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Abstract In this paper we present a complete study to the well-known Bogdanov-

Takens bifurcation and give a rigorous proof for the uniqueness of limit cycles.

1 Introduction

General theory of Bogdanov-Takens bifurcation is well-known. It was established by
Bogdanov in [1] and then introduced in many books, see [2, 3, 4, 5, 13] and [9, 10, 20, 21].
However, to our knowledge, we have not found a really satisfactory and complete study
in current works in English. For example, the uniqueness of limit cycles in homoclinic
bifurcation was not considered in all of these works in English. The problem was first
found and solved in the paper [14]. One can find a relatively complete study on it in

books [9, 10, 20, 21] with different details. These books are all in Chinese. The aim of
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this paper is to provide a complete study with all details on the well-known Bogdanov-
Takens bifurcation.

We organize the paper as follows. In section 2 we state some preliminary theorems
which are useful in studying Bogdanov-Takens bifurcation. The preliminary theorems
on Hopf and homoclinic bifurcations were obtained after the paper of Bogdanov [1]. In
section 3 we study Bogdanov-Takens bifurcation in detail. In section 4 we provide some
examples to show that our proof to Bogdanov-Takens bifurcation, especially the proof to

the uniqueness of limit cycles in Hopf and homoclinic bifurcations, is really necessary.

2 Preliminary theorems: a short survey

Consider a C* system on the plane of the form
= f(z,y) +efox,y,e,0),
(2.1)
y=9(x,y)+ego(x,y,€,9),
where f, g, fo, g0 are C* functions, ¢ is small, and § € G C R" with G compact and
n > 1. Suppose that for € = 0 system (2.1) has a C™ first integral H(x,y), such that the
equation H(x,y) = h defines a closed orbit L; for h € J, where J = («, ) is an open
interval. Here, we give a short survey on general theory of limit cycle bifurcation occurred
in system (2.1). For simplicity, we suppose that the limit of L, as h — « exists and is
an elementary center of (2.1)|.—o, denoted by C, while the limit of L, as h — [ exists
and is a homoclinic loop of the unperturbed system, denoted by L. The loop L passes
through a hyperbolic saddle S. Then C' and L together form the boundary of the family
{Ly}. To state some results on the number of limit cycles bifurcated from the family and

its boundary, introduce the function below
M(h,6) = 7{ (fgo — gfo)e Jolls+9m| _oat, he J. (2.2)
Ly

First, for h € J, we have the following result on the limit cycle bifurcation from the
period annulus defined by {L;} which can be found in [18, 12].
Theorem 2.1. Let M(h,0) be the function defined by (2.2). Then
(1) For hy € J, a necessary condition for Ly, to generate a limit cycle is M (hg, dy) = 0
for some oy € G.
(ii) If
oM

M (hg,do) = 0, W(hoﬁo) # 0,



then there exists a constant eg > 0 such that for 0 < |e| < g9 and |0 — do| < &¢ system
(2.1) has a unique limit cycle near Ly, .

(iii) If

a;T]\;[(ho,éo) # 0, aajT]\;[(ho,(So) =0, j=0,1,---,k—1

for some integer k > 1, then there exists a constant eqg > 0 such that for 0 < |g| < &y and
|0 — do| < €0 system (2.1) has at most k limit cycles near Ly, .

According to [18], the above theorem was proved by L. Pontryagin in 1934 in the
case f; + g, = 0. The above general case was obtained by Urabe in 1954, and X. Chen in
1963 respectively.

Now we consider a Hopf bifurcation near the center C'. Without loss of generality,

we assume that H(0,0) = 0, and that for 2 4+ y? small we have

f(x,y) +efolz,y,e,0) = ale,d)x — b(e,d)y + O(x? + y?),

9(x,y) + ego(w, y,€,6) = b(e, 0)z + ale, 6)y + O(2* + y?).

(2.3)

In this case the center C' has been moved to the origin. By introducing the polar coor-
dinates z = rcosf, y = rsinf one can obtain from (2.1) a C'™ periodic equation of the
form

dr

i R(0,1,¢,0).

Let (6, o, €,9) denote the solution of this equation satisfying r(0) = (. Define
A(xg,e,0) = (27, x0,€,0) — Zo.
Note that A(zg,0,0) = 0 for |x¢| small. We can write for |zy| small
A(xg,e,0) = Ai(e, )i, (2.4)
i>1

It is known that the right-lower index 7 of the first nonzero coefficient A; must be odd.

