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Abstract
A diffusive ratio-dependent Holling-Tanner system subject to Neumann bound-

ary conditions is considered. The existence of multiple bifurcations, including
Turing-Hopf bifurcation, Turing-Truing bifurcation, Hopf-double-Turing bifur-
cation and triple-Turing bifurcation, are given. Among them, the Turing-Hopf
bifurcation are carried out in details by the normal form method. We theo-
retically prove that the system exists various spatio-temporal patterns, such
as, non-constant steady state, the spatially inhomogeneous periodic or quasi-
periodic solution, etc. Numerical simulations are presented to illustrate our
theoretical results.
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1 Introduction

For a long time, the predator-prey models have received extensive concerns from
both mathematicians and biologists. The Lotka-Volterra model is one of the most
classical models and was first put forward in the 1920s. With the deepening of re-
search, this simplest ecological model is questioned because of its irrational assump-
tions and inaccurate predictions. In the 1960s, May @] first make two adjustments

to it: addition the self-regulation of prey and the incorporation of a Holling type

IT functional response function [9]. This model is also known as the Holling-Tanner
prey-predator model [26] and has the form

du U quv

- 1 2 —

dt Tlu( k ) u—+m )

(1.1)

dv (1 v )

= rou(] — —

dt 2 yu’’
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Here u(t), v(t) represent the densities of prey and predator, respectively. In addition,

the parameters have the following meanings:
e 71, ro are the intrinsic growth rates of the prey and predator, respectively.

e k is the carrying capacity of the prey, and yu play the role as the prey-
dependent carrying capacity of the predator. v is the conversion rate of prey

to predator birth, and can be seen as a measure of the quality of the prey as

food.
e ¢ is the maximum value of prey consumed by per predator per unit time.

e m is a saturation value. It is the value of prey required to reach half of the

maximum rate of q.

The system (LT]) is regarded as one of the prototypical predatorprey models has
been extensively studied. A lot of interesting questions, such as the equivalence
between local and global stability, collapse of two limit cycles, the uniqueness of the
limit cycle and bifurcations, have been solved M; IB; Iﬂ; Iﬂ; .

Further consider the influence of diffusion to (1), the two species may exhibit
inhomogeneous distribution in a spatial domain € € R™. Therefore, we should

consider the following reaction-diffusion system,

du U quv

& Dy Au = ru(l— 4 - 0

g7 1Au = ryu( k:) e x € t>0,

dov v

i DyAv = rou(l — %), x € Qt>0, (1.2)
Opu = Oyv = 0, € 0, t>0,

u(z,0) = up(x),v(x,0) = vo(x), x € Q,

where 7 is the outward unit normal vector on 02, and Dy, Dy are the diffusion co-
efficients of prey and predator, respectively. The no-flux boundary condition means
that the system is self-contained and closed to the exterior environment. For this
diffusion model, Peng and Wang in B] investigated the existence and non-existence
of the non-constant steady state solutions. Furthermore, the parameter conditions
for global stability of positive constant steady state are given in B; IE; Iﬂ; Iﬂ], re-
spectively. Li et al. Ej] considered the Turing and Hopf bifurcations. Related work
on the modified system (2] can also be found in ﬂa; @; Iﬁ]

With a non-dimensionalized change of variables:

u v
u—)E, v—>%, t — rit.
and let D D
d1:_17 d2:_27 _@7 _T27 b:@<1
T T T T k‘



We obtain the simplified dimensionless ratio-dependent Holling-Tanner system with

diffusion q
&u—dlAu:u(l—u)—uaT}b, xeQ, t>0,
4 dpAv=ro(1 - 2 0
ETeik’ v =ru( _E)’ x e, t>0, (1.3)
Oyu = Oyv = 0, x eI, t>0,
u(z,0) = up(z),v(x,0) = vo(z), =€l

For system (I.3]), Ma and Li E] studied the Hopf bifurcation and the steady state
bifurcation of simple and double eigenvalues. Banerjee, M. and Banerjee, S. [2] in-
vestigated the Turing and non-Turing patterns with € is a two-dimensional bounded
connected square domain. The formation of various spatio-temporal patterns have
been extensively studied in recent years B; |£|; Iﬂ; Eﬁ; @@] And Turing-Hopf
bifurcation can be regarded as one of the important mechanisms to generate the
spatio-temporal patterns. Study the Turing-Hopf bifurcation of the predator-prey
system can helps to understand more ecological phenomenas. Therefore, we will
study this problem in this Holling-Tanner system.

For convenience, we consider the spatial domain = (0,(7) with [ € R,

d auv

o —di A= u(l — ) —

e diAu = u(l —u) P xz € (0,lm), t >0,

4 dyAv=ro(1— " l

Fri’ v =ru( —a), xz € (0,im), t >0, (1.4)
uz(0,t) = v,(0,t) =0, ug(im, t) = vy(lm,t) =0, ¢t>0,

u(z,0) = up(x),v(x,0) = vo(x), xz € (0,lm).

Choosing the birth ratio  and the domain size [ as the main bifurcation parameters
to consider the Turing-Hopf bifurcation, we show that the system (L4]) exhibits a
variety of spatio-temporal patterns. Among them, the existence of the spatially
inhomogeneous quasi-periodic orbits is proved first time in both theoretically and
numerically, to the best of our knowledge. We point out that our results are follow
the algorithm in [1], which is mainly based on the central manifold theorem M] and
the normal form theory [].

