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Using sophisticated techniques of Algebraic Ge-
ometry Jouanolou in 1979 showed that if the num-
ber of invariant algebraic hypersurfaces of a poly-
nomial vector field in R™ of degree m is at least
(”J’ff_l) + n, then the vector field has a rational
first integral. Llibre and Zhang used only Linear
Algebra provided a shorter and easier proof of the
result given by Jouanolou. We use ideas of Llibre
and Zhang to extend the Jouanolou result to poly-
nomial vector fields defined on algebraic regular hy-
persurfaces of R"!, this extended result completes
the standard results of the Darboux theory of in-
tegrability for polynomial vector fields on regular
algebraic hypersurfaces of R**1.

1. Introduction

In many branches of applied sciences appear
nonlinear ordinary differential equations. For a dif-
ferential system or a vector field defined in R? the
existence of a first integral determines completely
its phase portrait. In R™ with n > 2 the existence
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of a first integral of a vector field reduces the study
of its dynamics in one dimension, with the time
real or complex, respectively. So the following
natural question arises: Given a vector field on
R™, how to recognize if this vector field has a first
integral? This question has no satisfactory answers
up to now. Many different methods have been
used for studying the existence of first integrals
of vector fields. Some of these methods based on:
Noether symmetries [Cantrijn & Sarlet,1981], the
Darboux theory of integrability [Darboux, 1878],
the Lie symmetries [Olver, 1986], the Painlevé
analysis  [Bountis et al.,1984],  the wuse of
Lax pairs [Lax, 1968], the direct method
[Giacomini et al.,1991, Hietarinta, 1987]
and, the  linear  compatibility = analysis
method [Strelcyn & Wojciechowski, 1988],
the Carleman embedding procedure
[Andrade & Rauth, 1981, Carleman,1932], the
quasimonomial formalism [Bountis et al.,1984],
etc. For polynomial vector fields and rational
first integrals the best answer to this question
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was given by Jouanolou [Jouanolou, 1979] in 1979
inside the Darboux theory of integrability. This
theory of integrability provides a link between the
integrability of polynomial vector fields and the
number of invariant algebraic hypersurfaces that
they have.

The objective of this paper is to extended the
result of Jouanolou on the existence of rational first
integrals of polynomial vector fields of R"* to poly-
nomial vector fields defined on regular algebraic hy-
persurfaces of R"*1,

Darboux [Darboux, 1878] in 1878 showed how
can be constructed a first integral of polynomial
vector fields in R™ possessing sufficient invariant
algebraic hypersurfaces. In particular he proved
that if a polynomial vector field in R™ of degree m
has at least (mt?_l) + 1 invariant algebraic hyper-
surfaces, then it has a first integral, which can be
computed using these invariant algebraic hypersur-
faces. Jouanolou [Jouanolou, 1979] in 1979 showed,
using sophisticated techniques of Algebraic Geome-
try, that if the number of invariant algebraic hyper-
surfaces of a polynomial vector field in R" of degree
m is at least ("'H:_l) +n, then the vector field has a
rational first integral, which also can be computed
using the invariant algebraic hypersurfaces.

In [Llibre & Zhang, 2010] Llibre and Zhang
used only Linear Algebra for provided a shorter and
easier proof of the result given by Jouanolou .

In this paper we use ideas  of
[Llibre & Zhang, 2010] to extend the Jouanolou
result to polynomial vector fields defined on
algebraic regular hypersurfaces of R**+1.

En [Llibre & Zhang, 2002] Llibre and Zhang
extended the Darboux theory of integrability in R™
to polynomial vector fields on regular algebraic hy-
persurfaces of R"™!1. However, the conditions for
the existence of a rational first integral only are
provided for the particular case of vector fields de-
fined on the quadric surfaces and two-dimensional
torus embedded in R3. So our extension of the
Jouanolou’s result completes the standard results
of the Darboux theory of integrability for polyno-
mial vector fields on regular algebraic hypersurfaces
of R+,

The paper is organized as follows. In section 2
we provide some definitions and we state our main
result. In section 3 we state some auxiliary results.
Finally in section 4 we prove the extension of the

Jouanolou’s result to polynomial vector fields on
regular algebraic hypersurfaces of R**+1.

