
ar
X

iv
:2

00
6.

15
54

6v
1 

 [
m

at
h.

G
R

] 
 2

8 
Ju

n 
20

20
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We classify R- and L-cross-sections of wreath products of finite inverse
symmetric semigroups ISm ≀p ISn up to isomorphism. We show that every

isomorphism of R (L-) cross-sections of ISm ≀p ISn is a conjugacy. As an

auxiliary result, we get that every isomorphism of R- (L-) cross-sections of
ISn is also a conjugacy. We also compute the number of non-isomorphic R

(L-) cross-sections of ISm ≀p ISn.

Regular rooted tree; partial automorphism; finite inverse symmetric semigroup;
partial wreath product; Green’s relations; cross-sections.

1. Introduction

Transformation semigroups play an important role in semigroup theory. One
of the reasons is that transformation semigroups appeared in recent studies in
general symmetry theory as (full or partial) endomorphisms semigroup of different
combinatorial objects.

The study of cross-sections of semigroups was started by Renner [10]. Later
on different authors have studied cross-sections of particular semigroups. H-cross-
sections of inverse symmetric semigroups were deeply studied by Cowan and Reilly [1],
R- and L- cross-sections of ISn were classified by Ganyushkin and Mazorchuk [3].
R- and H-cross-sections for the full finite transformation semigroup Tn and for the
infinite full transformation semigroup TX were classified by Pyekhtyeryev [8, 9].

In the present paper we continue the study of R- and L- cross-sections of partial
wreath products of finite inverse symmetric semigroups initiated in [6]. We classify
R- and L- cross-sections of partial wreath products of finite inverse semigroups up
to isomorphism. The paper is organized as follows. All necessary definitions are
collected in Section 2. Section 3 contains known results on R- and L-cross-sections
of ISn and ISm ≀p ISn. Classification of R- and L- cross-sections of ISn and
ISm ≀p ISn up to isomorphism is given in Section 4 and Section 5 respectively.

2. Basic definitions

For a set X , let IS(X) denote the set of all partial bijections on X with the
natural composition law: f◦g : dom(f)∩f−1(dom(g)) ∋ x 7→ xfg for f, g ∈ IS(X).
The set (IS(X), ◦) is clearly an inverse semigroup. This semigroup is called the
full inverse symmetric semigroup on X . If X = Nn, where Nn = {1, . . . , n},
then semigroup IS(Nn) is called the full inverse symmetric semigroup of rank n
and is denoted ISn. We distinguish the element whose domain is ∅, it will be
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denoted by 0. It is the zero of semigroup ISn. Also we distinguish an identity map
1 : ISn → ISn defined by x1 = x for all x ∈ ISn. Clearly, this is the unity of ISn.

It is possible to introduce for elements of ISn an analogue of the cyclic de-
composition for elements of the symmetric group Sn. We start with introducing
two classes of elements. Let A = {x1, x2, . . . , xk} ⊂ Nn be a subset. Denote by
(x1, x2, . . . , xk) the unique element f ∈ ISn such that xif = xi+1, i = 1, 2, . . . , k−1,
xkf = x1 and xf = x, x /∈ A. Assume that A 6= ∅ and denote by [x1, x2, . . . , xk]
the unique element f ∈ ISn such that dom(f) = Nn \ {xk} and xif = xi+1,
i = 1, 2, . . . , k−1, and xf = x, x /∈ A. The element (x1, x2, . . . , xk) is called a cycle
and the element [x1, x2, . . . , xk] is called a chain, and the set A is called the support
of (x1, x2, . . . , xk) or [x1, x2, . . . , xk]. Any element of ISn decomposes uniquely into
a product of cycles and chains with disjoint supports. This decomposition is called
a chain decomposition [2]. Denote by 〈x1, x2, . . . , xk〉 the element f ∈ ISn such
that dom(f) = A \ {xk} and xif = xi+1, i = 1, 2, . . . , k − 1.

Recall the definition of a partial wreath product of semigroups. Let S be a
semigroup, (X,P ) be the semigroup of partial transformations of a set X . Define
the set SPX as the set of partial functions from X to S:

SPX = {f : A→ S| dom(f) = A,A ⊂ X}.

