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The local activity principle of the Cellular Nonlinear Network (CNN) introduced by Chua
[1997] has provided a powerful tool for studying the emergence of complex patterns in a ho-
mogeneous lattice formed by coupled cells. This paper presents some analytical criteria for the
local activity of two-port CNN cells with three or four state variables. As a first application,
a coupled excitable cell model (ECM) CNN is introduced, which has cells defined by the Chay
equations representing ionic events in excitable membranes in terms of a Hodgkin—Huxley type
formalism. The bifurcation diagram of the ECM CNN supplies a possible explanation for the
mechanism of arrhythmia (from normal to abnormal until stopping) of excitable cells: the cell
parameter is changed from an active unstable domain to an edge of chaos. The member po-
tentials along fibers are simulated numerically, where oscillatory patterns, chaotic patterns as
well as convergent patterns are observed. As a second application, a smoothed Chua’s circuit
(SCC) CNN with two ports is presented, whose prototype has been introduced by Chua as a
dual-layer two-dimensional reaction—diffusion CNN in order to obtain Turing patterns. The
bifurcation diagrams of the SCC CNN are the same as those with one port, which have only
active unstable domains and edges of chaos. Numerical simulations show that in the active
unstable parameter domains, the evolutions of the patterns of the state variables of the SCC
CNNs can exhibit divergence, periodicity and chaos, where, in the parameter domains located
in the edge of chaos, periodic patterns and divergent patterns are observed. These results
demonstrate once again the effectiveness of the local activity theory in choosing the parameters
for the emergence of complex patterns of CNNs.

Keywords: CNN; local activity; excitable cell; smoothed Chua’s circuit; chaos.

array size. However, CNN can be built by cir-
cuitry, with no electrical interconnections beyond
a prescribed sphere of influence. Consequently,
CNNs have been widely studied on both theoret-

1. Introduction

The study of CNNs is a multi-disciplinary area,
first introduced by Chua and Yang [1988a, 1998b]

after Hopfield proposed his fully-connected neu-
ral networks [Hopfield, 1985]. Hopfield network
grows exponentially with the size of the array,
which cannot be built physically even in a modest
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ical foundations [Chua & Yang, 1998a; Chua &
Roska, 1990; Chua & Wu, 1992; Joy & Tavasnoglu,
1993; Gili, 1994; Thiran et al., 1995; Chua, 1997;
Takahashi & Chua, 1997; Min et al., 1999; Lin
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& Shi, 1999] and image processing [Chua, 1997;
Special issue, 1992; Special issue, 1993; Werblin
et al., 1994; Werblin et al., 1996; Orzo et al., 1996;
Li & Min, 2000].

It is now known that CNNs can also be
used for the study of complex patterns and struc-
tures, emerging from homogeneous media operating
far from thermodynamic equilibrium [Chua, 1997,
1999]. In particular, some analytical criteria for
local activity of CNNs have been successfully ap-
plied to the study of the dynamics of the CNNs
[Dogaru & Chua, 1998a, 1998b, 1998c; Min et al.
2000a, 2000b; Min & Yu, 2000] related to
the FitzZHugh-Nagumo equation, the Brusselator
equation, the Gierer-Meinhart equation, the
Oregonator equation, the Hodgkin—Huxley equa-
tion, and the enzyme reaction equation. Some local
activity criteria for “difference-equation” CNN has
recently been set up, in [Sbitnev, et al., 2001].

In this paper, some analytical criteria for the
local activity of two-port CNN cells with three and
four state variables are introduced in Secs. 1 and
2, respectively. As the first application, the crite-
ria are used to calculate the bifurcation diagram
of the ECM CNN with three state variables and
two ports whose prototype — the three-dimensional
Chay model — can generate chaotic action poten-
tials and intracellular calcium concentrations [Chay,
1985]. The bifurcation diagram of the ECM CNNs
shows that there does not exist a locally passive
domain. Numerical simulations of the dynamics of
the ECM CNNs show that one-period, multi-period,
chaotic, and convergent trajectories can be gener-
ated if the parameters of the corresponding ECM
CNNs vary from locally active and unstable do-
main to the edge of chaos. If the oscillations of
the ECM CNNs are understood as the frequency of
the heartbeat, the following relations are observed
with parameter gj y, (the maximum conductance of
voltage-sensitive Kt channel divided by membrane
capacitance) decreasing:

Normal heart rate — Multi-period heart rate
— Chaotic heart rate — Multi-period heart rate
— Stop beating.

As the second application of the criteria, we add
a new state variable equation to the piecewise linear
dual-layer two-dimensional reaction—diffusion CNN
[Chua, 1995], and smooth the CNN to a differen-
tiable one, in a way similar to the case of the SCC
CNN with one port [Min et al., 2000b]. Computer
simulations show that the bifurcation diagrams of

the SCC CNNs are the same as those of the SCC
CNNs with one port [Min et al., 2000b]. Numeri-
cal simulations show that the dynamic patterns of
the SCC CNN, whose parameters are located in lo-
cally active domains, bound with complex patterns
— one-period, chaotic and divergent trajectories,
particularly when selected parameters are located
nearby the horizontal or the oblique edges of chaos
in the bifurcation diagrams.

This paper is organized as follows: Section 2
states the basic local activity theory set up by
[Chua, 1997]. Some analytical criteria for the local
activity in two-port CNN cells with three and four
state variables are presented in Secs. 3.1 and 4.1,
respectively. The bifurcation diagrams of the ECM
CNNs and the SCC CNNs are given in Secs. 3.2 and
4.2, respectively. Sections 3.3 and 4.3 demonstrate
the numerical simulations for ECM CNNs and SCC
CNNs. Concluding remarks on the ECM CNNs and
the SCC CNNs are addressed in Secs. 3.4 and 4.4,
respectively.

2. A Main Theorem of Local
Activity

Generally speaking, in a reaction—diffusion CNN,
every C(j, k, 1) has n state variables but only m
(<n) state variables coupled directly to their
nearest neighbors via “reaction—diffusion.” Conse-
quently, each cell C(j, k, I) has the state equations
[Chua, 1997]:

Vl(ja k7 l) = fl(‘/l’ ‘/2?"

‘/2(]7 k7 l) = f2(‘/1’ ‘/2?"

. Vo) + D1y
O Vn) + D2v2‘/2

Vin (G, k, 1) = fin(Vi, Vay ..o, Vi) + D57V

Vm—i—l(ja k7 l) = fm-l—l(vl’ ‘/ZM ce Vn)
Vn(]a k, l) fn(Vla Vo, ..o, Vn)
-] = ]', 27 b Nl‘
k=1,2,..., Ny
=1, 2, , N,.

In a component form, Eq. (1) becomes

{Va = fa(Vaa Vb) +1a
Vb = f6(Va, Vb)



where
Va=[V, Va,..., Vi *
Vi = [Vint1s Vingas -5 Val©
fo =[f10), f2()s- o fm()]T
fo = [frms1()s frmr2()s ooy fu(D]T
I, = D,v*Va
= [D1V?Vi, Doy Vs, ..., Dy 2 Vi T

Da = diag[Dl, DQ, ey Dm] .

The cell equilibrium point Q; = (Va, Vp) (€ R?)
of Eq. (2) for the restricted local activity domain

[Dogaru & Chua, 1998a] can be determined, nu-
merically or analytically, via

{?(Va, Vb) iO )
b(Vaa Vb) =0

The Jacobian at an equilibrium point @;, for the
restricted local activity domain, has the following
form:

Aaa ; Aa )
500 2 @) 2 | 720 O]
where
on o
oV oV,
Aaa(Qi) -
o, o,
L OVy oV,
oo
OVt oV,
Aab(Qi) =
o, . Of
| OVt oV,
[ Of1 3] R}
oV oV,
Aba(Qi) =
ot Ok
% oV,
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Ot Ot
Vo v,
App(Q) = | -
o on
Vot v,

a1x(Q;)'s are called cell parameters.
The local state equations at the cell equilibrium
point @; are defined via [Chua, 1997]

Va = AaaVa + Aabvb + Ia (5)
Vi = ApaVa + Apb Vb, (6)
and
A _
YQ (S) = (SI — Aaa) — Aab (SI — Abb) 1Aba (7)

is called the admittance matrix at ;.

Main Theorem on the Local Activity of CNN
[Chua, 1997]. A two-port Reaction Diffusion CNN
cell is locally active at a cell equilibrium point @ =
(Va, Vb, La) if, and only if, its cell admittance
Yo(s) at Q satisfies at least one of the following
four conditions:

(1) Yo(s) has a pole in Re[s] > 0.

(2) Yg(iw) = ng(iw) + Y (iw) is not a positive
semi-definite matrix at some w = wq, where wy
is any real number, and Y&(s) is constructed
by taking first the transpose of Yq(s), and then
followed by the complex conjugate operation.

(3) Yqg(s) has a simple pole s = iw, on the imagi-
nary azis, where its associated residue matriz

lim (s —iw,)Yo(s), if w, < oo
K N S_n.wp( p) Q( ) f wp )
lim Yqg(iw,)/iw,, if wy,=o00

Wp—+00

is either not a Hermitian matriz, or else not a
positive semi-definite Hermitian matriz.

(4) Yo(s) has a multiple pole on the imaginary
aris.