In fact all the results of this paper can be
extended to polynomial vector fields in C"*! but
working with meromorphic first integrals, here we
prefer to present the results in R**1,

2. Basic Concepts and Statement of the
Main Result

Let © be a hypersurface given by

Q:{(I'l,...

where G : R™!1 — R is a C! map. Without
loss of generality, by the Implicit Function Theo-
rem we can assume that x,4; = g(a:l, - ,:cn) for
all (z1,...,2p41) € Q except perhaps in a set of
Lebesgue measure zero, with g : w(2) — R of class
C! being 7 : R"*1 — R™ the projection along the
Tpy1—axis, this is w(z1, ..., Tp41) = (1,. .., 20).

The hypersurface 2 is regular if the gradient
of G does not vanish on §2. We say that  is an
algebraic hypersurface if G is a polynomial. If the
degree of the polynomial G is d, then we say that
is algebraic of degree d. In the rest of this article all
the hypersurfaces that appear are algebraic regular
hypersurfaces.

Let X = (P1,...,Py,11) be a polynomial vector
field of R**1 given by

,l’n+1) € Rn+1 : G(xl) cee axn+1) — 0}7

n+1 P
X = P; —
; i (21, ’$n+1)8x'a

K3
where (z1,...,Z,11) € R"™! and each P; for i =
1,...,n + 1 is a polynomial of degree at most m.
We say that X defines a polynomial vector field on
the regular hypersurface () if it satisfies that

XG = (Py,...,Pu1) VG =0, (1)

on all points of 2.

The vector field X on €2, except for a set of
Lebesgue measure zero, is also written making use
of py1 = g(x1,...,2,), as X = (pl,...,]sn) satis-
fying XG = 0. In general, the notation f applied
to a function f : A ¢ R — R represents the

function f restricted to €2, i.e.

f ];(5171,'- n) (2)

f(a?lw' y LTy (xla"wxn))a



where (z1,...,2,) € T(A).

As usual we denote by Clx1,...,x,1] the ring
of all polynomials in the variables zi,...,2,41
with coefficients in C. Let f(z1,...,Zp+1) €
Clz1,...,7n41]\C. We say that {f = 0}nQ c R*+!
is an algebraic invariant hypersurface of the vector
field X on  (or simply an invariant algebraic hy-
persurface of ) if it satisfies:

(i) There exists a polynomial k € C[zy, .
such that

cey I’n+1]

n+1
)
Xf:ZPiagfi —kf on(,
=1

the polynomial k is the cofactor of f =0 on
O

(i) the two hypersurfaces f = 0 and Q have
transversal intersection; i.e. VG A VS # 0
on the hypersurface {f = 0} N, where A

denotes the wedge product of two vectors in
R+,

We remark that in the definition of algebraic in-
variant hypersurface f = 0 we allow that this hyper-
surface be complex; that is f € Clxy,...,z,41]\ C.
This is due to the fact that sometimes for real poly-
nomial vector fields the existence of a real first in-
tegral can be forced by the existence of complex
invariant algebraic hypersurfaces. Thus sometimes
the real integrability can occur by the underlying
complex structure. If the polynomial vector field
X is real and has a complex invariant algebraic hy-
persurface, then we know that its conjugate must
also be an invariant algebraic hypersurface. Since
the first integral that provides the Darboux theory
uses conjugate pairs of these functions, the first in-
tegral obtained is real.

Let f and g polynomials of C,,,_1[x1, ..., Zpt1],
i.e. the ring of all polynomials of Clzy,...,zp41]
up to degree m — 1. We say that f and g are re-
lated, f ~ g, if they coincide on {2, i.e. there is
a polynomial h of degree at most m — d — 1 such
that f —g = hG. This relationship defines the quo-
tient space Cp,—1[21, ..., Zp11]/ ~, we denote its di-
mension by N = N(n,m,d), called the dimension
of Cpp—i[x1, ..., xny1] on Q. The following result
gives us this dimension, for a proof see for instance
[Llibre & Zhang, 2002].

Proposition 2.1. The dimension N(n,m,d) of
Cm—1lx1,. .., Tnt1] on Q is given by

n+m n+m-—d

N(n,m,d) = <n+1) B ( n+1 >
We say that an invariant algebraic hypersur-
face f = 0 is irreducible in Clxy,...,zp41] if the

polynomial f is irreducible in Clz1, ..., Zp41].
The next theorem is the main result of this ar-
ticle, it provides the conditions for determining if
a polynomial vector field defined on a regular alge-

braic hypersurface {2 admits or not a rational first
integral.

