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Abstract

Certain subquotients of group algebras are determined as a basis for sub-
sequent computations of relative Fox and dimension subgroups. More pre-
cisely, for a group G and N-series G of G let I}%L’g(G), n > 0, denote
the filtration of the group algebra R(G) induced by G, and Ir(G) its
augmentation ideal. For subgroups H of G, left ideals J of R(H) and
right H-submodules M of Iz(G) the quotients Ir(G)J/MJ are studied
by homological methods, notably for M = Ir(G)Ir(H), Ir(H)Ir(G) +
I([H,G])R(G) and R(G)Ig(N) + I 5(G) for a normal subgroup N in G;
in the latter case the module Ir(G)J/MJ is completely determined for
n = 2. The groups I%jgl(G)IZ(H)/I%Q(G)IZ(H) are studied and explic-
itly computed for n < 3 in terms of enveloping rings of certain graded Lie
rings and of torsion products of abelian groups.
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Introduction

Let G be a group, R(G) be the group algebra of G with coefficients in a
commutative ring 12, and let I}, 5(G), n > 0, denote the filtration of R(G) induced
by a given N-series G of G, see [21] or section 2 below. In particular, I ;(G) =
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R(G), Iy 4(G) is the augmentation ideal Ir(G) of R(G), and if G is the lower
central series 7 of G, then Ig_(G) is the n-th power I}(G) of Ir(G). As usual,
we skip the sub- or superscript R,G when R = Z or G =+, resp.

Now let H be a subgroup of G and J be a left ideal of R(H). Then it is a
classical problem to study the n-th generalized Fox quotient Iﬁfgl(G)J/Igg(G)J
for n > 1 (usually one considers R = Z, G = v and J = I(H)). The
first Fox quotient was determined a long time ago [27], and the related quotient
I(G)I(H)"'/I(G)I(H)™ was computed by Karan and Vermani [I3]. But only
partial results are known on the second Fox quotient (and some higher ones), for
R = ZZ and always under some splitting condition, e.g. supposing H to be a
semi-direct factor of GG, see the work of Khambadkone and of Karan and Vermani
in [16], [I7], [18], [14], [15]. As a striking fact, in all known cases a reduction of
the quotient in question was obtained to sums and tensor products among certain
subquotients of the group rings of G and H (or of a semidirect complement of
H in G): examples of this phenomenon are given by Proposition 3.4 and by the
isomorphisms (1) and (2]) below.

In this paper we introduce a homological approach to the study of the quotient
Ir(G)J/MJ for arbitrary G, H, R, J and right H-submodules M of I(G), in
the same spirit: in certain cases we still find a sum-tensor-decomposition, such as
the isomorphisms

1R(G)J ~ I(H)J 1(Q) J
IR(GR)IR(H)J = TH)J D (Z(G)I(H))®(I(H)J) (1)

in Theorem and

IR(G)J ~ H J J
IR(H)IR(G)JI:—IR([H,G})R(G)J = ([H,G} ® I(H)J) 82 (I(G/H> ® I(H)J) (2)

in Theorem [LI0} the latter for normal subgroups H. But for general submodules
M, the group Ig(G)J/MpgJ can only be embedded into a natural exact sequence

Torf (AG_ 7y 2, _1HJ_ i, InG)

(@)
I(H)+M > —

(I(H)NM)J MpJ T(H)+M

thus describing the kernel and cokernel of the canonical map 7 in terms of a tensor
and a torsion product over H, see Proposition Moreover, the class of the
resulting extension 0 — Coker(c) — Ir(G)J/MgrJ — (I(G)/I(H)+ M) @y J —
0 is also described, in terms of another, more accessible extension.

If R= 27 and J = I(H) sequence (B)) admits a long exact extension, thus
describing Ker(j) in terms of homology groups of H (Theorem [[7)). This also pro-
vides a reduction of Fox subgroups of G to induced subgroups of H, see Corollary
[L.8 for example if H is free then

GN(1+MI(H) =Hn(1+ (MO I(H)I(H). (4)

A case of particular interest is the quotient Ir(G)J/(R(G)Ir(N)J + I 6(G)J)
for a normal subgroup N of G; when J = Ir(H) we call it the Fox polynomial



group relative to N and G since it generalizes the polynomial group P, p(G) =
Ir(G)/I™(G) introduced by Passi in [20], and its relative version P, r(G, N) =
Ir(G)/(Ir(N)Ir(G) + Ix(G)) used in various contexts, cf. section 2.

Just as polynomial groups serve to analyze augmentation quotients and, dually,
dimension subgroups, we here show how the study of Fox polynomial groups leads
to a computation of certain Fox quotients and Fox subgroups. The descriptions
obtained formally generalize known results in the case where H = G, see Theorems
and [6.0 they reveal a striking duality between (generalized) Fox polynomial
groups and (generalized) Fox subgroups, which comes from the symmetry of push-
outs. Fox subgroups are further studied in subsequent work, e.g. in [§]; in this
paper we focus on Fox polynomial groups and Fox quotients which we compute
in the following cases: If the group H is abelian, we determine the relative Fox
polynomial group I(G)I(H)/(Z(G)I(N)I(H)+I"(G)I(H)) for all n and normal
subgroups N of GG, in Corollary 2.4l The first generalized Fox quotient is given by

R@G)J ~ J

TR@G)J — TH)J

see Proposition B.I] which generalizes a well-known result of Whitcomb for J =
I(H). The second generalized Foz quotient is determined in Theorem [B.3] by
means of a natural exact sequence, for any subgroup K of G:

Z(__G J
Tory (HKG(Q) T
1

Tn(H)J j 1R(G)J G J
IR(Hng(z))J+I§(H)J - IR(K)5+II22’Q(G)J - (HKG(Q))(X)(I(H)J) — 0

A case where the bottom sequence is split short exact is given in Corollary [3.4]; this
in particular covers the special cases treated in the literature. The above sequence
also allows to explicitly compute the intersection Ir(H)J N (Ig(K)J + I5(G)J),
see Corollary

As to the higher Fox quotients QZ,R(G, H) = I} (G)Ir(H) /1% o(G)Ir(H),
Proposition [2.1] provides a natural isomorphism

QZ,R(Gv H) = Qg,R(GJL) ® Hab (5>

if H is a free group; if only its n — 1-step nilpotent quotient is free nilpotent then
the right-hand term in (B]) must be replaced by a natural quotient, see Theorem
M1l The resulting description of @,(G, H) in this case strongly resembles the
description of Q»(G, H) for arbitrary subgroups H given in Theorem

In order to study the higher Fox quotients Q9(G, H) for arbitrary subgroups
H | we combine our homological methods with a suitable generalization of Quillen’s
approzimation of augmentation quotients [22]. Recall from [21] that for any N-
series G of GG there is a surjective morphism of graded rings

09 : ULY(G) —» Gr9(Z(G)) =X ,5018(G)/15T(G)



where ULY(G) is the enveloping algebra of the graded Lie ring LY(G) formed by
the successive quotients of G. As a key fact, Quillen showes in [22] that rationally
07 is an isomorphism, i.e. Ker(607) is torsion; this is in fact still true for any N-series
as follows from fundamental work of Hartley [I1], see also [2I]. We here extend
this construction to Fox quotients by introducing a surjective graded bimodule
map

09 - ULI(G) @urm) UL(H) —» 3,2, 1§~ (G)I(H)/I3(G)I(H)

which coincides with 69 if H = G and G = . It turns out that just like 69
[4], 69 is an isomorphism in degrees 1 and 2 (Proposition E3) but not in higher
degrees, in general. We exhibit canonical elements in its kernel (Proposition [5.5);
this leads to the problem of whether they generate Ker(69%) modulo torsion, in
extension of Quillen’s theorem. In degree 3 this is shown to hold, based on the
natural exact sequence

GH
TorZ (GAB, H?) @ (Ker(ng) mKer(cgf)) %) g HY B 4G HY — 0

established in Theorem This amounts to a complete description of the struc-
ture of I3(G)I(H)/I3(G)I(H), both in a functorial way and in terms of a cyclic
decomposition of H® if H is finitely generated. The result obtained resembles
our description of Ker(6§) in [4]; the situation here, however, is more intricate
as it involves a secondary operator (namely d; which is an additive relation with
indetermancy Im(d;)), a phenomenon which does not occur in the computation of
Ker (65).

The resulting, in fact less complicated description of the group Q§(G,G) in
Theorem and Corollary also amounts to a functorial computation of the

group

I*(H) & I([H, K])I(H)
[A(H) + I(H)I([H, K)I(H) + I([H, K, H)I(H) + I([H, K, K])I(H)

taking H = G and a specific N-series G; this group appears in Khambadkone’s
analysis of Fox quotients of semidirect products [16], but seems not to have been
computed yet, not even in special cases.

Finally, we point out that the description of Ker(#%) above also allows to
determine the fourth relative dimension subgroup GN(1+I1(N)I(G)+ I*(G)) for
arbitrary normal subgroups N of G (work in progress).

Conventions. In this paper, the terms of the lower central series of G' are de-
noted by G; = [G;_1,G], with G; = G and [a,b] = aba™'b~! for a,b € G.
We write G = G/G,. Maps denoted by i or j (possibly indexed) are always

induced by the inclusion H — G or I(H) — I(G), and ¢ (possibly indexed)
always denotes a canonical quotient map. Moreover, maps denoted by ug, pig; or



pm, iy are always induced by multiplication in ZZ(G) or ZZ(H), respectively,
while € : R(G) — R denotes the augmentation map. Maps denoted by f defined
on some quotient A/B are induced by a homomorphism f on A. Tensor products
over the ring Z(H) are denoted by ®p and over ZZ by ®.
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1 Exact sequences for Fox quotients

In this section we provide the key tools (the “pushout lemma” and the generic
exact sequences [L4] and [[6]) of our study of the Fox problem in various general-
ized forms. In particular it allows to deal with Fox quotients and Fox subgroups
simultaneously and in a strictly dual way, c¢f. Theorems and [6.6l For general
properties of pushouts see [26].