Given f, g ∈ SPX , the product fg is defined as:

dom(fg) = dom(f) ∩ dom(g), (fg)(x) = f(x)g(x) for all x ∈ dom(fg).

For a ∈ P, f ∈ SPX , define fa as:

(fa)(x) = f(xa), dom(fa) = {x ∈ dom(a);xa ∈ dom(f)}.

Definition 1. The partial wreath product of the semigroup S with the semigroup
(X,P ) of partial transformations of the set X is the set

{(f, a) ∈ SPX × (X,P ) | dom(f) = dom(a)}

with product defined by (f, a) · (g, b) = (fga, ab). We will denote the partial wreath
product of semigroups S and (X,P ) by S ≀p P .

Remark 1. Some authors use the term wreath product. We follow terminology from
the book of J.D.P Meldrum [7], where this construction is called partial wreath
product.

It is known [7] that a partial wreath product of semigroups is a semigroup. More-
over, a partial wreath product of inverse semigroups is an inverse semigroup. An
important example of an inverse semigroup is the semigroup PAutT k

n of partial au-
tomorphisms of a k-level n-regular rooted tree T k

n . Here by a partial automorphism
we mean a root-preserving tree homomorphism defined on a rooted subtree of T k

n .
It is shown in [5] that

PAutT k
n ≃ ISn ≀p ISn ≀p · · · ≀p ISn

︸ ︷︷ ︸

k

.

This is an analogue of the well-known fact that Aut T k
n ≃ Sn ≀ · · · ≀ Sn.

Remark 2. Let N ′
n = Nn ∪ {∅}, and we can consider semigroup ISn as a sub-

semigroup Kn+1 of full transformation semigroup Tn+1 acting on the set N ′
n: for

every a ∈ ISn we define a′ ∈ Kn+1 as xa′ = xa for x ∈ dom(a) and xa′ = ∅ for
x /∈ dom(a). Let S = Km+1 ≀Kn+1, where ≀ is a wreath product of semigroups (see,
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e.g., [4, Chapter 1], [7, Chapter 10]). We define equivalence ∼ on the semigroup
S: (f, a) ∼ (g, a) ⇔ f(x) = g(x) for x ∈ N ′

n such that xa 6= ∅. Then we identify
every element (f, a) ∈ ISm ≀p ISn with an element (f ′, a′) ∈ S/ ∼ in a following
way. We set xa′ = xa for x ∈ dom(a) and xa = ∅ otherwise, and f ′(x) = f(x) for
x ∈ dom(a), f ′(x) for x /∈ dom(a) can be chosen arbitrarily. So we can consider
partial wreath product ISm ≀p ISn as a quotient S/ ∼.

3. R- and L-cross-sections of ISm ≀p ISn

In this section we give a brief description of known results on R- and L-cross-
sections of the semigroup ISm ≀p ISn.

Let S be an inverse semigroup with identity. Recall that Green’s R-relation on
inverse semigroup S is defined by aR b⇔ aS = bS, similarly, Green’s L-relation is
defined by a L b ⇔ Sa = Sb. It is well-known (e.g. [2]) that Green’s relations on
ISn can be described as follows: aRb⇔ dom(a) = dom(b); aLb⇔ im(a) = im(b).

R- and L-relations on ISm ≀p ISn are described in

Proposition 1. [5] Let (f, a), (g, b) ∈ ISm ≀p ISn. Then

(1) (f, a) R (g, b) if and only if dom(a) = dom(b) and for any z ∈ dom(a)
f(z)R g(z);

(2) (f, a)L (g, b) if and only if im(a) = im(b) and for any z ∈ im(a) gb
−1

(z)L

fa−1

(z), where a−1 is the inverse for a.

Now let ρ be an equivalence relation on S. A subsemigroup T ⊂ S is called
cross-section with respect to ρ (or simply ρ-cross-section) provided that T contains
exactly one element from every equivalence class. Correspondingly, cross-sections
with respect to R- (L-) Green’s relations are called R- (L-) cross-sections. Note
that every R- (L-) equivalence class of inverse semigroup contains exactly one
idempotent. Then the number of elements in every R- (L-) cross-section of in-
verse semigroup S is |E(S)|, where E(S) is the subsemigroup of all idempotents of
semigroup S.