Theorem 2.2. Let Q) be a reqular algebraic hy-
persurface of degree d in R™.  The polynomial
vector field X on Q of degree m > 0 admits
N(n,m,d)+n invariant algebraic hypersurfaces ir-
reducible in Clz1,...,xny1] if and only if X has a
rational first integral on ).

Under the assumptions of Theorem 2.2 all the
orbits of the vector field X' are contained in invari-
ant algebraic hypersurfaces.

3. Preliminary Results

Before presenting the proof of main result we need
to prove an auxiliary result. First we provide some
concepts such as first integral and k-functionally in-
dependent first integrals for polynomial vector fields
on regular algebraic hypersurfaces which we will
need in the development of this theory.

Let B be an open subset of R"*! (or respec-
tively ). We denote by up the Lebesque measure
of R™1 (or respectively Q) restricted to B, thus
up(A) is the Lebesgue measure of the set A C B.
We say that the Lebesgue measure of A is full in B,
or simply full if up(B \ A) is zero.

Let H; : R*"! — R with i = 1,...,p be
functions of class C' defined in R™! except per-
haps in a set of Lebesgue measure zero. We say
that Hy,..., H, are k-functionally independent in
Q if the rank of the matrix n x p formed by the
gradients Vf[l(a:),...,VHp(x) is k for all z =
(x1,...,Tnt1) € 7(2) except perhaps in a set of
Lebesgue measure zero in w(2). If Hy,..., H, are
p-functionally independent in € simply we say that
they are functionally independent in 2. Of course,



we say that Hy,...,H), are functionally dependent
on § if they are not functionally independent in 2.
Let D C € be an open subset of full Lebesgue
measure in €2. We say that the function H : D — R
of class C' is a first integral of the polynomial vector
field X on Qif XH = 0 on D, or also YH = 0
on (D). If moreover H is a rational function in
variables x1,...,2,.1 of R then H is called a
rational first integral of the vector field X on Q.

Theorem 3.1. Let Hy,...,H), be first integrals of
class C? of the polynomial vector field X of R**!
on the hypersurface Q@ C R given by (1). As-
sume that Hy,...,H, defined on a subset D of )
of full measure in Q) are k—functionally independent
on Q. Without loss of gemerality we can assume
that VHy, ...,V H;, are functionally independent.

(a) For each s € {k +1,...,p} there exist func-
tions Cs1(z),...,Cu(x) of class C' defined
on a full Lebesque measurable subset of ) such
that

VHy(x) = Cs1(x)VH(x)+ - -+ Cs(x)VHg(x).

(b) For everys € {k+1,...,p} andj € {1,...,k}
the function Cgj(x) (if not a constant) is a
first integral of X on 2.

Proof. (a) By the hypotheses the gradients
VH,(x),...,VH(z) are linearly independent for
all * € =w(D), and for each s € {k +
1,...,p} the vector Vﬁs(x) is linearly dependent
of VH,(z),...,VH(z) for all z in a set D of full
Lebesgue measure in w(D). Therefore there are
functions {Cy1(z),...,Cs ()} defined in D such
that

VH,(z) = Cs1(2)VH(x) + - - - 4+ Cyp(2)VHy ().

From which we get the system of size n x k

o0x1 o0x1 Cs1 (w)
OH(x)  0Myx) | \ Culx)
0xy, o0xy,
. (3)
OH(x)
89@1
OH,(x)
oxy,

Since the dimension of €2 is n, the maximum num-
ber of independent first integrals of the vector field
on €2 is at most n — 1, this is k < n — 1. Thus from
the system (3) we can extract a subsystem whose
associated matrix Ag(z) of size k x k has nonzero
determinant. Assume that this matrix As(z) con-
sists of the rows iy, ..., 4 of the matrix of (3). We
can apply the Cramer rule and find the solutions of
the subsystem with matrix A,(z), i.e.

