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In the present work, a second-order type 2 PLL with a piecewise-linear phase detector charac-
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for the considered model. The solution is based on a study of cycle slipping bifurcation and
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1. Introduction

Phase-locked loops (PLLs) are nonlinear control systems which are designed to synchronize a voltage-
controlled oscillator (VCO) signal with a reference one. PLLs have many applications in energy and robotic
systems, satellite navigation, wireless and optical communications, cyber-physical systems [Du & Swamy|,
2010} [Karimi-Ghartemani| 2014} [Rosenkranz & Schaefer| 2016} Best et all, [2016; Kaplan & Hegarty, 2017
Kuznetsov et al., [2020c; [Zelenskii et all, 2021} [Zelensky et al., 2021; [Kuznetsov et al.,[2022]. Analog PLLs
can be described by systems of nonlinear differential equations with periodic right-hand sides, which are
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also known as pendulum-like systems. In 1933, F. Tricomi was the first, who conducted nonlinear analysis
[Tricomi, 1933] of the systems which are equivalent to the second-order PLLs with lag filters (see, e.g.,
[Gardner} 2005]). It was proven that the global stability of those systems is determined by separatrices of
a saddle, which correspond to a heteroclinic bifurcation in the system. Further, bifurcations of the second-
order PLLs with lead-lag filters and different nonlinear characteristics of phase detectors were studied in
[Andronov et al., |1937; Kapranov, (1956} Belyustinal |1959; Gubar’, [1961; |[Shakhtarin), [1969].

PLL systems with lag and lead-lag loop filters can be classified as type 1 PLLs, because transfer
functions of such filters do not have poles at the origin. In engineering practice, so-called type 2 PLLs,
that have loop filters with exactly one pole at the origin, are most often used nowadays |Gardner] [2005].
The second-order type 2 analog PLLs are always globally stable (see, e.g., |[Kuznetsov et all 2021a]), i.e.,
these PLLs acquire lock for any reference frequency. However, synchronization in the systems may take
long time. In order to reduce the long acquisition time, the lock-in concept has been introduced. According
to the concept, the locked PLL re-acquires a locked state without cycle slipping after an abrupt change of
the reference frequency. The problem of estimation of the reference frequencies where the concept is held
was posed by F. Gardner in his monograph |Gardner], 2005|. A rigorous approach to the Gardner problem
and analytical estimates of the lock-in range were suggested in |[Kuznetsov et al., 2015, 2019b, [2021a.clb].

The system where such abrupt reference frequency change occurs can be considered as a switching
system. The Gardner problem requires to study cycle slipping bifurcation of the system when a trajectory,
starting from an equilibrium of the system before the switch tends to an equilibrium of the system after
the switch. This task is similar to the problem of the heteroclinic bifurcation estimation in type 1 PLL
systems.

2. Mathematical Model and Stability Analysis

Fig. 1. Baseband model of analog PLLs.

Consider analog PLL baseband model in Fig. (1| [Gardner, |2005; |Viterbil [1966; Best, [2007; Leonov et al.l
2012, |2015b]. Here Opef(t) = wrett + O1ef(0) is a phase of the reference signal, a phase of the VCO is 0yc0 (%),
Oc(t) = Orer(t) — Oyeo(t) is a phase error. A phase detector (PD) generates a signal ve(6.(t)) where ve(+) is
a characteristic of the phase detector. In the present paper, a piecewise-linear PD characteristic, which is
continuous and corresponds to square waveforms of the reference and the VCO signals, is considered:

k6. — 2mkm, —F+2mm < 0c(t) < 1+ 2mm,
ve(fe) = Life+ v (m+2mm),  L42mm <6e(t) < —L+2n(m+1), (1)

T 1
T—% T—

here k > %, m € Z (see Fig. .
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Fig. 2. Triangular PD characteristic (piecewise-linear PD characteristic (1)) with k = %)

The state of the loop filter is represented by z(t) € R and the transfer function is

1
F(s) = +ST2, 71 >0, 2> 0.
ST1
The output of the loop filter vp(t) = T—ll(x(t) + Tove(0(t)) is used to control the VCO frequency wyeo(t),

which is proportional to the control voltage:
wvco(t> = évco(t) = w\f/rceoe + KycoUF (t)
where Ko > 0 is a gain and wi® is a free-running frequency of the VCO.
The behavior of PLL baseband model in the state space is described by a second-order nonlinear ODE:

T = Ue(ee)v
K 2
6 _ wfree - vco <.’E + 7'21)3(06)> ( )
T1
where wfree = Wref — wf,‘i:e(f’ is a frequency error and v.(f.) is defined in ({1)). It is usually supposed that

the reference frequency (hence, wfree too) can be abruptly changed and that the synchronization occurs
between those changes. Thus, existence of locked states, acquisition and transient processes after the
reference frequency change are of interest.

2.1. Local stability analysis

The PLL baseband model in Fig. (1] is locked if the phase error 6.(t) is constant. For the locked states of
practically used PLLs, the loop filter state is constant too and, thus, the locked states of model in Fig.
correspond to the equilibria of model [Kuznetsov et al., 2015].

Definition 2.1. [Kuznetsov et al., 2015} Leonov et al., 2015a; Best et al. 2016] A hold-in range is the
largest symmetric interval of frequency errors |w!r®®| such that an asymptotically stable equilibrium exists
and varies continuously while wf® varies continuously within the interval.