Definition 2.1. [Dogaru & Chua, 1998; Min et al.,
2000a). (Edge of chaos with respect to the equilib-
rium point ;) A “Reaction—Diffusion” CNN with
one “diffusion coefficient” D; (resp. two diffusion
coefficients D7 and Ds; or three diffusion coeffi-
cients Dy, Dy and Ds) is said to be operating on
the edge of chaos with respect to an equilibrium
point @; if, and only if, ); is both locally active
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and stable when Tl_: 0 (resp. Iy = 0 and I3 = 0; or
11:0, IganndI;),:O).

Remark 2.1.  (@; is said to be stable if

(i) The real parts of the eigenvalues A of the
Jacobian matrix J(Q;) (4) are all less than
zero, or

(ii) Real()\;) = 0 = the multiplicity of )\; is equal
to 1.

By arbitrarily choosing parameters of CNNs
within or nearby the edge of chaos domain, complex
dynamic behaviors may become abundant, even
with only a very small perturbations of parameters
[Dogaru & Chua, 1998a-1998c; Min et al., 2000a,
2000b; Min & Yu, 2000].

3. Local Activity Theory of the
CNN with Three State
Variables and Two Ports

In the following subsections, we first introduce a set
of analytical criteria for testing the local activity of
the CNNs with three state variables and two-port
(i.e. with two reaction—diffusion coefficients depend-
ing on the corresponding physical models (CNNs)
described), then propose the ECM CNN and calcu-
late its bifurcation diagrams, and finally simulate
numerically the behaviors of the Chay equations
and the ECM CNNs.

3.1. Theorems

For a two-port CNN cell, the corresponding local
state Eqgs. (5) and (6) with “three” state variables
assume the following form:

Va = Aaava + Aabvb + Ia (9)
Vb = ApaVa + Apb Vb, (10)

where

Vo=, W, Vo =15, Iu=[L, LT, (11)

Aaa - lall al?] ; Abb = [a13‘| ) (12)
as1 Q92 az3

Apy =[az1  aso], (13)

App = ass. (14)

The corresponding CNN cell admittance Y(s) is

given by [Chua, 1997]

YQ(S) = (SI — Aaa) — Aab(SI — Abb)ilAba

13031 13032
S—ai1 — — —
S — ass S — ass
a23a31 23032
—a21 — ——— §—a2 — ———
S — ass S — ass

Now, we introduce a set of theorems for testing the
local activity of the CNNs with three state variables
and two ports (see [Min & Yu, 2000] for complete
proofs).

Theorem 3.1. Y((s) has a pole in Re[s] > 0 if,
and only if, azz > 0, and max{|aizas1|, |aizasal,
lagzasz1|, |agzasa|} # 0.

Theorem 3.2. Let b = ai3a31a33, ¢ = aizazeass +
az3a31a33, d = a13032—0a23031, € = A23a32a33. Lhen,
Y(s) satisfies condition 2 in the Main Theorem if,
and only if, at least one of the following conditions

holds:

1. (a11 + a22) > 0.

2. (CL11 + a22) < 0, ass 75 0, and (a11 + a22) —
(a13a31 + azzasz)/asz > 0.

3. 4a11a22 — (CL12 + a21)2 < 0.

4. 4(ba22 + 6&11) - 20(&12 + CL21) + d2 75 0,

2a33d*+8be—2c?
W= 550" +Sbe — 2¢ 2—a§3>0,
4(ba22+ea11)—20(alg+a21)+d

bagg + eaqs be :|

4 (a11a90 —

a?s + w?

( : 2
—|a12 + a2 — — 2)
azs +w

w2d? <0
(a3 + w?)? .

5. azz # 0, and 4(a11a§3 — b)(aggagg —e) —[(a12 +

agl)agg — 0]2 < 0.
6. aszs =0 and 4be — % < 0.

Theorem 3.3. Y(s) satisfies condition 3 in the
Main Theorem if, and only if, at least one of the
following conditions holds:

1. If azgs = 0, max{|aizasi|, |aizasz|, |a3as1],
laggasz|} # 0, and a13a32 # agsas;.



2. If agz3 = 0, max{|aizas1|, |aizasz|, |a2zasil,
lagzasa|} # 0, aizase = agzas; and

(a) aizas; + aggaze >0 or
2 9
(b) aizasiagsazz — ajsazy < 0.

Theorem 3.4. Y (s) does not have a multiple pole
on the imaginary azis.

3.2. ECM CNN and bifurcation
diagram

The prototype ECM CNN used here is taken from
[Chay, 1985], which has three variables, V, C, n:

Vi = gimiohee (VT = Vi) + gy (Vie = Vi)

+9?<,Cl —i—iC’Z-(VK Vi) +g1.(VL = V;)

+ D1(Vig1 + Vi1 — 2V)) (16)
C; = plgim3hos (Vo — Vi) — K ()

+ Dy(Ciq1 + Ciq — 2C5) (17)
ni = % (18)

i=1,2,....N

where V;, C; and n; are the membrane potential,
the intracellular concentration of Ca?* ions, and
the probability of opening the voltage-sensitive K
channel of the ith cell, respectively; N = 30; Vp,
Vi and Vi, are the reversal potentials for “mixed”
Nat-Ca?t, Kt and leakage ions, respectively; C
is the concentration of intracellular Ca?* ions di-
vided by its dissociation constant from the recep-
tor; g7, 9k v» 9k ¢ and g7, are the maximal conduc-
tances divided by the membrane capacitance, where
the subscripts I, (K, V), (K, C) and (L) refer to
the voltage-sensitive mixed ion channel, voltage-
sensitive KT channel, Ca™ — sensitive KT channel,
and the leakage channels, respectively; mq, and ho
are the probabilities of activation and inactivation
of the mixed channel; n, is the steady state value
of n;; K¢ is the rate constant for the efflux of intra-
cellular Ca?* ions, p is a proportionality constant,
and V(¢ the reversal potential for Ca?* ions; 7 is the
relaxation time (in s).

The expressions for Mgy, hoo, Moo and 7,
(similar to the original Hodgkin—Huxley equations
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[Hodgkin & Huxley, 1952]) are given as follows
[Chay, 1985]:

Qy
= : 19
Aty (19)
where y stands for meo, Roo; Moo and
0.1(25 + V;)
m = 20
O T  exp(—0.1V; — 2.5) (20)
—V; — 50
—4 = 21
Bm exp { 18 ] (21)
ap = 0.07exp(—0.05V; — 2.5) (22)
B = : (23)
" 1 ¥ exp(—0.1V; — 2)
0.01(20 + ;)
n= 24
M= T exp(—0.1V; — 2) (24)
~V; — 30
= 0.125 — = 25
g exp | =5 | (25)
1
Tn (26)

= 230(ctn + Bn) |

Furthermore, let the system have periodic con-
ditions: Vy = Vi, Cy = Cn, ng = nn, Vn+1 = V1,
CN+1 == Cl, nN+4+1 = ny, and let D1 = D2 == 0001,
N = 30 in the numerical simulations.

In a component form, Egs. (16)—(18) become

V=1(V,Cn)+D1 vV (27)
C=f(V,C,n)+D; V2 C (28)
n = f3(V’ C, Il), (29)

where 72 corresponds to an N x N matrix.

The “cell equilibrium points” @Q;’s of Egs.
(27)—(29) for the restricted local activity domain
[Dogaru, 1998] can be determined via

fl(V, C, Il) =0 (30)
f2(V,C,n) =0 (31)
f3(V,C,n)=0. (32)

Numerical calculation shows that Egs. (30)—(32)
have a cell equilibrium point Q.
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The cell coefficients a,, ,(Q)'s are defined via
the corresponding Jacobian

[a11(Q) a12(Q) a13(Q)
A2 |an(Q) an(Q) a3(Q)
La31(Q)  a32(Q) a33(Q)
[0f1(U) 0f1(U) 09f1(U)]
ov oC on
A | 0f2(U) 9f(U) 09f2(U)
ov oC on
af3(U)  9f3(U) 09f3(U)
L OV oC on
A -Aaa Aab
| Aba Amp (33)
where U = (V(Q), C(Q), n(Q)). Consequently,

the corresponding CNN cell admittance Y¢(s) can
be calculated via (33) and (15).

Using the Main Theorem and Theorems 3.1-
3.4, the locally active and unstable domain, locally
passive domain, and edge of chaos with respect to
the equilibrium points @'s (i.e. the bifurcation dia-
grams of the ECM CNNs) can be numerically cal-
culated via computer programs.

Now, let the parameters gy ~ and gp  vary
in the mtervals [5,15] and [200, 2200], respectively,
and the other parameters are fixed. Then, the cal-
culation results are shown in Fig. 1. It follows that

2200
2000
1800
1600

>1400

x 1200
1000

800
600
400
200

5 10 15
*
9 K,C

Fig. 1. Bifurcation diagram of the coupled excitable cell
model CNN at cross-section gi ¢ € [5, 15] and g v € [200,
2200]. The domains are coded as follows: edge of chaos
(locally active and stable) domain (red), locally active and
unstable domain (green).

for the parameter groups:

e The bifurcation diagram with respect to the equi-
librium point @)’'s has two locally active and un-
stable domains separated by an edge of chaos.
The numerical simulations will show that nearby
the edge of chaos, chaotic trajectories and/or
complex periodic trajectories may emerge.

