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This paper is concerned with the structure of semigroups of implicit operations on
various subpseudovarieties V of DReG N LDG, where DReG and DG are the pseudova-
rieties of all semigroups S in which each regular D-class is, respectively, a rectangular
group and a group, and where LDG is the pseudovariety of semigroups locally in DG.
As an application, we give a characterization of the variety of languages recognized by

semigroups in V and derive some join decompositions of pseudovarieties.

1 Introduction

The theory of free profinite semigroups, which received its major impetus with the pu-
blication of Reiterman’s paper [17] in the early eighties, has proven to be an important
tool in the study of pseudovarieties of semigroups and on the varieties of recognizable
languages associated with them (via Eilenberg’s Theorem on varieties [13]). The im-
portance of Reiterman’s theorem was immediately understood by Almeida [1, 2, etc]
and Azevedo [10] who developed the theory. More recently, this approach has also
received the attention of authors like Selmi, Trotter, Volkov, Weil, Zeitoun and oth-
ers [7, 18, 22, 23, 25].

For a pseudovariety V, denote by LV the pseudovariety of all finite semigroups S
such that eSe € V for each idempotent e of S, and by DV the pseudovariety of all finite
semigroups S in which each regular D-class is a subsemigroup of S which lies in V.
Particularly important in this work are the pseudovarieties DReH, DRH and DLH,
where, for a pseudovariety H of groups, ReH, RH and LH denote, respectively, the
pseudovarieties of rectangular groups, of right groups and of left groups, all of whose
subgroups lie in H. We recall that DReG is usually denoted by DO.

This paper is devoted to the study of implicit operations on some subpseudovarieties
of DS, where S is the pseudovariety of all finite semigroups, and consists of part of the
author’s doctoral dissertation [11]. The subpseudovarieties V of DS have a particularly
important property (proved by Azevedo [9, 10] extending a similar result of Almeida [2]
on J, the pseudovariety of J-trivial semigroups), which is the fact that the implicit
operations on V can be factored as finite products of words and regular elements. For
some such pseudovarieties V, a certain form of such a factorization is known to be
canonical for V. This is the case, for instance, of J (Almeida [2]), J N £S] (Selmi [18])
DH N ECom, DRH (Almeida and Weil [6, 8]) and RN LS] (Costa [12]), where SI,
ECom and R are, respectively, the pseudovarieties of semilattices (i.e. idempotent and
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commutative semigroups), of semigroups in which the idempotents commute and of R-
trivial semigroups. However, the general problem of describing canonical factorizations
for all subpseudovarieties of DS (or even for DS itself) is very far from being achieved.

A crucial result in this paper is the characterization of the regular implicit opera-
tions on pseudovarieties V in the interval [S1V LI, DReG N LDG], where I is the trivial
pseudovariety. We prove in Corollary 3.2 that they are characterized by their restrictions
to SI, LTI and V N G. We also show that DReG N LDG is the greatest subpseudovari-
ety of DReG with this property. Note that V is such that VN B = NB, where B and
NB are, respectively, the pseudovarieties of bands and of normal bands. Trotter and
Weil [22] proved that the greatest subpseudovariety of DA, the pseudovariety of semi-
groups in which all regular elements are idempotents, having intersection NB with B is
DA NLI(=DANLDG). Using their results, one can show that DReG N LDG is the
greatest subpseudovariety of DReG whose intersection with B is NB. So Corollary 3.2
is somehow related with the result of Trotter and Weil.

This paper is a contribution to the study of the pseudovarieties in the interval
[SI, DReG N LDG], i.e., the subpseudovarieties of DReG whose intersection with B is
in the interval [SI, NB]. More precisely, we study the structure of the semigroups of im-
plicit operations on the pseudovarieties DAN LI, RN LI, VN W and VN'W N ECom,
with V € {DReH, DRH,DH} and W € {£LECom, LZE, L(S1V G), Com * D}, where
* denotes the operation of semidirect product of pseudovarieties of semigroups and Com,
D and ZE are, respectively, the pseudovarieties of commutative semigroups, of semi-
groups S in which eS = S for each idempotent e € S and of semigroups in which
idempotents are central (i.e., commute with every element). The techniques that we use
are in close connection with the ones used by Almeida and Weil [6] in the study of the
pseudovarieties of the form DH N £Com.

As a consequence of this work, we are able to give combinatorial descriptions of
the classes of languages recognized by each of these pseudovarieties U. More precisely,
for each finite alphabet A, we describe a set of generators for the Boolean algebra of
the languages of AT that are recognized by semigroups in U. Excepting the cases U =
DA NLJ and U = RN LJ, the generators are very simple languages. Depending on the
pseudovariety U considered, they are of the form ugA7 - -+ Aj_ w1 Liw Af, -+ - Ajuy, or
of the form quf e Altlul_lLlulAlerl -+ At up, where n > 0, the u; are words over A,
L; is a group language over A; (if U is aperiodic, then L; = A} or L; = Al+, respectively),
the A; are non-empty subsets of A, and where the u; and the A; satisfy some conditions
depending on the pseudovariety involved. Note that several varieties of languages have
been described as Boolean combinations of languages of one of the above forms (e.g.
piecewise testable languages (Simon [19]), R-trivial languages (Eilenberg [13]), level 2
languages in the Straubing hierarchy (Pin and Straubing [16]), etc).

The previous results also permit us to compute some joins of pseudovarieties. Recall
that the join VV'W is the least pseudovariety containing both the pseudovarieties V and
W. Among several equalities we prove that,—in the case W = Com * D for instance,—
if H is a pseudovariety of abelian groups, then

DPReHN (Com«D) = (DAN(Com=x«D))VH
= (DPRHVDLH)N (Com D)
# (PRHN (Com D))V (DLHN (Com * D)).

This paper is organized as follows. In section 2 we briefly recall some definitions
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and properties that we shall need in the sequel. Sections 3 to 8 are dedicated to the
description of the structure of the semigroups of implicit operations on the various
pseudovarieties mentioned above. Finally, section 9 is devoted to the characterization
of the corresponding varieties of languages.

2 Preliminaries

We assume the reader is familiar with the basic notions of finite semigroup theory
and its relationships with the theory of rational languages and finite automata. For
a comprehensive treatment of the theory and for undefined notions and notation, the
reader is referred to the books of Almeida [3], Eilenberg [13] and Pin [15], and to the
survey [7].

2.1 Generalities

By an alphabet, we mean a finite non-empty set A. We denote by AN (resp. A™N) the
set of all words over A that are “infinite to the right” (resp. “infinite to the left”), that
is, the set of sequences of letters of A indexed by N (resp. —N). We denote by u™ (resp.
1) the infinite word to the right (resp. left) obtained by repeating infinitely often the
word u € A™.

The set of all letters appearing in a word u (finite or infinite) is denoted by ¢(u) and
is called the content of u. A word u € A* is a prefix (resp. suffir, factor) of a word x
(finite or infinite) if there exist words y and z such that x = uy (resp. x = yu, * = yuz).
For each integer k we denote by pg(x) (resp. sg(x)) the prefix (resp. suffix) of x of length
k, if it exists.

It is well known that every finite semigroup S admits an integer k such that s* is
idempotent for every element s € S. Such an integer will be called an ezponent of S.
Notice that if k£ is an exponent of a finite semigroup S, then every multiple of & is also
an exponent of S.

Let V be a pseudovariety and let A be an alphabet. We denote by Fi (V) the free
pro-V semigroup over A. The semigroup Fy (V) can be viewed as the completion of a
certain uniform structure on the free semigroup A™ or as the semigroup of A-ary implicit
operations on V. For this reason, the elements of F4(V) are usually called (A-ary)
implicit operations (on V). It is well known that, for instance, F '4(S1) is the semigroup
24 of non-empty subsets of A under union. The following important properties of F w(V),
will be used freely in this paper.

e There exists a natural injective mapping ¢ : A — F4(V) such that ¢(A) generates
a dense subsemigroup of F4(V).

e Any mapping from A into a semigroup S of V can be uniquely extended to a
continuous morphism from F4(V) into S.

In particular, if W is a subpseudovariety of V, the identity of A induces a continuous
onto homomorphism 7 : F4(V) — E4(W), called the canonical projection of Fa(V)
onto FA(W). The image m(z) of an element € F4(V) is called the restriction of x
to W. In particular, when V is a pseudovariety containing Sl, the canonical projection
c: Fy(V) = Fa(Sl) = 24 is called the content homomorphism on V. As one can easily
show, ¢ extends to the elements of FA(V) the notion of content for words of A*.
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For each z € F4(V), the sequence (z™), converges in F4(V). Its limit, denoted by
x%, is the only idempotent in the topological closure of the subsemigroup generated by
x.

Let V be a pseudovariety and let A be an alphabet. A V-pseudoidentity on A
is a pair (z,y) of elements of FA(V), and is usually denoted x = y. We say that a
semigroup S € V satisfies x = y, written S = x = y, if, for any continuous morphism
p: Fa(V) = S, we have pu(z) = p(y). We say that a subclass C of V satisfies a set
Y of V-pseudoidentities, written C |= 3, if each element of C satisfies each element of
Y. The class of all finite semigroups which satisfy X is said to be defined by ¥ and is
denoted [X]v. By a pseudoidentity we will mean an S-pseudoidentity, and we will also
set [X] = [X]s.

For instance, adopting the convention of replacing in a pseudoidentity expressions of
the form =%, y* and 2z by symbols e, f and g if, respectively, x, y and z do not appear
elsewhere in the pseudoidentity, we have the following equalities:

A = [2¥t =¥, B = [22=1]
Com = [zy=yz], Com«D = [exfyezf = ezfyexf]
D = [ze=¢€], ECom = [ef = f€]
I = [y)” = (yz)“]a, K = [ez=¢]
= [ylzy)” = (zy)”l, LG = [ex=4]
LNB = [zyz =2zy]B, NB = [zyzz =zzyz]B
R = [(zy)“z = (zy)“], ReG = [z =2l efe=¢]
RG = [ze=1z], RNB = [zyz =vyzz]B
SI = [ay =yz]s, ZE = [ey = ye]

As far as the D operator is concerned, the following equalities are well known.

DA = [(zy)“(yx)*(zy)” = (zy)]a, DG = [(zy)* = (y2)*]
DLG = [(zy)“(yx)” = (yz)*], DReG = [(zy)“(yz)(zy)* = (zy)“]
DRG = [(zy)*(yx)” = (zy)*].

Let X be a set of pseudoidentities defining a pseudovariety V. Then LV is defined by

the set of all pseudoidentities which are obtained from 3 by substituting each variable
x by y“xy* where y is a variable that does not occur in . For instance, we have that

LDG = [(exeye)” = (eyexe)’], LECom = [(exe)’(eye)” = (eye)“(exe)¥]
LI = [exe=c¢€], LSl = [exexe = exe,exeye = eyexe]
LZE = [(exe)¥eye = eye(exe)].
The following fundamental theorem is due to Reiterman [17].

Theorem 2.1 Let V be a pseudovariety of semigroups and let W be a subclass of V.
Then W is a pseudovariety if and only if there exists a set X of V -pseudoidentities such
that W = [X]v. O
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2.2 Languages recognized by a pseudovariety V

Let A be an alphabet and let V be a pseudovariety. A subset L of AT is called a language.
It is said to be recognizable (resp. V-recognizable) if there exists a finite semigroup S
(resp. in V) and a morphism g : A* — S such that L = p=(u(L)). In that case, we
say that S recognizes L. The syntactic congruence of a language L is the congruence ~,
over AT given by

u~pv ifandonlyif azuye Ll < xzvyel forall z,ye A*.

The syntactic semigroup of L, denoted by S(L), is the quotient of AT by ~p. We
know that L is recognizable (resp. V-recognizable) if and only if S(L) is finite (resp.
S(L) € V). Furthermore, a semigroup S recognizes a language L if and only if S(L)
divides S (that is, if S(L) is a homomorphic image of a subsemigroup of S). For more
details on recognizable languages, the reader is referred to [15, 13].

A class of (recognizable) languages is a correspondence C associating with each al-
phabet A a set ATC of (recognizable) languages of AT. A wariety of languages is a class
V of recognizable languages such that

(1) for every alphabet A, ATV is closed under finite union, finite intersection and
complement;

(2) for every morphism ¢ : AT — BT, L € B*V implies ¢ 1(L) € ATV;

(3) f L€ ATV and a € A, then a 'L = {u € A" |au € L} and La™! = {u € A" |
ua € L} are in ATV,

Let V be a pseudovariety and let V be the class of recognizable languages which
associates with each alphabet A the set ATV of V-recognizable languages of A*. One
can show that V is a variety of languages. Moreover, Eilenberg [13] proved the following
fundamental result.

Theorem 2.2 The correspondence V — V defines a bijective correspondence between
pseudovarieties of semigroups and varieties of languages. O

We say that a family X of subsets of F4(V) separates the points of F4(V) if, for
each pair of distinct elements z and y in F 'A(V), there exists an element X of X’ such
that either z € X and y ¢ X, or x € X and y € X. The next result, due to Almeida
[3, 7], will be very useful.

Proposition 2.3 Let A be an alphabet, let V be a pseudovariety satisfying no non-
trivial identity, and let V be the corresponding variety of languages. Let L be a subset
of ATV and let L be the set of the topological closures in Fa(V) of the elements of L.

The Boolean algebra ATV is generated by L if and only if the points of FA(V) are
separated by L. O

2.3 Subpseudovarieties of DS

In this paper we will be particularly interested in some subpseudovarieties of DS.
Almeida and Azevedo [5] gave a number of factorization and regularity results for the
implicit operations on subpseudovarieties of DS, which will prove fundamental in this
paper. Some of these results are summarized in the following propositions.
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Eroposition 2.4 Let 'V be a subpseudovariety of DS containing Sl and let x,y €
Fa(V).

(1) x can be written as a product of the form x = ugxiuy - - - Tpuy, where the u; are
words and the x; are regular implicit operations on V.

(2) If x and y are regular, then = Jy if and only if c(x) = c(y).

(3) If w € Fo(V), c(w) C c(y), x = wy (resp. © = yw) and y is regular, then x is
reqular and x Ly (resp. tRy). O

Proposition 2.5 Let V be a subpseudovariety of DReG. Two reqular elements x and
y of Fa(V) are equal if and only if ¥ = y* and VN G satisfies x = y. O

We will need also the following result (see [3, Corollary 5.6.2]).