Observe that system ([2|) is 27-periodic in 6, and has an infinite number of equ1hbr1a ( premat wm),

)

m € Z. The characteristic polynomial of system linearized at stationary states (

K K,
X(s) = 8% + 20/ (rm)s + —24! (wm).
1 T1

The nonlinearity v.(6.) decreases (’Ué(ﬂ' +2mm) = — ) for 1 +2mm < 6e(t) < —¢ 4 2m(m + 1),

lef

and equilibria ( remat kil 27Tm> are saddles. The nonlinearity v.(6.) increases (v.(2rm) = k > 0) for
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lef

—2 +2mm < 0.(t) < £ + 2mm, and the equilibria ( KV{SC , 27rm) are asymptotically stable:

fre
o if VC°T2 > 4 then the equilibria (ﬁ 27rm) are asymptotically stable nodes,

fre

o if %:2 4 then the equilibria (T}gvc 27rm) are asymptotically stable degenerate nodes,
f

o if VCOTZ < 4 then the equilibria ( jromt ) are asymptotically stable focuses.

Since an asymptotically stable equilibrium exists for any frequency error w®®, the hold-in range of model
is infinite for any loop parameters Kyeo, > 0, 7 > 0, » > 0.

2.2. Global stability analysis

Definition 2.2. [Kuznetsov et al,, 2015; Leonov et al} 2015a; Best et al}, [2016] A pull-in range is the
largest symmetric interval of frequency errors |w!r®®| from the hold-in range such that an equilibrium is
acquired for an arbitrary initial state.

In 1959, Andrew J. Viterbi applied the phase-plane analysis and stated that the second-order type 2
PLL models with sinusoidal PD characteristic have infinite (theoretically) hold-in and pull-in ranges for
any loop parameters |[Viterbi, |1959, p.12], [Viterbi, 1966]. However, his proof was incomplete (see, e.g.
discussion in |[Alexandrov et al., 2015]). Later, Viterbi’s statement was rigorously proved using the direct
Lyapunov method ideas [Bakaev, |1963; |Aleksandrov et al., [2016; [Kuznetsov et al., 2021a].

To analyse the pull-in range of system with piecewise-linear PD characteristic, we apply the direct
Lyapunov method and the corresponding theorem on global stability for the cylindrical phase space (see, e.g.
[Leonov & Kuznetsov, 2014; [Kuznetsov et al., 2020b]). If there is a continuous function V' (z,6,) : R™ — R
such that

(i) V(2,0 +27) = V(x,0.) Vz € RVl €R;

(ii) for any solution (z(t),6.(t)) of system (2] the function V(x(t), 6 (t)) is nonincreasing;

(i) if V(2(t), 8.(1)) = V(2(0),0.(0)), then (2(2), 0.(t)) = (x(0),6.(0)):

(iv) V(z,0c) + 0% — +oo as ||z]| + 0] — +oo
then any trajectory of system tends to an equilibrium (for brevity, we shall call such systems globally
stable).

Consider the following Lyapunov function:

Oe
cho free
Vit = 5 (o= T ) + [l ®)
0

Its derivative along the trajectories of system is

Ko 2

V(z,0.) = — 2(0.) <0 VO, #7m, m € Z.

T1
Since the derivative along any solution other than stationary states is not identically zero, system . is
globally stable for any wfree and, hence, the pull-in range is infinite.

In 1981, William F. Egan conjectured [Egan, (1981} p.176] that a higher-order type 2 PLL with an
infinite hold-z’n range also has an infinite pull-in range, and supported it with some third-order PLL imple-
mentations (see also [Egan) 2007, p.161]). However, this conjecture is not valid in general and corresponding
counterexamples were recently provided in [Kuznetsov et al., [2021a].

Notice that a similar conjecture on the pull-in range for the second-order type 1 PLLs is known as the
Kapranov conjecture [Kapranov}, [1956], where it is supposed that the global stability of the corresponding
model is determined by the birth of self-excited oscillations only, not hidden ones [Leonov & Kuznetsov,
2013; |Chen et all [2017]. Discussions of counterexamples to the Kapranov conjecture can be found in
[Kuznetsov et al., 2017; |[Kuznetsov, [2020].
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3. The lock-in range of second-order type 2 analog PLL with piecewise-linear
PD characteristic

Although a PLL model can be globally stable with infinite pull-in range, the acquisition process can take
long time. To decrease the synchronization time, a lock-in range concept is frequently exploited |Gardner,
2005; Kolumban| 2005; [Best, [2007].

Definition 3.1. [Kuznetsov et al) 2015; [Leonov et al., 2015a; Best et al., [2016] A lock-in range is the
largest interval of frequency errors |w!*®®| from the pull-in range such that the PLL model being in an
equilibrium, after any abrupt change of wf® within the interval acquires an equilibrium without cycle

slipping (sup |0.(0) — 6.(t)| < 27).
>0

Remark 3.1. Sometimes the upper limit is considered in the cycle slipping definition instead of
free

the supremum: limsup|6.(0) — 6.(t)] > 27. For any w/°® the following inequality is valid:
t——+o0

sup |0e(0) — 6.(t)] > limsup|6.(0) — O.(t)|. However, bifurcation values determining the lock-in range

t>0 t—+o00

[0,w;) are the same for both definitions of cycle slipping (see Fig. |3).

41
lim sup ‘06 (0) - 98 (t)|
3 t—+4o00
— sSup |0€(0) - ge(t)‘
t>0 /
27t
6.(0) =0
ot
_
0
0 20 40 60 Wy 100
wfree

e

Fig. 3. Comparison of cycle slipping definitions (see Remark [3.1)) for model with parameters 71 = 0.0633, 79 = 0.0225,
Kyco = 250.