Observe that a subsemigroup H of semigroup ISn is an R-cross-section if and
only if for every subset A ⊆ Nn it contains exactly one element a such that
dom(a) = A.

Before describing R- and L-cross-sections in semigroup ISm ≀p ISn, we give
first the description of R- and L-cross-sections in semigroup ISn presented in
[3]. Let Nn = M1 ⊔ M2 ⊔ . . . ⊔ Ms be an arbitrary decomposition of Nn =
{1, 2, . . . , n} into disjoint union of non-empty blocks, where the order of blocks
is irrelevant. Assume that a linear order is fixed on the elements of every block:

Mi =
{

mi
1 < mi

2 < · · · < mi
|Mi|

}

.

For each pair i, j, 1 ≤ i ≤ s, 1 ≤ j ≤ |Mi| define ai,j = [mi
1,m

i
2, . . . ,m

i
j ] and

denote by R(
−→
M1,

−→
M2, . . . ,

−→
Ms) = 〈ai,j | 1 ≤ i ≤ s, 1 ≤ j ≤ |Mi|〉 ⊔ {e}.

Theorem 1. [3] For an arbitrary decomposition Nn = M1 ⊔M2 ⊔ . . . ⊔Ms and
arbitrary linear orders on the elements of every block of this decomposition the

semigroup R(
−→
M1,

−→
M2, . . . ,

−→
Ms) is an R-cross-section of ISn. Moreover, every R-

cross-section is of the form R(
−→
M1,

−→
M2, . . . ,

−→
Ms) for some decomposition Nn =M1⊔

M2 ⊔ . . . ⊔Ms and some linear orders on the elements of every block.
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Since the map a 7→ a−1 is an anti-isomorphism of the semigroup ISn, which
sends R-classes to L-classes, then L-cross-sections are described similarly.

Now we turn to the description ofR- and L-cross-sections of semigroup ISm ≀p ISn.
It follows from Proposition 1 that a subsemigroup H ⊂ ISm ≀p ISn is an R-cross-
section if and only if for any A ⊂ Nn and any collection of sets Bx1

, . . . , Bx|A|
⊂ Nm

there exists exactly one element (f, a) ∈ H satisfying dom(a) = A and dom(xif) =
Bxi

for all xi ∈ A. Later on we will use this fact frequently.

Define the map ϕµ :
∏k

i=1(S ≀p IS(Mi)) → S ≀p ISn in the following manner: ϕµ

maps the product
∏k

i=1(fi, ai) to the element (f, a) such that a
∣
∣
Mi

= ai, f
∣
∣
Mi

= fi.

Theorem 2. [6] Let R(
−→
M1,

−→
M2, . . . ,

−→
Mk) be an R-cross-section of semigroup ISn,

R1, . . ., Rk be R-cross-sections of semigroup ISm. Then

R = ϕµ

(

(R1 ≀pR(
−→
M1))× (R2 ≀pR(

−→
M2))× . . .× (Rk ≀pR(

−→
Mk))

)

is an R-cross-section of semigroup ISm ≀p ISn.
Moreover, every R-cross-section of semigroup ISm ≀p ISn is isomorphic to

(R1 ≀pR(
−→
M1))× (R2 ≀pR(

−→
M2))× . . .× (Rk ≀pR(

−→
Mk).

A map (f, a) 7→ (f, a)−1 is an anti-isomorphism of semigroup ISm ≀p ISn, that
sends R-classes to L-classes. It is also clear that it maps R-cross-sections to L-
cross-sections and vice-versa. Hence dualizing Theorem 2, one gets a description of
L-cross-sections.

4. Isomorphisms of R- and L-cross-sections of ISn

Clearly, it is enough to study problem of isomorphism only for R-cross-sections.
The result for L-cross-sections is analogous.

For an arbitrary R-cross-section R = R(
−→
M1,

−→
M2, . . . ,

−→
Ms) we call an idempotent

e ∈ E(R) block idempotent if dom(e) ⊂ Mi for some i. The idempotents of R are
described below. Let

R(
−→
Mi) = {ai,j | 1 ≤ j ≤ |Mi|} ∪ e.