Proposition 2.6 Let V be a pseuAdovariety of semigroups and let © € FA(V) \ AT.
Then x = yz“w for some y,z,w € Fu(V). O

We now consider the pseudovariety of nilpotent semigroups N = KN D. It is well
known that IN satisfies no non-trivial identity. This means that the natural morphism
L AT S F 'A(N) is injective for each alphabet A. In particular, we may identify the
free semigroup AT with a subsemigroup of F 'A(IN). Since N is contained in K, D and
LI, the same is true for each of these pseudovarieties. Furthermore, it is known (see
3]) that: F4(N) is obtained from AT by adding a zero 0; F4(K) = AT U AY and the
product in F4(K) is extended from the product in At by letting ww’ = w if w € AN
(dually F4(D) = At U AN and the product in F4(D) is extended from the product in
AT by letting w'w = w if w € A™N); F4(LI) = AT U (AN x A™N) where AN x AN ig
a rectangular band and if u € A* and (v,w) € AN x A™N| then u(v,w) = (uv,w) and
(v,w)u = (v, wu).

Note that if z = (v, w) is an element of 4 (LI)\ A, then v (resp. w) is the restriction
of z to K (resp. D). In particular, LI satisfies a pseudoidentity x = y if and only if K
and D satisfy = y. This is another way of stating the well known equality £I = KV D.

3 Regular elements of F4(DReG N LDG)

In this section, we give a characterization of the regular elements of the semigroups
F4(V) of implicit operations on subpseudovarieties V of DReG N LDG and derive
some important properties of them.

Proposition 3.1 Let V be a subpseudovariety of DReG N LDG containing Sl and K
(resp. D). Two reqular elements x and y of Fa(V) are R-(resp. L-)equivalent if and
only if they have the same content and the same restriction to K (resp. D).

Proof. Suppose first that £ R y. In particular, x 7 y and so by Proposition 2.4, ¢(x) =
c(y). Moreover, z = yz for some z € F4(V). Since y (and z) is not in A, this clearly
implies that the restrictions of z and y to K are equal.

Suppose now that ¢(x) = ¢(y) and that K satisfies x = y. We claim that the second
condition implies that * = uz and y = uw for some u, z,w € F4(V) such that u ¢ A™.
Indeed, if (z,,), and (y,), are sequences of AT converging, respectively, to z and y in
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F4(V), then we can choose subsequences (2,)n and (i/)n of (#n)n and (yn)n, such that
' = upz, and vy, = upw, for some u,, z,, w, € AT. We may choose u,, such that
|un| > n and, by compactness of F '4(V), we may suppose that the sequences (up)n,
(2n)n and (wy,), are convergent in F4 (V) proving the claim. Moreover, Proposition 2.6
says that u = uju$ug for some uy, uz, uz € FA(V).

Now since ¢(x) = ¢(y), we deduce from Proposition 2.4 that z, y, xy and yx are
J-equivalent regular elements, and that xy R x. In particular, zy is a group element

because V C DS and so xy = (zy)“*!. Furthermore, we deduce successively
vy = (zy)*!
= (upu§uzzuiuguzw)“

= wup(uSuszugususwuiug ) ugzu ug ugw

= w (u§uswuiususzuiug ) ugzuiusugw  since V.C LDG
= (wu§uswuiudugz) uius uszu us ugw

— w

= (yz)“zy.

This means that zy Ry and, consequently, that z R y. O

Corollary 3.2 Let V be a subpseudovariety of LDG and DReG containing Sl and L1.
Two regular elements of F4(V) are equal if and only if they have the same content and
the same restriction to LI and to VN G.

Furthermore, DReG N LDG is the greatest subpseudovariety of DReG with this
property.

Proof. We only need to prove the sufficient condition. Since ¢(z) = ¢(y) and LI satisfies
x =y, we have x H y from Proposition 3.1. So as the H-class of z is a group (say because
x is regular and V is a subpseudovariety of DS) we deduce 2z = y“. Now the equality
x = y follows from Proposition 2.5.

Now suppose that W is a subpseudovariety of DReG not contained in LDG. Then
there are two distinct idempotents of £y (W) of the form z¥yz“ and x*zx*, respectively,
in the same J-class. These elements have clearly the same restriction to LI and W N G.
Moreover, since they are J-equivalent, they have the same content by Proposition 2.5.
O

Let V be a pseudovariety in the interval [S1V LI, DReG N LDG] and let z be a
regular element of FA(V). The previous result shows that z is characterized by its
content, say B C A, and by its restrictions to £I and to VN G, say (w,w’) € BN x B™N
and g € FA(V N G), respectively. So we will denote = by

[w, B, g,w'].

In particular, when z is idempotent it will be denoted by [w, B, 1, w']. Furthermore, if V
is an aperiodic pseudovariety (i.e., it is such that VNG =1I), then V is a subpseudova-
riety of DA N LDG. In particular, every regular element of F: '4(V) is idempotent and
it is characterized by its restrictions to Sl and LI. In this case we simplify the notation
and denote it simply by

(w, B,w").

Remark. We notice that one can show, as above, that for a pseudovariety V in the
interval [SIVK, DRGNLDG] (resp. [SIVD, DLGNLDG]), a regular element x € F4(V)
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is characterized by its content, say B C A, and by its restrictions to K (resp. D) and to
VNG, say we BY (resp. w' € B™N) and g € FA(V N G), respectively. Thus, z will be
denoted by [w, B, g| (resp. [B,g,w']). When V is an aperiodic pseudovariety we denote
x simply by (w, B) (resp. (B,w’)).

Notice also that from the paper of Trotter and Weil [22] one can deduce that
DReG N LDG (resp. PRGN LDG, DLG N LDG) is the greatest subpseudovariety
of DReG (resp. DRG, DLG) whose intersection with B is NB (resp. LNB, RNB).m

In order to complete our notation for regular elements of semigroups F A (V), we will
now consider the case where V is a subpseudovariety of DG containing Sl. It is known
(say by Propositions 2.4 and 2.5) that, in this case, a regular element x of F(V) is
characterized by its content B and by its restriction g to VN G. So we denote z by
[B,g]. If V is aperiodic (i.e., V C J), then every regular element = is idempotent and
it is characterized by its content B. So we denote x simply by (B).

Thus, we use the notation ( _ ) for idempotent elements of aperiodic pseudovarieties
and [ _ | for the regular elements of the non-aperiodic pseudovarieties. The regular
elements of F4(DReG N LDG) enjoy the following important properties.

Proposition 3.3 Let A be an alphabet, let B,C,D C A be such that BN C # () and
D C B. Let also b € B. Then, in Fo(DReG N LDG),

(1) [w, B, g, w/b = [w, B, gb, w¥], bfw, B, g, w') = [bw, B, bg, w),
(w, B, g, w'][v, D, ;0| = [w, B,gf,v']| and [v, D, f,v'][w, B,g,w'] = [v, B, fg,w'];
(2) if one of c(w') and ¢(z) is contained in BN C, then
[w, B, g,w'][z,C, h,2'| = [w, B, g,w"|[z",C, h, 2]

for every w" € B™N and 2" € OV such that at least one of c(w”) and c(2") is
contained in BN C.

In particular, Fx(DRG N LDG) satisfies
(1) [w, B, g]b = [w, B, gb], blw, B, g] = [bw, B, bg|, [w, B, g][v, D, f] = [w, B, gf]
and [/l)?D?f:I[w’ B’ g] = [U’ B’ fg:l;

Proof. (1) Is an immediate consequence of Proposition 2.4 (3) and of Corollary 3.2.

(2) Suppose, for instance, that c(w’) € BN C and let w” € B~ and 2" € CN be
such that c¢(w”) C BNC or ¢(z") C BNC. If ¢(2") € BN C, we deduce from (1) that
[w, B, g,w'] = [w, B, g,w'][w, B,1,w"][z",BNC,1,w']. So

[w, B, g,w'|[z,C,h,2'] = ([w,B,g,w]w,B,1,w"])([z",BNC,1,w][zC,h,z])
= [w,B,g,w"|[z",C,h, 7] from (1).

Suppose now that ¢(z”) € BN C and let a € BN C. Then ¢(w”) C BN C and using
what we proved above, we deduce

[w,B,g,w'|[z,C,h,2'] = [w,B,g,w][a",C,h,z|
= [w,B, g, |[a™>,BNC,1,w"][z",C, h,z from (1)
= |w,B,g,w"][z",C, h,7].
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For the proof of (1) and (2'), it suffices to consider the canonical projection of

DReG N LDG to PRGN ED(} and note that the restriction to PRG N LDG of a
regular element [w, B, g, w'] of F4(DReG N LDG) is the regular element [w, B, g]. O

Note that if V is a subpseudovariety of DReG N LDG containing Sl and LI, the
restriction to V of a regular element [w, B, g, w'] of F4(DReG N LDG) is also denoted
by [w, B, g,w']. Hence, the previous result is also valid in Fj4(V).

In the following sections, we will proceed to the description of the semigroups of
implicit operations on various subpseudovarieties of DReG N LDG, namely the semi-
groups:

o [4(DANLDG) and Fu(RN LDG);

e F4(VN'W) with V € {DReH, DRH, DH} and W € {£ECom, LZE, L(SIV G),
Com x D};

e F4(DHNW NECom) with W e {£LZE, £L(SIV G), Com  D}.

Note that the non-aperiodic cases F4(V N LDG) with V € {DReH, DRH, DH}
(and H a non-trivial pseudovariety of groups) are not included here, because we were not
able to solve them. To give an idea of the inclusion relations between the pseudovarieties
involved, we note the following inclusions:

e LSIC Com D C LCom C LZE C LDG;
e LS1C L(SIVG) C LZE;
e LZE C LECom, LECom € LDG but DReG N LECom C DReG N LDG.

4 Implicit operations on DA N LJ

We begin our study with the description of the semigroups F4(DA N £J) and F4 (R N £J).
We prove that every element of each of these semigroups, can be written in a unique
form as a product of words and idempotents. We note that, since J = DG N A, we have
immediately DANLDG = DANLY and RNLDG = RN LJ. Note also that J is a
subpseudovariety of both DA N LJ and RN LJ.

Let us begin by considering the case DA NLJ. Let z € FA(’DA N LJ) and let an
order be fixed for the letters of the alphabet A. We say that a factorization of z of the
form

x = ug(wy, Ay, w)uy - up—1(Wn, An, W), )y,

is normal if
o u; € A" ug £ 1if x = ug;

e for each 1 <i < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of u; (resp. u;—1) does not lie in A;.

o ifu; (1 <i<n-—1)is the empty word, then

— A; and A;y1 are C-incomparable;
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— the first letter of w;11 does not lie in Aj;

— if ¢(w}) € Ait1, then w, = v and w41 = v™ where u and v are the least
linear (i.e., such that each letter occurs exactly once) words in alphabetical
order of content, respectively, A; N A;+1 and A;4; such that the first letter of
v does not lie in A;.

Proposition 4.1 Fvery element of FA(DA N LJ) admits a normal factorization.

Proof. Let z € Fy(DANLJ). As a consequence of Proposition 2.4, x admits a
factorization of the form = = wug(wy, A1, w})uy - - up—1(wn, Ap, W), )u, as a product of
words u; € A* and idempotents (w;, A;,w}), such that for each 1 < ¢ < n such that u;
(resp. u;—1) is not the empty word, the first (resp. last) letter of w; (resp. u;—1) does
not lie in A; and, if u; (1 < i < n — 1) is the empty word, then A; and A;y; are
C-incomparable.

Now suppose that 1 < ¢ < n — 1 is such that u; = 1. Then either one of c(wg)
and c(wj41) is contained in A; N A;11, or c(w]) and ¢(w;+1) are both not contained in
A; M A;11. In the first case, letting u and v be the least linear words in alphabetical
order of content, respectively, 4; N A;+1 and A; 41 such that the first letter of v does not
lie in A;, we have from Proposition 3.3 that the factor (w;, A;, w;)(wit1, Aip1, wj ;) is
equal to (w;, Ai, u™)(v", Ajy1,wj ). In the second case, w;11 = 22’ for some words
z € A}, and 2/ € A} | such that c¢(z) C A4; (if z # 1) and the first letter of 2’ does not
lie in A;. Furthermore, (wj, Aj, w;)(wit1, Aip1,wi ) = (wi, A, wiz) (2, Aip1,wi, ) by
Proposition 3.3. So, for each 1 < ¢ < n — 1 such that u; = 1, substituting in the facto-
rization of = the factor (w;, As, w))(wiy1, Aiy1, wi 1) by (wi, A, u=) (v, A1, wj ) in
the first case and by (w;, A;, w;z)(2', Aiy1,wj, ) in the second case, we obtain a normal
factorization of x. O

We now describe some automata which we will use to construct test semigroups
(the syntactic semigroups of the languages recognized by these automata) to separate
distinct factorizations of elements of F4(DA N LJ).

Let r,n > 0 be two integers and let ug, ..., u, € A* and 0 # Ay,..., A, C A be such
that, for all 1 <7 <mn —1: if u; # 1 then c(u;) is not contained in either A; or A; q; if
u; = 1 then A; and A;41 are C-incomparable. Let A = A(r;ug, A1, u1,...,An, uy) be
the following automaton An

-

where, for each 1 <i<n —1,

Xi:{ui if u; # 1

Ai+1 \ Al if Uy = 1
and the automaton A; is either

A N Aerl

‘ 8 A\ Ai mA NAipr qz AiNAip O ‘

when, respectively, u; # 1 or u; = 1. Note that the state ¢} is ¢; in the first case and is
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gir in the second one. Note also that A; is an automaton on the alphabet A;. In the
figure of automaton A, the initial, qp, and final, g,11, states are pointed out by arrows.
We will follow this convention throughout the paper.

Lemma 4.2 Let L be the language recognized by the automaton A above. Then S(L)
lies in DA N LY. Moreover, if w € Atk > |ug---up| +3n — 2+ Ir (where | is the
number of indices 1 < i <n — 1 such that u; = 1) and w* is the label of a path T in A,
then there exists 1 < i <n such that w € A;r and T wisits state g; (or state ¢;» when it
exists) and does not visit either state q;—1, if i > 1, or state gj+1, if i < n.

In particular, if r = 0 and the first letter of u; (1 < j < n) does not lie in A;, then
S(L) € R. In this case, if w, k and T are as above, then T ends in state q; (or state
¢in), with i as above.

Proof. Because of the choice of k, it is clear that the path T visits a state p having
a loop and stays in p for at least |w| steps. If p = ¢;, for some 1 < i < n — 1, then
w € (A; N A1)t and so, in particular, w € A, Otherwise, p = g; for some 1 <i <n
and so w € AF. In both cases T does not visit either state ¢;_; (when i > 1) or state
¢i+1 (when ¢ < n) because in that case 7 would contain a transition labeled with a word
not in Aj.

