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LIMIT CYCLES OF PLANAR DISCONTINUOUS PIECEWISE LINEAR
HAMILTONIAN SYSTEMS WITHOUT EQUILIBRIA SEPARATED BY
NON-REGULAR CURVES

JOHANA JIMENEZ!, JAUME LLIBRE? AND CLAUDIA VALLS?

ABSTRACT. The problem of determining the existence, the maximum number and the
position of the limit cycles of the planar discontinuous piecewise linear differential systems
is an important problem in the qualitative theory of the differential systems. This is
due mainly to the fact that these piecewise differential systems have many applications
in mechanical systems, electrical circuits, control theory, ... In this paper we study two
families of piecewise linear Hamiltonian systems without equilibria in R? separated by a
non-regular curve. We provide the maximum number of crossing limit cycles that each
family can have and show that this maximum is reached. In this way we are solving for
each family the extended 16th Hilbert problem.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A discontinuous piccewise differential system on R? is a pair of C" (with » > 1) differ-
ential systems in R? separated by a smooth curve . The line of discontinuity ¥ of the
discontinuous piecewise differential system is given by ¥ = h~!(0), where h : R? — R is
a C! function having 0 as a regular value. Observe that X is the boundary between the
regions X1 = {(z,y) € R?| h(z,y) > 0} and ¥~ = {(z,y) € R?| h(z,y) < 0}. Hence

X(z,y), if h(z,y) >0,
W e ={ S ithon <0

is the vector field corresponding to a piecewise differential system with line of discontinuity
3.

When the vector fields X and Y coincide on the line ¥ we have a continuous piecewise
differential system on R?, that in general it will not be smooth on X.

The vector field (1) usually is denoted by Z = (X,Y,X) or simply by Z = (X,Y), if the
separation line ¥ is known. In order to establish a definition for the trajectories of Z, we
must have a criterion for the transition of the trajectories between X% and ¥~ across the
curve of discontinuity X. The contact between the curve of discontinuity ¥ and the vector
field X (or Y') is described by the directional derivative of h with respect to the vector field
X, ie.

Xh(p) = (Vh(p), X(p)) .
Here (.,.) denotes the usual inner product of the plane R2. Filippov in [8] stated the main
results of the discontinuous piecewise differential systems. The curve of discontinuity X is
divided into the three following sets:

(a) X¢:{pe X : Xh(x) Yh(x) > 0}, the Crossing set.
(b) ¥¢:{peX: Xh(x) >0 and Yh(x) < 0}, the Escaping set.
(c) ¥*:{peX: Xh(x) <0and Yh(x) > 0}, the Sliding set.
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The points of ¥ where both vector fields X and Y simultaneously point outwards or
inwards define the escaping ¢ or sliding >° regions, while the interior in 3 of their com-
plement defines the crossing region X¢ (see Figure 1). The points of ¥ with are not in
€U XU X® are the tangency points between X or Y with 3.

f

Fiqure 1. Crossing, sliding and escaping regions, respectively.

A limit cycle of a differential system is an isolated periodic orbit in the set of all periodic
orbits of the system. The limit cycles play a main role in the qualitative theory of the planar
differential equations.

It is well known that if the vector fields X and Y are linear they cannot have limit cycles,
but the piecewise vector field Z = (X,Y,X) can have limit cycles. If the limit cycle only
contains isolated points of ¥ we say that it is a crossing limit cycle. In this paper we only
will study crossing limit cycles, that frequently we only mention them as limit cycles.

The study of the piecewise linear differential systems is a problem that started with
Andronov, Vitt and Khainkin [1] in the 1920’s, and nowadays is an important problem in
the qualitative theory of the differential systems mainly due to its applications to many
physical phenomena, see for instance the books of [7, 16, 17, 23] and the survey [22], and
the hundred of papers cited inside these references.

Many of the study developed on the piecewise linear differential systems were done con-
sidering piecewise linear differential systems with only two zones and separated by a straight
line. Few studies have been done with more zones or considering discontinuity curves dif-
ferent to a straight line.

In 1990 Lum and Chua|20, 21| conjectured that the planar continuous piecewise differen-
tial systems separated by a straight line have at most one limit cycle. In 1998 Freire, Ponce,
Rodrigo and Torres [10] gave a proof for this conjecture, a shorter proof was given later on
by Llibre, Ordoénez and Ponce in [18]. While that for discontinuous piecewise differential
systems separated by a straight line Han and Zhang [11] in 2010 conjectured that these sys-
tems can exhibit at most two limit cycles. A numerical counterexample to this conjecture
was given by Huan and Yang [13] in 2012 providing a discontinuous piecewise differential
systems separated by a straight line with three limit cycles. In 2012 Llibre and Ponce [19]
proved analytically the existence of these three limit cycles, and later on several authors
also find discontinuous piecewise differential systems separated by a straight line with three
limit cycles. But we still do not know if three is the maximum number of limit cycles for
this class of piecewise differential systems.