~ ~det Al(x)
Csz(x) = ma

where A%(z) is the matrix obtained by replacing
the i—th column of Ag(x) for the column vector

- ~ T
<8H3<x> 8H8<x>> ‘

Oxiy T O,

Since the functions ﬁj with 7 = 1,...,p are
first integrals of class C? and they are defined on the
set D of full Lebesgue measure in Q, the functions
Cs1(x),...,Cu(z) defined over D are of class C?,
this completes the proof of statement (a).

(b) Let € D. For all 4,5 € {1,...,n}, from

(3) we have

o, - OH -, 0y

a—xi = Csla—mi + -+ Csk;(.’,U) 81‘1
and

oH, - OH; -, OH,

oz, = Sla—mj + +Csk($)a—mj-

We derive these two equations with respect to z;
and x; respectively and we obtain

0 9H, _ 9C, 0H, L e OHy

8:1:]- 89[:, 8xj~ al‘iN s 81:]83%
0Cy. OHy, — ~  0%Hy,

. Oy Ow; sk O ;0x;’

o 0H,  9C, ol - O*H,

al’i 3:13]‘ - 65!,’i~ 8£lfj~ st 8@8351 T
OCsx OHy — ~  0?Hy,
8:61‘ 8$j sk 6:&83:]

Subtracting these two equations we get

0Cs1 0H, 0Cs1 0H,

c')xi c%cj B ~a$j ~833i + ~ B (4)
0Cu 0Hy _ 9Cu 0Hy _
81‘i axj 8:1:j 81:, '



Since £ < n — 1, we consider two cases. First, we
suppose that k =n — 1. From (4) we obtain

5 ((aéﬂ OH, 9Cq 0
1<ioi<n Ox; Ox; Ox; Ox;
0C, OHy,  0Cs, OH)
835,— 8$]‘ B 8w]~ 8$i~>.

5)
Z (—1)7C@ k1 k2 kn—2) 0H, 0H3 (5)
o(k1,k2,....kn—2) 837]g1 8xk2
e 8ﬁn1> — 07
afbkn72

where ¢ is a permutation of {1,...,n}\ {4,j}. We
take the second term over all possible permutations
and 7 evaluated on a permutation of {1,...,n} is
the minimum number of transpositions for passing
the permutation to the identity.

We can write the equality (5) as

5 0Ca OHy  Ca OH, \
81‘i 81‘]' ij 8951

1<i<j<n ‘ 3
S (ke 02 Ol
o (k1 yeosin_2) Ok,  Ozg,_,
Z 8ésk agk - 8ésk 8Hk
S (ki O O
o(ki....kn—2) axkl axkn—z
= 0.

Using Laplace’s rule for the calculation of a deter-
minant we have

5 0Ca OHy  Ca OH, |
81‘i 81‘]' ij 8951

1<i<j<n ’ .
S (cpyrtikeken 2 Ofn
o (ki rkin—2) Oz, Oxp, ,
86~’Sl 8651 66’51
Oy Oz 0z,
on, oM, o)
Oy 0o e
=| 0H: O0H, = 0H
Oz O O0xy,
OH, 1 0H, O, _y
Oy Oz2 o,

and for [ = 2,...,k we obtain
Z aésl af{l _ 3651 8ﬁl .
1<i<j<n 5 i
(1) ke) OHy  OHp
U(kl~~-7kn,—2) 6$k1 81"%172
aéSl 865[ o 6C’$l
dx1 0x2 0xy
oH,  O0H, = 0H
O Oz 0xn
=| 9 OH, dHy | =o.
Oy O oxy,
OHn oy O0Ho1 o,
6901 8x2 OTn

Therefore equation (5) can be written as

aCN’sl 8081 a6151

Oy oz Oz,

OH, OH, OH,

D1 Oxg Or, |=0. (6)
OH, 1 OH, OH, 1

oxy Ors o oz,

From (6) we have that for every z € D, the vec-
tor VCy belongs to the vector space (n — 1)-
dimensional generated by VHi(z),...,VH,_(z)
denoted by P,_1(z), because k = n — 1 and
VH,(x),...,VHy(z) are linearly independent.

By definition of first integral in €2, we have for
each x € ﬁ,

OH;(x) -
By Py(x) +---+

with j=1,...,n — L.

So for every x € D, the vector X (z) is orthog-
onal to the space P,_1(z), and hence VvV, is or-
thogonal to X(z), i.e.

