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Abstract

‘We compute all complex structures on indecomposable 6-dimensional real Lie algebras and
their equivalence classes. We also give for each of them a global holomorphic chart on the
connected simply connected Lie group associated to the real Lie algebra and write down the
multiplication in that chart.

1 Introduction.

In the classification of nilmanifolds, a important question is to determine the set of all integrable
left invariant complex structures on a given connected simply connected real nilpotent finite di-
mensional Lie group, or at the Lie algebra level the set X of integrable complex structures on
the nilpotent Lie algebra g, and its moduli space ([3],[2], [T0]). In the case of 6-dimensional real
nilpotent Lie groups, an upper bound has been given in [J] for the dimension of X4, based on a
subcomplex of the Dolbeault complex. These bounds are listed there, and Lie algebras which do
not admit complex structures are specified. However, no detailed descriptions of the spaces Xg4
are given. The aim of the present paper is to contribute in this area by supplying explicit compu-
tations of the various X4 and their equivalence classes for any indecomposable 6-dimensional real
Lie algebra g. We here are interested only in indecomposable Lie algebras, though direct products
could be processed in the same way.

2 Preliminaries.

2.1 Labeling the algebras.

There are 22 indecomposable nonisomorphic nilpotent real 6-dimensional Lie algebras in the Moro-
zov classification, labeled M 1-M22 ([B]). Types M 14 and M18 are splitted in M141; and M184;.
Over C, types M14 and M18 are not splitted and types M5 and M10 do not appear. In [6],
one is concerned with rank and weight systems over C, and a different classification is used. The
correspondance with Morozov types appears there on page 130. In the present paper, we label
the algebras according to [6], except for M5, M10, M14 and M18. Note that M5 is the realifi-
cation ng of the 3-dimensional complex Heisenberg algebra n. Though M10 is not a realification,
it appears as a subalgebra of the realification (g4)gr of the complex 4-dimensional generic filiform
Lie algebra g4 in the isomorphic realisation [a1,as] = as,[a1,a3] = a4, [az,a3] = a4 : just take
T1 = a1, T2 = a3, T3 = ias, T4 = a3,Ts = ia4, T = a4. Let g be any of the labeled 6-dimensional
real Lie algebras, and let Gy be the connected simply connected Lie group with Lie algebra g.
From the commutation relations of the basis (z;)1<j<6 of g we use, the second kind canonical
coordinates (z € Gy)

@ = exp (z'@1) exp (y'wa) exp (¢’ x3) exp (y*24) exp (2725) exp (y°x6) (1)
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yield a global chart for Gy (see [[1], Th. 3.18.11, p.243). We use this chart for Gy in all cases
but the case of M5 where the natural chart is used instead. For 1 < j < 6, denote by X the left
invariant vector field on Gy associated to z;, i.e.

(XGD)@) = [ faesp b)) ¥ f e 0%(Co)

t=0
Then due to the commutation relations, we have in each case except M5 :

0 0 0 0
X?’_W’X4_8_y2’X5_@’X6_8_y3'

2.2 Complex structures.

Let g any finite dimensional real Lie algebra, and let Gy be the connected simply connected real Lie
group with Lie algebra g. An almost complex structure on g is a linear map J : g — g such that
J? = —1. An almost complex structure on Gy is a tensor field = — J, which at every point = € Gy
is an endomorphism of T, (Gp) such that J2 = —1. By definition, the almost complex structure on
Gy is left (resp. right) invariant if J,, = (l:a)me (resp. Jpq = (Ra)me) for all a,z € G, where
(L), Ju (vesp. (Ra),J.) is the endomorphism (Ly)s,0Jp0(La-1)sy, (resp. (Ra)e,0Juo(Ra-1)s,,)
of Tox(Go) (resp. Tyo(Go)), with Lo (resp. R,) the left (resp right) translation = — ax (resp.
x — xa) and (.), the differential. For any almost complex structure J on g there is a unique left
invariant almost complex J structure on Go such that J, = .J (e is the identity of Gy), and one
has J, = (La), J for all a € Go. It is easily seen that J is right invariant if and only if

Joad X =adXoJ VX €g,

that is (g, J) is a complex Lie algebra. From the Newlander-Nirenberg theorem (|8]), J is integrable,
that is Gy can be given the structure of a complex manifold with the same underlying real structure
and such that J is the canonical complex structure, if and only if the torsion tensor of J vanishes,
ie.:
[JX,JY]—[X,Y] = JJX,Y] = J[X,JY]=0
for all vector fields X,Y on Gy. By left invariance, this is equivalent to
[JX,JY] - [X,Y]-JJX,Y]-JX,JY]=0 VX,Y €g. (3)

By a complex structure on g, we’ll mean an integrable almost complex structure on g, that is one
satisfying ().

Let J a complex structure on g and denote by G the group Gy endowed with the structure of
complex manifold defined by J. Then a smooth function f : Go — Gy is holomorphic if and only
if its differential commutes with .J ([4], Prop. 2.3 p. 123) : Jo f. = f. o J. Hence left translations
are holomorphic. Right translations are holomorphic, that is G is a complex Lie group, if and only
if J is right invariant, i.e. (g,J) is a complex Lie algebra. The complexification g¢ of g splits as
ac = g0 @ g0 where g9 = {X —iJX; X € g}, g®Y = {X +iJX; X € g}. We will denote
g(19 by m. The integrability of J amounts to m being a complex subalgebra of gc. In that way
the set of complex structures on g can be identified with the set of all complex subalgebras m of
gc such that gc = m @ m, bar denoting conjugation in gc. This is the algebraic approach. Our
approach is more trivial since we simply fix a basis of g and compute all possible matrices in that
basis for a complex structure. From now on, we’ll use the same notation J for J and J as well.
For any x € Gy, the complexification T, (Go) of the tangent space also splits as the direct sum of
the holomorphic vectors Ty, (Go)(l’o) ={X —iJX; X € T,(Go)} and the antiholomorphic vectors
Tm(Go)(O’l) ={X +iJX; X € T,(Go)}. Let Hc(G) be the space of complex valued holomorphic
functions on G. Then H¢(G) is comprised of all complex smooth functions f on Gy which are
annihilated by any antiholomorphic vector field. This is equivalent to f being annihilated by all

X7 =X;+iJX; 1<j<n (4)
whith (X;)1<j<n the left invariant vector fields associated to a basis (z;)1<j<n of g. Hence :
He(G)={feC™(Go); X; f=0Vj 1<j<n} (5)

Finally, the automorphism group Aut g of g acts on the set X of all complex structures on g
by J+—= ® loJod® V® € Aut g. Two complex structures .J;,.J> on g are said to be equivalent if
they are on the same Aut g orbit.



2.3 Presentation of results.

We consider here only indecomposable 6-dimensional nilpotent real Lie algebras which admit com-
plex structures. For each such g, we first give the commutation relations of the basis (x;)1<j<6
of g we use, and the matrices J = (JF) = (£¥) in that basis of the elements of Xy. The parame-

ters are . These matrices have been obtained by developping specific programs with the
computer algebra system Reduce by A. Hearn. The programs solve simultaneously the equation
J? = —1 and the torsion equations ij|k (1 < i,j,k < 6 ) obtained by projecting on z}, the equation
[Jx;, Joj]— [z, ] — J[Jxs, ;] — J[zi, Jr;] = 0. We do not enter computational technicalities here,
referring instead to the technical report [. Let’s simply say that the equations are semilinear in
the sense that they can be solved in a succession of steps, each of which consists in solving some
equation of degree 1 in some variable. For all the Lie algebras we consider, we prove that X; is
a (smooth) submanifold of R*. The dimension of X4 is equal to the upper bound given in [J]
except in the case of M10. Then we give the automorphism group of g, representatives of the var-
ious equivalence classes, and the commutation relations of the corresponding algebra m = g(1:%) in
terms of the basis (Z,)1< <6 With Z; = x; —iJz;. As m is a 3-dimensional complex Lie algebra, it is
either abelian or isomorphic to the complex Heisenberg Lie algebra n. Hence, as a real Lie algebra,
m is either abelian or isomorphic to M5. Finally, we compute the left invariant vector fields X7, Xo
on Gy in terms of the second kind canonical coordinates ([I) (except in the case of M5, the 4 others
appear in (@), a global holomorphic chart on G and the explicit look of the multiplication in G
in terms of that chart. The fact that left translations are holomorphic, though the multiplication
isn’t except for the canonical structure on M5, appears clearly on these formulae. There we make
use of the following formula which is easily checked from the Campbell-Hausdorff-Baker Formula

eXeY = XY E (XY IHIYIX YD+ § (XYY YD+ XX YT mod €8 oY X ()

where C®g denotes the 5th central derivative. As usual, for complex z = x + iy (z,y € R),
o 1/0 .0 o 1/0 .0
—=—|=—i=—) === |=+i=].
dz 2\ 0z dy 0z 2\ 0x oy

3 Lie Algebra i3 (isomorphic to A 3).

Commutation relations for Gg 3 : [x1,Z2] = 24; 21, 23] = x5; [T2, 23] = 6.

3.1 Case & #0.

el 5 & & - 4]

o (- T8/ (€8 T e +88)/8 (€3¢€d)/es SR
g=| * * (6362 + €3¢k + 3ed) /¢ &7 /e (-gged)/es |
© (636 — 836 + &8/ * (—€3¢68 — €365 + &6€)/8 & &6

‘ £ & * & ]

(7

where 72 = (€362° + ¢3e3e} — edede? — ededel + e2elel) el

TP o= (€3%63° + 263€B63%es — gescass” — shehededes + 27edes” — Bedededel — eBededed” + edededesel + ededed’ed +
2637) /(€% (€862 + eded));

J3 = (—€3%¢27 — 26368626l — €3%el® + edededel + ededelel — €87/ (ek(eded + eded))s

It = (—e2ehe% el — 6372l v 6B efeded el — 2637 eB et B el — 2637 eB e3P el el + 6876362 e 42687 eded e el + e8P edeR kel +
263 el e2ebel + 2e3e8%ede2el® — e3eBelel® — e8eBPe2elel + 2e3eBele2%el® 1 26leBedede2ebel v 268l ededel el +
263e3ede3el®el —2e8eSedede2®el —2efefedededel® +eBed el el +oeledeleleelel +eBedelel el —e3edel® —efeZel®el +
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e3ed?edel® + edel®el)/(ed? (€82 e2® + 2e3e3e2 el + 2%l + el
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e8%eded®el +oefefeded el +2e8 686k el® + 636862 el + 263t eBel® + €36 el® 1 kel ed) /(ed (687 eR? v 2elefeRel +£8%ed% +
&%)
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eledeZelel yeBtedelel — e3%e2el el — 2%cdPeBedel® — eB%ededelelt + e8P elel e el el — 3%che2P el P el + eBPetedel el -
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J5 = (6873 el + 2363 efened — esededead + el — dealaies + esedans + 767 + Sadga + g’ +
geaagaraaae’ +ag g raaga” - qtdda - gadan -dagaa - ga e - gaaaa - gaaaa -
edegeses” —edeserel + 65 eh)/(ed7 (6468 + €3d):

J§ = (—€8%e2%e} —3e3%eBe2 el ef + €57 e5ed% el +€3%ede3ed%e) — e8P edeB el 1 268 edeBedefe] — €3%ededehel — e8P edeB el -
€3%e3%e3eh — €8%eq%chedel — 36068 ededeh + 263e8e563%e® — 268e8ededehes + 2636 eseded®e) — 2¢BeBededed -
263e3ededeses” — 2636363 cseh b — 2633 edeg b el — 263e3ededed el — 263e3edeBeded” + 868 eded% ) + 2B edededeBeqel +
e2ede3el%el —eRe2elPel —e2%el%el 162765 e2el® —eDPededelPel —e2%ele2elPel — 3% edel el — 2P el el — B e2el % elel
687 eiel —2e3ededededes” — 28365 ede” — Bl el + Bef e’ — B’ el —2eiselades” - BT’ — il
ededeb’el —eded®eh — 3ed’e)” — Bebeded — €8 ehel) /(68”8768 + 268l ed + 57687 + 7))

I§ = (—€3%e3° - 263eBe3%e + 263ededed” + 2eqedededel — 37e3ed” + Bedededel + Bededed” — €873 ] - ededed’ed -
cdededel — ededed®e) — edededelel — elededel — edededede) — efeded’ed — €3ed”)/ (&b (eded + €ded))

J$ = (eBedes — edeges +€deaes + €376 + edede) /e

J§ = (€363 — €53 — €363 — €565 — &5E1)/ €8s

and the parameters are subject to the condition

E(E8E8 + 6568 #0. (8)

Now, equivalence by a suitable automorphism of the form

+

+

+

1 0 0000
0 1 0 00 0
0 0 1 00 0

P=1p p b1 0 0 (9)
bgb%béOlO
WO K 0 0 1

reduces to the case £f = &) = €1 = ¢4 = &5 = &5 = €0 = 0. Then from @), £2£2 # 0 and applying
equivalence by

1 0 0 0 0 0
&/& 0 —&e 0 0 0
o el ¢ —gc 0 0 0
o 0 0 0 0 —{gc 0
0 0 0 c —{gc 0

0 0 0 (Go)/& (c(—6& +&583))/6  &¢®



where ¢ = |§§§61|7%, we get reduced according to the sign of £2¢} to either

0O 0 0 0 0 1
0 0 1 0 00
0 -1 0 0 00
=10 0 0 0 10 (10)
0 0 0 -1 0 0
-1 0 0 0 0 0
or
0 0 0 0 0 -1
0 0 1 0 0 0
_ 0 -1 0 0 0 0
L~1o 0 0 0 1 0
0 0 0 -1 0 0
1 0 0 0 0 0

Now J; is equivalent to Ji, hence any complex structure with &} # 0 is equivalent to .J;.

3.2 Case ¢ =0,& #0.

_gg * * 0 0 0
& . & 0
3 x (8¢ - 86Y) /e (—€3%)/¢2 -2 0

T et rae - (—€3€2 +€3€1)/83 (€2(E8* +1)/(632 +¢3¢d)
* * * (€2(68 +€0))/¢2 —(E3(e8* + 1)/ (32 + €3¢D)
. - (e8¢ - €362 - 36)/¢2 ]

(11)
where 73 = —(€2(€§” + 1)/} + €3ed):
T3 = (—€3€8 — &de] + €5e3) /€8s
75 = (€3(e8e3 + 32 + eded — €363/
T3 o= (—687e8e3” + efedeied” + efededele? — e - el ed” - el - ] - 47 + ededed’d 4+
€5636176D)/ (37 (6165 + eaed));
JP = (€8€3€} + Seie] — efeded + eBede} — 33 — fegeh /3%
75 = (€87e8e3% e} + Q73 el e} —efedei e’ — el el —dei el — 3l e v efe’e 7”373 %eqed -
gadaa -gaada’srada’aarada’ag radaaiarda’aa g’ a —gaa’a - dat /(@ e+
€3€0));
I5 = (£8%63%} — €3e363%e] — §eBeiede} + 312 + feBededed + el Beded + eded®eied — 43 ] - fedeted +
%))/ (€37 (€12 + 3D
7P = (e8e8e3% et — 2ededeled®e] — acdeledeiaded + 2cfefed® + 2cfef R ede} + e} + e’ +2eddedeileR +
€363°6367° — 3617 2” — 2efede’ el — €337 /(2787 + s
IS = (—€8efed — eeBed — eSeded + ¢5eBed + eded B + edefey e
and the parameters are subject to the condition

& (6367 + €1€1) # 0. (12)

Now, equivalence by a suitable automorphism of the form (@) reduces to the case {2 = ¢2 = &2 =
€2 =¢8 =¢34 =¢§ = 0. Applying then equivalence by

(—€&8)/& (=€) /(€¢2) (-1)/& 0 0 0

0 1 0 0 0 0

v &/ 0 0 0 0 0
B 0 0 0 (—52)/5%2 0 1/¢
0 0 0 (&8€3)/€8” 1/ 0

0 0 0 (=&)/ 0 0




detl = 1/€2°, J2 = U=1J¥ is the matrix

0 0 ()¢ 0 (~€3)/e  (—&)/e

PP 0 1 &/e
Joo |8 g o 0 0 0

00 0 0 0 €/e}

o -1 0 £3/¢2 0 0

0 0 0 (- 5?)/55 0 0

e Suppose first that &7 # 0. Then this J2 is a complex structure belonging in the case £ # 0, i.e.
J28 = (- 22)/{“32 # 0. Note that J2 satiﬁes the compatibility condition £4&2 + £3€% of that type,

since J2§J22 + J23J2% = (5554)/5
e Suppose now that £ = 0. Then

0 0 (=&)/& 0 0 0

0 0 0 0 1 0

Jo_ |&/e 0 0 o 0 0
R 0 0 0 &

0 -1 0 0 0 0

0 0 0 (—&9)/68 00

Applying equivalence by the automorphism A = diag(1,&3/€2, 63 /¢2,¢3/¢2,¢3/¢2,¢3° 1¢2%),
A~1J2A is the matrix

|
—_

0

Jo

(13)

S oo~ OO

o O OO
OO O OO
O OO OO
OO O O
SO~ O OO

-1

We've thus got into the case of a complex structure ([[Il) where {2 = €2 = ¢§ = (2 = & = ¢§ =
=6 =¢6=0and & =& =1.
e Hence, from the result of the case ¢} # 0, we have that any complex structure with £} = 0,£2 # 0

is equivalent to either J; in (M) or J> in ([[3)). Observe now that J is equivalent to J; by the
automorphism

0 1 0 00 O
-1 0 0 0 0 O
0 0 -1 0 0 O
M= 0 0 0 1 0 O
0 0 0 0 0 -1
0O 0 0 01 O

i.€. M71J2M = Jy, since MJ; — JoM = 0.
Hence, any complex structure with & = 0,£2 # 0 is equivalent to J;.

3.3 Case ¢ =0,8=0

& & 0 0 0
FIEENt
& —¢} 0 0 0
Lgde3 3 ¢3 3¢l

y ﬁ 52(5154‘2215;"‘5151) gg 0
N ¢t HEOEEHEG -G -6 gt s 0

! ] S{(San ) &
8616 +E5606 656" €3 . N SIS IR (NS
241 €241 !

1 41

£ £ & —

(14)
where
= (eh(~eSetededel + efeteielel — e§edPefel — Setel + eSetedel + eSedeletel + Sedetelel — 2e8etel® — 2efetel +
eedelel® 1 e8elel)) /(ed (el + 261 4 1));

0
0
0
0

&
—¢i




J5 = (e5(-€5e3% — €§ + €8e3ed — e3eieln /(e el + 1)
and the parameters are subject to the condition

&85 #0. (15)

Now, equivalence by a suitable automorphism of the form (@) reduces to the case £ = &5 = & =
€8 =5 =¢8 = ¢§ = 0. Applying then equivalence by the automorphism

&g 0 0 0 0 0
&1 0 0 0 0
0 0 & o 0 0
=10 0o 0o & o 0
2
0 0 0 0 & o0
0 0 0 0 -gag g4
we get into the case of a complex structure J where & =& =¢ =& =& =¢=¢E¢=¢f =0
and £ = &} = 1. Hence, we have that any complex structure with £ = 0,£2 = 0 is equivalent to
0o 1 0 0 0 O
10 0 0 0 O
0O 0 1 0 O
S = 0 -1 0 0 O (16)
0 0 0 0 1
0 0 0 -1 0

(@) is equivalent to

Jo (17)

o O OO

o O o o

-1
0 0 1 0
Hence, any complex structure with £ = 0, &2 = 0 is equivalent to Jo in (). With the complex
structure Jo, the commutation relations of m = g(\9 are [#1, 23] = @s; [21, 4] = T¢; [T2, T3] = T6;
[T, Z4] = —T5.

0
0
0
0
which is equivalent to the matrix J; in {Il). Now, with the automorphism diag(1,—1,1,—1,1, —1),
0
1
0
0
0
0

corocooo
I
—
coococo

3.4 Conclusions.

Any J € X¢ 3 is equivalent to Jy defined by (). Hence Xg 3 is comprised of the single Aut Gg 3
orbit of Jy. As Xg 3 is a closed subset of R3%, so is the orbit. Now Aut Ge,3 consists of the matrices

LBl bk 0 0 0
Bon b 0 0 0
b b 0 0 0

bhobs bi o b6 — b3bL b2bL — b2} b30Y — b3D)
by by b3 b3l — b3 bibl — bibl bbh — bibh
b8 bG BG b33 — b33 BB — bib2  bbE — bibE

where the bé’s are arbitrary reals with the condition det® # 0, and the stabilizer of Jy is 6-
dimensional. Hence Xg 3 is a submanifold of dimension 12 of R3¢ ([I], Chap. 3, par. 1, Prop. 14).
It can either be represented as the disjoint union V35 U Vi1 U Vg of the submanifolds of respective
dimensions 12,11,10 given by @), (), @), or parametrized by the orbital map of Jy. We also
remark that X 3 is the zero set of a polynomial map F : R3¢ — R8! x R35. However this map is
not a subimmersion, that is its rank is not locally constant.

3.5
3.5.1
0 5 0 e,
X1 T T oy?
D a0

oyl v oy’



3.5.2 Holomorphic functions for Jy.

Let G denote the group G endowed with the left invariant structure of complex manifold defined
by Jo [[@). Then He(G) = {f € C*(Go) ; X; f=0Vj=1,3,5}. One has

~ 0 0 0 ~ 0 ~ 0
X7:2—_—2,’E2—_— 1—7X7:2—_7X7:2—_
! 0z1 0z3 Y 0y? 3 022 g 0z3
where _ _ _
2 =a +i4y (1<j<3).

Then f € C*(Gp) is in Hc(G) if and only if it is holomorphic with respect to 2% and 2% and

satisfies _
5 of  Zt—2 of

921 2 922
Hence the 3 functions w! = 2! w? = 22 + ‘212 — (if ,w3 = 23 are holomorphic. Let F : G — C3
defined by

F = (w',w? w?). (18)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart [I¥). Let a,z € G :

T = exp (xlxl) exp (ylxg) exp (3:2:1:3) exp (y2:1:4) exp (IBZE5) exp (y3:1:6)
exp (a1 ) exp (B122) exp (a%zs) exp (824) exp (025) exp (B°c).

- : - Tl 2 3] — Tl a2 a3 _
With obvious notations, a = [wg, ws, ws], © = [w, w2, w2], ax = [w

Computations yield :

1 2 3
az> Waz» wam]'

Wl = wl ol
1_ 1
Wl = ol gl e ey
1 2 1\2
Wy = w2 -y W )T ey

2

4 Lie Algebra G;; (isomorphic to M6).

Commutation relations for Gg 7 : [x1, 2] = x4; [x1, 23] = x5; [21, 4] = we; [T2, T3] = —T6.
g 4] o o 0 0
1
—51551 -0 0 0 0
* & c E 0 0
J= - (19)
* &| —SH e 0 0
4
31
oo e
52 1) (g3 _¢l
i S

where J3 = (e3¢3e3 — 3e3el - ededel — ededel + 3edel)/ed?;

c=J§ = (€3¢} +eBel + eded) /el

Th = (e8%e3%e} — 268%ededel + €373l — eQede’el + eBededel® — 268eP%edel + 2e0edeBelel + ededelel + ededel?edl +
e3%e3el® + 6361?36k

TP = (—e§e3”e8 B el + 65eBPeedel” + e8eBeded el + 268 e3ed  edel el — 268 eBededel’ed — Geded el %] — e§ed”edelel® ~
§68e3el® + 568l el + 68e%el® + £5e368 el — £8eP el %e] + 6276587} — 2600l e edel + e8% e el — e27eResed el +
grelaela” -~ da e el daa —ldda’a radal’ g g ddda rada’ - dad d rfada’ -
563763l +oefeledelel — hedel®el) (56l (e8] — 2%l + €3 — b))

I3 = (e§3e3%e] —2¢8eBeledel —eGededel — eGP edel v efeBed el +e§ed eled — 0637 el v e efed el — e efedel v efeded —
€3e3e)/(e3(e8%e] — €8%¢k + €% — £d));

IS = (e§ed? — eBeled + eZelel + eSedel — efeded)/(ed(ed — b))



7§ = (—€9€3€d” + 268eBedes + €§eded — 7Rl + 27eReh — hed + feb)/ (6} ed)s
and the parameters are subject to the condition

&&(& - &) #0. (20)

Now the automorphism group of Gg 7 is comprised of the matrices

B0 0 0 0 0
b2 b2 0 0 0 0
o |1 B3 bi? 0 0 0
= vt i B2b! 0 0
bob3 b3 b3b! bt? 0

bf b5 b§ bt —b3bE+ 0303 bi(bf - bibh) o3el’

where det ® = b§3b%9 # 0. Taking suitable values for the b%’s, equivalence by ® leads to the case
where (] =& =& =8 =8 = = =¢ =0and § = 1, = a, where a # 0, 1

o1 0 0 0 0
-1 0 0 0 0 0
00 0 a 0 0
Ta=10 0 (<1)/a 0 0 0 (@ #0,1) (21)
00 0 0 0 —a/(a—1)
00 0 0 (a—1)/a 0

Hence, any complex structure is equivalent to J, in (ZI). It is easily seen that the J,’s
corresponding to different values of o are not equivalent. With the complex structure J,, the
commutation relations of m = g(X:%) are :

1 —«

[T1,%3) = T5; [T1,T4] = (1 — )T ; [T2, T3] = Te 5 [T2,T4) = —ds.

