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ABSTRACT. Consider a non-standard numeration system like the one built
over the Fibonacci sequence where nonnegative integers are represented by
words over {0,1} without two consecutive 1. Given a set X of integers such
that the language of their greedy representations in this system is accepted
by a finite automaton, we consider the problem of deciding whether or not X
is a finite union of arithmetic progressions. We obtain a decision procedure
under some hypothesis about the considered numeration system. In a second
part, we obtain an analogous decision result for a particular class of abstract
numeration systems built on an infinite regular language.

1. INTRODUCTION

Definition 1. A numeration system is given by a (strictly) increasing sequence
U = (U;)i>o of integers such that Uy =1 and Cy := sup,;~o[Ui+1/U;] is finite. Let
Ay ={0,...,Cy — 1}. The greedy U-representation of a positive integer n is the
unique finite word repy;(n) = wy - - - wp over Ay satisfying
¢ t
n= ZwiUi, wyp # 0 and ZwiUZ- < U1, VtE=0,..., L.
i=0 i=0

We set rep;;(0) to be the empty word e. A set X C N of integers is U-recognizable
if the language rep (X) over Ay is regular (i.e., accepted by a finite automaton).
If £ = xy--- 2o is a word over a finite alphabet of integers, then the U-numerical
value of x is

¢
valy (x) = sz U;.
i=0

Remark 2. As a consequence of the greediness of the representation, if zy is a
greedy U-representation and if the first letter of y is not 0, then y is also a greedy U-
representation. Notice that for m,n € N, we have m < n if and only if rep; (z) <gen
repy (y) where <g, is the genealogical ordering over Aj;: words are ordered by
increasing length and for words of same length, one uses the lexicographical ordering
induced by the natural ordering of the digits in the alphabet Ay. Recall that for
two words x,y € Aj; of same length, z is lexicographically smaller than y if there
exist w, ',y € A}; and a,b € Ay such that © = waa’, y = wby’ and a < b.

Definition 3. A numeration system U = (U;);>0 is said to be linear, if the sequence
U satisfies a homogenous linear recurrence relation. For all ¢ > 0, we have

(1) Uiy = a1Uspp—1 + - + arU;

for some k > 1, ay,...,ax € Z and ay # 0.

Example 4. Consider the sequence defined by Fy = 1, F; = 2 and for all n > 0,
Foy2 = Foy1 + F,. The Fibonacci (linear numeration) system is given by F =
(F)i>o = (1,2,3,5,8,13,...). For instance, repp(15) = 100010 and valx(101001) =
134+54+1=19.
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In this paper, we address the following decidability question.

Problem 1. Given a linear numeration system U and a set X C N such that
repy (X) is recognized by a (deterministic) finite automaton. Is it decidable whether
or not X is ultimately periodic, i.e., whether or not X is a finite union of arithmetic
progressions 7

Ultimately periodic sets of integers play a special role. On the one hand such
infinite sets are coded thanks to a finite amount of information. On the other
hand the celebrated Cobham’s theorem asserts that these sets are the only sets
that are recognizable in all integer base systems [2]. It is the reason why they
are also referred in the literature as recognizable sets of integers (the recognizability
being in that case independent of the base). Moreover, Cobham’s theorem has been
extended to various situations and in particular, to numeration systems given by
substitutions [3].

J. Honkala showed in [6] that Problem 1 turns out to be decidable for the usual
integer base b > 2 numeration system defined by U, = bU,_1 for n > 1. Let us
also mention [1] where the number of states of the minimal automaton accepting
numbers written in base b and divisible by d is given explicitely.

The question under inspection in this paper was raised by J. Sakarovitch during
the “Journées de Numération” in Graz, May 2007. The question was initially asked
for a larger class of systems that the one treated here, namely for any abstract
numeration systems defined on an infinite regular language [7].

The structure of this paper is the same as [6]. First we give an upper bound on
the admissible periods of a U-recognizable set when it is assumed to be ultimately
periodic, then an upper bound on the admissible preperiods is obtained. Finally,
finitely many such periods and preperiods have to be checked. Even if the structure
is the same, our arguments and techniques are quite different from [6]. Actually
they cannot be applied to integer base systems (see Remark 77).