For (2.3) we have

1 21 0
Aife,0) = —[e™ =1, A4(0,0) = b_:a_‘;

(07 5)7
where by = b(0, 6).

The following theorem was proved in [10, 6].

Theorem 2.2 (Hopf bifurcation) Let (2.4) hold. Then

(1) If
A2k+1(0, 5(]) 7£ 0, Az(O, 50) = O’ 1= 1’ Ce ’2]{:

3



for some 0y € G, k > 0, then there exist g > 0 and a neighborhood U of the origin such
that system (2.1) has at most k limit cycles in U for 0 < |e| < &p and |0 — dp| < &o.

(2) Let Q(h) = (q(h),0) denote the intersection point of Ly, with the positive x-axis
with q(h) > 0, then

M(h,d)
A3(0,0) = —sgn(bg) lim
S & YN (ORI (e)

provided A1(0,9) = 0. In general, we have

M(h, 5)
A2k+1(0> 5) = —sgn(bo) }}L% q2k+1\/f2 QQ(Q)’

provided A;(0,0) =0,i=1,--- 2k — 1.
(3) If system (2.1) is analytic, (f,g) = £(—H,, H;) and M(h,dy) # 0 for some
0o € G, then for some k >0 and Ny # 0

M (h,80) = Noh* 4+ O(hF2),

In this case, A;(0,00) = 0,0 =1,-+-,2k — 1, and Ag11(0, ) = KNy for some constant
Ky, # 0. For example, when H(z,y) = K (z*+y?)+o0(x*+y?) we have Az(0,8,) = £5N;.

On the uniqueness of limit cycles in a Hopf bifurcation we have the following corollary
coming from the above theorem.

Corollary 2.1. If 2%(0,60) = 0 and A3(0,8) # 0, then there exists o > 0 and a
neighborhood U of the origin such that for 0 < |e| < gy and | — do| < €o, system (2.1)
has a unique limit cycle in U if and only if pea(e,d) < 0 and p = sgn(byAsz(0, dp)).

As usual, the set defined by the equation a(e,d) = 0 on the (g,0) space is called a
Hopf bifurcation curve.

It was proved in [7] that as f, + g, = 0, then M is C*° at h = 0. Moreover, M is
analytic at h = 0 if system (2.1) is analytic. Therefore in the case of f, + g, = 0 for h

small we can write
M (h,8) = bo(8)h + by (8)h* + by (§)R® +
The formulas for by, by, bs can be found in [8]. For example, if

(f(x,y),g(x,y)) = (Hy(ﬂi,y), —Hx(x,y)),

1
H(x,y) = hc + —((l’ - .’L'C) y yc Z hzg y yc) )

2
i+35>3



(foz + goy)le=0 = Z cij(x — )" (y — ye)’,
i+352>0
then for 0 < h — h. < 1 we have

M(h,6) = f (90dx = fody)|e=0 = bo(6)(h = he) + b1 (6)(h — he)? +-- -, (2.5)
Ly
where
bo = 271'600, bl = —Clo’ﬂ'(hlg + 3h30) — CQNT(th + 3h03) + CooTr + CpaTr.

Hence, by Theorem 2.1 a necessary condition in order that the center C(z,,y.) gen-
erates a limit cycle is ¢oo(dp) = 0 for some dy € G. If coo(dp) = 0 and by (dg) # 0 for some
0o € G, then there exist a constant ¢y > 0 and a neighborhood U of the center C such that
system (2.1) has at most one limit cycle in U for 0 < |e| < g9 and |6 — dg| < &o. Further,
note that in this case by = —1, Az(0, ) = —b1/4 and a(e,d) = ecoo/2 + O(e?). If § €R

dcoo

and c{y(dg) = “32(dg) # 0, then there exists a function ¢.(e) = dy 4+ O(e), corresponding

to the Hopf bifurcation, such that for 0 < |g| < gy and |6 — 0| < €¢, system (2.1) has a

unique limit cycle near the center C' if and only if

b1(00)co(00) (6 — e(€)) < 0.