The famous and unsolved 16th Hilbert problem asked for an upper bound on the max-
imum number of limit cycles that polynomial differential systems of a given degree can
exhibit, see [12]. These last years several authors have extended this problem to different
classes of differential systems in particular to the discontinuous piecewise differential systems
formed by distinct linear differential systems. Thus recently in [3, 4, 14, 15| the authors
studied the extension of the 16th Hilbert problem for discontinuous piecewise differential
systems formed by linear centers which have either two or more zones and they are sepa-
rated by either conics, or reducible cubics, or irreducible cubics. In [2, 5, 6, 9] the authors
considered discontinuous piecewise linear Hamiltonian systems without equilibrium points
where such systems are separated by either two parallel straight lines, or conics, or reducible
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cubics, or irreducible cubics, in each of these classes of piecewise differential systems the
authors determined the maximum number of crossing limit cycles that these piecewise linear
systems can exhibit.

The results that were obtained in the mentioned papers shown that the shape of the
discontinuity curve plays an important role in the number of limit cycles that the piecewise
differential systems can have.

The objective of this paper is to study the maximum number of crossing limit cycles
for two families of discontinuous piecewise linear Hamiltonian systems without equilibrium
points in R? separated by a non-regular curve.

First in subsection 1.1 we present our results on the limit cycles of discontinuous piecewise
linear Hamiltonian systems without equilibrium points in R? where the discontinuity curve
is the non-regular line

After in subsection 1.2 we present our results on the limit cycles of discontinuous piecewise
linear Hamiltonian systems without equilibrium points in R? where the discontinuity curve
is the non-regular line

Yp={(z,y) ER* :zy=0and y >0}.

1.1. Crossing limit cycles intersecting the discontinuity curve 4. We observed
that ¥4 = X} UXS, where

S ={(z,y) eR*:y=0,2>0} and 5} = {(z,y) eR*: 2 =0,y > 0.}
The discontinuity curve Y4 separates the plane R? into the following two pieces
Ry ={(z,y) € R®: 2> 0,y >0}, R} =R*\ (R} UZ,).

We denote by F4 the class of discontinuous piecewise linear differential systems formed by
two linear Hamiltonian systems without equilibrium points and separated by X 4. We shall
study the following class of limit cycles.

A crossing limit cycle of type Ay is a limit cycle that intersects ¥ and ¥, in exactly one
point.

A crossing limit cycle of type As is a limit cycle that intersects 3} and Z?‘; in exactly two
point.

We observed that it is not possible to have limit cycles of systems in F4 that intersect
only either ¥, or ¥, see for instance [9)].

Theorem 1. The following statements hold for the discontinuous piecewise linear Hamil-
tonian systems without equilibria when the discontinuity curve is ¥ 4.

(i) The mazimum number of crossing limit cycles of type Ay is two. See Figure 2a.
(ii) The mazimum number of limit cycles of type A is one. See Figure 2b.
(iii) There are examples of discontinuous piecewise linear Hamiltonian systems having
stmultaneously one limit cycle of type A1 and one limit cycle of type As. See Figure
2c.

Note that although the maximum number of possible simultaneous crossing limit cycles of
types A and As are two and one respectively we could not found an example realizing this
upper bound. To obtain a limit cycle of a given type it is not enough to obtain the points
where the candidate to be a limit cycle intersects the line of discontinuity in the prescribed
number, the orbits through these points must close must be well oriented and forming a
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F1GURE 2. Crossing limit cycles in the family Fjy4.

periodic orbit, and this periodic orbit must be isolated in order to define a limit cycle. This
implies that the search of examples can be very difficult and that the upper bound obtained
by our method which does not take into account all these matters of orientation of the
orbits, isolateness and pieces of orbits in the prescribed regions could not be optimal.

Theorem 1 is proved in section 3.

1.2. Crossing limit cycles intersecting the discontinuity curve ¥Xp. We observed
that ¥p = ¥, UX}, where ¥, = X U X, being

¥, ={(z,y) eR*:y=0,2 <0}.
The discontinuity curve ¥ p separates the plane R? into the following three pieces

R}_;z{(x,y)eRQ:x>O,y>0}, R%L = {(x,y) € R?: 2 <0,y > 0},
RY = {(z,y) e R? : y < 0}.