From a mathematical point of view, system can initially be in an unstable equilibrium (at one of
the saddles) or can acquire it by a separatrix after a change of w™® (see [Kuznetsov et al., 2019al [2020a)).
Corresponding behavior is not observed in practice: system state is disturbed by noise and can’t remain in
unstable equilibrium. In this paper, two cycle-slipping-related characteristics of the system are considered:
the lock-in range |w®| € [0,w;) where the equilibria are considered to be stable and the conservative

e

lock-in range |w°®| € [0,wf) C [0,w;) which takes into account the unstable behavior described above.

For the considered model boundary values w; and wj are determined by cycle slipping bifurcation.
It happens when the system being in an equilibrium state is exposed to an abrupt change of wgr%, and
the corresponding trajectory of the system after the switch tends to the nearest unstable equilibrium by

the corresponding saddle separatrix. In other words, sup |0.(0) — 0.(t)] = limsup |0.(0) — O(t)| = 7 for
t>0 t—4o00
0.(0) = 27 (see Fig. lower left picture) and sup |0.(0) —0.(t)| = limsup |0.(0) —0.(t)| = 27 for 6.(0) = 37
t>0 t—+o00

see Fig. 4l upper right picture). For a larger wi™® supremum sup |0.(0) — 0.(t)| > 27 and cycle slipping
e
t>0
occurs. Since the lock-in range is defined as a half-open interval, boundary values wgree = w; and wgee = wy

are not included in it.
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Fig. 4. Phase portraits for model with the following parameters: F(s) = %7 71 = 0.0633, 9 = 0.0225, Kyco = 250.

Black dots are equilibria of the model with positive wf™®® = |w|. Red color is for the model with negative wi®® = —|w|.

Separatrices pass in and out of the saddles equilibria. Upper left subfigure: w = 69 < wj, upper right subfigure: w = wj & 70.79
(evaluated by Theorem 2), lower left subfigure: w = w; & 85.27 (evaluated by Theorem 1), lower right subfigure: w = 86 > wj.

In practice, the lock-in range can be estimated in the following way. Without loss of generality we can fix
wiree and vary wrer only. Let initially wf®® = wyor — w = 0 and the system is in a stable equilibrium. Then
we abruptly increase the reference frequency by sufficiently small frequency step Aw > 0 (i.e., the reference
frequency becomes wyer = w‘f,ﬁze(f + Aw) and observe whether corresponding transient process converges to a
locked state without cycle slipping (see Fig. ?7). After that we abruptly decrease the reference frequency
by 2Aw (i.e., the reference frequency becomes wyef = w‘f,‘;e(f — Aw). If the transient process converges to
the locked state without cycle slipping, then [0, Aw) C [0,w;). Frequency step Aw > 0 should be increased
until cycle slipping occurs.

Using changes of variables we represent system as the first-order differential equation [Belyustina
11959; Huque & Stensbyl, 2011] and following |Aleksandrov et al., 2016} Kuznetsov et al.,[2019a] we formulate

and prove theorems providing exact values for the lock-in range and for the conservative lock-in range.

Theorem 1. The lock-in frequency of model with the piecewise-linear PD characteristic 18

a‘/%(ib)&, a’k > 4,

219 \ ¢c—b

w=1{ Srep(z), k=4, (4)

ay'm a b 2
5y CXD barctanc), a‘k < 4

a:1/I(;,1COT2, b:\/|azf%|, c= a2+4(7rf%). (5)

Theorem 2. The conservative lock-in frequency of model with piecewise-linear PD characteristic

where
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reference frequency o _.(t)

Frequency — VCO frequency o (1)
~ cycle
. Ao _— slipping
wref o e

t
Fig. 5. The lock-in range calculation.
18
+ ct+a
. 1\/KV"°(d+ il Clde (6)
Wl = = s
2 T1

where a, b and c are evaluated by , and d is the unique solution of one of the equations:
(A= 2503 d = o) = w(EhF, d> 2t k>,

d_%< +W(2fexp ) a2k:4, (7)

(dQ—ad%—%)exp( arctana 2d)-7rexp< arctanb) d> 3, a’k < 4.

Here W (x) is the Lambert W function.

Proof. [Proof of Theorem [l| and Theorem [2] The proof given in Appendix A is based on the fact that
system is piecewise-linear and can be integrated analytically on the linear segments. W

Notice that w; and wf are continuous functions of variable k (as a is fixed): the cases a*k > 4 and
a’k < 4 in formulae , @ approach the case a’k =4 as k — L;% (as b — 0).