Next, we consider the homoclinic bifurcation. Let L be a homoclinic loop defined
by the equation H(z,y) = . The loop intersects the z-axis transversally at a point Ay,
which is not singular. Then for h near 3 the periodic orbit L, intersects the z-axis at a
point Q(h) = (q(h),0) satisfying Q(h) — Ay as h — (. For |¢| small system (2.1) has
a unique saddle S(z(¢,d), ys(e,6)) near the saddle S on L. By the normal form theory
there exists a polynomial change of variables which carries system (2.1), near S, into a

system of the form
= A (g,8)u+ ai (g, 8)u*v + O(uv?),
0= —Xa(g,0)v — bi(e, 0)uv? + O(u?v?),

where (u,v) = (x — 5,y — ys).

Introduce the following four quantities

co(0) = M(f,9),

() = -0 = Aa)leco = (fos + 00, lecoeos.

N 1 MR
) = )+ ) b (@), Ay
s(0) = 5 = Wleco



On the existence of at most one, two, or three limit cycles we have the following theorem
which was proved in [10].

Theorem 2.3 (Homoclinic bifurcation). Let M(h,d) be the function defined in
(2.2). Then the following statements hold.

(1) For |e| small a necessary condition in order that system (2.1) has a limit cycle
near L is cg(dg) = 0 for some &y € G.

(2) If co(do) = 0 and ¢1(dg) # 0, then system (2.1) has at most one limit cycle near
L for |e| and |5 — do| both sufficiently small.

(3) If co(do) = c1(d0) = 0, then c2(dy) is finite, and when cy(dy) # 0 system (2.1) has
at most two limit cycles near L for |e| and |6 — d| both sufficiently small.

(4) If co(d0) = c1(d0) = ca(d9) = 0 and c3(dp) # 0, then system (2.1) has at most
three limit cycles near L for |e| and |§ — dg| both sufficiently small.

(5) If fu + g9, =0 and co(0y) = ¢1(do) = 0, then

ca(8) = f (fo, + 90,)|(c.6)=(0,60) 1.
L

For the existence of a unique limit cycle the authors of [14] obtained the result below.
A proof can be found in [10, 8] also.

Theorem 2.4. Let 6 € R and let ¢y(dy) = 0 for some &y € G.

(1) If 22(59) # 0, then there exists a unique differentiable function 5*(g) = 8+ O(e)
such that for |e| # 0 and |0 — dg| both small system (2.1) has a homoclinic loop near L if
and and only if § = 6*(e).

(2) If either c1(0g) # 0, or Ai(g,d0) = Xa(e,0) and co(dy) # 0, then for || # 0
and |0 — dg| both small system (2.1) has at most one limit cycle near L. If additionally
%0(89) # 0, then the limit cycle exists if and only if (5 — 6*(€)) > 0, where

sgn (G2 (d0)c1(8o)), if 1(do) # 0,

sgn (22 (89)c2(do)), if c1(do) = 0, ca(dp) # 0.

M:

As usual, the curve defined by 6 = §*(¢) is called a homoclinic bifurcation curve of
system (2.1).
An useful tool in the proof of the above theorem is a result on the measure of the

distance between the two separatrice near L obtained in 1963 by V. Melnikov in [15].



If f, + 9, = 0 and system (2.1).—o is Hamiltonian, then we have for the function
M (h,d) the following expansion
M(h,8) =) [ear(0)(h = B)* + cars1(8)(h = 8)* " In | — 5],
k>0
It was proved in [16] that system (2.1) has at most k limit cycles near L for |¢| # 0 and
|0 — dg| both small if ¢;(dg) =0, j=0,--- ,k —1 and ¢;(d) # 0.
For the formulas of ¢y, ¢1, ¢2 and ¢3 see [11]. For the formulas with more coefficients

see the recent work [17].

3 Bogdanov-Takens bifurcation

In this section we use the theorems listed in section 2 to study the Bogdanov-Takens
bifurcation. The problem was studied by Bogdanov in 1976 and Takens in 1974 separately.