Recall the notation from the introduction. We point out that we throughout
use the plain facts that I3(G)J = I"(G)J for n > 0, and that Ix(G) = I(G)® R,
whence for any subgroup M of I(G),

I(G) IG)®J IR(G)®r J Ir(G)

O = mM®J)  Im(Mp®pJ) Mg O J

where Mp is the R-submodule of Ir(G) generated by M. This also implies that

Lj\(j) ®pJ = 11;};;) Qr(m) J -

We start with the following elementary

Lemma 1.1  The canonical map
wy » Z(G)oy J —» Z(G)J = R(G)J

s an 1somorphism.



Proof: Using the injections n: J — R(H) > Z(H)® R and 7' : R(G)J —
R(G) we have the following commutative square

Z(G) @y J L zZ(G)J

J/id@n J/n’

Z(G) oy Z(H)@R =  R(G)

But id ®n is injective since Z(G) is a free H-module, so also p; is injective. [

In order to describe our key lemma, let U C M C I(G) be right H-submodules
and V. C N C J be left R(H)-submodules such that U C I(H). Consider the
following commutative square.

Im(U @y V) Im(M ®y N)
lw l (6)
I(H)J i 1(G)J
v~ MN

Lemma 1.2 Diagram (@) is a pushout square of R-modules, or equivalently,
Ker(fic) = (i ®id)Ker(fig) . This implies that also Ker(j) = fgKer(i ®id) .
Moreover, if J = Igr(H) then Ker(jig) = mglm(\: Hy(H,R) — I(H)®y Ir(H))
where Ty s the canonical projection and X\ is defined in the proof below.

Proof of Lemma and Proposition [3.3] below : Consider the following
commutative diagram whose middle and bottom row (omitting the right hand
bottom corner) are part of the long exact sequences obtained from tensoring with

J the short exact sequences [(K) < Z(K) % 7, for K = G resp. H.

IG)J — Z(G)J :

el > pg T}u

Tor(Z,0) 2% (G opJ 2 2oyl % ZoyJ

I i®id i®id

To(z,7) ™ I(H)yoyJ "5 Z(H)oyJ



Now gy is isomorphic by Lemma [L.Il and ug is surjective, so the induced map iy
is an isomorphism, too. But Z @y J = J/I(H)J, which proves Proposition B.1l
Furthermore,

Ker(pg) = Ker(v ®id) =Im(7g) = (i @ id)Im(7y) = (i ® id)Ker(py (v @ id))
= (i@idKer(uy : [(H) @y J — I(H)J). (7)

Noting 7¢ : I(G) @y J — (I(G) @y J)/Im(M @y N) the canonical projection
we obtain identities

Ker(fic) = ma(Ker(pe))

= 7we(i®id)(Ker(ug))
i@ id)ry(Ker(pgy))
= (i1®id)Ker(fi) -

—~

The identity Ker(j) = igKer (i ® id) now follows by an easy diagram chase using
the surjectivity of jig, or more abstractly, by symmetry of pushouts. Now consider
the case J = Ig(H). First note that for ¢ > 1, Tor?(Z, R(H)) = 0 since
any resolution P of ZZ by projective ZZ(H)-modules is ZZ-split exact, whence
PoyR(H) 2 Py Z(H)®R= P®R is R-split exact. Then dimension shifting
along the short exact sequence Ir(H) < R(H) — R of H-modules provides
a connecting isomorphism 7: Ho(H, R) = Tord (Z, R)—Torl (Z,Iz(H)), so
putting A = 757 also the last part of the assertion is proved. O

We first consider an easy but useful case which includes the classical case where
G is free.

Corollary 1.3  Suppose that H is a free group with basis X . Then for any
right H -submodule M of 1(G) there is an isomorphism

I(G)Ig(H)/MpIr(H) = (Ig(G)/Mg) @ H”

such that for x € X and y € Ir(G) the element (y+ Mg) ® (xHs) corresponds to
y(@ — 1)+ Mplp(H).

Proof: Let U=0and J=V =N =Ir(H) in[L2 As H is free, Hy(H,R) =0
SO fig is an isomorphism. On the other hand, Ir(H) is a free R(H)-module
with basis © — 1, © € X, see [12]. This provides a (non natural) isomorphism
of left H-modules Ix(H) = Z(H)® H® ® R. Thus we have isomorphisms
H(G)Ip(H)/MIg(H) = I(G)@uIr(H)/Im(M @y Ir(H)) = (I(G)/M)@u1r(H)
~ (I(G)/M)® H®* ® R = (Ig(G)/Mg) ® H®. O

Using right-exactness of the tensor product Lemma implies the following
generic fact which is the basis of all that follows.



Corollary 1.4 Under the hypothesis of Lemma [1.2 there is a commutative dia-
gram with exact rows where M' = M + I(H)/I(H) and K = Ker(i ® id) .

L IH)®yJ wq 1G)@ygJ wid ([(G)/I(H))®yJ
K = mTesv)  WmMaxN) (M o5 N) 0
H lﬂH luc H

mt I(H)J j 1(G)J q®i I(GY/I(H)) @y J
oA gy ugumeo

(8)
Consequently, the bottom sequence is induced by the top one, i.e., the abelian group
extensions obtained by dividing out the image of K from the left hand terms are
such that the top one induces the bottom one via the map induced by iy . 0

Note that the unhandy terms of the top row of diagram (8] reduce to tensor
products when either U = I(H) and M = I(G) or V = N = J. We are mainly
concerned with the second case in the rest of the paper, but the first one is also of
interest: it allows to recover a result of Karan and Vermani [13] from our viewpoint,
in a slightly more general form (arbitrary R and J instead of ZZ and I"7'(H)).

Theorem 1.5  There is a (non-canonical) isomorphism of R-modules

IR(G)J o I(H)J

G — g (%)@’(ﬁ)

Proof: Take U =I1(H), M =1(G), V =N = I(H)J in Corollary [[L4 Then

we have isomorphisms

I(H)®g J J I(H) J I(H) J

12
1

() en 17— 1 F e O Ty T P © g

where the first two follow from right-exactness of the tensor product and the latter
is due to the fact that both I(H)/I*(H) and J/I(H)J are trivial H-modules.

Similarly,
I(G)®n J

Im(I[(G) @y I(H)J) ~— I(G)I(H) ~ I(H)J"

Next we recall that the sequence




of abelian groups is exact by the classical Fox theorem (i.e. Proposition B.] with
J = I(H)). Using this and the above isomorphisms diagram (§) (without the
terms K') identifies with the following diagram where in turn the bottom row is
exact and induced by the top row.

I1(H L®i I1(G Q®id 1(G
12((H)) ® I(JEII)J L [(Ggl()H) © I(f]I)J ’ Z(Gg)l)(H) © I(f]I)J
h g I
I(H)J i 1G)J e I(Q) 7
(H)J — (G I(H)T Z(GHIH) © T(H)J

But sequence (@) is split for I(G)/ZZ(G)I(H) is a subgroup of Z(G)/Z(G)I(H)
= Z(G) ®y Z which is a free abelian group since ZZ(G) is a free H-module.
Thus the top sequence in the above diagram is R-split short exact, whence so is
the bottom sequence, as was to be shown. O]

In the sequel we study cases of Corollary [I.4l where V = N = J. Taking
U=1I(H)N M it amounts to the following description of I(G)J/MJ as a group
extension.

Proposition 1.6 Let M be a right H -submodule of 1(G). Then there is a natural
commutative diagram of R-modules with exact rows where T = Tor (I(G)/(I(H)+
M), J) and where the top row is part of the corresponding long exact sequence.

T %@HJ i %@HJ i %@HJ =0

H [ z H (10

TS 4(1(5)?1{4)J - I}J%\ﬁ)fj = I(lglg(i)M B =0
Consequently, the bottom sequence is induced by the top one. ([l

For R =77 and J = I(H) we can improve Proposition [[.G] as follows.

Theorem 1.7  Let M C I(G) be a right H -submodule. Then there is a natural
long exact sequence



H,(H, m) < Hy(H,M) <= Hy(H,I(H)n M) —
where §(Ty) =z @y for v € I(G), y € I(H), and where the dots “...” stand for

extension by the long exact homology sequence induced by the short exact sequence

I(HYNM > M — M/I(H)N M of right H-modules. The other operators are
defined in the proof below.

Note that the homology of H here refers to right coefficient modules, i.e.
H;(H,A) = Tor(A, Z) which coincides with usual homology of the opposite
module: Tor! (A, Z) = Tor (Z, A*) where A* is A as an abelian group endowed
with the left H-action h-a=ah ™', h€ H, a € A.

We point out that the description of the cokernel of j given by the theorem
can be used to study Fox quotients while the description of the kernel of j can be
used to study Fox subgroups, as follows.

Corollary 1.8  Let M C I(G) be a right H-submodule. Then
Gﬂﬂﬁ%%ﬂHszﬁW@ﬁ%ﬁqmeﬁm»
where 7 : I*(H)—1*(H)/(I(H)N M)I(H) is the canonical projection.

This means that the study of generalized Fox subgroups G N (1 + MI(H)) is
reduced to homology and induced subgroups of H, the latter with respect to right
ideals in I(H) instead of I(G). In particular we derive the following remarkable
fact.

Corollary 1.9  Let H be a free subgroup of G and M C I(G) be a right H -
submodule. Then

GN(1+MI(H)=Hn(1+ (I(H)nMIH)).

This is immediate from Corollary [L.§ noting that free groups are of cohomo-
logical dimension 1. For specific M, in particular for M = I"(G), this situation
will be further analyzed in subsequent work.

Proof of Theorem [1.7: In Proposition take R = ZZ and J = I(H),

and write 7 = 7;. Now consider the following anticommutative square consisting

10



of connecting homomorphisms, where the vertical ones are induced by the short
exact sequence I(H) < Z(H) —= Z and the bottom one by the sequence
IH)/IH)NM <= I[(G)/M - I(G)/I(H)+ M.