4.1 Conclusions.

From ([[d), X¢ 7 is a submanifold of dimension 10 in R3%. It is the disjoint union of the continuously
many orbits of the J,’s in (ZII).

4.2
4.2.1
) ) ) )
X, = 2 _ 02 29 29
! o1 Y 0y? T oms Y oy3
o 5,9
A T

4.2.2 Holomorphic functions for J,.

Let G denote the group G endowed with the left invariant structure of complex manifold defined
by Jo in ). Then Hc(G) = {f € C=(Go); X; f=0Vj=1,3,5}. One has

¢— — 99 19 0 2, 2y 9
NS E ey e W g
5 0
ow?
5 0
ow3
where
w' = 2! —iy!
w? = 2% —iay?
3 2 3

e
ww = 7+ Y.
a—1



Then f € C*(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies _
28f _awl—wl of w?  Of

2 a7 2L =L —o.
Sw!l 2 ow?  a-—10w3
The 3 functions
ol = w!
2 2 _(ﬁ)2 |w!|?
= w +a< 3 +—4
1 ol anlan2
3 _ e Y (v ww
¢ = vt ga T @) <2 3>+2(1—a)

are holomorphic. Let F : G — C3 defined by

F=(¢',¢%¢°). (22)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart @2). Let a,z € G :

T = exp (:lel) exp (ylxg) exp (x2:103) exp (y2:v4) exp (:103965) exp (y3:vﬁ)
= exp (alxl) exp ([31:02) exp (062563) exp (B2x4) exp (a3x5) exp ([33176).
With obvious notations, a = [wl, w2, w3], x = [wl, w2, w3], az = [wl,, w2, w3,], a=[pl, 2, ©3],
x = o), 0%, 93, ax = [}, o, 5] Computations yield :
wl, = el
w2, = w:+w?+iafls!
1
wh, = wltwl-o’l4i— <—ﬂ1:c1 +aly' + 5 Bl(xl)Q) :
o
We then get
Cre = ot
a R—
Pl = i+ (Bh-vh) e
<P2m - <P2 +<P;i +X(CL,I)
where
1 a —  al2+4+a) — a? a?
_ (L 2 5 ™2, Y g2 Qg9
o 1 _—1) 112 1 . 2
60 —a) (soa ea) (pg)° + 3 —a) Fo P
5 Lie Algebra G4 (isomorphic to MT).
Commutation relations for Gg 4 : [T1, 2] = x4; [x1, 23] = x6; 22, 24] = 5.
3 & 0 0 0 0
—ET+/s =40 0 0 0
. gl b 0 0
* _b;;fl b 0 ?2
* * * * —Ef’—cﬂ
G ¢ -8

where 7} = (—¢3ede} + 26fedel — ededel + 36l — &)/ (Eh (el + el
b=J3 = (—€3el +1)/(ed + by



JE = (e8%e361? + €0%e3 + Bededed® + efeded + ededed® + ededed + 36l + 3) /(5 eh (68 + 2¢8ed + 1P

JP = (65627 e3el® + 2e8e8%¢3 61 + €8e3%63 + eSeBedetel® + 2e8eBedetel” + eSeleded + eSesedel® 1 2e8ehedel® + eSededel +
€Sedet® +2cGedel® + eGed — e5eR% e el ? — 8e2%ehed? + 26562 el 3 ed® + 26§ed e eS et — 2efededed el — 2eleleted el +
3e§eBetedel® + 2efeletedel”® — e§eeted — e§eded?el? — eSeded®el” + efeedel® — e§ededel — §eBeel? — 26§e%efel? —
€5¢3%e] —2¢5eBedel® —aeSefefel® — 2e8eBedel — eSefel® —2e8efel” — Sefel® — efeB’ehelel® — 0eBPeel — 9B elened® -
e9e8%e3elel + efeledelel® + e0eledelel® + eQedeled® + e5e3edel®) /(6378 (e87 + 3¢f%¢ed +3¢fel® + €17

I = (e§ehel® + e§ed +eSedel® + €56l — e8eled® — e8ef — eSel® — eSel + eSelel® + eSedy/(eded (e + €1

JZ = (—e§e3% et —2eGeB%el® 6§63 —eGel? —2e8ed® —¢§ —e8eB%eRel? —e§elPed — 3e8eR”eRel® —3e§eB% e et —2efeledel” —
§eBedel® + e8eBed + eedel® + e8edel)/(e37eh (68 + 3e2%ed + 3efed® + 61

I3 = (—€5e27e1% — €§e3” — e§el® — €§ + e§eBeded® + SeBed + e5ed et + eSeded) /(e3eh (637 + 268t + 617

c=J8 = —(e3eb(ef + &b/ + 1)

and the parameters are subject to the condition

EE(E +6) #0. (29)
Now the automorphism group of Gg 4 is comprised of the matrices

bl 0 0 0
0 B 0 0
BBl b 0
b0 b3 0
Bobs b5 —bib3 b3h)
B B8 bl 0 bdbl

o O O

0
0
0
0
0

where det ® = b§2b§4b%4 # 0. Taking suitable values for the bj»’s7 equivalence by ® leads to the case
where § =& =& === =0 =& =1land§{f =a,& =p,a # 4.

a 1 0 0 0 0

—(a?+1) -« 0 0 0 0
0 0 —ofil 1 0 0

Jo,p = 0 0 —oftatiil ofl g 0 (a#—f) (25)
a’4+2aB+ o+
0 0 0 0 B 2B +a®+52 41
o+

0 0 0 0 -4t -

Hence, any complex structure is equivalent to J, g in [Z5). The J, g’s corresponding to different
couples (v, §) are not equivalent. With the complex structure J, g, the commutation relations of
m = g1 are
[Z1, 5] = T5(—a' B2 —a' = 2077 =207 — 8% —1)/(a® +2aB + %) + (T6 f(a® + ?B+a+B)) /(a® +
208 + %);

[T1,74) = Z5(a®B —a? +aB —1)/(a+ B) — Tsa;
T2, 3] = —(Tsa(@®B? + o® + 8% + 1)) /(a® + 208 + %) + Ts(a® B+ af? — a = B)/(0® + 20 + 57);
(@2, 34) = (#58(a? + 1))/ (a + B) — .

5.1 Conclusions.

From (Z3), X6 4 is a submanifold of dimension 10 in R3C. It is the disjoint union of the continuously
many orbits of the J, g’s in ([2H).

5.2
5.2.1
0 1, 4,5 O 5 0 1 0
X1o= 8w1+2(y) o5 " oy3 4 0y?
0 0
XQ = —|—y2—

oyt 7 0ad



5.2.2 Holomorphic functions for J, g.

Let G denote the group G endowed with the left invariant structure of complex manifold defined
by Ja,s @3). Then Hc(G) = {f € C*(Go) ; X; f=0Vj=1,3,5}. One has

o— . 9 L1, .2 : 0 2 0 1 0
X, = 2 0
Ow?
Xy = 2 0
ow?
where
w' = 2t —i(axt +yh)
2 o, I=aB)a+p) o (a+B)? 2
= —|— —
v T U+ T i+ )Y
2 2
3 _ .3 (@®+1) 5 a®+1 4
w _I+7a+ﬂ Y Za—i—ﬁy'

Then f € C*(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation

2 _ _
2 2L (=i + (it - EEDOZD2) B iyt sasiyan) 2 = o
where
A (a+B)(1 —aB —ila+p))
(1+a2)(1+6?) '
The 3 functions
s01 — wl
¢ = =g (a0 a0 le)

©® = w — i(a —i)? (w')?w! — @ (1 +Aw> w' (wl)?

16 16 a+p
ati , B-i)a®+1)\ —5 (@2+1)(B—i)—
TS (a+z+2A—a+ﬁ )(w1)3+ TP wlw?.

are holomorphic. Let F : G — C3 defined by

F = (¢ 9% ¢%. (26)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart @0). Let a,z € G :

T = exp (:lel) exp (ylxg) exp (.’L’Z,’Eg) exp (y2:v4) exp (13x5) exp (ygzvﬁ)
— exp(a'er) exp (8'zs) exp (0%23) exp (8°24) exp (a°s) exp (Fzs).
With obvious notations, a = [w}, w2, w3], x = [wl, w2, W3], az = [w
x = [pr, 9%, 03 ax = [ph,, Pags Ph,]. Computations yield :

1 2 3 — 1 2 3
az?waz7waz]a a = [<Paa @aa @a]a

wém = w;—kw;
2 2, 2 atp , 1.1
W, = W,+tw,— —————(1—af—ila+ T
(1+a2)(1+62)( fila+B)B
1 241 —j
wd, = wtwd+ 3 (8% = 5%y + platy! — @ +1DE-9) Z—i)—(g ) ozt



We then get

Pow = Qo+ s
a+p L
Pow = $otoit a2+ 1) (B9 (2(1 —ia)pl — (o® + 1)%11) o
¢o, = ¥ +¢)+x(a)
where
1 _
x(a,z) = T6(a £ B)° <—(a +B)(a+i)*(B+1) (pL)* + (a+ B)(a+28+14) (o — )% (02)?

+H(a+ B)(a+ B +i(aB — 1)) |pal® = 8(1+a?) (1 + %) 2 — 8(1L + a”)(a — i) (8 — 1) wi) o

1 — (> +1)(B—1i) —
2 . 1 2 N\ 142 T 2
+—(2a—1—22a + (o +3+ 2 ) + — .
16 \&( ) o + ( )es ) (#2) CETIRAL
6 Lie Algebra Gs; (isomorphic to M4).
Commutation relations for Gg 1 : [v1, 2] = x5; [21, 24] = x6; [22, 23] = 6.
6.1 Case £2£0,240,6 #£¢&
. 1 » 83 » 53 4
1 1
. £ 0 0
2 2 2 2
0 0
* * * * 0 0
J = 27
* * * * 0 0 ( )
5 52 6
N (—(€8° +1))/€8
6 6 6 6 6 5
& |82 |&] |&] |& =5
where 73 = (—((6363¢} — €3e3¢) — 3e3¢h — (7 — ed)eBe)el + (37 + 1)(¢3 — €))e))/(e8e3?);
T} = (—((€3% + 1)(e2 — &d) — €8e3¢ed))/(e8€d);
JP = (—(e8eBe?e3e? — fefededelel — e8e3PeRelel + e8e3Pe%el + €8e3e3%el? + €863e3” — 8efeBedeled — 87637 4+
€8262¢262¢2 4+ £5263e2e2¢l + 63262627} — ¢52¢3e2e2e] — €32e2e2¢ehel — €262 4 ¢26362e2 + 26e2¢2e! +€2¢2%¢) — 3e2eel -
€2e2elel)) /(€37 + 1)(&3 — €b)eR?);
T3 = (—(e8%eBe3e3%ed 4 £5%eDeR e el — €8”e3e3 %26l — 60%eBe3e2%edel — e8%eBededelel 1 e8%eletededel”
82637657 eqel — €8%¢3%¢3%el? + €8%¢3% 3 e3edel + 2687} eReleded - €8%e1eP%eh® + 82633 Beded - €82¢3e5e -
€8%e3e3e3e2eh” + e8e2%e3e3ed — 2e8el% e edel + efeBPedeel? — e8eB%ePe3e3e? — 268eR%e3 %3 ee] + 268¢2%63 % %L +
€8e8%e3e3%63% + €8eB%e3ed” + 2e0¢B% e efedele] + 260eBeiefedehel — 268e8%eqeP%el? — €8eBPe3% 3% — efel?e3%e) -
ede%eieseres” + eeded’eded — 2efeleieieiel + feReieRel” — efei? R e} — 2e8ed”eReRed + 2686377 eh + 0633 +
€8e3e3® + 2683 e3eB et el + 268 e eBedele]l — 2e8e3eP%el? — 8637637} — €8e3%e) — eBe3eBetel? — 816363 + 268 e3e%e) -
€3%e3%el® — 2637637637 1 4eB% 3637 el — 2687627l — €2%627 1 263e3%e) — €376l %)) /(€87 + (€] - €h)ele2®);
I3 = (—(e8e3e2e2 — e8etedel v efededel — €3%e3e? v eBPe2el + e2%e2el — e3¢ 1 263 + e2¢1)) /(€87 + 1ed);
I3 = (—(8%e8e3%e3 — €863 3t + 68763763 ed — €8e8%e37 e + 86873 e3 ] — Qe8P eF et + 26868 % T e el — 837 ed +e8eFe3ed -
e8e3elel +2e8eledel — e2e3ed + e3he2el — 262%63¢] + 2687 ¢2¢l — €363 + £2¢1)) /(€27 + 1)e8eR?);
TE = (—(((€3% + 1)e2 — e8e2e2)(e2 — eh)e? — (361?462 — eFedel)e — (e3el — e2ed)e2e2)ed)) /(€27 + 1)(eF — ed)ed);
JF = (—(((€37 + 1)e? — e8eBed) (e — ed) (€33 + Bel — eFed) — ((e3edel — €3 — edetel)edel — (33 + 3ed — del)(e3ed
e2eD)eDed) /(€37 + 1)(e3 — eh)e2?);
T§ = —((e3et — e3¢} — €8eR)el + (87 + 1)ed) /(€87 + 1);
T = (—((636) — e3¢l —eded)eled + (e3ed — €26l + £3eD)(e2% + 1)/ (€27 + Ded);
TP = (€2 — e1)el — e8e2)(e8” + 1)(€2 — ed)ed? 1 (86262 e3e? — 2e8eBe el e el v e0edeBeBel® — e8e2%eBetel 1 0632l 4
€8e363%6e1% 1+ e8e263% — e8e3e3edehel — ¢B263%e3% + e82e2e3e3e} + €873 edel + 26826363 %] — 8263 e3 6Tl — 2263 edehel -
€2%6e3%el? — 37627 v e3e2e3ed v e3edetel v 263637l — e2ededel — e2eelel — €276l %)el — (261”1 €2 — e2elel)el — (e2el -
e3ed)edeD)efedel + (€87 + e — efelel)(e8ed — e8eh) (€3 — eh)eD)/((€8® + 1)(&F — e)eleR’);
I3 = (((ER% + 1)(€3 — €3)efe? + e8eSele3” — e8eSe3%e2)(e8® + 1)(¢3 — &) — (e8eBe3e3ed + e8efeed el — efefed®e3ed -
ededei”eiel —eeded?esel —efeied?el” r Sl et etel acdeieieieiel —fei et ey +efeielel —efedel —feieeRel” -
’ejasaset — a2 efedele] + B3y + Bt edel —eledade] —iedefel + il reelelededel +(e8ed el ey’ -
268¢3%e5e3%ed +¢8¢3%63%¢) % + 6063637 ¢3% 63 — e0eBe3 e eFed +e0efed R ehel —¢BeBeR el el — €067 3% e Bl — B33 % 7 +

€8e2%e2e2e3el +2ele3 e2edelel — e8e27e2el? 1 e8e3e2 P e3ekel — e8e3eP el — e8e2e2eledel” — 32637 e2e? 1 2e3%e3e3ee)



e8%e3eded? — e8%e%e3e3el — €873 ehedel + €8%¢3%e1%e) + 826365768 + €8%¢35” + 2e87f e eded — €873l -
876’ - 7% - @R gaaa” + §Pada’d - gatdd y gy - g8’ - dhggd - dda +
6376376l 1 63627637 1 €2637 v 2c3e3e3edel — 3¢2%el” —e2%e3%el — 3¢l — e2edelel® 1 e2eTelPel)eled + (3e3el —3eded -
3636l — (62 — eh)eBed) (€8 + 1)(€F — e)efefed — (687 + 1)e? — e8eBe2)(e8eGe3e2el — e0eSeBedel + 0elededel + €0e§e3e2el —
e8eSedetel — eSefeelel + eSeBPeqel — e5eB e el + e8e3ed — €5e3el) (€] — €d)) /(€27 + 1)(€] — £1)€e8%eR®;

J5 = (—(((65€3 + 69¢h — €568 — 56D (e8% +1) — (3e] — 63¢ed — €8e3)e8eD)ed + (363l — €363 ed — €3eBed — (&3 —eh)efed)elel -
(€32 +1)€3 + (€8 — e)e8ebred — (8 + 1)(€3 — €d)eD)ed)) /(€82 + 1)eled);

TP o= (—(¢8268e36363 — e8%eGeTeR%el + £8%e8e2e2e2el — e8%e5eRe2%eR + ¢02%eGe22e2el — 826863 %e2el — ¢0e0e%e2?
€8e8eB%e3e3el — €8e5e” e el + e8efel?e3edel — e8eleled” — e8eGededey — 8cfe’el + feledeiel + e8efedePed
68e8e3%e262e2 + £868e8%e3e3el — 268682636l + £86863%ed — e8e8e3e3el + e8efeteBel — 2e8efedeel + 856876363 +
68e8e363” +68e8e8%e2e2el + e8efedetel + e8eB eqed — eSelt e el + 268687 e3ed — 268687 e3ed + e8e2ed — e§eed — e8ef 33 +
€5eB%e2el — 2686376362 + 26$e8%e2el — 86362 + €5e2ed)) /(€87 + ed?eR?);

and the parameters are subject to the condition

€16565 (&3 — €1) #0. (28)

Now the automorphism group of Gg 1 is comprised of the matrices

blobl 0 0 0 0
o 0 0 0 0

|68 b3 blu —blu 0 0

=y g g2 2 0 0 (29)
o b b b2b! — b2b) 0

B b5 b b 3BT —bib3 — biby +b3bY  (b3by — bibg)u

where u € R, u # 0 and det ® = (b3b1 — b3b3)*u? # 0. Taking suitable values for u and the b;’s,
equivalence by ® leads to the case where ¢] = €} = ¢ = ¢ = ¢80 = ¢§ = ¢§ = ¢8 = 0 and
G=g=ci=1

0 -« 0 -« 0 0
1 0 1 « 0 O
B a—1 a—1 a (a+la 0 0
Ja (—(a=1))/a 0 -1 — 0 0 (30)
0 0 0 0 0 -1
0 0 0 0 1 0
with « # 0. The J,’s corresponding to distincts a’s are not equivalent.
Commutation relations of m : [Z1,%2] = (1 — @)T5; [%1, T3] = —T6; [T1,T4] = —a(Z5 + Tp);
(T2, 23] = as; [T, T4] = a(ads — T¢); (T3, T4] = —ads.
6.2 Case ¢f # 0,6 =0, # &
_51‘52;535% _ §2+2153£Z ¢l " 0 0
o oo o
N N _s8-gateas 0 0 1)
J = 54 31
¢t ¢l e . 0 0
4
2¢1
* * : : ] G
52 1)(g2 _¢l '
& & & I el

where 7} = (—((€3 + €0)e363 + ¢332 + (67 — eh)eled)) /e,

JP = (—((6F — ed)etes — e5e3e3 — (67 — €d)eBeD)) /(€33

I3 = (€3 +eb)edede? — (2% + 1)eted + (62 — el)eleded)/(€37ed);

T3 = ((((63 — €3)eB? — (63 — eh)eBe? + (3% + 1€ + e2637) (€5 — €) + (3% + 1+ edeD)eded)e? + (&3 + eh)ede? + e3P (el -
€3)(€3 — €1)) /(3637 ¢ed);

T = (1637 1+ e2edel 4 (63 — ed)eled) /(e3edy;

TP = (—(e§etedel v eSeBeted —eQeleted veSededed —eQefeled v eQeteel v eSe el —efelel el —eSetetel —e0edetel)ed) /(e3P +
1)(€3 — €3)eD);

I3 = (—((e5ede? — Sele? + e§e3e? — e0ehed — e963” — €$)edel + (efeded + ededed — 1ed® —eh)(ed - eh)ed — (€3 + et -



2686362)e3ed)e) /(€87 + 1)(e - 5)ed?);

I3 = ((e§€3¢el + 2656562 — eSefel + e5e3ed — eSe3el)el) /(€22 + 1)(€] - €d));

JE = (((6F —b)eled +e%eded — (68 — 3)(e — D) (€] +€3)e3ed +1e3™) + (€§e8 —e3ed)e? + (6 — eh)eSedreteled — (eted +
€362)(€2 — €d)ed + (¢163 + €3eD)e3ed + (&3 — e)eBedeh)efe? — (€2 — €d)eB? — (€2 - eh)eBe3 + (32 + &3 + e4e3P) (€ — b +
(3% + 1+ 633 eh)eSed) /(€82 + (] — €h)ed)s

and the parameters are subject to the condition

€16363(& — €1 #0. (32)

Taking w = 1 and suitable values for the bé-’s in @9), equivalence by ® switches to the case B3
below &2 = £2 = 0.

6.3 Case &I #£0,8 =&

3 & 0 0 0 0
1
—55—“ —¢l 0 0 0 0
g RRE-GHE)G 3 el 0 0
J= S+l 12 (33)
3 & S & 0 0
B X (DL (€ H1E] el +656 &'
e0¢T 0 5 g
& & & & & -&
where J§ = (¢ - eh)efel + (61 + 1)e§ — e§eded — eSeted)/(eled);
T5 = (—((265¢] — etehrefes + (617 + 1efed — (658 + €8¢t — efe) (el + 1))/ (el + 1ed);
and the parameters are subject to the condition
£65 # 0. (34)
6 .
Taking u = 15252 and suitable values for the b}’s in &), equivalence by ® leads to the case where
5
d=8=6=g=0=¢=g=¢=0and g = =1
0 1.0 0 0 O
-1 00 0 0 O
0 00 -1 0 O
J= 0 01 0 0 O (35)
0O 00 0 0 -1
0O 00 0 1 0
J is not equivalent to any J,. m is here an abelian algebra.
2 2
6.4 Case & =0,& #0.
; : . 00
0|8 €] g 0o 0
_ag _5§€§£§—£§ii2ﬁi;r£§2£§+€§ . 0 0
J = 2 5 551 +G 2 52 1 5 c1\¢6¢2 (36)
54 % (55 751)5553 _ (55 +1)E17(§5 751)5554 0 0
1 5211 5211
52
* * * * {g & G+1
5
& & gl -&

where 73 = (€27 + 1)(e3 — eh)ete? + (€2 — e)(el” + 1ede2) /(€27 + Deted)

T = (€87 + ete? — (61 + 1)ele)/((eR? + 1)edy;

Jh= (€32 + (el + 1ed — (€87 + 1eted® + (e} + 1)eleded)) /(€8 + neted);

T3 = (—(((63% + 1)€3 — e$e3M)(€3% + 1) — (e3¢} — 1 — (€3 + e))ed)ele3e2)) /((€8° + 1e3?);
TP = (—(e8e3e] — eefel + 62763 — 6276} + 6§ — eD)ed) /(€57 + neds

I3 = (— (€36} —1— (3 + ehredreled + (2% + 1eted)) /(€87 + 1Ed);

TP = (- (efeted — efeted — efedel + ef e/ (€8s



I3 = (2% +1)(e8 —ed)eSeted — (€82 +1)(e —ehrefeted — (8 —eD)(el® + 1)efefed — (3 +eh)ed + ¢l + 1efeleted — (edel -
1— (€3 +eDed)eleSete)ed + ((63% + 12 — e1e2%)(e8% + Deet + (622 + Deted + (63 + e)eSe3eh)elete?) /(687 + Neleted®);
T3 = (—((((e] — ehelet — (1% + 1)eD)ed — (6% — eh)eSeted)el + (563 + 8eF — 36D (€8 + et — (€87 + el + (€ -
€2)e863)e5e)) /(€37 + 1)eledy;

JE = (—((((€] — eh)eSet — (e1® + 1e)ede? — (8% + (el® + 1eD)ed + (€863 + 8eD)ed — (] +eDeded)(€® + et + (€1 +
1ed — e3e3%)(ef — €3)e8e8 — (€27 + 1)(€3 — ebrete? + (68 — e3)(e}® + 1efe3 + (3 — eh)eleted®)e$))/((€8% + 1edeted);

and the parameters are subject to the condition

£6165 # 0. (37)

Taking suitable values for v and the b;’s in ([9), equivalence by ® switches to the case Bl more
precisely £ = €2 = &2 = 1,£1 = 0. Hence J is equivalent to J, in @) with o = 1.