4. Conclusions

In this work, the exact formulae for the lock-in range and the conservative lock-in range for the second-order
type 2 PLL with a piecewise-linear phase detector characteristic were derived. In engineering literature,
the following approximate estimate for the lock-in range can be found:

~ Kot

w; ~ 8

1

(see E, m p.69] where w; = mCwp, wy, = V/KaKyveo/T1, ( = wnT2/2, Kq = ;, and O()
ue é]i

p.187| where K; = 1, K, = Kyco). However, estimate intersects the exact lock-in frequency Val
for some values of parameters. Taking into account that for type 2 PLLs a pull-out frequenc Wpo 1s twice

In 1966, such concept as pull-out frequency was introduced by F. Gardner p-37]. In the literature, the following
explanations of the pull-out frequency wpo can be found: “some frequency-step limit below which the loop does not slip cycles
but remains in lock” m p.37], W m p.116], “the maximum value of the input reference frequency step
that can be applied to a phase- locked PLL yet the loop is able to relock without slipping a cycle” [Stensby} [1997; [Huque|
|& Stensby|7 |2011|, |2013|] (see also 00 . p.59]). Since using a linear change of variables the value wg®® can be excluded
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the value of the lock-in frequency, one more approximate estimate for the lock-in range is exploited:

2Kyeo +1.23 To Kyeo
T T

(see [Bestl, |2007, p.84] where 2w; = wpo & 2.46wy, (( + 0.65), wy, = /KiKveo/T1, ( =wnm2/2, K4= %)
A.S. Huque and J. Stensby analysed system @) with a triangular PD characteristic [the piecewise-
linear PD characteristic (1) with & = %] in [Huque & Stensby, 2011; Huque, [2011]. However, in those works

the global stability of system was not analysed. In these works, the following formula for a pull-out
frequency was derived:

w; ~ 0.7995

——26 (11\ — +'|—;acta 1—2m- + T ) 9)
Cpo = Ly R g e T 1 Y\ Vae —1) T 2vad 1

where @’ = &5, m_ = 3(1 — V4a’ +1). For a® < 2 the lock-in frequency w; = jwpo with wp, from ()
coincides with the corresponding case in , however for a?> > 27 formula @ is formally not applicable
and equations should be used.

It’s important to note that obtained lock-in range formula is also a lower analytical estimate for
the lock-in range of the second-order type 2 PLL with a sinusoidal PD characteristic. For these systems
several engineering estimates are known (see, e.g., [Gardner} 2005, p.117] and [Huque & Stensby| 2013]
for the pull-out range estimates, and [Gardner, 2005, p.187], [Kolumban, 2005, p.3748], [Best, 2007, p.67],
[Best et al.l |2016], [Best, 2018, p.18] for the lock-in range estimates).

The further development of such systems analysis is connected with consideration of higher-order loop
filters and discontinuous phase detector characteristics for revealing hidden oscillations and providing the
global stability [Zhu et al., 2020; [Kuznetsov et al., [2021c].
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Appendix A Proof of Theorem [I] and Theorem

Proof. [Proof of Theorem [1]and Theorem [2] Let’s find the lock-in range of model with piecewise-linear
PD characteristic . As it was noted in section |3 the lock-in frequency can be determined by such an
abrupt change of w.“® that the corresponding trajectory tends to the nearest unstable equilibrium (by the

corresponding separatrix). Suppose that initially the frequency error was equal to wgree = —w < 0, but then
changed to wffee = w > 0. Hence, initially the system is in equilibrium x°? = _%’ 01 = 0, but after
the switch the corresponding trajectory tends to x4 = 2=, % = 0 without cycle slipping if w < w;.
Such wy is determined by such frequency error w'™® that a trajectory being in stable equilibrium (before
the switch) 29 = — 22 0% = 0 tends to saddle equilibrium (after the switch) 29 = Z=L 6% = 7 by
the corresponding separatrix. Thus, the lock-in frequency w; corresponds to the case
- 2 = Q(0,w) (A1)
vCco

from the type 2 PLL systems |Kuznetsov et all [2021a], such concept is consistent for them and corresponds to the lock-in
frequency in the following way: wpo = 2w;. However, equilibria of type 1 PLLs depend on the frequency error wﬁree and, hence,
the correct pull-out frequency definition should take into account the initial value of the frequency error corresponding to the

locked state.
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free
where T}?’veco is z-coordinate of equilibrium of model and r = Q(f,w!®®) is the lower separatrix of

saddle equilibrium (T}‘;’gee , ) (see Fig. .

After the change of variables 7 = 1/%10%, y =\ Fowie - 1/%(93 + Tve(8e)), for Oe(t) € (—1 +

2mn, 3+ 2mn) and 0.(t) € (1 +2mn, —1 +2m(n+ 1)) system (2) is represented as follows:

Y= —a’ué(@e)y - ve(ee)a
ée =Y,

(A.2)

where a = 79,4/ KTVCO.

Upper separatrix y = S(6.) of the phase plane of (A.2) corresponds to separatrix z = Q(6,, wgree) from
(see Fig. [A.1]) and has the form

_ 71 free Kieo free
500 = [t 2 Qo) 4 (0.

Thus, relation (A.1]) takes the form

T

T w(fgree

KVCO

Fig. A.1. Phase plane portraits of and (A.2).

T1W] T1W] T1
— = — S(0).
KVCO KVCO KVCO ( )

Hence, w; = %S (0). Analogously to the phase plane analysis for w;, we get the following formula for the

conservative lock-in frequencyﬂ wj = 55(—). Denote

y==50),  y =5

and get the formulae for w; and wy:

a

wp = Tszl’ (A.3)
Cc __ a C

wp = 27y yr- (A4)

The computation of y; and yi from formulae (A.3), (A.4)) consists of the following stages. Let’s divide
the phase plane to the following domains:

2To be more precise, for the conservative lock-in frequency it should be formally written wj = min(wy, 2%_25' (—m)), however,

S(0) = S(—m) = —/ Ex2 (Q(0,wE*®) — Q(—,wl®)) > 0 because & = ve(6e) < 0 as fe € [—,0].
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L {(y, 0) | £ <0 <m0,y €R},
I {(y, 0c) | —+ < 0. < 1; b,y € R},
IL: {(y, b)) | -7 < 6. < —%; e,y € R}.