Tory (1(G)/(I(H) + M), I(H)) — (I(H)/I(H) M) @y I(H)

%]\Tz )[\Té

Tor (1(G)/(I(H) + M), 7Z) 5 Torl!(I(H)/I(H) N M, 7Z)

Here 7, is an isomorphism since Tor! (—, Z(H)) =0 for i > 1 as Z(H) is a free
H-module. Hence Ker(j) = Im(ugmme) = Im(ug7im). So it remains to exhibit
Ker (pugmyr]). Consider the following commutative diagram of right H-modules
where U = I(H) N M and €(z) =z — ¢(z) for x € Z(G) (€ is H-linear as for
he H, xh —e(zh) = (x —e(z))h+€e(x)(h—1) = (z —e(x))h mod I(H)).

ZE)U = Z(@)M S 1(G)/(I(H) + M)
£ £ l
I(H)/U == IG)/M —L I(G)/(I(H)+ M)
The rows are short exact, so applying the functor Tor{{ (—, Z) provides the first

two commutative squares of the following diagram with exactness in the second
term from the left.

(G gy 2) = Tl ) <@> @ I(H)

U 9
Dy ” ]\I/* Tﬂ@id

z) 5 Toll( G 7y T el IUD gy <@>®HI(H)

I(H) + M’ U U

The operators 75 and 74 are injective as they are part of the corresponding long
exact sequences induced by the short exact sequence I(H) > Z(H) —» Z,
and as Tor! (—, Z(H)) = 0. Now under the isomorphisms (Z(H)/U)®y I(H) =
Z(H)ouyI(H)/Im(U @y I(H)) = I(H)/UI(H) the map (r®:id) corresponds to
pr, so that Ker(uymyr) = Ker((r ® id)1yr]) = Ker(mym3) = Ker(13) = Im(€,).
To compute Ker(¢') we consider the canonical extension to the left of the top row

of the foreging diagram, and we use the connecting homomorphisms induced by the
short exact sequences U — Z(H) - Z(H)/U and M — Z(G) - Z(G)/M

11



which are isomorphisms as ZZ(H) and Z(G) are free H-modules.

Tor(U, z) 2 Tori (M, 7Z)

E[Ts %Tﬁs

Z(H i, Z(G ¢, 1(G
Torf (ZUH) 7) Tor (ZG) 7)<, Torf([(H()ﬁ,Z) |
So putting § = €.7; ' the theorem is proved. O

We still give another application of Proposition which is motivated by the
computation of the induced subgroup G N (1 + I(H)I(G)I(H)+ I([H, G])I(H))
by Tahara, Vermani and Razdan in [25]; we show that their result can be recovered

and generalized to arbitrary R by the computation of a related quotient of Ix(G),
as follows.

Theorem 1.10 Suppose that H is normal in G. Then there is a non-natural
isomorphism of R-modules
Ir(G)J H J J
= I(G/H
e+ L ae = e @ ) © 1M e q7)

2

as well as identities
Gn (1 4 Ip(H)IR(G)Ir(H) + Ir([H, G])JR(H))
= G0 (14 In(H)Ip(G)In(H) + In([H, G R(G)In(H))
= 10 (14 In((H, G Ip(H) + Th(H))
We point out that the latter term can be easily made explicit by using our
formula in [§] for the second relative dimension subgroup G N (1 + Iz(K)Igz(G) +

I}(@G)) for all K < G and R (reproved differently for R = ZZ in [25]); as the
result is rather involved for arbitrary R we refrain from stating it here.

Proof: In Proposition[0 take M = I(H)I(G)+I([H,G])Z(G) and V = N =
J. Let N anormal subgroup of GG. Then there is a canonical isomorphism of right
G-modules

Uy : I(G)/I(N)Z(G) — I(G/N), a—T1waN—1. (11)

In particular, the map Wy g induces another isomorphism of right G-modules
~: I(G)/M = I(G/[H,G])/I(H/|H,G)I(G/[H,G]). Furthermore, N gives

12



rise to the following exact sequence of left G/N-modules where D(a) = a — 1 for
a € H, see Theorem VI.6.3 in [12].

0 - N® 2 % ) 1G/N) = 0. (12)

In particular, taking N = G one gets the wellknown isomorphism of groups
b : GGy 2 I(GQ)/I*(G), ¢a(aGy) =a—1+1*(G) foracG. (13)

Taking N = [H, G] we obtain the following commutative diagram with exact rows
where U = I(H)N M.

(H) Q) . IG)
0= = - M 7 Tmaem
| = H/HG 2 ](H/[g’%g?’g}%}[ﬂ]) N nq/E) = 0

Here 7 is induced by <+ and hence is an isomorphism, too. The bottom se-
quence is ZZ-split as I(G/H) is a free ZZ-module; hence so is the top sequence.
Moreover, the right H-action on each of its terms is trivial; for I(H)/U and
I(G)/M + I(H) this follows from the inclusions [*(H) C U and Z(G)I(H) =
I(H)Z(G) ¢ M + I(H), resp., and for I(G)/M by right G-linearity of v and
the fact that H/[H,G] is central in G/[H, G|, whence [(H/[H,G))I(G/[H,G]) =
I(G/[H,G))I(H/[H,G]). Using these facts diagram (I0) (without the terms T°)
identifies with the following diagram.

I(H) J i®id I(G) J q®id J
0= @ I(H)J = o C I — lG/H)e I(H)J
ll/«H luc H
I(H)J j I1(G)J q®id J
O TEa) T EET TG + (H.C)Z(G)J HGMH)® 1an7

By the foregoing the top row is R-split exact, whence so is the bottom row by
Proposition [[L6] which implies the desired isomorphism. Now take J = Igr(H). We
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claim that the following relations hold.

G 01 (1 Ln(H) Ip(G) In(H) + In([H, G)) In(H)
¢ GO (14 In(H)Ip(G)In(H) + In((H, G)R(G)In(H))  (14)
= H0 (14 Ia(H)Ir(G)In(H) + In([H, G R(G)In(H))
= 10 (1+ In([H, G Ip(H) + I(H) ) (16)

Indeed, (I4) being plain, ([IH) follows from the relation G N (1 + Ir(G)Ir(H))
= HN(1+I4(H)) (cf. Corollary B2 below), which also implies (I6]) by injectivity
of the map j in the above diagram. As the last term is contained in the first the
identities of induced subgroups given in the assertion are proved. O

2 Fox polynomial groups

Polynomial groups P, r(G) = Ir(G)/Ix™(G) were introduced by Passi in [20]
(see also [21]), along with a notion of polynomial maps from groups to R-modules
such that the map p,p: G — P.r(G), porla) = a — 1+ I3*HG) is uni-
versal polynomial of degree < n. Relative polynomial groups P, z(G,N) =
Ir(G)/(Ir(N)Ir(G) + I3t (G)) for normal subgroups N were formally intro-
duced in [5] but had been implicitely studied in the literature before. Indeed,
these constructions proved to be very useful in the study of dimension subgroups
D, r(G) := GN (1 + IG)) = Ker(p,—1,r) as well as of augmentation quo-
tients Qu.r(G) 1= IR(G)/IFHG) = Im((G®)®" ® R — P, r(G)), see [21] and
[]; moreover, they are used in [5] to study extensions of torsionfree nilpotent
groups and in [6] to determine the Schur multiplier of 2-step nilpotent groups.
We here extend the approach of augmentation quotients via polynomial groups
to Fox quotients Q,, r(G, H) = I} (G)Ir(H)/I%(G)Ir(H): first consider relative
Fox polynomial groups

Pon(G, N3 H) = R(G)In(H) | (R(G)In(N) In(H) + T4(G)In(H) )

Pun(G,N: H) = Tn(G)Ir(H) | (R(G)In(N)In(H) + Th(G) In(H)) ;

note that P, r(G,N) = P, r(G,N;G) and P, z(G,N)? = P, g(G,N;G). In a
second step determine Q,, r(G, H) as a subgroup of B, r(G, 1; H). We here carry
out this program for n =2 and all R and for n =3 and R = Z.

Actually we consider a more general version of P, p(G, K; H), replacing Ip(H)
by J and the augmantation powers I;(G) by the filtration terms Ij 5(G) induced
by an N-series G of G. This degree of generality is necessary in many contexts,
such as polynomial cohomology [5] or (ordinary) augmentation and Fox quotients
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and subgroups of semidirect products [24], [16], and even of arbitrary groups: we
show in subsequent work that under suitable conditions the classical Fox subgroup
GN(1+1I"(G)I(H)) equals HN (1+ Iy ,,(H)I(H)) for an appropriate N-series
H of H.
Let us recall the necessary definitions. An N-series G of GG is a descending
chain of subgroups
G:G(l) DG(g) DG(g) DL,

such that [G ), G;)] C Gty for 4,7 > 1. A given N-series G induces a descending
chain of two-sided ideals of R(G)

R(G) = Ipg(G) D Ipg(G) D Ifg(G) O ...

by defining Ij 5(G) (for n > 1) to be the R-submodule of R(G) generated by the
elements

(e —1)---(a,—1), r>1,a; €Ny, suchthat ky +...+ k. > n.
For example, the following N-series frequently appear in the literature:
e the lower central series, denoted by v = vg, where I}, (G) = I}(G);

e the series (/7 defined by G(;) = /G, the isolator of Gj; here Iy,
the isolator of I"(G), see [5];

AG) s

e if G itself is a subgroup of a group I', the N-series defined by G;) = GNT}
or Gy = [G(i—1),I'] if G is normal in T, see [3], [24].

In the sequel we add a supercript G to the terms defined above (writing
Png,R(G), PE’R(G, N; H) etc.) when we replace IE(G), k =n—1,n,n+ 1, by
I }’fw(G) in their definition; and the super- or subscripts R, G are frequently sup-
pressed from the notation when R = ZZ or G = 7, resp.

Actually the pushout lemma and its corollary in section 1 provide the key
tools for studying these notions: it turns out that the isomorphism Q§(G) =
PY(G)? + pa(Gz)) = UL9(G) and its analogon for P§(G)* + pa(Gs)) in [4]
formally generalize to the Fox case once written in form of a pushout, see Theorems
and below. At the same time the method provides a strictly dual approach
to Fox subgroups which is pursued in [§] to determine the second relative Fox
subgroup over any ring of coefficients.