6.5 Case (=0, =0.

886G+ ¢l (£1+63)€56+E5€16+(61-6)€5E, 0
52 2 3 522+1
J . _52527552;%%%5% % 0
= 4
- 2
0 T 0 —& 0
4
5
* * * * —
6 6 6 6 (627 +1)(¢5-63)
S £ £3 §4 G
(38)

where s = (—((¢ - ed)e2%e3 — (63 — eh)eR?eh +2(¢ — ed)eleded + (637 + 1eded + (¢ — 3 e (el — ed))) /(€3 b

T3 = (—(((€3 + ehredel + e3e3el) (€ — e)el — (62 + eh)eded + e3e3ed) (€2 — ed)ed + (6 — €1)2e8” — (€3 — e)?eBed + (&5 -
(3% + 1ET + (632 + DeFed)ed)) /(32 + Deded);

TP = (€8 —€2)686263” + (e2 —€3%eb) (€3 —ed)e§ + (€3 — €1)eB?e2 — (62 —eb)eB% el +2(63 —ed)edeZel + (6232 + Deded)ed) /(2% +
1)(&3 — €3)€3);

T3 = (6568 — e§ed — e8¢l — e8edre? + (637 + 1eD)ed) /(8% + 1)(€d — €b));

I3 = (2656863 — e8eBed + e§e3el — e8e3elyed) /(€27 + 1)(€F - &b

I3 = (€3 — €5)268% — (63 —e1)2eBed + (62 — e)(3% + 1) + (637 + 1)e3ed)eled + (56563” +eGeld +£862% + §ed — £5e263% -
8e3 —eSededel +efefelelieded + (¢ +ed)eded + e3e3ed) (e — ed)eSel — (¢ —eh)eSed —e8e3ed)) /(€8 + 1) (€2 — ) (€3® + 1)
and the parameters are subject to the condition

&:€1(61 — &) # 0. (39)

e Suppose first £ # —&3, taking suitable values for u and the b%’s in ([23), equivalence by ® leads
to the case where § =& =& =& = =& =€ =& =0and & = 1,67 = § # 0, +1:

0 0 1 0 0 0

0 0 0 8 0 0

, -1 0 0o 0 0
=10 (1800 o0 0 (40)

0 0 0 0 0 —B/(B—1)

0 0 0 0 (B-1)/8 0
where 8 # 0,+1. The J’s corresponding to different 3,3’ are not equivalent unless 3’ = 1/3. Jj
is equivalent to J, in B0) if and only if a = % Note that the map 8 +— « is invariant under

the substitution 8 +— % This explains why the J, are nonequivalent for different o though J é, J
B

are equivalent. Note also that the image of R\ {0, £1} under the map 8 — a is R\ [—4, 0].
e Suppose now £7 = —£} in [BH). Taking suitable values for u and the bé-’s in (29), equivalence by

® leads to the case where &3 =& = =0 == =¢¢ =0and &l =1, = -1
0 01 —v 0 0
0 0 0 -1 0 0
" __ -1 Y 0 0 0 0
JV 10 1 0 0 O 0 (41)
0 00 0 0 (=1)/2
0o 0 0 0 2 0

0
0
0

0

H

&€
-&




Commutation relations of m : [Z1,Z2] = &s; [T1,%4] = 2T6; [T2, T3] = 236; [T2,Ta] = —27T6;
3, 4] = Ts.

J:/ is not equivalent to any J, in (B0) nor to @), and each J (v # 0) is equivalent to Ji'. J{’
is not equivalent to Jj.

6.6 Conclusions.
One has with obvious notations
X1 = Xe20 U X220 U X220 (42)
and
Xezz0 C Xepzes-

It can be seen that the formula (1), which still makes sense for £8 # 0 under the only assumption
that €2 # 0, yields all of Xez20- Hence X2 is is a 12-dimensional submanifold of R3¢ with a
global chart. The automorphism

10 00 0O
01 0 00O
(1)2000100
001 0 0O
000010
0 000 01

switches &5 and &7, hence Xezzo = PXez0 ®~! is also is a 12-dimensional submanifold of R3°.
Consider now X¢2_. There are 3 subcases :

& #0 (which implies &3 # &7 from section [E3) (43)
§ =0 and &#E (44)
2 =0 and & =¢5 (45)

To prove that X¢2 is is a 12-dimensional submanifold of R3%, it is sufficient to prove that it is a
local submanifold in the neighborhood of any of its points. Take any K € X201 K = ((K)). In
case @3), K € X¢2.40 and then, from the section 1 X¢2.40 is a local 12-dimensional submanifold
of R3¢, Suppose now K belongs in case (@) or @H). To solve the initial system comprised of
all the torsion equations and the equation J? = —1 in R3¢ in the neighborhood of K, one has
to complete first a set of common steps, and then we are left with solving the system S of the
remaining equations in the 15 variables &1, &3, €3, 63,63, 63,63, ¢1,65,62,€8,€5,€5,€8, €8 in the open
subset €8 # 0 of R'5. Among these equations, we single out the 3 following equations :

f=0
g=0 (46)
h=0

where : f = J?] = (—€8€3¢3¢3 — Be3e3e] + e8e3E3el — B3R} — 8G + FUE + el +
P3G+ 83 + G + e + GG+ e /(87 + 1);

g = J% = (—€860e3¢€3” — €8EBe3Eel — 8633 + €5e3E37e) — €8E3eRe3e) + €863¢E) + €27 G436} +
P88 - gl + &G + GG + G + GGG + 868 - dad + g +

7 + 76 /(€& +1));

h = J2% = (8656363 — €8e3¢3¢) — 86363l + 883¢3¢) — 8P e + 83838 - BTG + FTRed -

8+ e/ + 1),

The solution J that’s looked for is of type £2 # 0 hence belongs in one of the 3 cases (), (),
EQ). If J belongs in case ) or [{EH), the system S is equivalent to the 3 equations EH). If J

belongs in the case ), the system S is equivalent to the 3 equations [EH) if and only if ¢(J) # 0

where

o) = (63" +1)&2 + 26368 — (€ — €3)e3el. (47)
Now, if K belongs in case (),

o(K) = E(K)(E(K)" +1) + E(K)E(K)) = E(K)EK)E(K) +1) #0

1
£3(K)



since in that case )

6 . E(K)" +1
)= amarm)

(see BI). If K belongs in case [EH),

(K) = E(K)(E(K)* +1) #£0

(see BF)). Hence in both cases, one has ¢(J) # 0 in some neighborhood of K and the remaining
system is equivalent in that neighborhood to the 3 equations ({f). We will now show that the
system () is of maximal rank 3 at K, that is some 3-jacobian doesn’t vanish.

e Suppose K belongs in case (). Then

D(f,9,h)
D(&],&,€5)

(€3 (K) — &(K))

& (K)° G (K)

8K
0= E(K)” +1

£0.

e Suppose K belongs in case #X). Then

D(f,9.h)
D(&,&5,€3)
Hence the system (HT) is of maximal rank 3 at K, and it follows that X¢240 1s is a local submanifold
in the neighborhood of K.

Hence X¢2. is is a 12-dimensional submanifold of R, and so is X61 from @J). Any element
of X4,1 is is equivalent to either J in ([BH), or Ju(a # 0) in @), or Ji, or J§ in EII).

(K) = —€(K)° #0.

6.7
6.7.1

o ,0 ,0

X = — — - _
! ort Y 9z Y oy?
o, 0
XQ = a—yl—x 8—y3

6.7.2 Holomorphic functions for J,.

Let G denote the group G endowed with the left invariant structure of complex manifold defined by

Jo B0). Then He(G) = {f € C=(Go); X; f=0Vj 1 <j<6}. As Xy = —i(aX; +(1—a)X3),
X; =—iaX] +(1-i)X;, Xg = —iX; , one has He(G) = {f € C®(Go) ; X; f=0Vj=1,35}.

Now
- 8 19 L9, .0
X7 = 2(9;—1—2(04 1)((%2 a3y2> Ygs W +”)ay3
) R R R
X3 = Za—y1+(1+la>w_la—y2_lxa—y3
Xy = 2 2
023

where 2' = 2 +iyt, 23 = 23 +iy3. Then f € C™(Gy) is in Hc(G) if and only if it is holomorphic
with respect to 2% and satisfies the 2 equations

af af af 1 o, T
2ﬁ+§—@+5((1—m)w —I—(l—!—za)w)@ — 0 (48)
1

o La=1(of _ory, (Z i) fas) Of
28;+ 5 (8@ 8w2>+< % + (1 5 w+2w 5.3 0 (49)

2

1

where w? = 22 + ay? — iy?. From now on we set w! = 2%, w? = z3. The 3 functions

gol = 2w+ w?+w?

-1
©* = 2w2—|—a—(w1 +w)
a



1 — - —
0 =w + 3 (4i(w1)2 — Siwlw? — Siwlw! — 8(2 — )wlw? — (4 + i) (w?)? + 4iww' + 4iww )

if @« =1 and if not

3_ 3 ol — o ltia —ve  l—a+tia(l+a)— ,
LT PO R 5 (@) Ala—1)
io L2 302 =20 —1—iala+1)* 4,
TS 8(a—1)2 (w")

are holomorphic. Let F': G — C? defined by

F = (¢ 9% ¢%). (50)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart @0). Let a,z € G :

r = exp(z'z)exp (y'as)exp (z23) exp (yPaq) exp (x325) exp (y3x6)
= exp(a'zy) exp (b as) exp (a’x3) exp (b2x4) exp (a®z5) exp (b3x).
With obvious notations, a = [w!, w2, w3], x = [wl, w2, w3], az = [wl,, w2, w3,], a=[pl, 2, ©3],
x = [p5, 9%, 03, ax = [phy, Pags Ph,]- Computations yield :
wh, = wl+wl (51)
w2, = wlitw? (52)
wd, = wdwd bt — (bt +aPyh). (53)
We then get
Voo = ot
Car = P2+l
Cor = ¥t ¢s+x(ax)

where for o #£ 1

x(a,z) = %cpglc ((30_(11—1-30(11)((1 —a—1)—ap? + w i)
a(l +ia)

=M

(1—2i)a%—1 2)

1
2— 2
+8901( 90a+a(pa+ (a—1)2 Pa

1-—
and for a =1

1

1 .
x(a2) = o os ( 4ipl + iy — 492 + 3wa)+64 02 (S(i — 1)k +8p2 — 2ipp + (4 — 5i) sﬁi) :

6.7.3 Holomorphic functions for J.

Now J is defined in BH). Then f € C*(Gy) is in Hc(G) if and only if it is holomorphic with
respect to z2 and 23 and satisfies the equation

of of
—_ = (22 + yl) —
ow! 023
where w! = 2t —iyt, 22 = 22 +iy?, 23 = 23 + iy3. From now on we set w? = 22, w® = 23. The 3
functions
o= !
o2 = w?
1 o i i
= w4t szwl + iwlwl — %wl

are holomorphic. Let F': G — C? defined by

F = (¢ 9% ¢%). (54)



F is a biholomorphic bijection, hence a global chart on G. We then get

Py = Po+on
0, = v+l
e = 93 +¢5+x(a,)

where from (B3]

1 - N1
x(a,x) = 7 ©r (22% —ipg + 2<ﬂ3) +5 2L

6.7.4 Holomorphic functions for Jiy’.

JY is defined in (I for any real 7. Here X; = iX;, X; = —iX, —ivX;, Xy = —%X{, hence
He(G) ={f € C>®(Go); X; f=0Vj=1,2,5}. One has

- 0 0 0 0
Xy = 2—_—i——y1——y2—
Sw?! 0x2 ox3 oy?
~ 0 .0 5 0
X2 = 2ﬁ+l’}/w—za—y3
~ 0
ow?
where
w' = 2! —ix?
w' = y1—|—iy2
w? = :1:3—|—3y3.

2

Then f € C*(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and satisfies the
2 equations

i3 () () - o 2
2%—41(311}2—!—?)—"; =0 (56)
The 3 functions
sﬁl = 'yﬁ— 4ot
0 = w?
o = w4 31—2 (4W + 12wlw? 4+ y(w?)? — 4w?w' + 12w1w2)

are holomorphic. Let F : G — C3 defined by
F=(¢"¢%¢%). (57)
F is a biholomorphic bijection, hence a global chart on G. Instead of (B3), we here have

wd, = wd +wd —blat - % (b2t + a*yh),

whence

Py = Yo+l

Prr = P2+ h

Por = @+ +x(a,x)
with

1 1 _ _
X(0,2) = 129298 + 16 P (—sﬂé — 205 + 2792 + wi) :



7 Lie Algebra G (isomorphic to M1).

Commutation relations for Gg ¢ : [21,Z2] = 45 w2, 23] = x6; [T2, T4] = 5.

7.1

*
]
|

<]

where s = (6§ — eh)ef — eded)/ed:
J3 = (€3 + ehede? + (e1? + nedy/eded)

£1°+1
2
1

—&
*

*

*

0

0
&
—&F

0

0

€241
4
3

—&
&

I3 = (—((&3 — eheBet — (&3 — ehebed — efeded + efeded + 5687/ (eded);
J$ = (—(((e3 + ebyet + eded)efed + (e§et — €5y (€8 + 1) + (6] + eh)efed?))/(ed%ed);

IS = (637 + 1)€5 +2¢5¢ked) /e8>

and the parameters are subject to the condition
& #0.

Now the automorphism group of Gg ¢ is comprised of the matrices

0 0

0 0

0 0

0 0
- &
_ P 43
& 3

bt b 0 0 0 0
0 b3 b3 0 0 0
S 1 O I I B
ot b3 b3 b3bi (2) 0
B0 b3 —bg i b
by b5 b5 —bibs 0 b3b;
where b1b3b3 # 0. Taking
1 0 0 0 0 O
0 1 0 0 0 O
0 O 1 0 0O
=10 0 0 1 00
00 —(GH/E+1) 0 1 0
6 6 _ (E3°+1)ei4aeleded
b b2 T@rie 0 00l
with suitable values for b¢,bS, equivalence by ® leads to the case where £ = & =
Then equivalence by
1 0 0 0 0O
0 1 0 0 0O
o_ |0 (el —cleh)/Ele) 1 0 0 0
0 /&R 0100
0 0 0 01 0
0 0 0 0 0 1
leads to the case where moreover {f = £5 = 0. Finally equivalence by
S 0 0 0 0
0 1 0 0 0 0
2
o |0 0 @Ry 0 0 0
00 —(E@ED/E ) & o 0o
00 0 0 & (g +
0 0 0 000 (/@ +)

5
i =

-



leads to the case where

0O -1 0 O 0 0
1 0 0 O 0 O
O 0 0 -1 0 O
J = 0O 0 1 O 0 O (60)
0O 0 0 O 0 1
O 0 0 0 -1 0
Commutation relations of m : [Z1, %3] = —&5; [T1, T4] = Te; [To, T3] = T; [T2, Ta] = T5.

7.2 Conclusions.

From (BY), X6 is a 10-dimensional submanifold of R36. There is only one Aut Ge,6 orbit, and any
element of Xg 6 is equivalent to J in (G0).

7.3
7.3.1
9 L0 W) o
X1 = 50 VT s o
R .
X2 = oyt T x8y3'

7.3.2 Holomorphic functions for J.

Let G denote the group Gy endowed with the left invariant structure of complex manifold defined

by J in (B0). Then Hc(G) = {f € C*(Go) ; Xj_f =0Vj=1,3,5}. One has

~ 0 0 (yl)2 . 0 . 0
X - 2 —_— 1— — 2 - 2—
! gt Vo < 2 ) o T gy
~ 0
Ow?
~ 0
ow3
where
w! = 2+ iyl
w? = 2 +iy?
w? = 2% iyt

Then f € C®(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation

,0f _wl—wl 9f ((wl—ﬁ)2+w2> of

Of w—w 9f _ S = 0 (61)

The 3 functions

(pl — wl

1 _ hl)2
902 _ w2+1<w1w1—( 2) )

1 _ _ _
- w3—|—E( (w1)3+3w1(w1)2+24w1w2)

are holomorphic. Let F : G — C3 defined by

F = (¢ 9% ¢%). (62)



F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart @2). Let a,z € G :

T = exp (x x1)exp (ylxg) (3:2:1:3) exp (y2:1:4) exp (x3x5) exp (y3:1:6)

= exp(a'z1)exp (b'w2) exp (a’z3) exp (b%24) exp (a’x5) exp (bPxe).

With obvious notations, a = [w}, w2, w3], » = [wl, w2, w?],
T = [p5, 9%, 03, ax = [Pgy, Pags Poy]- Computations yield :

1 2 3
az> Wax» waw]

ax=[w , 0= [ph, 02, 03],

Wey = Wy tw,
w2, = w?+w?—iblx!
3 3 5, (0% 4 2 g1 1\ 1, .21
w,, = w,+w,+ 5 ¢ — (b =bz )y +ia‘y .
We then get
Par = Pat Py
1 —
Yar = Patert 700200 —¢a)
Vo = Yot eatx(o,2)
where

1 1 _ 1,
x(a, @) = 75 (¢ 2)? (3% - 2%) + 76 ox (2(%11)2 — (p8)? + 8903) + 5

8 Lie Algebra G5 (isomorphic to M8).

Commutation relations for Gg 5 : [21,Z2] = 45 [x1, 4] = x5; [T2, 23] = T6; [T2, 4] = .

8.1
o et 0 0 0 0
& —a 0 0 0 0
I b L )
511 * —b 0
E . (262 +63)€8 54&)51 geses eé’;ﬂ
i * fg . —&2

where o = 7} = (—((€22 + 1)& — £8e3ed))/(e8ed);

T3 = (€8 + 26)eet + 63%ed + 657¢d + el + (687 + VY eD)ed” + (€8ed — 2e8eD)et - (2e + eD)edeD)ed ed)/(e8e3er™:
b=J§ = (—((e8 +ed)e? — efedy) /e

T = (€% + 13 + e8%ed™et — ((ef +ed)ed + 2eTeh)eleded) /(e8eded®);

T3 = (—((((€3et +2edet +2e3e)ed + 6%t +ed%ed +eh)e§ — (9ed +€562) (€87 +1) — (6f + €)eGedD)ed? — ((2(eed — 5eD)el +
(261 + €3)e8ed)ed — (8¢S + e§ereded)efed)) /(e8eded®y;

TP = (—((eed” — )&t — efefed™)et — (63 + et — e3ed)?eh))/ (eeded™)s

5 = (— (e8] + efet + eSeefes — (687 + Vefed))/(eBeded

and the parameters are subject to the condition

£16365 # 0. (64)

The automorphisms of Gg 5 fall into 2 kinds (12-dimensional Lie group). The first kind is
comprised of the matrices

b0 0 0 0 0
0 B 0 0 0 0
B b b2 0 0 0
C=1w bk 0 b2b! 0 0 (65)
BB b bib! b2 0

I (VA I R



where b1b3 # 0. The second kind is comprised of the matrices

0 b, 0 0 0 0
B oo 0 0 0 0
b b3 b2l 0 0 0
O=pt ol b2 —b2) 0 0 (66)
bObs b3 —bibl 0 —b

b 05 biea4bd) by 0

where bb? # 0. Taking suitable values for the bé ’s, equivalence by @ in (B3) leads to the case where
515:55?:5?255:fg:fg:ﬁio’zéfz()andmoreover{f:l:

52 1 6¢5.4 52 1 65,412
_& +16 5455553 _ & +16 54552553) 1 0 0 0 0
e RCEIN
R 5 ¢4 ¢6¢4y2
5 (§5+83—6583)"+1
J(€5,65,€8) = 0 0 - -8y g 0 0
0 0 3 grea-gg o0
0 0 0 0 I 55§6+1
5
0 0 0 0 s b
(67)

where £3¢68 # 0.

Commutation relationszof m:
B, do] = g (€368 +€8" + D)is + (—€863 + D))

5

%1, %4] = g (( 3P+ 1) (8 +6h) +e8e3eh(€8eh — 268 &) s+ gr (6565 —62)°+&5 (63 —€5¢5) +1) e

>3

6¢d_ ¢5\2 N _
o) = BB (14 €8)s + €868 )

£9%¢3
fa,80) = SSSEI (68" + 1)(64e8 — &8 — €)@ + £0(-€88361 + 87 + 1+ 8o

It J (fg,fg,fg),J (n3,m2,n8) are as in (ED), they are equivalent under some first kind auto-
morphism if and only if 75 = &3,72 = &,n8 = &2, They are equivalent under some second
kind automorphism if and only if i = (—(€8%¢4? — 2¢8¢8ed 4 €82 + 1))/&8, 2 = —¢€2, and
7 = (6568 — 2620868 + &° + 1)E8ed™) /(687e)” —2¢8eded + 687 + 1)

= & T 5
0
8

8.2 Conclusions.

From (B3)), X6 5 is a submanifold of dimension 10 in R3%. Tt is the disjoint union of the continuously
many orbits of the J(&3,£3,£8) in (ED).