The paper is organized as follows. In Section 2, we devote to the bifurcation
analysis of the ratio-dependent Holling-Tanner system (L4]). The conditions of
the existence of Hopf bifurcation, steady state bifurcation, Turing-Hopf bifurcat-
ing, Bogdanov- Tankens bifurcation, Hopf-double-zero bifurcation and Triple-zero
bifurcation are obtained. In Section 3, we give the detailed dynamics of the (L4])
with the parameter near the Turing-Hopf singularity. Finally a conclusion section

complete the paper.



2 Bifurcation analysis of the ratio-dependent Holling-

Tanner system

The system ([4]) has two non-negative constant steady states: (1,0) and (ug, vo),

where

1
up = vg = 5[(1—a—b)+\/(a+b—1)2+4b] <1,
satisfies (up — 1)(ug + b) + aug = 0. Among them, (1,0) is always an unstable
equilibrium point. In this section, we will mainly study the effect of the birth
ratio 7 and the domain size [ to the dynamics of system (L4)) near the coexistence
equilibrium point (ug, vg).

Define the real-valued phase space
X = {(u,v) € H*(0,7) x H*(0,7) : (ts, V) |2=0.x = O},

and the corresponding complex phase space X¢ := {x] + iz : 21,29 € X},
By the translation @ = u — ug, © = v — vy and the space scale x — z/I, the

system (L4)) can be written as an abstract equation in phase space X¢,

d
U = D(,DAU + L(,)U + F(r,LU). (2.1)
1
Here U = (4,9)T € X¢, D(r,1) = 2 diag(di, dz), L(r,l) : Xc — Xc is the linearized
operator given by
Ay B
L(r,l) = ( 00 ) : (2.2)
roo—r
with
Ap =1 —2up— =280 U0y gy
0 0 (b—l—u0)2_b—i—u0 0%
aug
By=— =upg—1<0.
0 b+ ug o <

F(r,1,-): Xc — Xc is a C* (k > 3) function and given by

fi(r 1, ¢) — Aogr — Botbz) (2.3)

F(T,Z’QS) N <f2(7’,l,¢) - T(ZSI + T¢2

with

a(p1 + uo) (P2 +vo)
1+ b+ug

fi(r, 1, 0) = (61 +uo)(1 — ¢1 — ug) —

¢2+Uo)
o1+ up”’

)

f2(7n7 L, (b) = T(¢2 + UO)(l -

for ¢ = (¢1,¢2) € Xc and satisfies F'(r,[,0) = 0, DgF(r,1,0) = 0.



The linearized system of (L)) at (ug,vp) is

%U = D(r,)AU + L(r, ))U. (2.4)

And the corresponding characteristic equation is

ANy =X y—D(r,))Ay — L(r,l)y =0, (2.5)

for some y € dom(A)\{0}, which is equivalent to the sequence of characteristic

equations
N —T,(r,)A\+ Dyp(r,1) =0, n=0,1,2,--- (2.6)
with
n2
T(r,1) = Ag — (d1 + dz)l—Q -,
2 2 2

n n

n
Dn(r,l) = dzl—Q(dl 2 — Ao) + T(dll—z — AQ — BQ)

It is obvious that

2

n
T,(r,]) <0 <= r>ri():=A4)— (d + d2) 7
) ) ) (2.7)
T n n n
Dn(T‘,l) >0 <= r> T, (l) = _d2l_2(d1l_2 - AO)/(dll—2 — A(] — BO),

and we can get the following conclusion directly.

Lemma 2.1. For system ([4), assume that a,r,l,di,dy > 0,1 >b>0. Ifa <
(b+1)2
2(1-0b)’
for arbitrary r,l > 0.

: (b+1)? - H(p\ T
Proof. Since a < 201 =b)’ we have Ag < 0. Which means r;' (1),r, (I) < 0 for all
1 > 0 and n € N. Consequently, we obtain T},(r,1) < 0 and D,,(r,1) > 0 for arbitrary

then the constant steady state (ug,vo) of (LA is local asymptotic stability

r,l > 0 and n € N. Or more precisely, all the eigenvalues of character equation (235])

have negative real part. This completes the proof. U

In the following, we will mainly study the dynamics of the system ([L4) when
(b+1)2

a > 20— b)° For the further study, we define two auxiliary functions
dgm'(Ao — d1 .%')
gl(w) dlx—AO—BO’ r="0
and

go(x) = Ag — (dy +d2)z, x>0.

These two functions have the following properties.



(b+1)2

20— b)' Then we have

Proposition 2.1. Assume that di,dy >0,1>b>0, a >

g1(x) >0, whenz € [0,1),

1 A
1. { gy(z) =0, whenz =%, with & = d—[(Ao + Bo) + \/Bo(A4o + By)] < d_O’
1 1

g1(x) <0, whenx € (£, +00),

A
2. 01(0) = 91(7) =0,
1
. . . . Ao
3. ga(x) is a linear decreasing function, and go(0) = Ag > 0, 92(d d ) =
1+ d2
A
0, 92(d—0) <0.
1

4. There is only one intersection point T of g1(z) and go(x) in the interval (0, 42).

dy
1
Here & = 2—d%[2d1A0 + (dy + do) By + \/(dy + d2)2 B2 + 4d1d> Ao By

2

5. () =0(f) <a@). ()= g(f) < Ao,
Proof. The proof is trivial and will be omitted. O

It is easy to say that the characteristic equation (Z3]) has pure imaginary eigen-
values for some r,I > 0 only when there exists a n € N, such that T,(r,l) =
0, Dy(r,1) > 0. Which can occurs if

r=ri()>rf(0)>0,  neN, (2.8)

And (23] has zero eigenvalues for some 7,1 > 0 if and only if there is a n € N, such
that Dy, (r,1) = 0. Which can occurs when

r=rl(l) >0, n € N. (2.9)

With the combination of above analysis, we have the following conclusions about

the eigenvalues of the characteristic equation (Z3l) with zero real part.

