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INTERSECTION OF SUBGROUPS IN FREE GROUPS AND HOMOTOPY
GROUPS

HANS-JOACHIM BAUES AND ROMAN MIKHAILOV

ABSTRACT. We show that the intersection of three subgroups in a free group is related to the
computation of the third homotopy group ms. This generalizes a result of Gutierrez-Ratcliffe
who relate the intersection of two subgroups with the computation of ms. Let K be a two-
dimensional CW-complex with subcomplexes K1, Ko, K3 such that K = K; U Ko U K3 and
K1 N Ky N K3 is the 1-skeleton K' of K. We construct a natural homomorphism of 1 (K)-

modules
RiNRyNR3

[Rl, Rs N R3][R2, RsnN Rl][Rg, RiN Rg] ’

where R; = ker{m (K') — m(K;)}, i = 1,2,3 and the action of 71 (K) = F/R;R2R3 on the
right hand abelian group is defined via conjugation in F'. In certain cases, the defined map is
an isomorphism. Finally, we discuss certain applications of the above map to group homology.

7T3(K) —

1. INTRODUCTION

Simplicial homotopy theory makes it possible to translate certain homotopy questions to
the group-theoretical language. As a rule, the group-theoretical problems appearing in this
direction have a difficult nature. Still combinatorial group theory is a crucial tool in homotopy
theory (see, for example, [3], [5]). On the other hand, certain group-theoretical results may
be obtained by use of homotopy methods, like methods of simplicial homotopy theory and the
theory of derived functors (see, for example, []]).

It is the purpose of this paper to combine the results of Gutierrez-Ratcliffe and Wu which
present certain links between homotopical and group-theoretical structures. Let us recall them
first.

1. (Exact sequence due to Guttierez-Ratcliffe, [10]) Let K be a connected 2-dimensional CW-
complex, and K; and K5y subcomplexes such that K = K; U Ky and K7 N K5 is the 1-skeleton
K' of K, then there is an exact sequence of 7 (K )-modules

0— ’i17T2(K1) D iQ?TQ(KQ) ﬁ) 7T2(K) — % — O, (1)
where « is induced by inclusion, R is the kernel of m(K') — m(K;), S is the kernel of
7 (K') — 7 (K,) and the action of m(K) ~ m(K')/RS on % is induced by conjugation.
The paper [10] contains another exact sequence of the same nature. Let G = (X | N) be a
group presentation with relation module N/~o(N), where N is the normal closure of the set A/
in the free group F'(X). Let K, be a standard 2-complex for a presentation (X | r),r € N, let
s, be the root of r in the free group F(X). There is an exact sequence of G-modules:

0 = Breniama(K,) = m(K) = @,enZ[G]/ (s, — 1)Z[G] % N/72(N) — 0, (2)
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where « is induced by inclusion and v maps 1+ (s, — 1)Z[G] onto ry2(N) for each r € N.
For a group-theoretical application of the above exact sequences consider a two-relator pre-

sentation P = (X | r1,79) of a group F(X)/{r;,m)F ™). As a consequence of the exact se-

quences ([Il) and (2)), we have that the quotient [<<:1>>F ;;‘;?<<:22>;((§))] is a subgroup of the quotient

ZIG)/(sy, — V) ZIG|DZIG]/ (8, — 1)Z|G], i.e. it is a free Abelian. Hence, we proved the following
generalization of the theorem due to Hartley-Kuzmin [12]: let F' be a free group, r1 and ro words

in F, Ry = (ry)¥', i =1,2, then the group [gﬁg;} is a free Abelian group.

2. (The presentation of homotopy groups of the 2-sphere due to Wu) It is one of the deep
problems of algebraic topology to compute homotopy groups 7,(S?). Note that the 2-sphere
presents the most 'unstable’ case from the point of view of homotopy theory. The developed
methods of Adams-type spectral sequences usually do not work in this case. In low degrees one

has (see [15]):

n | 23 4 5 6 7 8 9
7Tn<52)‘Z Z ZQ ZQ Z4@Zg ZQ ZQ Z3

The structure of 7,(S5?) is known up to some stage (n =~ 30), mostly due to Toda and his
students. The general structure of 7, (S5?) is unclear and mysterious.

Recall the description of homotopy groups of the 2-sphere due to Wu [16]. Let F[S!] be
Milnor’s F[K]-construction applied to the simplicial circle S*. This is the free simplicial group
with F[S1],, a free group of rank n > 1 with generators g, ..., 7, ;. Changing the basis of
F[SY],, in the following way: y; = ;2.4 Yn—1 = Tn_1, We get another basis {yo,...,Y,—1} in
which the simplicial maps can be written easier. A combinatorial group-theoretical argument
then gives the following description of the n-th homotopy group of the loop space QXS!, which
is isomorphic to the homotopy group of 7, 1(S?) (see [16] for explicit computations):

o =0 1 () 00 ()
[[y—lv Yo, - - - 7yn—1]]

nt1(5%) n>1 (3)

where F'is a free group with generators yo, .. ., ¥n—1,¥-1 = (Yo - - - Yn_1) "', the group [[y_1, Yo, - - -, Yn_1]]
is the normal closure in F' of the set of left-ordered commutators

(251, ..., 25 (4)
with the properties that ¢; = +1, z; € {y_1,...,yn—1} and all elements in {y_1,...,y,_1} ap-

pear at least once in the sequence of elements z; in ({4]).