In the next section, Theorem 7?7 gives a decision procedure for Problem 1 when-
ever U is a linear numeration system such that N is U-recognizable and satisfying
a relation like (1) with ar = £1 (the main reason for this assumption is that 1
and —1 are the only two integers invertible modulo n for all n > 2). In the last
section, we consider the same decision problem but restated in the framework of
abstract numeration systems [7]. We apply successfully the same kind of techniques
to a large class of abstract numeration systems (for instance, an example consisting
of two copies of the Fibonacci system is considered). The corresponding decision
procedure is given by Theorem 7?7. All along the paper, we try whenever it is pos-
sible to state results in their most general form, even if later on we have to restrict
ourselves to particular cases. For instance, results about the admissible preperiods
do not require any extra assumption.

2. DECISION PROCEDURE FOR LINEAR NUMERATION SYSTEMS WITH ar = +1
Lemma 5. Let U = (U;)i>o be a numeration system such that

(2) lim U;41 — U; = +00.

i—-+00
Then for all j, there exists L > j such that for alln > L — j,
1007~ IePu Ol yep (1), t=10,...,U; — 1

are greedy U -representations. Otherwise stated, if w is a greedy U-representation,
then for v large enough, 107w is also a greedy U -representation.
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Proof. Notice that rep; (U; — 1) is the greatest word of length j in repy;(N), since
repy (U;) = 107. By hypothesis, there exists L such that for all £ > L, Up11 — Uy >
U; — 1. Therefore, for all £ > L,

107 repy (U; — 1)

is the greedy U-representation of U, +U; —1 < U4 and the conclusion follows. [

Remark 6. Bertrand numeration systems associated with a real number g > 1
are defined as follows. Let Ag = {0,...,[8] —1}. Any = € [0,1] can be written as

—+oo
T = Zci B¢, with ¢; € Ag
i=1

and the sequence (c¢;);>1 is said to be a G-representation of x. The maximal §-
representation of x for the lexicographical order is denoted dg(x) and is called the
B-development of x (for details see [?, Chap. 8]). We say that a S-development
(¢i)i>1 is finite if there exists N such that ¢; = 0 for all ¢ > N. If there exists m > 1
such that dg(1) = t1---t;, with t,, # 0, we set dj(1) := (t1- tm—1(tm — 1)),
otherwise dg(1) is infinite and we set dj(1) := dg(1).

We can now define a numeration system Ug = (U;);>0 associated with 3 (see

Uy=1landVi>1, U, =t1U;_1+---+t;Uy+ 1.

If 8 is a Parry number (i.e., dg(1) is finite or ultimately periodic) then the
sequence Ug satisfies obviously a linear recurrence relation and as a consequence of
Bertrand’s theorem linking greedy Ug-representations and finite factors occurring in
B-developments, the language repy; 5 (N) of the greedy Ug-representations is regular.
The automaton accepting these representations is well-known [?] and has a special
form (all states — except for a sink — are final and from all these states, an
edge of label 0 goes back to the initial state). We therefore have the following
property being much stronger than the previous lemma. If x and y are greedy
Ugs-representations then 20y is also a greedy Ug-representation.

Example 7. The Fibonacci system is the Bertrand system associated with the
golden ratio (14 +/5)/2. Since greedy representations in the Fibonacci system are
the words not containing two consecutive ones [?], then for z,y € repp(N), we have
20y € repp(N).

Definition 8. Let X C N be a set of integers. The characteristic word of X is an
infinite word zgz1xs - -+ over {0,1} defined by z; = 1 if and only if ¢ € X.

Consider for now X C N to be an ultimately periodic set. The characteristic
word of X is therefore an infinite word over {0,1} of the form

ToT1Xo - - - = uv®

where w and v are chosen of minimal length. We say that |u| (resp. [|v|) is the
preperiod (resp. period) of X. Hence, for alln > |ul, n € X if and only if n+|v| € X.

The following lemma is a simple consequence of the minimality of the period
chosen to represent an ultimately periodic set.

Lemma 9. Let X C N be an ultimately periodic set of period |v| and preperiod |u|.
Let 4,5 > |u|. Ifi # j mod |v| then there exists t < |v| such that either i+t € X
andj+tZ€ X ori+t¢ X and j+t € X.
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We assume that the reader is familiar with automata theory (see for instance
[?]) but let us recall some classical results. Let L C ¥* be a language over a finite
alphabet 3 and z be a finite word over ¥. We set

v L={ze%" |2z €L}

We can now define the Myhill-Nerode congruence. Let xz,y € ¥*. We have x ~ y
if and only if 7 '.L = y~'.L. Moreover L is regular if and only if ~; has a finite
index being the number of states of the minimal automaton of L.