Then

R(
−→
M1,

−→
M2, . . . ,

−→
Ms) ≃ R(

−→
M1)× . . .×R(

−→
Ms).

Isomorphism is established by ϕ(a) = (a
∣
∣
M1

, . . . , a
∣
∣
Ms

).

For an R-cross-section R = R(
−→
M1,

−→
M2, . . . ,

−→
Ms) element e ∈ R is an idempo-

tent iff e
∣
∣
Mi

∈ E(R(
−→
Mi)) for all i = 1, . . . , s. An element a ∈ R(

−→
Mi) with do-

main dom(a) =
{
mi

j1
, . . . ,mi

jk
| j1 < . . . < jk

}
acts in a following way: (mi

jl
)a =

mi
|Mi|−k+l

. Taking it into account we get that idempotents of R(
−→
Mi) are described

as e = (mi
j)(m

i
j+1) . . . (m

i
|Mi|

).

Recall that on the set of idempotents the partial order � is defined as e � f ⇔
ef = fe = e.

Proposition 2. An idempotent e ∈ E(R) is a block idempotent if and only if there
exist no idempotents e1 6= 0, e2 6= 0 such that e1 � e, e2 � e, e1e2 = 0.

Proof. Necessity. Let e be block idempotent. Let e1 � e, e2 � e be idempotents
of R such that e1 6= 0, e2 6= 0. If Mi = {x1, . . . , xk | x1 < x2 < . . . < xk}, then
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for an arbitrary block idempotent e it holds dom(e) = {xj , . . . , xk}, j ≤ k. Since
e, e1, e2 ∈ E(R), then e1e2 6= 0.

Sufficiency. Assume the contrary. It means that there is no index i such that
dom(e) ⊂Mi. Consider a blockMi for which dom(e)∩Mi 6= ∅. Then e1 = e

∣
∣
Mi

and

e2 = e
∣
∣
Mi

are idempotents. Evidently, e1e2 = 0. From condition dom(e) ∩Mi 6= ∅

it follows e1 6= 0, and from the fact that e is not block idempotent, it follows e2 6= 0.
�

Lemma 1. Let R1, R2 be R-cross-sections of the semigroup ISn, ϕ : R1 → R2 be
an isomorphism. Then there exists a permutation Θ ∈ Sn such that for any block
idempotent e ∈ R1 and every x ∈ {1, . . . , n} it holds xeΘ = xΘϕ(e).

Proof. Let R1 = R(
−→
M1,

−→
M2, . . . ,

−→
Ms). The domains of block idempotents defined on

different blocks are disjoint. Thus if i 6= j and dom(ei) ⊂Mi, dom(ej) ⊂Mj, then
eiej = 0. From the definition of the partial order, we have for block idempotents
defined on the same block that ei � ej if and only if dom(ei) ⊂ dom(ej). Then the
set Eb(R) of block idempotents of R-cross-section R as a poset can be drawn as:

◦

◦ ◦ ◦

◦

|M1|

◦

|M2|

. . . ◦

|Ms|

◦ ◦ . . . ◦

∅

⑥⑥⑥⑥⑥⑥⑥⑥

❆❆❆❆❆❆❆❆

PPPPPPPPPPPPPP

It follows from Proposition 2 that the property to be a block idempotent is
preserved under an isomorphism. On the other hand, the isomorphism ϕ preserves
the order �. Thus ϕ defines a poset isomorphism between Eb(R1) and Eb(R2).
If Mi = {x1 < . . . < xk}, then for a block idempotent e ∈ R1 with dom(e) =
{xj , . . . , xk} we put ν1(e) = xj . We define ν2(e) for a block idempotent e ∈ R2

similarly. It is easily checked that Θ defined by iΘ = ϕ(iν−1
1 )ν2, i ∈ {1, . . . , n}, is

as required. �

Theorem 3. Let R1, R2 be R-cross-sections of the semigroup ISn, ϕ : R1 → R2

be an isomorphism. Then there exists an element Θ ∈ Sn such that for any α ∈ R1

and x ∈ {1, . . . , n} the following equality holds xαΘ = xΘϕ(α).

Proof. Let Θ be the permutation provided by Lemma 1.