3.3. Simulations of the ECM CNN
Dynamics

Now, we simulate numerically the three-dimen-
sional (3D) ECM equations and the ECM CNNs
with different cell parameters based on the bifurca-
tion graph shown in Fig. 1. The calculated results
are shown in Table 1 and some of the simulation
graphs are shown in Figs. 2-11, respectively. Our
numerical simulations demonstrate that

e The qualitative behaviors of the 3D ECM equa-
tions and the corresponding ECM CNNs may be
similar (see Figs. 2, 6 and 9) or different (see
Figs. 3-5, 7, 8, 10 and 11), depending on the loca-
tions of selected cell parameters and the coupling
parameters. This may imply that 3D ECMs can-
not always describe correctly the dynamics of the
practical ECM CNNs.

e In fact, the oscillation of the “normal heartbeat”
is robust (see Fig. 2 and parameter group No. 1
listed in Table 1). However, the frequencies of
the “heartbeats” of the 3D ECM and the corre-
sponding ECM CNN are about 70 beats/min and
60 beats/min, respectively.

e The dynamic pattern of the 3D ECM with pa-
rameter group No. 3 listed in Table 1 shows
chaotic characteristics [Fig. 4(a)]. However, the
corresponding behaviors of the ECM CNN con-
verges to a 10-periodic limit cycle [Figs. 4(b)—
4(e)]. It is observed that if the coupling param-
eters D1 = Do = 0.0001, the graphs of the time
evolution of the corresponding ECM CNN will
also display chaotic patterns.

e The dynamic patterns of ECM CNNs with the
parameter groups Nos. 1-12 seem to exhibit
the processes of the heartbeat changes of the
patients:

Normal heart rate — Multi-period heart rate
— Chaotic heart rate — Multi-period heart rate
— Stop beating.

This fact implies that controlling parame-
ters gxy and gy o might make a heart with
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Table 1. Cell parameters and corresponding dynamic properties of the 3D ECMs and the ECM CNNs, where the
parameter group {Vi, Vi, Vi, Ve, Vo, Vi, 97, 91, Kc, p} = {—75 mV, 100 mV, —40 mV, 100 mV, —30 mV, —50 mV,
1800 s~ 1, 7571, 3.3/18 mV, 0.27 melsfl}. For items 1-5 and 11, take parameters D; = Dy = 0.001; for items
6-10 and 12, take parameters D; = Dy = 0.0001. The symbols |}, jp, €, F'S indicate that convergent patterns,
j-period patterns, chaotic patterns and complex period patterns are observed near to or far from the corresponding
equilibrium points, respectively. The numbers marked by a x indicate that the corresponding cell parameters lie on
the edge of the chaos domain.

No.  gkeo/s™'  gkv/s' Cell Equilibrium Point Eigenvalue Pattern (3D&HD)
1 10 1700 —32.4050, 2.4575, 0.2816 —0.0152, 11.9125 4 33.0239i 1p 1p
2 10 1600 —31.7282, 2.6428, 0.2916 —0.0113, 11.7799 £ 37.44461 2p 9p
3 10 1570 —31.5245, 2.6989, 0.2946 —0.0104, 11.6724 4 38.75521 &b 10p
4 10 1400 —30.3556, 3.0213, 0.3122 —0.0067, 10.4284 + 46.09001 18p 17p
5 10 1000 —27.3547, 3.8065, 0.3589 —0.0025, 2.3721 + 62.7407i FS FS
6 11 1000 —27.7697, 3.7049, 0.3523 —0.0034, 3.8788 + 58.2799i FS FS
7 11 1400 —30.9635, 2.8538, 0.3030 —0.0107, 11.2109 £+ —38.9826i FS 14p
8 11 1700 —33.3057, 2.2152, 0.2685 —0.0370, 11.5858 £+ —21.8000i &b [<3)
9 11 1735 —33.5929, 2.1394, 0.2643 —0.0460, 11.3675 £ 19.36321 3p 3p

10 11 2200 —38.1796, 1.0962, 0.2029 23.5628, —18.8322, 0.0711 1p 2p

11" 10 920 —26.6775, 3.9656, 0.3696 —0.0021, —0.3222 £ 65.87161 J U

12* 11 880 —26.7034, 3.9596, 0.3692 —0.0025, —0.2139 £ 63.5175i Y (3

0.4

0
Vimv n v, fmv ! t/s

(a) (b) (c)

30

A A A A A A A A A A A A A A A A A A A

0 5 10 15 20 25 30 0 5 10 15 20 25 30
t/s t/s
(d) (e)

Fig. 2. Graphs generated by the parameter group No. 1 listed in Table 1. (a) The one-period trajectory of the state variables
V, C and n of the ECM equations initial conditions: (V' (0), C(0), n(0)) = (—45.4357, 0.5412, 0.1247). (b) The trajectory of
the state variables Vi, C1 and n1 of the ECM CNN converges to a period-1 limit cycle. (c) The time evolution of the state
variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables V;'s and njs of the ECM
CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)) and (V;(0), C;(0), n;(0)) = (0,0, 0),i =2, 3,..., 30.
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disordered heartbeat to recover the normal fre-
quency of heartbeat.

e The dynamics of the first cell (pacemaker cell) of
an ECM CNN may be quite different from other
ones. In fact, Figs. 10 and 11 demonstrate that
the first cell shows period-3 and period-2 trajec-
tories but the other 29 cells display period-21 and
period-18 trajectories, respectively.

3.4. Concluding remarks

Coupled nonlinear dynamical systems (CNDS) have
been widely studied in the recent years. However,
the dynamical properties of the CNNs are difficult
to study, particularly for ECMs. The local activity
theory of CNNs provides a new tool for the study
of the ECMs.

Our numerical simulations imply that:

(a) Regulating parameters gj ;, and gj o might
make a disordered heart to recover the normal
frequency of heartbeat.

(b) 3D ECMs may not always describe correctly the
dynamics of the corresponding HD ECM CNNs.

UMM I FTITTV VY SN 11117V Y B 1111 VY I SITTTTIDUASVY WA T

LIUALLLL ML BTV VY SRS 1YV YV SRS 1111V VU S 111V VY U S N ITT W

MUALULL ML JUMLLL BTTTVOY G S 11V1Y VU SRS 1111V V S 1TV WO

AL UL ML AL M UL WMULLL |

YTV YO N 11YYYV W N1 11117 U W 11117 U S 1111V D SN 1T TV

ULAUOALALLLL ML ML AL AULAU BMULU s

UUMALLLL AL AUMLLL ML MBBLL WM ML

TTTTTOV YO S 1)VVYV U 1111 NN 11117 U W 1111V N U 1 111VY JTTITINE

0 10 20 30 40 50 60

(d)

(c¢) The dynamics of the pacemaker cell of an ECM
CNN may be quite different from the others.

(d) The values of the diffusion coefficients Dy, Dy
may make the dynamic behaviors of ECMs con-
siderably different. Experimental data on the
diffusion coeflicients are expected for computer
modeling.

(e) No sudden death phenomena are simulated,
which are quite different from the simulation re-
sults on the Hodgkin—Huxley CNN [Min et al.,
2000b).

Our research shows the effectiveness of the lo-
cal activity theory in the study of coupled excitable
cell models.

4. Analytical Criteria for Local
Activity of CNN with Four
State Variables and Two Ports

In the following subsections, first, we will set up
some analytical criteria for the Main Theorem for a

UUMIAIMUMALLAL ML ML ML MMM MU L

TV U G 11V V¥ 1111 U W11V ¥ GHNNN 117170 GRS 117111 0} ML

MUAAUUL AWML MU AL WAL IUAAL |

ML L AL AL AL AL AL M|

B L AL MU ML MU M |

LA fITTVIVYS W11 VS W 1111 TVY W—1117V - ITITTTVW S 11TV

MLOOALAL AL ML AL MOARO DA WAL |

MMM L BTIIVIVY® W11 1V VY W'Y VY W—117V)Y'V S—1717Y V S—— 1YV U

ML SUTTITVY WS 1117V W 11777 WM 111V7Y§ W 111}V U ST P

UL AL P11V TV R 11 1V7VY WS 177170 WS 11117VU SR 111 VYV U

TTITIT Y VO S 111170 W 11TV YV GO 117U SN 1111V ¥ W VW U 1111 G S 11

[ T [V VS DTTFFYYU WS 11TV WU W 17VS G111V V¥ (111117

0 10 20 30 40 50 60
t/s

(¢)

Fig. 3. Graphs generated by the parameter group No. 2 listed in Table 1. (a) The period-2 trajectory of the state variables
V, C and n of the ECM equations; initial conditions: (V(0), C'(0), n(0)) = (—44.5339, 0.5640, 0.1321). (b) The trajectory of
the state variables Vi, C1 and n; of the ECM CNN converges to a period-9 limit cycle. (c¢) The time evolution of the state
variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables Vs and njs of the ECM

CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)) and (V;(0),

Ci(0), n:(0)) = (0, 0, 0), i =2, 3,..., 30.
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Fig. 4. Graphs generated by the parameter group No. 3 listed in Table 1. (a) The chaotic trajectory of the state variables
V, C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—45.2256, 0.5785, 0.1271). (b) The trajectory of
the state variables Vi, C1 and ni of the ECM CNN converges to a ten-period limit cycle. (¢) The time evolution of the state
variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables Vs and njs of the ECM
CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)), and (V;(0), C;(0), n;(0)) = (0, 0,0),4=2, 3,..., 30.

general two-port CNN cell with four state variables.
Second, we will calculate the bifurcation diagram
of the SCC CNN with two reaction—diffusion coef-
ficients and then simulate numerically the dynamic
behaviors of the 4D SCCs and the SCC CNNs.