9Cy1 - 9C,1 () ~
P, P, =0,
e (@) + -+ or, () =0
for all z € D.

This proves that the function Cisq (if not a con-
stant) is a first integral of the vector field X' defined
on D, that is, Cy is a first integral of X on .



Similar arguments can be used to prove that
the functions Cy; (if not a constant) are also first
integrals of X on 2 for j = 2,...,k. Therefore the
statement (b) is proved for k =n — 1.

Now we assume k < n— 1. Taking into account
that Hy,..., H are functionally independent in D
and working in a similar way to the case k =n —1
we have

0Cy1 0Cq 0Cy
i T T
OH, 0H, OH,
vank | 0z1  Ozo o oz, =k,
OH, OH, OH,,
e B

instead of (6). This means that for all z € D, VCy;
belongs to the vector space k-dimensional gener-
ated by {VH,(z),...,VH(x)}, denoted by Py (z).

Since the functions flj(a:) for j =1,...,k are
first integrals of the vector field X, the vector X(z)
is orthogonal to VCy(z) for all z € D. So the
function Cy; (if not a constant) is a first integral of
the field X on Q.

Using similar arguments we can show that the

functions C’Sj for j = 2,...,k, are also first integrals
of X on ). This completes the proof of statement
(b) of the theorem. [ |

4. Proof of Main Result
In this section we shall prove our main result.

Proof of Theorem 2.2. First, we suppose that the
polynomial vector field X has a rational first inte-
gral H on €) given by

1T, -5 Tntl

(.. nyy) = DL Bre1),
9215+ s Tnt1)

with  (z1,...,2p41) € Q and g1,92 €

Rlzy,...,2p41]. Let by = H(yi,...,yns1) for
some (Y1,...,Yn+1) € Q. We define
f(xl,...,$n+1) =

g1(T1, - Tng1) — haga (T, .- Tpg).

Note that all points (x1, ..., 2z, 1) contained in the
hypersurface f = 0 satisfy that H(x1,...,2p41) =
hi. Then, since H is a first integral of X on €, if a

trajectory of X on () has a point on f = 0, the full
trajectory is contained in f = 0. That is, we obtain
that f = 0 is an invariant algebraic hypersurface X
on Q.

Since for every (y1,...,Ynt+1) € © we can de-
fine an invariant algebraic hypersurface of the vec-
tor field X on (), we obtain the proof of the “if”
part of the theorem.

Now we prove the “only if” part. We write N =
N(n,m,d). Let fi(z) =0fori=1,...,N+n be
invariant algebraic hypersurfaces of the vector field
X on Q with cofactor k;(z). So X fi(z) = k;i(z) fi(z)
on , ie. Xfi(x)la = ki(z)|afi(x)|q. Therefore we
can assume that k;j(x) € Cp_1[z1,...,Tn41]/ ~.
Let ¢ be the dimension of the vector sub-
space of Cp,—i[x1,...,2n41]/ ~ generated by
{k1(x),...,kntn(z)}. Then, by Proposition 2.1
we have ¢ < N. In order to simplify the proof
and the notation we will assume that ¢ = N and
that ki(z),...,kn(z) are linearly independent in
Cm—1[z1, ..., 2ps1]/ ~. If ¢ < N the proof would
be similar using the same arguments.

For every j € {1,...,n} there exists a vector
(01, 05n,1) € CNTL such that

ojiki(x) + ...+ ojnkn(x) + knyj(z) =0, (7)

on ). From the definition of the invariant algebraic
hypersurface f; = 0 we get that k; = X' f;/f;. Then
from (7) we obtain

X fi(x) C Xfn(x) | Xfnglz)
N TN T R T @
As X(f7) = o;f77 X(f;) we have ;J;’ b
J
oj X;jcj> Then
MR M)
g ¢ InN+j
thus

X (log ffﬂ) 4+ ..+ X(logf;jN) + X(log fn4j) =0,
and hence

X (log(f7" .. f" f+4)) = 0,

for j = 1,...,n on Q. This means that for j =
1,...,n the functions H; = log(f{"" ... fx'™ fn+j)



are first integrals of the vector field X' on €, defined
on a convenient full Lebesgue measurable subset
Dy C Q.