Let us now show that S(L) lies in DA N LJ. For that, it suffices to show that, for
all z,y,2z € AT and m large enough, (zy)™(yz)™(xy)™ ~r (xy)™, 2™ ~p 2™ and
(2Myx™za™)™ ~p (™ za™yx™)™. Without loss of generality, we may suppose that m
is an exponent of S(L) (so that, for all w € AT, w™ ~p w™w™, that is, the syntactic
image of w™ is an idempotent of S(L)).

Let x,y,z € AT. To prove that (zy)™(yz)™(zy)™ ~r (zy)™ it suffices to show the
following condition:

(xy)™(yx)™(xy)™ is the label of a path P in A (say from a state p to a state
q) if and only if there is a path Q in A labeled (xy)™ and co-terminal with
P (that is, from p to q).

So let us first suppose that P exists. Then from the above, xy € Aj for some 1 <i<n
and P visits state g; or state ¢;, (when it exists) and does not visit either state ¢;—1 (if
i > 1) or state ¢;41 (if i < n). Suppose that g;, exists (i.e., that 1 <i <mn and u; = 1)
and that P visits the states of the form ¢;; (0 < j < r) for at least |zy| steps. Then
zy € (A; N A;i41)T and so P is entirely between the states ¢; o and ¢; . Therefore, the
subpath of P labeled (yx)™(zy)™ is entirely in g;, and so the existence of Q is clear.
Now suppose that P visits the states of the form ¢; ; (0 < j < r) for at most |zy| — 1
steps so that P visits state ¢;. Therefore, since P does not visit state ¢;—; (when i > 1)
and, as above, it can not visit the states of the form ¢;—q; (0 < j <), if they exist, for
more than |zy| —1 steps, we deduce that at most max{|zy|, |u;—1|} — 1 of the steps of P
take place strictly between the states ¢;—1 and ¢;. Hence, the subpath of P labeled (yz)™
is entirely in ¢;. So the existence of Q is also clear in this case. (In fact, what is clear
is the existence of a path labeled (zy)™(zy)™ co-terminal with P. But, since we are
considering m such that (zy)™ ~p, (xy)™(xy)™, the existence of Q is guaranteed.) The
case when ¢;, does not exist can be treated analogously. Similarly, one can show that
the existence of Q implies the existence of P, proving that (zy)™(yz)™(xy)™ ~r (xy)™.
That 2™+ ~p 2™ can be proved analogously.
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Now suppose that P is a path in A labeled (x™yx™zz™)"™ so that ¢(x)Uc(y)Uc(z) C
A; for some 1 < i < n. Then either i < n, u; = 1 and P takes place entirely between the
states ¢; 0 and g¢;,, and the existence of a path Q in A co-terminal with P and labeled
(2™ zx™yx™)™ is immediate, or at least |x"yx™zx™| steps of P take place in state g;
and at most |y zz™|(= |x™yx™z|) steps of P take place strictly between the states
gi and ¢;11 (resp. between the states ¢;—1 and ¢;). In this case, let P;, Py and P3 be
the subpaths of P labeled, respectively, 2™yxz™z, 2™ (x™yz™z2™)™22™ and yax™zx™.
Hence, P> is entirely in ¢; so that P; ends in ¢; and P3 begins in ¢;. Moreover, the
subpath of P; labeled yz™z begins in ¢; or in g;—1, (when it exists). In both cases it
is clear that there is a path P] co-terminal with P; and labeled 2™ z2™y. Analogously,
there is a path P§ co-terminal with P3 and labeled zz™yz™. Since, trivially, there
is a path labeled x™(z™zz™yx™)™ 22™, entirely in ¢;, we deduce the existence of a
path Q (co-terminal with P and labeled (2" zz™yz™)™). By symmetry, we deduce that
(xMyx™zae™)™ ~p (2™ zaMyx™)™.

Finally, suppose that r = 0 and that the first letter of u; (1 < j < n) does not lie in
Aj. As above, these conditions clearly imply that, for some 1 < ¢ < n, w € Aj and T
ends in state g; or state g;o (in this case i < n). To prove that S(L) € R, let us show
that (xy)™x ~r, (xy)™. For that, let P be a path in A labeled (xy)™z. This path ends
in some state g; or state g;o. In the first case, the assertion that there is some path
Q in A labeled (zy)™ and co-terminal with P is immediate. In the second case, either
zy € (A4; N A;i+1)T, and so P is entirely in ¢; ¢ (and the existence of such a path Q is
trivial), or there is at least a letter of xy in A; \ A;41 and P stays in ¢; o for at most
lyz| — 1 steps. In this case, the existence of the desired path Q is also ensured (this path
can pass from state g; to state g; o using, for instance, the last occurrence not in A;41
of a letter of the word (xy)™). The proof of the converse is similar and so we conclude
that (zy)™z ~r, (xy)™, proving that S(L) € R. O

Now we are able to prove the following characterization of the semigroups of implicit
operations on DA N LJ.

Theorem 4.3 Let z,y € F4(DA N L) and let © = ug(wy, Ay, w))uy - - - (Wi, A, W)ty
and y = wvo(z1, B1,2y)v1* (2m, Bm, 2, )Um be factorizations in normal form. Then
z =y if and only if n =m, u; = v;, w; = z;, A; = B; and w, = 2} for all i.

Proof. Let r > 1 be an integer such that r > |v;| for every 1 <1i <n and ¢(s,(w}))
Ay for every 1 <i < n—1such that u; = 1 and c¢(w}) € A;4;. Consider the automaton
A = A(r;uopr(w1), A1, uly, ..o, ul_q, Ap, Sp(w;,)uy) where, for each 1 <i <n—1, ] is
equal to:

o sy (whuipy(wiy1) if u; #1, or u; = 1 and e(w}) € Ait1;
e 1ifu; =1and c(w)) C Ajq;.
Note that by definition of normal factorization of z, for each 1 < i <n —1, if u} =1

then A; and A,y are C-incomparable and if «} # 1 then c(u}) € A;, Aiq1.

Let L be the language recognized by A and let u : AT — S be its syntactic homo-
morphism. By Lemma 4.2, S € DANLJ. So let fi: FA(DA N LJ) — S be the unique
continuous homomorphic extension of p, and let k& > |ug - - - up| +3n — 2+ Ir (where [ is
the number of indices 1 <7 < n — 1 such that u, = 1) be an exponent of S (so that for
all w € A the syntactic image of w* is an idempotent of S).
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For each 1 < 7 < n, let w; € AZN and @, € A;N be such that w; = p,(w;)w;

and w, = w,s,(w}) so that (w;, A;,w)) = py(w;)(w;, A;, w})s,(w}). Since (w;, A;, W)
is idempotent, its image in S, fi(w;, 4;,w}) is also idempotent. By density of AT in
FA(DA N L), there is a word z; such that c(x;) = A; and fi(w;, A;,w)) = p(z¥). Now

it is not very difficult to verify that

w = UOPT(wl)xlfsr(wi)ulpr(w2)$§ T Sr (w;—l)un—lpr(wn)mﬁsr (w;)un

is a word recognized by A, whence w € L. On the other hand, we have fi(z) = pu(w).

Consider now words z; € BZN (1<i<m)andZ € B;N such that z; = p,(z;)Zz; and
zl = Zls;(2]) so that (z;, By, ) = pr(zi)(Zi, Bi, Z)sr(2}). Consider also words y; such
that c(y;) = B; and i(%;, B, 2) = p(yF). Let

(2

w' = vopy (1)) se(21)vipr (22)Y5 - - Yy se (20, ) U
We have ji(y) = p(w') and, as x = y, f(z) = j(y). Therefore, u(w) = p(w') whence
w’ € L and so w’ is recognized by A.

Let P be a successful path in A (i.e., which goes from ¢y to ¢,+1) labeled w' and,
for each 1 < i < m, let P; be the subpath of P labeled Uopr(zl)y’fsT(zi)vlp,_(ZQ)yS .. yf
From Lemma 4.2, we deduce that the path P; visits state g;, — for some 1 < j; < n such
that B; C Aj, — and does not visit state g;,1+1 (if j; < n). Furthermore, the subpath 73{
of P; labeled pr(zi)yf does not visit state g;,—1 (if j; > 1).

In particular, the path P; visits state ¢; and so the word wuop,(w;) is a prefix of
vopr(21)yF. Now since r > |vgl, also the path P] visits state q;. Hence, j; = 1 and
B; C Ay. By symmetry it follows that A; = Bj. Now since the last letter of wug (if it
exists) does not lie in A; = Bj, we deduce that g is a prefix of vg. Again by symmetry
it follows that ug = vy and consequently that p,(w;) = pr(21). Since this holds for r
arbitrarily large, we conclude that w; = 2z;.

Now as the first letter of the word vip,(22) does not lie in By = A; (note that, as
the factorization of y is normal, if v; = 1 then the first letter of 2o does not belong to
B1) we have ja > 1. Let us consider the two possible cases for u’1

First case Suppose, first, that u} # 1, i.e., that u; # 1, or u3 = 1 and c(w]) € As.

Then automaton 4 begins like this
Az

Ay
@ ug % sy (wh )u1py(w2) p
0 \1/ 2

Therefore, the word s, (w})uip,(w2) is a factor of y¥s,(2])vip,(z2)y5. Since the
first letters of uip,(w2) and v1p,(22), respectively, do not lie in A; = Bj, we deduce
that s.(w}) = s.(2}) and that uip,(w2) is a prefix of vip,(22)y5. Now as above,
this implies that w} = 2], jo = 2 and By C As. Moreover, since the last letter of
up (if it exists) does not lie in Ay, and so does not lie also in Bs, we deduce that
uy is a prefix of vi. If v; # 1 we can apply symmetry to deduce that uy = vy. If
v1 = 1, we have trivially u; = v1. Now this equality implies that p,(w2) is a prefix
of p,(22)y5 so that p.(ws2) = p,(22). Therefore, as above wy = 2z3. Note that, in
this case, it remains to prove the inclusion As C Bs.
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Second case Suppose now that ] = 1, i.e., that u1 = 1 and ¢(w}) C As. In particular,
w) = uw and wy = v"™ where u and v are the least linear words in alphabetical
order of content, respectively, A1 N As and As such that the first letter of v does
not lie in A;. We may also suppose that v; = 1 since otherwise, we could apply
an argument as above to deduce that v; would be a prefix of w1 and so u; would
not be equal to the empty word. In this case, the beginning of the automaton A
is the following.

A1 NAy Ao

Ay
@ Ug S 2 AI\A2 mAlmAQK_\AlﬂAQQ . AQ\Al '
qo Q1 q1,0 ¢ Q2) .- @ @

Therefore, in path P, the first letter of p,(z2) is read in the transition from state
q1r to state g, and s,(2]) is read in the transitions between state ¢; o and state
q1,-- This means, in particular, that jo» = 2 so that By C As. So in both cases
(u) =1 and u} # 1) we have By C Ay. Hence, By C Ay and applying symmetry we
deduce that A9 = By. In the case u’l = 1 we are considering, we also deduce that
c(sr(21)) € A1 N Ag. Since r is arbitrarily large, this implies that ¢(z]) C As. So
since we are dealing with normal factorizations and v; = 1, we have 2| = v = w}
and z9 = U™ = ws.

Therefore, we have proved that w| = 2], u1 = v1, wa = 22 and Ay = Bs. Iterating the
above argument, we deduce that n = m, u; = v;, w; = z;, A; = B; and w} = | for all 4.
O

This last proof shows, in particular, that the syntactic semigroups of the languages
recognized by the automata A(r; ug, A1, ..., An, uy), as above, suffice to separate distinct
implicit operations on DA N LJ.

Corollary 4.4 The pseudovariety DA N LJ is generated by the syntactic semigroups of
the languages recognized by the automata A(r;ug, A1, ..., An,uy) where r,n > 0 and,
for some alphabet A, ug,...,u, € A* and ) # Ay,..., A, C A are such that, for each
1<i<n-—1:14fu; #1 then c(u;) is not contained in either A; or Aj+1; if u; = 1 then
A; and A;+1 are C-incomparable. O

Almeida and Azevedo [4] showed that RV L = [(zy)“z(z2)* = (zy)*(22)*]. If a,b

and ¢ are distinct letters of an alphabet A, in F4(DA N LJ) we have
(ab)?a(ca)® = ((ab)™, {a,b}, (ab)™)a((ca)™ {a,c}, (ca)™)
= ((ab)"™ {a, b}, (ba)™)((ca)™, {a,c}, (ca)™)
and
(ab)*(ca)® = ((ab)™, {a, b}, (ab)™)((ca)"™, {a, c}, (ca)™).

Hence, by Theorem 4.3, (ab)“a(ca)® # (ab)“(ca)® and so DA N LJ does not satisfy the
pseudoidentity (zy)“z (z2)¥ = (zy)“(zx)“. This proves that (R VL) N LI # DANLJ.

Let us now consider the case RN £J. Let z € F4(RN LJ). We say that a factori-
zation of = of the form = = ug(wi, A1)uy -« up—1(wy, Ap)uy, is normal if
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o u; € A% ug # 1 if x = uo;

e for each 1 < ¢ < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of w; (resp. u;—1) does not lie in ¢(z;).

o if u; (1 <i<n-—1)is the empty word, then

— A; and A; 41 are C-incomparable;

— if A; N Aj1q # 0, then w; 11 = v™° where v is the least linear word in alpha-

betical order of content A;;; such that the first letter of v does not lie in
A;.

Using the (R N LJ)-recognizable languages described on Lemma 4.2 and applying
similar arguments as those of the proof of Theorem 4.3, one can show that the implicit
operations on R N LJ are characterized by the following result.

Theorem 4.5 FEvery element of FA(R N LJ) admits a normal factorization. Let x,y €
FA(R N LY) and let x = up(w1, A1)uq -+ - (W, Ap)un andy = vo(z1, B1)vr -+ (2m, Bm)vm
be factorizations in normal form. Then x =y if and only if n = m, u; = v;, w; = %
and A; = B; for all i. O

Naturally, a left-right dual of this last theorem could be stated for the pseudovariety
LNLJ.

5 Implicit operations on DReG N LECom

In this section, we concentrate our attention on subpseudovarieties of DReG N LECom,
namely the pseudovarieties of the form W N LECom where H is a pseudovariety of
groups and W is one of DReH, DRH and DH. Note that DReG N LECom is a
subpseudovariety of DReG N LDG. Indeed, we have

DReG N LECom C L(DReG NECom) = L(DG NECom) C LDG,

since DReG N ECom = DG NECom. Also note that J is not a subpseudovariety of
LECom because it does not satisfy the pseudoidentity (exe)“(eye)” = (eye)®(exe)”
which defines LECom.

Besides the properties given by Proposition 3.3, the regular elements of the semigroup
F4(DReG N LECom) enjoy also the following important one.