The main idea of our approach can be formulated as the following conjectural observation: the
nature of the presentation (3) comes from the fact that the 2-sphere is homotopically equivalent
to the standard 2-complex, constructed from the presentation (Yo, ..., Yn—1 | Yos - s Yn—1,Yp1--- Yo ) -
Given a free group F' and normal subgroups (n > 2)

Ry,...,R, < F,
denote the quotient group

RiNn---NR,
IL(F Ry,...,R,) := :
HIUJ:{l,...,n}, mJ:(/)[ﬂieI Riv ﬂjeJ Rj]

Here [ denotes the intersection of subgroups in the free group F' and [] is the product of
commutator subgroups as indicated. In fact, the abelian group I,, has the natural structure of
an F'/R; ... R,-module, with the group action defined via conjugation in F'.
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The computation of the abelian group I, is highly non-trivial. In fact, in the special case
F={ry,...;znq),Ri= ()", i=1,....n—1,R, = (x1...2,_1)" a standard commutator
calculus argument, given essentially in Corollary 3.5 of [16] shows that

[Y—1:Y0s - Y]] = 11 ) R () Ril.
1UJ={1,..,n41}, INJ=0 ic]  jeJ
and hence we have the following isomorphism
L(F,Ry,...,R,) = m,(5?%).
On the other hand, for n = 2, one has a general description of the F// Ry Re-module I1(F, Ry, Ry) =

[7;11011%%22] in terms of homotopy groups of certain spaces given by the sequence ([Il) due to Gutierrez-

Ratcliffe. For the generalization of the Gutierrez-Ratcliffe’s approach to the higher dimensional
homotopy groups consider a connected 2-dimensional CW-complex K with subcomplexes

K., ..., K, CK,

for which K;U---UK, = K and K; N---N K, is the 1-skeleton K! of K, with F' = m(K*)
and

R; = ker{m (K") = m(K;)}, i=1,...,n.
We conjecture that each element a € 7,(5?%) determines a natural function (n > 2)
ay o (K) [ (iyma(K) + -+ iy (KG)) = I(F Ry, ... Ry).

In general, «, is not a homomorphism of abelian groups.

Proposition. Let n = 2. If a is a generator of mo(S?) = Z, then «. exists and is given by the
map mo(K) — I2(F, Ry, Ry) of Gutierrez-Ratcliffe [10].

Moreover, as a main result of this paper we prove the following

Theorem. Let n = 3. If a € m3(S?) is a generator, then there is a well-defined function
o, which is a quadratic map inducing a natural homomorphism of m (K)-modules

Qe : 7T3(K) — [3(F, Rl, RQ, Rg)

For the example of Wu, one has K = S? and in this case cuy is an isomorphism.

In the construction of the above homomorphism of 7 (K')-modules we essentially use the fact
that 7m5(K) = I'my(K), where I' is Whitehead’s universal quadratic functor.

One can interpret certain elements of ,(S5?) as the elements of certain free groups in Milnor’s
F[S']-construction. For example, the element in F(yg,y1,92) corresponding to the generator of
74(S?) in @) is

[[yo, y1], [yo, y192]]-
The element in F(yo, y1, ¥, y3), corresponding to the generator of m5(S?) is

[y, 1], [vo, vyl [[Yo, 1], [vo, y1y2ys]]]-

This follows from the result of Wu [16]. In Section 3 we shall formulate a conjecture, which,
when applied to these elements, leads to non-trivial commutator problems in free groups that
we are not ready to solve. This difficulty is the reason why we consider in this paper only the
case of three subcomplexes.



INTERSECTION OF SUBGROUPS IN FREE GROUPS AND HOMOTOPY GROUPS 4

Finally, we use the main construction of the paper for an arbitrary free group F' and its
normal subgroups Ry, Ry, R3, to define the following natural map of abelian groups:
RiNRyN R
[Ry, Ry N R3)[R2, R3 N Ry][R3, Ry N Ry|[F, Ry N Ry N R3]’
This map is related to the Brown-Ellis construction (see [4]), however, the methods used in the

current paper differ from those used in [4]. The relation with Brown-Ellis construction is given
in [11].

H4<G) —

2. THE CATEGORY I,

For n > 2, denote by K, the category with objects K = (K, Ky,..., K,). Here K is a two-
dimensional CW-complex, K; is a subcomplex of K, 7 =1,...,n,such that K = K;U---UK,,
and K!' = K; N ---N K,. A morphism in Homy, (K, L) for K, L € K, is a map

f:K'— L
between 1-skeletons of K and L, such that f can be extended to a map f : K — L, with the
property f(K;) C L;, i=1,...,n.

Denote by R,, (n > 2) the category with objects (F, Ry,...,R,), where F' is a free group
and R; is a normal subgroup in F'. A morphism in R, between two objects (F, Ry,..., R,)
and (F', R},..., R}) is a group homomorphism ¢ : ' — F” such that g(R;) C R}, i=1,...,n.
This category was also considered in [6].

There is a natural functor between these two categories,

Fn i Ky = Ry,

defined by setting
Foi (K Ky, Ky) e (i (KD, Ry, .. Ry,
where R; = ker{m (K"') — m (K;)}.
For n > 2, define the functor

I, : R, — Ab,

where Ab is the category of abelian groups, by setting
_ Rin---NR,

I,:R=(F,Ry,....,R,) — L,(R) = .
! HIUJ:{l,...,n}, mJ:(/)[ﬂieI Riv ﬂjeJ Rj]

Clearly, for any R € R, the abelian group I,,(R) has a natural structure of F/R; ... R,-module,
where the group action viewed via conjugation in F.