1 2
Lemma 2.2. Assume that di,do, 7,1 >0,1>b>0, a> ;IZ;_ 2)) rH(1), rI(1) are
defined by 2.7). Let
1 d
H T 1
—n - —n L . 2.1
I, ==n = L, =n A Vn e N (2.10)

And N1(l), Na(1) € N are two non-negative integers, such that 1§ <1 <14 ., 1§ <
1 < Z%QJFI. Then we have:

1. The characteristic equation [2.5]) has one pair of simple pure imaginary eigen-
values +iy/ D, (rH(1),1) := +iw,, when r = (1) (0 <n < Ny).



2. If0 <1< fl—t (i.e., Ny = 0), then the characteristic equation ([ZI)) has no

zero eigenvalues.

3. If 1 > 1) (i.e., Ny > 1), then the characteristic equation ([ZH) has at least

one zero ezgem}alue when r =7rL(1) (1 <n < Ny).

Proof. 1. According to 4 in Proposition 2] we have rZ (1) > rI(l) (n € N) only
when 0 < 1—22 < z (ie., | > ). From (IQED and I < 1 < I¥ ., the existence
of the pure imaginary elgenvalues when r = 7 (0 < n < Nj) has been proved.
Meanwhile, T),(r,1) about r and n is a strictly monotonic function, which means
that T,,(rf,1) =0 (0 <n < Ny) and T;(rfl,1) # 0 (j # n). This completes the
proof.

2. Since Ag + By < 0, we can get 72 (1) > 0 (n > 1) is equivalent to [ > I and
rg =0.If0o<I< %, that means D, (r,1) > 0 for all » > 0, which completes the

proof.
3. If il > g—t, then rI'(l) > 0 if and only if 1 < n < No. From (Z), the
statement is proved. O

Further consider the impact of the domain size [ on the system (L4]). Define the

following sets

Lrr={l€ S :r](1)=r](), 1 <i<j< N},

Lrg ={l€Sy:r{/(l) =r](l), 0<i< Ny <j< Ny}, (2.11)

7

Lrrg ={l€ Sy :r[(1)=r] (1) =r{(1), 0<i< Ny < j<k< Ny},

with S1 := (1%, [h,41), S2 == (1N, 1N, +1]N (%, [§,41] and Ny > 1. Each set has only
a limited number of elements, since they composed of the roots of a finite number

of polynomials which satisfy the condition [ € S;(i = 1,2).

Example 2.1. Let di = 0.417243, dy = 4.697383, a = 1.472554, b = 0.045949.
When N1 = 0, Ny = 3, we can calculate that Lpp = {3.022593,3.617713}, Ly =
(3.022593} and Lyry = {3.022593).

If choose [ = 3.022593, then we have o 201 0) =)

oA (| @

P () = 0501219, (1) < g1(z) (n>1), |
(1) = 0.501219, 73 (1) = 1.084062,
ri(1) = 0.501219, 7L (l) <

0(n>4) dob ety (3,15 ) |
p— . |
‘ \
! \
. o . . |
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Benefit from (2.11), we have a more accurate conclusion about the eigenvalues

with zero real part in the following.

(b+ 1) d
sy LV O,

rI(l), Lrr, Lty, LTy are defined by @) and @I1), respectively.

Theorem 2.1. Assume that dy,ds, 7 >0,1>b>0, a >

1. If 1 ¢ Lpr U Lrg, then the characteristic equation (ZBl) has just one pair of
pure imaginary eigenvalues +iw; when r = r(1) (0 < i < Ny), and one zero

eigenvalue when r = r;‘r(l) (1 <j<N,).

2. Ifl € Lyy \ Lyr, then the characteristic equation (ZI) has one pair of pure

imaginary eigenvalues +iw; and one zero eigenvalue when r = (1) = ’I“JT(Z).

Here 0 < i < Ny < j < Ny are two non-negative integers which satisfy riH(l) =

T’JT(Z).
8. If 1 € Lyp \ (Lrug U{IN 1)) (or 1 = 1% ., ¢ Lrr), then the character-
istic equation (X)) has two zero eigenvalues when r = rl(l) = ’I“JT(Z) (or

r=ri() = r]%1+1(l)). Here 1 < i < j < Ny are two non-negative in-

tegers which satisfy v} (1) =] (1).

4. If 1 =1f .| € Lyr, then the characteristic equation [ZX) has three zero eigen-

values when r = rﬁlﬂ(l) = le\}1+1(l)'

5. Ifl € Lyry, then the characteristic equation [2.5]) has one pair of pure imag-

inary eigenvalues +iw; and two zero eigenvalues when r = rf (1) = r;‘r(l) =
’I“E(l). Here 0 < i < Ny < j < k < Ny are three non-negative integers which
satisfy r1 (1) = T’JT(Z) = 7{(1).

Proof. Here we only give the proof of the first result, and the remainder of the

arguments is analogous to it. Due to [ ¢ Lpp U Ly, we have
rf() #£r8(1),  YO0<i< Ny, neN,

and
PO #£rl(1), VY1<j< Ny j#neN,

That is

Ti(r] (1),1) # 0, D;(r] (1),1) =0, To(r] (1),1) #0, Dn(r] (1),1),# 0, Vn # j.