Let ξ ∈ R1 = R(
−→
M1,

−→
M2, . . . ,

−→
Ms) be such that dom(ξ) ⊂ Mi and im(ξ) ⊂ Mi

for some i. It means idMi
ξ = ξ, i.e. ξ acts inside the block Mi. Thus,

ϕ(ξ) = ϕ(idMi
ξ) = ϕ(idMi

)ϕ(ξ) = idΘ(Mi)ϕ(ξ)

Therefore, ζ = ϕ(ξ) acts inside the block Θ(Mi).
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Let

Mi = {x1, x2, . . . , xki
|x1 < x2 < . . . < xki

},

Θ(Mi) = {y1, y2, . . . , yki
| y1 < y2 < . . . < yki

},

where yi = xiΘ, i = 1, . . . , ki. Let dom(ξ) = {xi1 , . . . , xil}, i1 < . . . < il, dom(ζ) =
{yj1 , . . . , yjp}, j1 < . . . < jp.

Then ximξ = xi|Mi|
−l+m, m = 1, . . . , l, yjmζ = yj|Mi|

−p+m, m = 1, . . . , p. Denote

em = id{xm,...,x|Mi|
}, fm = id{ym,...,y|Mi|

}. We have then

(1) e|Mi|ξ = 0, . . . , eil+1ξ = 0, eilξ 6= 0,

and

(2) f|Mi|ζ = 0, . . . , fjp+1ζ = 0, fjpζ 6= 0.

Applying to (1) the isomorphism ϕ and using Lemma 1, we get

(3) f|Mi|ζ = 0, . . . , fil+1ζ = 0, filζ 6= 0.

It follows from equalities (2) and (3) that l = p and il = jp.
Further, we have

eilξ = eil−1ξ = . . . = eil−1−1ξ 6= eil−1
ξ,

filζ = fil−1ζ = . . . = fjl−1−1ζ 6= fjl−1
ζ.

Similarly, we get jl−1 = il−1. By induction we obtain im = jm and l = p. Then for
any x ∈ dom(ξ) it holds: xξΘ = xΘϕ(ξ), because yimζ = ximξΘ.

We will show now that equality xαΘ = xΘϕ(α) is true for any α ∈ R1.
Let α ∈ R1, x ∈Mi. Then

xαΘ = xα
∣
∣
Mi

Θ = x idMi
αΘ = xΘϕ(idMi

α) =

= xΘ(ϕ(idMi
)ϕ(α)) = xΘ(idΘ(Mi) ϕ(α)) = xΘϕ(α).

Thus, for every α ∈ R1, x ∈ {1, . . . , n} it is true that xαΘ = xΘϕ(α) �

Remark 3. It is proved in [3] that two R- (L-) cross-sections in ISn are isomor-
phic if and only if they are conjugate. Theorem 3 strengthens this result: every
isomorphism of R- (L-) cross-sections is a conjugacy.

5. Isomorphisms of R- and L-cross-sections of ISm ≀p ISn

In this section we generalize the result of the previous section that every isomor-
phism of R- (L-) cross-sections of inverse symmetric semigroup ISn is a conjugacy,
to partial wreath products of finite inverse symmetric semigroups.

Theorem 4. Let R′, R′′ be R-cross-sections of the semigroup ISm ≀p ISn, ϕ : R
′ →

R′′ be an isomorphism. Then there exists such an element Θ = (ϑ, θ) ∈ Sm ≀ Sn

that

ϕ
(
(f, a)

)
= Θ−1(f, a)Θ.

In other words, if (f, a) ∈ R′ and (g, b) = ϕ
(
(f, a)

)
, then dom b = θ

(
dom(a)

)
and

for any x ∈ dom(a)

xaθ = xθb, g
(
θ(x)

)
= ϑ−1(x)f(x)ϑ(xa).
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Proof. Step 1. For an idempotent e = (fe, ae) ∈ ISm ≀p ISn denote

Ne =
{
ζ = (f, a) ∈ ISm ≀p ISn | eζ = ζ

}
.