We denote by Fp the class of discontinuous piecewise linear differential systems formed by
three linear Hamiltonian systems without equilibrium points and separated by ¥p. We shall
study the following types of limit cycles.

A crossing limit cycle of type By is a limit cycle that intersects ¥}, ¥ and Z;j in exactly
one point.

A crossing limit cycle of type By is a limit cycle that intersects either ¥} and ¥, or X
and ¥ in exactly two points.

Theorem 2. The following statements hold for the discontinuous piecewise linear Hamil-
tonian systems without equilibria when the discontinuity curve is Xp.

(i) The mazimum number of crossing limit cycles of type By is three. See Figure 3a.
(i1) The mazimum number of crossing limit cycles of type B is one. See Figure 3b.
(iii) There are examples of discontinuous piecewise linear Hamiltonian systems having

simultaneously two limit cycles of type By and one limit cycle of type Bs. See Figure
3c.

Note that although the maximum number of possible simultaneous crossing limit cycles
of types By and By are three and one respectively we could not found an example realizing
this upper bound.

Theorem 2 is proved in section 4.
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F1GurE 3. Crossing limit cycles in the family Fp.

2. PRELIMINARY RESULT

In this paper we consider the normal form for an arbitrary linear differential Hamiltonian
system in R? without equilibrium points provided in [9].

Lemma 1. The normal form for a linear differential Hamiltonian system in R? without
equilibria is

(2) =Mz +by+y, §=-Nbr+Xoy+05, with §# Ny, and b#0.

This linear differential system has the first integral

1 b
(3) H(z,y) = —5)\26302 + Noxy — §y2 + 0z — yy.

Note that in the differential system (2) we can assume that b = 1 doing a rescaling of the
time.

3. PROOF OF THEOREM 1

Proof of statement (i) of Theorem 1. A piecewise linear differential system in the family F4
is formed by one linear differential Hamiltonian without equilibrium points in each region
Ri‘ and Ri. Hence by Lemma, 1 the general equations for this class of piecewise differential
systems are

P=-Mz+y+m, y=-MNz+My+d, in R,

T=-Xr+y+ye, §=-MNr+ly+d, in RIZL‘.
Moreover by Lemma 1 we have that

1 2 :
Hi(z,y) = *5)\%932 + Ay — % +0ix — vy, 1=1,2,

is a first integral of this system in the region Ry for i = 1,2.

Now if there is a crossing limit of type Aj, this intersects the discontinuity curve X4 in
two points (X, 0) and (0,Y) with X > 0 and Y > 0. Of course these two points must satisfy
the following closing equations
() e1 = H1(X,0) — H1(0,Y) =Y2 +2Yy +2X6 — X2\2 =0,

€y = HQ(X, 0) — HQ(O,Y) =Y? 4+ 2Y v + 2X o — XQ)\% = 0.

It follows from Bézout theorem that system (4) has at most four real solutions, but since one
solution is (0,0), which cannot produce a limit cycle of type A;, we conclude that system
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(4) has at most three real solutions that without loss of generality we can assume that they
are (X;,0),(0,Y;) with ¢ = 1,2, 3 satisfying

0<X1<X9< X3 and 0<Y <Ys <Yy,

(otherwise the solutions would intersect which is not possible by the uniqueness of solutions
of a differential system).

We consider two different cases.

If Ay = Ay = 0 then e; = 0 is a parabola symmetric with respect to some horizontal
straight line and passing through the origin. Moreover, F5 = e; — ea = 0 become

= 2((51 — 52)X + 2(’71 — ’}/Q)Y =0,

which is a straight line. Since a parabola and a straight line intersect at most in two points
we have that the system e; = E5 = 0 intersect at most in two points where one of these two
is the origin, then we have at most one point satisfying 0 < X7 and 0 < Y7, therefore there
is at most one limit cycle.

If A1 Ao # 0 it follows from e; = es = 0 that £ = )\%el - )\%62 =0and o =e1 —eg =0
become

E1:=2(A301 — A\102) X +2(A\371 — Af)Y + (A3 — AD)Y? =0,
By :=2(01 —0)X +2(m1 — )Y + (A3 — A)H)X? =0.

If A3 = A} (i.e., A2 = £);) then equations F; = F2 = 0 have at most one solution and so
there is at most one limit cycle.

