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Abstract

Based on our recent work on Quantum Nambu Mechanics | Axenides & Floratos (2009)],
we provide an explicit quantization of the Lorenz chaotic attractor through the
introduction of Non-commutative phase space coordinates as Hermitian N x N
matrices in R3. For the volume preserving part, they satisfy the commutation re-
lations induced by one of the two Nambu Hamiltonians, the second one generating
a unique time evolution. Dissipation is incorporated quantum mechanically in a
self-consistent way having the correct classical limit without the introduction of
external degrees of freedom. Due to its volume phase space contraction it violates
the quantum commutation relations. We demonstrate that the Heisenberg-Nambu
evolution equations for the Matrix Lorenz system develop fast decoherence to N in-
dependent Lorenz attractors. On the other hand there is a weak dissipation regime,
where the quantum mechanical properties of the volume preserving non-dissipative
sector survive for long times.

!Based on invited talks delivered at: Fifth Aegean Summer School, “From Gravity to Thermal Gauge
theories and the AdS/CFT Correspondance”, September 2009, Milos, Greece; the Intern. Conference
on Dynamics and Complexity, Thessaloniki, Greece, 12 July 2010; Workshop on “AdS4/CFT3 and the
Holographic States of Matter”, Galileo Galilei Institute, Firenze, Italy, 30 October 2010.
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1 Motivation

The study of turbulence is a very difficult and interesting subject in various fields of
science and engineering since it is very common in nature [Landau & Lifshitz(1987)].
In modern fundamental physics it has been discussed in extremes scales and tempera-
tures ranging from cosmology for its important role in the determination of the distribu-
tion of voids and the distribution of peculiar velocities of galactic clusters around them
|Gibson & Schild (2010)] to the thermalization process of quark-gluon plasma in heavy
ion collisions [Asakawa et al.(2007)] as well as to the non-gaussianities in the velocity
spectrum of liquid helium vortex interactions [Van Sciver (2009)].

We are interested at the question of turbulence in quantum dissipative systems. There,
dissipation deforms the non-commutative phase space to classical phase space and the
basic question is about the spectra of relaxation times to classical behavior. From the
point of view of dissipation the problem is equivalent to the one of open Hamiltonian
[Weiss (2008)] or non-Hamiltonian systems | Tarasov (2008)]. Moreover turbulent behav-
ior presupposes a fluid structure for the system with a superimposed mechanism for the
creation and annihilation of vortices [Landau & Lifshitz(1987)].

The phase space noncommutativity in Quantum mechanics at times ¢ = 0 is given by
the Canonical Commutation Relations(CCR)

where );, P; i = 1,2--- are conjugate canonical pairs of position and momentum for
a system with n degrees of freedom. In the Heisenberg picture the operators develop in
time according to the Heisenberg-Hamilton eqs. of motion

'thz = [QZ,H] izl,...,n
WP, = [P, H] (2)

with the CCRs preserved in time.
If dissipation is added linearly by hand then the Heisenberg eqs. become [Weiss (2008)]

Zh@i = [Qi, H] (3)
WP, = [P, H] — «h'P; 1=1,...,n
with the commutator decaying exponentially in time

[Qi(t), P;(1)] = exp(=T't)  [Q:(0), F;(0)] (4)

One of the most well studied toy models,as mechanisms for the onset of chaos, is the
Lorenz chaotic attractor | Eckmann & Ruelle (1985)]. Through the work of Ruelle and



Takens an explosion of theoretical and experimental work followed on the general roads to
turbulence through the study of strange attractors in dynamical systems | Viana (2000) |.

If one is interested in the problem of turbulence in quantum systems such as, lig-
uid Helium, Bose-Einstein condensates(BEC) or the quark-gluon plasma, or more gen-
erally in the quantum regime of the Big Bang and its later epochs, one must create a
framework to quantize the Navier-Stokes equation as well as its relativistic generalization
[Landau (1941) |.