3. THE SURJECTION ¢ AND THE CONJECTURE ON «,

3.1. Consider the two-dimensional sphere S? as the standard two-complex constructed from
the following presentation of the trivial group:

(T1, . gy | @0,y Y. (5)
This presentation defines an element S, from /C,,:

Sn:(52,L1,...,Ln), (6)
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with L; = \/?;115 L' U e;, where e; is the 2-cell corresponding to the relation word z;, i =
1,...,n—1, e, is the 2-cell corresponding to the relation word z*,--- 2"
In this section we show the following result.

Proposition 1. For an object S, in K,, associated to Wu’s exzample in R, there is a surjection
q: Homy, (Sn, K) = mo(K) /(i1 (K1) + . . . in(Ky)),
which is natural in K € K,,.
For o € 7,(S?) = I,F,,(S,) we thus obtain the following diagram

Homye, (S, K) ——4—— 1(K)/(i1ma( K1) + - - + inma(K,))

where o*(f) = f.(a).

Conjecture 1. For each a € 7,(S?) there exists a function a, for which the diagram commutes.
Hence o, is well defined and natural provided q(f) = q(g) implies o*(f) = a*(g).

3.2. Recall that for a given two-dimensional complex K, the free crossed module
0 m(K, K" — m(K")
can be defined as follows. The group m (K, K') is generated by the set
{e¥ | ais a 2-cell in K, w € 7 (K"}
with the set of relations
{eaege, e, u= vrevtw}, (7)
where r, € m(K!) is the attaching element representing e, (see, for example, [9]). The

homomorphism 0 is defined by setting 0 : e¥ — r%. Hence every element from ker(0) = m(K)

can be represented by an element eZ*' ... eZ"m, such that rX*' ... rZ%" is trivial in m (K*').

Let f € Homy, (S,, K). It means that there exists a homomorphism between two free groups
f:E, 1 :=F(x,...,2,) = m(K") such that

fz:) € ker{m (K") = m(Ky)}, i=1,...,n—1 (8)
and f can be extended to a homomorphism between two crossed modules:

m(S2 VIS — 2 B,

f’l fl 9)
(K, KY  —2 m(KY)

For a given group homomorphism f : F,,_; — m(K!) with the property (8, the necessary and
sufficient condition for the existence of the extension (J)) is the condition

f(xy--2,) C R, :=ker{m (K") — m(K)}.
For K = (K, K,...,K,) € K,, we now define the canonical (forgetful) map
q: Hom;cn(gn, R) — WQ(K)/(ilWQ(Kl) + .. .inWQ(Kn)),
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which carries a morphism S? — K to the underlying map S? — K. Here the natural maps
i; : mo(K;) — K are induced by inclusions K; — K. Using the language of crossed modules, we
can describe the map ¢ as follows. Denote by {s1,...,s,} the set of 2-cells in S? viewed as the
standard two-complex for the group presentation (H). The map f’ defines elements f'(s,) €
(K, K'). Observe that 0(s;...s,) = 1 and the element s;...s, presents the generator
of m(S?). Since the diagram ([) is commutative, d5(f’(s1)...f'(s,)) = 1 and the element
f'(s1) ... f'(sn) represents certain element from ker(dy) = mo(K'), which is exactly ¢(f). Let us
show that this map does not depend on an extension (@). Suppose we have another extension
of the homomorphism f:

772(52>V?;1151) —>al Fn

f”l fl (10)

m(K.K) =" m(K)
with f”(s;) # f'(s;) at least for one j (1 < j < n). It follows that da(f(s;)f"(s;)7") = 1,
hence
F(si)f"(s5) 7 € im{i : ma(KG) — ma(K)}.
Therefore, the images of elements f'(s; ... s,) and f”(s; ... s,) are equal in the quotient 7o (K) /(11mo( K1)+
... 1,m(K,)) and the map ¢ is well-defined.
Lemma 1. The map q is surjective.

Proof. Consider the diagram ([I0). Now let ¢ = eZ*'...ez"“m be an arbitrary element from
ker(0;). Let us enumerate all cells of K in the following order: ey, ..., e, Withe;, € K;, i =
1,...,m. Clearly, the set of relations (7)) in mo (K, K1) gives a possibility to present the element

¢ in the form
— Twi, +w
c=]Ler JLene
* *

with some w; , € 71 (K"'). We define the map f : F,,_; — w1 (K"') by setting f(z;) =[], rli,fu"
We can extend it to f’ : mo(S2%, VIZ'SY) — m(K, KY) by f'(si) = *rzi:)" This is correct,
since

([ (sn) = Do f'(51) - [/ (8n=1)) " = F(Or(s1 .- 501) 7).

The homotopy class corresponding to the element ¢ € 7y (K, K') coincides with ¢(f) and the
surjectivity of ¢ is proved. OJ

4. PROOF OF THE CONJECTURE FOR =2 AND n = 3

4.1. There are different ways of description of elements from 7wy for a standard complex of
a given group presentation, for example, pictures, kernels of Jacobian maps, defined via Fox
calculus etc. We describe the map ¢ in the conjecture by use of identity sequences which
represent elements in mo(K), see [14]. The material about identity sequences we recall here is
well-known. Nevertheless, we give it in detail since it will be the basic technical devise in our
proofs.

