + N5T5 — MIRTOTY.
Thus, G(y;) = 0 is a quartic equation of y;. We may write

G(y) = ayf + byi’ + cyf + dyy + e.

If a =b=0, then G(y;) = 0 is a quadratic equation, or a linear equation, or a
constant equation. It is easy to find its real roots.

If a =0 but b# 0, then G(y1) = 0 is a cubic equation. Let y; = z — 5. Then we
may convert G(y;) = 0 to its depressed form

24 pz+q=0. (4.12)

9



The discriminant of (4.12) is
= —4p® — 274>

By Cardano’s formula, (4.12) always has one real root:

q, |a s g g
\/2 +27+\/2 +27'

If A >0, then (4.12) has two more real roots (maybe multiple):

VNG ST B B L G
5\/2 4 27+5\/2 T
20 0 |9
5\/2 4

2
From these, we have the roots of G(y1) =0 by y1 = z — 5.

If @ # 0, then by letting y; = Va (z — 4—2), we convert G(y;) = 0 to its depressed

and

where

form

A ptqu+r=0. (4.13)
Here, p and ¢ are different from p and ¢ used before. If p = ¢ =r =0, (4.13) is trivial
to solve. Assume that it is not in this case. Then we may use Descartes’ method in
1637 to factor 2* + pz? + gz + r [4]. Suppose that

A plttgrtr= (2 —uz+t)(2* +uz+v) (4.14)
and U = u?. Then we have the resolvent cubic of (4.13):
U? +2pU? + (p* — 4r)U — ¢*. (4.15)

Using the Cardano’s formula described above, we may find the roots of the resolvent
cubic. Because of our assumption, at least one root is nonzero. Taking square root of
such a nonzero root of the resolvent cubic, we find the solution w in (4.14). Then we

have
1 2, 4 1 2 94
tz—(p—l—u +—>, v:—<p+u ——).
2 U 2 u
With such a factorization (4.14) and y; = /a (z — £ ), we find four roots of G(y;) = 0.
For any real positive root y; = a of G(y;) = 0, substitute it to 7; and 7. Then

solve ¥y (v, y2) = 0 to find its root. If ¢4 (c, y2) = 0 has a real positive solution /3, then
check if ¥ (o, B,1) = (e, 5,1) = ¥(a, B,1) < 0 or not. If so, then condition (5) of
Theorem 4.1 is violated. If no such pair (a, §) exists, then condition (5) of Theorem
4.1 is satisfied.

In this way, we have an analytical way to check if A is copositive or not.
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5 Vacuum Stability for Z3; Scalar Dark Matter

Let B = (biji)) € Sa3 be a general fourth order three-dimensional symmetric tensor.
Then B has fifteen independent entries bi111, bagaa, D333z, bi112, bi113, D1222, bagas, bi3as,
ba333, bi122, D1133, D233, b1123, D123 and byass.

According to [8], the most general scalar potential of the Standard Model Higgs
Hy, an inert doublet Hy and a complex S which is symmetric under a Zs group can be
expressed as a quartic form

f(hy, by, s) = Ahi+Aohy+A3hihs+ X ip* hiha+Ags* +Ag18%hT + Agas2hs —| As12|ps®hi ha,
(5.16)
where hq, hy and s are physical quantities related with Hy, Hy and S, A1, Ag, A3, A\g, Ag, Ag1, As2, Agi2
and p are physical parameters, 0 < p < 1. See (89) of [8] for their meanings.
Let 1 = hi, ma = hy, w3 = 5, biii1 = A1, bazoy = Ao, b3gzz = Ag, biig = biyig =
bi222 = bazo3 = bi3g3 = baszz = 0, biyon = A3+6A4p2, biizzs = %, baoz3 = %, biasz =

[Asi2lp _ _
— 12 61123 = 61223 = 0. We have

3
f(hy, hy,s) = Bt = Z bijk1TiT Ty
irj k=1

Then B € Sy3 is a sparse fourth order three-dimensional symmetric tensor. Forty
eight of the eighty one entries of A are zero, or equivalently to say, eight of the fifteen
independent entries of B are zero. In [8], a sufficient condition is presented.