We start by an easy case, noting that there is a canonical approximation of
the Fox quotient QY(G, H) = I3"(G)I(H)/I3(G)I(H), namely by means of the
natural surjective homomorphism

Gt Qia(G) @ H® — QF(G, H) (17)
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where (,((z + 13(G)) ® hHy) = z(h — 1) + I3(G)I(H) for x € I;7'(G), h € H.
This map rarely is an isomorphism, but it is at least in the following case.

Let G be the N-series of G/N given by the image of G under the canonical
projection.

Proposition 2.1 If H is a free group then there are isomorphisms
PIL(G N H) = PY, 4(G/N)® H®

QG H) = Q7 x(G)®H”

the first of which is non natural while the second one is given by (9.

Proof: The first isomorphism is immediate from Corollary [[L3] by taking M =

Z(G)I(N) 4+ I"(G) and using the isomorphism Wy in (IIl). Then the composite
g —

map QF yp(G) @ H =% QI(G.H) < Pep(G{1}:H) = PI,(G) e H

equals i ®id with i : QY_) o(G) — PY_| 4(G). But i ®id is injective as H® is a

free ZZ-module, hence so is (9. O

For a refinement of this fact for free nilpotent groups H see section 4 below.

To study the structure of Iz(G)J/(R(G)Ir(N)J+1} g(G)J) for arbitrary H we
use Lemmal[l.2for M = I(N)Z(G)+13(G) and U being some right H-submodule
of I(H) and M containing I"(H); one may take U equal to I"(H), cf. the proofs
of corollaries 2.4] 3.6l and Theorem [6.6], or equal to [(HNN)Z(H)+I"(H) where
I(H)/U = P,_1(HN/N), or equal to I(H)NM, cf. Proposition 23l Now consider
the following commutative square.

() e (ts) =4 e o0 (e )
luc (18)

Ix(H)J i, Ix(G)J
UrJ RGYTa(N)T + I (G)T

Proposition 2.2 Diagram (I8) is a pushout square of abelian groups; in other
words, the map pg induces a natural isomorphism

Ir(G)J N 7 o
R(G)Ig(N)J + I 4(G)J ~ pPY (G/N)®y (m)/(z ®id)Ker(uy) .

This also tmplies the relation

Ker(j) = puy Ker(i ® id) .
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Proof: This is a special case of Lemma [[.L2} Take V' = N = J in (@). Then
right-exactness of the tensor product provides isomorphisms

similarly for G being replaced by H . Using this it is easy to identify diagram ([I8])
with diagram ([@]), so Lemma gives the result. OJ

Proposition here takes the following form.

Corollary 2.3  For M = I(N)Z(G) + 15(G) there is a natural commutative
diagram with exact rows where we abbreviate U = I[(H)NM , J,—y = J/I""'(H)J,
T = Torf (I(G)/(I(H) + M), J,_1), H= HN/N and where the top row is part
of the corresponding long exact sequence.

r, I(H) ¢ (G/N)

= L) o gy B PY(G/N) en dea D Ty ©n e
[ [ H
= —(I(IS()I?W)]{/[)J = R(G)IR(JI\%(f lJI?g’g(G)J = 7@“_(1%])\;) i Jn1
Consequently, the bottom sequence is induced by the top one. ([l
Corollary 2.4 (i) There is a natural exact sequence
Hy(H, R) = PS\(G/N) @y Puyn(H) L% PI4(G,N;H) = 0. (20)

(11) If H is abelian and R = ZZ, sequence (20) becomes
HAH 25 P9 (G/N) ®y Poy(H) LS P,(G,N; H) — 0

where HNH = H® H/({h®@ h|h € H}) and N(h ANB) = pp_1(h) @ pr_1(h') —
Pn—1(h) @ pn-1(h).

(ii1) Let H = (t) be cyclic of order m. Recall the norm element N(t) = 1+t +
.+ t™ Y and let N(t) be its image in Z(G/N). Then there is an isomorphism

v PJG,N;H) = G/N/ (G/N)N(t)

which sends the coset of xy, x € I(G) and y € I1(H), to the coset of xy' where
y' € Z(H) such that y =y'(t — 1).

17
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Proof: Defining A = (i ® id)\ assertion (i) follows from Lemma 2 Then part
(ii) is an immediate consequence of the wellknown computation Ho(H) = HAH
for abelian groups H. Now let H = (t) be of order m. Then there is an H -linear

isomorphism Z(H)/ZZ(H)N(t) =, I(H) sending Z to z(t — 1) for x € Z(H).
As here H A H = 0 one gets isomorphisms
1(G/N) @y Py (H)
' (G/N)®y I(H)
_1<G/N> o (Z(H)/Z(H)N ()
7 (G/N)/PIL(GIN) - Z(H)N()) @y Z(H)
~ pg (G/N) / (G/N)N ()

where the dot - denotes the canonical right H-module structure of P9 ,(G/N).
U

We remark that parts (ii) and (iii) of the preceding corollary can easily be
generalized to arbitrary coefficient rings R by using part () and the universal
coefficient sequence, along with the explicit generators of TorZ(H%, R) provided
in [I9] V.6. We leave it to the interested reader to write out the details.

Qi

P,(G,N;H) = P
~ p

Q3

3

I
v
Qi

3

[12
/\

3 The first two generalized Fox quotients

We first quote the following elementary fact which was first proved by Whitcomb
for J=1(H) in [27].

Proposition 3.1  The first generalized Fox quotient is reduced to the coinvari-
ants of J by the natural isomorphism

RG)T ~ T 0
Ix(G)J — I(H)J"

This may be well-known but was reproved anyway together with Lemma [1.2]
Corollary 3.2 If J C Ir(H) one has the relation
GN(A+Ir(G)J)=HnN(1+Ig(H)J).
This was proved for R = ZZ in [13].
Proof: We know from [7] that

GN(+Ir(G)J)=HN 1+ Ix(H)J). (21)
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Now let T" be a left transversal for H in G containing 1. Then R(G) = @, t-R(H)
and R(G)J = @,crt.J C P,crt.R(H). As Ig(H) lies in the summand 1.R(H)
we see that Ix(H) N R(G)J = J, whence

HN(A1+RG)J)=HnNn(1+J). (22)
The assertion now follows combining (21), (22]) and Proposition B.1l O

Now we turn to the second generalized Fox quotient. Let K be some subgroup
of G. Take n = 2 and N = KG(y in Corollary 2.3, noting that then M =
Z(G)(KG@) + 13(G) = 1(K)+ I3(G) = I(KG @) + I*(G). All tensor products
over H reduce to tensor products over the integers as all terms involved are trivial
H-modules. Another reduction comes from the natural isomorphism ¢¢ (cf. (I3))
which induces a canonical isomorphism P (G/N) = I(G)/(I(KG ) + I*(G)) =
G/KG3); it implies that [(H) N M = I(H N KG(y)) + I*(H) since

I(H)N(I(KGg) + I*(Q))
I*(H)

— Ker (J(H) JI2(H) — 1(G)/T(KGa) + IQ(G)>

Hence I(H)/I(H)NM = HKG )/ KG ). Under these identifications the diagram
in Corollary 23] (except from the Tor-terms) looks as follows where Jy = J/I(H)J,
T' = Tor?(G/HKG ), Jy) and where the top row is part of the corresponding 6-
term exact sequence with ¢ being induced by the inclusion H < G and 7 being the
canonical quotient map. Moreover, pify(h®z) = (h — 1)z and ug(§®7) = (9 — 1)
forhe H, ge G and x € J.

HKG ; ;
’ T (2) 1®id G T®id G
l“}{ LLIG |
HuT Ir(H)J J Ir(G)J T®id G
J
T TR(HNKGo)J + R(H)T  Ta(K)J + 1%g(G)J (HKG@)) @

(23)

In view of the above remarks Corollary 2.3] amounts to the following functorial
description of the R-module I5(G)J/(Ir(K)J + I} 5(G)J).

Theorem 3.3  The middle square of diagram (23) is a pushout of R-modules;
in particular, Ker(ug) = (v ® id)Ker(uly). Moreover, the rows of the diagram
above are exact; in particular, Ker(j) is generated by the cosets (h — 1)z where
h € H, v € J such that there is some k € Z for which h € KG(Q)Gk and
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kx € I(H)J. Furthermore, omitting the terms T", the bottom sequence is induced
by the top sequence via the map 'y . O

The description of Ker(j) given in the theorem is obtained by using the canon-
ical generators of the torsion product, see [19] V.6.

Corollary 3.4  If the sequence
1— HKG(Q)/KG(Q) — G/KG(Q) — G/HKG(Q) —1

of abelian groups splits then there is an isomorphism of R-modules

Ir(G)J ~ Ir(H)J @< G >®<

[o(K)J + 1%4(G)J — Ix(HNKGu)J + 15(H)J =~ \HEG)

J(EIJ)J> '

In fact, here the top sequence in diagram (23)) is split short exact whence so is
the bottom sequence (omitting the terms 77). O

This last result in particular applies when K is normal, G = v and HK/K is
a semidirect factor of G/K (normal or not). Thus we recover the corresponding
results of Khambadkone and Karan-Vermani for J = I(H) in [17], [I5] and for
J=1I"(H) in [1§], [14].

Another application of Theorem is the following intersection theorem.

Corollary 3.5 For any subgroup K of G one has the identity
Ip(H)J N ([R(K)th[fw(G)J) — If(HNKGw)J + IZH)J + U

where the subgroup U of Ir(H)J is generated by the elements (h— 1)z where h €
H, x € J for which there exists k € Z such that h € KG(9G* and kx € I(H)J .
O

In particular, the groups I"(H) N (I(K)I"‘l(H) + IQ(G)I"_l(H)) can be

considered as being known for n < 4, using the computation of [?(H)/I3(H) in
[2] or [4] and of I*(H)/I*(H) in [4].