Thus when r = (1) (0 < i < Ny) (or r = T’JT(Z) (I <7 < Ny)), all eigenvalues

except +iw; (or 0) have non-zero real part. Which completes the proof. U



According to the properties of gi(z), g2(x) in Proposition 2.1 we know that
max (1) = Ag > 0, and
n>0

0, if0<l< %,
max 7.l (1) = 0 (2.12)
" () = 1> D

1511;%)](\[2 ro (1) == ry, i A

Combine with (27)) and the linear stability theory, we have the following result.

Theorem 2.2. For system (L4]), assume that dy,dg,r,l > 0, 1 > b > 0, a >

b+ 1)?
%. Then the constant steady state (ug,vo) of (LA is locally asymptotically

stable when r > max{ Ay, r«} and unstable when r < max{Ao, r.}.

Proof. If r > max{Ag, r.}, we have » > rIl and » > rI' ¥n € N. Which means
T,(r,0) < 0 and D, (r,0) > 0, Vn € N, thus all eigenvalues of (2.5]) have strictly neg-
ative real part and (ug,vp) is locally asymptotically stable. When r < max{Ay, 7.},
we have either Ty(r,0) > 0 or D, (r,0) < 0 for some n, € N. That means there
exists at least one dimensional unstable manifold near (ug,vg). Thus (ug,vg) is
unstable. O

Form the bifurcation theory, it is easy to know that with the decrease of the birth
ratio r, the system (4] will exhibit different dynamic behaviors when r reaches the
value of Ag first or r.. Thus, it is meaningful to study the size of Ay and r,.

Through some simple calculations, we can calculate that

. 1
Ay —q1(2) = d_l[(dl + d3) Ag + 2d2 By + 2da+/ Bo(Ag + Bo)] (2.13)

L= hl(dladQ,AO,BO) : hQ(UO,(Z, ba d15d2) : h3(a, ba dladQ)a
with

A

dq [ngwBQ(AQ + BO) — (d1 + dg)Ao — QdQBO]’

U
(b+ UQ)[(dl — dg)za + (d1 + d2)2\/(a +b— 1)2 + 4b] ’
h(a, b, di,dy) = [(dy+d2)* —(dy —d2)*a® +2(dy +do)* (b—1)a+ (dy +d2)* (b+1)2.

hi(di,da, Ay, By) =

h2(u05 a, b, dl,d2) -

With regard to the size of Ay and g1(Z), we give the following conclusion.

(b+1)2
2(1—b)

Lemma 2.3. Assume that di,do, 7,0 >0,1>b>0, a>

1. Ao > g1(&) if the parameters also meet one of the following conditions

(1) di > da,
(2) di <do, 0 <b<b,,0<a<a_ ora>ay,



(3) di <dg, by <b< 1,
2. Ag=g1(2) if dy <d2, 0 <b<by,a=a_ ora=ay,

3. A0<gl(§c) ’ifd1<d2, 0<b<b,, a_ <a<ag.

Here
b* = [(dl d2)2 B \/(Sll C;lz))44 — (dl — d2)4]2 < 15
= . 2.14
(1-b)(d1 +d2)* +(da +d2)2\/(b+1)2(d1—d2)4_4b(d1 +dg)* (2.14)
a4 = |

(di+d2)*—(d1 —dg)*

Proof. If di > dy, then Ay — g(&) > Qg—j[Ao + By + \/Bo(Ag + By)] > 0. This
complete the proof of (1) in the first part.
If di < dg, then it is easy to show that hy(dy,ds, Ag, By) > 0 and ha(ug, a,b,dy,ds) >

0. Thus, the sign of Ag—g;(Z) is the same as hs(a, b, d1,ds2). Thanks to hs(a,b,dy,ds)
is a parabolic equation respect to a, we can apply the discriminant A, = 4(d; +
do)*[(dy — d2)*(b + 1)% — 4(dy + d2)*b] to distinguish its sign. A short calculation
revealed that A, <0 when b, <b < 1and A, >0if 0 < b < b,. Moreover, a = a+
are the roots of hs(a,b,dy,ds) = 0 when A, > 0. Then the remaining parts of the

lemma follow immediately from what we have proved. O

When Ay < ¢1(2), solving x from the equation Ay = ¢i(x) in the interval
x € (0,Ap/d1), we get two points x_ < x4 with the form

1
T4 = —2d1d2 [(dy —d1)Ap £ \/(dl + dQ)QAg + 4dydy Ay By). (2.15)

Applying Lemma 23] we can obtain the size of the value between Ay and r,.

Theorem 2.3. For system ([[L4]), assume that di,da,7,l > 0, 1 > b > 0, a >

b+1)2
;(1+ 3)) Tw, bs, ax, x+ are defined by ZI2), (ZI4) and I3, respectively. Let
_ 1 N T
by =n —, Iy =n —, Vn € N. (2.16)
X _ T4

And My(l), Ma(l) € N are two non-negative integers, such that Iy, | <1 <ly, l]\L/[Q <

1 < l]T42+1- Then we have:

1. Ag > 7y if and only if one of the following is satisfied

(A1) 0<1<,/4,

(A2) dy < dy,

(A3) dy > dy, by <b< 1,

(A4) dy>d,0<b<b,0<a<a_ ora>ay,

10



(A5) dy >dy,0<b<b,,a=a_ ora=ay, but NVi¢N,
(A6) dy >d1, 0 <b<by, a_ <a<ay, Mi(l) > My(l) and l./z—,1,/x1 ¢ N.