As such a sparse fourth order three-dimensional symmetric tensor is special, its
copositivity conditions are simpler than the conditions of Theorem 3.1.

In particular, in (5.16), the powers of x3 = s only appear as s> and s*. We have

f(hl, hg, S) = )\484 + Oé(l’l, 1’2)82 + 5(1’1, [L’g), (517)
where
a(ry, ) = >\S1SC% — [As12|pr1ze + >\523€§7
5(1’1, [L’g) = )\ﬂL’il + ()\3 + )\4p2)x%x§ -+ )\2113'42l

Theorem 5.1 Let f be defined as above. Then f(hy,ha,s) > 0 for all hy > 0, hy >
0,s > 0 if and only if the following two conditions hold.

(1) As >0, A1 >0, Mg >0, A3 + A1p® > —2¢/ A1 ha, As2 > =2/ Agho;
(2) a(1,t) > —=2y/AsB(1,t) for all t > 0.

Proof In (5.17), regard f as a quartic polynomial of s, which has only the terms of s
and s*. Then f(hy, ho,s) > 0 for all hy > 0,hy > 0,5 > 0 if and only if the following
two conditions hold.
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(A) g >0, B(z1,22) > 0 for all 2y >0, x5 > 0;

(B) a(zy,x9) > —2+/AsB (1, x2) for all 23 > 0,25 > 0.

We see that 8(z1,22) > 0 if and only if Ay > 0, Ay > 0 and A3 + A\yp® > =2/ A \a.

Discuss condition (B) in two cases.

(B1) z; = 0. Then (B) is equivalent to Agy > —21/Ag)s in this case.

(B2) 21 > 0. Let t = 2. Then (B) is equivalent to a(1,t) > —21/AsA3(1,¢) for all
t > 0 in this case.

Hence, conditions (A) and (B1) are equivalent to condition (1); condition (B2) is
equivalent to condition (2). O

If z; = 0, then (B) is equivalent to Ag; > —21/Ag); in this case. Now this inequality
is implicitly contained in condition (2). We may add this condition to (1). The theorem
is still true. We will do this in the statement of Theorem 5.2.

Condition (1) of Theorem 5.1 is explicitly given. Thus, we only need to analyze
condition (2) of Theorem 5.1 further.

Now we are ready to analyze condition (2). For convenience of notation, let g(t) =
4N B(1,t) — [a(1,8)]? = bot* + bit® + baot? + bst + by.

(a) If a(1,¢) > 0 for all ¢ > 0, that is, Ag1, Az > 0 and |Ag12|p < 24/ As1As2. Then
condition (2) holds.

(b) If a(1,t) < 0 for all £ > 0, that is, Ag; < 0 and Ag2 < 0, then condition (2)
holds if and only if the coefficients of g satisfy Theorem 2.2.

(c) Assume that a(1,t) is indefinite for all ¢ > 0. That is, there are t1,t, > 0 such
that a(1,t;) > 0 and «(1,t2) < 0. For such a case, there exist three subcases.

(i) As2 = 0, by = 4AsA; > 0 and b; = 0. Note that this subcase we must have
|As12|p # 0. Otherwise, we must have case (a) or (b). Thus, we always have p > 0 in
this subcase. Furthermore, a(1,¢) < 0 and p > 0 implies that

t>

| As12lp”

Together with ¢ > 0, we need g(t) > 0 for all ¢ satisfying

tZE\::maX{ Ast ,0}.
[As12lp

Let u =t — \. Then g,(u) = g(u — \) is a quartic polynomial of u. Then condition (2)
holds in this subcase if and only if the coefficients of g; satisfy Theorem 2.2.
(ii) Mgz > 0 and A = (Ag12p)? — 4As1As2 > 0. We need g(t) > 0 for all ¢ satisfying