Let F' be a free group with basis X and R a certain set of words in F'. Consider the group
presentation

P=(X|R) (11)
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¢, ©=1,...,m are words in F, which are conjugates of elements from R, i.e. ¢; = tiiw", t; €
R, w; € F. The sequence

c=1(c1,...,Cm) (12)

is called an identity sequence if the product c; ... ¢, is the identity in F'. For a given identity
sequence ([2]), define its inverse:

clt=(ct .. eh).

m
For a given element w € F', the conjugate ¢ is the sequence:

' =(c,...,cn),

which clearly is again an identity sequence. Define the following operation in the class of
identity sequences, called Peiffer operations:

(i) replace each w; by any word equal to it in F’;

(ii) delete two consecutive terms in the sequence if one is equal identically to the inverse of the
other;

(iii) add two consecutive terms in the sequence if one is equal identically to the inverse of the
other;

(iv) replace two consecutive terms c¢;, ¢;11 by terms c;iq, c;rllciciﬂ;

(V) replace two consecutive terms ¢;, ¢; 11 by terms ciciﬂc;l, Cj.

Two identity sequences are called equivalent if one can be obtained from the other by a
finite number of Peiffer operations. This defines an equivalence relation in the class of identity
sequences. The set of equivalence classes of identity sequences for a given group presentation
(II) denote by Ep. The set Ep can be viewed as a group, with a binary operation defined
as a class of justaposition of two sequences: for identity sequences ¢, co and their equivalence
classes (c1), (ca) € Ep, {c1) + {c2) = {c1¢2). The inverse element of the class (c) is (¢c™!) and
the identity in Ep is the empty sequence. It is easy to see that Ep is Abelian. For two identity

sequences ¢ = (c1,...,¢y) and d = (dy, ..., dy), we have
(ed) = ((c1, ... emydy, ... di)) = ((dy, ..., dy, 0 L cdadm))
by the relation (iv). Since d; ...d,, =1 in F, we have
(ed) = ((dy,...,dx,c1,...,cm)) = {(dc).

Furthermore, Fp is a F-module, where the action is given by

(Wof=(c), feF
It is easy to show that

(cyor ={c), r € R,
i.e. the subgroup R acts trivially at Ep. To see this, let r = rf”l . .rkiv’“, r, € R, v; € F. For
any identity sequence ¢ = (cy,. .., ¢y), by (i), (iii), (iv),

(1, sem))y = (€1 ooy Con, T T Y =
(e e ) = ().

Thus Ep can be viewed as a G-module. It is not hard to show that for a given presentation P,
the second homotopy module 7o (Kp) is isomorphic to the identity sequence module Ep (see,
for example, [14]).



INTERSECTION OF SUBGROUPS IN FREE GROUPS AND HOMOTOPY GROUPS 8
4.2. For a given K choose the elements o €m(K,K"), i=1,...,n,a € A which represent
the corresponding two-dimensional cells in K;, + = 1,...,n with the natural property
J0(eia) € R,
where R; = ker{m;(K') — m(K;)}, i = 1,...n, and the normal closure of the set {9(e; ) | @ €
A} in m (K1) is equal to R;. Clearly, K is homotopically equivalent to a wedge
K ~\/S*V Kp,
jed
where Kp is the standard two-complex constructed from the group presentation
(X |0(€in), i=1,....,n, a € A),

with X being a basis of 71 (K'). We have the following natural isomorphism of 7; (K )-modules:

mo(K)/(i1ma (K1) + -+ - + inm2(Ky)) 2 w2 (Kp) /(i1m2(Kp,) + - + a2 (Kp, ),
where P; is the following presentation of the group 7 (K;):

(X | 0(ein), a € A)

fore=1,...,n. -
Let f,g € Homy, (S, K). We can present
== HTw i
f(l’z')zriz) " ...7’,(%) * ,i=1,....,n—1,
niwl,n n:l:w n,n
f(:pl---xn):rp ...T,(%) g

for some r]@ € {0(ein), a € A} and w;; € m(K"). Analogically for g € Homy, (S,, K):

/ /
l(i)iwl,i /(i)iwk4" .
g(x;) =1 ce T o =1,...,n—1,
/ /
1(n)TW1in (n)yEWy
gz xy) =1) T

The following Lemma follows directly from the definition of the map ¢ and the above descrip-
tion of the second homotopy module for the standard complex in terms of identity sequences.

Lemma 2. Using the above notation, q(f) = q(g) if and only if the identity sequence

! !
(T(l):l:wl,1 T(n):l:wkn,n ,(n/)$w%’n T,(l):le’l)
1 yee s Tk, Tt I K

18 equivalent to an identity sequence of the form

1 1 n "
(sg),...,sl(l),...,sg),...,sl(n))

with sg-i) € {0(ein)*, w € m(K"Y)} such that s\ ..sl(:) is trivial in m (K') for every i =
1,...,n.
Let (K, K1, K3) € Ky. The 71 (K)-module mo(K)/(i1m2(K7) + iame(K3)) can be identified to
the module of the identity sequences of the type
(c1y- - sem), ¢j € {0(cia)”, wem(K"), a€ A, i=1,2} (13)
modulo the sequences of the form (ci, ..., Cny,s Cmytts - - -, Cm) With
Cly.--sCmy € {6(01@)“}, w e Wl(Kl)}, Cmi+1y--+5Cm € {6(02@)“}, w e 7T1(K1)}

and
Cl. . Cmy = Cmyq1---Cm =1
in 7T1<K1).
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Every identity sequence (I3) with the help of Peiffer operations of the type (iv) can be re-
duced to the sequence of the form (cy, ..., Cmyy Cmyt1y -y Cm) With ¢, ..o ey € {0(c14)Y, w €
7T1<K1)}, Cmi41y---5Cm € {8(C2,a)w, w € 7T1(K1)}.