In the present talk we address this question in the case of a toy model for turbulence
, the Lorenz attractor. Nevertheless we can pose the problem for more general dynamical
systems. We now proceed to tackle the following issues | Tarasov (2008)]

a) Is it possible to quantize volume preserving flows in fluid dynamics of the form

dx’

for general non-Hamiltonian dynamical systems which upon introduction of dissipation
lead to strange attractors?

b) The same problem but with the inclusion of dissipation that renders the system
chaotic with strange attractors.

In the present talk, we will answer both questions in the affirmative by expressing
incompressible flow equations in terms of the Nambu n-brackets with n being the dimen-
sionality of the dynamical phase space z', 2%, --- , 2™ . For the case of the Lorenz attractor
n = 3. We will show how to quantize the volume preserving Nambu flow equations, which
are associated to the Lorenz attractors and as a second step we consider also the inclu-
sion of dissipation. For more information on the Lorenz and Rossler attractors as well
as their equivalents we refer the reader to our recent work| Axenides & Floratos (2010),

Axenides (2011) |.

The quantization scheme we propose is analogous to the standard Heisenberg quantiza-
tion of classical mechanics leading to a unique time evolution for the system. As a concrete
example we will treat the quantization of the Lorenz strange attractor by N x N Her-
mitian matrices implementing our flow decomposition methodology into nondissipative-
dissipative components.

2 Nambu vs Hamilton’s Mechanics

In Hamilton’s mechanics phase space is an even dimensional symplectic manifold (M,,,)
n=1,2,--- thus posssessing the structure of a Poissonian manifold| Arnold (1978)]. We
consider two such examples:

A) The Real Plane M, = R? with Poisson bracket

{fvg} = €ij8if8jg fvg € COO(RZ) (6)



which for the coordinates xq, x5 gives

Given a Hamiltonian H € C*(R?) a flow vector field is defined
OH 0 0H 0 -
Ly = , f=1Luf (8)

0xy 011 B 0xy 0xy
For different Hamiltonians, we have the integrability condition
[LH17 LHQ] = L{Hl,HQ} (9>

B) M = S? the 2-dimensional sphere embedded isometrically in R?,
s+ ri=1 i=1,2,3
with Poisson bracket

{figts: = e 0'f &gy (10)
For the coordinates z" it gives the SO(3) algebra
{xi7Ij}Sz = €Tk 'éajak = 172a3 (11)

The corresponding Hamiltonian flows are, H € C*°(S?),

. . OH 0
_ gk 4 270 Y SR A
Ly = "z 57 Dk 1,5,k=1,2,3 (12)
with Lie algebra the area preserving diffeomorphisms of the sphere SDiff(S?),
[LH17LH2] = L{H17H2} (13>

With the choice of basis functions for C*°(S?), the spherical harmonics Y;,,(6, ¢), we
get the algebra of SDiff(S?) [ Arnold (1978), [Hoppe (1982)].
{Hypy Hyo' ys2 = [ ™ Hypo (14)

Y.Nambu in 1973 [ Nambu (1973)| proposed a generalization of Hamiltonian mechan-
ics for volume preserving flows. The simplest example is for the M = R3 case. For a
given set f,g,h € C*(R?) he introduced the 3-bracket

{fvgvh} = €K alf 8Jg 8kh
= V/-(Vg x Vh) (15)

which satisfies the integrability equation-Fundamental Identity(FT)

{flaf2>{f3af4af5}} = {{f17f27f3}af4>f5}
+ S Af fo fads S s S {1 o, F} ) (16)
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L.Takhtajan in [Takhtajan (1994)] showed that the n-bracket defines a hierarchy of

n—1,---,2 brackets.
For the n = 3 for example by fixing the third function h in (15) we get

{fug}h = {f?gvh'} vfugecoo(Rg) (17>
which from (16) satisfies the relation
S fodn + {fos fadns fidn + {{fs, fitn, fotn = 0 (18)

which is the Poisson-Jacobi identity. In this way we may obtain a Poisson bracket for any
surface in R3, which is defined by the level set function h(xy, x9,x3) = constant.

If we restrict the variables !, 2%, 23 to be on the surface h then rel. (17) defines on it
a non-degenerate Poisson bracket. In effect this surface gets promoted to a phase space
with dynamics. As an example we consider the plane R? embedded in R3.