2. Ay = r. if and only if one of the following is satisfied

(A5) dy >dy, 0<b<b,,a=a_ ora=ay, andl:n\/%,neN,

(A6) dy > di, 0 <b<by, a- <a<ag, Mi(l) > Ms(l) and l = n/-= or

l=n,/+, neN.

Ty’
3. Ag < ry if and only if

(A6") dy >dy, 0<b< by, a_ <a<ay, Mi(l)<My(l). Moreover, Ag < rL
only when My < n < M.

Proof. First of all, it is clear that 7, = 0 if (A1) hold, so naturally we get Ay > 7.
Next, when parameters meets one of (A2) — (A4), it follows from Lemma 2.3 that
Ay > g1(2) > r.. The condition (A5) implies Ag = g¢1(#) and rl # g;(&) for
all n € N, which means Ay = ¢1(#) > .. But if (A5') hold, it is going to be
Ap = g1(&) = r, since it implies that there exists a n, € N such that 7—22 = ¢ and
", = 01(2) = 7.

Finally, under the condition of do > di, 0 < b < d, a_ < a < ay , benefit
from Lemma we get vl > Ag for some n € N only when [} < | < [;. When
M, (l) > Ms(l), we obtain that

{lz%_lzln, Vn < My < My —1 < M,

L < <LE, V> M,

thus rl < Ag for any n € N. Moreover, if [,/z— and l,/zy ¢ N (i.c., the condition
(A6) is satisfied), it means Ag # 7! for all n € N, thus Ag > r, is proved. But if
lyz— € Nor l,/zy € N (i.e, (A6') is satisfied), it is easy to get rl = Ay, thus
Ag = 7, is proved. When M (l) < Ms(l), (i.e., (A6") is satisfied), we have

L> 1y > 1, Vn < Mj,
Ly <y, <l<ly <l,, VM <n< M
L<Ifp . <1, Vn > Ms.

Thus Ag < ry and Ag < Tg if and only if My < n < M. The proof is completed. [

So far, we have analyzed the distribution of eigenvalues with zero real part in
Theorem 2.1l and the size of Ag, 74 in Theorem Based on these conclusions, we
obtain the following bifurcation theorems.

Theorem 2.4 (Hopf bifurcation). For system (L4)), assume that dyi,ds,r,l > 0,
b+ 1)?
;(;_ 2)) . Ifl ¢ LppULpy, then the system ([L4l) undergoes a Hopf bi-

furcation when v = rH (1) (0 <n < Ny). The bifurcating periodic solution is spatially

1>b6>0,a>

11



homogeneous if it bifurcate from r = (1) = Ao and spatially inhomogeneous if it

bifurcate from r = vl and 1 < n < Ny. Furthermore, the bifurcation solutions can be
stable only when a,b,dy,ds,l also meet one of (A1)-(A6) and r = r{{(l) = Ag. (i.e.,
if a,b,dy,do, 1 meet one of (A1)-(A6) and r = (1) (1 <n < Ny), or a,b,dy,ds,1
meet (A6") and r=rH (1) (0<n < Nyy the bifurcation solutions are unstable. )

n

Proof. Sincel ¢ LppULpp, then the parameters can not meet the condition (A5/) or
/ T, (r,l
(A6). Due to the fact that ITn(r,1)
,
at r = (1) (0 < n < Ny) is a direct consequent of Theorem Il Further assume

that the parameters meet one of (A1)-(A6), then we have Ty(rZ(1),1) > 0 when

1 < n < Ny, since 7 (I) > r(I). That means there exist at least one eigenvalue

= —1 < 0, the existence of the Hopf bifurcation

of (23] have positive real part when r = 7/ and 1 < n < Ny, thus the periodic
solutions which bifurcate from r = v/ (1 <n < Ny) are unstable. If the parameters
meet (AGN)7 the statement can be proved in the same way as above. O
Theorem 2.5 (Turing bifurcation). For system (L4), assume that dy,ds,r > 0,
(b+1)° d

CIfl > v and | ¢ Lpp U Lpg, then the system (L4

2(1 - b)
undergoes a steady state bifurcation when r = rL(l) (1 < n < N). Moreover, the

1>b>0,a>

bifurcation solutions can be stable only when a,b,dy,do,l also meet (A6”) and r = 1.

Theorem 2.6 (Turing-Hopf bifurcation). For system (L4]), assume that dy, da,
(b+1)?
2(1—b)
Turing-Hopf bifurcation at r = rH (1) = r;‘r(l) (0 <i< Ny <j < Njy). Moreover,

i

r,1>0,1>b>0,a> If l € Ly, then system ([L4) undergoes a

the bifurcation solutions can be stable only when a,b,dy,ds,l also meet one of (A5,)—
(A6') and r = Ag = .

Theorem 2.7 (Turing-Turing bifurc2ation). For system (L4)), assume that dy,
gz;r_l)b). 1€ Lyp \ (Low U {8, }) (or 1 =
lﬁl 11 & Lrr), then system (L4) undergoes a Turing-Turing bifurcation when r =

rI(l) = ’I“JT(Z) with 1 < i < j < Ny (or v = 1§ () = vk, 1(0)). Moreover,

the bifurcation solutions can be stable only when a,b,dy,ds,l also meet (AGN), and

r:riT(l):ro(l):r* (1<i<j<Ny).

do, 7,1 >0,1>0b>0,a >

Theorem 2.8 (Hopf-double-Turing bifurcation). For system (L), assume that

b+1)?
;(1_}— )b) If | € Lyrp, then the system (L4
undergoes a Hopf-double-zero bifurcation at r = rH(l) = r]T(l) =rF(l) (0<i<

di, dy, 7,1 >0,1>b>0,a >

Ny < j < k < N3). Moreover, the bifurcation solutions can be stable only when
a,b,dy,dy, 1 also meet one of (A5)-(A6"), and r = rll(l) = ’I“JT(Z) =rl(l) = A
(N1 +1<j<k<N,).