In the open domains, system is a linear one and can be integrated analytically. Firstly, we compute
S (%), which is possible due to the continuity of (2)). Using the obtained value as the initial data of the
Cauchy problem and finding its solution in the domain II, we can compute y; = S(0) and S(—#). Here exist
three cases depending on the stable equilibrium type: an asymptotically stable focus, an asymptotically
stable node, and an asymptotically stable degenerated node. For every case described above we perform
separate computations. Using the obtained value as the initial data of the Cauchy problem and finding its
solution in the domain III, we can compute y; = S(—m) (see Fig. |A.2).

11 |

Fig. A.2. The separatrix integration. Firstly, we compute S(%) and use it as the initial data of the Cauchy problem. Secondly,
finding its solution in the domain II, we compute y; = S(0), which is used for the lock-in frequency w; computation (see
(A.3)), and S(f%). Finally, we use S(f%) as the initial data of the Cauchy problem and find its solution in the domain
III, determining y; = S(—m), which is used for the conservative lock-in frequency wj computation (see (A.4)). Parameters:
71 = 0.0633, 72 = 0.0225, Kvco = 250, k = Z.

Domain 1.
The saddle separatrix is locally described by the saddle’s eigenvectors

s 1 s 1
V+ = (c—a) ) Ve= (—c—a >
2 2

Eigenvector V?® points to a saddle and V7 has the opposite direction. Since in the considered domain the
system is a linear one, then the separatrix coincides with the line corresponding to V?:

c—a 1
SOc) = -5 (m—0c), — <b<m.
ERETCEr N
Let’s obtain the limit value in 0, = %
1 _
S(7) =520
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Domain I If — < 0,(t) < ¢ then system (A.2) is

) = —aky — kO,

Y Yo e (A.5)
0. =y.

In the domains {y > 0} and {y < 0}, variable 6.(¢) changes monotonically and the behaviour of system

(A.5) can be described by the first-order differential equationﬁ

dy k:@
_ A6
db. Y (A-6)
The obtained equation is Chini’s equation [Chini, 1924; |Cheb-Terrab & Kolokolnikov, 2003], which is a

generalization of Abel and Riccati equations. The change of variables z = % maps equation (A.6) into a

separable oneﬂ
zdz B _%
24akz+k 0.

If 2% + akz + k # 0 then solutions of system (A-6) and system (A.7) coincide in domains 0 < 6. < 3 and
—% < 6. < 0. Depending on the type of an asymptotically stable equilibrium, the following cases appear

(see section [2.1):

a’k > 4 (the equation 2% + akz + k = 0 describes the eigenvectors of the stable node),
a’k = 4 (the equation 22 + akz + k = 0 describes the eigenvector of the stable degenerate node),
a’k < 4 (here the case 2% + akz + k = 0 is not possible).

(A7)

Case a’k > 4. Let’s take into account the location of separatrix y = S(6.), satisfying (A.6)), during
its integration on intervals. The eigenvectors of the stable node

Vi= (_a—b> , VI= <_a+b>
2

are described by lines y = —“T'H’kﬁe and y = ——er, respectively, and intersect the boundary 6, = %

of domains I and II in points —“74’ < 0 and —a;b < 0. Hence, the separatrix, intersecting the boundary

0. = % of domains I and IT in point % > 0, remains over the eigenvectors within the domain IT and
satisfies the following inequality: (S(6e) + “F2k0.)(S(0e) + “52k6e) > 0 as 0. € [+, 1.
Assuming (z + aT‘H’k)(z + %bk) > 0, the general solution of equation (A.7)) is as follows

Ni(z) = —In|0.| +C

where

Nl(z):%ln((z agb )b%(z+a—2i_bk)b+7a>, C' = const.

3The similar transition to the first-order differential equation was used in [Belyustina, (1959; [Huque & Stensby| 2011} [2013].
4The same change of variables was used in [Huque & Stensby} 2011} 2013].
S5Taking derivative of Ni(z), we have

Ni(2) = B (2 +

1 1 (bfa(z_i_afb
2ot o) T (o4 ugtn) T ?

a—>b, | ba a+b 1 a—b -1 b+a a+b -1\
k)7 ( ) 5( k) + (= + k) )_

1
2(z + 952k) (2 + 40k) (
z

224 akz+k

b+a
T

(= +

b;a(era—i—b

5 k) +
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Since for separatrix y = S(6.) inequality (y + a;rb kOe)(y + %%0@) > 0 is valid, we get that the separatrix
on interval 0 < 6(t) < + satisfies N(y,0.) = C(07;) where

]- *b b—a b bta
Niy0) = 5o ((y+ 25 7h0) 7 (y+ “0k00) ),

. c—a , 1 c—bb;ac%—bm 1 c+ba
C(O’%):eegr?fojv(iQ ,06)—5111(( 5 )5 ( 5 )b )_iln(ﬂ(c_b)b).

Thus, if a®k > 4, then separatrix y = S(f,) in domain 0 < 6.(t) < % is described by equation
a + b bte c+b

b—a a
( D'+ k)T = (Y8 (49
Substituting 8, — +0 into (A.8), we get
c—+ b l

Then, substituting (A.9) into (A.3)), we get the first case of formula .