Proposition 5.1 Let A be an alphabet and let B and C be subalphabets of A such that
BNnC #0. In FA(DReG N LECom), if one of c(w') and ¢(z) is contained in BN C,
then [w, B, g,w'][z,C, h, 2’| = [w, BUC, gh, 2'].

In particular, FoA(DRG N LECom) satisfies [w, B, g][z,C,h] = [w, B U C,gh] for
every z € CV.

Proof. Put p = [w, B, g,w'] and ¢ = [2,C, h,z']. Suppose first that both ¢(w’) and
¢(z) are contained in BN C. Also let r be the idempotent [z, B N C,1,w’]. Then
(rpr)¥(rqr)¥ is idempotent since V C LECom and so (rpr)¥(rqr)¥ = [z, BUC, 1w
by Corollary 3.2. Moreover, p = p(rpr)® and ¢ = (rqr)“q by Proposition 3.3. Thus,
pq = p(rpr)¥(rqr)“q = plz, BUC,1,w'|q = [w, BU C, gh, '] again by Proposition 3.3.
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Suppose now that, for instance, ¢(z) € BN C (and not necessarily c¢(w’) C BN C)
and let @ € BN C. Then by Proposition 3.3, ¢ = [z, BN C,1,a>][a"™,C, h,2']. So
pq = plz, BNC, 1,a>][a"™,C, h, 2] = [w, B, g,a>=][a™,C, h, 2] = [w, BUC, gh, 2’| since
cla>) =c(a™)={a} CBNC.

The second part of the result is a natural consequence of the first one. O

The second part of this result says that the product of any two regular elements
of F4(DRG N LECom) with non-disjoint contents, is a regular element. In the case
of the product xy of two regular elements x and y of E 'A(DReG N LECom) with non-
disjoint contents, we only are sure to obtain a regular element if one of ¢(z’) and ¢(y') is
contained in ¢(z) Ne(y), where 2’ and y' are, respectively, the restrictions of z and y to
D and K. As we shall see, only under these conditions will the product xy be a regular
element.

We begin by considering the cases DReH N LECom where H is a pseudovariety of
groups. We say that a factorization of an element z € F A(DReH N LECom) of the
form

x = uplwi, Az, g1, wilut -+ Up—1[wn, An, gn, W up,
is normal if: u; € A*, up # 1 if © = up; if u; (1 < i < n—1) is the empty word, then
the first letter of w;1; does not lie in A; and c(w}) € A;41; for each 1 < i < n such that
u; (resp. u;—1) is not the empty word, the first (resp. last) letter of u; (resp. u;—1) does
not lie in ¢(z;).

Propositions 2.4 and 5.1 guarantee that every element of F 'A(DReH N LECom)
admits a normal factorization. In order to separate distinct factorizations, we will need
some adequate automata which we now describe.

For n > 0, let ug,...,u, € A* and () # Aq,..., A, € A be such that u; #1 (1 <i <
n—1). Letl € {1,...,n}, let A; be a permutation automaton on the alphabet A; with set
of states @; and let ¢;, ¢, € Q;. Finally, let C = C(uo, A1, u1, ..., A ¢ q, w, - ., Ap, up)
be the following automaton.

Ay A1 A Apn

@ = e uz_l - @ @ - @

In order to simplify notations, we denote Q; = {¢;} for all 1 < i <n with i # [.
Before the proof of a lemma, note that LECom = [e(exe)(eye)¥e = e(eye)¥ (exe)e].

Lemma 5.2 Let L be the language recognized by the automaton C above, and suppose
that it satisfies the following extra condition: for each 1 < i < n — 1, c(u;) is not
contained in either A; or Aiy1. Then S(L) lies in DReG N LECom and its subgroups
lie in the pseudovariety generated by the transition group S(A;).

Moreover, if w € A%, k is an exponent of S(L) such that k > |ug - - - up| +n and w*

is the label of a path in C, then there exists i € {1,...,n} such that w € A;-" and the
path visits Q; but does not visit either Q;—1 (if i > 1) or Qi+1 (if i <n).
Proof. The second part of the lemma and the fact that S(L) verifies the pseudoidentity
(zy)“(yz)“(zy)* = (zy)* defining DReG can be proved as in Lemma 4.2. Now from
the remark immediately before the lemma, to show that S(L) lies in LECom it suffices
to show that z¥(xFyx®)F(akzak)kar ~p o (2P 22%)* (Fya®)Fak for all z,y, 2 € AT, For
this, it suffices to prove that
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P (xFyaP)F (2* z2%)*2F is the label of a path P in C if and only if there is
a path Q in C labeled z*(2¥z2%)k (2¥yz¥) 2 co-terminal with P.

Let x,y,2 € AT, suppose that P exists and consider the two subpaths P; and Py of
P labeled, respectively, = (2zFyz*)* and (zFz2*)*z*. By the second part of the lemma,
since P is a path in C, there are 1 < i < j < n such that P; (resp. Pq) visits Q; (resp.
Q) and does not visit Q;—1 nor Q;+1 (resp. Qj—1 nor Qj4+1). Since P; and P, are
consecutive paths, it follows that either ¢ = j or i +1 = j. We claim that i = j. Indeed,
let us suppose that i +1 = j. Then c¢(x) Uc(y) C A;, c(x) Uc(z) C Ait1 and, because of
the choice of k, the subpath of P labeled v = yzFz*z is a path from Q; to Q;;1. Hence,
u; is a factor of v whence it is a factor of one of yz*2* and z*z*z. But this contradicts
the hypothesis on the content of u; since in that case, c¢(u;) C A; or ¢(u;) C A;+1. Hence
i = j and so the existence of path Q is clear. Indeed, the subpath P’ of P labeled
(zFya®)F(2F 22*)* is entirely in @Q;. Therefore, if Q; = {¢;} this is immediate. If Q; is
not singular (so that ¢ = [ and @ is the state set of automaton A4;), we deduce, since
k is an exponent of S(L), that P’ is a path in A; from a state ¢ € @Q; to the same
state ¢. We also deduce that there is a path labeled (z*zz*)*(zFy2z*)* from ¢ to q.
By symmetry, it follows that o*(zFyx®)F(2Fza*) k2 ~p ok (2 z2?)F (2Fya®)k2k proving
that S(L) € LECom.

To conclude the proof, consider the syntactic morphism p : AT — S(L). Let w € AT
and suppose that u(w) is a regular element of S(L) so that u(w) = p(w*!). Now let
w’ € AT be such that p(ww'w) = p(w) and p(w'ww’) = p(w'). Then as above, one
can show that, for every 1 < i < n, w € A;r if and only if w' € Aj. Hence, the
subsemigroup of S(L) consisting of its regular elements divides the direct product of
the subsemilattice of 24 generated by the A; with the semigroups of the form u, G,
where G; is the trivial group if ¢ # [ and is the group S(A;) otherwise, and u,_, (resp.
u)) is a sufix of u;_1 (resp. prefix of u;) with content contained in A;. The subgroups of
these semigroups are subgroups of S(.A4;) and so the proof is concluded. O

Before we present the characterization of the implicit operations on DReH N LECom,
we recall the notion of the Cayley graph of a group. Let G be an A-generated group.
The Cayley graph of G is the labeled graph whose set of vertices is G, and, for every
g € G and a € A, there exists an edge, labeled a, from vertex g to vertex ga.

Theorem 5.3 Let H be a pseudovariety of groups, let z,y € Fa (DReH N LECom) and
let x = uplwi, A1, g1, whlus -+ un—1[wn, Ap, gn, Wyluy andy = volz1, Br, h, 21]v1 -+ v
[2m, Bms Ny 2'm|vm be factorizations in normal form. Then x =y if and only if n = m,

w; = v, w; = 2, Aj = By, gi = h; and w'; = 2; for all i.

Proof. Consider the following automaton C

Ay Ao An
C obr () ST'(wll)ulpr(UJz)
q0 1 q2 .

57'(w,n)un

q

() ()
where » > 1 is an integer such that r > ]vj] for all 1 < 5 < m and such that, for all
1 <i<n-—1with u; = 1, the content of the word s, (w)}) is not contained in A;;;. This

guarantees that the content of the word s, (w})u;py(w;y1) is not contained in either A;
or A;11 and that the automaton C is as in the conditions of Lemma 5.2. Hence, the
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syntactic semigroup S of the language L recognized by C is in DA N LECom and so
S € DReH N LECom. Now using similar (and somewhat simpler) arguments to those
in the proof of Theorem 4.3, one can show that n = m, u; = v;, w; = z;, A; = B; and
w) = 2z} for all i.

Now note that H = (DReH N LECom) N G. For every 1 < i < n, let w; € AN
w, € A;N and g;, h; € FAi( ) be sugh that [w;, A;, gi, w)] = pr(w;)|[wi, As, §i, W)]sr(w})
and [w,;, Ai hi,wl] = pr(w;)[w;, Aiy hiy wl]sy(w)).  Set z; = [w;, Ai, gi,w)] and 3; =
[’Lf)i, AZ', hi, w;]

Let us now fix an i € {1,...,n} and consider an A;-generated group G of H. Let A;
be the Cayley graph of G over A;. Note that the transition semigroup of A; is G. Let

Ai={ai1,...,a; ni} and let C’ be the following automaton

1+1
. Uopr(wl ' 8 r(whi—1)ui—1pr(w;) :,Sr (w')uipr(wit1) ' 57 n)un
where the states ¢} and ¢; are, respectively, the elements 1 and (Z;)g(ai1, - - -, ain,;) of G.

Denote by p : AT — S the syntactic homomorphism of the language recognized by C’
and by i its continuous homomorphic extension to F4(DReH N LECom) (which exists
by Lemma 5.2).

Moreover, consider an exponent k > |ug- - u,| +n of S and, for all j € {1,...,n},
words x; and y; such that c(x;) = c(y;) = 4;, 1(z;) = M(JU?) and () = u(yf) We
then have

(w1)718r (W) )urpr(w2) - - - Gi—15, (W]

(W) s (wi)urpy(wa) -y yse(wi

/
)

1)Ui—1pr(wi)) =
Dui—1pr(w;)),

fi(uopy
p(uopr
ﬂ(sr(w Juipr (Wit 1)Yiy1 - - 'gnsr(w%)un) = M(Sr(w;)uipr(wi—&-l)yﬁ-l T yﬁsr(w%)un)v

o ji(z) = M(uopr(wl)l‘]f e

'wi";sr(wh)un)-
Using the equalities proved so far, one can verify that
i U()pr(wl)y]f T yf_15r(w§—1)ui—1pr(wi)7

i Sr(wg)uipr(wi-i-l)yﬁ-l - -yﬁsr(w;)un,

o uop,(wr)zh - 2k s, (w!))ug,
are the labels of paths in C’ from, respectively, qo to ¢}, ¢i to gn+1 and o to 1.
Since fi(x) = i(y) = f(uopy(w1)1 -+ - Ynsr(w),)uy) and A; is a permutation automaton,
it follows that (9:)c(ai1,...,ain,) = (Zi)a(aii,...,ain;), which shows that g; = h;.
Hence, g; = h; and the proof is concluded. a

One can verify, similarly to the case £J above, that the equality (R V L) N £LECom =
DA N LECom does not hold.

Let now V be one of the pseudovarieties DRH N LECom and DH N LECom. We
say that a factorization of an element = € FA(V) of the form = = upziuy * - Up_1TpUn
is normal if: w; € A*, ug # 1 if x = wug; z; € FA(V) (1 <4 < n) is regular; if w;
(1 <i < n-—1)is the empty word, then c(z;) N c(zi+1) = 0; for each 1 < i < n such
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that u; (resp. u;—1) is not the empty word, the first (resp. last) letter of u; (resp. u;_1)
does not lie in ¢(x;). Propositions 2.4 and 5.1 guarantee that every element of F4(V)
admits a normal factorization.

We begin by describing the semigroups FA(DH N LECom). For that we are going to
consider the following automata. For n > 0, let uq,...,u, € A*and ) # Ay,..., A, C A
be such that, if u; = 1 (1 <i <n—1) then 4; N A;y1 = () and, for each 1 < i < n
such that u; (resp. w;—1) is not the empty word, the first (resp. last) letter of wu;
(resp. u;—1) does not lie in A;. Let [ € {1,...,n} and let A; be either the automa-

A
ton A , or a non-trivial permutation automaton on the alphabet

A; with set of states Q; and we let ¢;,q; € @ be two distinct states. Finally, let
D = D(ug, A1, ut, ..., w1, A;;q); qi, wi, - - ., Ap, up) be the following automaton

A Ay A An

An analysis of the structure of D can be made like in Lemmas 4.2 and 5.2, proving
the following lemma.

Lemma 5.4 Consider the automaton D above and let L be the language recognized by
D. Then S(L) lies in DG N LECom and its subgroups lie in the pseudovariety generated
by the transition group S(A;).

Moreover, if w € At k is an exponent of S(L) such that k > |ug - - - up| +n and w*
1s the label of a path in D not beginning nor ending by a transition labeled by the empty
word, then there exists i € {1,...,n} such that w € A;” and that path begins in ¢, or g;

(in Qp if i = 1) and ends in q; (in Q; if i =1). O
Now we are able to prove the following characterization.

Theorem 5.5 Let H be a pseudovariety of groups, let x,y € FA(DH N LECom) and
let ¥ = uo[A1, g1]ut - - un—1[An, gnlun and y = vo[B1, h1]vi - - - Vim—1[Bm, hin|vm be fac-
torizations in normal form. Then x = y if and only if n = m, u; = v;, A; = B; and
g; = h; for all i.

Proof. Consider the following automaton D.

Ap
ool

Let L be the language recognized by D and let p : AT — S be its syntactic ho-
momorphism. By Lemma 5.4, S € JNLECom and so S € DHN LECom. So let
f: FA(DHN LECom) — S be the unique continuous homomorphic extension of p.

Let k > |ug - - - up|+n be an exponent of S and let 1 < i < n. Since [A;, g;] is regular,
its image in S, fi([4;, gi]) is idempotent. By density of A* in F4(DH N LECom), there
is a word x; such that c(x;) = A4; and fi([A;, g:]) = p(zF). Now it is immediate that

w = uox’ful -~ zku, is a word recognized by D, whence w € L. On the other hand, we

have fi(x) = p(w).
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Consider now words y; (1 < i < m) such that c(y;) = B; and a([B;, hi]) = p(yi").
Let w' = voyfvy - - yF,vm. We then have that fi(y) = u(w’) and, as z =y, j(x) = i(y).
So w’ € L. Let P be a successful path in D labeled w’ and, for each 1 <7 < m, let P;
be the subpath of P labeled vopr(,zl)y”ffuly’éC X yf By Lemma 5.4, the path P; ends in
state gj;, for some 1 < j; < n such that B; C Aj,. Furthermore, if j; > 1, the subpath
P! of P; labeled yf, whose first transition is not labeled by the empty word, does not
visit state gj, 1.