4.3. For the most elementary case n = 2 we view the 2-sphere S? as a standard complex
constructed from the group presentation

(x| z,27").
Clearly then

Y @nE)
RS =Ty @y =2

with z a generator of this infinite cyclic group. For the generator x € m(S?), the map

. . RiNR
Ay oK) /(i (K) + o (K2)) = T
[Rlu RQ]
is given in the above notation by
Ap:(C1ye o Cmyy Cingtds - -5 Cm) > €1 e+ Cy - [R1, Ral.

First observe that A, is the homomorphism of m(K) = m(K')/R; Ry-modules. Secondly, A,
clearly is an epimorphism. The fact that A, is a monomorphism is not difficult (see Theorem
1.3 [14] for the complete proof). Hence we have the following exact sequence of 71 (K )-modules
due to Gutierrez and Ratcliffe [10]:

Ry N Ry

0— ’i17T2(K1) + ’izﬂ'g(Kg) ﬂ) 7T2(K) - —— — 0. (14)
[R17R2]

Theorem 1. Conjecture 1 is true for n = 3.
Proof. In this case we view S? as the standard complex constructed for the group presentation
<.[L'1,ZL'2 | xlaxQVIQ_lxl_l)

with
L3(F5(S%)) = I3(F (1, 22), (1) 7072 () F0072) (gt 1) FE0e2)) &~ 7
with a generator given by the commutator [z, xs].

4.4. Let K = (K, K, Ky, K3) € K3. Denote F = m(K'). Denote the sets of words in F
Ri = {0(éia, @ € A}, i = 1,2,3. By RF we mean the set {r*, r € R;, w € F}. The
m (K)-module mo(K)/(iyme (K1) + tama(Ks) + i3me(K3)) can be identified with the module of
the identity sequences

c=(c1,...,cm), ¢; €E RV URSURY (15)
modulo the sequences of the type
(€1, s Cmys Cong 1y - -+ 5 Cings Cigt1s + -+ 5 Cm) (16)
with ¢, ..., ¢my € RY, Conyits oo s cm € REL Cingsty -+, 6 € RE and
Cle+ Cmy = Cmyt1l-+-Cmy = Crgil - - Cn = 1, (17)
in F'.
Divide the sequence (] into the three ordered subsequences
(CrisevonCry)y (CopsevsCsy)s (Coyyeenscr), (18)

where ¢,, e RY, i=1,...0,¢cs, R, i=1,....k, ct, eRL, i=1,... h and

T <y < - K1y, 81 < S < v S, b <g < v <y,
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{7’1,...,7’[}U{Sl,...,Sk}U{tl,...,th}I{l,...,m}.

Denote

EZ‘ICT“ 1= 1,...,[,

_ Hr'>s~ Crj .

Cl-‘ri:CSiJ alzla"'aka

H'rz>s'c7‘z

_ o (Hrz>ti CTZ)Hsj>t1 csj ’ . 1 h

Clyk+i = Cyy y =1L, N
Clearly,

Cl,...,0 € Ry, ¢y1,- . Cyr € Ra, Cyng1, -5 Cpngn € B3
and the sequence
(Ela SR El-l—k-f—h) (19)

is made of the sequence (), applying the Peiffer operations of type (iv). At the first step we
replace all terms c,, to the left side of the sequence. At the second step we replace all terms c,
between elements ¢,.-s and ¢;,-s and get the sequence (I9). Denote
Te :=C1...C E Rl,
S¢ 1= Ciq1 - - - Cyk € Ry,
te 1= Clyht1 - - - Clpktn € I3
In these notations, for the generator z := [x1, 75| of I3(F3(S?)) construct the map
RiNRyN R
[R1, Re N R3)[Ra, R3 N Ry|[R3, R N Ry
where F' = m(K"'), R; = ker{F — m(K;)}, i = 1,2,3, by setting
Ag3 : (Cl, C ,Cm) — [’I“c, SC].[Rl, Ry N Rg] [RQ, Rg N Rl][Rg, RN RQ]
Since r.s.t. = 1 in F, we have [r., s.] € Ry N Ry N R3.
Let us show that the above map A, is well-defined. Let ¢’ be an identity sequence equivalent
to the sequence c. Defining elements 7., s, t» as above, we have to show that
[’I“c, SC] = [’I“c/, SC/] mod [Rl, R2 N Rg] [RQ, Rg N Rl][Rg, R1 N RQ] (21)

Since we above defined map A, is trivial for any sequence of the type (I8) with conditions (I7),
the equivalence (21) is necessary and sufficient for the correctness of the map A,.

First observe that if the sequences ¢ and ¢ differ by the Peiffer operations of the type (ii)
or (iii), the equivalence 2] holds. The only non-trivial Peiffer operations needed to check are
operations (iv) and (v). Since (v) is converse to (iv), it is enough to prove the equivalence (21I)
for the case ¢ is obtained from ¢ by the single Peiffer operation of the type (iv):

Am : WQ(K)/(’i17T2<K1) +i27T2(K2) +’i37TQ<K3)) — , (20)

C; = Cit+1, C;+1 = C;ﬁcz‘cz‘ﬂ, C;* =cj, JF LI+ 1
for some 1 < i < m.