In the case R = Z and J = I(H) we can improve Theorem B.3] as follows.
For a group K with N-series I there is a canonical homomorphism

o (K/K@) NE/Kg) = Koy /Ky, ¢ ((aKg) A (bK ) = [a, 01K

for a,b € K. We note 59 = ¢§ and ¢)"” = ¢ff. Furthermore, for any abelian
group there is a canonical homomorphism

I5(A): ANA—=ARA, LAIEAY)=20y—yRx
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for z,y € A. We note lo(G/G) = 1§, lo(H/Hy) = I and I§" = (1 ® id)l!
with ¢: H/Hy; = G/KG( induced by H < G. Now consider the commutative

square
GH

HY A H® 2 (G/KG ) @ (H/Hy)

l l (24)

dgH

Ho/Hy 25 1(G)I(H) / (I(K)[(H)+I§(G)I(H))

where for g € G, h € H and = € H,

W™ ((9G ) ® (hHy)) = (g~ D(h— 1), d§"(eHy) =7~ 1.

This diagram provides a simultaneous functorial description of both the second
Fox quotient and the second Fox subgroup, in a completely symmetric way, as
follows.

Theorem 3.6  Diagram (24) is a pushout square of abelian groups; in particular

1G)I(H) [ (TUR)IH) + B(GI(H)) = (G/KGy) @ (H/Hy) /1§ Ker(cf)

(G N (1 v I(K)I(H) + 15(@)1(}1))) / Hy = Ker(dS®) = cf Ker(19H) |
An analogous result holds for the third Fox quotient and subgroup, see Theorem
below.

Proof: In Proposition 22 take n =2, J = Ig(H) and U = I*(H). Then using
the isomorphisms ¢y and ¢g we see that the following diagram is a pushout
square, with ‘H = vy .

Hab ® Hab @ R 1®1dRid (G/KG(Q)) ® Hab QR

l“%{H@d lng@Jid (25)

BU/TH) = In(G)Ir(H) [ (Tn(K)In(H) + T,6(G)In(H))

So Ker(ug? ®@id) = (1 ® id ® id)Ker (! @ id). But for R = Z, Ker (u}f) =
5 Ker(ck) by the isomorphism I%(H)/I*(H) = U,L(H) obtained in [2]. Hence
diagram (24)) is a pushout, too (abstractly, this follows from the gluing lemma
for pushouts in any category as the cited isomorphism means that diagram (24])
for K = {1}, G = H and G = v is a pushout square). To deduce from this
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fact the second identity in the assertion, we first use Corollary to observe that
GN(+I(GI(H))=HnN(1+I(H)?) = H,. O

We remark that in [§] we deduce a more explicit description of the induced
subgroup G N (1 + Ir(K)Ig(H) + I%4(G)Ir(H)) from the pushout square (25), for
arbitrary subgroups K, H of G and coefficient rings R.

A nice generalization of Corollary also holds for higher Fox quotients in the
case where H/H, is free nilpotent which morally means that H does not have any
relations in lower commutator filtration. This is the matter of the next section.

4 Fox quotients with respect to free nilpotent
subgroups

In Proposition 21l we saw that the map (¢ is an isomorphism if H is free. In this
section we compute its kernel for G = ~ if only H/H,, is free nilpotent of class
n—1.

Let L(H®) and T(H™) = Z & @,,-o(H®)®" be the free Lie ring and the
tensor ring over H®, respectively. Let L (H) be the graded Lie ring defined by the
successive lower central quotients of H and Gr(ZZ(H)) be the associated graded
ring of ZZ(H) with respect to the filtration I*(H), k > 0. Then we have natural
homomorphisms of graded abelian groups (actually, of graded rings in the case of
q and of graded Lie rings in the case of [ and ¢)

Gr(Z(H)) «X T(H™) < £(H™) —<» L(H)

provided by the identifications ¢ = [y = ¢; = idg« and the universal properties
of T(H®) and L(H). If H is free then c is well-known to be an isomorphism.
So for every n > 2 we obtain natural homomorphisms

C

Qn1(Q) @ H® O QU (pabyen o g praby S q g

The maps [, and ¢, may be viewed as sending a “formal” n-fold commuta-
tor in L, (H®) to the corresponding tensor commutator and to the coset of the
corresponding group commutator, respectively. With these notations, we get the
following

Theorem 4.1  Let n > 2 and suppose that H/H, is a free nilpotent group of
class n — 1, i.e. H/H, = F/F, for some free group F. Then the map (, above
induces a natural isomorphism

" HGIH)/TNG)(H) = Qua(G) © H [(Qn1(1)gn—1 @ id)l Ker(c]!) .
In particular, if H/H,1 1is free nilpotent of class n, then

I YO I(H)/ITYG)I(H) = Qn_i(G)® H®.
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We remark that the proof below shows that the group (Q,_1(7)g,—1 ®1id)l,Ker(c,)
is contained in the kernel of (,, for arbitary subgroups H ; it actually equals Ker((,)
for n = 2, by Theorem In the remaining sections we study a refinement of the
approximation of the n-th Fox quotient by (,, which takes this fact into account
(among other phenomena).

Proof: We wish to apply Proposition with U = I"(H). By assumption on
H there is a free presentation R < F —s H such that R C F,. It induces a
ring isomorphism Z(F)/I*(F) = Z(H)/I*(H) for all k < n. Choose a basis
(fi)ier of F'. Since I(F) is a free F'-module with basis (f; — 1);er, it follows that
I(H)/I"(H) is a free ZZ(H)/I" '(H)-module with basis (m(f;) — 1);e;. Whence
in diagram (I8) (with J = I(H)) we obtain an isomorphism

£: Poa(G)@ H® 5 Py y(G) @ Poy(H) (26)

defined by &(x@n(fi)H') = 2@ (7(f;) — 1+ I"(H)). Since H® is free abelian we
get an isomorphism

S(L ® Zd) : Qn—l(G) ® Hab = Im((@n—l(G) ®H Pn—l(H)) (27)

with the inclusion ¢ : @,-1(G) — P,—1(G). In order to compute Ker (uy) in (I8))
write T = T(H®) and let T be its augmentation ideal. It is well known that there
is a ring isomorphism y : T/T* = Z(F)/I*(F) for all k > 1, defined by sending
a generator fiFy to f; — 1+ I*(F). Thus we get a commutative square

~ ~

Py (H) @p Py (H) E (T/T™) @7 (T)T™) ? T2 )T+
I*(H) o~ PR+ IRZEF) o e
"FI(H) = T E iz o L/ pKer(m)

where v is induced by multiplication in 7" and where the maps p,,m, are part
of the following commutative diagram and are induced by sending a € F, to
X a— 1+ I""(F)) and to 7(a)H,1, respectively. The isomorphisms in the
bottom row above are then deduced from the relations I(R) C I(F,) C I"(F).

(T/T") @ (T/T") <  T2/T" & F /P % Hy/Hup
>~ | x®x w %TCE chf
ab\Qn Z”E"(ﬂab) ab = ab
Pn_l(H) Ry Pn_l(H) (H ) — ﬁn(F ) Lﬁb) ,Cn(H )
i®id (Qn-1(1)gn—1®id)
1Rid
P 1(G) @ Py (H) 0 Q1 (G) @ H®
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Here w is the canonical injection. From the first of these two diagrams it fol-
lows that Ker(uy) = (x ® x)v 'p.Ker(m,), so by and the second diagram
Ker(ug) = (i @ id)(x @ x)v 'p.Ker(m,) = (i @ id)(x @ x)v~ wl,Ker(c?) =
(0 ®id)(Qn_1(1)gn_1 ®id)l,Ker (c1) . By the equality ucé(t ® H®) = ¢, and by
([27) this implies the assertion. O

5 Canonical approximation of Fox quotients

In the preceding sections we computed the generalized Fox quotients Q9(G, H)
in some special cases by using the somewhat “naive” approximation (9; we here
study the deeper structure of the groups QY%(G, H) by introducing a much closer
approximation in terms of enveloping algebras which generalizes Quillen’s approx-
imation of augmentation quotients, i.e. the case § =y and H = G. We start by
recalling the latter construction.

The abelian group LY(G) = Y, ., Gm)/Gmi1) is a graded Lie ring whose
bracket is induced by the commutator pairing of G'. So its enveloping algebra
ULY(G) over the integers is defined. On the other hand, the filtration quotients
QY(G) = 13(G)/IFTH(G) form the graded ring Gr9(Z(G)) = $,50Q%(G); note
that one has Gr(Z(G)) : = Gr"(Z(Q)) = @,,-, ["(G) /" (G).

Now the map LY(G) — Gr9(Z(G)), aG i1y — a—1+I7THG) for a € G,
is a homomorphism of graded Lie rings and hence extends to a map of graded rings
09 . ULY(G) — Gr9(Z(G)). This map is clearly surjective but rarely globally
injective; for instance, 6" is injective if G has torsionfree lower central quotients
G, /Gpi1 oris cyclic, but 67 is non injective for all non cyclic finite abelian groups
[M]. At least, the kernel of 69 is torsion as #9 ® @ is an isomorphism; this was
proved by Quillen for G = v and follows from work of Hartley [11] in the general
case, see also [9]. Moreover, Ker (09) is trivial in degree 1 and 2 (by [2] for N = )
and is explicitely known in degree 3, see [4].