For a sequence (U;);>o of integers, Ny(m) € {1,...,m} denotes the number of
values that are taken infinitely often by the sequence (U; mod m);>¢.

Proposition 10. Let U = (U;);>0 be a numeration system satisfying condition (2)
of Lemma 1. If X C N is an ultimately periodic U-recognizable set of period |v|
and preperiod |u|, then any deterministic finite automaton accepting repy (X) has
at least Ny (|v]) states.

Proof. By Lemma 1, there exists L such that for any h > L, the words
10" Irepu Wlyep (1), t=10,...,|v] — 1
are greedy U-representations. The sequence (U; mod |v]);>o takes infinitely often
Ny (Jv|) =: N different values. Let hq,...,hx > L be such that
i# j = Up, #Up; mod |v|
and hq,...,hx can be chosen such that Uy, > |u| for all i € {1,...,N}.

By Lemma 2, for all 4,5 € {1,..., N} such that i # j, there exists ¢; ; < |v| such
that either Uy, +t;; € X and Uy, +t;; € X, or Uy, +t;; ¢ X and Uy, +1;; € X.
Therefore,

wij = ol repu (Jvl=1)|=| repy (£:,5)] repy (i)
is a word such that either

10hi*\repu(|v\*1)|wi7j € repy(X) and 1()hrlrepu(\v|*1)|wi,j ¢ repy (X)),

or

10| repu(lv\—l)lwi’j ¢ repy (X) and 10hj—|repu(\v|—1)|wi$j € repy (X).
Therefore the words 10 ~Irepo (lWI=D1 10k~ —lrepy (IWI=DI are pairwise nonequiv-
alent for the relation ~, (x) and the minimal automaton of rep;; (X) has at least
N = Ny (Jv]) states. U

The previous proposition has an immediate consequence.

Corollary 11. Let U = (U;);>0 be a numeration system satisfying condition (2)
of Lemma 1. Assume that

lim Ny(m) = +4ooc.
m—-+00

Then the period of an ultimately periodic set X C N such that repy (X) is accepted
by a DFA with d states is bounded by the smallest integer sg such that for allm > sy,
NU (m) > d.

For a sequence (U;);>o of integers, if (U; mod m);>¢ is ultimately periodic, we
denote its (minimal) preperiod by ty(m) (we choose notation ¢ to remind the word
index which is equally used as preperiod) and its (minimal) period by 7y (m). The
next lemma provides a special case where assumption about Ny (m) in Corollary 2
is satisfied.

Lemma 12. If U = (U;);>0 is a linear numeration system satisfying a recurrence
relation of order k of the kind (1) with ai, = £1, then lim,,_ . Ny(m) = +o0.
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Proof. For all m > 2, the sequence (U; mod m);>o is purely periodic. Indeed,
for all ¢« > 0, U,y is determined by the k previous terms U;iy—1,...,U;. But
since ar = =£1, for all ¢ > 0, U; is also determined by the k following terms
Uit1,...,Uiyk. So, by definition of Ny (m), the sequence (U; mod m);>( takes
exactly Ny (m) different values because any term appears infinitely often.

Since U is increasing, the function o mapping m onto the smallest index a(m)
such that Uy () > m is nondecreasing and lim,, .4 o a(m) = +o0. The conclusion
follows, as Ny (m) > a(m). O

Remark 13. If the sequence (U; mod m);>o is not purely periodic as in the pre-
vious proof but only ultimately periodic, then a similar argument can be applied
if it is assumed that lim,,—. 7y(m) = 400. By minimality of 7y (m), for any
i,7 € {tw(m),...,.y(m) + my(m) — 1} such that ¢ # j, the k-tuples

(U; modm,...,Uiyr—1 mod m)and (U; modm,...,Uj1x—1 mod m)

are different. By definition of Ny (m), the sequence (U; mod m);>,, (m) takes
exactly Ny (m) different values, and the maximal number of different k-tuples is
(Ny(m))F. Therefore, Nyy(m) > &/my(m) tends to infinity if m — +oc.

Remark 14. Let U = (U;);>0 be a numeration system satisfying hypothesis of
Lemma ?? and let X be a U-recognizable set of integers. If repy; (X) is accepted by
a DFA with d states, then the constant sy (depending on d) given in the statement
of Corollary 2 can be estimated as follows.