We claim that the n first integrals H;’s are
functionally dependent on any subset of 2 with pos-
itive Lebesgue measure. Now we prove the claim.
Assume that there exists a Lebesgue measurable
subset Do C ) with positive measure in €2 such that
the functions H;’s are functionally independent in
Dy. Then from the definition of first integral we
have

OH;(x)
6%1

aflj(x) - B

Pi(z)+ -+

for j =1,...,n and for every x € m(D3). And from
the definition functional independence this homo-
geneous linear system of size n x n has the trivial
solution Pj(z) = 0 for j = 1,...,n on 7(Dy), and
consequently the vector field X = 0 in €. This con-
tradicts the assumption that X has degree m > 0.
So the claim is proved.

We define r(z) = rank{VH,(z),...,VH,(z)}
and k = max{r(z) : x € m(D1)}. Then there exists
an open subset O of m(D;) such that k = r(x) for
all z € O and k < n. Thus, the n first integrals H;’s
are k—functionally independent on 2. Without loss
of generality we can assume that

OH, OH, OH,
g

rank : : : : =k,
OH, OH, OH;,
e

for all x € O.
By Theorem 3.1(a) for every x € O C D; there
exist Cs1(z),...,Csn(z) such that

VHS(m) = 031(33)VH1($> + -+ Csk($)VHk(x)
(8)
for each s = k+1,...,n. And by Theorem 3.1(b) we
have that the function Cy;(x) (if not a constant) for
j€{1,...,k} is a first integral of the vector field
X on O C Q.

Since H; = log(f{™ ... fxY fn+i) we know that
each VH; is a vector of rational functions. More-
over the vectors VHi(z),...,VHy(x) are linearly
independent for each = € O, then solving system
(8) we get a unique solution (Cyq,...,Cs) on O
for each s =k +1,...,n. So each function Cj; for

j=1,....,kand s=k+1,...,n is rational. Since
O is an open subset of 2 and Cj; is rational, it
should satisfy the last equation in €2 except possi-
bly a subset of Lebesgue measure zero where Cy; is
not defined. Hence if some of the functions Cy;(x)’s
is not a constant, it is a rational first integral of the
vector field X on €.

Now we will prove that some function Cj; is
not a constant. Equation (8) implies that if all the
functions Cs1, ..., are constants then

Hs(x) = CslHl(Jf) —+ -+ CSka(l‘) +log C,
fors=k+1,...,n and Cj is a constant. So

log(f7*! ... [N [ngs) =

C’sllog( fu... XlefN+1)+"'+
Csk log(ffkl s X]kaN-i-k) + log Cs.

From this last equation we obtain

Frgs = (F0 L FTN )@t -

( {fm”_ kaNfNﬁ-k)CSsz,

Os1 OsN
1 e IN

and therefore

s = Cuffnmt+Camizen

Cs101n+++Cspok1—0sn pCs1 Osk

fN N+1"" "INtk
for all s € {k+1,...,n}. This contradicts the fact
that the polynomials fi,..., fy+, are irreducible
and pairwise different. Hence we must have a non-

constant function Csj, () for some jo € {1,... ,k}
and some sg € {k+ 1,...,n}. This completes the
proof of Theorem 2.2. [ |

5. When 2 is a Quadric or a 2—Torus

As  mentioned in the introduction, in
[Llibre & Zhang, 2002] were presented the ex-
tension of the Darboux theory of integrability to
polynomials vector fields defined on a quadric or
on a bidimensional torus. It is well known that
the quadrics can be classified into seventeen types.
Since here we only consider real polynomial vector
fields defined on real hypersurfaces, we omit the
five types of imaginary quadrics. Also we omit
the three types of quadrics that are formed by
planes since the study of the Darboux theory of
integrability of the vector fields on these planes
is reduced to the classic study of the Darboux



theory of integrability of planar polynomial vector
fields. Thus we only work with the remainder
nine quadrics. The conditions that guarantee the
existence of rational first integrals of a polyno-
mial vector field defined over one of these nine
quadrics and the 2-dimensional torus were given
in [Llibre & Zhang, 2002]. Here we reobtain these
conditions as an application of Theorem 2.2. In
Figures 1 and 2 are represented the nine quadrics
Elliptic cylinder: considered here, the bidimensional torus and their
2 _r=0 2+22-1=0 canonical forms. Now we calculate the number of

10

Hyperbolic paraboloid: Ellipsoid or sphere:

y?—22—x=0 22+y2+22-1=0 Elliptic paraboloid: 2-dimensional torus:
v +22—2=0 2+ (Va2 +y?—a)?=1
a>1.