1. The Plane h = o‘i?, o' €R
{a',a7}, = el (19)
2. The Sphere 2§ + 23+ 23=1, S?€ R?
{28,207} g = €TFgF SO(3) on S? (20)

Nambu introduced his mechanics for volume preserving flows in R3 by specifying
H,y, Hy € C*°(R3) two Hamiltonians inducing the following eq. of motion

i = {a' Hy, Hy}, i=1,2,3 (21)

or equivalently ‘ . .
# = VH, x VH, (22)

These equations imply the conservation of the “Hamiltonians”

H, = & -VH =0
H, = & -VH =0 (23)

The ideal example right from Nambu’s paper is the Euler’s top

1
H = 5(lf + 5+ B)
1 /12 12 12
g, - (444 24
2 2(11+11+11) (24)

4



with equations of motion

The generalization of the Hamiltonian flow vector fields are the flow vector fields

. OHy OHy O
L — ijk
H1,Hy ¢ 8:61 81’]' 8LL’k
- (ﬁH1 x ﬁﬂg)ﬁ - .V (26)
where ‘ . .
r =4 = VHl X VHQ (27)

which are volume preserving and therefore describe flows of incompressible fluids. The
question, which we pose now, is whether the inverse also holds. Namely if for any flow

T = U@ (28)

which is incompressible .
V- =20 (29)

there exist two “ Hamiltonians” Hy, H, with
Ui = {l’i,Hl,Hg} (30)

Since a long time ago |Lamb (1932)] the answer to this problem has been settled to
the affirmative locally in R®. Indeed for any incompressible vector flows ¥ , there is a
vector potential A such that 7 = V x A which, moreover, satisfies the Clebsch-Monge
decomposition (CM- stream potentials),

A = Va + BVy (31)
from which we can deduce that
i =VB x Vy B=H,y=H, (32)

The corresponding infinite dimensional algebra of volume preserving diffeomorphisms
in the Clebsch-Monge gauge is | Axenides & Floratos (2007) |

[LHth ) LH37H4] = L{H17H27H3},H4 + LH37{H1,H2,H4} (33>

bt



So the full structure of the infinite dimensional group is determined by the 3-bracket
algebra of a basis of functions H; € C*(R?*), i=1,2,--- [ Axenides & Floratos (2009)|

{Hi>HjaHk} = le]k; Hl iajakal:1>2a"' (34)

As an example we present the Nambu 3-algebra on S2.
Consider S® isometricallly embedded in R*

i+ a5+ ai+a;=1 (35)
where z; € R, i =1,2,3,4 The Nambu bracket on R*
{zi, a5, 2, e = €5 1,5,k 1=1,,2,3,4 (36)
induces a 3-bracket on S3. Define : V f; € C* (S%) i=1,2,3
{fi, fo fa}gs = €M 2" O fL 0°f, ' fs (37)
which on the R* coordinates gives
{xi, a5, 21 ss = € 1 1,5,k 1=1,2,3,4 (38)

This is the celebrated Baggert-Lambert algebra for SO(4) |Bagger & Lambert (2007)].
For any f,g € C*(S®) we consider the flow vector field

Lﬁg = {fvg7'}53 Lfygh’ = {fvguh}ss (39>

and thus the Nambu equations on S? are given as :

Lt'i = LH1,H2 xi = {xi7H17H2}SS VH17H2 € COO(Sg) (4())



3 The Lorenz Attractor as a Dissipative Nambu Me-
chanics

We are not going to repeat the history of the famous Lorenz-Saltzman system [Saltzman(1962),
Lorenz(1963)] of nonlinear equations, which is the Galerkin trancation of the Fourier
modes of the temperature gradient and stream potential for the Rayleigh-Benard experi-
ment. We will nevertheless present their dynamical system of three variables

X = oY - X) (41)
Y = X(r—-2)-Y
Z = XY -bZ

with o being the Prandl Number, r the relative Reynolds number and b is the aspect
ratio.
The system has as critical points

1. X =YT =2, =0
2.X2:}/2:\/b(’l"—1), ZQZT’—l
3. Xg, YE), :—\/b(’f’—]_), Z3 =r—1

Using stability analysis for fixed ¢ and b, their behaviour is controled by the relative
Reynolds number r. Turbulent behavior starts for values of
c+b+3

T:THzaio__b_l (42>

with ¢ = 10, b = § (= rg = 24.73)). Lorenz’s choice is r = 28 > ry in order
to obtain chaotic behaviour [Sparrow (1987)] where Hopf bifurcation appears with X a
saddle point with X, and X; going repelling-unstable.