By Lemma ??, lim,,—, o0 Nu(m) = 4+00. Define ¢y to be the smallest integer
such that «a(tp) > d, where « is defined as in the proof of Lemma ??. This integer
can be effectively computed by considering the first terms of the linear sequence
(Ui)i>o- Notice that Ny (tg) > a(tg) > d. Consequently sg < to.

Moreover, if U satisfies condition (2) of Lemma 1 and if X is an ultimately
periodic set, then, by Corollary 2, the period of X is bounded by ty. So ty can be
used as an upper bound for the period and it can be effectively computed.

A result similar to the previous corollary (in the sense that it permits to give
an upper bound on the period) can be stated as follows. One has to notice that
ar = £1 implies that 1 occurs infinitely often in (U; mod m);>¢ for all m > 2.

Proposition 15. Let U = (U;)i>0 be a numeration system satisfying condition (2)
of Lemma 1 and X C N be an ultimately periodic U-recognizable set of period |v|
and preperiod |u|. If 1 occurs infinitely many times in (U; mod |v]);>0 then any
deterministic finite automaton accepting repy; (X) has at least |v| states.

Proof. Applying several times Lemma 1, there exist ni,...,n,| such that
10™el 10™01-1 . . . 107 gl rePu ([v]=1) = repy (£)] repy (), t=0,...,|v] -1

are greedy U-representations. Moreover, since 1 occurs infinitely many times in the
sequence (U; mod |v]);>0, N1, . .., 1|y can be chosen such that, forall j = 1,..., [v],

valy (107 - .. 10mFrepo (W=Dl = 5 mod |y
and
valg (10m 1 repo (W=D S gy
For i,j € {1,...,|v|}, i # j, by Lemma 2 the words
10™ ---10™ and 10™ ---10™
are nonequivalent for ~, (x). This can be shown by concatenating some word of

the kind 0l rePu ([vI=DI=lrepu (Ml yep  (¢) with ¢ < |v|, as in the proof of Proposition 1.
This concludes the proof. ]
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Now we want to obtain an upper bound on the preperiod of any ultimately
periodic U-recognizable set.

Proposition 16. Let U = (U;);>0 be a linear numeration system. Let X C N be
an ultimately periodic U-recognizable set of period |v| and preperiod |u| such that
|repy (Jul — 1)| — ww(Jv]) > 0. Then any deterministic finite automaton accepting
repy; (X) has at least |repy (|u] — 1)| — ww(|v]) states.

The arguments of the following proof are similar to the one found in [6].

Proof. The sequence (U; mod |v]);>0 is ultimately periodic with preperiod ¢y (|v])
and period 7y (|v]). Proceed by contradiction and assume that A is a deterministic
finite automaton with less than |repy (Ju| — 1)| — ty(Jv]) states accepting rep;; (X).
The greedy U-representation of |u| — 1 can be factorized as

repy (Jul — 1) = wwy

with |w| = |repy (Ju| — 1)| = tv(Jv]). By the pumping lemma, w can be written
wywews With we # € and for all 4 > 0,

w1w§w3w4 € repy (X) & wiwawzwy € repy (X).

By minimality of |u| and |v|, either |u|—1 € X and for all n > 1, |u|+njv| -1 ¢ X,
or lul —1¢ X and for all n > 1, |u| + njv] — 1 € X. But notice that

[vlmu (Jv])
2

valy (ww wowzwy) = valy (wywewswy) mod |v],

leading to a contradiction. O

For the sake of completeness, we restate some well-known property of ultimately
periodic sets (see for instance [?] for a prologue on the Pascal’s machine for integer
base systems).

Lemma 17. Let a,b be nonnegative integers and U = (U;);>0 be a linear numera-
tion system. The language

val;;' (aN 4+ b) = {w € A}, | valy(w) € aN + b} C A}

is regular. In particular, if N is U-recognizable then a DFA accepting repy (aN + b)
can be obtained efficiently and any ultimately periodic set is U-recognizable.

Before giving the proof, notice that for any integer n > 0, Vall_,l(n) is a finite set
of words {x1,...,2¢, } over Ay such that valy(z;) = n for all i = 1,...,¢,. This
set contains in particular repg; (n).