Assume now that Ao # A1,

If )\351 — M5y = 0 then E; = 0 reduces to either one horizontal straight line, or two
horizontal parallel straight lines passing one of these two straight lines through the origin.
The equation Es = 0 is either a parabola symmetric with respect to some vertical straight
line, or one vertical straight line, or two vertical parallel straight lines passing one of these
two straight lines through the origin. Since F; = E5 = 0 pass through the origin, there are
at most two intersection points satisfying 0 < X7 < Xa, but 0 < Y7 = Y5 and so there is at
most one limit cycle.

If 4 — v = 0 then E5 = 0 reduces to either one vertical straight line, or two vertical
parallel straight lines passing one of these two straight lines through the origin. The equation
F4 = 0 is either a parabola symmetric with respect to some horizontal straight line, or one
horizontal straight line, or two horizontal parallel straight lines passing one of these two
straight lines through the origin. Since E; = E5 = 0 pass through the origin, there are at
most two intersection points satisfying 0 < Y7 < Ys, but 0 < X; = X5 and so there is at
most one limit cycle.

Finally, assume that A\25; — A265 # 0 and v — 2 # 0. In this case, E1 = 0 is a parabola
symmetric with respect to some horizontal straight line and Es = 0 is a parabola symmetric
with respect to some vertical line. Since both parabolas intersect at the origin, the maximum
number of intersections points is three. When we have three intersection points they satisfy
0< X; < Xg< Xzand 0 < Y3 <Ys <Yi, and then there cannot be three limit cycles.
Hence there are at most two intersection points satisfying 0 < X; < Xo and 0 < Y7 < Ya,
and so at most two limit cycles.

Now we verify that this found upper bound is reached. We provide a discontinuous
piecewise linear differential system in F4 having exactly two limit cycles of type A;. In the
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region RY we consider the linear Hamiltonian system

. 271 1837341 . 73441 271 118235781
“= 700" Y~ 95000 * ¥~ "10000” ~ 100" " 3800000 '
which has the first integral
73441 2 E:cy+ 118235781x B lyQ 1837341y_
7200007 100 3800000 2 95000
in region R% we consider the Hamiltonian system

. 1207 1001997 85697 1207 14426523

H1($,y) =

gy I e _
= TS 0 YT 50000 T 50 YT 1900000
with the first integral
85697 ., 1207 14426523 1001997
H - 2 _ 17?4 ot
29) = ~1000% + 50 *Y ~ Toooo00 © Y T “a7m00 ¥

With these two systems we obtain that system (4) has exactly two reals solutions (X}, Y}),
with X; > 0 and Y; > 0, for j = 1,2, namely

3 21 39 15
( 1, 1) <2710> and ( 2, 2) <1O> 4>a
which generated the two crossing limit cycles of type A; in Figure 2a. g

Proof of statement (ii) of Theorem 1. If there exists a periodic solution candidate to be a
limit cycle of type As, then this periodic solution has four intersection points on the dis-
continuity line ¥4 of the form (z1,0), (z2,0), (0,y1) and (0, y2), satisfying 0 < 1 < x2,
0 < y1 < y2. Hence the following equations must be satisfied

fi = Hi(z1,0) — Hi(0,51) = 26121 + 2my1 — Ma? + 7 =0,

fo = Hi(22,0) — Hi(0,y2) = 26122 + 271y2 — AM23 + 3 = 0,

f3 = Ha(z1,0) — Hy(22,0) = (z1 — 22)(—202 + Moy + Nxp) = 0,
fa=Hz(0,91) — H2(0,92) = (y2 — y1)(272 + y1 + y2) = 0.

We consider two different cases.

(5)

Case 1: A9 = 0. In this case from f3 = 0 we get do = 0. This is not possible, since by
Lemma 1 we have that do # Aaye.

Case 2: Ao # 0. From f3 =0 and f; =0, we get
209
A
Substituting these last expressions in fi; and fs and then setting F3 = f; — fo = 0, we obtain
that system (5) reduces to

(6) xg = — x1, Y2 = =272 — y1.

5 265226, A2 2
- fo =~} aabv i (/\1961 2A117/\§12> +((2v2 —m)+n)*=0,
52 (62226122 0o A\
Fy =my - 722 + Q(Qiigw) + <51 i\;) 1+ (11— 72y = 0.

We observed that equation F3 = 0 is a straight line and equation fo = 0 is a hyperbola.