4.1. Theorems

For a two-port CNN cell with four state variables,
the corresponding local state equations assume the
following form:

Va = Aaava + Aabe + Ia
Vb = ApaVa + Apb Vp,
where

Vo=, Va]¥, Vi, =Wz, Vi|T, 1o = [I1, )7,
ailr a2 a3 aiq4
az1 a2 a23 QG24

asz;  as asz as4
, App = .
41 Q42 a43 G4

Aaa =

1

(34

~—

Aba =

| —

The corresponding CNN cell admittance Yg(s) is
given by

Yq(s) = (sI — Aaa) — Aab(sI — App) ' Aba

_ ls—an —ai2 ] 1

—a9g1 S — agy 82 + agos + bo()

y |f1113 +qii0 qi2s+ qlzol (35)

G135 + q130 4148 + q140

where

q11 = a13a31 + Q14041 (36)

q110 = 13034Q41 + Q1443031
— 13031044 — (41014033 (37)
q12 = a13a32 + 414042 (38)

G120 = 013034042 + 014032043
— 013032044 — 14033042 (39)
q13 = (23031 + (24041 (40)
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Graphs generated by the parameter group No. 4 listed in Table 1. (a) The period-18 trajectory of the state variables

V, C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—50.6499, 0.6083, 0.0848). (b) The trajectory of
the state variables V4, C1 and ni1 of the ECM CNN converges to a period-17 limit cycle. (c) The time evolution of the state
variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables V;'s and njs of the ECM
CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)), and (V;(0), C;(0), n;(0)) = (0, 0,0),4=2, 3,..., 30.

Q130 = 024031043 1+ 023034041
— 23031044 — 024033041 (41)
q14 = G23032 + a24042, (42)

G140 = 23034042 + 024032043

— 23032044 — 124033042 (43)
ago = —ass — Qua (44)
boo = 33044 — (34043 . (45)

Lemma 4.1. Let p(s) = s> +as+b. Then 3s € C,
and Re(s) > 0, s.t. p(s) = 0 < (a,b) € A =
{(z, y)|z <0, ory <0}

Proof. Since p(s) = 0= s = (—a*xVa®—4b)/2, it
implies that

(a) If a > 0 and b > 0, then Re(s) < 0.
(b) If a < 0 or b < 0, then there exists at least a
root s of p(s) = 0 s.t. Re(s) > 0.

This completes the proof. W

Lemma 4.1 gives the following result.

Theorem 4.1. For i =1, 2, 3, 4, let qi, q1i0, Qo0
and byy be defined by formulas (36)—(45). Then,
Yo(s) satisfies Condition 1 in the Main Theorem
if, and only if, at least one of the following condi-
tions holds: there exists an i € {1, 2, 3, 4} s.t.

1. If two roots of s®> + agys + bog = 0 do not equal
—q1io/qui, and
(@00, boo) € A= {(z, y)|lx <0 ory<O0}.

2. If a root 51 of s>4agos+boo = 0 equals —q1i0/ Q145
but another root so must satisfy Re(s2) > 0.

Proof. By Lemma 4.1, Condition 1 or Condition 2
guarantees that Yo(s) has a pole in Re(s) > 0. ®

Theorem 4.2. For i =1, 2, 3, 4, let q1i, q1i0, Qo0
and byy be defined by formulas (36)—(45). Then,
Yo(s) satisfies Condition 3 in the Main Theo-
rem if, and only if, at least one of the following
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Graphs generated by the parameter group No. 5 listed in Table 1. (a) The FS period trajectory of the state variables

V, C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—54.1528, 1.0179, 0.0642). (b) The trajectory of
the state variables V1, C1 and n1 of the ECM CNN converges to a F'S period trajectory. (c) The time evolution of the state
variables V4 of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables V;'s and njs of the ECM

CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)) and (V;(0),

conditions holds:

1. If apo # 0, boo = 0, max{|qii0/, |g120], |q130|
lq140|} # 0, and

(a) q120 # q130, OF

(b) qi20 = q130 but (q110q140 — q1209130)/a00 > 0,
or qiio/apo > 0,7 =1, or, 2 or, 4.

2. If agp = 0, boo > 0, max{|qi1| + |q110], |q12| +

lq120], |q13| + |q130], [q14] + |q140]} # 0, and

(a) Yg(s) does mnot satisfy the following
condition

(*)  qu10 = qua0 = 0, q12 = q13, Q120 = q130, O

(b) Yq(s) satisfies the condition (x) and
q11 + qua > 0 or q11q14 — Gy — iz0/boo < 0.

Proof. The expression of Y(s) has the form

S —aiil —ai2 ] 1

—a91 S — a9 52 — agos + boo

Yo(s) = [

s+ s+
% lfhl qi10 412 Q120] _ (46)

Q135S + Q130 G145 + Q140

Ci(0), n:(0)) = (0, 0, 0), i =2, 3,..., 30.

1. From Eq. (46), if Y¢(s) has a simple pole s =0
on the imaginary axis, then agy # 0, bgg = 0 and

max{|qi10/, |g120], |q130], |q140]} # 0.

In this case,

1 lQIIO Cﬂzo]

k1 = lim sYp(s) = —
s—0 ol®) apo | 9130 4140

Therefore,

(a) If q130 # q120, then k; is not a Hermitian.

(b) If q130 = q120, and (g1109140 — q1209130) /@00 > 0,
or qiio/age > 0, i =1, or, 2 or, 4. Then k; is
not a positive semi-definite Hermitian matrix.
This shows that Condition 1 in the Theorem is
satisfied.

2. Equation (46) implies that if Y¢(s) has a simple
pole s = iw on the imaginary axis, then
ago = 0, boo > 0 and

max{|qi1| + |q110, |q12| + |q120], |q13|  (47)
+ |q130, |q14] + |qua0l} # 0.
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Fig. 7. Graphs generated by the parameter group No. 6 listed in Table 1. (a) The F'S period trajectory of the state variables
V, C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—53.5931, 0.7699, 0.0672). (b) The trajectory
of the state variables Vi, C1 and n1 of the ECM CNN converges to a FS period trajectory. (c) The time evolution of the
state variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables Vs and njs of
the ECM CNN; initial conditions: (Vi(0), C1(0), n1(0)) = (—53.0990, 0.0699, 0.7125), and (Vi(0), Ci(0), n;(0)) = (0, 0, 0),

1=2,3,..., 30

In this case,

kl = lim (S — 7:\/ bOQ)YQ(S)
s—i1/boo
_ 1 |auiy boo + q110  q12¢v/boo + q120
2iv/boo | q131vboo + G130 q147v/boo + q140
_—llan— iq110/v/boo  q12 — 1q120/v/boo
2 | qi3 —iq130/vboo  q1a — iq140/+/boo
Therefore,

(a) If Condition (*) does not hold, then k; is not a
Hermitian matrix.
(b) If Condition (x) holds, then

det|)\I — k1| =\ + )\(Qll + Q14)/2 + q11a14/4
—(q12/2)* — ai20/ (4boo) -

Hence, if (q11 + q14) > 0 or q11q14/4 — (q12/2)2 —
@350/ (4boo) < 0, then k; is not a positive semi-
definite Hermitian matrix. In the case that the pole

s = —iv/bgg, the same conclusion can also be ob-
tained. Finally,

ki = lim Yqg(iw,)/iw, =1

wWp—r00

is a positive definite matrix.
Thus, we have completed the proof. W

In order to set up the analytic criteria for Con-
dition 2 in the Main Theorem, the following equal-
ities are stated in advance:

48

A1 = 2(ao0q11 — q110); B11 = 2booqii0  (48)
A2 = apo(q13 + q12) — q130 — 120 (49)
B12 = boo(q120 + q130) (50)
(51)
(52)
(53)

Bi2o = boo(q12 — q13) + aoo(q130 — q120) (51
52

53

A1y = 2(agoq14 — q140)
B14 = 2bgoq140
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Fig. 8. Graphs generated by the parameter group No. 7 listed in Table 1. (a) The F'S period trajectory of the state variables
V, C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—44.7464, 0.1300, 0.4661). (b) The trajectory of
the state variables Vi, C1 and n; of the ECM CNN converges to a 16-period limit cycle. (¢) The time evolution of the state
variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables V;'s and n;s of the ECM
CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)), and (V;(0), C;(0), n;(0)) = (0, 0,0),4=2, 3,..., 30.

0 = _ 2agy(an + ag) + Ay (54) 93(Q) = 2(a11 + as)
4(a11 + a22) Q;(A11 + A14) + Bi1 + Bus
q1 (Ql) = 2((111 + azz)Q% + [2a(2)0(a11 + a22) (bo() — Qi)z —+ a%OQz- ’
+ A11A14]Q1 + B11Bia (55) =34 (62)
All + A14 2b00 — apo
Qy=———""""_ 56 Qg = —— 63
=gt ORI, (63)
92(Q2) = 2(a11 + azz)Q% 94(Q25) = 2(a11 + a22)[(boo — QS)2 + a(2)095]
+ (A11 + A14)Q2 + Bi1 + Bus (57) + B11 + By (64)
o = 2(B11 + Bia) (58) MM = 2b%,[az2B11 + a11Bia — (a1 + ag1) B1a]
f o DU T TId)
Aqr + Ay + B11B14 — B%z (65)
F_ g2 (ady — 2boo)(B11 + Bia) 59 J = 2a20A11 + 2a11A14 — 2(a12 + a21) A1z
ag = —0pg + A+ A (59) )
1A — (q12 — q13) (66)
_a’{ 4 /aiz _ 4a6 (60) K = 2a99B11 + 2a22(a30 — 2b00)A11 + 2a11B14
3= 2 + 2(111((1(2)0 — 2b()0)A14 + A11A14 — 2((112
0 —af — yJat? — dap + ag1)Bia — 2(a12 + as1) A12(ady — 2boo)
4= 2 (61) — A%y — 2(q12 — q13) B12o (67)
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Fig. 9. Graphs generated by the parameter group No. 8 listed in Table 1. (a) The chaotic trajectory of the state variables V,
C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—44.7464, 0.1300, 0.4660). (b) The trajectory of the
state variables Vi, Cy and ni of the ECM CNN exhibit chaos. (c¢) The time evolution of the state variables V1 of the ECM
CNN. (d) and (e) The graphs of the time evolution of the state variables V;s and njs of the ECM CNN; initial conditions:
(V1(0), €1(0), n1(0)) = (V(0), €(0), n(0)) and (V;(0), C:(0), ni(0)) = (0, 0, 0), i =2, 3,..., 30.