In particular, the path P visits state ;. Therefore ug is a prefix of voyt. Further-
more, if j; > 1, the path P] does not visit state g;,—1. Hence, if j; > 1, ug is clearly a
prefix of vg. In the case that j; equals 1, we have By C A; and, as the last letter of ug
does not lie in A; (and so does not belong to the content of y¥), we also deduce that
ug is a prefix of vg. By symmetry it follows that ug = vy so that j; = 1 and By C Aj.
Again by symmetry we deduce A; = Bj.

Now the path P; ends in state gj,, for some 1 < jo < n such that By C Aj;,. Since the
first letter of the word v1y§ does not belong to B; = A; (note that as the factorization
of y is normal, if v; = 1 then By N By = 0), it follows that jo > 1. Now as above one
can show that jo = 2, u1 = v; and Ay = Bs.

Iterating the above argument, we deduce that n = m, u; = v; and A; = B; for all 4.

The proof of the equalities g; = h; is similar to the proof of the same equalities in
Theorem 5.3. We only point out the fact that after choosing an A;-generated group G
(non-trivial) of H and considering its Cayley graph A; over A;, we have to choose in
A; two distinct states. One of them is 1. Now letting z; = [A;, g;] and y; = [4;, hy], if
r = (yi)a(ain, ... aqin;) and s = (zi)g(a;i1,...,an,) are both equal to 1, then there is
nothing to prove. So without loss of generality, we may suppose that s # 1 and so we
choose s to be the other state. The proof continues like in Theorem 5.3, proving that r
and s must be equal and so g; and h; too. O

Similar results hold for the pseudovarieties DRH N LECom.

Lemma 5.6 Consider an automaton C = C(ug, A1,..., A4, - - An,upn) as defined
after Proposition 5.1 above, satisfying the following extra conditions: for each 1 <i <mn,
the first letter of u; does not lie in A;; for each 1 < i < n — 1 the last letter of u; lies
in Air1 and if ¢(u;) C Aiqq, then A;N A1 = 0. Let L be the language recognized by C.
Then S(L) lies in DRG N LECom and its subgroups lie in the pseudovariety generated
by the transition group S(A;).

Moreover, if w € AT,k > |ug---u,| +n is an exponent of S(L) and w® is the label
of a path T in C, then there exists i € {1,...,n} such that w € AZ'-F and T ends in Q;.
Furthermore, either T does not visit Q;—1 (if i > 1), or T begins in Q;—1 and it leaves
Qi—1 at the first step.

Proof. The lemma can be proved like other similar results. We only note that a
path labeled v = (xFyz*)*(z*22F)* stays for at least one step in at most one Q;. So
c(xyz) C A and the path stays out of g; for at most |u;_1| steps. O

Example 5.7 Notice that the condition “for each 1 <1 < n—1 the last letter of u; lies
in A;r1” on the automaton C of last lemma avoids, for instance, a situation like this
c b,c,d

a
YoRNoROX
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where a, b, ¢ and d are distinct letters of an alphabet A. The syntactical semigroup of the
language recognized by this automaton does not verify the equality (¢“bc®)“(c*de? ) =
(“de? ) (¢?bc?)¥ and so does not lie in LECom. [

Theorem 5.8 Let H be a pseudovariety of groups, let x,y € FA(DRH N LECom) and
let © = up[wy, A1, g1]ur -+ [wn, An, gnlun and y = vglz1, B, h1]v1 - - - [2m, Bms han|Um be
factorizations in normal form. Then x = y if and only if n = m, u; = v;, w; = z;,
A; = B; and g; = h; for alli.

Proof. Using the canonical projection of F4(DRH N LECom) onto Fy(DH N LECom),
we deduce immediately that n = m, u; = v;, A; = B; and g; = h; for all i. To prove the
equality p,(w;) = pr(z;) for each 1 < i < n and each r > 1, it suffices to consider the
following automaton

Ay Az Ap
@ uopr(w1) 8 u1pr(w2) @ @ Un .

— which recognizes a language whose syntactical semigroup belongs to R N LECom,
by Lemma 5.6 —, and to proceed like in the proof of Theorem 5.3. This shows that
w; = z; for all 1. O

A dual result is valid for the pseudovarieties DLH N LECom.

6 Implicit operations on DReG N LZE and DReG N L(S1V G)

This section is devoted to the study of the semigroups F 'A(V) where V is a pseudovariety
of the form V=WNLZE or V=W NL(SlV G) with W € {DReH, DRH, DH}. As
in the previous sections, we describe “normal” forms for the elements of F 'A(V) and prove
that they are unique. We apply these results to the computation of certain joins.

Let CR = [z“*! = z] be the pseudovariety of completely regular semigroups, i.e.,
semigroups whose H-classes are all groups. It is well-known that the pseudovariety
ZENCR = SlV G and that ZE C £Com. Therefore, it follows immediately that
L(SIVG) C LZE C LECom.

In the last section, where we studied the semigroups of the form F AW(W N LECom),
we had to separate the description of the normal factorizations into two cases. The case
DReH N LECom on the one hand and the cases DRH N LECom and DH N LECom
on the other. As we shall see, this is not necessary for the semigroups Fia(W N LZE)
(nor for F4(W N £(S1V G))). The normal factorizations = wuoz u; - - - iy, described
for elements 2 € F4(DReG N LZE) will be such that, if 7 : F4(DReG N LZE) —
F4(W N LZE) is the canonical projection, then m(z) = uom(z1)uy - - - 7(pn )up is a nor-
mal factorization of the element 7(x) € F4(W N LZE). The definition of normal facto-
rization will be “inspired” by the following result.

Progosition 6.1 Let A be an alphqbet, let B,C C A be such that BNC # () and let
r € FA(DReG N LZE)!. Then, in Fo(DReG N LZE),

[w, B, g,w'|z[z,C, h, 2] = [w,BUC,g,wz[z, BUC,h,?7].

In particular, [w, B, g,w'|[z,C, h,2'] = [w, BUC, gh, ?'].
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Furthermore, if x € Fo(DReG N L(S1V G))!, then in Fo(DReG N L(S1V G)) we
have that [w, B, g, w'|z[z,C, h,2'] = [w, BUc¢(x) UC, ga'h, 2’| where 2’ is the restriction
of ¢ to .

Proof. Let us first suppose that C C B and put p = [w, B,g,w'] and ¢ = [2,C, h, 2'].

W W W

We have p = pp®(¢“p“¢*)*“¢“p* and ¢ = ¢“q from Proposition 3.3. So

prq = pp“(¢“p* ") ¢*p*2q” q = pp*¢“p xq" (¢“p"q")*q
since DReG N LZE C LZE. Hence, again from Proposition 3.3, it follows that pxzq =
[w, B, g,w'|x[z, B, h,z']. Tt can be proved analogously that the result also holds when
BCC.

Let us now prove the particular case £ = 1. Let « € BN C. Then p = pa“a“p®
from Proposition 3.3. Hence, pq = pa®a“p“q = pla™,C,1,a][a", B,1,a>|p¥q from
the above since c¢(a”) = {a} € BN C. Similarly, one can prove that the product
[a*,C,1,a>][a", B,1,a] is an idempotent element. So by Corollary 3.2, it is equal
to [a™, BUC,1,a]. The equality pq = [w, BU C, gh, 2'] is now a simple consequence
of Proposition 3.3.

Finally, we prove the general case. We have, p = pa“p* and q¢ = ¢“a“q. Therefore,
from the particular cases proved above, we deduce

prq = pa*p“zqa¥q
= pla™,C,1,a>]p*z¢¥[a">, B,1,a>]q
= pla™, BUC,1,w'|z[z, BUC,1,a>]q
= [w,BUC,g,w'|z[z, BUC,h,7].

To conclude the proof it remains to show the result for DReG N L(S1V G). With
the same notations as above, we have prq = pa“p“xq“a“q. Now a“p“xq¢“a” is a group
element since DReG N L(S1V G) C LCR. So it is a regular element of content B U
¢(x) U C and the result follows from Proposition 3.3. O

Almeida and Weil [8] proved that, for each pseudovariety H of groups, the join
DRH Vv DLH is strictly contained in DReH. Indeed, they proved that

DRHV DLH = [(zy)“z*(22)” = (zy)¥(zx)“] N DReH.

However, when intersected with LZE, we obtain an equality, which is an easy con-
sequence of Proposition 6.1.

Corollary 6.2 For each pseudovariety of groups H, the equality (DRH V DLH) N LZE
= DReH N LZE holds.

Proof. The inclusion (PRHV DLH)N LZE C DReH N LZE is clear. Now to prove
the inverse inclusion, it suffices to prove that DReH N LZE satisfies the pseudoidentity
(xy)“z¥(zx)¥ = (zy)*(zx)“. For that, it suffices to show that this equality holds in
F4(DReH N LZE) when z,y and z are letters of A. In Eq(DReH N LZE), (zy)* =
[(zy)™, {z,y}, 1, (xy)~] and (z2)* = [(22),{z, 2}, 1, (22)]. Hence, it follows from
Proposition 6.1, that (zy)“z*(22)* = [(zy)™, {=,y, 2}, 1, (z2)] = (zy)“(22)~. O
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Another consequence of Proposition 6.1 is that if z = wgriui - Up_1ToUu, IS a
factorization of an element x of Fiy(DReG N LZE) (resp. FA(DReG N L(S1V G))) in
terms of words w; and regular elements x;, then we may suppose that the contents
of the regular elements are pairwise equal or disjoint (resp. pairwise disjoint). So we
will consider the following notion of normal factorization for the implicit operations on
pseudovarieties of the form V.= WNLZE (resp. V= WNL(SIVG)), with W €
{DReH,DRH, DH}.

In the cases where V.= W N LZE, we say that a factorization of an element x €
FA(V) of the form z = upzu1 - - - Up—1TpUy 1S normal if:

o u; € A" ug # 1 if x = uo;

z; € Fy(V) (1 <i<n) is regular;

for each pair 1 <1, <n, c(z;) = c(z;) or c(z;) Ne(z;) = 0

if u; (1 <i<mn-—1)is the empty word, then c(z;) N c(xiy1) = 0;

for each 1 < i < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of u; (resp. u;—1) does not lie in ¢(z;).

In the cases where V.= W N L(S1V G), the definition of normal factorization of an
clement z of F '4(V) is the same as that above except that the condition “for each pair
1 <14,j <mn,c(x;) = c(x;) or ¢(z;) Ne(xj) = 07 is replaced by the condition “for each
pair 1 <i,j <n with i # j, c(z;) Ne(z;) = 07.

Note that these definitions of normal factorization differ from that of elements of
F4(W N LECom), with W € {DRH,DH}, only in the imposition of the following
condition (putting c(x;) = 4;)

A;=Ajor A;NAj =0 for each pair 1 < 4,5 <n (1)
for the cases F4(W N LZE) and of the condition
A; N Aj =0 for each pair ¢ # j (2)
for the cases F4(W N L(S1V G)).

Proposition 6.3 Let V.= WNLZE or V. = WNL(SIVG), where W is one of
DReH, DRH and DH. Every element of Fo(V) admits a normal factorization. O

With this notion of normal factorization, a study entirely similar to that conducted
for the subpseudovarieties of DReG N LECom can be made for the subpseudovarieties
of DReG N LZE and DReG N L(S1V G), leading to the following results. They will
be presented usually without proofs because they are analogous to other, similar results.

The automata used to separate distinct factorizations of elements of a semigroup
of the form Fy(DReH N LZE) (resp. F4x(DReH N L(S1V G))) are the automata C =
C(uo, A, ..., A1, - - -, A, uy) as in Lemma 5.2 where, of course, the A;’s must sat-
isfy condition (1) (resp. condition (2)).

Lemma 6.4 Let C = C(ug, A1, ..., Ai;q55q),-- -, An, un) be an automaton as defined
after Proposition 5.1 above, satisfying the extra conditions: A; = Aj or A;iNA; =
for all1 <i,j <n and, for each 1 <i <n —1, c(u;) is not contained in either A; or
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Aiy1. Let L be the language recognized by C. Then S(L) lies in DReG N LZE and its
subgroups lie in the pseudovariety generated by the transition group S(A;). If AinA; =0
for each pair i # j, then S(L) € L(S1V G).

Moreover, if w € AT,k > |ug---u,| +n is an exponent of S(L) and w® is the label
of a path in C, then there exists i € {1,...,n} such that w € Af and this path visits Q;
but does not visit either Q;—1 (if i > 1) or Qit1 (if i < n).

Proof. We only recall the proof that S(L) lies in LZE. Admitting that S(L) € DReG
is already proved, to show that S(L) € LZE it suffices, as in Lemma 5.2, to show that

ok (eFyak)eakzab ~p ok zak (xFyak)ka® for all x,y, 2 € AT, or more generally that

ok (xFyx®)Frk 22k is the label of a path P in C if and only if there is a
path P’ in C labeled z*zz* (z¥yx*)*2* and co-terminal with P.

Let x,y,2 € AT and suppose that P exists. Consider the three subpaths Py, Py and Ps3
of P labeled, respectively 2 (z*yx*)¥2*, 2 and 2*. To prove the existence of P’ it suffices
to show that there are paths P and P4 labeled 2 and 2 (zFya¥)* 2, respectively, co-
terminal with P; and P3. Since P is a path, there are 1 < ¢ < j < n such that
c(x)Uc(y) € A;, c(x) C Aj and i and j are, respectively, the least and the greatest
indices such that P visits ); and @;. In particular, A; N A; # () and consequently
A; = A;. Furthermore, the path P; does not visit either ;1 or Q;41. So it is clear
that P] exists. Analogously, since the path P3 does not visit either Q;_1 or @;41 and
c(z) Uc(y) C Aj, P; exists, proving the existence of P’. By symmetry, we deduce that
ok (eFyak) ok zab ~p 2k 2ok (xFya?)*2F whence S(L) € LZE. O

Theorem 6.5 Let H be a pseudovariety of groups and let V be one of DReH N LZE
and DReH N L(SIV G). Let z,y € Fu(V) and let x = uolwy, A1, g1, w]us - up_1
[Wny Ay gy Whuyn, and y = volz1, B1, hi, 21]v1 - - Vm—1[2m, Bm, b, 2'm|vm be factoriza-
tions in normal form. Then x = y if and only if n = m, u; = v;, w; = z;, A; = B;,
gi = h; and w’; = 2 for all 1. O

Similar results hold for the pseudovarieties DRH N LZE (and DRH N L(S1V G)).
To separate two distinct normal factorizations with respect to DRH N LZE it suffices
to consider again the automata C = C(uo, A1,..., A;;q);q, -, An, uy), defined after
Proposition 5.1 and impose the adequate conditions.