By Bézout theorem system (7) has at most two real solutions. If they are two real
solutions (z7,y7) from (6) we obtain the correspondent (z3,y3). Let (zf ,x2 YT ,y2 ;) be
the four intersection points of a first limit cycle of type Ag with 0 < a:l < x2 ,0< y1 < y;,
and (z7,2,,y; , vy ) be the four intersection points of a second limit cycle of type As with
0 <2y <z; and 0 < y; < y, . If there are two limit cycles of type Aa, we can suppose
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without loss of generality that the first limit cycle is located in the interior region enclosed
by the second limit cycle. Then the intersection points must satisfy

(8) O<zy <zf <zf <z, and 0<y; <y <vys <vy,.
We claim that it is not possible to have two solutions (z7,y) of system (7) which satisfy
the conditions in (8).

If 71 — 2 = 0 it follows from F3 = 0 that z1 = d2/A3, but then from (6) we get 19 = d2/\3
which is not possible. Hence, v; — 72 # 0 and solving F3 = 0 in the variable y; we obtain

BN+ (—v2 93 — G11) + 0203 (61 + M)
/\%(’Yl —2)
Now we introduce y; into fo = 0 and we get

P(xl) =Co+Chx1 + 021'% =0,

Y1

being
Cy— (VoA (71 — 2) — 016223 4 03A%) (A3 (— (278 — 31172 +3)) — 610203 + 63)9)
A5 (71— 2)? ’
26 (M (B0 — ) = 8) + 20082003 — 3A0)
b Ag(y1 — 72)? ’
Gy :Xé (67 — A} (71— 72)%) — 2010273 + 5@\%'

A3 — 72)?
The polynomial P(z1) is quadratic in the variable 1, whose roots z 4, are
d2 . A3\/A/4
T4+ =5 ———"—),
1,+ )\% 02

where
4

_)‘g(% - ’72)2

<wﬁmm—wwna@%+gﬁ0.

A ( (0227 = X3A1 (11— 72) 4+ 61)) (6227 — A3 (A1(r2 — 1) + 61))

Note that from (6) we get

b %A
_)\% ld:_A%:F 02

The argument of the claim follows. Therefore the maximum number of limit cycles of type
Ay that our discontinuous piecewise linear differential system can have is one. Now we
verify that the upper bound found is reached. We provide a discontinuous piecewise linear
differential system in F4 having exactly one limit cycle of type As.

T2+ = Z1,F-

In the region RY we consider the Hamiltonian system

:t*—§x— —1—712647 '*2m+§ —ﬁ
T T Y T 060 YT 4T 2Y T 108

this system has the first integral

9, 3 327 1., 12647
" _ 9. 3 0327 1, 12647
1@ y) = —ga" = 9oy + oo = ST+ g Y

and in the region R% we consider the Hamiltonian system

.5 LM 2% 5 4
TR TV VT TR T
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which has the first integral

25 5 45 1 14
H —_ 2 242 22 .
2(x,y) 128% + 8a3y+ 51® = Y + =Y
With these systems in each region RY we have that the system of closing equations (5) has

exactly one real solutions (z1, 22, y1, y2) which satisfy 0 < 21 < z2 and 0 < y; < y2, namely

( ) 131 7 22

1, T ==, —,=-,— .

17 27y17y2 2710757 5

This real solution generated the crossing limit cycle of type As in the family F4 in Figure

2b. O

Proof statement (i4i) of Theorem 1. Here we provide a piecewise linear Hamiltonian system
in F4 which has exactly one limit cycle of type A; and one limit cycle of type As.

In region RY we consider the Hamiltonian system

6 /1351 13632 . 48636 6 [I351 85506
_6 /1351 0 13682 48636 6 /1351 = 85596
1Y 70" Y T 5135 YT 13351t T 13V 70 Y 133510

which has the first integral
24318 , 6 /1351 85596

1
133517 13V 70 W 133517 T 2Y T 5135 ¥

in region R% we consider the Hamiltonian system

e LM 1 f3137
=239t YT YT g 397 65

this Hamiltonian system has the first integral

62 31 372 1 14
H =24 n/= b il V)
2(z,y) 39% T2 3 T gr Q¥ T Y

, 13682

Hl(wa y) =

With these Hamiltonian systems we have that system (4) has exactly the one real solution
39 33
(Xa Y) =\ 37~ F |
10" 5
and system (5) has exactly the one real solution
1 31 7 22
2°10°5" 5 )
These reals solutions generated one crossing limit cycle of type A; and one crossing limit
cycle of type Ao in Fyu in Figure 2c.