Consider a C* planar differential system of the form

‘i‘:P(xvyva)a y:Q(I,y,CL), (31)

where a € R? for simplicity. Let system (3.1) have a nilpotent singular point (zg, o) for a
value of a, say ag. Without loss of generality we can suppose that (zg,yo) = (0,0), ag = 0

and that for a = 0 we have

(P, Q) 01

Iz, y) lew=00  \y o
Then it is easy to see that for |a| small system (3.1) can be transformed into

T =y,
(3.2)

iy =g(z,a) + f(z,a)y + O(y?),

near the origin, where
g(z,a) =go(a) + gi(a)x + go(a)z® + O(z?),
f(z,a) =fo(a) + fi(a)z + O(?),

90(0) =1(0) = fo(0) = 0.
For the sake of simplicity assume f1(0)g2(0) # 0. Since g2(0) # 0 there exists a unique

function zo(a) = O(a) such that g,(zo(a),a) = 0. Then for |z — z¢(a)| small we have
9(x,a) = g(z0(a), a) + (92(0) + O(a))(z — zo(a))* + O(|z — z0(a)[*),

7



f(z,a) = fola) + (f1(0) + O(a))(z — zo(a)) + O(|z — zo(a)[?),
where
g(wo(a),a) = go(a) + O(la®), fola) = f(zo(a),a).
Furthermore suppose

d(go, fo)

_ R%, det
a=(ar,a2) € R°, de d(ay, a2) |,

£0. (3.3)

This nondegenerate condition ensures that the change of parameters

= g(xo(a),a), po= f(xo(a),a)

has a unique inverse a = a*(p1, 12). Then setting u = x — z¢(a) and using x again for u

from (3.2) under the assumption (3.3) we have

T =y,
(3.4)
U= + poy + g5 (1)z” + fi(pwzy + Oz + 2y + y°),

where p = (p1, p2) and

95(0) = g2(0) # 0, f7(0) = f1(0) # 0.

By introducing suitable rescaling of the variables =, y and ¢, from system (3.4) we
obtain

T =y = P(xaynula ,u?)?
U =1 + poy + 22 +axy + 02 + 2%y + y?) (3.5)
=Q(z,y, pu1, f1a)-
Our aim next is to study the local behavior of system (3.5) near the origin for small

values of the parameters p; and ps.

First, noting that
Q(z,0, 1, p2) = 1 + 2 + O(z?),
o(P.Q) 0 !
Ax.9)  \2w+y+ 0@ +ay) pota+0@®+y)

one can see that system (3.5) has no singular points for gy > 0, and has the origin as a
saddle-node for 11 = 0 and py # 0. For g < 0 system (3.5) has a saddle (v/—u1+0(u1),0)
and a singular point A(py) = (—v/—p1 + O(p1),0) of index +1. That is, for each uy # 0,

system (3.5) undergoes a saddle-node bifurcation at p; = 0.

8



The eigen-equation of system (3.5) at A(u1) has the form

X2+ At — V=i + On) + 2/ + O(ur) = 0.

Hence there exist two functions
1(p1) =2V2(—p) 5 + (=) + O (|| 1),
a(p1) = — 2V2(— ) + (=) + O(|yua|7)

such that A(uy) is a focus for po(u1) < p2 < @1(p1), a node for ps > @1(py) or py <
wo(p1), a degenerate node for ps = w1 (1) or s = wa(p1). Obviously, there is a function
o(p1) = /=p1+O(|p1]), such that A(py) is stable for py < @(p1), unstable for gy > ().

This implies that a possible Hopf bifurcation would occur at A(u1) when puy varies near

o(H1)-

To study the problem in detail we introduce the rescaling change of variables
1 1 3 1
po = =0\, x=—ulml|z, y=vlmlr, t=—-7lu|5,
and then useing (z,vy,t) for (u,v,7) from system (3.5) we obtain
T =y,
g=1—a"+E(6+a)y+ 0,
where & = |;11|7. Furthermore letting

1 1
u:—x+1,v:—,T:\/§t,
5@+1) Vol

and also using (x,y,t) for (u,v,7), we get the system

T =y,
(3.6)
y=z(1—1z)+ec(A+2z)y+O(),
where A = 2(0—1) and € = v/2¢. The unperturbed system of system (3.6) is Hamiltonian
with Hamiltonian
1 1

1
H(z,y) = 53/2 - 5952 + 5333,

whose level curves define a family of closed orbits Ly, for h € (—%,0). The boundary of
this family consists of a center at (1,0) and a homoclinic loop Ly passing through a saddle

at the origin. The first order Melnikov function of system (3.6) has the form

M(h,)\)zjai (0 + 2)ydz = Mo(h) + L (h), he(—%,o),

9



where
I;(h) :7{ lydr, j=0,1.
Ly

Direct computations show that I4(0) = 6/5 and 1;(0) = 36/35. Thus
6 36 6 6
MO, \) = 5)\+£ =: ()ﬂ—;) :
Then by Theorem 2.4 we immediately have:

Lemma 3.1 There exist a constant ¢g > 0 and a C' function \*(g) = Ao + O(e)
with \g = —6/7, such that for 0 < e < ¢y and |A — X\o| < €, system (3.6) has a unique
limit cycle (no limit cycle, respectively) near Ly if A < X*(g) (A > A*(e), respectively),
and has a homoclinic loop near Ly if and only if A = X\*(g). Moreover, the limit cycle or
the homoclinic loop is stable.

Rewriting H (z,y) as
1 1
Hry) = 307 + (= 1) + 3z~ 1)

then from (2.5) we get

M(h,\) =2m(A+1) (h—l—é) -7 (h+é)2+---
Therefore, from Theorem 2.2 and Corollary 2.1 we obtain:

Lemma 3.2 There exist a constant €, > 0 and a C' function Xi(e) = —1 4 O(e),
such that for 0 < e < €1 and |\ + 1| < ¢ system (3.6) has a unique limit cycle near the
center (1,0) if and only if X > Xj(€). Moreover, the limit cycle is stable when it exists.

Now our next step is to prove that the limit cycle of the above two lemmas exists

uniquely for all Aj(e) < A < A*(e). For this purpose we rewrite the function M (h, \) as
M(h,2) = I(h)(A = P()), P(h) = —Ly(k)/To(h).

The following lemma provides the properties of the function P(h) due to Bogdanov [1].
L 0], differentiable on [—%,0)

T 6 6

with P(~§) = =1, P(0) = =2, P'(~3) = 5 and P'(h) > 0 for (=5,0).

2
Proof From the proofs of Lemmas 3.1 and 3.2 we have P(0) = —% and P(—}) = —1.

Lemma 3.3 The function P(h) is continuous on |

Note that along L, we get

0 1
ydy = xdx — 2%dz, % = ;
By writing 7;(h) into the form of definite integral in = we find
I(h) = @:j{ xdx—ydy:f‘ ac2d:v‘
Ly, y Ly y Ly, y

10



Then by integration by parts we have

2dr — 23d
fo(h)z—f xdy:_j{ vdr — xdx
Ly Ly Yy

1 3 3
= ~(3h + =2* — Zy* — 2°)dx
jih y( 2 2 )
!/ 1 ! 3
=3hI}(h) + §Il(h) — élo(h).
Hence
51y = 6h](’) + 1. (3.7)

Similarly, integrating by parts the function I; we get
3511 = 6hI) + 6(1 + 5h)I;. (3.8)

Solving I} and I from (3.7) and (3.8) yields to the so-called Picard-Fuchs equations as

follows
1
I = 7 — 1 I, = ——16(1+5h)I, —7I].
! 1+6h( 1= 1), 1o 6h(1+6h)[( + 50l = 7h]
Therefore we obtain
dPp -1 —TP?+6(2h — 1)P + 6h
— = —[I,I — LI =
dh 13[01 1ol 6h(1 + 6h)

This means that the function P = P(h) defines an orbit connecting the saddle (—3, —1)

and the node (0, —g) in the plane of the quadratic system

h =6h(1 + 6h),
‘ (3.9)
P =—T7P%*46(2h — 1)P + 6h.

It follows that the function P(h) is continuously differentiable on the interval [—3,0).

Consider the isocline equation
—7P* +6(2h — 1)P + 6h = 0.

It is a hyperbola with two branches L; and Ly with L, lying above L,. It is easy to see
that Ly passes through the points (0,0) and (—%, —%), while L, passes through the points

(0,—%) and (=%, —1). Note that for —% < h < 0 we have

h = 6h(1+ 6h) < 0,

> 0 between L; and Lo,
P=—7P*+6(2h —1)P+6h{ =0 on L, or Lo,

< 0 above Li or below Ls.

11



It implies that the curve P = P(h) is below L, for —¢ < h < 0. Thus P'(h) = 4€ = % > 0.