Lemma 6.6 Let C = C(ug, A1,..., A4, -, An,un) be an automaton, as defined
after Proposition 5.1, satisfying the extra conditions: for all 1 <i,5 < n, A; = A; or
AN Aj =0, the first letter of u; does not lie in A; and, for each 1 < i < n —1, if
c(u;) C Aiqq, then A;N A1 = 0. Let L be the language recognized by C. Then S(L) lies
in DRG N LZE and its subgroups lie in the pseudovariety generated by the transition
group S(A;). If Ay Aj =0 for each pairi # j, then S(L) € L(S1V G). O

Observe that the automaton C in this last lemma is not obtained from the automaton
of Lemma 5.6 by the imposition of the extra condition (1). Indeed, the automaton of
Lemma 5.6 satisfies also the condition “for each 1 < ¢ < n — 1 the last letter of v;
lies in A;y1”. Note that the syntactical semigroup of the language recognized by the
automaton of Example 5.7 does not lie in LZE. This happens because the automaton
does not verify the condition “A; = A;j or A;NA; =0 forall 1 <i,j <n” of last lemma.
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Theorem 6.7 Let H be a pseudovariety of groups and let V be one of DRH N LZE and
DRHNL(SIV G). Let z,y € Fa(V) and let © = ug[wy, A1, g1]u1 - - - U1 [Wn, A, Gnltin
and y = volz1, B1, h1]v1 -+ - Um—1[2m, Bm, him|vm be factorizations in normal form. Then
x =y if and only if n =m, u; = v;, w; = z;, A; = B; and g; = h; for all i. O

In Corollary 6.2, we proved that (PRH V DLH) N LZE = DReH N LZE (and so
also (PDRHVDLH)NL(S1VG) = DReHN L(S1V G)). Now note that from Theo-
rem 6.5 and from the last theorem and its analogue for DLH N LZE, if z and y are
two elements of F4 (DReH N LZE), then x and y are equal if and only if their restric-
tions to both DRH N LZE and DLH N LZE are equal. A similar argument is valid for
L(S1V G). So, from Reiterman’s Theorem, we have also the following equalities.

Corollary 6.8 Let H be a pseudovariety of groups. Then
e (DRHNLZE)V (DLHN LZE) = DReH N LZE;

e (DRHNL(S1V G))V (DLHN L(S1V G)) = DReH N L(S1V G). O

In order to conclude the study of this section, we consider now the cases DH N LZE
and DHN L(S1V G). The automata used to separate distinct factorizations of elements
of F4(DH N LZE) (resp. EA(DH N L(S1V G))) are the automata D = D(ug, Ay, . .., A;
a4, -, An,up) as in Lemma 5.4, where the A;’s satisfy also the condition (1) (resp.
condition (2)).

Lemma 6.9 Consider the automaton D = D(ug, A1,..., A5q:4, -, An,un) as in
Lemma 5.4 with A; = Aj or A;NA; = 0 for each pair 1 < i,57 < n. Let L be the
language recognized by the automaton D. Then S(L) lies in DG N LZE and its sub-
groups lie in the pseudovariety generated by the transition group S(A;). If AinA; =0
for each pair i # j, then S(L) € L(S1V G). O

Theorem 6.10 Let H be a pseudovariety of groups and let V be one of DHN LZE
and DHN L(SIV G). Let x,y € FA(V) and let x = up[A1, g1|u1 - Un—1[An, gn]un and
y = vo[B1, h1]v1 -+ - Um—1[Bm, him|vm be factorizations in normal form. Then x =y if
and only if n =m, u; = v;, A; = B; and g; = h; for all i. O

In the case of the pseudovarieties involving £(S1V G), we can also deduce the fol-
lowing join decompositions.

Corollary 6.11 Let H be a pseudovariety of abelian groups. Then
e DReHN L(S1V G) = (DANLS]) VH;
e DRHNL(SIVG)=(RNLS] VH,;
e DHNL(SIVG)=(JNLSI)VH.

To prove this result we will use the following known result.

Proposition 6.12 Let A = {ay,...,a,} be an alphabet and let V be a pseudovariety of
commutative semigroups. Then Fa(V)! is isomorphic to the direct product Fy,,3(V)! x

XF{an}(V)l. Od
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Proof of Corollary 6.11. We give, for instance, the proof of the first equality. Let
z,y € Fs(DReHN L(SIV G)). From Reiterman’s Theorem, it suffices to prove that
if DA N LS] and H satisfy z = y, then x = y. So let x = uglw1, A1, g1, whluy - - up—1
[Wry Ay Gy Wh]uy, and y = wvo21, B1, b1, 2101 - - Vm—1[2m, Bms hm, 2m]vm be factoriza-
tions in normal form and suppose that DA N LS] and H satisfy = y. The restric-
tions of x and y to DA N LS] are, respectively, up[wy, A1, w|uy - - [wy, Ap, wh]u, and
volz1, B1, 21]v1 - - [2m, B, 2'm|vm and these factorizations are in normal form. Then by
Theorem 6.5, we deduce immediately n = m, u; = v;, w; = z;, A; = B; and wg = z; for
all 4.

Now since H = (DReH N £(S1V G)) N G and H satisfies 2 = y, we have in F4(H),
UQGLU1G2 " * * Upn—1GnUn = Voh1v1ho - - - vp_1hpv,. From the above we know that u; = v;
for all . Hence, by commutativity and cancellativity of F 'A(H) we deduce, g192- - gn =
hiho - - - hy,. Therefore, since the contents of the regular elements are pairwise disjoint,
we deduce from Proposition 6.12 that g; = h; for all ¢. This shows that z = y and
concludes the proof. O

Notice that a similar result does not hold for LZE. For instance, the equality
DReH N LZE = (DANLZE) vV H does not hold for any non-trivial pseudovariety of
groups H. Indeed, let 2,y € F4(DReH N LZE) be such that ¢(x) Ne(y) = 0 and z
be a regular element that is not idempotent. Then both DA N LZE and H satisfy
xy¥x” = x¥y“x but, by Theorem 6.5, DReH N LZE does not.

Note that VN L(S1V G) = V N LS for any aperiodic pseudovariety V. The aperi-
odic cases DA N LSI, RN LSl and J N LS], considered in this section, are the object of
the author’s article [12].

7 Implicit operations on DReG N (Com * D)

This section is concerned with the structure of the semigroups of implicit operations on
subpseudovarieties V of DReG N (Com * D) of the form V = W N (Com x D) with
W as usual. Remark that Com * D is a subpseudovariety of LZE. Indeed, it is clear
that Com * D C LCom C LZE. Once again we describe “normal” factorizations, in
terms of words and regular elements, for the elements of F’ '4(V). Contrary to the cases
considered so far, these factorizations are not necessarily unique. However, we prove
that given two elements of FA(V), written in such a “normal” form, we can decide if
they are equal or not.

Naturally, the definition of normal form for an element of F4(W N (Com % D))
is obtained from the same notion for an element of F4(W N LZE) making a small
adjustment, “dictated” by the following result.

Proposition 7.1 Let A be an alphabet, let z,y, 2 € F4(DReG N (Com % D)) and let
B,C C A. Then, in F4o(DReG N (Com x D)),

(1) [wy, B, g1, wh]x[ws, B, g2, wh] = (w1, B, g192, w'|z[wa, B, 1,wh] =
(w1, B, 1, w'z[ws, B, g1g2, wh);

(2) (w1, B, g1, wh]z[z1,C, b, 2i|y[wa, B, g2, wh]z[z0, C, ha, 2] =
[wlaBaglawé]Z[22aca hlale]y[w2>B,g2aw/1]x[Zlacv h??’zé]'
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In particular, letting [z1,C, h1, 2}] = [wa, B,1,wh], [22,C, ha, 2] = [ws, B, g3, w’s] and
y =1, we see that

[wla B7 g1, wll]x[w27 B792a ’UJIQ]Z[’UJ:),, B7g3a ’UJ/3] =

(w1, B, g1, wh]z[ws, B, g2, wh|xz[ws, B, g3, w's].

Proof. Put V = DReG N (Com D), p; = [w;, B,g;, w5 and ¢; = [z;,C, h;, 2%]
for i = 1,2. We have p1 = p1p{pspy and p2 = p§peps from Proposition 3.3, since
c(p1) = c(p2) = B. Therefore, p1zps = p1pypspiepspeps = p1pypspeps pfeps since
V C LCom. Tt follows that pyzps = [w1, B, g192, w1|z[ws, B, 1,w%]. The second equa-
lity of (1) can be proved symmetrically. Now we have

PiZQyp2zq2 = P1PYEAY L yp2pPy P 245 47 5 ¢
since ¢(p1) = ¢(p2) = B and ¢(q1) = ¢(q2) = C

= p1pyP5 2959y q1yp2py1ay 45 g2 since V.C Com * D

= [wy, B, g1,wh]z[22, C, hi, 21]y[wa, B, g2, wh]x[z1, C, ha, 25].0

If V is one of the pseudovarieties W N (Com x D), with W € {DReAH, DRH,DH},
we say that a factorization z = ugz1ug - - - Up—12,u, of an element x € F4(V) is normal

if:
o u; € A" ug # 1 if x = uo;
e z; € F4(V) (1 <i<n)is regular;

e for each 1 <i < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of u; (resp. u;—1) does not lie in c(z;);

e for cach pair 1 < 4,5 <n, c(z;) = c(z;) or c(z;) Ne(xj) = 0;
o if u; (1 <i<mn-—1)is the empty word, then ¢(x;) Nc(zi11) = 0;

o if ¢(x;) = c(z;) for some i # j, then one of z; and x; is idempotent (i.e., with the
same content, there is at most one regular element that is not idempotent).

Note that this definition of normal factorization differs from that of elements of
FA(W N LZE) only in the imposition of the following condition:

if c(x;) = c(x;) for some i # j, then one of x; and z; is idempotent. (3)

The imposition of this condition is a natural consequence of point (1) of Proposi-
tion 7.1.

Proposition 7.2 Let V.= W N (Com x D) with W € {DReH, DRH,DH}. Every

element of F4(V) admits a normal factorization. O

Example 7.3 Let 'V be one of the pseudovarieties W N (Com x D). We note that a
normal factorization of an element x € FA(V) s not necessarily unique. For instance,
suppose that = is of the form x = y~az*ay®”a®z* for some y,z € FA(V) and a € A such
that c(y) Nc(z) = 0 and a & ¢(y),c(z). Then this factorization of x is in normal form
and, since V.C Com * D, z = y*a®2*ay“az® is another normal factorization of x. =
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The first semigroups of implicit operations to be described in this section will be
the semigroups F4(DH N (Com x D)). Note that for any pseudovariety H of groups,
(Com «D)NH = HN Ab, where Ab is the pseudovariety of all abelian groups. So in
this section, it suffices to consider H a pseudovariety of abelian groups. We will see, given
two elements r = ugriuy - Tpl, and y = VoY101 - - YmUm OF FA(DH N (Com x D)),
written in normal form, that to decide whether z and y are the same element, it does
not suffice to look at each factor u; and x; (and v; and y;) by itself. We also have to
compare the factors of x and y of the form x;u;x;41 and y;v;y;4+1. The result we want
to prove is the following.

Theorem 7.4 Let H be a pseudovariety of abelian groups, let x and y be two elements
of FA(DH N (Com * D)) and let x = uo[A1, g1]u1 - - - [Ap, gn]un and y = vo[B1, hajor - - -
[Bpn, hin]om, be factorizations in normal form. Then x =y if and only if

(1) n=m, ug = vy, A1 = B1, Ay = B, up = vpn;

(2) if n > 2, then there is a permutation « of the set {1,...,n — 1} such that, for
every 1 <i <n —1, the triple (B;,vi, Bit1) is equal to (Angs)s Ua(i)> Aa(iy+1);

(3) for every 1 <i <mn, h; = gg(;) for some permutation (3 of the set {1,...,n}.

To prove this result we need, as usual, to define some suitable automata to separate
factorizations of distinct elements of Fs(DH N (Com * D)). Evidently, these automata
are not supposed to separate, for instance, the normal factorizations

2 2

z =yYaz¥ay’a*z? and z =yYa*z%ay’az",

as in Example 7.3, of an element 2 € F4(DH N (Com  D)). Each such automaton, say
G, is constructed as a “union” of a finite number of certain forms of automata D as in
Lemma 6.9 (in the sense that the language recognized by G is the union of the languages
recognized by these automata D). Roughly speaking, this automaton G will be obtained
from a unique automaton D but we have to permit the transitions ¢; —- ¢;,1 to be
traversed by a path in an order different from their “natural” order (naturally, not all

orders will be allowed). Let us be more precise.

Let D = D(ug, A1, u1, ..., w1, A1 q; @i, g, - - ., Ap, un) be the automaton

A Ay A An

() 3
as in Lemma 6.9, where ug,...,u, € A* and ) # Ay,..., A, C A are such that: for
each 1 < i < n such that u; (resp. u;—1) is not the empty word, the first (resp. last)

letter of u; (resp. u;—1) does not lie in A;; if u; =1 (1 <i<n—1) then 4; N A1 = 0;
A; =Ajor A;NA; =0 for each pair 1 <i,j <n; A (1 <1< n)is either the automaton

A4
A , or a non-trivial permutation automaton on the alphabet A; with

state set @Q; and ¢], ¢ € Q; two distinct states. Now consider the following automaton
D'
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Notice that the language recognized by D’ is the same as the language recognized by
D. Finally, let G = G(uo, A1, u1,...,w—1,A;q;q,u,-..,An, uy,) be the automaton
obtained from D’ by the addition of the following transitions: if A; = A; for some i # j,
then there are in G transitions p; — q;, Pj 5 ¢\, ¢ — pj and ¢ — p;.

A
For each 1 <i < n with i # [, denote the automaton Ai by A;. We

say that a word w € A™ is recognized by the automaton G if w is the label of a path P in
the automaton which goes from pg to pf,,; and which passes in each state p; (0 < i < n)
and ¢; (1 < j < n) exactly once (i.e., it goes through each transition p; N p;,, and
each automaton A; exactly once). Such a path is said to be successful. Notice that the
path P is of the form

uO/E/jl_5 “ry E/j2_ /
p0—>p1—>q]'1___>‘b1 —Dry pr1+1—>qj2___>q]2 g

Yin 5 un,_ 4
Jn ___>an —>p”—>pn+l

wj
where q;»k 7 gj,, represents a path in automaton A;, labeled wj, . Hence w is of the
form w = uowj, Up, Wiy Uy, - - - wj, U, and wy, € A;; for all 1 < k£ < n. Notice also that
Al == Ajl = AT17 Ark_1+1 = Ajk = A’/‘k for all 2 S k <n-— 1 and An == Ajn == Arn71+1.

b
Example 7.5 Let A = {a,b,c,d}, let A = ° (@] )« be a permutation

automaton on the alphabet {a,b}, and consider the automaton

G =G(1,{a,b},d, A; g3; g2, cab, {c}, a, {c}, 1, {d}, b?, {c}, ac).