To determine the conservative lock-in frequency, we firstly need to get d = S (—%), then to obtain the
equation for the separatrix in domain III, and, finally, to determine y; = S(—). Since the separatrix on
interval —% < B(t) < 0 satisfies N(y,He) = C(—%,o) and OEILHJlroN(y,He) = elerioN(y, 0.) =Iny asy > 0,

ctb
Thus, if a2k > 4, then separatrlx y = S(0e) in domain II is described by equation ((A.8]). Substituting
0. = —% into ((A.8]), we get

e

a—>b b-a a-+b bta c+b.a
%4 (d — — . A.10
(- 1)@= ) = a(C) (A.10)
Since the separatrix is over the eigenvectors (y > —“Tibkﬁe), then
b
d> " i .

2

Notice that if d = aTJ“b, then the left-hand side of equation (A.10) equals to zero, but the right-hand side
is positive. Then the left-hand side increases monotonically as value d increases and tends to infinity as
d — +o00. Thus, equation (A.10) has unique solution d greater than “T*b.

Case o’k = 4.

In domain II, separatrix y = S(6.) is over eigenvector

()
T2

Which is described by line y = 9 and intersects the boundary 0. = k of domains I and II in point
—2 < 0. Hence, the separatrix, 1ntersect1ng the boundary 6. = E of domains I and II in point ¢ > 0,

remains over the eigenvector within the domain IT and satisfies the following inequality: S(6.) > —70
The general solution of (A.7) is as followsﬁ

Ni(z) = —In|0.| +C
where

Nl(Z) =

+1In|2 +az|, C = const.
z

STaking derivative of Ny(z), we have

N/(z)—— 2a n a _ az . z . z
= T2 ¥ az)? 2+az_(2+az)2_(%+z)2_22+akz+k'
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Since for separatrix y = S(0,) inequality S(0.) > —20,. is valid, we get that the separatrix on interval
0 < 0.(t) <  satisfies N(y, 0.) = Co 1 where

N(y,0c) = 2962?:% + (20, + ay),
Copy= lm NS00 = 2; —|—ln( Favr— Sy 2 L naym).
Tk 0c—%—0 k2 7T a\/T — 2 Q\f
Thus, if a*k = 4, then separatrix y = S(f.) in domain 0 < 6.(t) < 1 is described by equation
_ 20 +1n(260. + ay) = 2 In(av/T). (A.11)
20 + ay 2/

Substituting 8. — 40 into , we get

= V/mexp( \F) (A.12)

Then, substituting (A.12)) into (A.3)), we get the second case of formula (4]).
To determine the conservative lock-in frequency, we firstly need to determine d = S (—%) Since the

separatrix on interval —+ < f.(t) < 0 satisfies N(y,0.) = Ci_igyand lim N(y,0c) = lim N(y,0c) =
k’ Oe—+0 fe——0
In(ay) as y > 0, then C(_%m = C(o,é) = ﬁ + In(a+/7).
Thus if a?k = 4, then separatrix y = S(f.) in domain II is described by equation (A.11)). Substituting
O = —+ mto (A.11), we get

(dff)exp< 2 >:\/7?e2\6}?.

2
2
Notice that in the considered case it is possible to obtain an explicit formula for d:

a

1
a=5(1+ W(ﬁ%exp(_ﬁ%)) (A.13)

where W (x) is the Lambert W functiorﬂ
Case a’k < 4.
The general solution of (A.6)) is as followsﬂ

Ni(z) = —In|f.| +C

where

1 2
=3 In(2? + akz + k) — % arctan(a +ka

Then separatrix y = S(f.) in domain 0 < 6, < % satisfies N(y,0.) = C(o

Ni(2) ), C = const.

1y where
'k

1 2 a a96+%y
N(y,0.) = 21n(y + akyb. + k67) — garctan (T>’
1
C(O )— hm ON( 2a 06) ilnﬂ—%arctan%

"For z > 0 function W (zx) is a single-valued one and can be evaluated in standard numeric computing platforms.
8Taking derivative of Ni(z), we have

N/(z) _ 2z + ak _ Qi 1 . 2z + ak B 2ak _
Y7 922 ¥ akz + k) V| (otfzye 22 takz k) DR+ (ak+22)7
b
2z + ak 2ak 2z + ak ak z

- 2(z2 +akz+ k) 422 + dakz + (a2 +b2)k2 ~ 222 +akz+ k) 2(z2+akz+k) 22+akz+k
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Thus, if a?k < 4, then separatrix y = S(6,) in domain 0 < 6, < % is described by equation

1 abe + % 1
5 In(y? + akyb, + kb6%) — % arctan (%) =5 InT — % arctan g (A.14)
Substituting 6, — +0 into (A.14), we get
b
Yy = /mexp <% arctan 7>. (A.15)
c
Then, substituting (A.15)) into (A.3)), we get the third case of formula (). Thus, Theorem [I]is proved.
To determine the conservative lock-in frequency, we firstly need to determine d = S (—%) Since
the separatrix on interval —3 < 0.(t) < 0 satisfies N(y,0,) = C(_% o) and elimON(y,He) =Iny — 3¢,
’ e—+

eellrrioN(y,Ge) =Iny+ 5, then C(f%,o) -2 = C(o,%) + 5
Thus, if a®k < 4, then separatrix y = S(f.) in domain II is described by