To generalize the foregoing concept to Fox quotients consider the filtration

Fl=Z(GIH)>DFP=I1GIH)D..DOF" =17 (GIH)D...

of ZZ(G)I(H). The associated graded group Gr9(Z(G)I(H)) = P, -, Q4 (G, H)
is a graded Gr9(Z(G))-Gr(Z(H))-bimodule in the canonical way, and hence a
ULY(G) — UL(H)-bimodule via the maps 69 and 077 . Now let H = (H(,))n>1 be
the N-series of H defined by H,y = H N G(,y. The injection I(H) — Z(G)I(H)
is a map of Z(H)-bimodules taking I"(H) and I} '(H)I(H) into F"; it thus
induces homomorphisms Gr(I(H)) — Gr9(Z(G)I(H)) +— Gr*(I(H)) of
graded Gr(Z(H))-bimodules and Gr*(Z(H))-Gr(Z(H))-bimodules, resp. So
by extension of scalars along the graded ring homomorphisms Gr(Z(H)) —
Cr9(Z(@)) and Gr"™(Z(H)) — Gr9(Z(G)) induced by the injection H — G
we get natural surjective maps of graded Gr9(Z(G))-Gr(Z(H))-bimodules
& Gr9(Z(G) @ Gr(I(H)) — G9(Z(G)I(H)),

Gr(Z(H))
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¢l aY(zZ(@G) @ G (I(H)) — Gr9(Z(G)I(H)).

ar(zH))

It is convenient to combine §gf with Quillen’s approximation to obtain an epi-
morphism of graded ULY(G) — UL(H )-bimodules

09" = ¢gH(09=07") : U9(G,H) := ULY(G)®, , UL(H) — Gr¥(Z(G)I(H))

UL(H)

where UL(H) denotes the augmentation ideal of UL(H).

Remark 5.1 The approximation of Gr9"(Z(G)I(H)) by £S5 is a priori “closer”
than the one by 5_%{ as is seen from the following commutative diagram

Cr9(Z(G)) ® Gr(I(H)) % Cr9(Z(G)) @ (GrH(Z(H)) ® ez Gr(I(H))>

Gr(Z(H)) ar’t(z(m))
JggGVH Jid@ﬁﬁf
Gy gg?il G Hry
Gr¥"(Z(G)I(H)) &5 Gr (Z(G))@GYH(Z(H))Gr (I(H))

where m is the canonical isomorphism. But as our goal is to approximate the
group Gr97(Z(G)I(H)) in terms of enveloping algebras we do not to care about
this difference.

For 2 >0 and j > 1 let
Vij UZLQ(G> & U]L(H) — U;‘;+j(G, H)
be the canonical map. Note that for any group K the ring UL(K) is generated by

U,L(K) = Li(K) = K. This implies that Vn—1)1 is surjective, and also implies
exactness of the following sequence of graded ULY(G) — UL(H)-bimodules

ULY(G) ® U,L(H) ® UL(H) -% ULY(G) ® UL(H) % UYG,H) —0
where (2 ® Yy ® 2) = 1y ® 2 — v ® yz. It is now easy to compute UY(G, H) for
n < 3, also using the identity Ker(ul) = 12 Ker(cf), cf. the proof of Theorem

2.0l
From now on we abbreviate G*% = G/Gs).

Proposition 5.2 There are canonical isomorphisms
UY(G,H) = UL(H) = H®

GAB ® Hab

v = o980
2 ) 199 Ker(ci)
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N g ®id 0 0
UY(G,H) = coker(e:( _lzg@”.d GHH iHHH)),

(GABANGAP) 2 H®) @ (GAB @l Ker(cll)) @ 1L Ker(ck)

le

(Go)/Gp) @ H®) & (G*P © GAP @ H®)

where the homomorphisms Ls(H) <2 (H‘”b)®3 (H‘”b)®3 are defined such that
for z,y,2 € H®, cli(r @ y ® z) is the triple Lie bracket [z,[y,z]] in the Lie
algebra L(H) and I (x @ y ® 2) is the triple Lie bracket [z, [y, z]] in the tensor
algebra T(H®). Furthermore, we note 99" = id ® 1 ®id: G*P @ H® @ H® —
G @GP @H™ and i = 1 @.10id: H*@H®@H™ — GAP @GP @ H™.

As an immediate consequence of this computation and of Proposition 3.1] and
Theorem [B.6] we get

Proposition 5.3 For all groups G and subgroups H of G the maps 9% and 091
are isomorphisms for n =1,2.

One may also ask when 69 is globally an isomorphism. We have a positive
answer in at least one case.

Corollary 5.4 If G has torsionfree factors and H is a free group then 097 is an
1somorphism.

Proof: We have the following commutative diagram

09_, ®id
U, L9(G)®@ H® " ¢ (G)® H®
l”(nl)l ~ | ¢9
U9(G, H) B G197 (Z(G)I(H))

where (9 is an isomorphism by Proposition 21l Moreover, #9 here is an iso-
morphism since G has torsionfree factors [9], whence v(,_1) and 657 are isomor-
phisms, too. O]

We now exhibit a canonical part of the kernel of #9% (other than Ker (09 ® 67))
in comparing G to the lower central series of H, as follows.
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For elements z1, ..., z,, of any ring define the iterated commutator [z, ..., z,]
to be x1 if m = 1 and to be [z, [z2, ..., [Tm_1,Zw]...] if m > 2. In the latter
case one has the formula

3
L

[361, o 7xm] _ (_1>m—s+1 Z Ty + o T Ty Ty (28)

S

Il
=)

where J = {('é17'"aisaj17"'ajm—l—8) ||]_ <nn<...<i,<m—-—12> jl > 0>
Jm—1—s > 1 such that{iy,... %, 1, - Jm-1-s} = {1,...,m — 1} }. We say that
an m-tuple h = (hi, ..., hy,) of elements of H is of height > n if h; € Hy, NG,
such that [y +... 4+ 1, —; + k; =n for 1 < j < m. For such an m-tuple h let
r1(h) =hy if m =1 and if m > 2,

Tl(ﬁ) = [hl, [hg, ceey [hm_l,hm] .. ] e H

3
. JL

ro(h) = ””HZ Gy 41) - - (hi.Gps1)-(hinGur)-(hj Gy 1)) - -

s

i
o

(PG, y 1) g 1) € (ULE(G)@uran UL(H))

n

Here, and throughout the rest of this paper, we consider the cosets hjHy, 11 €
Ly, (H) and h;Gq,41) € L?j(G) as elements of Uy L(H) and U,L9(G), resp.,
suppressing the canonical map L*(K) — ULX(K) from the notation. Moreover,
all products denoted by . are taken in the respective enveloping algebras.

For n > 2 let R¢” be the subgroup of ULY(G) ®ur,my UL(H) generated by
the elements

Ru(hy, -5 hy) = luree ® (ri(ly) - H,t1) ng ) € Ug G,H)

where p > 1 and each h, is an mg-tuple, m, > 2, of height > n such that
ri(hy) -+ -ri(h,) € Hy. The term R$H will be considered in Corollary below.

Proposition 5.5  One has identities 097 (R91) = 0 and RY" UL(H) = 0.
Moreover, in the definition of RI™ it suffices to take only those tupels h, =
(hqt,- -, hgm,) for which ly; > kg; for 1 <5 <m,.

Proof: Let h = (hy,...,hy) € H™ be of height > n. We contend that in
Z(G), ri(h) —1 € F* and if m > 2,

ri(h)—1 = [ —1,[..,[Am-1 — 1,k —1]...] mod F". (29)
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We proceed by induction on m. The case m = 1 being obvious let m > 2.
Note that k' = (hy, ..., hy) is of height > n — I;; hence by induction hypothesis,
ri(h)—1¢e€ Frand o = r(R) —1—[he — L,[..., (A1 — LAy —1]..] €
Fn=h+l On the other hand, r1 (k') — 1 € 09(Gpys _41,,) C 1277 (G) and that
x € IZT Q) since 09 is a graded Lie map. Now

ri(R) = 1= (b = D) = 1) = (W) = 1)y = 1) )A ra(0)

By the above remarks, (hy — 1)(ry(h') — 1) — (ri(h') = 1)(hy — 1) € ]lgl(G)]_—n—ll +
Ing+"'+l7”(G)Ik1(H) C F" by the immediate relation I5(G)FeI*(H) C F'*e** for
l,e,k > 0. Thus also ry(h) —1 € F*. Writing h{'ri(R))™" = 14 (b 'r(R) ™1 — 1)
we get

ri(h)—1 = (hy —1)(r () = 1) = (ry(R') = 1)(hy — 1) mod Fn*!
= [h1—1,$+[h2—1,[,[hm_l—l,hm—l]]]
= [ —1,[ha—1,[..,[hp_1— 1, hp,—1]...]] mod F"*!

since (hy — 1)z —a(hy —1) € IF (G)Frh+t 4 [pt-+mth(G) M (H) € F**1. Hence
[29) is proved. Using the identity ab—1=(a—1)+ (b —1)+ (a—1)(b—1) we
obtain

HgH(lULg(G) (059 Tl(ﬁl) e Tl(ﬁp)Hn—l—l) = 7’1(&1) e Tl(ﬁp) -1 + ./_"n+1

p
q=1

p
= Z HgH(T’Q(ﬁq)) + Fn+1
q=1

where the last identity is due to relations (29) and ([28)). Hence 9 (R9H) = 0.
Next we prove the last part of the assertion. First note that for A as above

l1+...+lm:n+lj—k‘j (30)

for 1 < j < m. Now suppose that for some ¢, lg1 + ... 4 lgm, < n which by (B0)
means that [,; < k,; for all j from 1 to m,. For clarity we suppress the index ¢
from the notation. We have h; € Hy, C G,y C G(,41), 80 r2(h,) = 0 since all
terms to the left of ® are trivial. On the other hand,

ki+...4+kn = n—(L+...+l)+k+...+k,
= n+(ka—bL)+...+ (kn — ln)

n+m-—1

n+1,

AVARVS
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so r1(h,) € Hiqo ik, C Hppr. Hence Ry(hy,....h,) = Ry(hy,... hy,...,h)

7_p Y q7 7_p
where (hy,...,h,, ..., h,) is (hy,..., h,) with h, omitted. Thus we may suppose
that in the definition of R, for all ¢ from 1 to p, one has lg + ... + lgm, > 7,
ie., ly; > kg for 1 < j <m, by ([B0). Under this hypothesis let v € UL(H) and

let us show that R,(hy,...,h,) v =0. We have

) =p
p
Ru(hy, ... hy) -0 = (ri(hy) - -r1(hy)Ggn) @ v — > r§(h) @0
q=1
where
m—1
™Y (hi, Gy, +1) - - (R, Gy, 4) - (hinGaya)-(hy Gy, +1) - -

s=0 J

(hjm72st(ljm7275 +1))'(h'jmflst(k +1))