Furthermore the linear variational equation of system (3.9) at the saddle (—g, —1) is

T = —6x, y=—6x+ 06y,

which has the separatrix y = %az Hence P’ (—%) = % This completes the proof.
On the other hand, the variational equation of system (3.9) at the degenerate node
(0, —2) has the form
30

T = 6z, y':—7a:+6y,

from which we get P’(0 — 0) = oo.

Noting that 0 < x < 3/2 and |y| < 1/4/3 along the homoclinic loop Ly we can
suppose in system (3.6) that —e* < 2 < 3/2+¢% |y < 1/V/3+¢e* and 0 < ¢ < ¢&*
for a small constant €* > 0. In this case there exists a constant N > 0 such that the
divergence of (3.6) is positive or negative (and hence there is no limit cycle) if |A| > N

and 0 < ¢ < €*. For example, we can take N = 3 for a suitable €* since
|div(3.6)] = |e(A+ 2+ O(¢g))| > e(|A] =2+ O(e)).

That is, in system (3.6) we can assume |[A\| < N to discuss the existence of limit cycles.
With this assumption and applying Lemmas 3.1-3.3 we can prove the following theorem.

Theorem 3.1 There exist a constant €* > 0 and two differentiable functions \*(g) =
—8 4+ 0(e) and Xi(g) = =1+ O(e) such that for all 0 < e < &* and || < N, system (3.6)
has

(1) no limit cycles for A > X*(g) or A < A\i(g);

(2) a stable homoclinic loop near Lo for A = X\*(¢);

(3) a unique (stable) limit cycle for Xj(e) < A < A*(¢).

Proof. Correspondingly we need only to prove the following three statements:

(i) There exists a constant €5 > 0, such that for 0 < € < €} system (3.6) has no limit
cycles when either M*(g) < A < N or =N < A < Af(e).

(ii) There exists a constant €5 > 0 such that for 0 < ¢ < &} and A = A\*(¢) system
(3.6) has a stable homoclinic loop near Ly.

(iii) There exists a constant €5 > 0 such that for 0 < ¢ < &5 and \j(g) < A < A*(¢)
system (3.6) has a unique limit cycle, and it is stable.

When the three statements are proved, we can take e* = min{e}, e}, e} to complete

the proof.
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We shall prove the statements by contradiction. If statement (i) is not true, then there
exist sequences &, and \, satisfying ¢, > 0 and ¢,, — 0 as n — oo and A\*(g,,) < A\, < N,
or —N < X\, < Xi(e,) such that for (¢, A) = (5, A,) system (3.6) has a limit cycle L.
Note that {\,} and {L}} are all bounded for all n. We can suppose that A, — A\* and
L} = T* (asn — +00).

Clearly —g <A< N,or =N < X* < —1, and I'* should be a closed invariant curve
of system (3.6).—¢. This means that I'* is defined by an equation H(z,y) = h* for some
h* € [—4,0]. By Theorems 3.1-3.3 we have necessarily M (h*,\*) = 0, or A* = P(h*),
By Lemma 3.3 one obtains —1 < \* < —g. Then by Lemmas 3.1 and 3.2 we have either
A= —g and I'* should be the loop Lg, or A* = —1 and I'* should be the center (1,0).
In the first case we have —g —€ < A\, < —g + ¢ and 0 < g, < ¢ for n sufficiently
large, which, together with Lemma 3.1, implies that for (¢,A\) = (e,, A,) system (3.6)
has no limit cycles near Ly because A, > A\*(g,), a contradiction. In the second case a
contradiction occurs similarly by Lemma 3.2. Then statement (i) follows.

Statement (ii) is direct from Lemma 3.1.

For statement (iii), first by Poincaré-Bendixson theorem one can see that for Aj(e) <
A < A*(e) with € > 0 small system (3.6) has a limit cycle. We shall prove the uniqueness
of the limit cycle by reduction to a contradiction. That is, we suppose that the uniqueness

conclusion is not true. Then there exists sequences €, > and \,, > 0 satisfying €, — 0 and

Ni(en) < An < A*(ey,) such that for (g,\) = (e, A,) system (3.6) has two limit cycles LY

6
-,

and LY — I; for j =1,2. Then T'; satisfies H(x,y) = h; for some h; € [-£,0], j = 1,2.
Hence, M(hj,\*) = 0, and then A\* = P(hy) = P(hy). Thus hy = hy by Lemma 3.3.
Therefore, a contradiction must occur in the same way than in Lemma 3.2 for hy = —1,

Lemma 3.1 for hy = —6/7 or Lemma 3.2 and Theorem 1.1 for h; € (—1,—6/7). This ends

and Lg). As before we can assume that as n — oo we have \,, — \* with —1 < \* <

the proof of Theorem 3.1.