1 9 9, @ abe + 2y 1 a c . 1
- _Z I _Z e < =
5 In(y* + akyb. + k67) 2 arctan ( 5. ) 5 Inm 2 arctan 5 if 0 < 6.(t) < ’
y=uy, ifbe(t)=0 (A.16)
1 9 N abe + 3y 1 a c _ 1
- _Z i z _ z _ < )
5 In(y* + akybe + k67) 2 arctan ( 5. ) 5 Inm+ 2 (7r arctan b)’ if p < 0.(t) <0
Substituting 0, = —% into (A.16]), we get
1 2 2d — 2 b
<d2 —ad + %> exp (?a arctan 5 . %) = Texp (%L arctan E) (A.17)

Notice that if d = 0, then the left-hand side of equation (A.10) is less than the right-hand side:

1 <2a . —a wa) < 1 < <2a " b)
— eX —arctan — — — - v T ex — arctan — |.
kP b b 2 P c

Then the left-hand side increases monotonically as value d increases and tends to infinity as d — —+oo.
Thus, equation (A.17]) has unique positive solution d.
Notice also that if d = g, then the left-hand side of equation (A.10) is less than the right-hand side

too:
2 4 2 b
b? exp(—%) <a? exp(—%a) <Arm exp(—%a) < 47TW < <m<mexp (f arctan E)
Thus, d > § and equation (A.17)) can be reduced to the following:
1 2 2 b
<d2 —ad + %> exp (f arctan = 2d> = T exp (?a arctan E) (A.18)
Domain IIT
If —7 < 0,(t) < —+ then system (A2) is
y= y+ (0 + ),
-3 w—3 (A.19)
O =y.
Analogously to the analysis in domain 11, let’s study for y > 0 the first-order differential equation
dy 1 O+
Me_w—%W+ ) (A.20)

and make the change of variables z = 96% mapping equation (A.20)) into a separable one:

( 1) zdz db.
i =— )
k(ﬂ'—%)zQ—az—l O +

(A.21)
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1

Separatrix y = S(6.) is over the separatrices of saddle (0, —m), which are described by the equations

*c—a 1
= T g, m<Be<
V= oy ) <<y
Thus, the following inequality is valid for the separatrix: (S(Ge)—I—ﬁ(ﬂ—{—He))(S(He) — %(ﬂ+96)) > 0.
T—% T—1
Assuming (z + ﬁ)( 2 — z(fia;)) > 0, the general solution of equation (A.21)) is as followﬂ
k k
Mi(z)=—In|b + 7|+ C
where
1 c—a <@ c+a |cte
M) = b (o4 CT0 )T e CEe ey
2 2(%—%)) ( 2(77—%))
C = const.

Since for separatrix y = S(6.) inequality (y + 2(;__‘11) (m46¢))(y — 2(fial) (m+6.)) > 0 is valid, we get that
k k

the separatrix in domain III satisfies M (y,0.) = C(fﬂ 1 where
Tk
1 c—a e c+a =
M(y,0e) = SIn((y+ ——— (7 +0e) y— — (T +0e) ,
s (4 5 +0) (v +e0) )
. 1 C— Q. c—a c+ a, cta
C=Cl —ee_l:_n%_OM(d,Ge) - §1n<(d+ ) -5 )
Thus, separatrix y = S(f.) in domain IIT is described by equation
c—a =< c+a eta C—a, ca C+a. cta
e O - O = (d c (d— c . .
(r+ gt ) (v TEEeyiihs ) =+ S-S5 (A.22)

To determine the conservative lock-in frequency, we firstly need to determine yi = S(—m). Substituting
0. = —m into (A.22)), we get

C—Q, c—a c+a

)T (d -

i = (d+ )5 (A.23)

Substituting ([A.23)) into (A.4) and taking into account formulae (A.10), (A.13), (A.18), we get (6).
Theorem [I] and Theorem [2 are proved. W

Appendix B Octave code for Fig.

Code below can be runned on https://octave-online.net/ in order to obtain phase portrait on Fig. and
verify formulae and @ The code simulates trajectories of system numerically and additionally
plots two points: (0,y;) and (—m,yf) where y; and yf are used in lock-in range formulae and (A.4).
Since these points are lying on the separatrices, formulae and are validated numerically.

9Taking derivative of M;(z), we have

1 1 c—a c—a =@ c+a . cta
Mi(z) = 5 (= + )© (2 ) <+
2o 55) - ) SR 2m = )
k k
c+a c—a oL _ c+a e _} c—a c—a -1 c+a . c+a -1\
+ c (Z+2(7r_l)) (= Qw_l))_Q( c (Z+2 _l) c (= 27T_l) )
k k k k
1 c—a c+a c+a c—a z
= cC—a ct+a z—= Jr ZJF = c—a cTa =
2(Z+ 2(7r7%))(z - 2(7r+i))( ¢ ( Q(ﬂ— - %)) ¢ ( Q(ﬂ— - %))) (Z+ 2( %))(Z - 2(7::%))
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b
close all;
clc;

% VCO input gain
K_vco = 250;

% Loop filter transfer function F(s) = (1+s tau_-2)/(s tau_-1), tau-1 > 0,
% tau-2 > 0

tau_.2 = 0.0225;

tau.1 = 0.0633;

% The slope coefficient of piecewise—linear PD characteristic
% it becomes triangular with this coefficient
k=2/pi;

function y = draw_saddles_symmetric(ode, saddle, V, periods, options)
% draw_saddles_symmetric draws phase portrait of the system ode,

% starting from saddle with eigenvectors V for given number of periods
% options are used to tune ODE solver

% Integration time
TIME_POSITIVE = 0:0.005:20;
TIMENEGATIVE = 0:—0.005: —20;

vl = 0.01 .x flip(V(:,1)7);
v2 = 0.01 .x flip(V(:,2));