8.3
8.3.1
0 0 0 (yH? o
X, = — gt g2 _—
! ot Y 0y? Y 0z3 + 2 Oy?
_ 0 2, 2y 0
X2 = 8—y1 - (ZZ? +y )a—y3

8.3.2 Holomorphic functions for J(&3,&2,¢9).

Let G denote the group G endowed with the left invariant structure of complex manifold defined
by J(&3,€2,€8) in () where 368 # 0. Then He(G) = {f € C>(Go) ; X; f=0VYj =1,3,5}.
One has

- _ 9 1 . 9 2 . 9 (v')? . 02 2 9
X, = Qam y(l—l—zA)ay2 y(1+ZA)8x3+( 5 (1+4A) —i(z” +y7) BIE
~ 0
X7 == o

3 Ow?

_ 0

5 = g



where

wt = xl—Ayl—l—iyl
+ 8¢5 i
w2 _ 55 53 5553 y2+ _4y2
& 3
&
W= aP oy Ly
5 5
2
4 - S 168G
€565

Then f € C®(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation

o Of w'—wl (14+iA)(E+& -8 +i) of

Bwl 21 & Ow?
2 _w? (w' — wl)? w? + w? w? — w? i—& | of
(1 +iAes w w 1+iA . (¢ 64 5 _
(1+iA)& % + 3 (1+4A)+i —5 (€5 — &563) % & Bl
The 3 functions
ol = w
1+iA (wh)?
o> = w4 1i€] (& + & — &6 +14) (w wl — 5
1 2 .52 .42 2 42 2 42 52 2
¢’ =w'+ m ( 2i€87E3 €3 —4€p 55 *42i €8 &3 +4iEge? §3+ E5687 63 HALDED 632656265
2 54 .53 2 52 . .
+4ig3E3€5 — ig3Es” + 46565 — 2155 — €378 — &5 €5 — g5 — g3y — & — 2i)
1 —32 1 625242 5 6242_-6534_6524_~654_64~54 52 .
+716§62 W w '(igp +2¢5 555 —i&s 208585 &5 28585 §3— 2085858326583 +1&5 +2i&5 +1)
1 — 2, 2 . .53 2 i +1—
* Tl who!(i667Es — 2656365 +i656 i+ i 1) — =g whe?
5 S3 5

are holomorphic. Let F : G — C3 defined by

F= (' ¢%¢%. (68)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart @X). Let a,z € G :

T = exp (:E x1) exp ylxg) (x2:103) exp (y2:1c4) exp (:103965) exp (y3:106)

(
= exp(a'zy) exp (b as) exp (a’x3) exp (b2x4) exp (a®z5) exp (b3x).
2

With obv10us notations, a = [wl wi,w

T = [3017 (p;N 901] ar = [(pacu @az? (pam]
Computations yield :

3] T = [wévwngg]v ar = [wl wgmvwgm]v a = [‘p}w@gvs@g]v

ax)’

whe = wh+ul
2 2 2 blat 5 4 6 o4
Woe = wa+ww _5—4(65 +§3 _§5§3+i)
3
1
wgm _ wg’—l—wg—ble—i—ibl(xlf—i— 555 (2(b1) b2y1+b1x1y1—a2y1>.
5
We then get
R
Poe = ¢a+er+Coy

@3, = O3+ @3+ Di(ph)? + Doyl + D3p?



where C = (w_a(ifs?ééf—iéé—i§§+1))/(2§§)+(w1( 62 55 —i€82ed® + 268e3%¢h + efeded?

2i€8€3¢4 +ieSed” — €8° — 5525;% — €8 — € — g i))/(4§5sg %)
D = (pi(~ ieges” 42+2£ & 42 e ed® 1 2ieBeR  ehqicBeR ed® —aebes  ch—2¢bed
3i€8es’ — 26864 ied — gl 53 2%eh — 2ied” - i€§§§—€§—z))/(16§62 42) + (ol

424 2ie8e3¢h 4

222
15654

268%¢3¢4” — 562 4% 2ig8e2°eh — 2ieBeR el + 24 et — 2ie8eneh — 2ieled? + 2¢8¢d + i’

2i¢3°€4 + 263°€4 + 2@'552 + 2364 + 264 + 1))/ (166874%):;

Dy = (p1” (—i0®€Bed” — €6%¢4” + 2i€0e3%ed +ig0edeh” + 4€0e3¢h + €8 2—2i£5£3—i53

'52253, -

3522—2§§§§—i§§+z§3 3))/(16€864) + (pLiol (€54 — €8 —€4+4)) 4+ (— zsoa£3>/2+<soa (i€$ 65? 42
€5°68” — 28 e2%ed — i€ el + €576 — 287 ed +ieBel’ + €887 + il + €8 +ie2 + €27 +igl +

1))/ (1668%€4) + (2 (iled — i€l — 1))/ (2€0);
Ds = (pl(—i€k — 1))/ (2€9).

9 Lie Algebra Gsg (isomorphic to M9).

Commutation relations for Gg g : [x1, 2] = x4; [¥1, 24] = T5; X2, T3] = T5; [T2, x4] = T6.

9.1
s?&%ﬁ%g%—g%sf _(s?,séﬁé&i;&;;’&%)%&%? 0 0 0 0
¢ _ 5?5%%%? —&ged 0 02 0 0
3
. & g ~EE o 0
* * E —53 0 0
. . _(sZ&%%%?g?s%)(s%%?) . _(5§2+£1§§§+5%)
4 2
& £ £ &) @b €
(69)
where J{ = (46363 + 46367 — €363€3 + (¢ + E)ERED) /(€37 + 1)
3= (—(((52—£3><53§351+5352§1 geied) — (E+e)Eede (E+6) + (4 +eD2e + (€ + 1&g e/ (€5 +
1)£3€3);
It = C(egge’el veieeeet raieael + e et —aagaa el v g raaad ragd
EPE3ER7¢E + €Pe3e} — €fed"e — elen) (&5 + €))/((657 + g 51)
7= (el + el + g + gatae — 2 getaae + gga’as” -
2e563¢ieetet P_gfed’edeveted sl 52554253535%%52%5 5%5 —sga Peder- 535 5351+2§ 535 e+
apeieel vasaa’a’ + adad’ - gaard” - dade” + g 42 1+ 67 + 20 535 Pt
2P 1 o 4 e - el al — 26063656867 - 25155 et - 2515553 + eped’” 32 +
ed? 'R+ eteg” 22><5g+§1>>/<( ;3;2+1> 3767,
TP = ((€5€368 + £964€} + €8€3° + €9) (64 + €1)) /(¢4 €D);
and the parameters are subject to the condition
E165(&5 +€7) # 0. (70)
Now the automorphism group of Gg g is comprised of the matrices
blobs 0 0 0 0
0 b 0 0 0 0
o |01 B bt? 0 0 0
B R . b3b} 0 0
2
b} b3 b3 —(biby +b7b3 — b3bi) b3b] b%g%b%
b b8 — 012 0o b2%!
where det ® = b§5b%7 # 0. Taking suitable values for the bé’s7 we are led to the case where

& =1,8=6 =6 =¢ =¢§ =0 and moreover £§ = £§ = 0. Hence any J in () is equivalent




to :

(—€)/& (@ + 87/ o 0 0 0
1 €/8 0 0 0 0
5 4y _ 0 0 & (8% +1)) /e 0 0
J(€3,€3) 0 0 52 3_53 3 0 0
0 0 0 0 0 (—(&5 +1)/&
0 0 0 0 €5/ +1) 0
(71)
where &3 # 0, —1. J(&3,£3) = J(n3,n3) if and only if &3 =73 and &5 = n3.
Commutation relations of m : [Z1,Z3] = —T6&3; [T2,73] = T5(&5 + 1) — T6E3; [T2,34] =

(F563(—€47 +1))/€4% + (a6(€5 + €87)) /8.

9.2 Conclusions.

From (@), X6 s is a submanifold of dimension 10 in R3C. It is the disjoint union of the continuously
many orbits of the J(&3,£3) defined in ([Il) where &5 # 0, —1.

9.3
9.3.1
_ 9 1 0 o 0 (y1)2 0
X = a2 an T e g
T
X2 = 55775 P

9.3.2 Holomorphic functions for J(&3,£3).

Let G denote the group Gy endowed with the left invariant structure of complex manifold defined
J(£3,€3) defined in (D) where £3 # 0, —1. Let Hc(G) the space of complex valued holomorphic
functions on G. Then He(G) = {f € C>*(Go) ; X; f=0Vj =1,3,5}. One has

J

- 9 i€\ 0 AN 9 (y')? AN
el A G N GE Y R PP &Y ) L
1 o () e (P (- 8) ) g (% &) ") o
X; = 29
Ow?
X; = 2 9
ow?
where
w' = =z —i—giy —I—zy
w® = :102—5—33/ + =
3 3
WP o= i &+ y3.
&

Then f € C*(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation

8 w! —w! 0 w! —wh)?2\ 0
where
A = i<3<1—i>—z‘<1+i2>>
Ca\P\U g 5
§3+1

B = (§3+ 53)-

3

0



The 3 functions

ol = !
A T)2
©? = wz—l—% <w1 1 (w2) )
. B A A —
o = w4 %wlw2 T (w! —wl)? — 6 w (wh)? + 21 (w)?
are holomorphic. Let F': G — C? defined by
F=(p' 9% ¢°). (72)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart ([Z2). Let a,x € G :

T = exp (:vlacl) exp (ylxg) exp (x2:103) exp (y2:v4) exp (:v?’x5) exp (y3:vﬁ)
= exp(a'zy) exp (b as) exp (a®x3) exp (b2x4) exp (a®z5) exp (b3x).
With obvious notations, a = [w}, w2, w3], x = [wl, w2, w3, az = [wl,, w2, w3,], a=[pl, 2, ©3],
x = o), 0%, 3, ax = [k, o, 5] Computations yield :

wh = wheul
3
w?m = wi—l—wi—i—blxl —534 !
€3
132 1.1 /(ph)2
Wi, = wZ—ng—ble—i—bl(I) —a2y1+i€31— <( ) xl—(bz—blxl)y1>.
2 Iz 2
We then get
Voo = Yoty
Cow = P2t¢s+x(a,x)
Yo = o+ +x(a,)
where
2 -1 AT 3 ipdy 1
X (a,:v) = 4 42 (px (2Z€3¢a+(§3 _153)()0a)
3

A
Xa,2) = s ol +

(eh)2(4ies” — (6 — i) 3¢d + i) (wh - oh)

2 16¢4°
+ 6t (1o (PP - D - igd - 3¢+ 20)
3
1
e (#a) (S8 (& —i6) —i& + 6 - 20)

+§§(f§ —i€3) Lol ﬁ—g i(63+1) 2> .

e e+ ——

10 Lie Algebra M10.

Commutation relations for M10 : [x1,z2] = w3; [z1,23] = x5; [x1,24] = w6; [T2, T3] = —6;
[x2,x4] = 5.

10.1 Case & # &

— 12
% _5152"'1 0 0
— 1
: ¢l 00
3| (E7HDE—(E3+eDEE] 0 0
o 1 5452
J= | 3_ 1504 sa.3 (73)
4 (65—61)61 8587 0 0
1 £2
— 1 2
* % ro -
& & b




where J§ = (((¢del - e3eDred + (1% + 1ed — (e1® + 1+ 87)ehefed” + (ehel® +¢d —263¢3el —2¢D)ed + (37 + DePDHeget +
(€37¢] —e3ei” —edel” —ef +e3%e] + eD)eSede] — (6 — el — 36D (E8” + 1) — (687¢} —edeied —edele] v2eledeheded +
(€% + 14+ ed%eDed)/(€3%ed” + 68” - 26863 R el — 2686} + 637617 + Ve

g = @feleleda® + Ged’eled - Qe a” + Qe + fei”dlel + S’ Aeel + fe’ e}’ + fei’ele} +
egeseted’el” —efedeted’el” —efedeled” —aefedelad e — fedelad” —efedetel” — efedel —2efede Rl —2efefl Rl +
2efeied’elel — feled”elel” + cfeled’ed + ocfeledelel — felelel® + felel — BefeBed” + fed®efeRe]l” + eBefeled +
e’ araga’aa’ raa e g 2 — el -l d v a 1 1 g+
26864%61? + €5ed? — e0ede3%eel® — e8e4e3%e? — Sededel? — feded — 5ed%e3el? — 5686 + efedPetedel? + efedPeted -
e3ed’etel® — 3edetel v 23ed el e el v 2e3ed e} — 2efedetededel + 2c3edetef el — adedeiele? v 2ededeteded
63636376362% — 3ede3e?” + 36136’ — eJet R P el + 3t e e’ — Qe ey (687t +e8? —2edeleted — 268?137 4
£3%)eded);

JF = (—(e564%e2% 1 oeSetededel — 2eGeted +€5e3%el? v €863 v eGel? + €8 + e5ed%e3e? — ejedPtel —2e5ehe3el® — 2e5eded +
€563%62 + €363%e2¢l v efeded + €3e2ed)) /(8762 — €362 —edel? —ed + €372 + eD)ed);

r=J8 = —(((ehel —EeDed + (e} + Dedred — (7 + D /(€ - e)E? — (€} +1))ed + (7 + DY)

J$ = (—(((ehed +edel —2e3eD)ed + (37 + (] — e1)eled — ((e8el® +ed —2e3e3el — 26Dk + (37 + DEFDED)) /(8% —eded +
3% + 1€} — (617 + Debed);

b=JS = —((e3e1? + ¢4 — 2e3e3el — 26D)ed + (37 + P /((ed - €D)eF — (€} + 1)ed + (3% + ed);

and the parameters are subject to the condition

G4E-6) # 0 (74)
(- — (P +1))e+ (@ + & # o (75)

Note that b # 0 since Num(b) = —||Y — Z||? where Y = &3 (ii) , 2 =6 (512) .

Now the automorphism group of M 10 is comprised of the matrices

bt bl 0 0 0 0
b2 b2 0 0 0 0
o |t B b3b} — b2b) ~ (030} — o) 0 0
b b 0 b3 + bl 0 0
b b3 b3by —bYb — bibJu + byb? b (b3b1 — b7b3)by —(b3b1 — b2b3)bs
2 2 2
b S —(b3b] + b703 + bibs — b3by) A — (0361 — b7b3)bY  (BF” 01" + by 7)by + bEbTDS

where det ® = (b2b1 —b261)3 (b2 +51%) (bL* +51%)2 # 0 and €1 = b2°bL + 2626402 + (b3 +b1% — 127}
and Cy = —b2°bl + 2026162 + (2% + b1° + b1°)b) must vanish. This requires the vanishing of the
resultant R = Res(Cy, Ca,b?), hence b2 = blu with u2 = 1 since R = —4(b2” +b3°) (b1 +b3%) (3% —
b%z). Then one gets C; = (b3 + ubd)?bi. If bl # 0, then b3 = —ubl is the only common root for
C; and Cs. If b} = 0, then b} # 0 and Cy = b%(b%Q — 6%2) vanishes for b2 = £bl. In both cases,
the vanishing of C; and C3 holds if and only if b3 = ubl,b? = —ubl with u? = 1. Hence the
automorphism group of M 10 is comprised of the matrices

bl b2y 0 0 0 0
v —blu 0 0 0 0
o |01 0 —(b2* + b 0 0 0
B 0 b2 + bi 0 0
S b3b! — b3b2u + biblu + b2 b —(bf + bf)lﬁu (bfz + b%z)b%
b8 b —(b3b? 4 b3biu + bib3u — bib1) bs (b2 +b102u  (b2° +b17)b)

(76)
where u? = 1 and det® = —(b2” + b1*)6u # 0. Equivalence by a suitable block-diagonal automor-
phism ([Z8) leads to the case £&§ = 0 and we then can suppose 0 < ¢ < 1. Now, equivalence by

1 0 0O 0 0 0
0o 1 0O 0 0 O
foeve 1 000
®=lo &/ o0 10 0 (77)
00 &/ 010
005%/5%001



leads to the case where moreover £ = 0, &) = 0. Then, equivalence by

1 0 0 0 0 0
0 1 0 0 0 0
|0 01 0 00
{0 0 0 1 0 0
oK 0 g 10
0 0 0 &/ 01
with suitable b7, b3 leads to the case where moreover & = 0,¢f = 0,£3 = 0,8 =0,£5=0,£5 =0
0 (~1)/& 0 0 0 0
&g 0 0 0 0 0
2
5 .3 1y |0 0 & (& +1)/g 0 0
J(§17§37§3) - 0 0 :;4‘ _fg 0 0 (78)
o0 0 0 ro—r
0 0 0 0 b —r
where ) )
0<& <l GaGE-6) 40 (G- ~D&+ (& + D& A0 (79)

and r = (62 + (& — DG /(E6 - &~ 1)&d + (&7 + Ded),
b= (6 - 26 + (& + &)/ (646 - & - D&t + (6 + DED).
Now suppose J(n?,n3,13) = ®~LJ(£2,£3,£5)® where @ is given in ([[H) and the n’s and &’s satisfy
([[3). Computing the matrix J2 = &~1J(€2, €3, £4)®, one gets J21 = (5261 (€27 —1))/(£2(b2* +b1%)),
J22 = — (b2 + b12€2%) (E2u(?® + 1)), J28 = €3, J2% = —¢hu. From these formulae, we see that
a necessary condition for equivalence is that 3 = —uéj (u = £1) and 73 = &. As u = 1 would
change the sign of £2, we conclude that u = —1. Now to keep J21 = 0, one must have either £ = 1
or bib? = 0. If €2 =1, orif €2 < 1 and b2 = 0, then n? = &2 and 13 = &3,nF = 5. If €2 < 1 and
bl = 0, then n# = 1/£ > 1 which is contradictory. Hence J(n?,n3,n3) and J(£2,£3,&3) are not
equivalent unless n? = &2, 93 = 3,13 = &4

Commutation relations of m :
[#1, &3] = B5(—E4€3 + 1) + T6€3E3; [B1,34] = T5E367 + (To(€4 — 63767 — €1)) /€4;
[Z2, 3] = (#563) /€3 + (To (€3 — €3)) /€3 T2, Ta] = (F5(E467 — €87 — 1))/(€3€3) + (~T6€3) /€3

102 Case & = €2.6} =€)

In that case one has necessarily £1 = 0.

0 (-1)/& 0 0 0 0
£ 0 0 0 0 0
& & 0 (-1)/& 0 0
J =117 80
g —a @ 0 0 0 (80)
L 5 52 1 1)¢6 _ c6¢5eb 62 5 _(£5% 1 1)) /6
i * &3 (( 5 T 1)E 555553)/(5551) & ( 5 + ))/55
8] (8] 8] ceg-gong |8 ~¢8
where J% = (—(e8 — e5¢3e2 4 (e3¢ + e3e2)e§ — e8e5ed))/(e8e2),
J5 = (€568 +£8¢2 4 (¢2e3e2 — eh)el — e8e5e3¢2) /8, and the parameters are subject to the condition
§=+1, g#0. (81)

As in the preceding case, by equivalence by a suitable block-diagonal automorphism, we can suppose
€ =0, 0 <& <1 and then equivalence by ([[Q) leads to the case where moreover & = 0,&1 = 0.
Then equivalence by

1 0 0 0 0 0

0 1 0 0 0 0

o 0 0 1 0 00
0 0 0 1 0 0

(€& —€0)/€8 (8EN/(E€) 0 /8 1 0

0 0 0 /g 0 1



leads to the case where moreover fg =0, 516 =0, fS =0, fg =0:

0 (-1)/& o 0 0 0
&2 0 0 0 0 0
2 6y | 0 0 0 (=1)/& 0 0
0 0 0 0 0 (—1)/&8
0 0 0 0 3] 0
and the parameters are subject to the condition
G=+1,0<& <1 (83)

As in the preceding case, we can see that J(n?,nS) and J(£3,&2) are not equivalent unless 77 =

&g = &8
Commutation relations of m : m is abelian.
Since m is abelian, no J(¢£2,£9) is equivalent to any J(£2,£3,£3) in (TX).

10.3 Case &} = €2.6} £ €.

In that case one has necessarily &5 # —¢&] as well.

12
3 ~at 0 0 0
k —&} 0 0 0
o | 32 3 ¢glye4d 3 112 ¢6 ¢3 3_¢1 32
i (&5 1) (& &()55%1;(;;;5?) £5€1(E5-¢)) e 0
J= T (et +(e3—eh)2ed 3 (84)
& k &3 0

(GEEG]
* * *

0
0
0
0
m —mtl
<] & gl —m
where

k=J2 = —((€3 +£D)ed) /(€3 — €1

= (@e adiadd ra'ded @ deded - gideded y@dd” + gladd - digde -
926861 — £8e8e8°e3 + €8eSe ePel + €0e8e3e3el® — efe§etel® — e8efe el + e8efed? %2+5551£3 —5551
€Se3eted + 3e8edeted®e] — seSeletedel”® + efefetel® — efeted” + 3efeted’el — 3eSeied’el? + etedel®N e} +
€1) + (636063 + ggered + egeied — egeled)(€he] — (et - si>2>/<<s§ +ED%(ed - €1)2¢87);

T3 o= (e8'esedt + 4e8eged’ sl [ oier el & el 564636 — e — 2l e +
266%68e363¢1° 4 ¢8%¢8e3elt — ¢8%¢e8eded® 4 €8 636463?4511 + 2¢8 5351 s 2e8eded?el® — eBPeSetedel +
$2e8eted” +2e8%s §5£i+522£8 . %2—52258 31— 4e8%e8e3%el® — 2eg 52 V4 2e8%e8ed%el® + 268 eSe3el +

926210 —e8%eSel +€8°¢3 355%— %3 %45%5%—252252 3¢} %2+2522£§ %25% %3+522£§£§£% 1_g0%e3e3 115—
2525353%%5%3&?@5 Ye3el? 4 e8ebed! §1+2§6§35 €361® — 26e8e8e3%eBel — 4ee§ed’eBelt 1 2ebeledede)
£868e3¢10 —beledel —555?535 12 _¢bebes +55§?§34 13+5§5?5 §1+2565%‘s33 14+2555?§33 12—2&65?532 15

2525?5325}3 — £8e5e3e1® — eBeleBelt 4 e8ebelT  £8ebel® + e8eheted® — agleleteddel - 5eSeseted?
5egegetes” +455£3£4£3 1% gfedet iﬁ—zsgsf 3¢t +8¢8etes’ %2—12535% 3 113—25251 ‘el +8e8eies 14+
8¢5e1e3 9 12—25351 15 1268e4e3%el® 1 8eletedelt — 2e8e2el®) /(€3 + €1)3 (€3 — €1)? 23),

Jg = (((5235353 +§§35351 +€8e563° —2e8e5e3%e] +e8eedel® — e8e3® +2¢§edel — 86l (€] +ed) + (e3el —1)(€d -
€1)2€8€3) (€3 + €1)(€3 — €1)2 — (€36} — 1)(€3 — €1)% + (€3 + €1)%€8%)2€5) /(€3 + €1)3 (€3 — €1)3e8?);

m=J5 = ((€3e} — 1)(€ — €)% + (63 + €1)2€8%) /(€] + €1)(€d — €D)?);

TG = (—((68°€5€3 + €8%eGel — €8e3e3” + 2eBe3ede] — €8eBel® — €53’ + 268e3%¢e] — €8e3el®) (€] + €)) + (€3¢} -
1)(&5 — £1)%€5))/((€3 + €1 (&5 — €1)€8);

and the parameters are subject to the condition

€ # +&f, €2g3es #0. (85)

As in the preceding cases, equivalence by a suitable block-diagonal automorphism leads to the case
& = 0. Equivalence by

1 0 0 0 0 0
0 1 0 0 0 0
o |0 &g 1 000
“lo ey 0 100
0 0 (&) 0 10

0 0 (-&)/Eg 0 01



leads to the case where moreover £ = 0,&; = 0. Then equivalence by

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

¢ = 0 0 0 1 00
(—€9€3)/(€8¢3)  (—€8¢8 §’)/( &) 0 (=&)/g 1 0

0 0 (-éyd o 1

leads to the case where moreover &3 = 0,£% = 0,65 =0, =0

0 1/¢8 0 0 0 0
g0 0 0 0 0
S0 0o g @+ 0 0
1o o0 =& —€3 0 0
0 0 0 0 (€8 +1)(€8 — 1))/€8  (—((€8% — 2)e8° + €5 + 1)) /(€8¢68%)
0o 0 0 0 13 (- <£5+1)(55—1>>/£§

(86)
Computing the matrix J2 = ®~1J® where ® is given in (H) and b3 = bl = 1, one gets J27 =
1J2r§65 u, J24 = Su. Hence if §5 # 1 we are back to case 1 ([ILT)). Finally, if §5 =1, equivalence
by ® = diag(1,—1,—1,1,—1,1) leads to the case where moreover £ =1 :

0 1 0 0 0 0
-1.0 0 0 0 0
Jey- |0 0 & 2410 0 (&7)
710 00 -1 =& 0 0
0 0 0 0 0 -1
0 0 0 0 1 0

where &5 #0 .
It si easily checked that J(&3) and J(n3) are non equivalent unless n3 = 3, and that J(&3) in (&)
is equivalent neither to any J(£2,£3,£3) in [@@) nor to any J(£2,£9) in (B2).

Commutation relations of m : [F1, %3] = —F6€3; [F1,d4] = —a5E8 — §6£3°; o, 3] = —753;

~ ~ ~ 2 ~
(T2, Z4] = —F585" + T6&5.