L = 2a22311(a%0 — 2b00) + 2a22A11b%0 gﬁ(Qg) = KQ% + LQg + M (74)
+2a11 Bia(ady — 2b0o) + 2a11 A14b3, E = 4ajiag — (a9 + agy)? (75)
— 2(&12 + a21)B12(a30 - 2b00) - 2((112 F = 2((1%0 - Qboo)E +J (76)
+ a21)A12b(2)0 — 2A12B12 — B]2_20 G = (G%O — 4a(2)0b0() + Gb(z)o)E + K (77)
+ B11A1s + A1 Bu (68) H = 2b3y(agy — 2bo0) E + L (78)
M = 2a22311b(2)0 + 2a11314b(2)0 — 2((112 I = bgOE + M (79)
+ a21)B12bgy + BuiBia — By (69) ~14+4V/3 “1-4V/3 (50)
Wy =——3; Wy = ———
~-K++VK?-3JL 2 2
Q6 = (70)
3J 3F G
a0 = ﬂo=ﬁ (81)
QO —-K—-vVK?2-3JL (71)
7= 1
37 p= 1o} +fhy (82)
95(%) = JO3 + KQ? + L, + M,
o 2 3 aoﬂo H 3
1=6,7 (72) Q—ﬁao—TJFE (83)
L 2 3
Qg = —o— (73) _T ., P
2K D= 1 + o (84)
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Graphs generated by the parameter group No. 9 listed in Table 1. (a) The three-period trajectory of the state

variables V, C and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—43.7384, 0.4580, 0.1374). (b) The

trajectory of the state variables Vi, C1 and mi of the ECM CNN converges to a three-period limit cycle.

(c) The time

evolution of the state variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables V;'s
and n;s of the ECM CNN; initial conditions: (Vi(0), C1(0), n1(0)) = (V(0), C(0), n(0)) and (V;(0), C;(0), n;(0)) = (0, 0, 0),

i=2,3,...,30.

Ay = {—q/2+[(q/2)? + p?/21)/2}1/3
+{—q/2 - [(q/2)* +p’/27)"/?}/*
Ay =wi{-q/2+[(q/2)* + p*/27)"*}!/?
+wa{—q/2 = [(¢/2)* + p*/27)"/*}'/?
A = wy{—q/2 + [(q/2)* + p*/27)"/?}!/3
+wi{—q/2 — [(¢/2)* + p*/27)"*}}/?
Qg =A1 — /3
Q1o = Ag —ap/3
M1 = Az —ap/3

-G+ VG2 —-3FH
g =
3F
— G? - 3FH
3 = Va
H
My = e

g7(Q) = EQY + FQ3 + G2 + HQ,; + I ;

1=29,10,..., 14. (94)
Theorem 4.3. Let the following parameters be de-
fined via formulas (36)—(45), and (48)—(94). Then,
Yo(s) satisfies Condition 2 in the Main Theo-
rem if, and only if, one of the following conditions
holds:

(i) a1 + age > 0.
(ii) a1 +age =0 and A1 + Ay > 0.
(iii) a1 + a2 = 0, A1 + Ay < 0, and By +
By > 0.
(iv) a11 + a2 < 0, bog # 0, and 2(a11 + ag) +
(B11 + Bl4)/b(2)0 > 0.
(v) @11 + a2 < 0, bpp = 0, agg # 0, and
Bi1 + By > 0.
(vi) a11+ag <0, by =0, agy # 0, B11+ B4 <0,
and Q1 >0, g1(Q21) > 0.
(Vii) a1 + age < 0, agg = 0, bgg = 0, and s > 0,
gz(Qz) > 0.
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Fig. 11. Graphs generated by the parameter group No. 10 listed in Table 1. (a) The one-period trajectory of the state
variables V, C' and n of the ECM equations; initial conditions: (V(0), C(0), n(0)) = (—46.1873, 0.4321, 0.1816). (b) The
trajectory of the state variables V1, C1 and n1 of the ECM CNN converges to a two-period limit cycle. (c) The time evolution
of the state variables Vi of the ECM CNN. (d) and (e) The graphs of the time evolution of the state variables V;'s and
nis of the ECM CNN; initial conditions: (V1(0), C1(0), n1(0)) = (V(0), C(0), n(0)) and (V;(0), C;(0), n;(0)) = (0, 0, 0),

1=2,3,..., 30

(vili) a11+ag <0, agg # 0, boo # 0, A11+A14 #0,
and

(a) 23>0, g3(Qs3

) >0 or

(b) Q4 Z O, g3(Q4) Z 0.
0,b

>0

(iX) ai1+ag <0, agy 75
and 25 > 0, ga(S25)
(x) E<O.
(xi) E=0 and MM < 0.
(xii) E=0, MM >0, J # 0, and
(a) Q6 >0, g5(2) <0 or
(b) Q7 >0, g5(27) < 0.
(xiii) E=0, MM >0, J =0, K # 0, Qg > 0, and
96(€28) < 0.
(xiv) E=0, MM >0, J=K =0, and
(a) M <0 or
(b) L <0.

(xv) E > 0, and one of the following conditions
holds:

00 7 0, Aj1+A14 =0,

(a) D >0,Q9 >0, g7(Qg) < 0.

(b) D <0, and

(1) Q9 >0, g7(29) <0 or
(2) Q10 >0, g7(Q10) <0 or
(3) Q1 >0, g7(211) < 0.

(C)Dzo,p

=q =0, a9 < 0 and

g7(—ap/3) < 0.

(d) D=0, ¢*/4=—p*/2T #0, and
(1) Q9 >0, g7(29) <0 or
(2) Q10 >0, g7(Q0) < 0.

Proof. Let

611 = w?Ay + By ;

512 = A12w? +iw[(q13 — qu2)w?® + Bizo] + Biz;

614 = w?Ayy + By

Then,

513 = 12 -



511
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512

A+ 2a11 +

AL — Y (iw)| = 5
(CL12 + CL21) + 13

(boo — w2)2 + (aoou))2

(a12 + a91) + (oo — )2 T (anow )2

514

(boo — w2)2 + (CL()()LU)Q

A+ 2a99 +

(boo — w2)2 + (CL()()LU)Q

w2A11 + Bll w2A14 + Bl4
=(A+2 N4 9
( TR (boo — w?)? + (agow)? o (boo — w?)? + (apow)?
2
(boo — w?)? + (agow)? [(boo — w?)? + (agow)?]?

SN far+ap.

Consequently, if a; > 0 or ap < 0, then Yg(s) sat-
isfies Condition 2 in Main Theorem.

Case 1. Conditions for a1 > 0.

(All + A14)w2 + Bll + Bl4

=2
ax (a11 + az2) + (Boo — w2)? + aBgi?

(I) If a1 + a2 > 0, then a; > 0, when w is large
enough [Theorem 4.3(i)].
(H) If a114+a92 =0, thena; > 0 < (All +A14)Q+
Bi1 + Bi4 > 0. Therefore if
(A) A1 +A14 >0, a11+ag =0, thena; >0
as w is large enough [Theorem 4.3(ii)];
(B) A1 + Ay < 0, ag1 + azx = 0 and
Bi1 + By > 0, thena; >0asw =0
[Theorem 4.3(iii)].
(IH) If a11 4+ a2 < 0,
(A) a11 + aga < 0, by # 0 and 2(&11 + a22) +
[(Bll + Bl4)/b(2)0] > 0 then a; > 0, for
w = 0 [Theorem 4.3(iv)].
(B) If a11 + a2 < 0, bgg = 0, age # 0, solve

a1(2)=g1(2) =2(a11+as2)

(All +A14)Q+Bll —|—Bl4

>0.
(bo() —Q)2+G%OQ

We can first solve
[2(&11 + a22)(Q2 + CL(Q)OQ)
+ (A1 + A14)Q+ By + Bu) =0,
4Q(a11 + ag) + [2a3y(a11 + aga) + A1 + A] = 0.
We obtain

[2a§y(a11 + a2) + A1 + A1y

Q) = —
! 4(&11 + agg)

Therefore if Q; > 0 and ¢1(21) > 0, then a; > 0.
It follows that

(B1) ain + a2 < 0, bpp = 0, apy # O,
Bi1 + By > 0, then a; > 0 [Theo—
rem 4.3(v)].

(B2) a1 +az < 0, bog = 0, agg # 0,
Bi1 +B14 <0, >0 and 91(91) > 0,
then a; > 0 [Theorem 4.3(vi)].