If ζ = (f, a) ∈ Ne, then dom(a) ⊂ dom(ae) and dom(xf) ⊂ dom(xfe) for any
x ∈ dom(a). But every element of R-cross-section is completely defined by the sets
dom(a) and dom(xf), x ∈ dom(a). Thus the number of elements ofR-cross-sections
R, which are in Ne, is equal to

|Ne ∩R| =
∑

A⊂dom(ae)

∏

x∈A

2|dom(xfe)| =
∏

x∈dom(ae)

(
1 + 2|dom(xfe)|

)
.

Take an element e′ = (0, idNn
). We have e′ ∈ R′.

Set R′ ∩ Ne′ contains 2n elements (they are elements (0, a)). Since ϕ is an
isomorphism, then e′′ = (f ′′, a′′) = ϕ(e′) is an idempotent, and |R′′ ∩Ne′′ | = 2n.
Therefore, we have

∏

x∈dom(a′′)

(
1 + 2|dom(f ′′(x))|) = 2n.

This clearly implies |dom(f ′′(x))| = 0 for all x ∈ dom(a′′) and |dom(a′′)| = n,
which means e′′ = e′.

Step 2. Define

R′
1 = {a ∈ ISn | (f, a) ∈ R′}

and similarly R′′
1 . Both R

′
1 and R′′

1 are R-cross-sections of ISn. For every element
(f, a) ∈ R the product

(f, a)(0, e) = (0, e)(f, a) = (0, a) ∈ R.

We have then (0, R′
1) = e′R′ and (0, R′′

1) = e′R′′. Since ϕ is an isomorphism, then
ϕ
(
(0, R′

1)
)
= (0, R′′

1 ) and a map ϕ1 : R
′
1 → R′′

1 , which is defined as (0, ϕ1(x)) =
ϕ((0, x)), is an isomorphism. From Theorem 3 it follows that there exists an element
θ ∈ Sn such that ϕ1(a) = θ−1aθ.

Take an arbitrary element (f, a) ∈ R′ and put (g, b) = ϕ
(
(f, a)

)
. We get

(0, ϕ1(a)) = ϕ
(
(0, a)

)
= ϕ

(
e′(f, a)

)
= e′ϕ

(
(f, a)

)
= e′(g, b) = (0, b),

which implies b = ϕ1(a) = θ−1aθ. Renumbering elements of the set Nn in a proper
way, we could obtain R′

1 = R′′
1 = R(M1) × · · · × R(Ms) and ϕ1 = id. Then,

evidently, b = a.
Step 3. Define the “maximal” block idempotents: ei = (1Mi

, idMi
), where

1Mi
(x) = idNm

, x ∈ Mi. According to Lemma 1 maximal idempotents are pre-
served under isomorphism. As ϕ acts identically on the second component, we
have ϕ(ei) = ei. Thus

(4) ϕ
(
(f |Mi

, a|Mi
)
)
= ϕ

(
ei(f, a)

)
= eiϕ

(
(f, a)

)
= ei(g, a) = (g|Mi

, a|Mi
).

SinceMR
i =Mi andNn =M1⊔M2⊔. . .⊔Ms, then there exists a monomorphism

from R to
∏s

i=1(ISm ≀p IS(Mi)) defined in the following way:

(f, a) 7→
(

(f
∣
∣
M1

, a
∣
∣
M1

), . . . , (f
∣
∣
Ms
, a
∣
∣
Ms

)
)

.

Using the monomorphism (defined as above) from R-cross-section to Cartesian
product of R-cross-sections of ISm ≀p IS(Mi) and equality (4), we have that it is
enough to prove the proposition for “restriction ϕ to cofactors”. That is we may
suppose that R′

1 = R′′
1 = R(M), and that the isomorphism ϕ is identical on the
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second component (because evidently, this property is preserved under restriction).
Without loss of generality assume that M = {1, . . . , l} with natural order.

Let we have some R-cross-section R. Let (fi, ai), i = 1, . . . , l, be elements of
R-cross-section R such that

ai = 〈1, i, i+ 1, . . . , l − 1, l〉, dom(f(1)) = Nm.