Theorem 2.9 (Triple-Turing bifurcation). For system (L)), assume that dy, da,
(b+1)?

1
r, [ >0, >b>0,a>2(1_b)

CIfl=18 1 € Lyr, then system (LA) undergoes
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a triple-Turing bifurcation at r = rﬁlﬂ(l) = T%IH(Z). Moreover, the bifurcation

solutions are always unstable.

Theorem 2.4] - Theorem are intended solely as a brief summary and not as
a rigorous development. The strict proof of Theorem - 2.9 follows in a similar
manner of the proof in Theorem [Z4] In the above bifurcation theorems, the stability
of some bifurcation solutions can not be determined by the current analysis. We list
them at here. To give back all the current analysis results to the system ([[4]), we

have the following conclusion.

Remark 2.1. The two species of system (L.4) will gradually tend to be uniform in
the spatial domain with the increase of the birth ratio r. The size of the spatial do-
main is sufficiently large (I > f‘—;) and the diffusion coefficient satisfies dy > d; are
two necessary conditions for these two species to exhibit the spatially inhomogeneous

patterns.

3 Spatio-temporal patterns in Holling-Tanner system

with a Turing-Hopf singularity

In this section, we will give a more detailed study of the Holling-Tanner system
(4)) with the parameters (r,1) near the Turing-Hopf bifurcation point. Assume
that the parameters a,b,d;,dy are satisfy one of the conditions (A5)-(A6'). Let
lx € L7 such that r, = r,j;* (Ix) = Ap for some n, € N. It is obvious that (r.,[,) is a
Turing-Hopf bifurcation point, which satisfies the hypothesis (H1), (H3) and (H4)
in [1].

We adopt the frame and notations of ﬂ] Choosing
BC := {1 :[-1,0] = X¢ : ¢ is continuous on [—1,0), Elelir(r)l P(0) € Xc}
o

as the phase space. Taking the transformation (a1, as) = (r—rs,l—1,) and rewriting

([27)) into a abstract ordinary differential equation in BC,

d 1 1
EUt — AU + XO[EFO@)(QI,@Q, U) + §F0(3)(a1,0z2, U)+---], (3.1)

with Ap = ¢ + Xo[D(74, 1) Ap(0) + L(ry, L) () — $(0)] and

F{P(ay,a0,U) = 2{3%[0(”, LA + L(r,, 1)) oy U + %[D(r*, L)A + L(ry, )] U}
92 92 o2
+ 55 F(0, 0)a? + 25 F(0,0)i0 + WF(O,O)@%
3 63 83 83
%35‘(0, 0)a® + 3 %%F(o, 0)a0 + 3 535 wo? + 559 3.

F0,0,U) =

According to the direct sum decomposition of BC about the characteristic subspaces

13



of {#iw, 0}, we decompose U' € BC into

U'(0) = ¢1(0)218n, + ¢1(0)218n, + ¢2(0)220n, + y(0).

There are a series of coordinate transformations (z,y) — (z + %U%(z), Y+ %Ug(z))
as shown in ﬂ], that make the system (B homeomorphic to a new system with
y(#) = 0 is a local central manifold of it. Moreover, the solutions of (BIl) are
homeomorphic to the solutions of the new system restrict on central manifold that

have the form as
W (t) = ¢1(0)218n, + ¢1(0)Z1Bny + $2(0)225n,. (3.2)
Here

. . 1 1 1 _ 1
7 = WO21+§fi}zla121+§félzla2zl+—g§%ozle+—9%é2212§ +0(4),

6 6
5 — — N lll > 111 > 111 7211172 3.3
zZ1 = zw021+2fa121a121+ 2fa221a221+6921021z1 +691022122 +0(4), (3.3)
. 1 1 1 B 1
2= é§2204122+§f£@06222+69%§1212122+695332§’ +0(4),

with the coefficients can be obtained by the computer program, which is fully de-
pends on the formulas that proposed in ﬂ, Section 3]. Moreover, equation (B3] is
called a normal form for (BI)) (or (L4)) relative to {£iw, 0}.

For an example, take a = 0.6018, b = 0.0077, d; = 0.4000, ds = 19.3700
in (L4]). The bifurcation diagram of the nontrivial equilibrium point (ug,vg) =
(0.4093,0.4093) in r — [ plane is shown in Figure 2l The dotted lines and the solid
line represent the steady state bifurcation curves (i.e., r = ! (1)) and the Hopf bifur-
cation curve (i.e., r = rf (1) > rI(l)), respectively. TH1-TH3 are the Truing-Hopf
bifurcation points, which are the intersections of the solid line and the dotted lines.
TT1-TT3 are the Turing-Turing bifurcation points, which are the intersections of
the dotted lines.

In the following, we are going to work on the detailed dynamics of (L4]) with the
parameters («, ) near the Turing-Hopf bifurcation point TH1. Here I, = 1.593334 €
Lry, and

Ao =rl(1,) =0.170468, rH <0(n>1),
e = 71 (1) = 0.170468, rl < 0(n>2).