Proof. Since regular sets are stable under finite modification, we can assume that
0 < b < a. The sequence (U; mod a);>¢ is ultimately periodic with preperiod
¢ = 1y(a) and period p = 7y (a). It is an easy exercise to build a deterministic
finite automaton A accepting reversal of the words in {w € Af; | valy(w) € aN+b}.
The alphabet of the automaton is Ay. States are pairs (r,s) where 0 < r < a and
0 < s < £+ p. The initial states is (0,0). Final states are the ones with the first
component equal to b. Transitions are defined as follows

Vs<l4+p—1: (r,9) I, (jUs+r moda, s+1)
(r,l+p—1) SR (jUs+r mod a, £),
for all j € Ay. Notice that A does not check the greediness of the accepted words,
the construction only relies on the U-numerical value of the words modulo a.
For the particular case, one has to consider the intersection of two regular lan-
guages repy; (N) N val;' (aN + b). O
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Remark 18. In the previous statement, the assumption about the U-recognizability
of N is of particular interest. Indeed, it is well-known that for an arbitrary linear
numeration system, N is in general not U-recognizable. If N is U-recognizable, then
U satisfies a linear recurrence relation [8], but the converse does not hold. Sufficient
conditions on the recurrence relation that U satisfies for N to be U-recognizable are
given in [5].

Theorem 19. Let U = (U;)i>o be a linear numeration system such that N is U-
recognizable and satisfying a recurrence relation of order k of the kind (1) with
ar = *+1 and condition (2) of Lemma 1. It is decidable whether or not a U-
recognizable set is ultimately periodic.

Proof. Let X be a U-recognizable set and d be the number of states of the minimal
automaton of repy (X).

As discussed in Remark 3, if X is ultimately periodic, then the admissible periods
are bounded by the constant tg, which is effectively computable (an alternative and
easier argument is provided by Proposition ??). Then, using Proposition 5, the
admissible preperiods are also bounded by a constant. Indeed, assume that X is
ultimately periodic with period |v| < to and preperiod |u|. We have vy (Jv]) = 0 and
any DFA accepting rep; (X) must have at least |repy (Ju| — 1)| states. Therefore,
the only values that |u| can take satisfy |repy (Ju| — 1)| < d.

Consequently the sets of admissible preperiods and periods that we have to check
are finite. Thanks to Lemma 3, one can build an automaton for each pair (¢, p) of
admissible preperiods and periods and then compare the language L; ; accepted by
this automaton with repy; (X). (Recall that testing whether L; , \ repy (X) = 0 and
repy (X) \ Lip = 0 is decidable algorithmically). O

Remark 20. We have thus obtained a decision procedure for our Problem 1 when
the coefficient aj occurring in (1) is equal to £1. On the other hand, whenever
ged(aq, ... ax) = g > 2, for all n > 1 and for all ¢ large enough, we have U; = 0
mod ¢" and assumption about Ny (m) in Corollary 2 does not hold [4]. Indeed, the
only value taken infinitely often by the sequence (U; mod ¢");>¢ is 0, so Ny (m)
equals 1 for infinitely many values of m. Notice in particular, that the same obser-
vation can be made for the usual integer base b > 2 numeration system where the
only value taken infinitely often by the sequence (b mod b™);>¢ is 0, for all n > 1.

3. A DECISION PROCEDURE FOR A CLASS OF ABSTRACT NUMERATION SYSTEMS

Let S = (L,%, <) be an abstract numeration system [7] built over an infinite
regular language L having My, = (Qr,qo,1, %, 91, Fr,) as minimal automaton. The
transition function 0z, : Qr x ¥ — @ is extended on @, x £*. We denote by u,;(q)
(resp. v;(g)) the number of words of length j (resp. < j) accepted from ¢ € @y,
in My, By classical arguments, the sequences (u;(q));>0 (resp. (v;(¢));>0) satisfy
the same homogenous linear recurrence relation for all ¢ € @ (for details, see
Remark ?77).

To define an abstract numeration system, L is genealogically ordered (words are
ordered by increasing length and for words of same length, one uses the lexico-
graphical ordering induced by the total ordering < on the alphabet X), then we
get a one-to-one correspondence denoted repg between N and L. In particular, 0 is
represented by the first word in L. The reciprocal map associating a word w € L
to its index in the genealogically ordered language L is denoted valg (the first word
in L having index 0). A set X C N of integers is S-recognizable if the language
repg(X) over ¥ is regular (i.e., accepted by a finite automaton).