In our recent work | Axenides & Floratos (2010)] we implemented a decomposition
of the Lorenz vector flow into a volume preserving (non-dissipative) and a dissipative
components

v = 77ND + UD (43)

The non-dissipative component gives a volume preserving flow V - typ =0

oNp = (oY, X(r—2), XY) (44)
with
X = oY = {X H, H)}
Y = X(r—Z%) = {Y,H, H) (45)
Z = XY = {Z H, H,
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with

Vip = VH; x VH, (46)
We have identified the conserved Hamiltonians (see also | Nevir & Blender (1994)])
1
Hl = 5 (Y2 + (Z - 7”)2)
X2
The corresponding Poisson brackets on the surface 3, Hy =constant are
{X, Y}E = 8ZH2 = 0
{Y,Z}y = O0OxHy = —X
{ZX}s = 0 (48)
By eliminating the variables Y,Z from eq.(45) we get
. X3

which is just the equation of motion for the one dimensional Anharmonic Oscillator.
Depending on the initial conditions we identify its two familiar symmetry phases as:

e Hy — or >0 Single well-Symmetric Phase
e Hy — or <0 Double Well-Broken Phase
By including dissipation we have
X = VH, x VHy — VD = Vyp + Vp (50)

where the dissipation potential D is given below

1
Ho= (=)
X2
1
D = 3 (6X? + Y? + bZ?)

Now, of course, Hy, Hy along with D are not any more conserved. But still H; is a useful
quantity since by eliminating Y,Z we find the dynamical system for X, H,

. . X2
X+ (o) X4 X(5 + Hy — o(r=1)) = 0

: b
Hy + bHy — o1 — 2—) X2 =0 (52)
o



The anharmonic oscillator moerover develops a damping term and since H, is not
conserved, we obtain a sequence of symmetry breaking and symmetry restoring phases.
By solving for H, we obtain the well known Takeyama memory term in the anharmonic
potential [Takeyama (1978), [Takeyama (1980)]

Hy(t) = Hy(0)e™ 4 o(1 — %) e /0 t dé e X2(€) (53)

4 Matrix Quantization of the Lorenz Attractor

We will quantize the volume preserving part, in the Nambu form, of the Lorenz attractor
system. Firstly we write the Nambu equations,

X = X Hi}w, ={X, Hy, H)}
Y = (Y Hi}g, ={Y Hi, H} (54)
Z = {ZaHl}Hz :{ZaHlaHQ}

Using the Poisson algebra of equations (48).

{X,Y}H2 = g = 82 H2
Y. 2y, = —-X = 0xH, (55)
{ZvX}H2 = a1/]_[2 =0

The quantization of the system is carried through the quantization of the Poisson
algebra, i.e. by lifting it to commutators with Weyl-ordered operators

[)A(, SA/ = ho
[?, 2 = X (56)
[2, )? - 0

We must find either infinite dim. matrices or differential operators that satisfy rel.
(56) The Quantum Nambu equations for the volume preserving part follow,

Zh)? = _55, ﬁ1:|
L Ho

amy = v, f]l} (57)
L Ho

'th\ = /Z\, 1;’\[1]
L H2




where the Hj index implies that we evaluate the commutators by using the algebra (56)
which has as Casimir the second Hamiltonian Hs( parabolic-cylinder phase space)

i, =2 - o2 (58)

We obtain

~y ey
I
Q
)~<

_ _é (XZ+2%) + X

N

— % ()??Jr?)?) (59)

from where we get the conservation of Hy, Hy and a unique time evolution

X(t) = e i X(0) et
Y(t) = e y(0) et (60)
Z(t) = e M Z(0) enth

By eliminating }A/, Z from rels. (59) we get the anharmonic oscillator quantum egs.