Furthermore, the characteristic equation (2.3]) has one pair of pure imaginary roots
+0.2676461 and a zero root, when (r,l) = (r4,l.). Based on the algorithm in H,
Section 3|, the normal forms [B.3]) of (L4) with the Turing-Hopf singularity (e, )

Vv
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Figure 2: Bifurcation sets with parameters in r — [ plane

can be obtained directly, and the coefficients in (3.3]) are

a1, = —1.0000 + 1.5701, 1=,

arz = —0.1484, 13— 0.3645,
gilo = —0.3026 — 4.86964, gl =1.3640 — 10.1736i,
gin = —1.3543, gi3, = 0.1241.

Taking the cylindrical coordinate transformation
z1 = Rcosf +iRsinf, z; = Rcos® —iRsin®, 2z9=1V,

and the re-scaling

Re(gsto)l , , _ loodsly,

6 ’ 6
We get the equivalent planar system of (B.3)

d
& = —plerlan,an) + 7+ boe?),
(3.4)
dv 2 2
i —vlea(a, ag) + cop” + dov?].

Here by = —10.9918, ¢y = 4.4751, dyp = —1 and

61(011, 012) = 0.5000 aq,
62(0&1, 042) = 0.0742 a1 — 0.1822 9.
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There are four positive equilibrium points in the planar system (B.4))

E; =(0,0), for all €, €9,
Ey, = (\/ —61,0), for e; < 0,
E3 = (0,/€2), for e >0,

boea — doer  co€r — €2
Ey=(

for bpes — dpeq, coep — €9 > 0.
dO_bOCO ) dO_bOCO ; 0 0€1, €0

The linearized equation at each equilibrium point is

i AN B ( €1+ 3p; + bov; 2bg p;v; ) p

di \ o 2c0pivi €2+ cop? + 3dov? v

with (p;,v;) = E; (i = 1,2,3,4). By analyzing the corresponding characteristic
equations, the bifurcation set in (o, a2) plane is obtained and shown in Figure Bl
There are seven bifurcation lines L1 — Ly that divide the (a1, a9) plane into seven
regions D1 — Dy, the detailed dynamics of (3.4]) in each region have been shown in
figure Bl The deeper details please refer to the Case VIla in ﬂg, Chap.7]. According
to ﬂ, Section 4], we list the corresponding relationship between the solution of the
plane system (3.4]) and the original system (L4]) in Table 1.

Table 1:
Planar system Holling-Tanner system (.4

By Constant steady state (ug, vg)

By Spatially homogeneous periodic solution

FEs Non-constant steady state

Ey Spatially non-homogeneous periodic solution
Periodic solution | Spatially non-homogeneous quasi-periodic solution

For the original Holling-Tanner system (L)), the detailed kinetic properties can
be described as follows. When the parameters (aq,as) belongs to Dj, there are
one stable constant steady state (ug, vg) and two unstable non-constant steady state
coexist in the system ([L4). In Figure [l we give a simulation with parameters in
D1, and the solution eventually stabilize to (ug,vo).

As the parameters pass through the pitchfork line Ly of (ug,vo) from D; to Do,
a stable spatially homogeneous periodic solution is generated and the equilibrium
loses its stability at the same time. In Figure [6] (aq, ) are chosen in Ds, and the
stable spatially homogeneous periodic solution are shown.

In D3, the two unstable non-constant steady states disappeared due to the ex-
istence of another pitchfork bifurcation curve Ly of (ug,vg). The spatially homoge-
neous periodic solution is still a stable attractor of (IL4]). We simulate the dynamics
with (a1, a2) € D3 in Figure [

With the parameters (a1, az) move to Dy and pass through the curve Ls, the sys-
tem (L4]) undergoes a pitchfork bifurcation at the spatially homogeneous periodic

16



o1l D; D; -
-0.15 i
_02 1 1 1 1 Ll 1 1 1 1
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

o [,
.LQZ

o =0, ag <0
a1 <0, ag =0.4072a;

e [3:0a1 <0, ap = —11.8738a7;
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e Ly:a7=0, as > 0;

@

0.1

o [i5:a1 >0, ag = 1.3614a;
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Figure 3: Bifurcation set in (aq, @) plane
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Figure 4: Phase portraits in D1-D7
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(a) u(t, ) (b) v(t, )

Figure 5: A stable constant steady state (ug,vo) in Dj, with (aj,a) =
(0.0373, —0.0543) and the initial functions are ug(z) = vo(x) = up + 0.01 sin 6z.

Figure 6: A stable spatially homogeneous periodic solution in Ds, with (a1, a9) =
(—0.0344, —0.0578) and initial functions are ug(z) = vo(x) = ug + 0.05sin 6.

(a) u(t, )

Figure 7: A stable spatially homogeneous periodic solution in Dg, with (a1, a9) =
(—0.0325,0.0356) and the initial functions are ug(z) = vo(x) = up + 0.05sin 6z.
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(a) u(t, ) (b) v(t, )

Figure 8: A stable spatially non-homogeneous periodic solution in Dy, with
(a1, 9) = (—0.0030,0.0888) and the initial value functions are ug(z) = vo(z) =
uo + 0.05sin 2x.

solution. The directly result is two symmetric stable spatially non-homogeneous
periodic solutions are emerged in Dy, while the spatially homogeneous periodic so-
lution loses its stability. In Figure B Figure @ parameters are chosen in Dy, and
we find two spatially non-homogeneous periodic solutions coexist with the spatial

amplitude is not very large.