(C) a11+ase <0, bgg = ago = 0, thenay > 0

becomes

a1(Q) = 2(a11 + az)
i (A11 + A14)Q + B11 + Bis

02
>0.
Let
92(9) = 2Q%(a11 + ag) + (A1 + A1)
+ B11 + B
Solving
g5(2) = 0= 4Q(a11 + ax) + A1 + Aus
=0,
we obtain
Oy = —An — Au > 0.

4(a11 + ag2)
It follows that if a1 + a2 < 0, agy =
b()() = 0, QQ > 0 and gz(Qg) > 0, then
aj; > 0 [Theorem 4.3(vii)].
(D) a11 + a2 <0, agy # 0, bog # 0. Let
a1 = g3() = g3(w?)
= 2(&11 + CL22)

(All + A14)Q + Bll + Bl4

+
(boo — Q)2 + G%OQ
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Solving ¢5(€2) = 0, we obtain
(A11 + A1g)[(boo — Q)% + a2Q)]
—[(A11 + A14)Q + By
+ Bua][~2(boo — Q) +a*] = 0.
(D1) If Ay + Arg # 0, then
2(B11 + B1g)

02 + Q-0
A1+ Ay 00
" (ady — 2boo)(B11 + Bi4) _o
A+ Awg '

From the above equation, we get

* *2 *
Qs — a] 1/2a1 4ay '
We conclude that if ay; + age < 0,
ago # 0, boo # 0, A11 + A4 # 0, and
(a) Q3 >0 and g3(Q23) > 0, or
(b) €4 >0 and g4(£24) > 0,
then a; > 0 [Theorem 4.3(viii)].
(D2) If Ay1 + Ay = 0, then a1 = 2(&11 +
ag2) + (B1 + Bia)/[(boo — Q)% + ago9.-

Let
94(Q) = 2(a11 + az2)[(boo — )% + agoQ)]
+ B11+ B1a > 0.

Solving
94(2) =0,
that is —2(bgg — ) + a, = 0, we obtain
Q5 _ 2b00 - a%o
— 5

Therefore, if a11 + age < 0, agg 75 0, bog 75 0,
A1+ A4 =0, Q5 > 0 and g4(Q5) > 0, then
a; > 0 [Theorem 4.3(ix)].

Case 2. Conditions for ag < 0.
w?A11 + By ]

= 241 +
ap aijl (b()() _ w2)2 + agowQ

2A B
w |2a99 + W A4 + D14 ]

(boo — w?)? + afyw?

— |ai1 +CL22 +

2
w?A12 + Bra
(boo — w?)? + agow?

_ {w[(ﬂhza — q12)w” + Biy] }2 .

(boo — w?)? + afyw?

(I) If 4aq11a90 — (CL12 + CL21)2 < 0, then ag < 0 as
w is large enough [Theorem 4.3(x)].
(I) (A) If E =0 and byy # 0, let g(w) = ap(w).
Then

g(w)

= 4aq1a22

2a22 (w2A11 +Bll)+2a11 (w2A14+Bl4)
(boo —w2)2+ (aoou))2

(w2A11 +Bll)(u)2A14+Bl4)
[(boo —w?)2 +(agow)?]?

2(a12+a21)(A12w?+ B12)
(boo —w2)2 + (aoou))2

(w2A12 +Blg)2
[(boo —w?)? + (agow)?]?

~ w?[(g13—q12)w” + Bigo)?
[(boo —w?)?+(agow)?]?

— (a2 +a21)2-

Let Q = w?. If

MM = 2b3[azeB11 + a11B14 — (a12 + ag1)Bia)
= bllBl4 — B%Q < 0,

then ap < 0, g(©2) < 0 as w = 0 [Theo-
rem 4.3(xi)].

(B) dai1a99 —(a12 +a21)2 =0,and MM > 0.
Let

g5(Q) = JQ* + KQ* + LQ+ M.

Solving

we obtain
3JP2+2KQ+L=0.

(B1) J # 0, solving the above equation, we
obtain

—K++vVK?-3JL

9] =
6,7 3J

It follows that if 4a11a92 — (a12+a21)2 =
0, MM >0, J # 0, and



(a) Q¢ > 0 and g5(Q6) <0, or
(b) Q7 >0 and g5(S27) <0,
then ap < 0 [Theorem 4.3(xii)].

(B2) J #0and K # 0. Let

96(Q) = KPP +LQ+ M.
Solving
95(Q) =2KQ+ L =0,

we obtain

L

Og = —— .
8 oK

It follows that if 4a11a00 — (a12+ag1)? =
0, and MM >0, J =0,k #0, Q3 >0
and gg(Q28) < 0, then a9 < 0 [Theo-
rem 4.3(xiii)].

If J =K =0, then gs(2) = LQ + M.
Therefore, if 4a11a20 — (a12 +az)? =0,
and MM >0, J =0, K =0 and

(a) M <O0or

(b) L <O,

then ag < 0 [Theorem 4.3(xiv)].
(IH) 4a11a22 — (CL12 + a21)2 > 0,
ap = g7(€2)
= EQ* + FQP 4+ GQ* + HQ + 1. (95)

If £ # 0, denote

p= —3F%/16E* + G/2E
q=F3/32E3 — FG/SE? + H/AE
D =q¢*/4+p®/27.

Then, from the formulas for the roots of a
cub polynomial, we can conclude that ag < 0
[Theorem 4.3(xv)] if, and only if, one of the
following conditions holds:
(a) D >0, 9 >0, gr(Q9) <0,
(b) D <0 and

(1) Q9 >0 and g7(29) <0 or

(2) Q10 > 0 and g7(210) < 0 or

(3) Q11 > 0 and g7(§211) < 0.
(c) D=0,p=0,¢g=0, o <0 and

97(2) = gr(—ao/3)
= E(Ozo/3)4 — F(Oé()/3)3 + G(Ozo/3)2
—H(Ozo/3) +1<0
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(d) D=0,¢*/4=—p*/27T#0
(1) Q9 >0 and g7(Q9) <0 or
(2) Q10 = 0 and g7(10) < 0.

In summary, we have completed the proof. W

Theorem 4.4. For i =1, 2, 3, 4, let q1;, q1i0, Q00
and byy be defined by formulas (36)—(45). Then,
Y(s) has a multiple pole on the imaginary azis if,
and only if, ago = boo = 0, and

max{|qi1| + |q110], |q12| + |q120], |q13] + |q130],
lq14] + |qua0]} # 0.

Proof. Y q(s) can only have a double pole 0 on the
imaginary axis. It is true if, and only if, the above
equation holds. M

In summary, Theorems 4.1-4.4 provide the an-
alytic criteria for two-port CNN with four state
variables.

4.2. SCC CNN and bifurcation
diagrams

The two-port SCC with four state variables and
15x 15 arrays is similar to the one-port SCC given in
[Min et al., 2000], which might be the most friendly
model that either has very complex dynamical be-
haviors or can be studied easily via the local activity
theory. The 4D SCC equations are represented as
follows.

dxq
—=a Ty — 21 — bry

_ e ; b) arctan(5z1) (96)
%:ml—wg—i—wg (97)
% = — [z (98)
%:a x1 — xq — 2bxy

— 2((17: ) arctan(bzy)| , (99)

where a, 3, a and b are parameters.
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The corresponding two-port SCC CNN is given
by

(a =)

—bri — ——

T1ij = @ |Tij — Tlij

x arctan(5z1;,5)] + D1l1i41,5 + T1i-1,5

+ x5 541 + T1ij—1 — 414 5] (100)

Toij = X1ij — T2ij + T35 + Da[Toiy1,j + T2im1j

+2; 541 + T2i -1 — 4T 5] (101)
T34, = —BT2,j (102)
Taij = [T1ij — Taij — 202145

— @arctan(&wlm)

i j=1,2...,15. (103)

Now, let us revise Egs. (100)—(103) into four equa-
tions of 225 x 1 vector differential equations, via
choosing a row-wise order scheme:

(i—1)N+j
T1i5| — o3

(i—1)N+j
T2 5| — Ty

(i—1)N+j
T3i,5| — T3

Xy = [z1, o, 21

Xo = [23, a3, 257

X3 = [z3, a3, 257

Xy =[xy, af, .., 237
Consequently, in a component form,

Eqgs. (100)7(103) become

= f1(X1, X2, X3, X4) + D; V> X1 (104)
= fo(X1, X2, X3, X4) + Dy v* X2 (105)
= [3(X1, X2, X3, X4) (106)
= fa(X1, X2, X3, X4) (107)

where

fiXq, X2, X3, X4)

—b
=~ ofxs = X0 — 0%y = Y ctan(5%y)
™
(108)

fo(X1, X2, X3, X4) =X; — X2 + X3 (109)
f3(X1, X2, X3, X4) = —4X> (110)

f1(Xq, X2, X3, X4)

—b
=oa|X] — X4 — 20X, — 2(a )arctan(5X1)
™
(111)

and 72 corresponds to a 225 x 225 matrix.

The cell equilibrium points Qs of Egs. (104)—-
(107) for the restricted local activity domain
[Dogaru & Chua, 1998a] can be determined numer-
ically via

fi(X1, X2, X3, Xq) =0 (112)
f2(X1, X2, X3, X4) =0 (113)
f3(X1, X2, X3, X4) =0 (114)
fa(Xq, X2, X3, X4) = 0. (115)

From Egs. (108)—(115), it follows that for any pa-
rameter group {«, 3, a, b}, there exists at least one
cell equilibrium point:

Q1 =(0,0,0,0).