The automaton G can be represented as follows

where we omit the e-transitions py — ¢b, Py — ¢4, @1 — p2, g2 — p1, Py — 4}, etc. The
language recognized by G is

L = ({a,b}TdL' U L'd{a,b} ")cabct (acTdTb* UdTb*cTa)cTac,
where L' = a*ba*(ba*ba*)* is the language recognized by A. Note that L is the union of

four (DG N LZE)-recognizable languages. For instance, L'd{a,b}tcabctdTb’ctactac
1s the language recognized by the automaton
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which is as in the conditions of Lemma 6.9. [

Lemma 7.6 Consider the automaton G above and let L be the language recognized by G.
Then S(L) lies in DG N (Com * D) and its subgroups lie in the pseudovariety generated
by the transition group S(A;).

Moreover, if w € AT, k > |ug---uy| +n is an exponent of S(L) and w* is the label
of a path in G, then there exists a path P and i € {1,...,n} such that: P is labeled w*
and contains no e-transitions; w € Aj and the path P begins in ¢, or ¢; (in Qp ifi=1)
and ends in q; (in Qp ifi=1). O

Now we are able to prove the announced result.

Proof of Theorem 7.4. Suppose first that z = y. Let [ € {1,...,n} and let G be
the automaton G(ug, A1, u1, ..., u—1, A5 ¢, u, . .., An, un) where A is the automa-

A
ton A , let L be the language recognized by G and let S be the

syntactic semigroup of L. By Lemma 7.6, S lies in J N (Com x D) and so also is in
DHN (Com * D).

Let k > |ug---up| +n be an exponent of S. Like in the proof of Theorem 5.5, one
can show that G recognizes a word w’ of the form w' = wvoyfviyh - - - y¥ v, where, for
each 1 < i < m, y; is a word of content B;. Let P be a successful path in A labeled
w’. In particular, for each 1 < i < m, y;* is the label of a subpath Q of P and, by
Lemma 7.6, there exists 1 < j; < n such that y; € Aj-; whence B; C Aj,. By symmetry,
we also have A;; C B, for some 1 < < m. This implies B; C B, and so by definition of
normal factorization, we deduce B; = B,. Then B; = Aj,. Now as the last (resp. first)
letter of the word yfﬁlvi,l (resp. Uiyf+1) does not lie in B;, we may suppose without loss

k
of generality that the path Q is of the form ¢, —» q}i _ — qj; — ty for some states
t1 and to. This implies that m < n and, by symmetry, it follows that n = m. Hence,

the path P is of the form

k yéc yk

uw, , e, N e vy e , n e un,_

PO—PY G, —— Gy ——Pry —— Py 1y —— iy @y i ——Pn— P41
and the correspondence i — r; is a permutation of the set {1,...,n — 1}. Now as in
the other proofs, we deduce that ug = vo, u, = vn, 41 = A;, = B1, A, = A;, = B,
and v; = u,, for every 1 < ¢ < n — 1. Furthermore, since w,, is the label of a transition
from p,, to p;.,,, meaning that y¥ (resp. yF,,) is a word of content A,, (resp. A, 41),
we deduce that B; = A,, and that B;1; = A, 41 which shows that points (1) and (2)
hold.

Now put x; = [4;,g:] and y; = [A;, h;] for all 1 < ¢ < n. To show that point (3)
holds, let us suppose that z; is not idempotent for some 1 < ¢ < n, i.e., that g; # 1.
Recall that with content A; and not idempotent, there is no other x; and there is at
most one y;. Using similar arguments as those of the proof of Theorem 5.5, one can
show that, for each A;-generated group G of H, (x;)¢ coincides with (y;)¢ for some
1 < j < nsuch that A4; = A;. Now since z; is not idempotent, we deduce that there is
some 1 < k < n such that y; is not idempotent and that (z;)g coincides with (yi)g for
every G. Hence g; = hy and point (3) holds. (Note that, alternatively, we could prove
that (3) holds using analogous arguments as those used in the proof of Corollary 6.11,
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since (PH N (Com x D)) N G is a pseudovariety of abelian groups and there is at most
one z; and one y; with a fixed content C' and not idempotent.)

Let us now prove the converse. If n < 1 or n = 2 and A; # As it is clear that
x=1y. If n =2 and Ay = A,, then the equality x = y is a simple consequence of point
(1) of Proposition 7.1. So suppose that n > 3. In the sequel we will say that a normal
factorization of y of the form y = wo[C1, fiJwi - - - wp—1[Ch, fn]w, satisfies condition (x)
if it satisfies conditions (1) to (3) of the statement with w;, C; and f; in the place
of v;, B; and h; respectively. In order to simplify notation we will also denote by C
(with ¢ C A) all regular elements of Fiy(DH N (Com % D)) with a fixed content C.
This notation is somewhat ambiguous since it “hides” the restriction of the element to
H. Nevertheless, since we are dealing with normal factorizations, there is at most one
regular element with content C' (for C' C A) that is not idempotent. Moreover, by point
(1) of Proposition 7.1, two regular elements with the same content in a factorization can
exchange their positions.

We will begin by proving that y admits a normal factorization of the form
y = ugAius AowsCs - - - Cpmqwn—1 Ay, (4)

satisfying condition (x).
Suppose that u; # vy or As # By. By hypothesis, there exists some 2 < k <n —1
such that A = By, u; = v and Ay = Bjyy1. So

y = upA1v1By - - - Br_10p 1 A1u1 Agvp 11 Bpy1 -+ - Bro10p— 1 Aptin. (5)
If Ay = Ay, we deduce from point (2) of Proposition 7.1, that
Yy = ugA1v1Bs - - -qu‘hﬂfilvkﬂ -+ By_1vn—1Agun
= Uofilﬂfilmgz ce 'kallalkarl s Bn—lvn—lz‘inun
= U0A1U1A201§2 T kalf_llkarl T Bn—lvn—lz‘inun

and this factorization is of form (4) and clearly satisfies condition ().

Suppose now that Ay # Aj. Since the case By = Bi(= Aj) can be treated the same
way as the case As = A1, we may also suppose By # Aj. In this case, k > 2 necessarily
holds. If Ay = By, using point (2) of Proposition 7.1, we deduce from (5) that

Yy = U0A1U1A202 T quzilulfizvkﬂ T Un—lx‘_lnun
= U0A1U1A202 T Uk—1A1U1A2Uk+1 e 'Un—lf_lnun-
Suppose now that Ao # Bsy. If there exists kK + 1 < i < n such that A; = B;, we
have that
y = U0A1UIB2 e 'Uk—ljlulAZUk—H T Uifllilvi e 'anlvnflf_lnun
= U0A1U1A2vk+1 021 A1 By - vp_1 A1vi - Bpo1vp—1 Apty,.
Let us now assume that, for all k +1 < i < n, Ay # B;. If there exists 2 < i < k
such that As = B;, we have that
Yy = U0A1U132 T Ui71A2vi+1 e '%—151”1@2@“1 T anlvnfllenun

= upArurAgvi11 - vp_1A101Bo - Vi 1 Avpi1 - Byt 1Anun.
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Assume now that for all 2 < i < k, Ay # B;. Since By = A and A; # As, the triple
(A1,v1, Bg) is equal to the triple (A, u;, A1) for some 3 <1 <n—1. So

r = ugAju1 Az - - Aj_1u—1 A1v1 Boug 1 Apyy - o1 Aptg.

More precisely, [ cannot equal 3. Indeed, suppose by way of contradiction that { = 3.
Then

x = ugAyuy Agug A1v1 Boug As - - up—1 Aptiy,
and there exists some 3 < ¢ < n—1 such that Ay = B; and A; = B;+1 (and ug = v;). As
a consequence, there is either some k 4+ 1 < 7 < n such that Ay = B;, or some 2 <i < k

such that A, = B;. But this contradicts our assumptions that we have been considering.
Sol> 3.

Now we claim that there exists 3 < h < [ — 1 such that A, = B, = Bs; # A; for
some 2 <r < kand k+ 1 < s < n. Indeed, we have

\V/’L'G{2,...,[—1}E|j6{1,...,n—1}, AZ:BJ and Ai+1:Bj+1. (6)

In particular, for i = 2, we have Ay = B; and A3 = By for some 1 < j <n — 1.
Since, by hypothesis, Ay # B; for all 2 < j < k we have j > k. Furthermore, Bj, =
A1 # As. So j # k and we have A3 = B; for some k41 < j < n. Note that this implies
As # A; by the assumptions we have made. Consider now i =1 — 1 in (6). We have
A1 = Bj and (A =)A; = Bj41 for some 1 < j <n—1. But By = Az # Ai. So
J # k and since A; # Bj for all j > k+1, we deduce that A;_; = Bj for some 1 < j < k.
Now it is clear by (6) that the claim is valid. Hence, y is equal to

ugA1v1 By - vp 1 Apvrg1 V1 Arur AgUg g1 Vs 1 ApUsi1 - Uno1 Ann

= ugA1u1AgVy1 - Vs 1 ARVrg1 - Vk—1A101 B - - 0, 1 ARUsy1 - Up—1 AptUn.

So in all cases y admits a normal factorization of form (4) satisfying condition ().

Iterating the above argument, one proves that y admits a factorization of the form
upArug AgugAs -+ - up—1 Apu, satisfying condition (x). Now using point (3) of the state-
ment, we deduce from point (1) of Proposition 7.1 that x = y. O

This last proof shows, in particular, that given two elements of FA(DH N (Com x D))
written in normal form, these elements are the same if and only if we can pass from one
normal form to the other using a finite number of times the following “rewriting rules”

1B, g1]22[C, h]z3[B, g2]w4[C, holws — 1B, g1]24[C, h]x3[B, ga]x2[C, ha]ws
r1[B, g1]x2[B, g2|v3([B, g3]xa — w1[B, g1]x3[B, 92|72 B, g3]x4

x1[B, 1]z2[B, g|xs — x1[B, glz2[B, 1]x3

r1[B, glx2[B, a3 = 21[B, 1]22[B, g3

given by Proposition 7.1.

The previous results can be easily adapted to the cases V= DReH N (Com * D)
and V= DRH N (Com * D). The automata used to separate factorizations of distinct
elements of FA(V) are the following. Let C = C(uo, A1, u1,..., A ¢ qr, - -, An, un) be
an automaton
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Aq Ayt An

Ay

as defined after Proposition 5.1, where uq,...,u, € A*, 0 # Ay,..., A, C A are such
that u; #1 (1 < i < n—1) and A; is a permutation automaton on the alphabet A;
with state set @Q; and ¢, ¢ € Q; (contrary to the case DH N (Com % D), in this case the
states ¢; and ¢, may coincide). Let also A; = A;j or A;NA; = () for each pair 1 <i,j < n.
Now consider the following automaton C’

Al A2 Al+1 An

Finally, let H = H(uo, A1,w1,..., Ai5q5q, -, An,un) be the automaton obtained
from C’ by the addition of the following transitions: if A; = A; for some i # j, then
there are in H the following transitions p, — ¢; (vesp. p, — ¢} if 1 =1), ¢; — p; and
vice-versa.

Lemma 7.7 Consider an automaton H = H(uo, A1,..., A @ a1, - -, An, un) as above
satisfying the following extra condition (x): for each 1 < 1 < n —1, c(u;) is not con-
tained in either A; or Ajy1. Let L be the language recognized by H. Then S(L) lies in
DReG N (Com x D) and its subgroups lie in the pseudovariety generated by the tran-
sition group S(A;). If instead of the condition (x), H satisfies the condition “for each
1 <i <, the first letter of u; does not lie in A; and, if c(u;)) € Aip1 (1 <i<n-—-1),
then A; N Ajx1 =07, then S(L) € DRG N (Com x D). 0

Naturally, the pseudovarieties DReH N (Com * D) and DRH N (Com * D) admit
the following analogues of Theorem 7.4. Their proofs can be easily adapted from the
proof of Theorem 7.4 and others and so we omit them.

Theorem 7.8 Let H be a pseudovariety of abelian groups, let x and y be two elements
of EA(DReH N (Com * D)) and let & = uolw, A1, g1, whlus -+ tn_1[wn, An, gny Wh]tn
andy = vo[z1, B1, h1, 2101 - - Um—1[2m, Bms b, 2'm]vm be factorizations in normal form.
Then x =y if and only if

(1) n=m, up = vp, W1 = 21, Al = Bl; An = Bm; w/n = Zlm; Up = Umy
(2) ifn =2, then (Bi, 2}, vi, i1, Biv1) = (Aa(i), W) Ua(i)s Wali)+1, Aai)+1) for some
permutation « of the set {1,...,n— 1} and for all1 <i<n—1;

(3) for every 1 <i <mn, h; = gg(;) for some permutation (3 of the set {1,...,n}. O

Theorem 7.9 Let H be a pseudovariety of abelian groups, let x and y be two elements
of FA(DRH N (Com *x D)) and let x = uplwi, A1, g1]ui -+ - Up—1[wp, An, gnlun and y =
volz1, B1, hi]v1 « - - Vm—1[2m, Bm, him|vm be factorizations in normal form. Then x =y if
and only if
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(1) n=m, uyg = vg, W1 = 21, Al :Bl; An:Bm; Up = Umy

(2) if n > 2, then (Bi7vi> Zi—l—l,Bi—i-l) = (Aoz(i)v ua(i)7wa(i)+17Aa(i)+1) for some permu-
tation a of the set {1,...,n—1} and for all1 <i<n-—1;

(3) for every 1 <i <mn, h; = gg(;) for some permutation (3 of the set {1,...,n}. O

One can verify from Theorem 7.8 that if z,y € F4(DReH N (Com D)), then z = y
if and only if DA N (Com * D) and H satisfy x = y. Analogous remarks are valid for
DRH N (Com * D) and DH N (Com x D), proving the following join decompositions.

Corollary 7.10 Let H be a pseudovariety of abelian groups. Then
e DReHN (Com D) = (DAN(Com * D)) v H;
e DRHN (Com D)= (RN (Com=x*D))VH,
e DHN (Com*D) = (JN(Com=xD))VH. O

A left-right dual of Theorem 7.9 is valid for the pseudovarieties DLH N (Com x D).
From Corollary 6.2, we deduce that (DRH V DLH) N (Com *« D) = DReH N (Com % D).
Now we show that (PRH N (Com « D)) vV (DLH N (Com * D)) is strictly contained in
(DRH VvV DLH) N (Com * D).