\\( /‘f z

(a) u(t, ) (b) v(t, z)

Figure 9: A stable spatially non-homogeneous periodic solution in Dy, with
(a1, ) = (—0.0030,0.0888) and the initial value functions are up(z) = vo(z) =
ug — 0.05sin 2x.

In Dj5, the unstable spatially homogeneous periodic solution disappeared, once
again, because the existence of the pitchfork line Ly of (ug,v9). The symmetric
spatially non-homogeneous periodic solutions are still stable and we shown them in
Figure [0+ Figure [l Compared with Figure B Figuredd], the spatial amplitude of
the solutions is lager and the oscillation about time becomes smaller in Figure [0+
FigurdITl

Ls is a Hopf curve of the spatially non-homogeneous quasi-periodic solutions. As
a result, two symmetric stable spatially non-homogeneous quasi-periodic solutions

are bifurcated from the spatially non-homogeneous periodic solutions in Dg. Chosen
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1000 o

(a) u(t, ) (b) v(t, )

Figure 10: A stable spatially non-homogeneous periodic solution in Ds, with
(a1, 2) = (0.0352,0.0817) and the initial value functions are ug(z) = vo(z) =
uo + 0.05sin 2x.

1000 o x 1000 o

(a) u(t,z) (b) v(t,x)
Figure 11: A stable spatially non-homogeneous periodic solution in D5, with

(a1, 2) = (0.0352,0.0817) and the initial value functions are ug(z) = vo(z) =
uo — 0.05sin 2x.
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(a1, a2) € Dg, two spatially non-homogeneous quasi-periodic solutions are found in
Figure [2} Figurdl3l

w)

Figure 12: A stable spatially non-homogeneous quasi-periodic solution in Dy,
with (a1, 2) = (0.0405,0.0449) and the initial value functions are ug(x) = ug +
0.05sinz, vo(x) = up — 0.05sin .

In D7, the constant steady state (ug,vg) becomes stable. Meanwhile two non-
constant steady states appear and both of them are saddle points. The reason is also
the pitchfork bifurcation of (ug,vg) occurs at Lg. It is worth noting that, we also
observed the existence of the spatially non-homogeneous quasi-periodic solutions in
the corresponding numerical experiments. Which means there are three possible
attractors coexist in the Holling-Tanner system (L)) with parameters (a1, a2) € Dg
and close to origin. We show these dynamical behaviors in Figure [4}Figure

4 Conclusion

A comprehensive investigation of the bifurcations of the modified Holling-Tanner
systems at the positive equilibrium (ug, vg) is given, and the spatio-temporal patterns
induced by Turing-Hopf bifurcation are identified. The parameter ranges of the
existence of multiple bifurcations are demonstrated.

All the parameters in (4] can be divided into three parts: the diffusion coeffi-
cients (dj,ds), the auxiliary parameter (a,b) and the main parameters (r,l). When

2
a < %, the predator-prey system will eventually tend to balance in both time
2
and space. When a > %, the diffusion coefficients dy > d is a necessary condi-

tion for the system to form the spatial inhomogeneous patterns. That means, if the
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Figure 13: A stable spatially non-homogeneous quasi-periodic solution in Dy,
with (o, a2) = (0.0405,0.0449) and the initial value functions are ug(z) = up —
0.05sin z, vo(x) = up + 0.05sin x.

8 /5/\5
10* \6\4\ //3/‘4
e
(a) ult.z) (b) v(t.z)

W)
o)

(©) ult.0) (@) v(t,0)
Figure 14: A stable spatially non-homogeneous quasi-periodic solution in D7, with

(a1, 2) = (0.0220,0.0082) and the initial value functions are ug(z) = vo(z) =
uo + 0.05sin .
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(a) ult.z) (b) v(t.z)

W)
o)

(©) u(t,0) (d) v(,0)

Figure 15: A stable spatially non-homogeneous quasi-periodic solution in D7, with
(a1, 2) = (0.0220,0.0082) and the initial value functions are ug(z) = vo(z) =
uo — 0.05sin ..
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(a) u(t, ) (b) v(t, )

Figure 16: A stable constant steady state (ug,vg) in Dz, with (ag,a2) =
(0.0220,0.0082) and the initial value functions are ug(x) = vo(z) = up + 0.05 sin 6.
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predator moves faster than prey, then the non-uniformly distribution of these two
species in space are more likely to occur. Moreover, the large birth ratio r = r9/rq
of predator to prey is beneficial to the stability of the Holling-Tanner system, and
the small spatial domains [ is not possible for the formation of the spatial patterns
has been shown in our results.

The study of the synergistic effects of the two parameters (r,[) on the Holling-
Tanner system indicated that, the large space regions provide the possibility for
the existence of more kinds of bifurcations and various spatio-temporal patterns.
Among these possible bifurcations types, Turing-Hopf bifurcation is be mainly stud-
ied in this work and a wealth of self-organized spatio-temporal patterns generated
of the Holling-Tanner system. It is worth mentioning that, the stable spatially non-
homogeneous periodic or quasi-periodic solution can not be bifurcated by a simple
Hopf bifurcation or steady state bifurcation in the reaction diffusion system subject
to homogeneous Neumann boundary condition.

Compare the illustrations in Figure and Figure [[4] we observed that the
time-period of the spatially non-homogeneous quasi-periodic solution becomes large
when the parameters is far away from Ls. But the eventually state of such solutions
with the parameters continue to move away Ls and close to L7 is almost nothing
to know. We conjecture that these solutions will break up due to the occurrence of
some bifurcation. In order to verify it, higher order normal form and some global

analysis methods are required.
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