Fig. 2. Quadrics, torus and their canonical forms.

invariant algebraic curves necessary for guarantee
the existence of a rational first integral of a poly-
nomial vector field X of degree m in R3 when it
is defined on a quadric (d = 2) or a bidimensional

Hyperboloid of two Cone: torus (d = 4).
sheets: 224+y?—22=0 By Proposicién 2.1 we have that

> +yt—224+1=0

. | N(nvm’d):<n+m>_<n+m—d>'

n+1 n+1

For the quadricsn +1=3,d =2 and m > 3, so

wama= () (5)

in the case of 2-torus we have that n+1=3,d =4
and m > 5, thus

Hyperbolic cylinder: Hyperboloid of one N(2,m,4) = (2 + m) _ (m - 2) — 2m2— dm 4.
22 -22-1=0 sheet: 3 3

2, ,2 .2
—22—-1=0
Ty - So from Theorem 2.2 results that N(2,m,2) +2 =

Fig. 1. Quadrics and their canonical forms. m? + 2 is the number of invariants algebraic curves
that guarantee the existence of a rational first in-
tegral for the case of a polynomial vector field of



degree m > 3 defined on a quadric. If the poly-
nomial vector field of degree m > 5 is defined on
a bidimensional torus the minimum number of in-
variant algebraic curves is N(2,m,4) + 2 = 2m? —
4m + 6. These results agree with those obtained in
[Llibre & Zhang, 2002].

6. Some Algebraic Surfaces 2

Now we shall apply Theorem 2.2 to polynomial vec-
tor fields of R? defined on well known algebraic sur-
faces. For each surface we determine the number of
invariant algebraic curves which guarantee the ex-
istence of a rational first integral.

6.1. Fermat cubic

Assume that Q = {G = 0} is the Fermat cubic
surface [Ness, 1978], ie. 2% + 93 + 23 = 1. It is
easy to see that this surface is regular since VG
vanishes only at the origin but this point is not in
the surface. The surface is represented in Figure 3.
Applying Proposicién 2.1 we calculate N(n,m,d).

Fig. 3. Fermat cubic

In this case we have that n =2, m >4 and d = 3.

Thus,
(3000
5 m

—3m + 2).
Then from (9) and by Theorem 2.2 we can con-
clude that the number of invariant algebraic curves
necessary for a polynomial vector field X' of degree

N(2,m,3)

m > 4 defined on the Fermat cubic surface pos-
sesses a rational first integral is N(2,m,3) + 2 =
3(m? —m +2)/2.

6.2. Clebsch surface

Let @ = {G = 0} the surface of Clebsch
[Hirzebruch, 1976] given by

PP+l +1-(@+y+2+1°3=0.
Its gradient is

VG = 2?2 -3(1+x+y+2)?3y°—
31+x+y+2)2322-3(1+z+y+2)?),

which vanishes at the points

SLoLE) (11
27272 )\ 2722 )’
-1 -1 -1 1 -1 -1
47 47 4 27272 )

Since none of these points are on the surface we

obtain that G is regular. This surface is repre-
sented in Figure 4. In this case we have that n = 2,

Fig. 4. Clebsh surface

m > 4 and d = 3. Thus N(n,m,d) corresponds
to the same value obtained for the Fermat surface
(9). Then by Theorem 2.2 we can conclude that
the number of invariant algebraic curves necessary
for a polynomial vector field X of degree m > 4 de-
fined on the Clebsh surface possesses a first integral
rational is N(2,m,3) + 2 = 3(m? —m + 2)/2.



6.3. Goursat surface

Let Q {G
[Goursat, 1897] given by

0} the Goursat surface

syt - (PP =1
Its gradient is the vector
VG = (—2x + 423, -2y + 49>, —22 + 42%),
which vanishes in 27 points that do not belong to

the surface. Therefore 2 is a regular surface. This
surface is represented in Figure 5. Here we have

Fig. 5. Goursat surface

that n = 2, m > 5 and d = 4, thus N(n,m,d)
corresponds to the value obtained for the case of the
bidimensional torus, i.e. N(2,m,4) = 2m?—4m+4.