10.4 Conclusions.

To solve the initial system comprised of all the torsion equations and the equation J? = —1 in
R3¢ in the 3 cases 1 (), 2.1 (1), 2.2 [3), one has to complete first a set of common
steps, and then we are left with solving the system S of the remaining equations in the 12 variables

€1,68. 67,65, 61,63, 63,65, 67, €5, 65, €5 in the open subset £0€3¢7 # 0 of R'?. Among these equations,
we single out the 2 equations 13]6 and 14|6 which read:

f=fi36=0 (88)
9= f1a6=0
where :
fisle = E5(&3 + &) + E3(6 — &) — G361 + 63¢F
and

Fuae = (€5(6368 — €8° — 1) + €3e(e] — &) + delel + & — (&7 + 1ed) Jeh.

In each of the 3 cases, the remaining system is equivalent to the system (B8). To conclude that
Xar10 is a 10-dimensional submanifold of R3%, it will be sufficient to prove that the preceding
system is of maximal rank 2 at any point of X109, that is in each of the 3 cases some 2-jacobian
doesn’t vanish.
e In case 1, one has

12

DU/, 2\ ¢2 4 9
ﬁ— 53(((53 )& — (& +1))§3+(§2+1)§1)¢0



o In case 2.1, one has 29 — (¢6 — ¢2)2 4 3% £ 0if &8 £ 0. If &8 = 0, 29 — (€8 — ¢2)2 and

D(ﬁl 52 ' D 51 52
DD(g 24 = (€8 + €2)2. These 2-jacobians cannot simultaneously vanish.
e In case 2.2, one has D(é@# (€ — e+ #0if &8 # —¢5. I & = —¢3, & é{gg) -
32
— &’ #0.

Hence the system (BY) is of maximal rank 2 at any point of X109, and Xps10 is a 10-dimensional
submanifold of R3°.
Any complex structure is equivalent to one and only one of the following : J(£2,£3,£3) in (@)

or J(€2,£8) in B2) or J(£3) in (D).

10.5
10.5.1
_ 9 1 0 s 0 2, WY)? 9
X1 o= art Y 92 T 343 (y + 2 oy3
9,0 L, 0
X2 = oyt Y ors te Oy3”

10.5.2 Holomorphic functions.

Let G denote the group G endowed with the left invariant structure of complex manifold defined by

J(€3,63,63) in @), where 0 < € < 11,6364 #0,67 # €4, and D = (€362 — €7~ 1)ed+ (87 +1)&3 #
0. Then He(G) = {f € C*(Go) ; X; f=0Vj=1,3,5}. One has

- 0 . 0 9, 22y O (y')? 2 .2 2 9
X = Qﬁ—y W_(I +z§1y)@— T+y —i&jw e
- 0
Ow?
- 0
ow?
where
wt = 2t 2y
w? = xz—g—gy + 4y
3
wd = $3—gy —i—by

Then f € C*(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation

) T —wl 9 1 — —
28—$ +z§12% 6—152 + 2 [ 52(7"—1') (2w1w1 — (wh)? —w12)
5}
—4u? (i(c+ &) + & +b) — 4w? (i(—c+§fr)+§12+b)} a—u‘;:().

where
¢ =i€5E7b — &3 + i€ + &6 + 367 + bE5.

The 3 functions




o =’ + 1 (WP (c+ib) + 3(wT2w'ed’ (i — 7) + 120 w2 (ic + ighr + € +)

48b
+3wlw' 22 (—c + 262r — 2062 — ib) + 12(w! + w")w?(—ic + i&r + € + b))

are holomorphic. Let F : G — C3 defined by

F= (' ¢%¢%. (89)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart [d). Let a,x € G :

T = exp (:Elxl) exp (ylxg) (x2:103) exp (y2:104) exp (:E3x5) exp (y3:106)
— exp (alz) exp (b'az) exp (a2as) exp (b24) exp (a’s) exp (bas).
With obvious notations, a = [wl, w2, w3], x = [wl, w2, w3], az = [wl,, w2, w3,], a=[pl, 2, ©3],

x=[p), 02, 03], ax = [@h,, 0o, ¥h,). Computations yield :

ale =l
w2, = wl+w?-blat
1 ) — 1
w3, = wdtwd —adxt + 5()1 (zh)? — vy + LT 5 " (—b2x1 —5 (o122 4+ 4 (a® - b1x1)> .
We then get
Cor = Pot¢s
2 2 s I — 1y .1
Paz — Pa + Pr — T(2Qpa - Spa) P
Yor = $ot+ ¢ +x(a,)
where
Xg(aaz) = 1 5% 32 22 D, (‘Palc)2
16((65 — €3)2+£57°¢3)
1 2 —_—
- . (Dot ok + 8680 - &) (vl + ) ¢2)
o(e —igge ) e TGl a0
with
Dy = wa oL (764%€3° — 3¢d +7z£3£3 ? - Tigheser —7£§ 20— ehe? + 4e37eR? + 4627 + ipl (—48%eP + ¢4°

4igieies +4z§3£3§1 +4¢4¢ +2§351 —3&32 2% —3¢2%);

D = —i(0h)? (€473 — 265€}° + 2¢4 +§ 51 - 23} - 51>+4wa% PR+ -+ -2 - ) -

802 (647 + €57 — 2663 — 1) + 892 (64” - 263¢2 + 1) —iph” (€47¢2 + 3¢4€3” — 2¢4 + 63762 — 3igded — 26D).
In the case of J(£3,£8) in (182) where £ =41, and 0 < &8 < 1, the preceding computations

apply with r = 0,b = ¢8.£3 = 0,&5 = €2. The only difference is that we get now

E+8 (o
(D1 (91)? + Do pl) 4 2221 (sﬁéﬂﬁi) 02

3
¥a,2) = s

1
16£8
with
Dy = —ipy (36567 +7) + iy (€567 +4);

Dy = —i(iph)? (36563 + 1) — Biphpl — 802 (65 — €3) + 802 (€8 + &) + il (6363 +4)
In the case of J(&3) in (B7) where & # 0, the general computations apply with r = 0,b =
1,£5 = ¢ = —1. The only difference is that we get now

X’ (a,z) = D1 (¢;)* + D2 gy)

6 (
with

Dy = —4ipl + 3ip!;

Dy = (2i — £3) (1) + 4(€3 — 20) plopk — 8(i€3 +2) @2 + 8i€3 2 + (3i — £3) o1



11 Lie Algebra M14,(y = +1).

Commutation relations for M14, : [x1, 23] = za; [21,24] = x6; (T2, T3] = 55 [22, 25] = Y.
M14_1 has no complex structure.

11.1 Case M14,.

0 0 0 0
0 0 0 0
. o (86 - g & o)
= 643 _ +643\2 6¢3 3_ 6£32\p2
% _% _ ((5555"‘1)5% £ &0 (585? _ 55658)5%
((e8e3-1)ed—e8ed?)e? _e? 3
* B & &
o _Elg-gaare)e E €6
&3 5 6
where J3 = (€8%¢8" + 7+ 63°¢8” — (26863 + 1€}/ ¢}
T3 = (6565 — SFEREIET + 6765 + 6N /&5
JE = (((€8%€3° — 365e8e363® — €8e3ed 1 368263763 1+ €863° + €3°)€8 — (€873 + €868 + £3)€3)e2) /€37,
J3 = (—(&1€3 + €3€3 + €2e3eie] — €8e3eier)) /€8
JZ = (—((£863 — 268¢3)€063 4 £6%¢3%¢3 — 8637 + £8%)) /€37,
J9 = (— (6337 + €3°65 + £06363 + (6063 + £12)€0€3” + (€863 — 268€2)E2E3 — (6163€2 + £0)€2)el)) /€8s
JS = (686363 + 686367 — €8¢3¢3 + 61€3¢7 + 63)/(83¢3);
J§ = (687€3” — 260706363 — €8%€3 + €868%63” + €868 — €3) /€3
and the parameters are subject to the condition
& ==1; & #0. (91)
Now the automorphism group of M 14, is comprised of the matrices
bl biu 0 0 0 0
b? —blu 0 0 0 0
. 0 0 b3 0 0 0
= bl b bl b3b! b3b2u 0
—(b4 —2k)u blu—blk b} b3b? —b3blu 0
be bs bS 03b3 +bAb —(b30F — bibD)u (637 + b1%)b3

where det® = (b%2 + b%2)3b§4 # 0 and v = £1, k € R. Taking suitable values for the b;’s,
equivalence by ® leads to the case where &§ = &5 = €3 = ¢} = & = £§ = 0. Then equivalence by

1 0 0 0 0 0
0 £2 0 0O 0 0
o 0 0 1 0O 0 0
T (=€9)/2 0 &8¢ 1 0 0
0 (-1)/2 0 0 & 0

(65)/2 0 0 -&g& o 1/&l

leads to the case where moreover £§ = 0,£2 =1, 522 =1:

0 -1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 &
3\ _ 6
(&) = 0 0 0 0 -1 0 (92)
0 0 0 1 0 0
0 0 (=1)/& 0o 0 0
where €3 = 4-1. The 2 matrices corresponding to 5 = £1 are not equivalent.
Commutation relations of m : [Z1, T3] = Z4; [T1, T6] = —T5E5; [T2, T3] = Tp; [T2, Te) = T4E.

11.2 Conclusions.

From (@), X ps14, is a submanifold of dimension 8 in R36. There are only 2 orbits, and any complex
structure on M 14, is equivalent to one of the two non equivalent structures in (@2).



11.3

11.3.1
0 0 0
X - 2 Y .2 Y
! o1 ¢ Oy> Y oy
o L, 0 40

11.3.2 Holomorphic functions for J.

Let G denote the group Gy endowed with the left invariant structure of complex manifold defined

by J(&8) in @), where &2 = £1. Then Hc(G) = {f € C>®(Gy) ; XJ_ f=0Vj=1,3,5}. One has

lnd 8 2 3 2 a . 3 i

Xf = 2ﬁ—$ 8—y2 1 @—ZU} 6y3
- 0
ow?
- 0
o 3
where
wl — I1+iy1
w? = 2?—i&y?
wd = x3—iy2.

Then f € C*®(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation
9 91 of 3 3 Of

owl 5 ouw? =0

The 3 functions

ol = w!

3

o = w4 §6w3w1

o =
are holomorphic. Let F : G — C3 defined by

F=(ph¢%¢7). (93)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart [@3). Let a,z € G :

y' @) exp (2°ws) exp (y*wa) exp (¢°5) exp (y°z6)
bras) exp (a’x3) exp (b%x4) exp (a®z5) exp (b3x).

r = exp(z'zy)exp(
— exp(aer)exp(

1,2 .3 1,2 .3 _
With obv1ous notations, a = [w wa,wal, x = [w,, wi,wi], ax = [w

r=[pL, 2, 03], ax = [cpam, 2., cpam] Computations yield :

1 2 3 — 1 2 3
az?waz7waz]a a = [<Paa @aa @a]a

wh = ultul
2 2 2 21, L 5 g2 31, 1 o 12
w2, = wl+w?—i&(—b*x +§ax —a’y +§ay )
wd, = wd+wd—adyt +iddet
We then get
Yar = Paten
Par = Patestx(a,7)

o3+ 02 + x*(a, )

)
g
g

|



where

s — — - —— € —
o (2i€30L(7 + ¥2) + 46807 — (D)3 — i phwleh ) + 2 vhels

Bl s 0o =

s (~363(0Let + whiol) + 202+ 00))

12 Lie Algebra M18,(y = +1).

Commutation relations for M 18, :
[£C1,£C2] = I3; [$1,£C3] = T4; [561,564] = Tg; [£C275€3] = Ts; [£C2=£U5] = YZ¢-
M18_1 has no complex structure.
12.1 Case M18;.
J = same matrix as ([@0) (94)

and the parameters are subject to the condition
same condition as (&II) (95)

This comes as no surprise, since the commutations relations of M18, are simply those of M14,
plus [x1,22] = x3, and any J € Xps, has § =& =0for 3< k<6 and & =& = 0.
Now the automorphism group of M18; is comprised of the matrices

bl b2 0 0 0 0
»2 —bly U 0 0 0
o b b3 —(02" + b1 u , 0 , 2o , 0
b b b3b! — b3b2u —0 bl — (b2 + b1%)2 0
B b3 b3b2 + b3blu —( 002 (b2 4 b7l 0
b5 B8 bAbE — b2+ bSblu 4+ b302 (B2 4+ b)BE (b2 4+ 13 — (627 4 b1%)2u

where det ® = (b2° + b1%*)7 # 0 and u = +1. Taking suitable values for the bl’s, equivalence by @
leads to the case where & = 0,£5 = 0,63 = 0,£1 = 0,£ = 0,£8 = 0,£8 = 0. Then equivalence by
® = diag(1,62, €7 /1631, £2/1631,1/1631, £2/1€312) leads to the case where moreover £2 = 1,63* =1

0 —1 0 0 0 0
1 0 0 0 0 0
0 0 0 0o 0 &
3y _ 6
J(&) = 0 0 0 0 -1 0 (96)
0 0 0 1 0 0
0 0 (=1)/&g o 0 0
where €3 = 41. The 2 matrices corresponding to 5 = £1 are not equivalent.
Commutation relations of m : [T, Z3] = Z4; [T1,T6] = —T5£3; [T, T3] = Ts; [T2, Te] = Ta&.

12.2 Conclusions.

From (@), Xps, is a submanifold of dimension 8 in R35. There are only 2 orbits, and any
J € X8, is equivalent to one of the two non equivalent structures in (GH]).

12.3
12.3.1
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12.3.2 Holomorphic functions for J.

Let G denote the group Go endowed with the left invariant structure of complex manifold defined
by J(£3) in (H), where & = +1. Then Hc(G) = {f € C>(Go) ; X; f=0Vj =1,3,5}. One has

~ 0 0 0 1 42 0 1 0
X- = oY% 19 _ 29 112 .92\ ¢ o
E Ol L 8y2+<2y ) 93 v’ +6y e oy
~ 0
X; = jg—
Ow?
~ 0
ow?
where
w! = :1:1—|—z'y1
W= ot iy
w? = 2 — iy’

Then f € C®(Gy) is in Hc(G) if and only if it is holomorphic with respect to w? and w® and
satisfies the equation

of L €8 af 2 Of
9 24 _ 26 — 4+ — —— =0.
aw1+<y+6 ~a') g3 s
The 3 functions
ol = w!
o = w+ L 66 w3wt 4 E (w' —wh? (i — & (w* —wh)? ) + & (wh)? (6w12 — sw'w! + 3(w?)
8 48 384
1 2 —
3 3 1 1< 11 1\2
7 —w—|—48w(3w 3w w' + ( ))

are holomorphic. Let F': G — C? defined by

F = (¢ 9% ¢%). (97)

F is a biholomorphic bijection, hence a global chart on G. We determine now how the multiplication
of G looks like in the chart [@7). Let a,x € G :

T = exp (a: x1)exp (ylxg) (3:2:173) exp (y2:174) exp (1733:5) exp (y3:176)
= exp(a'zy) exp (b ao) exp (a’x3) exp (b2x4) exp (a®z5) exp (b3x).
With obvious notations, a = [w!, w2, w3], x = [wl, w2, w3], az = [wl,, w2, w3,], a=[pl, 2, ©3],

x = oy, 02, 08), ax = [ph,, Par, vay). Computations yield :

wl, = wheul
w?w = w, +w2
1,1 -¢3( 3.1 21 L ooq2 1oz 1oy 48 1og2 34 1 42 9 1.1
b +ig e’y +br ——ar T+ b +=-ba +-bry —-y (a®—bx)
2 6 6 2 2
1 1
wd, = wtwd+ 51)12:171 —y'a® —blzt) —i <§ bprat? — anl) .
We then get
Yo = PatPa
Vow = Patztx(a,2)

e = ©s+es+x(a, )

')

)



3 3 3
2 _ & 13(1_1) &6 12(4 T2 12) lD 1, &6 s
X ((1,,$) 32 (@x) Pa = Pa) T 64 (<Pm) (<Pa) 3(@(1) + 512 2Py + 2 PzrPas
1 — 1
3 1y2 1 1
) = — 4pT 3 ) Dyl
X (a :E) 16 (pr) ( Pa Yo ) + 256 3P

where
Dy = 1665 (—(1)* + 8iiphe? + 20k (h)? + 8ipke? + 1607 — (¢h)*)
+i (1) - 4(PD) ek + 8(21)*(wh)? — 4(PD)*(2h)*

~64(01)%} — 64l + h(eh)! - 256(0F - 01))

D = i€} ((ph)* — 4(28)*0s + 8(ph)2(h)? — 40k(0h)* — 64ipLol — 6450k + (0h)")
—32(p3)” — 16(,)" + 6450, + 1282 + ¢5).

13 Lie Algebra M5.

Commutation relations for M5 : [z1, 23] = x5; [21,24] = m6; [x2, 23] = —x6; [T2,24] = x5. This is
the realification of the 3-dimensional complex Heisenberg Lie algebra n [Z7, Z3] = Z35 we get by
lettlng T = Z1,$2 = —iZl,Ig = ZQ,$4 = iZ2,$5 = Z3,$6 = ZZg

13.1 Case £2° 4+ €22 £0.

e« 0 0
el 0 0
e P T (%8)
* * * * _52;—1—1
-

where 7} = (~(((68¢3 — 8¢} —€2e2)eh + (€3 —26})eBed)el — (€37 +1)(6F +£d)ed — (€47 +65)e3 —3edel —Fehe)ed)) /(e5¢eh -
€3¢0€d);

I3 = (—(((68€3 — €8¢} —eBed —eBeh)ed + (63 —eh)eBed)el — (82 + 1) (e +6)€3 + (€3¢l —e2eh)ed + (3¢l —e3ehredred)) /(63 ¢eh -
e3eedy;

TP = (—((€36d — ehel — 3eD)e? + (612 + DEDES + (8% +1)(eF + €) — (63 — eD)eledred)) /(€3¢d — e2ed)ely;

I3 = (—((((e8%€3” — 268% e3¢l + €8%e}® — 268 efe3el + 268eb e3¢l — 260¢8e3ed +2e8efelel + efeFedel — efededel — 268e3edel +
682637 +2¢8%¢ 26 — 2632637 4 2e8%e2el + €8%6h? — eBePel 4 ¢Betedel —2e8e3 %) +2¢B el el +€Beh el + €37 4 2¢2e} — 2637 +
2e36% + 617 + (e3¢d +2ekel)eled)ed + (€3 — eh)elel — 2687 el — 2el)(62 — d)ed — (263%¢} — 263e2ed + e2eded)elel + (26276} -
263%63¢d —263%eled +3e3ededel — 26287 eh)ed)el — (637¢h — €363l — e3edel v2edPel —2e3eded +eFedel) (€ +ehed + (€87 +
D2(e3+€0)2e3 + (e3¢ — el —elehred +e3el?) (€2 —e])el® + (((€3e1? — &3 —e2elel — (1P +1)ed)ed — (2elel +elel® —eDed +
(€3¢hel 4262l +ed2elyed)ed + (6326l —2e3e3elel + e2%el? 1 edededel +el?)ed — (eh? +edD)e2%e))el?)) /((3¢e) — e3¢1)%e8);
I3 = (—((€2% + 1)(€F + £}) — (€3 — eD)eBe)ed — (e3%el — 3e2eld + 3ehel — e2ede)ed))/((€3¢€h — 3eh)ed);

I3 = (— (€87 + 1)(€F +£}) — (€3 — eh)efed)ed — (63e3¢ed — e3e3ed — 3edel + 3617)ed))/((€3¢€h — 3eh)ed);

TP = —((63eh + e3eh)ed — (612 + )6} — Fedel + (6] + €h)ele? — (63 — eheled)/(€3¢h — e3ed)s

T3 = (—((((€3 —ed)e8 — 263y (62 — eh)eded + (€873 — 268%¢3¢) +¢8%el® — 2e8eBe3e? + 260¢3e3¢) — 26063636l 1 2e8e2elel +
€8%63% 1 2e8%e3el — 2632637 + 268%e2¢e) + €826} — 2e8e3%e]  2eB¢3e3¢e] — 2e8e3elel + eBe2edel —2e8e2elel +3eBeelel)ed -
(63%€7 — e3e3el + 263 kel —26363™)eBel)el + (€87 + (B33 +eBedel —Fedel + efed —Fedel + el (G + b + (2eded -
efeb)ed +(e3e] —eled) (e +eD) (e —eed” — ((eFeked —eTelel +ei el +2eh *ehied — (6] + (e} ~DEZed)es — (€l +eied ey~
(€5%e1® - 2efeteiel + 63761’ - - Gefedel + Bedel” + Bed + 707 - dededel + 7)eDed))/(€hed - geb)ed)

T3 = —(3€7eh — e3eael +6768” — efedel + (e + ed)edel — (¢F - ehreded)/(eieh — e3eh

Ti = (€561 — €7e1)€] + (6567 — €763)80 — (67 + €3)€8¢€7 + (&5 — €1)€3¢ed) /(633 — €5€0);

TP = (€5 - €De} — 8ed)(eles — €3eh) — (¢ — eDefeded + (e3¢) — edel — ened + (&1 + DeDEDE] + (€feq +&den)ed -
(€17 + 1&g — elefeede] — (¢8e3 — efe) — eBel — eBe)eded — (87 + 1)(e] + eh)ed)ed)/ ((eles — 3eDed™):



J5 = (63 — €3)68 — 2¢5ed) (63 — €1)eBeed +€8°63¢3° — 26863 e3¢ +€5°63¢h® — 265603763 + 268 6863%¢] — 268%¢f e e3¢l +
268%eSefeles +e8e8% 3 +2e8eB e e} —2¢8 8 33 +2ef e e el +efeB R e 26836 e +2ef B e —2ef B e el el +
efeteieietes —2efefeieiele] +3cfed il + e8P 2l il + 6803 el” — 27 i el + 2l efelel 28l ekl +
62%e3e268” + 6363763 + 2e32e2ed + eDeel® + (eZedel — Beded + e2ed?)eR%el — (6372 — e3e%¢] + 263eked — 2636l ?)efeled -
(3636l —e2e2el + e3elel — 3ed)(e2 +ed))efel + (687 + 1)2(eF + €1)2e8e2 + (2(e3et — 3eh)e? + (e3ed — e2ed) (€3 +ebn(ed -
€)68%ed — (683 + €Sed)(e3ed — Beh) — (5637 + Beqed — 26063” + 268 e3ef — €3¢l + Fede] + eFedel — 263%¢] +263¢%¢] -
€2elel)eS) (€8 +1)(e3 +€3)€8 + (6562 +€8¢d)(e2ed —€3ed) + (3 —e})eed e + (3¢l — €26l —eleh)ed +e2el?)ef) (e —e)el® -
(((e3elel — e2eled + 61l +2e%eh)e? — (e + 1)(e} — 1)eded)ed — (61 + €37)e2%ed — (63761 — 263e3elel + 6217 — 637 -
e2elelel v eBelel® 1 edel 1 e27%¢ed” —edeleled v ed?)eD)e%ed — (((2e0¢3e3 — 2eDe3 el + 26D e3¢l — 2eleled — e3edel 1 e3edel +
2e3edet — (e2ed +2elel)ed)ed — (63 —eD)2efed — (263%el — 2637636l — 2637 eled + 363 edekel — 2636l ed))elel — (¢3¢} —e3e2el +
6376l — 3e2ed — (637 - 3% + 2e3eD)eD)el + (3edet + Beded — e3ed® - 36l — (e3ed — eded + 2ee)ed)el)(e3ed — e3ed) -
(€361 — €% — e2elel — (€% + 1)ed)ed — (e2edet +edel? — eD)ed + (e2eled +2¢}%el + el%eb)ed)ed + (€2%el? — 263edelel +
€2%el” + e2elelel +e1)ed — (6] + e12)e2%e])eS)el?) /((e3¢ed — €361)2e8®);
I3 = (—(((e8€3 —e8el —eBed —eBel)elel — (682 +1)(e3 +€3)6D)63 — (e3ede) —eBelel + el —eFe3el)elel + ((e5ed +efel)(e2el -
e2el) — (e3ed — e2%)e8el + (e3%el — e2e3el + 2eked — 3edeh)ed)el)) ((€3eh — 2eh)el?);
I3 = (—((e8€362 — 6826l — €863 —2efetel + eBeBel)eled — (€87 +1)(eF + €1)e8ed + (e3¢} — 3eh)e? + (3ed — e2edyeh)elel +
((63e3¢] — 363ed — Fekel + 364 + (63 — eheled)ed + (€563 + €56l (63ed — €3ehed)/((€3eh — e36D)el™);
and the parameters are subject to the condition
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(€2 + &) (E3eh - 2¢h) # 0. (99)