From the above proof, one can see that each one of Lemmas 3.1-3.3 is indispensable
and plays its own role in the proof. In other words any one of them is not sufficient to
deduce the statements of Theorem 3.1.

Note that g = —68|pu1|2 = —(2A+1)|p1|2, € = v/2|pu1|3. Back to system (3.5) and we
have from Theorem 3.1 the following result.

Theorem 3.2 There exist a constant ¢g > 0, a neighborhood U of the origin and
two continuous functions ¥y (pu1) = (—p1)2 +O(||7) (corresponding to Hopf bifurcation)
and o(py) = %(—,ul)% +O(|u|7) (corresponding to homoclinic bifurcation), such that for
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0 < —p1 < € and |po| < €, system (3.5) has a unique limit cycle in U if and only if
Ya(pr) < po < 1 ().

4 Some examples with two limit cycles

In this section we give two examples which have two limit cycles. However the first order
Melnikov function of them has only one nontrivial zero. The first example is a system of

Liénard type

i=y—cex—2°+12°), y=—n, (4.1)

where € > 0 is small. The unperturbed system of it is a linear center with the first integral
H(x,y) = 2% + y% Let L;, denote the circle defined by 2% + y* = h with A > 0. Then by
(2.2) the first order Melnikov function is

M(h) = ﬁ (—a® + 2°)dy.

Note that Ly can be represented as © = vhsint, y = vVhcost. A direct computation
shows that

2w
M(h) = / h2sin* ¢ — ¥ sin® f]dt
’ 1 2m . 3 2m
= h*[n/2 + Z/ cos?(2t)dt] — h3[m /4 + g/ cos®(2t)dt]
0 0
3m

Zh2(1 —5h/6),

which has a unique simple positive zero h = 6/5. It follows from Theorem 2.1 that for
e > 0 small system (4.1) has a unique limit cycle I';. near the circle 2? + y? = 6/5.

Noting that div(4.1) = g(3z? — 5z — £), we have
7{ div(4.1)dt = e[~97/5 + O(e)] < 0,
Fls

for 0 < e < 1. This implies that the limit cycle I'y. is stable.
On the other hand, the origin is a stable focus for 0 < ¢ < 1 since

div(4.1)|wy)=0.0) = —€".

Therefore there must have an unstable limit cycle, denoted by I's., inside I'.. By Theo-

rems 2.1 and 2.2 we obtain that I';. and I'y. are the only limit cycles of system (4.1).

14



From the above discussion one can see that the following system
i =y—c(ex —2°), y=—nu,

has a unique limit cycle I'; for 0 < ¢ < 1. However its first order Melnikov function is
M(h) = ?jfh2, which has no positive zero. This fact implies that for any hg > 0 there
exists g9 > 0 such that for 0 < € < g¢ all orbits starting from a point in the region
22 + y? > hg are unbounded positively. And, by Theorems 2.1 and 2.2 the limit cycle T,
is unique and approaches the origin as € — 0.

Our second example is

t=y+exle+z(a— H(x,y))l,

c_ 2
y=x—,

where

1 1
H(z,y) = 5(?/2 — %) + 5-’1«"3-

The unperturbed system of system (4.2) has a saddle at the origin, a center at (1,0),

and a family of closed orbits given by
1
Ly,: H(zx,y)=h, he (—6,0).

The limit of L, as h — 0, denoted by Ly, is a homoclinic loop satisfying H(x,y) = 0. By
(2.2) the first order Melnikov function has the form

M(h,a) = I(h)[a — k), (4.3)

where

I(h) = jih(—xQ)dy = 272 xydz.