% Calculate saddle separatrices and plot them
[T-1, X_1] = oded45(ode, TIMENEGATIVE, saddle+vl, options);
[T-3, X_.3] = oded45(ode, TIMENEGATIVE, saddle—vl, options);
for j=1:length(periods)

plot (X_1(:,2)+ periods(j),X_1(:,1));

plot (X_3(:,2)+ periods(j),X3(:,1));
end
[T-2, X 2] = oded45(ode, TIMEPOSITIVE, saddle+v2, options);
[T4, X 4] = oded45(ode, TIMEPOSITIVE, saddle-v2, options);
for j=1:length(periods)

plot (X_2(:,2)+ periods(j), X_2(:,1));

plot (X 4(:,2)+ periods(j), X4(:,1));
end

end

function y = sawtooth_diff(t)

% sawtooth_diff — the derivative of a triangular function
% (sawtooth (T, WIDTH) from signal package)
remain = abs(rem(t, 2xpi));
if (pi/2 <= remain && remain <= 3x*pi/2)
y = —2/pi;
else
y = 2/pi;

end
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%

% PD characteristic

v_,e = @(theta_e) (sawtooth(theta_e+pi/2,0.5));
% The derivative of PD characteristic

dv_e = @Q(theta_e) (sawtooth_diff(theta_e));
period = 2xpi;

% Parameters a, b, ¢ from Theorem 1 and 2
a = sqrt(K_vco/tau_1l)xtau_2;
b = sqrt(abs(a"2—-4/k));
c = sqrt(a"2—4/k + 4xpi);
% Computing the lock—in range and the concervative lock—in range by
% Theorem 1 and 2
Syms X;
if a”2xk>4
y 1 = sart(pi)s ((cb)/(cb))" (a/(2¢b));
fcn = @Q(x) (x — (a=b)/2)" ((b—a)/b) * (x — (atb)/2)"((bt+a)/b) —...
pix((ctb)/(c=b)) (a/b);
init_param = [(a+b)/2, 10000000];
% vpasolve numerically solves implicit equations with initial guess
% init_param (it was proven that the equation has a unique solution
% for x> (a+b)/2)
d = vpasolve(fen(x), x, init_param);
else
if a"2xk =— 4
y-1 = sqrt(pi)xexp(a/2/sqrt(pi));
d = a/2%(1 + 1/lambertw(a/2/sqrt(pi)*exp(—a/2/sqrt(pi))));
else
y-1 = sqrt(pi)+exp(axatan(b/c)/b);
fcn = @(x) ((x)"2 — axx + 1/k) * exp( 2+«a/bxatan((2*x—a)/b) — pixa/b)
pixexp(2xa/bxatan(b/c));
init_param = [a/2, 10000000];
% vpasolve numerically solves implicit equations with initial guess
% init_param (it was proven that the equation has a unique solution
% for z > a/2)
d = vpasolve(fecn(x), x, init_param );
end

end
y-l.¢c = (d—0.5%x(a—c)) " ((c—a)/c/2) x (d—0.5%(atc)) ((c+a)/c/2);

h = figure(1);
hold on;
grid on;

% Ploting two points which correspond the lock—in range and the conservative
% lock—in range

plot ([0], [vy-1], ’k.’, "MarkerSize’, 20);

plot([—pi], [eval(y_-l_c¢)], ’k.’, "MarkerSize’, 20);

% System establishment for numerocal integration
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%y =x(1), theta_e = z(2)
pll.s = @Q(t,x)([— axdv_e(x(2))*x(1) — v_e(x(2));
x(1)]);

% One of the asymptotically stable equilibria
theta_eq = 0;
x_eq = 0;

% Draw phase portrait
saddles = [x_eq, —theta_eq+period/2—2«period ;...
x_eq, —theta_eq+period/2—period ;
x_eq, —theta_eq+period /2;...
x_eq, —theta_eq+period/2+period ;
x_eq, —theta_eq+period/2+2xperiod |;
focuses = [x_eq, theta_eq—period;
x_eq, theta_eq—period ;
x_eq, theta_eq;...
x_eq, theta_eq+period;...
x_eq, theta_eq+2«period|;

plot(—focuses (:,2), —focuses(:,1), ’r.’, "MarkerSize’, 20);
plot (focuses (:,2), focuses(:,1), ’k.’, "MarkerSize’, 20);
plot(—saddles (:,2), —saddles(:,1), ’r.’, "MarkerSize’, 20);
plot(saddles (:,2), saddles(:,1), ’k.’, "MarkerSize’, 20);

% Jacobian matrixz of the system
A=10 1;
2/pi 2xa/pi];

% Calculating saddle eigenvectors V
[V, D] = eig(A);

% Custom simulation options
options = odeset (’MaxStep’, 0.001, ’RelTol’, 2e—7, >AbsTol’, 2e—7);
draw_saddles_symmetric(pll_s ,...

[x-eq,period/2—theta_eq],

Vv, ...

[~2«period,—period ,0,period ,2xperiod] ,
options);

% Plot adjustments
axis([—2xpi 2xpi —5 5])
xticks ([—4*pi —3xpi —2xpi —pi 0 pi 2xpi, 4xpi])

xticklabels ({'—4\pi’, —3\pi’, —2\pi ', ’—\pi’,’0’,’\pi’, 2\pi’, '4\pi’})
xlabel(’\theta_e’);

ylabel ('y’);
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