The cases i,i +1 € {ry,....,m}, i,i+1 € {s1,...,sx}, 4,0 +1 € {t1,...,t,} are trivial. In
these cases r. = rv, s, = sw, hence the needed equivalence (1)) follows. If i +1 € {ry,...,r},
there is also nothing to prove, since the definition of r., s. involves the process of repeating of
such operations. If i € {t1,...,t,} ori+1 € {t1,...,t,} then we clearly have [r., s.| = [rv, s¢]
mod [Rl, RQ N Rg] [RQ, R3 N Rl]

The only non-trivial case to consider is ¢ € {ry,...,7}, i+ 1 € {s1,...,s;}. Clearly then,
(7o, S| = [ren, Ser], where the sequence ¢’ is obtained by applying again the operation (iv) to
the sequence ¢ :

no__ -1 nooo_ -1 -1
Ci = Ci11GiCit1; Cip1 = G116 Cip1CiCiy 1.
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Let ¢; = ¢,,, ciy1 = ¢s,. Repeating the operation (iv), we can deform the sequences ¢ and ¢’ to
the form
ro=ri+1,...,r1=rj0+1, rjpo=rjn+1,....mp=r_+1
without changing [r., s.] and [re, s.]. Now we can form the triple of words in F:
1=RiU{c ... Ca1. . a), Ry =Ry, Ry=Rs.

Clearly, this triple preserves the triple of normal subgroups Ry, Ry, R3 and we can consider the
new identity sequences for the triple of words R} U R}, U R} formed by gluing the elements
CryyevnsCryyyand Cr e, Gy

= (kR Gy Gy K K G Gy Ry ).
It is easy to see that

[re, Se| = [rem, sem]
in F'. Hence, we can always assume that | = 3, ¢,, = ¢; and reduce arbitrary case to this one
using the described procedure. In these notations, we have sequences
C= (K, ey 3k, Gy g ooy Ky Cryy Coy Ky ooy %, Crgy Ko %)

"o Cs CroCse
T T T N I N E

We have the following:

[Tc, Sc] - [Crlcrgcrg,a Sl])

[TC/”a SC/”] = [Crl Cize Crs,s 52]7

Sy = ( H nglcmmg)( H nggcrs) . szg ( H CZS)( H Csj),

where

Sj<7“1 T1<S]'<Se Se<Sj<T3 T3<Sj
g, — ( H Ccrlci;ecrs)( H Ccigecrg) (CraCoecrs ( H CCTS)( c )
2 — Sj Sj © Cse ‘ Sj 85"
Sj<7“1 T'1<Sj<se se<S]’<T3 T3<Sj
We then have
Cs -1 —17 -1 —1¢g-1 Cs _
[Crl CT‘ge CT3’ SZ] - C?“g CT’Q [CTQ 7086]07"1 SQ Crl Crge CT’3 52 -

—1 —1g—-1 -1 _—cs. cCs Cs _
o 7cse]cr1 SZ Cry Cry ecrge Cr3Cry Crge CT‘SS? -
-1 -1 —-1¢g—-1 -1 _—c —1
CT3 CT’Q Crl SQ CT‘3 CT‘Q o [CT‘Q )

0;310;21 [c
C C.
CsoCr2e CryCr Cy2e rySo - mod [R3, Ry N Ry,

since Sy ' ler, "¢ € Ry, [}, ¢,.] € RN Ry. Therefore,

ro
[cr Cze ey, So| = 0;310;210;1155 10;310;2‘356 CryCryCr o€y S2 - mod [R3, Ry N Ry
However,
Cpy Cri CrySo = Cp CryCry S1 € Ra,
Loy *e eryery St and we have
[Cr C2eCryy o] = €71 CryCry, S1] mod [R3, Ry N Ry).
Hence, we always have the needed equivalence (2I) and we proved that the map A, is well-
defined. O
For the generator x € m3(S?) denote by A the composite map of the natural projection
7T2<K) — WQ(K)/ilWQ(Kl) + i27T2<K2) + i37T2<K3) and the map AII
RiNRyN R3
[R1, Ry N Rs][Ry, Rs N Ry][R3, Ry N Ry]

therefore, So = ¢,

A:m(K) —
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PI'OpOSitiOIl 2. Letb e i127T2(K1 U KQ) + ’i137T2(K1 U K3) + ’i237T2<K2 U K3) g 7T2(K) where the
maps 112, 413, tog are induced by the inclusions

i12IK1UK2—>K, i13IK1UK3—>K, ’i23IK2UK3—>K.
We then have A(a + b) = A(a) for every a € mo(K).

Proof. Let a be an element from 7y (K') presented by identity sequence (I8) and the element b be
an element from i1o(K7UK3) C mo(K) presented by the identity sequence (dy, ..., dy, e, ..., )
with d; € R, e; € REY. The element a + b can be presented by the following identity sequence

_ dy...dy di..d
c(a+b)—(crl,...,crl,dl,...,dl/,csl l""’csk 1/761,...,ek/,fl,...,fh/),
with fi,..., fw € R{ Denote a; = ¢, ...¢p,a0 = dy...dy,by =c5,...C5, o =e1...epr. We
then have
a —1 —1p—1,—1;-1 _
[a1ag, bI?bs] = ay ~ay by ~asy by~ asaibyasby =
ay by tay b arbiaghy = ay by tarby mod [Rs, Ry N Ry,

since ay € Ry N Ry, ay by ay 'by' € R3, asby = 1. Hence A(a +b) = A(a).
In the case b € i13m (K1 U K3) + i93ma (K U K3), we have obviously, that the elements which
represent A(a+b) and A(a) are equal modulo [Ry, RoNR3][ Rz, R3NR;] hence A(a+b) = A(a). O

The following example shows that the map A is not always surjective.