Jm—1—s
Suppose that for some q, Iy + ...+ lgn, > n, ie., l; > kg for 1 < j < my.
Then hg;G,+1) = 0 as hg; € G,y C Gy,t1)s SO r?(ﬁq) = 0 since all the

last factors in the sum defining it are trivial. On the other hand, ri(h,) €
Glptotlamg) C Gnsys 50 Ru(hy, ... hy) - v = Ru(hy, ... hy,...,h,) - v. Thus

we can finally assume that for all ¢ fl?om 1 top, lg+...+ lqmi = n, ie.,
lqj = ]{qu fOl” 1 S] S mq by (BIID Here T?(ﬁq) = [hqu(lq1+l)7 ey h’qqu(lqmq-i-l)] =
[Pgrs |-+ [Pgimg—1)s Pamy) - - G g1+ +lqmq+1) = 11(hy)G ny1) by definition of the Lie
ring LY(G). On the other hand, ri(hy) - - - r1(h,)G(ni1) ZZ 1 71(hy) G (ny1) since
r1(hy) € Gug+.. +1gm,) = Gy for each q. So R (hy h,)-v =0, as desired. [J

Proposition implies that the quotient group
096, H) 9 v9(G, H) / Y ULé(G) rRI"

n>2

is a graded ULY(G)-UL(H)-bimodule, and that 9 induces a surjective homo-
morphism of graded ULY(G)—UL(H)-bimodules

691 . U9(G, H) — G197 (Z(G)I(H)) .
Note that U?(G,G) = UY(G,G) = UL(G) and that 7¢ = 7 coincides in
positive degrees with the map 67 constructed by Quillen. By analogy with the
fact that 9 ® @ is always an isomorphism we pose the following
Problem 5.6 Is it true that the epimorphism
@@ UG H)®Q—»Ql(G.H) 2@

is an isomorphism for all groups G, subgroups H and n > 17 In other words, is
Ker(69%) a torsion group?
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The answer is affirmative in degree n < 2 by Proposition 5.3l and also in degree
3 by Corollary below.

6 The third Fox quotient

In this section all proofs are postponed to the end.
The structure of Q§(G, H) is completely determined by Proposition and
the following result.

Theorem 6.1  For all groups G and subgroups H there is a natural exact se-
quence

GH
TorZ(GAB, H™) @ (Ker(ng) mKer(cgf)) % 9 1Y B 4G, HY — 0

Here 91 is a homomorphism while 6o is a secondary operator which is a welldefined
homomorphism only modulo Tm(d1), i.e. an additive relation with indeterminacy
Im(61). The construction of &1 and 6y is given in (36) and (53) below in a
functorial manner and in (37) and (38) in an explicit form.

Corollary 6.2 Problem[5.0 has an affirmative answer for n = 3.

Let us discuss Theorem in a number of special cases. First suppose that
H=¢G.

If G =~ the map 15 is injective; hence the theorem formally generalizes the
description of Ker(65) in [4] (in the case G = 7). If G # ~ the result is still of
interest as groups of the type QY(G,G) occur in the study of Fox quotients of
semidirect products, see [I6]. In particular, if G is the semidirect product of a
normal subgroup H and a subgroup K the quotient

I*(H) @ I([H, K])I(H)

X = IY(H)+ I(H)I([H,K))I(H)+ I([H,K,H]))I(H)+ I([H,K,K])I(H)

is proved to be a direct summand of Q3(G, H) but is not computed in [16]; we
here fill this gap noting that X = Q¥(H, H) where the N-series H = (H(;))n>1
is given by H1) = [Hn), G], see also [9]. Indeed, the structure of Qf(G,G) is
determined by the following two corollaries, first from a functorial point of view
further developed in remark [6.4] then by means of an explicit formula.
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Corollary 6.3 The group Q§(G,G) is determined by the following tower of suc-
cessive natural quotients

TorZ(GAB, Gty 2 UY(G, Q)
q1
Ker(5§; (G(2)/G2)/\(G(2)/G2)—>G2/G3) 2 Coker(6))

q21

Ker<[’]71: TOY?(GAB’GAB)—>G2/[G(2>,G(2>]G3) 2, Coker(d)

q22

Coker (522)

~ | p9G
= | 0

Q3(G.G)

where & is given by restriction of ¢§, 09 is induced by 0%, T appears in the
following part of a 6-term-exact sequence

TorZ (G2, G'P) 1 GAPR(G/Gy) 28 G'Pea™ 25 GAPeGAP -0,

[,]: G ®(Ga)/Ge) = G2/[G),Gw)]Gs is induced by the commutator pairing
of G, and do1, 009 are induced by o, cf. the proof at the end of the section.

It actually follows from Lemma below that Im(dy) = ¢(R§). So if
we replace U§(G, G) by UY(G, G) the above tower reduces to just the two steps
involving §; and d9.

Remark 6.4 A similar description can be given in the general case (H # G)
by adding one additional step at the bottom of the tower. Indeed, there is an
isomorphism 9§H : Coker(de3) — Qg(G, H) where the construction of a1, 020
resembles the one in Corollary and where do3 looks at follows:

Ker(Ker(Torlz(G/HG@),H“b) = SPQ(HG@)/G@))) L Coker([,]ﬁ))

légzs

Coker(dy2)
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for suitable natural maps oy, 02, 623 and where SP? denotes the second symmetric
tensor power. We renounce to give the precise definitions and the proof as this
description may be of no practical use, but we mention it in order to illustrate our
guiding philosophy: any natural construction of an abelian group associated with
a nilpotent group (all kinds of augmentation and dimension quotients, homology
etc.) should be functorially expressable in terms of (generally higher order) oper-
ators between suitable polynomial endofunctors of Ab and their derived functors,
applied to appropriate abelian subquotients of the nilpotent group in question
(here Ab denotes the category of abelian groups). For more examples of this
structural phenomenon see also [4], [6], [8], [9], [10].

Corollary 6.5 There is a natural isomorphism Q§ (G, G) = U (G, G)/(Uy +Us)
induced by 05° where

e U, is the subgroup of Ug(G, G) generated by the elements

k
(aG) @ (B'Hs) = (a"G ) ® (bG2) + (2) ((GG(2>)2 ® (bG2) — (aG(y) ® (bGz)z>
where a,b € G, k € Z such that a* € Gy and b* € Gy, and as usual, (aG(2))? =
(aG2)).(aG2)), same for (bG(2))?;

o U, is the set of elements

p s

Y (4,G2) @ (0,G2) = (0,G ) @ (a,G2) + ) (¢ Ga)) ©(d,Ga) = (df Gz)) @ (. G)

q:l r=1

+ i (];T) <(CT’G(2))-<(er(2)) - (CrG(z))> ® (er2)) —1® (9G4) (31)

where aq,b, € Gy, ¢, d, € G, k, € Z such that ckr dkr e G for 1 <r <s
and g = [1°_,laq, by TT:_,[cr dF] € Gs.

q=1 r=1 T

The proof below shows that U; + Us is indeed a subgroup of U§ (G, G).

Construction of ;. For a group K and N-series K of K the isomorphisms
oKk U, LM K) — QF(K), n = 1,2, provide natural exact sequences

g

0= ULYG) Y% pS@) £ aA% S0 (32)
H

0= U,L(H) “5 Py(H) 25 H® -0 (33)
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Tensoring sequence (B2) by H® = U,L(H) and sequence ([B3) by GA? = U,LY(G)
gives rise to natural exact sequences
Z(HAB praby TG g ugwid g ab P°®id ~AB_ rrab

TorZ (GAB, H) 7% U,L9(Q)oU L(H) "25" pI(G)oH® 24 qABgh® — ¢

(34)
% i 7

Tor(GAB, H®) ™5 U,L9(G)@U,L(H) % GAPop,(H) % GABoH™ - 0

(35)

Then define
51 = V19TH — V1 Tqg TOI"lz(GAB, Hab) — Ug(G, H) . (36)

Note that 0; essentially is the difference between a left and a right connecting
homomorphism, kind of asymmetry phenomenon which also induces the non-trivial
torsion relations in the non-abelian tensor square and the second homology of 2-
step nilpotent groups, cf. [6].

To describe &; more explicitly let (g, k, h) be a typical generator of TorZ (GAB, H®)
i.e. asymbol where k € ZZ, § = gG ) € U;LY(G), h = hH, € UL(H) for g € G,
h € H such that g* € Gy and h* € H, cf. [19] V.6. Then

01(g, k. h) = (3 ® (W"Hs) — (9"G(3)) ® h + <k

2)(g2®ﬁ—g®ﬁ2). (37)

where g% = §.g and h% = h.h.

Explicit formula for ¢, (the functorial construction is given in (53)) below).
Suppose that H® is finitely generated (the general case can be deduced from
Lemmas 3.5 and 3.6 in [§] exactly in the same way as what follows). Then there
exists a decomposition H*® = D, Z/dZ - (hyHy) with h, € H, dy € IN .
Let v € H®* A H*®. Then x = Zl§i<j§r a;j(hiH2) N (hjHy) with a;; € Z. By
Lemmas 3.5 and 3.6 in [8] one has x € Ker (I§) if and only if for all 1 < k < r,
[hcick i Tiejen by € GyG%, with G = {g*|g € G}. Now suppose that

v € Ker(I§7) NnKer(cl). Then v: = [Ticicj<rlhishj]® € Hj, and for all
1 < k < r there are g, € Gy and gy € G such that [[,_, i}* = g,’ggg’c where
A = Qi if 1 < ]{Z, o =0 lfl:]{?, and ay; = —ay if { > k. Then

T

) = 3 (6 @ () + (0Ga) @ 0 1) + (F) (6. ((0Gen)

2
k=1

T

_ (th(z))) ® (hhHy) — 1® <(7H4) 3 (oz;) (hyHy)?.(hy, Hy)

=1

+ Z Oékpakq(hpﬂg).(th2>.(thQ))) +Im(51) (38)

1<p<g<r
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with (th2)2 = (thQ)(thg)

The starting point of the proof of Theorem is the following description
of the third relative Fox polynomial group which is completely analogous to our
description of the second one in Theorem [3.6l

Let N be a normal subgroup of G and consider the following diagram.