13.2 Case &2 #0.
13.2.1 Case £2¢3 #0.

SIS
where s} = ((e§eieded - e8e3ed” + 2683 e3ed + Beded® — 36’} + e2eReded + e8e3%ehed — (eded - Fehefedad — (€F +
€)€8ed + (it — eD)eDeRened — (€3¢ + eleDe] — €187 + (6 + &) + (efeled el + 46375 — fei’ el — 268 efe3 s +
a3l + (€16l + & + eheded + (76 - 7Bl - S’ - ded - B + ehehed)/((eSedel + eeied +
36363068 + (€37 + 1)(65 + €2)€3 + (¢363 + 367 + 3eD)eled)e] — (e3eiel — 336 — €D)ed — (633 — 3eheded)ed)s

Jp = - g” - e - P adda + §da’d - P daad - Paadd - gaad’ag + gadaa’ +
eedefeded” + e0ededel” el — efedeleiedal + 9edeied’d — fe e’} + fedede’e — 2cfededeiede + efeRe7 e}
ssefeiaied’ -~ e’ daa + e’ + G’ g 2gddaad - Qaaa g - gaa’ - gaaaad - Qaa g+
€863%63%e} + e8¢’ 3 + 8363”3} + fedeiedel” — efedeied — il — 2P del - BPedeReied + %P +
265%6363%62 + 657637627 —e3e3eded — 3636363 + 637637 + 26362762 + £27637) /(68763637 + €87 6372 + 6803262 + €8eBedeF +
686263262 1 €8eBelesed +e8edeqe2ed —e8e3e2%e? —e8e3e7% el 1 e8e3e3e2¢2 +¢863% +¢58%¢3 6362 + £3%e3e2e2 €336l v e3eded);
Jh = (€83 R +elee? —eBehed)el — (e37 +1)(e3+3)e% — (632 — ¢33 —e3eR)eed) e R + (€37 +63P)ed + (e3¢2 +eded)ed)eded -
(63763 + €3%63° + 3e3636? + 36376 + 37)6D)eD) /(((e8e3ed + €8e36d + e8eied)el + (87 + (&3 + e + (33 + 3eF +
eeeded)el — (36763 — e3e3el — €D)e] — (e3¢5 — e3eD)ededeld)s

T} = (((€8e3ed +e8e3e? — eBedeD)el — (687 + 1)(e3 +62)ed — (6362 — €363 —e§eD)efed)e? + (6363 — €36 (3% + 2D + (363 +
€2e2)e3e2)ed — (36 1ededed —e2)e37)el) /(86363 + 68636 +e2e3e2)el + (3% +1)(e3 +€2)e2 + (363 +€3e2 +e3eD)eled)e? -
((e3e3¢3 — e3e3¢7 — e)ed — (€33 — e3eD)eded)ed)s

I} = (86363 + €8e2¢2 + e3e3e2)el + (637 + 1)(€3 + €2)€3 + (€263 + €362 + e3eD)eled — (e3e262 — 332 — &2 - (32 +
e362)6D)69)/((63° + €3D)€d);

I3 = (—((e8e3e3 + e8e36} — eBedeDel — (27 + 1)(e] + €3)6F — (&3¢} — €3¢3 — 3e})elel — (eeFe} + €363e — 3 + (3ed -
e3e)eD)eD/(63° + €3%)ed)s

T = ((€8%e3% 63 +268%ef e e +¢8%e3 % e +2¢8% e8¢ R 3 +2¢8%eBed e 3 128 B ed e eF + e8P B edefed et +¢8e%e e +
4606363636363 + 468637 e3e3 6363 + 26063763637 e? + 2e8e3e3% 3 e3¢l + 26063637 ¢3%e3 + e0e8efeded e + e0eBededeRe? +
2e3%63e363% +263%6363% 63 + 2687 ef e3¢ 6363 + 2657363637 3 1 2687 ede 2636263 + 26876363763 1 26863 e3e2” 1 26l e e e)ed -
(63%63% — 363763636} — 26363%¢3° — 363%63° — 26363% — 363°e3eeleled + 2(68% + 1)(e3¢3 + €363 + BeD)(ed + 3)efed” -
(636276362 12636363762 —€363°%62 +63%62% — €3%626262 + 63637637 — 262627 —€2%e2e2) (€] +€2)65% + (26563723 + 263366l -
6362762 2636326263 1636362762 1636362 1 £37e262% 1 26372 1 36276267 1 €262 (€F 4 eD)E8P)ed + (622 + 12 (3 + £3)%e2% +

* * * * 0 0
7 2 o
S * * 0 0
B * * * * 0 0
* * * * _5;’,’2;1
: -



2633 +6363 +636)68% 333 + (6363 +263 €3 +436D) 363 +63° 637 14633636 +637¢3 )68 6823 — (6§37 33 +aed e33R -
6362562 + 63627 — ¢3%e2e3ed + 6362763 — 26262 — ¢2%eZed — 2(e3€d + £262)63637) (€3 + €3)68 — ((e3€2%¢? + 26337362 -
€3e3e2%e} + 263%6262” — 263763 — 263%63%)ed — (63°637¢2 — 3°63% + 263%62e2e3? + 263%63ed + €3637637%¢2 — 363762 +
26363763 +263%6362%))e8%63 + ((e36276363 + 36363637 — e3¢36363” — €362%63e? — €3%63%e} — €37¢3° — €376} — 2636kl -
62263762 —£3%62% 13626 D)e3ed + £2%6263 + 6276367 + 63763 43636276363 + 63%627 + (6363763627 1 263626376263 + £362%e37 -
6363%63° — 363637 e3 636} — 2636363763 + 36363637 + 26363637 + 363°3eDed + (3363 +46) e + (P +FeD)d + (37 +
€22)63%e2)6362)68%) /(363 — 262)e3 — €263 — (€3¢3 —e2eD)eded)el — (687 e3ed + 82626 +e8elefed +e8eleded +e8ede2e3 +
€8eBe2e? + 376362 + 22626l + €362 + 3D + 637)El);
I3 = (—(€8%¢37 363”1+ 268%¢363e3% e 1+ €8%63e3% 627 — £8%e3e0%e3% e + €8%eDed%e3® + 2687 el e ed et ed” — 268263 ede3% 3t +
268%e3edeie” el + 2600 ed 3% ed — e8eB e} 3e3” — 26868 efef el ] +2¢BeB % efeded’ — 288} ed — 2eB e R eRe’ e} +
26865%63¢3%¢3 — ¢0e8e” 37636} — 268e863%6363% e} + 886330} + e8eBedeled e} + Seleied 3 ed e} + e8eBetet 36} -
268636363%6262% — e0eBefese2e?? — 268686362763 + €8¢836262% 6362 + £8e36362%62% — 268%efefe3ed? — 268°%¢36263%¢3 —
e2%e3ede’e2e? — 260%e3e3e2e2%ed + 5%e3e3e3%e? — 0%e3eR%e2ede? — 2687636363762 + 8%e3e3%e2e? — 26036362627 -
268e56363%63 — (682 +1)(e363% — €862 +£3%e3 + 2636362 —e2%e2) (6] +€2)eBe3 + (6363%e3 + 686326l — 3363”2 — 3e3Ped +
63°6363 — 6376363 — 2623 + 636376363 - 303N (e + eD)el® — (3€37 3¢ — 263636376} — €3e3P 3 12636373 r2ed 3 e 3 +
63°63% +63° + 637636362 + £363%63° - 337 + €363 (€] + e)e8N)el — (87 + )2 +€3)265637 — (63763 — 263633 — 3763 -
2636363)e5% 833+ (36363 —263 76 1263 363 +2637eD) ] — (263763 e7 —36363° + 636363 7 —263763¢9))e8 6823 — (26337 33 +
2636363762 +62%63% — €3%62% + 63 + 2637626262 + 36362762 + 6363%63% — 63627 + 263%62eD)ed +62°63° - 32262 + 303 +
26376363767 + 2636363 + €363 63° — €337 e363” — €633 + 263637 eDel el + (¢363°% ¢} + €3€3% 33 — 5 efed% e — e3ePed +
£2%63e2 —€3%6363” — 263763 + £363% e3¢ — 63%637 — (627 + 2626263 - £37eD)EdeR) (3 +3)e8 — (63763 +e263e3% + €363 e3e2 +
3¢26362 — £3%eD)ed + (637 + €27 - 1)e2%ed + 36373636} + £363637 637 — 363637627 — 3630626} — 63630636 — 363763627 +
23637632 + 36373 + 3636363736 +6363° 637 - €363%)6] — (6363761 +263 3636363 + 63637637 + 63763 + 373617 + €373 -
1656367 + 637637 + e3%6361” - €37eD)ed — (637637 + €37 + 265 €3 e3ed + 373D /(€] e3 — e3eD)ed — €Ded — (€3e3 -
eh)eded)ed — (8% eded +e8 et +eSedei el +efeledel refeleiel el e e e +ed e d el reded refed)e (€1 +e3 el
T3 = —(((e8€3€3 +e8e3e3 + e8eBed + eDeded — eBeded +eDe3e)eled + (68 + 1)(e3€3 — €367 + 363 (3 + €3) + (e3ed + €367 +
€362)e8%62 + ((e362 + 26262 + 2626363 + 63637 — 63637 +2e363eD)e8eD)ed — (636363 + 36363 + 363 + 3e2” —eD)ed + 3¢ -
£3e2)e3 — (€367 + 3e2)ed + (637 + €39)62)6363)€D) /(((€8€3 €] + €8e3e3 + €8e3e2)el + (8% + 1)(&3 + €D)6d + (36 + 32 +
eieDeded)el — (36763 — e3e3el — €)e] — (e3¢5 — e3eD)ededeld)s
T = —(((€8e3 €363 + 863762 + 268636363 +€36362% +€8e36362)ed + (e362 + €26D)e8eded — (6372 —263626% — €2762)eBed)el -
(€363 — €3e2)63 — 363°) (e + 1)(€3 +€3) + (6363” — 6563% + 263636} + (363 + 3eD)eD)efeled + (27 +1+€37)e3ed + (¢33 -
e3e2) (6363 + €363))ed + (6363 + €363 — (3% + €20)e3eDeDed) /((e8eded + e8eded + eleded)el + (687 + 1)(ed + €D + (€33 +
€367 +e3eD)e8el)el — (656363 — e3e3¢7 — €2)3 — (6363 — 3eD)e3ed)ed)s
TP o= (—((((€8%63%€2” + 268563637 e + 0%e2%e2” + 26876037 e26R + 2687 ¢33 6363 + 260 eBed %R + 4e8%efedeTede? +
€8e8%63%62” + 4e8eB%ele3eq el + 4e8eR%e3edede? + 2686576363762 + 26e86Be3 %626} + 2686863762763 + 8eBededeR’e? +
€8eBededed el +2¢85¢Ted 3 +268%c 3% ed + 2682 ed e T e e +2e82 ¢ ed 3 %63 + 2¢3 2T e 3 e3ed + 2682 ¢T3 % e y 2eB B e +
263636276263 — (63%637 — 3637 e3e3ed —2e36e2%63” — £363%637 263637 — 3e3%e3eD)e8eRed 1 2(e37 1 1) (e + e3¢ + ety +
63)e8e3” — (636276263 + 2636262763 — 3e3%e2 + £2%637 — €3763e3e? + £262%637 — 263637 — €263y (ed + €3)e8%)ed — (e +
69)268%683° + (263e3%e3e? + 26863e3%e3 — €363°6} — 2636376363 + 3636376} + 6376363 + 637637 v 263%¢F + 3e37e3e +
€2%e3?) (63 +62)e8%eS)el + (562 — €562 (2% +1)2 (63 +63)2e2 +2(e3 €3 +€367 +e3eD)e8%eS el T2 2 + ((¢3e3 +2e3 3 +aeded)ed e+
63762 1463636362 +63762%)68%e8e8% 2 — (3637 e2¢2 1263 e3e2 e —e3e2% e +63%62% 376363 e2 163637627 — 263627 —2%e2ed -
26363 +e2e2)e3ed?)(ed +62)6068 — ((e3e3% e +2eded el — 36363762 + 263763637 — 263763 —263%63 )6} - (63°63% 63 - e2%e2% +
263%¢36363% + 26376363 + 636363767 — £3¢3%63% 1 26363763 + 263°¢3¢27))68% 686l + (626363 — 6363 + 36363 + €37 eD)el
€5€363eD(63° +63°) — (2e8eded el +2¢3e363° + 28637 S + 268 efef e + efed e +2ef 3l — 137} — 263677 S +2ed R 3t +
263%)e363) (637 + (] + 63)€8 + (6363736} + €3¢36363” — e636363° — 363%e3e} — 37637 — €373 — 373 — 263633 -
g’ -l raP g+ PG + G+ PG 43T G + 0 @7 EG e g ga + 40 -
361761 —sedei” 336t — 2636363737 + 3663 %ed” 126363637 + 3637 eD)ed + (616361 +46D)e3 + (77 + 2)eieDIed + (37 +
1963 ehed el ed — (((eied — €36} + 36} — eBeD)ed + Seeh)(eF” + €37) + (2edefel el + 263 e3el” 1 2e3 R e} vy 2ef i3} +
efed’e} +2edeiedel — efed’ed — 26363 + 263 i3 e} + 261 )ed) (e} + ehed’ed — (((€Bedeie” v agd e’ v dei 3} +
2636363%¢3 — 163’ + 363} + 33 3%eR + 202683 + BeD)eB el + €273} + 2676363 + 3737 + 267 + 16373 R -
3761716l —2(e8eiel - 3e3eR — e (eRed + R + 3eD)ed + (686 + 26368 +agied)eded + €57 63” v agiedesel + 37 NeBeDeR +
(€363%e3e3e} + €3e363%¢3” — e3e3e3%e3” - 363° 3¢} — 3633} — 263637 e368” + 563%e3e?” + 263637} + 36333 3ed
3e3°6 7+ (€7 +aeid el — 7eDeDed + (361737 —2edei 336 + 636377 — 263 S +agi R eD)ed + (F 233 eD)ehedel -
(e3¢5 + €3¢t + eeDede] + (eZeied — 633’ + 61 e} —268"e)ed + (Bed + BeDed + 4 el” + ] — FedehieDed — (ededegel +
1373 —efe’} —2edeied S + e’ + (AP + S+ BB eDeD S + (e3eie3 —ededel —FeP’ — - BB +e3ehedned -
(e3€3 + €367 + &36] + eleeded — (€38 - 36D)ed — eDed — (6163 — 3eD)efed)eded) (1™ + €37)e8 )/ (((((e3e3 — e3eD)ed -
€] — (363 — 3eDreiedred — (e8%¢3ed + €8%e3ed + eSeBedel + efeBeded + Sl il + efeBede + BPeded + 2233 + 33 +
e3)eD (17 + 7)€%
I3 = ((€8%63%63 637 + 268% €333 e} + e8°e3e3°e3” — €8 e8ed® 633 + €0 e8ed” 3 + 2687 ef e} 33 3” — 2607 eRefe} 3t +

268%686362¢2%¢3 4 2682636363562 — 86326326362 — 268537 ¢3e3e2%¢2 4 2e8¢5%¢3e362° — 268326363263 ¢3 — 2686823363 +



2e863%e1e37es — efedel’e’ el — 2683e 1’3 + $Bed”eB7t + S eied e’} + fBefleqad’ e} + feBefe’Bed -
2e§¢3e3e3%e5¢3? — efeBeied®e3ed® — 268e8ei i ] + feBei i3 Bt + e8eBei e’ e® — 2¢8%eefeRe® — 2e8%e5eR 3% ]

€2%e3e3e3% 26} — 260%chedeeded + 0%l e3e3ed — e27e3e3% el — 2637636362763 1 0763 3ed — 2eBedele3ed® —

263636363763 — (607 +1)(e3637 — £3637 + 63763 + 263632 — £3e2) (e} +€2)eP el + (e3¢2% 67 + 63637 €36l — 33637 — £3e3%e3 +
62%6362 — 62762637 — 262762 + 63636363 - e3°637) (3 + €D)el%)ed — (63 +63)2e8%e8e2% 62 — (656376362 — 2656263763 — 3622 +
26363%e363 + 2636363762 + €3°687 + 637 + 3736363 + 368°63° — €363 + €3°3eD) (6] + €2)e8%eD)ef — (¢§e3 — 8Dl +
12(e3 +e2)2e3e2 — (63%¢2 — 265e2¢3 — €272 — 2636362)68%eGe8 6362 + ((e3e3ed — 263762 + 2626363 +262%62)e3 — (2637 ¢2€d -
6362637 + e36363% — 263%63¢2))¢8%65e3%¢2 — ((263¢3263¢2 + 2636363263 + €237 — 37637 + ¢2° 1 263763 ¢367 + 3e3e3%e3% +
6363%63% — 63637 +263%63eD)e3 + €3°%63° — €337 + 63%63 + 263763637 ¢ + 263736} 1+ 65637 63°% — 363763637 — 36373 +

263°63% D%l + (36’ + Gei’de - e’ - Sd + G - GG’ 2 + A - 87 -
(€371 + 2656365 — €376D)eled) (] +€2)68¢0 — (€5 — €D)e8¢8” + (¢f €3 — efed — eheD)ePed) (e + €37) — (€Beted” — eBefedes” -
2636363763 +e8e3%e? —2e0e3% 33 —eBe3e3 e +e3e3% 3 — 36376t — €333 3+ €363’ el +e§e3Ped +2ed R 3 e —e3e3e3 e -
26376)e8) (6] +€D)ed” — (63767 +¢3e3e3” +eieiesel” +3ei a3l — 3% eD)e +(637 + 617 — D3 B +efei’ el el e +edeiedes” -
gega’d” - aa’ad - ga’dd - aa’qa’ g ad r g rsgdda’dad + 47 - - (et +
26362626362 + 63637627 + 63763% + 63763627 + 62762 — 463636 + £3763° + 62762637 — 63%e2)ed — (37637 + 627 + 263636362 +
326370 %ed — (&3 + 3167 —€Re)ed + (6 - )€8e3) (637 + 637 - (2eelef el + 2e3ed” — e2e3e3” + €263 +2e3 3] -
€363%63 + 2633633 — 26363%¢} - 3633 + 268 i3} + €363%¢3 + 37 — 3MED (& + (&S + €9)e8ed + ((eBeded? R +
26365€3° - 26365563° + 26060755 - 260647 + G GE + S0 + 267G + 484 - FPDHBG + PG+ 20+
63763636} — €363763” — 26363°¢2” — 3637 + 20626} — ((eBeded — 263762 + 263 e2ed + 263766} — (2637¢3e} — €363637 +
26362 —262%6263))e062 + (63637 ¢ +2efedeBel — e3e2%ed +2626363% + 26263637 — 26562)63 + 63763 —262¢636% — 37 eD)eDed +
(e363%6263” — 26326276263 +6363%67 — 6363%63% + 6362° + 36363763636 + 6363637637 — 2636363762 — 362627 — £3ePP3 e +
(263e3 —eFeD) (el +eD)(ed —€3ed — (e3e3°Bed + e3¢5 ed” — efede3ed® — e3¢ 3t — 263 eF — 2¢ efed + 2657 e e} — (65 7¢eded -
€362 —€2%e2e2))eD)eS + (65636363 — 362762 —e362%e2 voedede2ed +e3e2% 2 + 637 v e2e3eded + 6226376l — (e3e3ed + 63632 -
€2)(e +e2)ed + (363 — €363 + 6262 — €362)(e363 — €363 — €3e2)eD)ef — (eBedede? +e2e3ed? +€2e3%e3 +€0e3e362 + edededed -
6363763 — 36363 + €363 362 + €37) (68 — €337 + €370)e8%) /(€363 — €363)e8 — €3)e3 — (363 — e3eD)ede)ed — (83 et +
6826362 + e8eBe3e? + e8ele3ed + e8eBe%ed + e8efe3e? + 68736 + £5%¢2ed + e3ed + €262)eD) (627 + £3%)e8%);

T3 = (—(((&365 + €387 + e3eDreded + (8e3ed + e8efel + e8eget + e8elef — eBefel + 2e3ed)ed + ((636f + 26763 +263¢D)ed +
63637 — 362% +263e3eD)e)efed — (€8 +€0ed)ed — (6 — €S (€ +eD)eled — (33ed + 3633 + €337 + 337 — el +
€367 — 363)€3 — (6363 + 36D)6d + (637 + e37)eD)e3e2)e)el — (€563 — €967 — (68 — 2)eD)ed — (6362 — e3¢} + e3eD)efH(ed” +
(€3 +€3)e3 — (((€2° + 63768 + (63¢3 + e3e3)e)eded — (637637 + 63%62” 1 efedede? 16363 e3 163763 — (636} —e2ed —eded +
6362)e3e2eD)e8 + (3e3 +£3e3 + €363 +eded)eled — (3e3e3 —e3e3e? —€D)e — (6563 —e3eD)eded))eSed — (e8e3e3ed +eded e +
6262762 + e2e3e2ed + 363636 — 3e27e? — 363763 1+ 3636262 + 37)(€2 — £)e$)el)) /((((€3€362 — e3e2ed — €2)e2 — (e3¢3
e3e2)e363)68 — (e8%eqed +68%¢3ed + e8eleled + eQeBeded + e8eleed + efeleded + e8%e3 e} + e8%e3ed + 33 + e36D)eD)el)s
TP = (—((((€8€3€3® + e8e3%e? + e2ededed + 63%62% + e36362363 — (6262 — 3e2e)eie)el + (6362 + €363 + €3e0) (e + eD)efed +
(6363 +6263 +6362)68%62 + (63637 — £362% + €3 + 263632 + 26363 eD)eBeD)ef — (6562 + €93 + e8ed)(e§ +€2)e8e3%)ed — (((€8€3 -
€9e3)e3 + e§eded)e? — (eBe3ed + €32’ — €3%e? + 2626 (€3 + (] + €3) + (€37 + 1+ €37)e3ed + (e3ed — R (&3 +
e263))ed + (€263 + 263 — (637 +e3M)e3eD)eD)e8ed — (6363 —e3e2) (627 +€3) + (€263 +62e3)e3e2)ed — (e3€3e3 +edeled —e2)ed” -
(6363 — 363 — 33 + DN + (G B + 33 + 363 + 36Dl ed — (36363 - 36363 — D)6 — (363 — 3eD)eded)eled +
(362 1 e3e? +e3e3 +e3e2)eBed 1366362 — 56262 — 362762 163636362 +637)e5eD)e)) /(((e363e3 — €332 —e2)ed — (633 -
e2e2)e3e2)el — (68732 + €8%e3e? + e8eRete? 1 e0elele? + €033 4 e8ee3ed 1+ eD%ede? 4 627633 v €362 + 2e3)eD)ed);
and the parameters are subject to the conditions

&0 # 0 (100)

with Cp = ((€8€367 + €863¢7 + EEDEE + (&8 + 1)(& + )& + (6§68 + 48 + 4)eed)ed -
(636363 — &5¢381 — €3)€% — (€163 — §367)8463)85 -

13.2.2 Case £2¢2 # 0,67 = 0.

T 5 SR LA - £ 0
& i
& |8 & 0 0 0
g_| * * § & 0 0
* * * * 0 0
2
* * * * fg’ —55%5'1
gl gl g (g &

where J! = (—((¢8% + 1)(e3 + £2) + €8e2e? + (6363 + €363 + (3 + e2)eD)el)) /(e8e2);
JE = (—((€3 + €3)€3 — €37 — (€3 + €3)€8 — (& + eD)ed)) /e