= ~ - X3
X + (Hg—ar)XjLT =0 (61)

The H, Casimir values determine superselection sectors for rel.(61) with Hy < or(Double Well),
where quantum tunneling appears. For Hy > or(Single Well) anharmonic potential gov-
erns quantum dynamics. Both cases possess discrete spectra.

For the non-dissipative part of the quantum Lorenz system, we could also work in the
Schrondinger picture for the one dimensional anharmonic potential.

5 Inclusion of Dissipation; Decoherence of the Quan-
tum Lorenz Attractor

The Quantum Lorenz equations including dissipation are | Axenides & Floratos (2010)]

X = U(A—)?)

A 1 ~ ~ ~

Y = -3 (XZ + ZX) v X -7 (62)
7 - %(?§+i?)—62



It is obvious that the quantum algebra(56) does not hold anymore for all times and
H 1, H2 are not conserved. Still we can eliminate Y 7 and obtain a dynamical anharmonic
system with quantum Takeyama memory term. The Schrondinger picture is not anymore
convenient due to the time nonlocality of the memory term. Qualitatively one expects
that weak dissipation will induce a broadening of the discrete energy levels. Moreover for
the case of strong dissipation the quantum system is expected to collapse to the classical
one.

We can approximate the quantum system through the usage of finite dimensional N x
N Hermitian matrices for the representation of X Y 7. Thisi is, for example, the case with
a spin system with NV = 2s+1. See, for example, the case in | Axenides & Floratos (2007) |
of an Euler top interpretation for the Lorenz attractor. Numerical experiments for the
non-dissipative systems, show integrable behaviour while for weak dissipation we obtain
N weakly interacting Lorenz attractors. On the other hand for strong dissipation the
quantum system quickly undergoes decoherence to a classical system of N independent
Lorenz attractors (as X,Y, Z become asymptotically mutually commuting).

We evaluated numerically the time evolution of the N x N matrix Lorenz system with
the standard parameter values (r = 28,0 = 10,b = 3).

We found that the commutators of X Y 7 undergo rapid decoherence unless dissipa-
tion is weak.

X0,V 2% Tt [)2(0),?(0)]
Y),Z)] T3 =t [?(0%2(0)} (63)
Z@), Xt 2% e Tut [2(0),)?(0)]

For completeness we also present the equations for the closed systems of operators 1':'\[2, X

2 ~ b ~
Hy + bH, = 0(1 — —) X2 (64)
20
and R R R
P X XH, + H,X s X3
X+ (1+0)X + (%—a(r—1)x+7> = (65)

Currently we are in the process of performing numerical calculations for large symmet-
ric or Hermitian marices for the case of weak dissipation where interesting behaviour ap-
pears between the quantum and classical overlap regimes. For discussions of the Lorenz at-
tractor quantization in the physical framework of laser instabilities see | Elgin & Sarkar (1984) |.
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6 Conclusions-Open Questions
Applications

We presented a framework to quantize non-Hamiltonian dissipative flows in R?. We ap-
plied the method to the very interesting and rich example of the Lorenz Strange attractor.
This we did in order to check the robustness of quantum mechanics against the robustness
of strange attractors. The qualitative behavior for a finite matrix approximations of the
quantum system, exhibits interesting results for the case of weak dissipation. This is not
the case of a typical Lorenz attractor, which exhibits very strong dissipation and under-
goes quick decoherence. We believe the study of quantum dynamical systems with soft
turbulence | Elgin & Sarkar (1984) | is useful to probe the classical <> quantum regime
transition for dissipative dynamical systems.

Applications of quantum turbulence are awaiting for exciting new discoveries and new
paradigm shifts in the behaviour of quantum matter and radiation in extreme conditions
of high temperatures and densities where the Lagrangian particle concept looses its impor-
tance and the Eulerian fluid interpretation takes the lead. In all of these, chaotic attractor
mechanisms should prevail. Their quantum mechanical survival will be important to our
understanding of quantum turbulence.

In this direction important developments come from recent studies of holographic hy-
drodynamics in its relation with black hole horizon physics, where the problem of quanti-
zation of gravity resurfaces from a new hydrodynamic point of view [Eling et al.(2009)].
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