On the other hand, the other cell equilibrium point
Q; = (x1, z2, T3, x4) must satisfy the following
equations:

X, =0 (116)
X5 = - X, (117)
—b
0=(1+bX;+ (a )arctan(5X1) (118)

T
0= X, — X4 — 2%y — 2= prctan(5%,).
(119)

Mathematical analysis shows that Eqgs. (116)—(119)
have just two nonzero equilibrium points and are
determined by the following:

Constraint condition [Min et al., 2000b]. If Qs is
a nonzero equilibrium point, then Q3 = —(@Q)5 is also
an equilibrium point, and the parameters a and b
have to satisfy the following inequality:

(b+1) <5(b—a)/r | (120)




Using the constraint condition (120), the
admissible parameter domain for the nonzero
equilibrium points Q2 and (3 can be calculated
via computer programming. Consequently, the
cell coefficients a, ,(Q;)’'s are well defined via the
corresponding Jacobian matrix:

a11(Qs) a12(Q:) a13(Qi) a14(Qy)
A2 a21(Qs) a22(Q:) a23(Qi) a2(Qy)
a31(Qs) a32(Q:) a33(Qi) az4(Qy)
as1(Qs) a12(Q:) a43(Qi) aa4(Qy)
a11(Qq) a12(Qs) 0 0
| a1(@i) a22(Qi) a2s(Q) 0
S0 an@) 0 0
aq1(Qs) 0 0 a44(Qs) |
(121)
where

5(a —b) } }
a1 =ad—1— b+ ———| b,
H { [ m(14 (5z1)?)
a2 =, a1 =1, azp = —1, (122)
a3 =1, azy = —f3, asy = —a,

i =afo-afpr 2D

Using Theorems 4.1-4.4; constrain condition
(120) and formulas (35)—(45), (121) and (122), the
locally active domains, locally passive domains and
edges of chaos with respect to the equilibrium points
Q1 and Q2 (resp. Q3) with different cell parame-
ters, are shown in Figs. 12(a) and 12(b), respec-
tively. From these graphs, it can be concluded
that:

e For all the selected parameter groups, the corre-
sponding bifurcation diagrams do not have locally
passive domains.

e Although the analytical criteria for the four vari-
able CNNs with one port (see Theorems 2.1-2.4,
and Figs. 5(a) and 5(b) in [Min et al., 2000b]) and
two ports (see Theorems 4.1-4.4) are formally dif-
ferent, the two bifurcation graphs, Figs. 12(a) and
12(b), are the same as those shown in Figs. 5(a)
and 5(b), respectively.
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(b)

Fig. 12. Bifurcation diagrams of the SCC two-diffusion
CNNs with parameters = 10 and 8 = 15. The domains
are coded as follows: edge of chaos (locally active and stable)
domain (red), locally active and unstable domain (green).
In the domain coded with yellow, no nonzero equilibrium
point exists. The edge of chaos with respect to the equilib-
rium point: (a) Q1 (= 0) at cross-section a € [—2, 2] and
b € [—2, 2] and (b) Q2 (resp. Q3) at cross-section a € [—2, 2]
and b € [-2, 2].

e The edges of chaos with respect to equilibrium
points @1 and Q2 (resp. J3) are quite different.
Therefore, the proposed Definition 2.1 is useful.

4.3. Simulations of the SCC CNN
dynamics

Now, let us simulate the dynamic behaviors of the
4D SCC equations and the SCC CNNs (96)—(103)
with the periodic boundary condition. The param-
eter groups chosen in the equations and the corre-
sponding simulation results are listed in Table 2.
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Table 2.

Cell parameters and corresponding dynamic properties of the SCC CNNs, where {«, 3, D1, D2} =

{10, 15, 0.01, 0.01}. The symbols |, f, O and €D indicate that convergent patterns, divergent patterns,
periodic patterns and chaotic patterns are observed near to or far from the corresponding equilibrium points,
respectively. The numbers, which are marked by *, indicate that the corresponding cell parameters lie on the
edge of chaos domain with respect to Q1 or Q2 (resp. Q3).

No. a b Equilibrium Point Eigenvalue Pattern
1" -1 0.6 0.3239, 0, —0.3239, 0.9718 —10.0000, —0.0211 £ 3.6814i, —9.9299 O
-1 0.48 0.3239, 0, —0.3239, 0.9718 —10.0000, 0.0041 + 3.6572i, —9.3073 PO
-1 0 0.3239, 0, —0.3239, 0.9718 —10.0000, 0.1218 £ —3.5017i, —6.8512 @O
-1 -0.5 0.3239, 0, —0.3239, 0.9718 —10.0000, —0.0002 + 3.6615i, —9.4109 D
-1 —0.85 0.3239, 0, —0.3239, 0.9718 —10.0000, 0.0936 £ 2.4924i, —2.0282 O
6 -1 -0.9 0.3239, 0, —0.3239, 0.9718 —10.0000, —0.0170 £ 2.3471i, —1.5268 U1
I -1.3 0.3 0.4523, 0, —0.4523, 1.3568 —10.0000, —0.0161 £ 3.6768i, —9.8026 o
8 -1.3 —0.1 0.5073, 0, —0.5073, 1.5218 —10.0000, 0.0833 £ 3.5623i, —7.5973 O
-1.3 —0.85 0.1924, 0, —1.3606, 4.0819 —10.0000, 0.1924 + 2.7136i, —2.7334 T
10 -1.3 —0.90 1.8639, 0, —1.8639, 5.5917 —10.0000, 0.1173 £ 2.5340i, —2.1622 D 1
11 -1.3 —0.93 2.5090, 0, —2.5090, 7.5271 —10.0000, 0.0305 + 2.4014i, -1.7237 ki)
12* —-1.3 —0.94 2.8670, 0, —2.8670, 8.6010 —10.0000, —0.0111 £ 2.3532i, —1.5500 U
13" —2 —0.94 8.7041, 0, —8.7041, 26.1124 —10.0000, —0.0018 =+ 2.3633i, —1.5875 U
14 -2 —0.935 8.0630, 0, —8.0630, 24.1889 —10.0000, 0.0205 £ 2.3892i, —1.6806 O
15 -2 -0.8 2.8670, 0, —2.8670, 8.6010 —10.0000, 0.2332 £ 2.9028i, —3.3738 D
16 -2 -0.7 2.0313, 0, —2.0313, 6.0939 —10.0000, 0.2370 £ 3.1260i, —4.2754 T
17 -2 0 0.8535, 0, —0.8535, 2.5604 —10.0000, 0.0024 + 3.6589i, —9.3478 O
18* -2 0.1 0.8069, 0, —0.8069, 2.4207 —10.0000, —0.0244 £ 3.6844i, —10.0166 O
19* 1 1.5 0,0,0,0 —10.0000, —0.2136 =+ 3.7869i U
20" 1 1 0,0,0,0 —10.0000, —0.2527 £ 3.8010i U
21" 1 0.5 0,0,0,0 —10.0000, —0.2829 £ 3.8097i U
22* 1 0 0,0,0,0 —10.0000, —0.3067 £ 3.8154i U
23" 1 -0.5 0,0,0,0 —10.0000, —0.3260 £ 3.8192i U
24* 1 -1 0,0,0,0 —10.0000, —0.3418 =+ 3.8219i Ol
25" 1 1.25 0,0,0,0 —10.0000, —0.3551 £ 3.8237i U

The numerical simulations show that the qualita-
tive behaviors of the SCC equations and the SCC
CNN s are similar if the diffusion parameters D; and
Dy are small enough (e.g. < 0.01).

Roughly speaking, if the parameters a and b
are selected in the edge of chaos (red) of the equi-
librium @ shown at the top in Fig. 12(b) [resp. the
locally active and unstable domain (green) of @
given in Fig. 12(a)|, the dynamic behaviors of the
corresponding SCC CNNs can exhibit oscillation
(see Table 2).

If the parameters a and b are chosen in the
intersection of the locally active and unstable do-
mains of @1 and Q2 shown in Figs. 12(a) and 12(b),
the corresponding SCC CNNs may display succes-
sively oscillatory, divergent, chaotic and oscillatory

patterns. In most cases, if the parameters a and
b are located in the locally active domain (green),
which are near the bottom edge of chaos shown in
Fig. 12(b), chaotic patterns can be generated.

On the other hand, if the parameters a and b are
selected in the edge of chaos (red) of the equilibrium
@1 in the left area in Fig. 12(a), in which no nonzero
equilibrium @9, (3 exist, then for most cases,
divergent patterns are observed via simulations.
Oscillatory patterns or divergent patterns may also
coexist with divergent patterns by choosing dif-
ferent initial conditions (see items 19-25 listed in
Table 2).

Figures 13(a)-13(c) exhibit, respectively, the
chaotic trajectories and periodic trajectories, which
are generated via the SCC equations and numbered
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0
X, t)

0
X, (1)
(c)

Fig. 13. Trajectories of the state variables x1, z2 and x3
of the SCC equations. The chaotic trajectory and the peri-
odic trajectory generated by the parameter set No. 3 listed
in Table 2, with the initial condition (z1(0), z2(0), z3(0)):
(a) (—0.1630, —0.0265, 0.0602, —0.4275), and (b) (—0.3342,
1.2220, 12.5481, —2.2370). (c) The chaotic trajectory gener-
ated by the parameter set No. 10 listed in Table 2 with the
initial condition (1, 1, 1, 1).

xile’(t) X ®

(©)

Fig. 14. Trajectories of the components of the states X1, X»
and X3 of the SCC CNNs. The trajectories of the SCC CNNS
generated by the parameter set No. 3 listed in Table 2, with
different initial conditions: (a) The chaotic trajectory, and
(b) The trajectory converges to a limit cycle. (c) The chaotic
trajectories generated by the parameter set No. 10 listed in
Table 2.