($1,$2>y1,y2) = (

This completes the proof of Theorem 1. O

4. PROOF OF THEOREM 2

Proof of statement (i) of Theorem 2. We have that a piecewise linear differential system in
the family Fp is formed by one linear differential Hamiltonian without equilibrium points
in each region Rjg for ¢ = 1,2,3. Hence by Lemma 1 the general equations for this class of
piecewise differential systems are

jj:_Alx—i_y—’—Fyh y:_)\%x—i_)\ly—*—dl? in RIB7
(9) T = —)\2.7}+y+"}/2, y: —)\%$+)\2y+52, n RQB)
T = —>\3{E+y+’)/3, Y= —)\§$+)\3y+53, in R%,
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and
1 2
Hi(z,y) = —iA?IQ + Ny — 7@/2

is a first integral of the system in the region R% for i = 1,2, 3.

+5i$—%‘y7 Z:17273

In order to have a crossing limit of type Bj, it must intersects the discontinuity curve g
in three points (X,0), (0,Y) and (z,0) with x <0 < X and Y > 0. Of course these three
points must satisfy the following closing equations

€1 = H1(X,0) — H1(0,Y) =Y2 +2Yy +2X6 — X?\2 =0,
(10) €y = HQ(‘T,O) — H2(07Y) —Y?2 + 2Yry2 + 2289 — x2)\% =0,

é3 = H3(X,0) — H3(z,0) = (X —2)((z + X)A] — 2d3) = 0.
Since X — x # 0 equation é3 reduces to é3 = (z + X)A\2 — 203 = 0. If A3 = 0, then d3 = 0

which is not possible because by Lemma 1 d3 # Asy3. Therefore we have that A3 # 0.
Isolating x and substituting in equation és system (10) reduces to system

€1 =Y2427Y +25X — NX? =0, 5
2
T g =y 20y + 5 (2008 - 08) X - X2 147 (324 — 85X3) = 0.
3 3

It follows from Bézout theorem that system (11) has at most four real solutions, (X;,0), (0,Y;)
with ¢ = 1,2, 3,4 where

(12) 0< X1 <Xo<X3<Xy and 0<Y1 <Yy <Y<Y,

We consider different cases.

If either 83 = 0, or 0203 — 63A3 = 0, then equation & = é; = 0 are hyperbolas passing
through the origin. Since both hyperbolas intersect at most in four points being one of these
the origin, we have that there is at most three points satisfying condition (12). Therefore
there are at most three limit cycles.

We assume that d3 # 0 and 52)\§ — 53/\5 #0.

If Ay = X2 = 0, system (9) has at most two limit cycles because the resultant of the
polynomial €; and €y with respect to the variable X is
8016203

A

2Y2((51 + (52) —+ 4Y(’)/251 + 71(52) +

which has at most two positive solutions in the variable Y and equation é2 = 0 reduces to

46903
A3 2

Y2 429 — 20, X + =0.
Since dy # 0, for each solution Y there is at most one solution X of é; = 0 and so there are
at most two limit cycles.

Consider now that \; = 0, Ay # 0 (A1 # 0, A2 = 0), we have that é; = 0 reduces to either a
parabola symmetric with respect to some horizontal straight line, or one horizontal straight
line, or two horizontal parallel straight lines passing one of these two straight lines through
the origin (hyperbola passing through the origin). Moreover, é; = 0 is a hyperbola (is
either a parabola symmetric with respect to some horizontal straight line, or one horizontal
straight line, or two horizontal parallel straight lines). In both cases we have that there are
at most three intersection points satisfying condition (12) and so at most three limit cycles.



LIMIT CYCLES OF DPWLHS WITHOUT EQUILIBRIA SEPARATED BY NON-REGULAR CURVES 11

3 Assume now that A Ao # 0. From é; = 0 = é5 it follows that El = A%él - )\%ég = 0 and
Ey = e1 — é9 = 0 become
33AT (633 — 62)3)
A3
+ (A= \)Y? =0,
:453(53)\3 — (52)@)
)\4
3

20307
%

B o (m e (51 _ )) X 420871 — A2a)Y

203\

By :
2 )\%

+2<51+52— )X+2(71—72)Y+(/\§—)\%)X2:0.

If A2 = )2 (ie., Ay = 1) then equations E, = Fy = 0 are straight lines, and so they
have at most one solution implying that there is at most one limit cycle.

Assume now that Ao # +A;.

If v1 — 42 = 0 then Ey = 0 reduces to either one vertical straight line, or two vertical
parallel straight lines. The equation E) = 0 is either a parabola symmetric with respect
to some horizontal straight line, or one horizontal straight line, or two horizontal parallel
straight lines. Then E, = E5 = 0, have at most four intersection points but only two
intersection points satisfying 0 < X; < Xo and 0 < Y7 < Ys, and so at most two limit
cycles.