Put ϕi = fi(1) for an element (fi, ai) ∈ R. Consider now the map Θ: ISm ≀p IS(M) →
ISm ≀p IS(M), which acts as follows: (f, a) 7→ (g, a), where for x ∈ dom(a)

g(x) = ϕxf(x)ϕ
−1
xa . It is easy to check that this map is an isomorphism and an

isomorphic image of R-cross-section is an R-cross-section. In such a way we define
the maps Θ′ for R′ and Θ′′ for R′′.

Therefore, applying to both cross-sections R′ and R′′ recently defined maps Θ′

and Θ′′, we obtainR-cross-sections Θ′(R′) = R′
2 ≀pR(M) and Θ′′(R′′) = R′′

2 ≀pR(M)
(see Lemma 3.6 in [6]). Since both Θ′ and Θ′′ are clearly conjugacies and act
identically on the second component, then we may assume R′ = R′

2 ≀pR(M),
R′′ = R′′

2 ≀pR(M), and isomorphism ϕ acts identically on the second component.

Step 4. Consider the set R2 =
{
(f, id{l}) ∈ R′

}
. Evidently, R2 ≃ R′

2 (the

isomorphism is defined by ψ
(
(f, id{l})

)
= f(l)). Since ϕ is identical on the second

component, then ϕ(R2) =
{
(f, id{l}) ∈ R′′

}
≃ R′′

2 , hence R′′
2 ≃ R′

2. Moreover,

as σ = ψ−1ϕψ is an isomorphism of R-cross-sections of ISm, then there exists
θ0 ∈ Sm such that σ(a) = θ−1

0 aθ0. Put xϑ = θ0, x ∈ M . We will show that
Θ = (ϑ, idM ) ∈ Sm ≀ Sl is as required.

For j ∈M denote

τj =

{

(f, 〈j, l〉) ∈ R′, dom(f(j)) = Nm, if j < l;

(f, id{l}) ∈ R′, dom(f(l)) = Nm, if j = l.

As f(j) ∈ R′
2, then f(j) = idNm

. We claim that ϕ(τj) = τj . Indeed, τj is
a unique element of R′ of the form (f, 〈j, l〉), which cannot be represented as a
product of an element of R′ of such a form and a non-idempotent element from
R2. Since ϕ is identical on the second component, then the set of the elements of
the form (f, 〈j, l〉) is preserved under the action of ϕ, and the same is true for R2.
Moreover, ϕ preserves the operation and idempotents, hence ϕ should preserve an
element τj also.

Further, for arbitrary i, j ∈ M, i < j, denote by Λ(i, j) := {i, j + 1, j + 2, . . . , l}
and consider an element λij = (f, a) ∈ R′ such that dom(a) = Λ(i, j) (i.e. ia = j,
ka = k for k > j) and dom(xf) = Nm (i.e. f(x) = idNm

) for x ∈ Λ(i, j). We
claim that ϕ(λij) = λij . Indeed, if we denote Λ(j) := {j, j + 1, . . . , l}, then element
λij can be characterized by the property: it is the only element of R′ of the form
(f, idΛ(i,j)), which cannot be represented as the product of the element of such a
form and non-idempotent element of R′ of the form (f, idΛ(j)). As this property is
preserved under ϕ, we have ϕ(λij) = λij .

Consider now an arbitrary element (f, a) ∈ R′. Let (g, a) = ϕ
(
(f, a)

)
. Take any

i ∈ dom(a) and let ia = j. Take (h, id{l}) such that dom(h(l)) = dom(f(i)) (i.e.
h(l) = f(i)). The elements z1 = (f, a)τj and z2 = τi(h, idl) are in R

′, since z1 R z2,
then z1 = z2. Applying to this equality ϕ, we get (g, a)τj = τiϕ

(
(h, id{l})

)
, which

implies g(i) = θ−1
0 h(l)θ0 = θ−1

0 f(i)θ0. �
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Remark 4. In the terms of semigroup of transformations of rooted trees this theorem
states that every isomorphism of R- (L-) cross-sections of semigroup of partial
“rooted” automorphisms of a rooted regular two-level tree T is a conjugacy.

Remark 5. Because of recursive definition of partial wreath product, one can ge-
neralize this Theorem forR-(L-) cross-sections of semigroup ISnk

≀p ISnk−1
≀p . . . ≀p ISn1

.