954 L. Min & N. Yu

by 3 and 10 listed in Table 2 with different initial For Figs. 14(a) and 15:

conditions.

Now, let us simulate their corresponding 15 x 15 —0.1630, if7<i<9, j=28
SCC CNNs with periodic boundary conditions. 211,4(0) = or7<j<9, i=8
e The patterns generated by the parameter group 0.1630,  otherwise.

No. 3. The parameter group is located in the lo-

cally active domain and nearby the oblique edge —0.0265, if 7<i<9, j=8
of chaos with respect to the equilibrium point Q)9 72 (0) = { or 7<j5 <9, i=28;
[see Fig. 12(b)]. Figures 14(a) and 14(b) show 0.0265,  otherwise.

the trajectories of the components of the states

X1, X2 and X3 of the SCC CNNs are very sim- 0.0602, f7<i<9, j=38
ilz?ur to those of the original SCC equations [see 3 (0) = or 7<5<9, i=28;
Figs. 13(a) and 13(b)]. The graphs of the time 0.0602.  otherwise

evolution of the patterns of the local state vari- ' ’ '

ables of the SCC CNN over the time interval 04275, fT<i<9, j=8
[0,40] are shown in Figs. 15 and 16, respectively. N ' ’ 7 < i< é s
The diffusion parameters Dy, Do are selected as 241§ (0) = or _‘_7 =t ’
0.01. The initial condition is chosen as follows. 0.4275,  otherwise.

225

t/s

(b)

0 10 20 30 40
t/s t/s

(c) (d)

Fig. 15. Graphs of the time evolution of the state variables w’f/s, ac’z“/s, x'gfls and :cfjls of SCC CNNs generated by the parameter
set No. 3 listed in Table 2.
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t/s

(c)

Analytical Criteria for Local Activity of Two-Port CNN 955

225

225

0 10 20 30 40
t/s

(d)

Fig. 16. Graphs of the time evolution of the state variables x’f,s, xlg“,s, xlgls and xifls of SCC CNNs generated by the parameter

set No. 3 listed in Table 2, with different initial conditions.

For Fig. 14(b) and Fig. 16:

—0.3342, if7<i<9,j=8
or 7<j <9, i=28;

0.3342, otherwise.

T1i

or 7<353<9 1=28;
—1.2220, otherwise.

L24,5

12,5481, if7<i<9, j=38
or 7<j<9 1=28;
—12.5481, otherwise.

(0) = {
1.2220, if7<i<9, j=8
(0) =
23,5(0) = {
—2.2370, if7<i<9, ;=8
24;(0) = or 7<j <9, i=28;
2.2370, otherwise .

e The patterns generated by the parameter group
No. 10. The parameter group is located in the

locally active domain and nearby the horizon-
tal edge of chaos with respect to the equilibrium
point @, [see Fig. 12(b)]. Figure 14(c) shows
the trajectories of the components of the states
X1, X5 and X3 of the SCC CNNs are very sim-
ilar to those of the original SCC equations [see
Fig. 13(c)]. The graphs of the time evolution of
the chaotic patterns of the local state variables of
the SCC CNN over the time interval [0,40] are
shown in Fig. 17. The diffusion parameters D1,
D5 are selected as 0.01. The initial condition is
chosen as follows.

1, if7<i<9, j=38
wli,j(()): 01‘7§j§9, i:&
—1, otherwise.

1, if7<i<9, j=38
I,Egi,j(O): or 7<j<9,i=8;
—1, otherwise.
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225

t/s

(b)

0 10 20 30 40
t/s

()

0 10 20 30 40
t/s

(d)

Fig. 17. Graphs of the time evolution of the state variables x’f,s, xgls, xlgls and xifls of SCC CNNs generated by the parameter

set No. 10 listed in Table 2.

1, if7<i<9, j=38

23;,;(0) = or 7<5<9,1=28;
—1 otherwise.
1, if7<i<9, j=8
.’L’4,’J(0) = Or7§j§95 1=38;

—1, otherwise.

Now let us continue with the state variables of
the above SCC CNN with the chessboard-shaped
initial conditions given by

245 5(0) = 1, if ¢4+ j is an even number;
R\ =) —1, otherwise

where k = 1, 2, 3, 4. The evolution of chaotic
patterns of the state variable xy; ; over the time

interval [0,120] are shown in Fig. 19; the evo-
lution of chaotic patterns of the state variables
T14,5, 25,5, L34 and L4545 at the time 30, 52.9,
72.5, 89.7 and 105 are shown in Fig. 20, in which
the pseudo-color code for the components a:;m ;8 of
the solution of the CNN state equation are cho-
sen as similar to that shown in Fig. 7 in [Min
et al., 2000b]. These figures exhibit once again
that smoothed Chua’s circuit CNNs are the ma-
chines generating complex patterns.

The patterns generated by the parameter group
No. 24. The parameter group is located in the
the edge of chaos with respect to the equilib-
rium point @1 = (0, 0, 0, 0) [see Fig. 12(a)]. The
graphs of the time evolution of the limit cycle pat-
terns of the local state variables of the SCC CNN
over the time interval [0, 40] are shown in Fig. 18.
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225

t/s

225

20 30 40 0 10 20 30 40

t/s t/s

(c) (d)

Fig. 18. Graphs of the time evolution of the state variables x’fls, x’;ls, xlgf,s and xif,s of SCC CNN'’s generated by the
parameter set No. 24 listed in Table 2.

The diffusion parameters Dy, Do are selected as  4.4. Concluding remarks
0.01. The initial condition is chosen as follows.

r1;,5(0) =

2,j(0) =

3;,5(0) =

4,5(0) =

—14.3159,

14.3159,

2.5546,

—2.5546,

26.7470,

—26.7470,

—48.3950,

48.3950,

Based on the local activity principle of CNN cells
presented by [Chua, 1977, 1999], analytical criteria

if7<i<9,j=8 of the local activity for two-port CNNs with four
or 7<j<9 1 =28; state variables are set up. The analytical criteria
otherwise . consist of Theorems 4.1-4.4, which can be imple-
mented by a computer program to produce bifurca-

if7<i<9, j=38 tion diagrams for general corresponding CNNs.
or7<j <9, i=8§; A two-port SCC CNN is introduced and the

bifurcation diagrams of the SCC CNN are calcu-
lated. Although the analytical criteria are much
if7<i<9, j=8 more complex than those of the one-port CNN [Min
or 7_< j_< 9 i—8 et al., 2000b], the bifurcation diagrams of the two-
T ’ port SCC CNN and the one-port SCC CNN calcu-
otherwise lated via our criteria are the same (see Figs. 12(a),
f7<i<9 j—8 12(b')1‘ﬁnd Figs. §(a) an.d 5(c) .in [Min et ql., 2000b)).
) . e numerical simulations exhibit the ex-
or7<j<9, i=8 tremely complex behaviors possible in the SCC
otherwise . CNN, which are similar to the SCC Egs. (96)—(99),

otherwise.
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t=0 t=1.54 t=3.1 t=4.89 t=6.71

t=8.39 t=10.1 t=135 t=16.9 t=19.9

t=224 t=24.4 t=27.8 t=30.5 t=31.8

t=335 t=35.7 t=37.3 t=39.4 t=41.7

t=45.6 t=49.2 t=50.7

Fig. 19. Evolution of chaotic patterns of the state variable x1;,; of the 15 x 15 SCC CNN generated by the parameter set
No. 10 listed in Table 2 over the time interval [0, 120].
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t=52.3 t=53.3 t=551 t=56.8 t=58.5

t=60.2 t=61.4 t=63.2 t=64.9 t=65.9

t=67.4 t=68.6 t=70.2 t=71.8 t=73.3

t=74.8 t=76.6 t=77.7 t=79.9

t=81.2 t=82.3 t=83.7 t=84.9 t=86.2

Fig. 19. (Continued)
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t=87.7 t=89.2 t=90.2 t=915 t=92.7
. .

t=93.7 t=94.9 t=95.9 t=97.4 t=98.7
. .

t=99.6 t=101 t=102.2 t=103.4 t=104.4
. .

t=105.5 t=106.8 t=108.5 t=109.6 t=110.9

t=112.2 t=113.5 t=114.4 t=115.1 t=120

Fig. 19. (Continued)
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1ij X5 X3ij 4i
t=52.9 t=52.9 t=52.9 t=52.9

X1ij X2 X3 X4ij
t=72.5 t=72.5 t=725 t=725

X1 2i] X3ij X4
t=89.7 t=89.7 t=89.7 t=89.7

1ij X2 X3 4i
t =105 t =105 t =105 t =105

X1 X2 X3 X4

Fig. 20. Evolution of chaotic patterns of the state variables x1; 5, T2i ;, ©3:,; and x4s,; of the 15 x 15 SCC CNN generated by
the parameter set No. 10 listed in Table 2, over the time interval [0, 120].
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if the diffusion coefficients of the SCC CNN are
small enough. Chaotic patterns, oscillatory pat-
terns, and divergent patterns can be obtained, if the
corresponding cell parameters of the SCC CNNs are
selected in the locally active and unstable domain
or in the edge of chaos domains.

In summary, this paper has demonstrated once
again that the local activity theory provides a prac-
tical tool for the study of the complex dynamics of
some nonlinear systems.
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