203\2

Y i
or two horizontal parallel straight lines passing. The equation Fs = 0 is either a parabola
symmetric with respect to some vertical straight line, or one vertical straight line, or two
vertical parallel straight lines. Therefore E) = E; = 0, have at most four intersection points
but only two intersection points satisfying 0 < X; < X9 and 0 < Y7 < Y3, and so at most
two limit cycles.

If )\%(52 + )\% (51 — > = 0 then E’l = 0 reduces to either one horizontal straight line,

203\
2
¥ )
a parabola symmetric with respect to some horizontal straight line and F» = 0 is a parabola
symmetric with respect to some vertical line. Then the maximum number of intersections
points is four but we only have three intersection points satisfying 0 < X; < X3 < X3 and

0 < Y] <Y, <Yjs, and so there are at most three limit cycles.

Finally, assume that A28y + A3 ((51 — ) # 0 and 1 — 2 # 0. In this case B = 0 is

Now we provide a discontinuous piecewise linear differential system in Fp which has
exactly three crossing limit cycles of type Bi. And this proves that the upper bound found
is reached.

In the region R} we consider the Hamiltonian system

oo 18, 20003 483 [183 37980
V109" Y T 2180 YT 109" V1097 T 2180

this system has the first integral

iy — 83,2 [1B 37989, 20003
WY = 7918 Vio9™ " 2180 Y T 2180

in the region R2B we consider the Hamiltonian system

o_g /15, 10589 135 . [15 1983
V17t YT 3140 YT 157 V1577 " 628

which has the first integral

Haa) = — 0t gy [ 10y, 188, 1, 10580,
S CETY 1577 " 628 T 2Y T 3140 Y
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and finally in region R3B we have the Hamiltonian system

22
T=-2x—y+5, y:4:p—|—2y—|—€,

this system has the first integral
22 1
Hs(z,y) = =222 — 227 — e §y2 + 5y.
With these system in each region R% we have that the system of closing equations (10) has

exactly three real solutions (X, Y;,27) such that they satisfy condition (12) and 27 < 0, for
7 =1,2,3, namely
7T 21 5 21 47 33 11
X, ,2') = (2,2 Xa, Y. = X3, Y: =5 -—).
( 1,11,% ) < 727 5) ( 2, ¥2,T ) <27 5 10> ( 3, 13,7 ) (10757 2)

These three real solutions generated the three crossing limit cycles of type B in the family
Fp in Figure 3a. g

Proof of statement (ii) of Theorem 2. If there exists a periodic solution candidate to be
a limit cycle of type B, then this periodic solution has four intersection points on the
discontinuity curve X of the form (z1,0), (z2,0), (0,y1) and (0, y2), satisfying 0 < z1 < x2,
0 < y1 < y2. Hence, the following equations must be satisfied

fi = Hi(x2,0) — H(
fo= Hi(z1,0) — Hy(0,91) = 20121 + 2191 — A323 4+ 9% = 0,
fa = Hx(0,y2) — Ha(0,y1) = (1 — 42) (272 + y1 + 42) = 0,

fa = H3(x2,0) — Hy(x1,0) = (z1 — 2)(—203 + Ax1 + N223) = 0

We observe that A3 # 0, since if A3 = 0 from f4 = 0 we get that d5 = 0 and this is not
possible because by Lemma 1 we have that d3 # A3vs.

0,y2) = 20122 + 27192 — Aiz3 + 3 =0,

(13)

From f3 = 0 and f4 = 0 we get that

2(53 — /\gxl
N

Using these last expressions we can write the first and second equations of (13) in terms of

x1 and yp, and we get

(14) Ty = Y2 = —y1 — 272

~ 03 (0102 — 6302 46372
fi(z1,y1) =4 <V§—’7172+ 2 (% 3 ’ 1)>+< o1

— 251> 1+ 2272 — 1)yt
A3 A3
/\1951 + Z/1 0,
fo(z1,91) =20121 + 27191 — Aa? 4+ 4 = 0.

Setting F3(x1,y1) = fa(z1,91) — fi(x1,y1) = 0 we obtain

- M52

F3(w1,y1) =4 <<)\§’Y172 N33 — 6105 + ¥ > — (A103 — A301)a1 + A3 (m — 72)3/1) =0.
If v — 42 = 0 it follows from F3(z1,1) = 0 that z; = d3/\3, but then from (14) we get
Ty = 53/)% = x1 which is not possible. Hence 71 — v2 # 0 and solving F3(x1,y1) = 0 in the
variable y; we obtain

Yo (72 — 1) + 010303 — 62X + N2(03)2 — 610%) 7
(11 —72)A3
Now we substituting 7 into fg(azl, y1) = 0 we have
P(xl) = C’o + C’lxl + ézx% =0,

Y1 =
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where
¢, = 0225001 = 72) = 810525 + 05T) (A3 (207 — 3mie +95) — 010345 + 95A7)
A3(m = 72)?
& _ 205 (A5 (AF(71 — 72)% — 0F) +20103ATA5 — 637)
A (m = 72)?
&, A (0F = A0 = 92)%) = 26105M8A8 + 0]
A7 = 2)?