Clearly I(—%) = 0. Noting that yy, = 1 along Ly, one has

2
I'(h) :]f —xdx:f 2dt > 0, (4.4)
L, Y Ly,

which yields I(h) > 0 for all h € (—%,0). Hence M(h,a) has at most one zero on the

interval (—%,0). From (4.4) one also has I'(—%) = 4, from which it follows

I(h) = 4n(h + é) +O(|h + éﬁ),

for h + ¢ > 0 small. Hence by (4.3) we obtain

M(h,a) = 4n(h + %)[a + é —(1+ K(a+ %))(h+ %)] +O(|h+ é|3),

15



for h + % > 0 small, where K is a constant. By Corollary 2.1 there exists a function
¢.(e) = —¢ + O(e) such that for € + |a + £| small system (4.2) has a unique limit cycle,
say I 4, in a neighborhood of the center (1,0) if and only if @ > ¢.(¢). On the (e, a)-plane
the curve a = p.(¢) defines a Hopf bifurcation curve. Note that by (2.5)

le(42)|C = E[COQ + 0(6)]

= [+ Ofe)

=e[2(a+1/6) + O(2)],

where C' denotes the focus of system (4.2) near the center (1,0). Hence
div(4.2)|c > 0 & a> ¢.(e). (4.5)

Thus the limit cycle I'; , is stable.

Now we consider the problem: How does the stable limit cycle I'. , vary when the
parameter a increases from ¢, ()?

To understand the behavior of I'. , as a increases, let a € (—%, 0). In this case the
function M (h,a) has a unique simple zero h = a for h € (—%, 0). This implies that for
¢ > 0 small system (4.2) has a unique limit cycle near L,. Along the limit cycle we have

j{div(zl.z)dt - g[f 2(z — 22)dt + O(e)]

a

= —¢ll(a) + O(¢)]
<0

for e > 0 small. Hence the limit cycle is stable. Then it is clear that when a increases from
@.(€) the stable limit cycle I'. , enlarges constantly, and it approaches to L, as ¢ — 0.

We consider an additional problem: what happens for a near zero?

First noting that M(0,a) = I(0)a = Za, by Theorem 2.4(1) and its proof there
exists a function @p(e) = O(e) such that (4.2) has a homoclinic loop I'! if and only if
a = pp(e). Moreover for a near pp(¢) the orbit behavior of system (4.2) near Ly is as
shown in Fig.4.1.

For div(4.2)]y—y=0,a=p,(s) = €> the homoclinic loop I'! is unstable. On the other
hand, by (4.5) the focus C' is unstable for p.(¢) < a < ¢(e). Then it follows that system
(4.2) has a stable limit cycle, denoted by T, inside the loop I'* for a = p,(¢). In the

same way, from Fig. 4.1, the stable limit cycle I';, obtained before always exists for
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X XD X

(i) a < pn(e) (i) @ = pn(e) (iii) @ > ¢n(e)

Fig. 4.1. Phase portraits of system (4.2) near Ly.

>@ .¥ @
(i) @ele) < a < @n(e) (i) a = pp(e) (iii) 0 <a—pple) < 1

Fig. 4.2. Global behavior of system (4.2).

() < a < @p(e). Furthermore, for 0 < a — ¢p(e) < 1 the homoclinic loop I'} has
broken and generated an unstable limit cycle I'; ,, see Fig. 4.2.

By Theorem 2.3, I'. , and I'; , are the only limit cycles of system (4.2).

Finally, for any given constant ag > 0, we have M(h,a) > 0 for all h € [—%, 0] and
a > ag. Hence there exists g9 = g9(ag) > 0 such that for 0 < ¢ < g9 and a > ag system
(4.2) has no limit cycles. Thus there exists a function ¢g,(¢) = O(g) > @p(e) such that
for a = @g4,(e) system (4.2) has a semi-stable limit cycle which is the limit of I'. , and
['7, when a — @,,(e) from left. The function ¢,,(e) corresponds to the saddle-node
bifurcation of limit cycles in system (4.2). Therefore we have three bifurcation curves on
(¢, a)-plane: Hopf bifurcation a = ¢.(¢), homoclinic bifurcation a = ¢,(¢) and saddle-
node bifurcation of limit cycles a = ¢4,(e). The bifurcation diagram is shown in Fig.
4.3.

We have seen from examples (4.1) and (4.2) that the study of the uniqueness of limit
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a= (Psn(s
0
2
= (Ph (8) R
(0] 1 -

/\R(Pc(ﬁ)
0

Fig. 4.3. Bifurcation diagram of limit cycles of system (4.2).

cycles near the boundary of the period annulus in the Bogdanov-Takens bifurcation is

necessary and non-trivial.
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