Corollary 7.11 Let H be a pseudovariety of abelian groups. Then
(DRHN (Com D))V (DLHN (Com x D)) # DReH N (Com * D).

Proof. Let, for instance, A = {a,b,c}, B = {a,b}, w € BN, w' € B™ and x,y €
F4(DReH N (Com % D)) with = [w, B,1,ablc[a*, B,1,a]c[ba™, B,1,w'] and
y = [w, B,1,a°b]c[ba™, B, 1,a>|c[a", B, 1,w'].

Then x and y are different by Theorem 7.8 but their restrictions to both DRH
N(Com * D) and DLH N (Com * D) are equal. Indeed, the restrictions of x and y to
DRH N (Com * D), for instance, are respectively [w, B, 1]c[a*, B, 1]c[ba™, B, 1] and
[w, B, 1]c[ba*>=, B, 1]c[a™, B, 1], which are clearly the same by Theorem 7.9. So the
result follows from Reiterman’s Theorem. O

8 Implicit operations on DG N LZE N £Com

Consider the pseudovariety £Com of all finite semigroups in which the idempotents com-
mute. Observe that DS N ECom = DG N ECom. Recall that in a semigroup having
commuting idempotents, the product of regular elements is again a regular element, since
the product of two idempotents in such a semigroup is a regular element. This allows
us to consider a notion of normal factorization for elements of FA(DH N'W N ECom)
(where W is one of LZE, £(S1V G) and Com x D) by imposing the extra condition

uiZlforevery 1 <i<n-—1

in the definition of normal factorization for elements of F4(DHN'W). Note that
ECom C LECom and that the semigroups F4(DH N ECom) were studied by Almeida
and Weil [6, 7].
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With this definition of normal factorization for the implicit operations on DH N WN
£Com, and doing a study absolutely similar to that conducted for DH N W, one can
show that the analogous statements, obtained from Theorems 6.10 and 7.4 by a simple
substitution of DHN'W by DHN W N £Com, are valid.

Note that LZE N £Com is the pseudovariety intermediate between ZE and £Com,
defined by the pseudoidentity (exe)f = f(exe).

Recall (see [6]) that a non-trivial pseudovariety of groups H is arborescentif (H N Ab)
«H = H. As examples of arborescent pseudovarieties of groups, we can mention the
pseudovarieties closed under semidirect product (see Gildenhuys and Ribes [14]). On
the other hand, the pseudovariety Ab, for instance, is not arborescent. The condition
“u; # 1 for every 1 <1i < n—1" in the definition of normal factorization of the elements
of F4(DHN'W NECom) permits the following join decompositions.

Corollary 8.1 Let W be one of the pseudovarieties LZE, L(S1V G) and Com x D
and let H be an arborescent pseudovariety of groups. In the cases W = L(S1V G) and
W = Com x D, H can also be abelian. Then

DPHNWNECom=(JNWnNECom)VH.O

The proof of the “arborescent” part of this result can be done exactly as in the
proof of Theorem 4.1 in [6]. The “abelian” part is similar to Corollaries 6.11 and 7.10.
Note that the “arborescent” condition in the case W = Com * D is superfluous since
(Com*D)NG = Ab.

9 The corresponding varieties of languages

In this section we give combinatorial descriptions of the varieties of languages associated,
via Kilenberg’s Theorem, with the pseudovarieties studied in the previous sections. We
present, for each of these varieties, a set of generators. In this section we fix an alphabet

A.

9.1 (DA N LJ)-recognizable languages
Denote by (DA N LJ) (resp. KRN LJ)) the class of all languages of the form

UOATXIAE e Xn_lA:un

such that n,r >0, ug,...,u, € A*, 0 £ Ay,..., A, CAandforall1 <i<n-1:

X — Uq if Uq 75 1
v (AZ \ Az+1)(Az N Ai+1)27“ if u; =1;

if u; # 1 then c(u;) is not contained in either A; or A;;q1; if w; = 1 then A; and A;44
are C-incomparable (resp. » = 0 and for all 1 < j < n such that uj # 1, the first letter
of u; does not lie in A;).

Note that the languages of the class (DA N LJ) are precisely the languages recog-
nized by the automata A(r;ug, A1, u1,...,Ap,uy) as in Lemma 4.2, and thus they are
(DA N LJ)-recognizable. The description of the class of all (DA N LJ)-recognizable lan-
guages of AT is now an easy consequence of Eilenberg’s correspondence and of Corol-
lary 4.4. Similar results hold for R N LJ.
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Theorem 9.1 Let A be an alphabet. The class of languages in AT which are recog-
nized by semigroups in DANLY (resp. RN LY), is the Boolean algebra generated by
K(DANLI) (resp. CKRNLT)). O

9.2 (DReG N W)-recognizable languages, W = LECom, LZE, L(S1V G)

Denote by K(DReH N LECom) (resp. L(DRH N LECom)) the class of all languages
of the form
upAjuy .. Af qu Liw A . Ay

such that:
en>0,1<I<n,up,...,un € A us £ 1foralll1 <i<n-—1;

e [; is a group language over A; whose syntactic semigroup lies in H and whose
minimal automaton has only one terminal state;

o ) #£ Ay,..., A, C Aand, for each 1 <i <n—1, ¢(u;) is not contained in either
A; or A;qq (resp. for each 1 < i < n, the first letter of u; does not lie in A; and,
for each 1 <i < n — 1, the last letter of u; lies in A;y; and, if ¢(u;) € A;41 then
A; N Ai+l = (Z))

Then just as above we have the following result.

Theorem 9.2 Let H be a pseudovariety of groups. The class of languages in AT,
recognized by semigroups in DReH N LECom (resp. DRH N LECom), is the Boolean
algebra generated by K(DReH N LECom) (resp. K(DRH N LECom) ). O

Now denote by K(DH N LECom) the class of all languages of the form

+ + + +
uo A ug .. .Al_lul_lLlulAHl ATy
with:

en>0,1<1<n,ug,...,u, € A*;

L; is either A;r or is a group language over A; whose syntactic semigroup lies in
H and whose minimal automaton is not trivial and has only one terminal state,
distinct from the initial one;

0#Ar,...,An C 4

if u; =1 then A;NA; 11 = 0 and for each 1 < < n such that u; (resp. u;—1) is not
the empty word, the first (resp. last) letter of u; (resp. u;—1) does not lie in A;.

Theorem 9.3 Let H be a pseudovariety of groups. The class of languages in AT which

are recognized by semigroups in DH N LECom, is the Boolean algebra generated by
K(DH N LECom). O

A similar situation arises when we consider the pseudovariety LZE (resp. L(S1V G))
in the place of LECom. The corresponding languages are obtained by the addition of
the condition “A; = Aj or A;NA; =0 forall 1 <i,j <n” (resp. “A; N A; = 0 for each
pair i # j”). In the case of the (DPRH N LZE)- and (DRH N L(S1V G))- recognizable
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languages, we also have to drop the condition “for each 1 <+¢ < n — 1, the last letter of
u; lies in A; 41”7 in the definition of the (DRH N LECom)-recognizable languages.

One can also use the join decompositions of Corollaries 6.8 and 6.11 to give alterna-
tive descriptions of those languages. For instance, denote by K(DLH N LZE) the left-
right dual of (DRH N LZE). Then the join decomposition (PRH N LZE) VvV (DLH
NLZE) = DReH N LZE given by Corollary 6.8 permits us to give the alternative des-
cription of the following result.

Theorem 9.4 Let H be a pseudovariety of groups. The class of languages in AT which
are recognized by semigroups in DReH N LZE, is the Boolean algebra generated by
K(DRHNLZE) UK(DLH N LZE). O

Also, in the case of DReH N L(S1V G), for instance, we deduce from Corollary 6.11
the following alternative description.

Theorem 9.5 Let H be a pseudovariety of groups. The class of languages in AT,
recognized by semigroups in DReH N L(S1V G), is the Boolean algebra generated by
KK(DA N LSI) and by the languages recognized by semigroups in H. O

9.3 (DReG N (Com * D))-recognizable languages
Let H be a pseudovariety of abelian groups and consider a language of the form
upAjuy .. A7 qu LAY L Ay,
such that:
en>0,1<I<n,up,...,up € A" u; £ 1foralll1 <i<n-—1;

e [; is a group language over A; whose syntactic semigroup lies in H and whose
minimal automaton (say .A;) has only one terminal state;

« O£ Ay, A, C A
e Ai=Ajor AinA;j=0forall1<i,j<m
e for each 1 <i<n—1, c¢(u;) is not contained in either A; or A;;1.

Now denote by L(ug, A1,..., Aj—1,ui—1, Lj,u;, Aj41, - - ., An, up) the (finite) union of
all languages of the form
ug K11 Kg -+ - v 1 Kpup
such that:

e for each 1 < i < n, K; is a language over a subalphabet B; of A;

e B = Ay, B, = A, and, if n > 2, there is a permutation « of the set {1,...,n—1}
such that (Bj,v;, Biy1) = (Aoz(i)7ua(i)u Aa(i)-i—l) forall 1 <i<n-—1;

e K; =L for some 1 <j <nand K; = B} for every i # j.

Note that the language L(ug,A1,...,Ljuy,...,Ap,uy,) is precisely the language
recognized by the automaton H(uo, A1,..., A;;q;q,-- ., An, un), where ¢; and ¢ are,
respectively, the initial and the final states of A;. Thus it is (DReH N (Com x D))-
recognizable, by Lemma 7.7. Now denote by (DReH N (Com x D)) the class of all
the languages L(ug, A1, ..., Ly, up, ..., Ap,up).
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Theorem 9.6 Let H be a pseudovariety of abelian groups. The class of languages in
AT recognized by semigroups in DReH N (Com * D), is the Boolean algebra generated
by K(DReH N (Com x D)). O

The (DRH N (Com * D))-recognizable languages are described analogously. It suf-
fices to substitute the condition “for each 1 <1i <n — 1, ¢(u;) is not contained in either
A; or A;11” in the definition of K(DReH N (Com * D)) above, by the condition “for
each 1 <i < n, the first letter of u; does not lie in A; and if ¢(u;) C Aj41 (1 <i<n-—1),
then A, N A1 = 0.

Consider now a language of the form

+ + +
up A ug .. ~Al_1ul—1LlUlAH_1 . A,‘fun

with:
en>0,1<1<n,ug,...,u, € A%;

e [; is either Al+ or is a group language over A; whose syntactic semigroup lies in H
and whose minimal automaton (say .4;) is not trivial and has only one terminal
state, distinct from the initial one;

e )£ Ay,...,A, CA;
e Aj=Ajor AinA;=0forall<ij<m
o if u; =1 then A;NA;11 =0;

e for each 1 <i < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of u; (resp. w;—1) does not lie in A;.

Denote by L'(ug, A1,..., Ai—1,u—1, Li,up, Aj1, - - ., An, up) the (finite) union of all
languages of the form
ug K11 Ka -+ - v 1 Kpup

such that:

e for each 1 < i < n, K; is a language over a subalphabet B; of A;

e By = Ay, B, = A, and, if n > 2, there is a permutation « of the set {1,...,n—1}
such that (B;,v;, Bi+1) = (Aa(i),ua(i), Aa(i)+1) forall 1 <i<n-—1;

° Kj:Llforsome1§j§nandKi:B;rforeveryz'7éj.

The language L'(ug, A1, ..., Lj,uy, ..., An, up) is the language recognized by the au-
tomaton G(ug, A1, ..., A q;q, - -, An, un), where ¢; and ¢ are, respectively, the initial
and the final states of 4;. Thus by Lemma 7.6, it is (DH N (Com * D))-recognizable.
Denote by K(DH N (Com * D)) the class of all the languages L'(ug, A1, ..., An, uy).

Theorem 9.7 Let H be a pseudovariety of abelian groups. The class of languages in
AT recognized by semigroups in DH N (Com x D), is the Boolean algebra generated by
K(DHN (Com x D)). ]

In the case, for instance, of the pseudovarieties DReH N (Com * D), Corollary 7.10
permits the following alternative description.
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Theorem 9.8 Let H be a pseudovariety of abelian groups. The class of languages in
AT recognized by semigroups in DReH N (Com * D), is the Boolean algebra generated
by K(DA N (Com x D)) and by the languages recognized by semigroups in H. O

The (DH N'W N £Com)-recognizable languages (where W is one of LZE, L(S1V G)
or Com * D) are described likewise to (DH N W)-recognizable languages: it suffices to
add on the condition that “u; #£ 1 forall 1 <i<mn—1".

9.4 Comparative tables

We summarize in two tables some of the results of this section. We restrict ourselves
to aperiodic pseudovarieties. We present first varieties of languages which are Boolean
combinations of languages of the form

upAjui Asug - - - Ay up
where n > 0, ug,...,u, € A* with u; #1 (1 <i<n-—1)and 0 # A4y,..., A, C A.

These varieties are described, furthermore, by the imposition of certain conditions on
the u;’s and the A;’s.

Pseudovariety Conditions

DANLECom || c(u;)) L Aj,Aip1 1<i<n-—1)

clu)) € Ay Aip1 1<i<n-—1)

Aj=Ajor AiNA;j=0

c(uj)) L Aijy Ai1 (1 <i<n-—1)

AiﬂAj:Q) (i #7)

pr(u;) € A; (1<i<n)

RN LECom si(u;)) € Ajip1 (1<i<n-—1)

if e(u;) CAip1 (1<i<n-—1),then A;NAi1 =10
pi(uwi) € A; (1<i<n)

RNLZE if c(u;) C Ajp1 (1<i<n-—1),then A;NA;11 =0
Ai:Aj OI‘A,’ﬂAj:@

pi(u;) € A; (1<i<n)

AinA; =0 (i #j)

DA NLZE

DA N LS

RN LS

Now we present varieties of languages which are Boolean combinations of languages
of the form
U()Ai‘—'UJA;_UQ . A:{un

where n > 0, ug,...,u, € A*, 0 # Ay1,..., A, C A, and for every 1 < i < n such that
u; (resp. u;—1) is not the empty word, the first (resp. last) letter of u; (resp. u;—1) does
not lie in A;.
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Pseudovariety Conditions

JN LECom ifui=1(1<i<n-—1),then A;NAj1=10
ifu=1(1<i<n-—1),then A;NA;;1 =0
Ai=Ajor AiNA; =0

Jn LSl AiNA; =0 (i #j)

u#1(1<i<n-—1)

Ai=Ajor AiNnA; =10
w#l(1<i<n-—1)

AinA; =0 (i #j)

JNLZE

JNLZE N ECom

JNLSINECom
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