In this section, we consider, with some extra hypothesis on the abstract numer-
ation system, the following decidability question analogous to Problem 1.
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Problem 2. Given an abstract numeration system S and a set X C N such that
repg(X) is recognized by a (deterministic) finite automaton. Is it decidable whether
or not X is ultimately periodic, i.e., whether or not X is a finite union of arithmetic
progressions 7

Abstract numeration systems are a generalization of “positional” numeration
systems U = (U;);>¢ for which N is U-recognizable.

Example 21. Take the language L = {e} U1{0,01}* and assume 0 < 1. Ordering
the words of L in genealogical order: ¢, 1,10,100, 101, 1000, 1001, ... gives back the
Fibonacci system.

Example 22. Consider the language L = {¢}U{a, ab}* U{c, cd}* and the ordering
a < b < ¢ < d of the alphabet. If we order the first words in L we get

0| |5 cc || 10 cce || 15 | aaba || 20 cede
1| al 6 cd || 11 ced || 16 | abaa || 21 cdee
2 c|| 7] aaa | 12 cde || 17 | abab || 22 cded
3laa | 8] aab | 13 | aaaa || 18 | cccc || 23 | aaaaa
4| ab | 9] aba || 14 | aaab || 19 | cccd || 24 | aaaab

Notice that there is no bijection between {a, b, ¢, d} and a set of integers leading
to a positional linear numeration system. For all n > 1, we have u,(qo,z) = 2F),

F1GURE 1. A DFA accepting L.

and ug(qgo,r,) = 1. Consequently, for n > 1,

vi(go,r) =1+ Zui(qO}L) =1+ QZF,

i=1 i=1
Notice that for n > 1, v,,(qo.z) — Va—1(go,.) = un(qo,) = 2F,. Consequently, by
definition of the Fibonacci sequence, we get for all n > 3,

vn(g0,0) = Vn-1(q0,2) = (Va—1(qo,.) — Vn—2(qo,.)) + (Va—2(q0,2.) — Vsn-3(q0,1.))

and
Vn(go,2) = 2vn—1(go,) —Vn—3(qo.r), wWith vo(go,z.) = 1,v1(go,z) = 3,va(go,z) = 7.

Remark 23. The computation given in the previous example to obtain a homoge-
nous linear recurrence relation for the sequence (v;(go.1))j>0 can be carried on
in general. Let ¢ € Q. The sequence (u;(q));>0 satisfies a homogenous linear
recurrence relation of order ¢ whose characteristic polynomial is the characteristic
polynomial of the adjacency matrix of Mp. There exist aj,...,a; € Z such that
for all j >0,

w;t(q) = aruje-1(q) + -+ - + arui(q).
Consequently, we have for all j > 0
Vit 1(0) =Vt (@) = W1 (q) = a1 (V4e(q)=Vjpe-1(0)) + - +ae(vir1(9)—v;(q))-
Therefore the sequence (v;(g));j>0 satisfies a homogenous linear recurrence relation

of order ¢ + 1.

As shown by the following lemma, in an abstract numeration system, the different
sequences (u;(q));>0, for ¢ € Qr, are replacing the single sequence (U;) ;>0 defining
a “positional” numeration system as in Definition ?7.
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Lemma 24. [7] Let w =01 ---0, € L. We have

|w]
(3) valg(w) = Y > Byi(w) up—i(q)
qeQ i=1
where
(4) Byi(w) :==#{o < 0i | dL(q0,L,01 - 0i—10) = q} + 1440,
fori=1,... |wl|.

Recall that 1,4 is equal to 1 if ¢ = ¢’ and it is equal to 0 otherwise.

Proposition 25. [7] Let S = (L, X, <) be an abstract numeration system built over
an infinite reqular language L. Any ultimately periodic set X is S-recognizable and
a DFA accepting repg(X) can be effectively obtained.

Recall that an automaton is ¢rim if it is accessible and coaccessible (each state
can be reached from the initial state and from each state, one can reach a final
state).

Proposition 26. Let S = (L,%, <) be an abstract numeration system such that
for all states q of the trim minimal automaton My = (Qr,qo,1,%, 0, F1) of L,

lim wu;(g) =+
Jj—+o0o

and w;(qo,,) > 0 for all j > 0. If X C N is an ultimately periodic set of period |v|
and preperiod |u|, then any deterministic finite automaton accepting repg(X) has
at least [Ny (|v])/#QL] states where v = (v;(qo,1));>0-