Then, by Theorem 2.2, the number of invariant
algebraic curves required for a polynomial vector
field X of degree m > 5 defined on the Goursat
surface (2 has a rational first integral is N(2,m,4)+
2 = 2m? — 4m + 6.

Superficie Racor

6.4.

Let us show that the surface G(z,y,z) = 2%y% +
2222 + 4?22 — 1 is regular in R>. Its gradient is given
by VG = (2z(y?+2%)2y (22 +22), 22(x2+y?)). Since
VG does not vanish at any point of the surface we
obtain that G is regular. This surface is represented
in Figure 6.

In this case we have that n =2, m > 5 and d =
4. Thus, the number of invariant algebraic curves
required for a polynomial vector field X of degree
m > 5 defined on the algebraic surface G possesses
a rational first integral is the same as obtained for
the Goursat surface.
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Fig. 6. Racor surface

Acknowledgements

The first author is supported by the grants
MICIIN/FEDER MTM 2008-03437, AGAUR
grant 2009SGR410, and is partially supported by
ICREA Academia.

References

Andrade, R.F.S., & Rauth, A., [1981] “The Lorenz
model and the method of Carleman embedding,”
Phys. Lett. A 82, 276-278.

Bountis, T.C.,Ramani A., Grammaticos, B. &
Dorizzi, B., [1984] “On the complete and par-
tial integrability of non—-Hamiltonian systems,”
J. Phys. A 128, 268-288.

Carleman, T. [1932] “Application de la théoie
des équations intégrales linéaires aux systémes
d’équations différentielles non linéaires,” Acta
Mathematica 59, 63-87.

Cantrijn, F., & Sarlet, W., [1981] “Generalizations
of Noether’s theorem in classical mechanics,”
SIAM Rev. 23, 467—-494.

Darboux, G., [1878] “De l’emploi des solutions
particulieres algébriques dans l'intégration des
systemes d’équations différentielles algébriques,”
C. R. Math. Acad. Sci. Paris 86, 533-536, 584—
589, 1012-1014.

Giacomini, H.J., Repetto, C.E., & Zandron, O.P.,
[1991] “Integrals of motion of three-dimensional
non Hamiltonian dynamical systems,” J. Phys.
A 24, 4567-4574.



Hietarinta, J., [1987] “Direct methods for the search
of the second invariant,” Phys. Rep. 147, 87—
154.

Jouanolou, J.P., [1979] FEquations de Plaff
algébriques Lecture Notes in Mathematics
708 Springer, New York.

Goursat, E., [1897] “Etude des surfaces qui admet-
tent tous les plans de symétrie d'un polyedre
régulier,” Ann. Sci. Ecole Norm. Sup. 4, 159-
2000.

Hirzebruch, F., [1976] “The Hilbert modular group
for the field Q(+/5) and the cubic diagonal sur-
face of Clebsch and Klein,” Russian Math. Sur-
veys 31 (5), 96-110.

Lax, P.D., [1968] “Integrals of nonlinear equations
of evolution and solitary waves,” Commun. Pure
Appl. Math. 21, 467-490..

Llibre, J., & Rodriguez, G., [2002] “Darboux in-
tegrability of polynomial vector fields on 2-
dimensional surfaces,” Internat. J. Bifur. Chaos
Appl. Sci. Engrg. 12, 2821-2833.

Llibre, J., & Zhang, X., [2002] “Darboux integra-
bility of real polynomial vector fields on regular
algebraic hypersurfaces,” Rendiconti del Circolo
Matematico di Palermo 51, 109-126.

Llibre, J., & Zhang, X., [2010] “Rational first in-
tegrals in the Darboux theory of integrability in
C™” Bulletin des Sciences mathématiques 134,
189-195.

Ness, L., [1978] “Curvature on the Fermat cubic,”
Duke Mathematical Journal 45 (4), 797-807.

Olver,P.J., [1986] Applications of Lie Groups to Dif-
ferential Equations Springer, New York.

Strelcyn, J.M., & Wojciechowski, S., [1988]
“A° method of finding integrals for three—
dimensional dynamical systems,” Phys. Lett. A
133, 207-212.

11