A\ B 7 _ _
e d Psizle = V/Qisiap) Msidse (L 7oy o
252

_ [Asi2]p + v/ (As12p)2 — 4As1 M52
2Ag9 ’

2
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(U)

t— t t t>+oo) Let g(t) ( +£) g2 °

Then go(u) is a quartic polynomial of u and the condition that g(t) > 0 for all ¢ 2 0
is equivalent to that gs(u) > 0 for all u > 7. Let gs(u) := go(u — =), which is also
a quartic polynomial of w. Then condition (2) holds in this subcase if and only if the

Let u = -*-. Then t < t <t is equivalent to u € [

coefficients of g3 satisfy Theorem 2.2.
(iii) )\32 <0and A = ()\S12P)2 — 4)\31)\52 > 0. Let

_ [Asi2p — v/ (As12p)? — 4As1 M52 _ [Asi2]p + v/ (As120)2 — 4As1As2
252 o 252 .

If 4 > 0, then we need g(t) > 0 for all 0 < ¢t < #; and t > t,. For the case
that 0 < ¢ < #1, by a transformation similar to the transformation in (ii), we have a
quartic polynomial g4(u) such that condition (2) holds in this subcase if and only if the
coefficients of g, satisfy Theorem 2.2. For the case that ¢ > to, let g5(u) = g(u — ta).
Then condition (2) holds in this subcase if and only if the coefficients of g5 satisfy
Theorem 2.2.

If t; <0, then we need ¢(t) > 0 for all ¢ > ¢,. For such a case, let gs(u) = g(u—t2).
Then gg(u) is a quartic polynomial of v and condition (2) holds in this subcase if and
only if the coefficients of g4 satisfy Theorem 2.2.

Thus, all the conditions of Theorem 5.1 can be analytically expressed. We summa-
rize the above discussion to the following theorem.

Theorem 5.2 Let f be defined as above. Let g(t) = 4AsB(1,t) — [a(1,t)]? = bot* +
bit3 + bot® + b3t + by. Then f(hy, ho,s) >0 for all hy > 0,hy > 0,5 > 0 if and only if
the following two conditions hold.

(1) As > 0, Ay >0, Ay > 0, A3+ Map? > =20/ N Ag, Agi > =2V AsA1, Age >
_Qm;

(2) Either

(a) As1, As2 > 0 and [Asi2|p < 2/ X127 o

(b) As1 <0, As2 <0, and the coefficients of g satisfy Theorem 2.2; or

(c) Asa =0, by = 4\gA1 > 0, by = 0, and the coefficients of g1 satisfy Theorem 2.2,

where gi(u) = g(u — X),
A= max{ Ast ,0};
[As12]p
(d) As2 > 0, A = (As12p)> —4Xs1 M52 > 0, and the coefficients of g3 satisfy Theorem
2.2, where gs(u) := ga(u — =), ga(u) = u'g(: +1),

.E: max ‘ASlQ‘p - \/(>\Sl2p)2 — 4)\51)\32 0
2As2 ’

or

13



t=

[As12]p + v/ (As12p)? — Ahs1hs2
2As2 7

or
(e) Asa <0, A = (As12p)? — 4Xs1As2 > 0, t1 > 0, and the coefficients of g4 and gs
satisfy Theorem 2.2, where gy(u) := gr(u—25-), gr(u) = u'g(§ +11), gs(u) = g(u—ta),

_ [Asialp — vV (As120)? — AAs1As2 P [Asizlp + v/ (As12p)? — 4As1As2

ty :
! 2\go 2 250

or
(f) As2 < 0, A = (As12p)? — 4As1As2 > 0, t; < 0, the coefficients of g¢ satisfy
Theorem 2.2, where gs(u) = g(u — t2), t1 and ty are defined as above.
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