TP = (€363 + €363 + (6 + €)eDed + (€87 + 1)(ed + 63))/(8¢d)

IS = (—(e8ed +efe? +eBed +e8¢3 + e3¢ — €5e3 +1))/63;

T = (€3 + e2)ed +268eF + 2637 +2)(63 + €3)e3¢? + £8%6363” 1 €872 1 £8e0%63” + 268623 e? 1+ £8e0%63? 1+ 2606833 +
e8edededed +3e8eDedede? + 263 e3ed + 2636362 + 2637 ¢33 ed + 2637 ¢33” + 260 ¢33 +26063e2)e8 + (€37 + D2 (F + €22 + (€ +
6062 +2e3e2) (63 + £3)68 + (637627 + £3e36362 + 637 + (637 + £30)e363)e8%) /(e87 363 €3

T3 = (—(e82€3€3” + 2¢8%¢Bed e} + €8%eBeR” + 6876373 — ¢8%e3eD” + 2e8¢B%eh e} + 268687 ¢ 8 + 2688 ef e + 28R %3 R +
ededed’el +ededeled” —2e8eBededed —2¢8e3e3 %] + el ef — feleded” v efeded —efeRed’ el v el 162737 +
2e3%edel +e3%63” + e2%eleled + e2%elede] — 2767 — 262%e3e8” — 37637 v 2ed® v 2l + 2687 + el e} v efede] -
3762 — 26363 — €3%))/(e8edededy;

JE = ((8e3ed + e8¢ + €Beded + €8e3e + 2(e3 + )€l eD)el + (687 + 1)(& + €3)2 + (637 + 637 + 3edreled) /(e8eded);

T4 = (8% + (] + €3) + (€8} + €83 + ededred)/(ededy

TP = (—(((((€5€3 — e8ed)eled + (627 + 1)(e] + €3)e)eT + (6563 + €363 + (¢] + eD)ed)(e§ed — e$ered)ed + (e3¢5 + eede3ed +
3%+ (37 +37)e3eD)efel — (8% +1)(€3 +€3) +€8e2eD)e8eded)el + (65 +€3)ed +268¢3 +268° +2) (63 +eD)efe? +e8°ede}? +
€8%63% + €963%6}” 1 26063%6he? + £063%63% 1+ 26063637 ¢3 + e0eBedede? 4 3e8eBedede? v 2e3%eqed v 263%eq el + 2607 ede3ed +
263%6363” + 2efeded + 260e3e)el + (€87 + 12(ER + €3)2 + (& + €3)€F + 26562 (] + €3)6D)eD)) /(€83 eFe3ed);

T3 = ((((e83° + 2686363 + €8¢2° 1 2686363 + 2686363 + 63762 + ¢33 1 2(68 — €3)(63 + £2)eD)ed + (€] + €3 (e} — e)eled)el +
(€37 + 1)(eBed + €363 + e3¢} — 363 — 37)(e3 + 630065 + (657 — 0ed)(ed + €D)e8%ed + (¢363e? — e+ 6] - (37 + €37 -
1)e2)e8eed — (362 — €362 — 2% + (e§ + e2)el)ed — (68 — €2)e5e2)e2 — (632 — €362 + 1+ (€3 + £3)€8)e5eD)e8e3) /(682 €5 €362,
I3 = (—(€8%e8e3e? +£8%e8e3” + efefefeted + e8efeleted + 2e8eGelede? +2e8eGelede? + e8efefeded +e0e8eded” +e8eSedel” -
e8e8edede? + efeGedede? + efeSedede? — e9e0eheded — e8e0efedel + £5e3%e3” + 286D e3e3 + £863%63” + €§e3” + 2¢5e3ed +
£$e3%))/(e8%e3ed);

J5 = (—(68eSeled + e8elehed + e8efeted — efefeted + 56376l + £5¢8% 63 + €5¢3 + £5¢2)) /(87D

and the parameters are subject to the conditions

E16563€1 # 0. (101)

13.2.3 Case 2 £0,2=¢2=0,2+& £0.

22
—¢2 _& 0 0 00
¢ II!EI 0 0 00
4¢3 _£343 ) ¢342
grededretedaaed’d e &4 £ 0 0
1 BI3; & 3
* * * * * *
5 & I

where Jf = (¢§eted®s? +efeteded” +efededed” +efeled + efet e’ + feled +e§ed’ef e + efedeid” + fed el + efeded +
fed’ el e} + St +e5e%e3 7 + 5ed 637} + 686l +efeded + 6863 P + 6863 — fededed® +efed e} — Fefed - Feder’ -
€e3e367” — efefel — 2696376367 — 26863¢D)/(€3763° — 26fef el el + 268} + 63737 + 637 + 37 + s

75 = (efeted’eled + deted’ e} + efeted®eded” + efeled® e + feled® e} + feted?e3” + efeted 3l + efeted® e +
gleteded’ e refeteded’ Bl refetedadel refetefelel +efed® el +efed? e +efed el 3 +efeded e v efedei e} +
fededed” + deleded® + efeded + efedteded + 268eP’ R} + §ef? — Seded'} - feted’3” - feted’d® - feted® -
geted’ el —efeled’d — e’ S e’ Y3 — 363} 37 —e§ed 3R T~ efed? 3 +efed R 3% refed M3+
egei’edel —efefed’elet + feded’ il Sl el + Sl i e] 1 acSe B el - e’ + e’ — efededed +
§61763%} + S’ 3el” + Bed’Bed - e e} - Qeed - Fed’B" - FePP Bl - 2efel’B” — Fed?ed” - fef” -
gfefed’es?e] — efeled’el — fefed’sf - feded)/ (1R (€7” —2efededed v el + 377 v P + 27+ 1))

75 = (—€3ed%e3%e] — eQed?ed — e9eRed? 3 - efefed’ e — feled” — efeled” — efeded” — efed — efedle} —2e0ed%F —fed +
€3e3°e3e} + efed’e3el + 2636736} + eied’} - feded 3R + efededel - efededed) (A€} R? - 26833 e} + 2k} +
€3%63% + 6% + 3% + 15

= (-efededel +efel’Bel —2¢feled el —2efeled ~efef el —ef e Gl —elefel Qi + efel’ R + Gl + el +
3617 + €§e3e3%e? + efefed)/(eF7e3” — 26ied e} +26de} + €373 + €37 + 37 + 1)

7P = (—€d%e3e} + 633 es” — efeded” +eled + 736} + 3¢ /(7] + 61637 + efed” + &} + 3% + s

I§ = (657657 + 657 + 26le3 36} + 2686} + €761 + &17)/(687 6} + eRe8” + 17 + 6] + et + €D

IS = (—€1%6% +aededese —2eded - 3787 - P - 27 - /(PG + 7 +edP + d + F7E + D

7§ = (€3] — eded” + eledel” — el — 736} - D) /(PP + 3 + e v & + 8% + e

and the parameters are subject to the conditions

SHE+ TR+ + P+ D)+ (& + 1)) £0: (102)

(Note that {22 %2 —28363(63¢3 — 1) + ( %2 + 1)( 3‘?2 + 1) # 0 is automatic from &5 + &3 # 0.)



13.2.4 Case £2 #0,6 =67 =0,8 = —£3,6 = - &4

0 —312 0 0 0 0
1
&2 0 0 0 0 0
J éi 51‘3 (1) —51" 0 0
- & =&y = 0 0
&
—e5et—eSed—eSeielfel  eSedei—eSeteiveSeei vl —eS+yefeled 54£5+£§:£1 5 %41
52 52%% Egg% 2 5%
& & &3 54 & =&
h
where 22
=1 (103)
13.2.5 Case & #0,8 =& =0,8 = -8, # &3
22
- -8 0 0 0 0
2 0 0 0 0
5{; _511522225?53 _5% 52 0 0
J: I 3,022 22
b 1 1
] S fed :
N £2< 54+£1> €637 +ei” —aeher i racf et 16376 v ep?
. ) R AR S RN T AR SR RE S
¢ . . . 5451+£§ +1 I H e T0)
|S1 | G g+

where 79 = (e§eted + e§eted + e§eded + e§eied + eSeded + €567 — 26563¢3) /(656 + €37 +1);

75 = (s§efedes”® + efeded + eede3%ed + efeded — efeted® — eSet el R + 2687 ede + 2l i e} + 265673} — 063737 -
963 — e9e362%e? — e9e3et) /(¢33 (de2 + €27 + 1))

I3 = (—e§ede3? — efed — €8e3%¢d — €8¢} —2¢§ede 3/ (R (det + 37 + 1)

75 = (€3(265¢3 + €§f + €§eD)/(e3eT + €37 + s

and the parameters are subject to the conditions

EE + )+ +1)£0 (104)

13.2.6 Conclusions for the case £ # 0.

In each of the 5 subcases in the case £ # 0, after completing a set of common steps, one is left
with solving the two equations 14|5 and 14/6 in the 14 variables

£3,63,63,63,83,65,63,¢1,65,€5,65,¢5,¢5, €8

in the open subset £8(£3¢7 — £3¢3) # 0 of R'. That is, the initial system comprised of all the
torsion equations and the equation J? = —1 in R3® is reduced after the common steps to a system
equivalent to the 2 mentioned equations, which reads

{f =0 (105)

g=0

where : f = GG+ et + ettt - geldded’ + gage + gagaa + gad -
3134 égég—55?5?2525%5%—5?5?5%5% +&3 535?3 +63763¢7 +€§§1 +§2€1 andg—ﬁ?éiéf +&6¢ +
36367 +E36367 — I+ GGG+ -G e - 5352 e - v ededi ey,
Hence, if X2, denotes the subset of X5 such that £ 4 O, to conclude that X¢2 is a 12-

dimensional submanifold of R3¢, it will be sufficient to prove that the preceding system is of
maximal rank 2, that is in each of the subcases some 2-jacobian doesn’t vanish.
e First, one has

D(f,9)

D(ehe)

hence this 2-jacobian doesn’t vanish if £3 # 0 or €2 # 0.
e Suppose &5 = &2 = 0. Then

D(f, 1
5é§%5=—§5«%@2+ﬁ)+$@§+$»2+@§+$f)

— (G -8 + 2



hence this 2-jacobian doesn’t vanish if &5 + &3 # 0.
e Suppose & = &% =0 and & = —&3. Then

D(f.g) 3 212
e G R
D)
hence this 2-jacobian doesn’t vanish if £ + 2 # 0.
e Suppose £7 = £2 = 0 and & = —£5 and & = —£7. Then the equation f = 0 reads —2£3¢7 = 0,
hence £5 = 0. Then the equation g = 0 reads 552 — 5%2 +1 =0, hence {2 = £1. Then

D(f,9)

D@y — 5N
D(fvg) . 42 32
ey o Ta

hence if &2 or & or & is # 0, one of these 2-jacobians doesn’t vanish. On the other hand, if
g=ci=ci=0

D(f,9) 2 62
I e
Dz )
hence if €8 # +1, this 2-jacobian doesn’t vanish. Suppose now that £8 = +1. Then
D(f.9) 6(¢2 6
ez ooy = 265(& — ¢
D) s
hence if €8 # €2, this 2-jacobian doesn’t vanish. Suppose finally that £& = £2. Then
D(f9) _,
D(&3, &)

This ends the proof that the system () is of maximal rank.

13.3

From [Tl one has that the subset X2z, ¢22 4 of Xas5 such that €2° 4+ ¢2% £ 0, is a 12-dimensional
submanifold of R36 with the global chart [@F). Now if £2 = £2 = 0, then necessarily £ # 0. Hence

Xars = Xez2 2220 Y Xz 20

and we conclude from [CLLA that X5 is a 12-dimensional submanifold of R36. For example, one
can take as a local chart in a neighborhood of the canonical complex structure Jy :

* * * * 0 0
] ] [¢] [¢] o o
5? * * * 0 0
J = 5;1 * * * 0 0
* * * * —522§1
<) [g] l¢] 4] [¢] -

where

Ji = (—(€3€3 + €27 +eled)) /et

I} = (—((((E8e3e3? + €8e3e3ed + eBeteled + eReded” + 23 edV)et + (637 + 1)efe?? — (3} - 2:3eD)eBete} + (2363 +
e2e2)e8eded + (36262 + 2636363 + 3630)eBed)el + (63637 — €327 + 263e3eD)ed + (637 + 1)EF? + eled 3B +1))ed +
(€363 +63%¢2 — )32 + (22 + D3N + (7 + 2% + 1R +1)e2% + (2637 + 627 + 2065636363 + (2637 + €27 + 26363 -
€&+ 1) - 1e3ed)ed +1e33% + 6163 — ede3edede? + 3e3%eRed + 2636363e3” + 2636563 — 337 eHehed) /(€ + 1+
€22)62 4 (6363 + €363)63 + (€363 — €2e2)ed)el + (8eBe? + €86 — Beted + 2e3eR)el — (3% 4 1)(ehed — 372y,

T3 = (—((((€8€F + eBed)(eted + 263ed) + 2(6363 + 3eD)eled)ed — (26376} — 265¢3ed — PPeD)efed)efet — (€87 + 1(eded -
€3%)6367% + ((€3€3e2 + 2636363 + 36376363 + (63637 + €3 + 26263eD)e77)e8” + (((63° — €37 + 1)e3 — 26363e2)e2” + (65€3°
63637 + 263e3e2)e3e3)e8e8 + (363¢3¢F + £3¢3%63 + £3¢363% + (2637 + 27)e3eD)Ed el + (637 + €27 + 1eded + 2e3eD)e3? +



(63e3%e23 — e2e2e2¢3 + 32?2 3.2.2.2 3.92

o 2124 361 362262 1 2e3e26262 — £362262 1 (262632 + 2622 — £2e2e2)e2)e362)60)) /(€22 o .

€262)e3 4 (£2¢2 — €2€2)eh)e8 + (£8¢3¢2 + £8¢2% — Bete? 4 eBeBe2)et o2 L 1 3225 ) (617 +14+637)67 + (8367 +

T} = (e8ede2eBed? ¢ 52%5%4 | eerze b 55413422 25 1€3 25;(55 +1)(ete2 — €2%))e2?y;

2622622)¢3 4 (e2¢2° 52522+£2+22222 24 - 555515154 23 b (26263 + e2eD)edetede? ¢ (D362 — 62%e2% y 2eledede? 4
2632 - 2637 + e} 126363 eD)edNel — (ele3 el — ehededed + i3}

e2e2e2)e2)ete? + (€3¢3¢2e2 + &322 +£2£2222 5 ) 2124252 25;5453351 +6363%¢2 1263626263 — €363%¢2 4 (263€2% + 227 —

e} - 2636360687 + (e3¢} DA O el + efed” + edeel” + e —2edeD)e e + (7 +

N 45251751 3622 _ 263627 4 26262e2)6362 + ((e163 + 263¢2)e2 — (367 — 263€2)e3)eted) (€8 22 2

22)e2 + (363 + 36)ed + (6363 — e3eDeh)el + (e8eded + e8ed — eBeded + €3 B serees” + DI/ + 1

5 96362 +e8e3? — eBeted +eleded)el — (87 + 1)(efed — 37))ed?

IS = (656362 + ¢8622 4 ¢8eBe2 4 265¢2¢2) ¢t 55153755 755 (6185 — €17)E7);

- (eReiel + el + efed +asieledied +(efed — e 4 ef” ~nedehed + (el +2ekehied + €7+ DENE + ek
(€362 + 2% + 22 1+ 1)e2e? + (€27 + DEVEDE? + (96363 + 362 — Be3ee? 1232 SEDET + (637 + 1)EPN(E37 + 1))E +
€3eD)ed + (€363 — e3eDrehrel + (efeded + ¢8e3” 1 55541524 s 35125467 51553:251 +26E)eDE/((EF” + 1+ 06l + (eled +

55154 561 —&€586181 +656763)85 — (€ +1)(£42722 2.
3 _ 6.3 5 5 163 —€17))€D)s
I3 = ((((€96362 168622 4+ 62e362)62 + (€262 +£262)e0e2)ed (362 +622)(e362 16262 : ] 1 21
2% rege3ehed + (32 &2 1 el Neled + (¢} e NS +e3eD)ed)ed +(@7 et - adNesed +(efed” -
L1 e 1 (&6 + el 0 6863 +(eefedel —efeded +efehed + (efeded + feded + BPeF + DR (T +
2 ol 262 + 626263 + (6363 — e2eD)eh)el + (e8¢3¢2 + e8ed? — eleted 153755 1
Se3e? +6862% — eBete? + e8eded)el — (687 4.2 22\\,2
T3 = (3262262 4 32626262 4 £3e2622¢2 4 g3 3 165 +€387€3)8 — (€57 + D(&1€3 — €17))€1)s
e 212 2262 1 63%63¢3¢3 + 363637 + e3e3e?® — e3e%ed — 2637 (€363 — e3¢D)eteded — (e8efe3 e 4 8 24 51 4.3.22
e2e3%e3ed + 2e3e8e3e3ed + 2elede3ed? + 2686327l 5,22 L2232 16161 — (658183817 + 6561 + &5 816180 +
o : 5€18381 5e2e2%))e8 — (63622 — €222 4 2¢3e2e0)ed + (€32 + 1ed? 4.3.2,27 .52
DI/ +1+63)6} + (6363 +€363)e} + (¢33 —e3eDrelred + (e8efed +e8e” — €2 tez | eoeden an T anas)c

B 381)81)85 58184 €27 —Dete? 4 e2e3e2)e8 — 52 4.2 22442
TE = ((€868%¢3 1 oe8edede? — e8eBe2®  g8ed 1 eled? 551 561861 T€5€7€3)85 — (§57 + (6165 —€17))€1)s
e 1 (c2ereR? fzjg -eseies - esed +e2et?e redetele] v efeted? 7525%5?+ggg%Hgg@ggg%)ggﬂgwﬂi e
151051 1 8182 1262 _ 12626262 L edeBelede? 4 el eled? il 5 183 —

+§§5*253522+(522+ 22 4,.2,214+6 2
1+63%)e? + (6363 + €3e3)68 + (e3¢3 — 3ed)et 1IR3t TN R 37T+ DE1E3eDEd) /(€7 +
3 (€363 —e2eDreh)el + (e8¢362 + e§ed? — eBeted + efeded 1
B €2 1 e363¢2)e8 _ (e32 1 1)(e4e2 — £22))e2?
I3 —((52542522+5654£3 262 4 0e6pdp2p2p2 4 (6pd 2 e A 57+ (185 — €17))81);
25552523)516 ?552;31)1(;242532255;54524521:5551525% 4 E0E22e3? 4 022 eBei2e2e2 febeteded? 2elete2e2? yacdete2ele?
582817)85— (&5 13-+’ G —et? 3P +efedeied e +eleded® 5515352517
222 petedede3e vetedePP el voe?P (e3P 42 442,26 2
14 62%)e2 4 (€263 + €2€2)e3 + (£3€2 — e2e2)ed 1616373 +261 + (687 +elT - DErReDE) /(€™ +
31 (€263 — e3e2)ed)el 4 (e8e3e3 4 €537 — eBede? 1 e2eded 1

_ €2+ e8e3e2)el — (€37 +1)(ete3 —e2?))e2
JE = (—((€8€3626262 + 8225 4 3222 4 gfet 51 55154 T 55515355 57+ 1)(8183 — €17))€1)s
22 ((52221 4;2;2 ;5525122“52521 €37 + eletedeled + efeleeded + eleted et el + (8% + (eled + €363 + e3edreled
1 - - — _ 2 —
207 42 020 s831 101 et — (637 — 87 + neDeleded — (1763 - e’} + elelei’ed + edeleile + & 2oz s 1e22
&7 )515451)5?))/((((5%2 +1+§§2)§% + (6262 + £2¢2)€3 + (262 222\ 241 o6 6 ; 1ha Bl 161656382 + £16561 + (&7 +
D(Ele: — e, 3eD)ed + (6763 — 3ehreD)ed + (8eded + efed® — eBeted + efededed — (87 +

5 _
TP = ((efe3 + e3ef + eled + e3eief — efeq? — efeded — efeled)/(efed)s
J25 = (((((5%5%5% +5%25% — 5%)54215% + (5%2 + 1)53522)53 :(;2; i 221 ' 52 22 5
1
€ +2)eiel — (§ + (6 - DEgeDed + i€’ 3’ + e 52452;152 L e (2637 + 6% + nefededed + (el +
181 &2 1637 —edede3ele? + 36373 e? + 2633633 3.2,2 _ 03422

((ee3€3 + €3¢ + €363 — (¢3¢3 — 26363 feieiel +2e3eiefes” +2¢0eie] — fed e eDet +
L sedIehet + (Eeied + 26ied + G DR - (chel - eheied - cheied + cheled
€636l — e3e3e — €2%¢} — ¢2° — ¢d)(¢] - D)eed? SEAE2E1 T ESEL EDSSELIEL T (5616~ G568 €leies +eiesed -
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13.4 Equivalence.

Due to the number of cases that had to be considered in the preceding computations, we’ll tackle
the equivalence problem in a slightly different way, mixing equations solving and reduction by
equivalence. First we give explicit computation of all & € Aut(M5).

13.4.1

Lemma 1. Aut(M5) is comprised of all those (real) matrices of the following form :

bt b3u b —b3u 0O
b —blu b3 blu 0O
b3 —blu b3 biu 0
B b bh —bu 0
oo b b H  Ku
W M ¥ K —Hu

o O OO

(106)

. ‘ bt —ib? bl — ib3
where u = £1 and H +iK = det(wq,ws) # 0 with wy = (b% " ib‘f) and wg = (bg " ibé) .
Proof. Let ® = (b) € Aut(M5). Since @ leaves the 2d central derivative C*(M5) invariant,
bt = by = 0 for 1 < i < 4. Denote by ij|k the equation obtained by projecting on zj the
equation
[@(z4), ()] — P([zs, 7;]) = 0.

Equations 13|5, 136, 14(5, 14]6 yield b2 = b3b3 —bib3+b3bi —b3bl; b8 = bibl —bibi —b3bI+b5b3; b3 =
b1bT —bib3+b3b] —biby; b = bibl —biby —bibT+b3b7. Now equations 12|5 and 12|6 read respectively
A3 4+ A24 = 0 and AN — A%3 = 0, with A% the minors formed with the 1st and 2d columns
and the lines indicated by the indices in the matrix

bi by by b
bi b3 b3 b
bi b3 b b
bi by b3 b

o) =

If we introduce for 1 < j <4 w (bé R ib? ) then
X X j — .1l
SRR SL)

det(Wl,WQ) = A173 + A2)4 + i(A1’4 _ A2’3)

hence equations 12]5 and 12|6 are equivalent to the single complex equation det(wq, ws) = 0, i.e.
to the existence of z = o+ i € C such that wy = zwj. In the same way, equations 34|5 and
34|6 are equivalent to the existence of w = v +id € C such that wy = wws. No, if we introduce
h=a+~v,k=p3+94, the system 23|5,23|6 reads

(107)
kH+hK =0

{hH—szO
where H = A"** + AP K =AY A3 AT the minors formed with the 1st and 3d columns
and the lines indicated by the indices in the matrix ®;. Since H + iK = det(w1, w3), the case
H = K = 0 would imply det(w1, ws3) = 0 which in turn leads to det ® = 0. Hence (H, K) is a non
trivial solution to the system ([[IIJ). As its determinant is h? + k% we conclude that h = k = 0, i.e.
v =—a,§ = —f. Now we are left only with the system of equations 24|5, 24|6. It reads

{m2—ﬁ?+nﬂ—2mﬂ<:0 (108)

208H + (a? — B2+ 1)K = 0.

Again, as (H, K) is a non trivial solution one has a3 = 0,a% — 2 +1=01ie. a = 0,3 = 41. Then

we get ([H) with u = . O
The subgroup Aut(n) C Aut(M5) of complex automorphisms of the complex Heisenberg Lie
algebra n is the subgroup comprised of all those matrices in ([[H) for which v = —1 and b§ =

—b3, b5 = b, 05 = b5, 0 = 5.