The polynomial P(x) is quadratic in the variable z1, whose roots 7, are

s <—0253 + \/§A§>

ri = =
! CiA

I

9

9

where

4 9 ) , ,
A = m e A~ X = 32) 01) (3507 = A5 00 (2 =) + 00)
(1224271 — 72) — 2018303 + 6202) .

Note that from (14) we get

. 2(53 _ )\%Jflt 2(53 <(5302 + )\%él F )\%\/5)
€T =

2 2 = = = :UT
A3 Cl)\§

Since xo > x1, there is at most one solution of the two possible solutions x{c Therefore,
the maximum number of limit cycles of type By that our discontinuous piecewise linear
differential system can have is one.

Now we verify that this upper bound found is reached. We provide a discontinuous
piecewise linear differential system in Fp having exactly one crossing limit cycle of type Bs.
And this proves that the upper bound found for this case is reached.

We consider the linear Hamiltonian system

. 3 561299 . 9 3 7276597
TE TR Y re00r YT 1 T2V T 1183200
in region RL, and this system has the first integral

9, 3 7276597 15 561299

Hi(@.y) = =5 = 39+ Tgg200° ~ 2¢ T 1a7000%
in the region R% we consider the Hamiltonian system
R T SRPUE S
8 10 64 8 4

which has the first integral

% , 5 3 1, 43
Hy(z,y) = ——=a’ + —oy — o — sy° + —;

128 8 4 2 10
and in the region R3 we consider the Hamiltonian system
.22 . 484 22 71027
T 151

this system has the first integral

242 22 71027 1
H — 2 2t — 242 4 5.
3(z,y) Xt oWt st QY Y
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With these three systems we have that system (13) has exactly one real solution, namely

8 31 427 11)

(a:1,y1,y2,962) = (57 E; my ?

which generated the crossing limit cycle of type Bs in Figure 3b. O

Proof statement (iii) of Theorem 2. We provide a piecewise linear Hamiltonian system in
Fp which has exactly two limit cycles of type B; and one limit cycle of type Bs.

In region R} we consider the Hamiltonian system

. [314270 L T20859 314270 - [BLA27T0 17072429
T " Voaserit T Y T 2130200 YT 2236717 T V 2236717 T 4473420

which has the first integral

Hi(o.1) 157135 5 [3L4270 17072429 1, 720859

—_ — _— x —_— .
nLy 223671 V2236717 " aa73420 © T 2Y T 2130207
in region R% we consider the Hamiltonian system

\/ 5(782031760005—556339\/ 1459934861005)

18
. 1123 _ -°
v 10651 Tyt

_ /1459934861005
5 (782031760005 — 556330y/1450034861005) 1/ 2(To2081700005-556330 v 145993 561005)
467728791523 g 10651

_ (556339\/ 1459934861005 — 782031760005 704)

y= Yy

140670313240 * 133

this Hamiltonian system has the first integral

5 (782031760005 — 556339/1459934861005) , 1 , 18

Hal,y) = 935457583046 TRy Y
\/ 5 (782031760005 — 556339+/1459934861005)
4123
- 10651 Y
556339+/T459934861005 — 782031760005 704
+ 140670313240 T3z

and in the region R3 we consider the Hamiltonian system

22 484 22 71027

P= T —y—1. = — e
Pt VTR T 9 YT o0
which has the first integral
242 22 71027 1
Hs(z,y) =——2+ —zy+—r —ny—y.

81 9T 40507 T 2

With these Hamiltonian systems we have that system (10) has exactly the two real solutions

36 44 133
X, Y, = (&, — -
(17 17$) <5757 100)7

371 /1459934861005 + 720859 31
Xo, Yo, 2%) = | = _—
(X2, ¥3,27) (50’ 213020 ’ 20)’
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and system (13) has exactly the one real solution

427 11 8 17)

100" 275710/ °

These reals solutions generated the two crossing limit cycles of type By and one crossing
limit cycle of type By in Fp in Figure 3c.

($1791,$2792> - <

This completes the proof of Theorem 2. O
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