LetR = R(
−→
M1,

−→
M2, . . . ,

−→
Ms) be anR-cross-section of ISn. The vector (u1, . . . , un),

where uk = |{i | |Mi| = k}|, 1 ≤ k ≤ n, is called the type of R-cross-section R. The
type of L-cross-section is defined in a similar way. It is proven in [3] that two
R- (L-) cross-sections is isomorphic if and only if they have the same type. It is
also shown that the number of non-isomorphic R- (L-)cross-sections is equal to pn,
where pn is the number of decompositions of n into the sum of positive integers,
where the order of summands is not important.

Corollary 1. The number of non-isomorphic R- (L-) cross-sections of ISm ≀p ISn

is
∑

j1,j2,...,jn≥0
j1+2j2+···+njn=n

m∏

i=1

(
pm + ji − 1

ji

)

,

where pn denotes the number of decompositions of n into the sum of positive inte-
gers, where the order of summands is not important.

Proof. Clearly, it is enough to compute the number of non-isomorphic R-cross-
sections of ISm ≀p ISn. The number of non-isomorphic L-cross-sections is the same.

Partition the set of all R-cross-sections of semigroup ISm into pm classes of
isomorphic R-cross-sections and enumerate them with the integers from 1 to pm.

For a fixed partition {M1,M2, . . . ,Ms} consider all R-cross-sections having the
form

(5) (R1 ≀pR(M1))× . . .× (Rk ≀pR(Ms))

of semigroup ISm ≀p ISn such that R-cross-section R1 = R(
−→
M1,

−→
M2, . . . ,

−→
Ms). De-

fine as above jk = |{i | |Mi| = k}|.
To each R-cross-section assign a sequence of number pairs

(
(|M1|, i1), . . . , (|Ms|, is)

)
, il ∈ {1, 2, . . . , pm} ,

where il is the number of the equivalence class of Ri ⊂ ISm. Two R-cross-sections
of the form (5) are isomorphic iff their corresponding sequences are equal up to the
permutation of elements. Indeed, we know from Theorem 4 that any isomorphism
of R-cross-sections is generated by a “tree isomorphism” Θ. Moreover, it follows
from the proof of this theorem that each cofactor Rk ≀pR(Ms) is mapped to a
similar cofactor R′

k ≀pR(M
′
k) by Θ, and R′

k ≃ Rk, |M ′
k| = |Ms|. On the other hand,

if Mj = M ′
σ(j) and for each j = 1, . . . , k ψj : R′

j → Rσ(j) is an isomorphism,

then isomorphism between R-cross-sections (R1 ≀pR(M1)) × . . . × (Rs ≀pR(Ms))
and (R′

1 ≀pR(M
′
1))× . . .× (R′

s ≀pR(M
′
s)) is established by the map

(f1, a1)× . . .× (fs, as) 7→
(
ψ1(fσ(1)), aσ(1)

)
× . . .×

(
ψ1(fσ(s)), aσ(s)

)
.

So, among permutationally-equivalent sequences we can choose a “canonical”
representation, for instance, we can arrange as

((1, i11), . . . , (1, i1j1), (2, i21), . . . , (2, i2j2) . . . , )
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1 ≤ i11 ≤ . . . ≤ i1j1 ≤ pm, 1 ≤ i21 ≤ . . . , i2j2 ≤ pm, . . .

Thus, we have to compute the number of representatives in order to find the number
of non-isomorphicR-cross-sections. To get their number we have to find the number
of non-decreasing functions from {1, 2, . . . , jl} to {1, 2, . . . , pm}.

The number of non-decreasing functions from {1, 2, . . . , jl} to {1, 2, . . . , pm} is
equal to the number of solutions of the equation

x1 + . . .+ xpm
= jl,

that is
(
pm+jl−1

jl

)
. So the number of non-isomorphic R-cross-sections of form (5) is

m∏

i=1

(
pm + ji − 1

ji

)

.

Summing this over forms (5), i.e. over all partitions of the integer n, we get the
the number of all non-isomorphic R-cross-section of the semigroup ISm ≀p ISn:

∑

j1,j2,...,jn≥0
j1+2j2+···+njn=n

m∏

i=1

(
pm + ji − 1

ji

)

.

�
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