Example. Let F' be a free group with generators x;, 5. Consider the following sets of words:

Ri= {1}, Ro={[z1, 22}, Rs = {[z1, 22, 1]}
Denoting R;, Ry, R3 the normal closures of the sets Rq, R, R3 respectively, we have

[R1, Ry N Rs], [Ra, Rs N Ry], [Rs, R1 N Ry] C 7u(F),
where v4(F') the 4-th lower central series term of F. However,

[x1, 22, 21] € (R1 N Ry N R3) \ 4(F),
since [x1, xo, 1] is a basic commutator of length three in F. Suppose we have
A(z) = [x1, 9, 23].[R1, Ry N R3][Ra2, Rs N Ry][R3, Ry N Ry

for some element = of the second homotopy module of the standard complex constructed for
the group presentation

(x1, 29 | @1, [21, 2], [21, 22, 21]).
We then have

[z1, %2, 1] = [r,s]  mod 74(F) (22)
for some r € Ry, s € Ry, such that

rs € Rs. (23)

However, the condition (23) implies that r € 72(F), since s € vo(F). Therefore [r, s| € y4(F)
and the equivalence (22]) is not possible. Hence, the map A is not surjective.

Theorem 2. The map A is a homogenous quadratic map, i.e.
A(a,b) = Ala+b) — Ala) — A(b)
is bilinear and A(x) = A(—x) for any a,b, x € m(K).
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Proof. For x,y € ma(K(x | R,uRr,URs) ), consider the cross-effect

RiNRyN R
[R1, Ro N R3][R2, R3 N Ry|[Rs, Ry N Ry]

A(a,b) = Afa+b) — A(a) — A(b) €

Represent elements a, b by identity sequences:

cla) = (c1,...,cm), c(b) = (..., ).

Consider the corresponding divisions of the sequences c(a) and ¢(b):

{Cryy- ver FU{esy, e U{er, e b ={e, o emby

/ / / / /
{c, ..., rl/}U {csl,...,cgk,}u{cfl,...,cfn,} ={d,...,c¢,}
with ¢,,, ¢, € REY . ¢, . € REY, ., ct € REY. Consider then the induced division of the sequence

cla+b) = (cl, ey Cm, cl, ..., ), which represents the element a + b € mo(K(x | R,URsURS))

s “m/!
/ / / /
{Chv" yCryy € rlv"'v W} U{0817'"7cskvc§17"'cgk/} U{CtN"'7Ctnvc[17"'7cfn/}'

For the description of the functor A(a,b), using the Peiffer operation (iv) to the sequences c(a)
and c(b), we can reduce the general case to the case of [ =1,k =1,I' =1,k =1 with r < sy,
71 < 51. Denote 21 = ¢, y1 = ¢, 02 = €, Y2 = C5, -

We then have

A(a) = [z1, 1], A(D) = [22, 2],
Ala +0b) = [2172, y1*ya)-

We have
Ala+b) = w1, ya| [0, Y] [x1, Y1?] ¥ [22, y1°]*
= [w1, yo| ™[22, Yo [71, 1 ][902,?/1] mod [R3, R N Ry
= [57517?/2]962 [5752,?/2]% Ty y1 $2$1yl mod [R3>R1 ﬂR2]
= [w1, Yo [0, Y] [w2, y1] " [21,91]  mod [Rs, By N Ry).

Since x1y1, 2ys € R3,

A(a,b) = A(a +b) — A(a) — A(D)

[21, y2] "2 T2, 11]"  mod [R3, R1 N Ry

1, y2]y;1[372, yl]yfl mod [R3, R1 N Ry
[y517x1][y;17x2] mod [R37R1 OR2]

Now let us show the linearity of the functor A(x, %), i.e. that

Ala+b,d) = A(a,c) + A(b,d), (24)
A(a,b+d) = A(a,b) + Aa,d) (25)

for arbitrary elements a,b,d € m(Kx | r,ur,URs))- Let c(a),c(b) and c(d) be the identity
sequences represented the elements a, b and d respectively. Again, without loss of generality we
can assume that these elements are represented by identity sequences with single element from
each class R;. Denote the correspondent pairs by z1,y; C ¢(a) (the set-theoretical inclusion
means that x1, y; are elements of the sequence c(a)), x2,y2 C c(b), x3,y3 C c(d). In this
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notation, modulo [Ry, Ry N R3][Ra, R3 N Ry][Rs, R1 N Ry, we have
AMa+b,d) = [ys ', wamallys vy ™, 3]

D)

T A by ]
Ys 75’72]5’72 Y3y ysl’lyl@yﬂg Yy gty s

Ja5 tysay ystlyl(xzyzxs Yo 'y x3)1’3 Y1 ‘o
Ys s walry (wayers Yy g 553)113561 y35€1y15€3 typ oy
Ys | (7 ]$3 w5 TaysTy y3$1yl$3 typ gy
Ys Lao][ys ! >$3]$3 Ty 553[93 syt 7x3]x3 L2X3
[yg_l,xg][yZ >$3Hy3 calyr s
= Aa,d) + A(b, d),

since [y; *, 71][y; b, 23] € RoN Rs and ([24)) follows. The equality (25]) can be proved analogically.
Now let us prove that A(—xz) = A(z). Clearly, we can assume that our identity sequence
representing the element = € m(K) has the form

(T17 S1, tl)

with 71 € Ry, 81 € Ro,t1 € R3. The inverse sequence, which represents the element —x has
the form

1 -1 -1
(tl 781 7T1 )
We have
—1

A(—z)=[r] L sfr; | = [sfl,rl] =[r;, s =[r1,s1) = A(x) mod [Ry, R3 N Ry].