Proof. Since for all states q¢ of M, we have lim;_,;  u;(g) = 400, there exists a
minimal constant J > 0 such that u;(q) > |v| for all ¢ € Q. Consider for any
7 >0, the word
w;j =repg(v;(qo,z)),
corresponding to the first word of length j+1 in the genealogically ordered language
L. Consequently, for j > J — 1, w; is factorized as w; = a;b; with |b;| = J and we
define ¢; := d1.(qo,1.,a;). Notice that b; is the smallest word of length J accepted
from g¢;. By definition of J, from each g;, there are at least |v| words of length J
leading to a final state. If we order them by genealogical ordering, we denote the
|v| first of them by
bj = bj70 < bj,l << bj,\v|—1-
Notice that for ¢ € {0,...,|v| — 1}, we have
valg(ajb;i) = vals(ajb;) +i=v;(qo.L) +i-

The sequence (v;(go,z,) mod |v]);>o is ultimately periodic and takes infinitely
often Ny (Jv]) =: N different values. Let hq,...,hxy > J — 1 such that

i # j = Vn,(qo,L) # Va,(qo,L) mod |
and for all j € {1,..., N}, vi,(qo,) > |u|]. We have
repg(vn, (qo,L)) = wn,; = an,bp; and qn; = 0r(qo,L, an;)-

The elements in the set {qn,,...,qny } can take only #Q different values. So at
least o := [N/#QL] of them are the same. For the sake of simplicity, assume that
they are gp,, ..., qn,. Consequently, fori,j € {1,...,0}andforallk =0,..., |v|—1,
we have by, ) = by, . For all i,j € {1,...,0} such that i # j, by Lemma 2, there
exists t; j < [v| such that either vp,(qo,z) +ti; € X and vp,;(qo,L) +ti; € X or,
Vi, (qo,) + ti; € X and vy, (qo,r) + ti; € X. Therefore, the words an, and ay,
do not belong to the same equivalence class for the relation ~c,_(x). This can be
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shown by concatenating the word by, +, ; = bp; ¢, ;- Hence the minimal automaton
of repg(X) has at least o states. O

Corollary 27. Let S = (L,X,<) be an abstract numeration system having the
same properties as in Proposition 77. Assume that the sequence v = (v;(qo,z));>0
is such that
lim Ny(m) = 4oc.
m——+o0

Then the period of an ultimately periodic set X C N such that repg(X) is accepted
by a DFA with d states is bounded by the smallest integer sg such that for allm > sq,
Ny(m) > d#Qr, where Qy, is the set of states of the (trim) minimal automaton
of L.

Proposition 28. Let S = (L, %, <) be an abstract numeration system. If X C N
is an ultimately periodic set of period |v| such that repg(X) is accepted by a DFA
with d states, then the preperiod |u| of X is bounded by a constant C depending
only on d and |v|.

Proof. Let A = (Q,qo,%,0,F) be a DFA with d states accepting repg(X). As
usual, My, = (Qr,qo.L, 2, 0L, Fr) is the minimal automaton of L and for any state
q € Qr, u;j(g) is the number of words of length j accepted from ¢ in M. Since
(u;(g))j>0 satisfies a linear recurrence relation, the sequences (u;(g) mod |v|);>0
are ultimately periodic for all ¢ € Qr. As usual, we denote by iy(q)(|v]) (resp.
Tu(q)([v])) the preperiod (resp. the period) of (u;(q) mod |v])j>0. We set

(o) = max gy (o)

and
P(Jv]) :=lemgeq, mu(g)([v])-

For |u| large enough, we have |repg(|u] — 1)| > d#Qr. By the pumping lemma
applied to the product automaton® A x My, there exist z,y,z with y # ¢, |ay| <
d#Qr, 6(q0,2) = (g0, y), 61(qo,z, ) = 61(qo,z, zy) and such that

repg(|ul — 1) = zyz
and for all n > 0,
(5) xy"z € repg(X).

Since |zy| is bounded by a constant, we also have |z| > I(|v|) if |u| is chosen large
enough.

Since |z| > I(|v|), using (??), (??) and for all ¢ € @ the periodicity of the
sequences (u;(¢g) mod |v|);>0, we have for all £ > 0 that

(6) valg (zy!I"1PUvDy2) = valg(zyz) mod |v].