13.4.2

Now, looking for complex structures J, after completing a set of general steps, one is left to find
solutions of the torsion equations and J2 = —1 of the following form:

188480 o
L2 a8
& 0 0

T=ld g g a0 o0

£ +1
r g g g g -8

1 3 5 £8
NI B s
where the {?’s are certain linear expressions in the {2’5 (1<j,k<4)and & = — Z? 55 Take the
following ® € Aut(M5) :
1 0 0 0 0 0
0 1 0 0 00
o — 0 0 1 0 00
0 0 0 1 00
5 15 15 BB
o o
1 02 03 Uy

with b? = é (—f? + Zi:l bg{f + fg’b?). Then equivalence by ® leads to the case where 5;-’ = 5? =

0Vj 1< j<4. Now consider the submatrix

g g 4 g

g & & & (A B)

Jiy = = . 109

B S S S ¢ D (109)
4 ¢4 ¢4 4

1 62 63 &4
We get 2 cases 1 and 2 below. Before we proceed further, we record a lemma.

Lemma 2. Let J be a complex structure on M5 of the following form :

0
Ji

52
000 0 (g =5
0 0 0O 6 —5%
5
where J; is given in [IZ9).

(i) Suppose that B and C' are not simultaneously zero. Then J is equivalent to a structure of the
same form for which B # 0.

1 ¢l

(i) Suppose B = (gg g‘é) # 0. Then J is equivalent to a structure of the same form for which
3 &4

& =1¢=0.

(iii) Suppose B = (

same B and for which £ = &2 = 0.
(iv) Suppose B = C =0 and 2 = €1, = —€3. Then J is equivalent to a structure of the same
form for which B =C =0 and & = & = 0.

0
0
0
0

o O O

J =

. Then J is equivalent to a structure of the same form having the

& &
1 0

Proof. (i) The matrix J has the form

A B 0
C D 0
0 0 FE

On the other hand, we know that the automorphism group of M5 is comprised of those matrices



of the following form :

0 0
®; 0 0
o — 0 0
B 0 0
H Ku
K —Hu
with
bl biu b —blu
3 —biu ¥ blu
Pr= 1w ot b b (110)
b biu by —blu
and
H +iK = det(wq1,ws3) # 0 (111)
(B - B
where wi = <bif —i—ib‘ll and wg = bg +ib§ . Take
0 I
w=(1 )
and (u=1)
D 0

d = 0 H Ku
K —Hu
0 1
Thenwl_(l) andW3_(0) so that ® € Aut(M5). Now
(A B\, (0 IN(A B\(0o I\ (D C
((I)T)<CD(I)T_IO ¢ p)\u o)=\B a)

Hence if B and C are not simultaneously zero, one may suppose B # 0.
(ii) Suppose first £€3 = ¢2 = 0. Then, since B # 0, the first line of B is not zero. Consider

U o
q)T_(o U>

and (u=1)
o 0
P = 0 <H Ku )
K —Hu
. 0 1 —1 0
with U = (1 O) # 0. Then wq = 0 ) and wg = (z) so that ® € Aut(M5). Now

(q))—lAB(I),UO A B U 0\ (UAU UBU
f c p) "~ \o v)\c p)\o v)~ \vcu vubu)-
Lo)(d )0 0)-(E §)
UBU = 3 = 3.
(o) (@ 80 0)-(F &
Hence we are led to the case where the second line of B doesn’t vanish. Consider that case now.

Introduce
I 0
n=(o v)

where

and (u = —1,a% + 32 #0)



. f(a =B _ (1 _( 0
with V' = <B o > # 0. Then wy = (0) and wg = <a+iﬁ> so that ® € Aut(M5). Now

(@)~ (g g) = (é v01> (g g) (é 3) = (VAlO VBl‘;V)'

(& €i><a —ﬁ)(* *>
BV‘<§§ 2)lp o) ez ¢z

with ¢/2 = af? + BE2 f’i = a&? — BE3. We want §'§ =1and f’i = 0. This is a Cramer system in
a, B since (€2)% + (£€2)2 # 0, hence it has a nontrivial solution. Hence we are reduced to the case
where €2 =1 and & = 0.

1 g1
(iii) Suppose B = (513 %) . Consider

where

I 0
‘I)T_(T I)

d = 0 H Ku
K —Hu
a f
T = <B _a) |
Then wy = (a _i iﬂ) and wg = (?) so that ® € Aut(M5). Now
41 (A B I 0\(A B I 0
(@) <C D) 1 <—T I) (c D) (T I)

B A B I 0
= \_74a+c —tB+D)\T T

_ <A+BT B>'

and (u= —1,a2 + 32 #0)

with

* *

We want

* *
w3 0

that is BT = ( 22 22) . As BT = (flé %‘1‘) (g Ba) = (; ;) , one has to let a = —¢2
2 g2 _

and 8 = —£2, which is possible if one doesn’t already has ¢ = 0, &5 = 0. Hence we are reduced to
the case where £ = 0 and &3 = 0.
(iv) The matrix J has the form

A 0 O

0 D 0

0 0 FE
with moreover ¢2 = —¢1 and & = —£&5. Consider

U 0
O = (0 V)
and (u=—1,a%+ B2 #0, v2 + 62 #0)
iy 0
P = 0 H Ku
K —Hu

where



 fa—1ip - 0
Then wy = ( 0 > and wg = (7—}—2'6) so that ® € Aut(M5). Now

ort(E -3 )@ HE D )

One has L L
_ 1 é’/ é’/
U IAU - - 1 2
o? + B2 (5'% 5’3) ’
with
1
o= QM aBG &)+ 88
2
o= Q¥ —aB(G + &)+ B
Since & = —£2, one has 5'} = —5’3. Then the discriminant of the equation 5'3 = 0 is the sum of

two squares, hence there exist o, 5 € R with § =1 such that 5'} =0 and 5'5 = 0. Then
_ 1 0 ¢
U AU = —— ( 9 2.
a2+ B2\ 0

Similarly, there exist v, € R with 6 = 1 such that

_ 1 0 &3
V-iDV = 4],
72 + 42 <§’§ 0 >

Hence we are reduced to the case where & = &5 = 0. (]

13.4.3 Case 1.

In the present case 1, we suppose that B and C in ([Id) are not both 0. Then by equivalence
(Lemma B (i)), we may suppose B # 0. Since B # 0, by equivalence (Lemma B (ii)), we may
assume &5 = 1, €7 = 0. Again by equivalence (Lemma [ (iii)), we may assume without altering B
that £2 = 0, €2 = 0. Then solving all equations, we finally get the matrix

a —(86-&+8&) & & 0 0
0 0 1 0 O 0
0 -1 0 0 O 0
J(§§,§i,€§,§§)= b c d —a 0 0 (112)
0 0 0 0 & (& +1)/e
0 0 0 0 & —€8
where : )
a=J} = (68" + Db + (& - D)/,
b=J¢ =— 1;5 ,
e =T = (8851” — 268636} + €862 + 26°¢}e) — 2687 + 1) + (&8 + D) /(€8eh)
d=J5 = ((§561 — & — §36163 +26365)88 — (& + 1)&37)/(68€0).
and the parameters are subject to the condition
eles # 0. (113)
Note also the following formulae from J? = —1 :
1
d = a (63(&1 — 1) +&(8& — a)), (114)
c = ad+(1+a2)§. (115)
&

Commutation relations of m : - )
(#1.72) = gr (£ - D+ 8- -G @ +1) T+ & (G - D+ +1) 3
31, 33] = ~wra @UEE -+’ + &) + 8D -



e (8637 (61 — 12 + €8 + 268ed (el — )& + 1) — &8%€h) &5
(@2, 5] = e (68°(€1 — 1)? + 2686364 () — 1) + (87 + 1)&}”) (€86 + E55);
T2, Z4] = &6 + (1 — £1)T5;

52 1, 050601 1) _
[j3,j4] — (gg(gi _ 1) +§§§§)«%G + €35 +1)53£§555(54 1) Fs.

m is abelian if and only if
g=0 , g=1 (116)
Suppose now that ([IH) holds, and denote v = &3, 8 = ¢8 # 0, J(a, ) = J(0,1,£3,£8). Then :

O 0 010 0
0O 0 100 0
0 -1 000 0

J@B)=1_1 0 00 0 o0
0000a—a26+1
0 0 00 B8 —a

where 5 # 0. A direct study shows that any J(«, ) is equivalent to a unique J(0,7), 0 < v < 1,
and any two such J(0,7), 0 < v < 1 are not equivalent unless v = +'.

0 0 01 0 O
0 0 1 0 0 O
0 -1 0 0 0 0
J(O,B): -1 0 00 0 0 (117)
0 0000—%
0O 0 00 B O

13.4.4

Let Jy = J(&3,€4,62,€8) and Jo = J(nd,ni,n3,n8) as in [[IA). It is clear that J; = Jo if and only
if there exists a matrix ® such that

Q4 0
P = 0 H Ku (118)
K —Hu

where u = +1, &4, H, K are defined in ([I0), ((T), H?+ K? # 0 and J, = &~ J;®. This equation

implies that
¢ &1\ H  Ku H Ku)\ (g -2
6 _5?) (K —Hu) - (K —Hu) 6 _n% ) (119)
&5 & 5 U

Equation ([ITd) has non trivial solutions in H, K if and only if the following condition holds :

A A W S s S
s S

However, though that condition is also sufficient for the existence of ® in ([[IX) in the abelian case
where £} = nd = 0,6 = n} = 1, it is no longer sufficient in the nonabelian case. For example,
take J(1,1,1,1) and J(1,1,1,7), with n¢ # 1 : then [[Z0) holds if only if u = —1,n8 = 2 or
u=1,n8 = —2,—1, and in neither case does equivalence occur; hence J(1,1,1,1) 2 J(1,1,1,7n%)
if n8 # 1. However J(1,1,0,1) 2 J(1,1,0,—1). One also has J(&3,1,0,1)) = J(ni,n},0,1) & ni =
+&1 5 ni = &} In general, if nf # &1, for J(&3,&4,€2,€8) and J(ni,nk,n2,nS) to be equivalent,
it would be necessary that P&2 + Q = 0 where P,Q are certain huge polynomials in the other
variables. We simply conjecture here that equivalence implies £ = 7} and ni = ££1, and leave
open the equivalence problem in the nonabelian case.

(120)

13.4.5 Case 2.

We now suppose B = C' = 0. Then necessarily £ = —¢1,£4 = —&3. By equivalence (Lemma £
(iv)), we may suppose & = 0,£5 = 0.



Case 2.1. Suppose £2 = 0. If €362 # 1 one gets then the matrix

0 (—1)/512 0 0 0 0
5% 0 0 0 0 0
2.4y _ |0 0 0 (_1)/§§ 0 0
0 0 0 0 0 (&6 -1)/(& - &)
0 0 0 0 (H+e/EE -1 0
with the conditions 1
§.6#0; 86 #5%,5—2. (122)
1
If €562 =1, we get
0 (—1)/512 0 0 0 0
512 0 0 0 0 0
10 0 0 —512 0 0
J = 0 0 1/5% 0 0 0 (123)
0 0 0 0 0 (—1)/§§
0 0 0 0 §§ 0
with the conditions
G==+1; g #0. (124)
Case 2.2. Suppose &2 # 0. Then we get:
0 (-1)/& o0 0 0 0
5% 0 0 0 0 0
0 0 0 (—1)/5% 0 0
J = 125
0 0 f 0 0 , 0 (125)
0 0 0 0 2 (=& +1))/8
0 0 0 0 §§ —5?
with the conditions
& ==+1; £ #0. (126)

13.4.6

Computing intertwining automorphisms, one can prove that for all 2 &3, 72,73 € R satisfying
conditions (), J(n?,n3) = J(£3,&3) if and only if there exists u = £1 such that one of the

following is satisfied :
<nf = uéf or %) and (ng‘ = ué; or %)
& &

<nf = u&j or %) and (ng‘ = uéi or %) .
& &

Conditions ([[Z2) are preserved by the transformations. For example, the canonical complex struc-
ture Jo = J(—1,1) and its opposite —Jy are equivalent. In fact, on has :

or

Lemma 3. Let Q denote the Aut(M5)-orbit of the canonical complex structure Jo. Then ) is the
4-dimensional space comprised of the matrices

0 (-1)/& o 0 0 0
€2 0 O 0 0 0
o 0 0 1/& 0 0
T=10 0 - 0 0 0 (127)
5 =& =& &g 0 1/
S g & & 0

where £ = £1,€7, €5, €5, €§ € R.

On the other hand, the J in ([Z3) appears simply as a limiting case when & — 0 of the
structure J(£%,£3,£8) defined in [ZH) with &7 = £1; £2,£8 # 0.



13.4.7

M35 is a complex algebra for the structure J(¢2,¢3) in ([[Z) if and only if €2 = —1,£3 = 1 or
£ =1, = —1, i.e. J(£3,£3) is the canonical complex structure Jo = J(—1,1) or its opposite
—Jo respectively. Since M5 is not a complex algebra for the structure J(&3, &4, €2, €8) in ([I2), the
latter is not equivalent to Jy.

Lemma 4. Suppose J(£2,63) & {Jo, —Jo}. Then J(£3,£3) is equivalent to some complex structure
in case 1, i.c. there crist €1, £1,€3, 8 such that J(€5. &) = J(c}, €1, €3, €8).

Proof. Take
I S
= (o I)
and
D 0
P = 0 1 0 (128)
0 1
where 8
«@
S = (ﬁ —a) . (129)

Then wq = ((1)) and wz = (a _1 Zﬂ) so that ® € Aut(M?5). Denote

see =y p)

where
()
& o0)’ & 0
Then
wragane-( S (3 90 -1 45%)
Now

“B(L 4+ (L + L
AS—SD—( ﬂ(gf"'gS) (g2+ 3))

aE+el) BE+E)

The complex structure ®~1J(£2,£3) @ is of type 1 if AS — SD # 0. For this to hold, just choose
a=1,=0if &+ #0and a = 0,8 = 1 if & + £ = 0, noting in this latter case that

22 '
512 + é — (512% 1 = 0 since ff # +1 as J(ff,fé) & {Jo, —Jo} 0

Lemma 5. Let J be either the complex structure defined in ([IZA) with & = +1, £2,£8 # 0 or the
one in [IZ3). Then J = J(0, B), where J(0,3) is defined in {II17).

Proof. In both cases, m is abelian, and

A 0 0
J=10 A 0
0 0 FE

1 5241
) ()
&0 § &

with €8 # 0, €2 = +1, £ = 0 in case ([Z3) and &2 # 0 in case [[ZH). Take ®, S as in ([([2J),([29).

Denote A
0
5= (49)

ereee=(o 7)o 36 5)-(0 ).

where

Then



Now

(2882 2062\ (0 1
A5 _SA‘(zaéfl 255%)‘(1 o)

if we take o = %, B =0. Hence ®~'J ® is a complex structure of type 1, and we readily see that
J =2 J(0,1,£,£9), hence J = J(0, 3) for some 8, 0 < 8 < 1. O

To summarize, we have shown the following :

Theorem 1. Any complex structure on the Lie algebra M5 is equivalent to either the canonical
complex structure Jo or some complex structure J = J(€3,£1,€3,€8) defined in (II3).

13.4.8

Gy is here the complex 3-dimensional Heisenberg group, considered as a real Lie group, i.e. the
real Lie group comprised of the matrices

1 2t 4+iyt 23+
r=|0 1 2 +iy? | . (130)
0 0 1

We here depart from the second kind coordinates to use the natural coordinates defined by (30).
Then the matrix z in ([[30) is

x = exp (v2x3 + y?xs + 3x5 +y3w6) exp (xl ) — ylas), (131)
and
PN
Xgiﬁ;fc?+1%+18iy3 ; X4:8iy2_1% laiyg
S B

13.4.9 Holomorphic functions for J(&3,&1,€2,£9).

Let G denote the group Gy endowed with the left invariant structure of complex manifold defined
by J = J(&3,¢&4,€2,£8) in ([[I2). One easily checks (with formulae (IT4) and ([[1H)) that

B 1_.5 ~ ~ 1 . ~ ~ ~ 1 . 1 ~
Xg =i 555)(5*;)(;:—@'%)(;;@')(;—)(3*:—2' (id+(+€+)§3> X
5 4 4

Hence Hc(G) = {f € C*(Gy) ; )N(j* f=0Vj=1,3,5}. Consider first the equation

X; f=0. (132)
One has
~ 0 0 0 0 0 0
- _ 5 6 _ . [ o5 6 _ : _
X5 —X5+Z(§5X5+§5X6)—@+1 (55@4-55 a—y3> —w-f—lw—Qﬁ (133)
where
& 3. .3 y® 3 3, .3
u3::173——6y VT = wh =t 4t
5 5

Equation (32) simply means that f is holomorphic with respect to w?. Consider now the equation
Xrf=o. (134)

One has

5 ) 0 ) 0 0 . 0 0
Xy —X1+'L(aX1+bX4)—%+Z<a%+ba—y2)+Zb<—y1@+xla—y3>.



We suppose that f satisfies equation (I32), i.e. f is holomorphic with respect to w3. Hence
of _of _ of

a3 dud  owd
of _10f 80f 1. s 0f
o3 Loy Soud &8 > w3’
Then equation (B34 reads

of of of of
b —-b 1 — =
pys) +<81+6y zy+§6(+z§5) B3 0
that is of , { of
1+
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where
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Finally, we turn to the last equation B
X f=0. (136)
One has
X; = Xz+i(&aX: + Xo+dXy)

¢§31X1 +iXo+ X3 +idXy

i3t — id (L L O g (2 2 O
381 "oyt T\ 522 a5 Y Byd a2 Y 9s3 a3 )
Since we suppose f holomorphic with respect to w3, equation ([[(3H) then reads

O 0f a0 Of (i) OF
92 81+ §3al+d82 (w idy” + (y* +ida™) & ) ous

that is
of . ad\ d ad\ d\ 8f
v (1(8-5) 3w ((8-F)+5) o
%[ (1 —ia)w' + (1 +ia)w )) (1— (1+i§§))

&
— 1+i&2\] o
—(w? — w?) (—d+ 5555)] 8—11{3 =0 (137)

where

w? = 2?2 — iyt

Now equation ([3H) reads

<5
% - g (—w2 +u L zg% (1 —ia)w' + (1 + mm)) % —0. (138)

From equations ([33)), (3), ([37), one readily sees that the functions ¢* and ¢? defined by

o= 2wl ( (53 _ “_d) _ %) o (139)

©* = w? (140)

are holomorphic on G. We look for a holomorphic function which depends on w3. For any C*°-
function (w!, w?, w?), i.e. ¥ doesn’t depend on w3, w3, w!, the following function f; is a solution

of equations ([32) and (3T :

b o 14g£d _ T\2
fi=wd+ 1 —w?wl + w2 wt + _26255 <(1 —da)wlwl + (1 + za)%)]
5

+¢(w1,w2,ﬁ). (141)



We want to choose 1) such that f; is a solution of ([31) as well. First, we have :

% = 4—%(1—¢a)(1+¢§§)ﬁ+%
% _ Z (—w2+m+ 1+§§5§((1—m)w1+(1+m)@)
% — 1.

Introducing these values in ([3) we find that f; is a solution to (3D if and only if

NE—M(w2—W)+Aw1+<i (gg—a—d> —d> W 00

b b) owt T g2
where
1, . . .
N = & (ib€3 — b&LEE + €S + (1 + ia)&l — d(1 + ia)(1 + i€2))
1,. . 1/1 &
M = —(b+1—-ia)d)+=|+—d+i3
4(153—1-( za))+2<§g +z§§>
a = WFEIA i) G gy 4 LT <1 i) Tgf’)) .
4€8 2 3
A computation shows that N is actually equal to 0. Hence f; is a solution to (3d) if and only if
. 2 _ 5 1 i el a_d _ @ 8_1# 8_2/] =
M(w* —w?) + Aw —i—(z (53 b) b) 8w1+2aﬁ 0. (142)
Note that

A\ d
i<§§—%)—6—0@§§—d—0<:>§§—0,§i—1.

Hence, in the nonabelian case where one doesn’t have simulteanously &1 = 0,&} = 1, for ([[E) to
hold, it is sufficient to have

o9 _ A 4
ow! i6-%) -1
op M —
gz~ 2
which gives a solution
A (w')? <2— (w?)”
Y= - + ww?
@1 2 2

In the abelian case, one can take

_ A= M 275 (w?)?
P = 2ww+2<ww 5 .

We finally get the holomorphic function f; : in the nonabelian case,

b 14l _ 1)2
f1:w3+1 —w?w! + w2 w! + —26255 <(1—ia)w1w1+(1+ia)%>1
5




In the abelian case,

1+i§5 ) o ) (_1)2
s 2 ((1 —ia)w'w! 4 (1 4 ia) 5 )]

A s M ([ ,— (w?)?
2ww+2<ww 5 . (144)

Note that in the abelian case, one can take £ = 0,8 =3, 0 <3< 1,and thena=c=d =0,

b=-1,M = %,A: %, hence

1 1 = (wh)?
. e DRI | IS T S B |
fi=w 4[ww+ww+ﬂ<ww+2
2)2
—%wluﬂ—i—%(wzuﬁ—%). (145)

In both abelian and nonabelian cases, let F': G — C? defined by

F = (o', 9% ¢°) (146)

where ¢!, p? are defined in ([39), ([Z0) and ¢® = f1. F is a biholomorphic bijection, hence a global
chart on G. Then G is isomorphic as a complex variety to the complex Heisenberg group, though
the complex structure J (&3, &4, €2, €8) is not equivalent to the canonical complex structure. We
determine now how the multiplication of G looks like in the chart ([[A6). Recall first the formulae :

—w?wl w2l +

b
f1=w3+1

2
R 2) 1 147
W= (ol - 30?) +i% (147)
w? = x?—iy! (148)
3 3 5 y*
w? = |(z°—=)+i=5. 149
(*-&) g o
Let a,z € G:
1 ot +iyt 23+ 1 ot +ipt o +iB?
z=10 1 224+iy? ] s a=1(0 1 a? +iB?
0 0 1 0 0 1
With obvious notations, a = [w}l,w?,wl], v = [wl,w? wl], az = [wl,, w2, w3,] o =

[P Pas Do)y & = 90, 92, 02], @t = [Phar Vo Pos)- We want to compute ¢l @2, @5, First,
compute w} ., w? w3 ,. By matrix multiplication and formulae ([Z)-([[d) one gets

azx?

1 _ 1 1
Woy = W, +w,
2 _ 2 2
Weoz = Wy + Wy,
3 _ 3 3
Wy - wa+wx+X(O‘7$)

. .5
where x(a,r) = alz? — gly? + % (aly? + Bla?). Then from (39, ([[ED) :
5
Yoz = Pat @
Por = Pat @i
To get 2 ., we just make the substitutions w! — wl, +wl, w? — w? + w2,
w3 = wd +w? + x(a,r) in (@A) (we consider here the nonabelian case). Now, let
3 3 3
AZ(/)aw—@a_(Pm'
Computations give the following result :
1

A =
8¢5

(Croy + C2€3¢7) (150)



where

C1 = b(1 +i€2)pL + (b — 14 ia)elp2

Cy =

b(a +7)ES
e+ (€~ (08 —da— i)~ bel) & (151

(1 —b+ia)pl
4(1 +i€3) . d N
+ <T5 +(a+ib+1))g - (1 +a%) —d(1+ m)> o2
+ (1 — ai)pl
2(1 +i€2) . L d ) _ ,
+ (_TS +(a+i(b—1))& — 5(1 +a”) +d(1 - m)> 2. (152)

For example, in the case of J(1,1,1,1), the formula reads

A_<_3—i—g 5+5i—  3+4i 2+7+i 1> 1

- ] P ) Pa 16 Pa T
3+i—y 3+i— 1430 , 1-2 |\ ,
(4 Pa 1 Ya 1 Yot 3 ®

4

(153)

Finally, in the abelian case J(0,1,0, 3), one has to use ([Zd) and one gets :

A——]LJFi . +i11+1+1 1+1 o>

- 8[’3 900( 8()004 16[’3 S% (px 2ﬁ spa spa 4ﬂ spa spa x'
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