Theorem 3. The function A induces the homomorphism of F'/ Ry Ry R3-modules
- RiNRyN R3
A:m(K) — .
3(K) [Ry, Ry N Rs)[R2, Rs N Ry][Ry, Ry N Ry

Proof. Let x € mo(K x | R,ursURs))- Present by the sequence

c(x) =(c1,. .. em).
For a given element f € m(K), present this element as a coset f = w.R; Ry R3 for some element
w € F. The element fox € my(K(x | r,ur,URs)) can be presented by sequence

c(x)’ =(cfy...,cm).
It follows directly from the definition of A(z), that
A(f @) .I‘) = A(.I‘)w mod [Rl, RQ N Rg] [RQ, R3 N Rl][Rg, R1 N RQ]

Since m3(K) = I'my(K), we have the needed homomorphism of F/R; Ry Rs-modules due to
Theorem [2 O

Example. For two-dimensional sphere S?, clearly, A defines the isomorphism (3):
A : 7T3(S2) — [3(?3(53))
with S3 € K3 defined in (@).

Example. Consider a group presentation

P={xy,....,¢ | r1,...,7)
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of a group G. Let P’ be another presentation of G with k + 2[ generators and 3l relators given
by
Pl =Ty, Tk Uy ooy Ul 21y ooy 20 | Yl oo oy Ul 211 s e 20 20 Ty ey 2 L)

The standard complex Kps is the union KU K> U K3, where K1, K5, K3 are standard complexes
of the following presentations

(X1 ey Ty YLy o s Yl 21y e ey 20 | YLy e o UL)s
(T1y o Tl Yty U 21552 | 2090 2y Y,
(T1y e Tl Yty oy Yt 215521 | 20070, 0 2 T)
respectively. Denoting K = (Kpr, K1, Ky, K3) € K3, we have the following isomorphism of
G-modules:
m3(Kp) = m3(Kpr) =~ I3(F3(K)).
This isomorphism follows directly from the description of Kan’s loop construction GKp» and

the fact that for a simplicial group G, with G5 generated by degeneracy elements, one has
mo(Gy) =~ I3(Ge, ker(dy), ker(dy), ker(ds)) (see, for example, [13]).

5. APPLICATION TO GROUP HOMOLOGY

5.1. For a given element (F;Ry,...,R,) € R, it follows from [4] and [6] that under certain
conditions on (F'; Ry, ..., R,), the group homologies, or more generally, the derived functors of
the lower central quotients, can be obtained with the help of the groups I,,(F; Ry,..., R,)F,
i.e. the F-coinvariant part of I,(F; Ry, ..., R,).

For every (F'; Ry, R2) € R, it is well-known that there exists a canonical map

RiN Ry
[Ry, Ro[F, Ry N Ry

which is a part of a long exact sequence of homology groups, see [2] and [7]. This map
can be easily obtained from the Gutierrez-Ratcliffe map (). For that we consider arbitrary
(K, K1, K») € Ky with F = m(K"), R; = ker{m(K') = m(K;)}, i = 1,2. The chain complex

0 — m(K) = Co(K) = C(K) = Z[F/RiRy] = Z — 0 (27)

Hg(G) — IQ(F, Rl,Rg) =

(26)

of the universal cover K of K can be viewed as a complex of free F / Ry Ro-modules. Applying
the group homology functor H.(F /Ry Rz, —) to (21), we obtain the natural maps

8n : Hn<F/R1R2> — Hn,3<F/R1R2,7T2<K)), n > 3,

which are isomorphisms for n > 4. The map (28]) is the composition of d3 and the F-coinvariant
map from ().

5.2. Recall the definitions of certain quadratic functors in the category of abelian groups. Let
A be an abelian group. Define the symmetric tensor square

SP?(A)=A® A/{a®b—-b®a, a,bc A},
and the augmentation power functor

Py(A) = A(A)/A3(A), A(A) = ker{Z[A] — Z)}.
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It is well-known (see, for example, [I]) that for a free abelian group A, there are the following
short exact sequences of abelian groups:

0— SP*(A) = Py(A) - A—0 (28)

0— SP*(A) = T(A) = A® Zy — 0. (29)

Now let A be a G-module. The G-action can be naturally extended to the abelian groups
SP?(A), Py(A),T(A), A®QZ,, thus allowing to consider the sequences (28)) and (29) as sequences
of G-modules. Applying homology functor H,(G,—) to ([28) and (29) we obtain long exact
sequences

o= Hi(G, Py(@Q)) — H\(G, A) — Hy(G, SP?(A)) — Hy(G, Py(A)) — ...
o= Hi (G, T(A)) = Hi(G,A® Zy) — Hy(G, SP*(A)) — Hyo(G,T'(A)) — ...
5.3. It is natural to ask about applications of the map A constructed in Theorem Bl To this
end, we consider (K; K, Ko, K3) € K3 with
m(KY) = F, Ry = ker{m(K") — m(K;)}, i=1,2,3.
Let us denote G = F'/R; Ry R3 and let us define the map

RiNRyN Ry
[R1, Ry N R3][R2, Rs N Ry][R3, R N Re][F, Ry N Ry N R3]

as a composite map in the following diagram with exact rows and columns:

\114 : H4<G) — [3<F, Rl, RQ,Rg)F =

Hy(G) Hi (G, m(K) ® Zs)

Hy(G, Py(ma(K))) ——— Hi(G,m(K))

Hy(G, SP?*(m(K)))

HQ(G,W:J,(K)) _— HQ(G,FWQ(K))
HO(F,A)\L
I3(F; Ry, Ry, Rs)r Hy(G,m(K) ® Zs)

Remark. Proposition 2l implies that the natural composition map

Hy(F/R1Ry) & Hy(F/RyR3) & Hy(F/R\Rs) — Hy(G) 23 I;(F; Ry, Ry, Rs)p

is the zero map.
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