Let us give some extra details on how we derive identity (??). Assume x = 1 - - - &,
y=1uy1-ys and z = z1---2. For all n > 1, using (??) for w = zy™z, we get

IThe automaton A x My, is defined as follows. For any state (g,q’) in the set of states
Q@ X Qr, when reading a € X, one reaches in A x My the state (6(q,a),d5(¢’,a)). The initial
state is (qo, go,r,) and the set of final states is F' x Fr,. Roughly speaking, the product automaton
mimics the behavior of both automata A and Mj,.
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|lw| =7+ ns+t and

valg(zy™z) = Z <Zﬁq7 W)Wy —i(q)

qeEQL i=1
r+s r+ns
+ Z ﬂq, u\w| z( )++ Z ﬁq,i(w)u\w\fi((ﬁ
i=r+1 i=r+(n—1)s+1
r+ns+t
+ Y Bea(w)apig >>,
i=r+ns+1

where the first (resp. second, third) line corresponds, as explained below, to the con-
tribution of z (resp. y", z). By definition (??) of the coefficients 3, ;(w), we know
that 3, 1(w) depends only on x1 but 5, 2(w) depends only on 2 and on d,(qgo,r, x1)-
Continuing this way, (3, (w) depends only on z, and on 0,(qo, 1., %1 - - - —1) and for
1 <j <8, Bgryj(w) depends on y; and on 6r(qo,, xy1 - Yj—1). Now By rqsi1(w)
depends only on y; and on d1(qo.,2y1 -+ ys) = 0r(qo,L,2y) = dr(qo,r,x). This
implies that Bg,ys4j(w) = Bgryj(w) for all ¢ € Qr and all j € {1,...,s}. This
argument can be repeated with every copy of y appearing in w. Consequently, the
previous expansion become

r+s n—1
valg(zy"z) = ) <Z/Bq, W —i(Q) + D Bai(w) Y W—iojs(q)
q€QL i=r+1 j=0

()
r+ns+t
bY@
i=r+ns+1

Assume now that n = 1+/|v|P(|v]), with £ > 0. For ¢ € Qp andi =r+1,...,r+s,
we have

n—1 £lv| P(Jv])
= Z Wy —i—js (q) = W —i(q) + Z W)y|—i—js(q)
=0 j=1

and the second term is congruent to 0 modulo |v| due to the periodicity of the
sequences (u;(g) mod |v]);>o (recall that in the case we are considering, |z| =1t >
I(Jv])). Consequently, for n = 1+ £|v|P(|v]), we have

r+s
valg(ays) = z(z@qz W)+ Y By —i(a)
q€QrL i=r+1
r4+ns+t
Y ) >) mod .
i=r+ns+1

It is then easy to derive (77).

We now use the minimality of |u| to get a contradiction. Assume that |u| — 1 is
in X (the case not in X is similar). Therefore for all n > 1, |u| + n|v| — 1 is not in
X. From (??), for £ > 0 we get xy‘l"lPU*Dyz € repg(X), but from (??) this word
represents a number of the kind |u| + n|v| — 1 with n > 0 which cannot belong to
X. O

Remark 29. The constant C of the previous result can be effectively computed.
Using notation of the previous proof, one has to choose a constant C' such that
|u| > C implies |repg(Ju|l — 1)] — d#Qr > I(|v]). Since the abstract numeration
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system S, the period |v| and the number d of states are given, I(|v|) and repg(n)
for all n > 0 can be effectively computed.

Theorem 30. Let S = (L, %, <) be an abstract numeration system such that for
all states q of the trim minimal automaton My = (Qr,q0,.,%,05, Fr) of L

lim u;(q) = 400
j—00

and u;j(go.r) > 0 for all j > 0. Assume moreover that v = (v;(qo.1))i>0 satisfies a
linear recurrence relation of the form (1) with a, = £1. It is decidable whether or
not a S-recognizable set is ultimately periodic.

Proof. The proof is essentially the same as the one of Theorem ?7?7. Let X be
a S-recognizable set and d be the number of states of the minimal automaton of
repg(X). With the same reasoning as in the proof of Lemma ?7?, lim,, , 4 oo Ny (m) =
4o0. If X is ultimately periodic, then its period is bounded by a constant ¢y that
can be effectively estimated.

If X is ultimately periodic with period |v| < tg, then using proposition ?7?, its
preperiod is bounded by a constant (which can also be computed effectively thanks
to Remark ?77).

Consequently, the sets of admissible periods and preperiods we have to check are
finite. Thanks to Proposition 7?7, one has to build an automaton for each pair of
admissible preperiods and periods and then compare the accepted language with
repg(X). O

Example 31. The abstract numeration system given in Example 7?7 satisfies all
the assumptions of the previous theorem.
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