17

Py(H) AN Py(H) = PY(G/N) @y Py(H)

lcgf l (39)

H/H, "5 HG)I(H)/(Z(GIN)I(H) + I(G)I(H))

where for a,b,h € H, g € G and = € Hy

157 (p2(a) A pa(b)) = p2(a) @ pa(b) — p2(b) @ pa(a) — [p2(a) , p2(0)] @ (pa(a) + pa(b)) ,

i ((aHy) A (bHy)) = [a,b|Hy ,d§" (xHy) = 2 — 1+ Z(G)I[(N)I(H) + I3(G)I(H),
and 15" ((p2(9) ® (p2(h))) = (9 — V)(h = 1) + Z(G)I(N)I(H) + I5(G)I(H) .

This diagram provides a simultaneous functorial description of both the third

relative Fox polynomial group and the third relative Fox subgroup, in exactly the

same way as the second Fox quotient and the second Fox subgroup are determined
in Theorem [3.6], as follows.

Theorem 6.6  Diagram (39) is a pushout square of abelian groups; in particular
H(G)I(H)/(Z(G)I(N)I(H)+I5(G)I(H)) = (Pzg_(G/N)®HP2(H))/Z§H(K61"(C§{))
(G N1+ Z(G)I(N)I(H) + fg(G)l(H))) / Hy = Ker(d§") = e (Ker(191)) |

The second equality should allow to explicitly compute the third relative Fox
subgroup, in a similar way as we deduce in [§] the second relative Fox-subgroup
from Theorem

Proof: Same principle as in the proof of .6t diagram (B39) is a pushout as it is
obtained by gluing the following two pushouts where H = vy

|HH

Py(H) APy(H) = Py(H) ®p Py(H) P§(G/N) @y Py(H)

lcg lu%”am lu?’{:uc

d;—LH 9 " J I(G)I(H)
H,/H, —  P(H)/IYH) Z(G)I(N)I(H) + I3(G)I(H)

(40)

1®td
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In fact, the left hand square is a pushout by Theorem 3.5 in [4] and the right hand
square by Proposition 2.3l O

Proof of Theorem First note that by ([32)), (33]) homomorphisms

PG 0 PAH) o s
mQs(@) ey ¢ @UHH)

are welldefined as being factorizations of the maps

U,L9(G) ® H® 29

)q<;i>®id> PJ(G) ® Po(H) aligens’)

UL9(G) ® Po(H Im(Q§(G) ® Py(H)?)

P (G) ® UsL(H)

g
through id ® p” and p9 @ id, resp., where q: PY(G)® Py(H) — - Py (G)ePy(H) 2

m(QY (G)®P2(H)?)
is the canonical projection. Consider the following commutative diagram where

g
Ba = qeag with g : Im%g(g%%ﬁ)z) — PY(G) ®y P(H) being the canonical

surjection.
GH
P(H)AP(H) s PYG)op Po(H) &% U,L9(G)@ H® =  UsL9(G) @ U L(H)
o b -
3" I(G)I(H) g 05" g
Hy/H, = [g(G)[(H) — Q5 (G, H) L. U3(G,H)

As Ker (ug") = 1§ Ker(cf) by Theorem [6.6] we have
Ker (057) = v 85 1§ Ker (cl) . (41)
Thus the proof naturally divides in three steps:
Step 1: proving the identity
varKer (Bg) = Im(01) ; (42)
Step 2: giving a natural construction of d and showing that
vo1 Bt 1§ Ker (cf) = Im(dy) mod Im(6;). (43)
Step 8:  verifying the explicit formula for d, given by (BS).

Step 1. Let m§: G*% @ GAP — U,L9(G) be the map given by multiplication
in the ring U;L9(G), and let mi = m3" . By definition of the tensor product over
H there is an exact sequence

PG @ PAH)
GAB @ HY @ g Y 2 95y PI(G) @y Py(H) — 0
Q2 (G) & Pl 2 (C) n Po(H)
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with ¢ = ag(m§ @ id)i9"? — ay(id @ m&). Consider the following commutative
diagram with exact rows and columns by (B2), (33).

id®mil
—%

idolH
GAB @ Ker(cl) "% GAB g Hob g Hab GAB @ U,L(H)

l(mg@)id)igHH(id@f ) lw J_idc@ugf

a  OG PY(G) ® Py(H) T &id
U,L9(G) @ H® =% Im(ég(G) o By (H)) ; GAP @ Py(H)

lqu B \y l%@ lid@pH
X

a 9 @pH
26, pPYG)ey P(H) 2% GABg H®

where
X = Coker((m§ ® id)i?""(id ® 13))

and where ggpy is the canonical projection. Then by the snake lemma there is a
canonical connecting homomorphism
w: Ker(id ® pfl) = Im(rg) — X/qguKer(ag) , (44)

1

w = qxqorag (id @ mE)~l with ¢x : X — X/qouKer(ag), satisfying the

relation
gxKer(ag) = Im(w) . (45)

In order to compute Im(w) we consider the two summands of 1) separately. As to
the first one, we have

axqarog-ag(my @ id)i9"H (id @ m&) "y = qxi9H Ty (46)
where 197H fits into the commutative diagram

H

GAB @ [ & [Job Zﬂ) GAB @ GAB ) fab

lid@m? J/qg 1 (m§ ®id)

iQHH

GAB @ U,L(H) = X

As to the second summand of 1, let (9G (o), k, hH,) be a typical generator of
TorZ(GAP, H*) with g € G, h € H, k € Z such that ¢* € G and h* € H,.
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Then

an(id & mif)(id & mi) 71 (9G, b hH) = an((9G@) © (1)) (kpa(h))

AA

= q(id® 1d) (palg) @ () (kpa())
q(p2(g) ® kpa(h))
q(kp2(g) © p2(h))
(

= qlkpalg
= 4§ ®id) () (kp2(9)) © a(1))
= ac((W9) ™ (kpate)) @ (h:) )

= aQTqg <gG(2),]{J, hH2> (47)

From ({6]) and (7)) we obtain the relations
WTH = 4x <W7—H - C_IGHTG) ;
whence by (43])
Ker(ag) = Im(i%9H 1 — qante) + qanKer (ag) (48)

Next we compute Ker(ag). Consider the following commutative diagram whose
top row is part of the six-term exact sequence obtained by tensoring sequence ([32])
with Py(H).

p$ ®id
—

TorZ(GAP Py(H)) = UyL9(G) ® Po(H) PY(G) ® Py(H)

J{Torlz(id,pH) lid@pH lq

g
TorZ (GAB, HY) T8 U,L9(G) @ H® 25 Imf 5;%;9@%2{2)2)

The left hand square commutes by naturality of the connecting homomorphism
and the right hand square by definition of a. As Ker(q) = (1§ ®id)Ker (id @ p™)
we have

qanKer(ag) = Im(qam raTorZ(id, p™))
= Im ((igHHTH — qGHTg) oTOl"lz(id, pH)) (49)

since 7 - TorZ(id, p) = 0 as these are consecutive maps in the six term exact
sequence part of which is displayed in (B8]). Thus by (@S],

Kel"(O_ég) = Im(’igHHTH - qGHTg) . (50)
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Now we are ready to compute vo1Ker(Sg). First of all we note that
vor(m§ @ id)i9"H (GAP @ I Ker (i) = 0
since
V921 (mg &® Zd)ZgHH = I/lg(id X m?) (51)
by middle associativity of the tensor product over UL(H) used to define U%(G, H).

Hence vy factors as U,LY(G) @ H® LG GRLIN Ug(G, H), and vy Ker(Bg) =
o1 Ker (ag) . But 09i97H = 15 since

l?gligHH(Z.d (%9 mf) = DgquH(mg ® Zd)ZgHH
V21 (mg &® Zd)ZgHH

= U2 (Zd &® mf)

again by (BI)). Hence
vorKer (Bg) = Im(viomy — vo17¢) = Im(6y)
as desired.

Step 2. Consider the following diagram.

UL9(G) o UIL(H) =  UL9(G) @ H® 2% PY(G) oy Py(H) o GAB g prab
- 1 198 i7"
UY(G, H) H® @ H @ Py(H) 25  Py(H) A Py(H) PN e g g (52)
vos e o P
lyre(e) @ UsL(H) < Hy/H, i Hy/H, % Hy/Hs

Here lf = (m§ @id)i" 7R (id2id=p"), ¢ = ci(id®id@pT), A = q, (uiimi®
Zd) with qn PQ(H) (029 PQ(H) - P2(H) N Pg(H), and ’i3 : H3/H4 = L3(H) —
UsL(H) — lyre(e) ® UsL(H) is the composite of the canonical maps.

Diagram (52]) commutes; this is clear from the definitions for the two rightmost
squares and was essentially proved in [4, Lemma 4.3] for the two middle squares.
For the left hand rectangle this is due to middle associativity of the tensor product
over UL(H) used to define U9(G, H). Moreover, omitting the left hand rectangle,
the rows of the diagram are exact by ([B2), (33). Now define the additive relation
Sy 1 Ker(cd) n Ker(I§7) — UY(G, H) by

0o = (var B 1" — stz ') (p™ A ") (53)
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The indeterminacy of the first factor from the left is vy Ker(8g) = Im(d;) by
(#2), and the indeterminacy of the second factor is annihilated by the first modulo
Im(d;) by commutativity of diagram (52)) and exactness of its middle row. Whence
9y is a welldefined homomorphism modulo Im(d;).

Let ¢s : UJ(G, H)—UY(G, H)/Im(6;) and define the homomorphism
& Ker(cf) n (I§") ' Im(Be) — US(G, H)/Im(61) , & = gz B 5" .
By (@) one has gsKer(657) = Im(8,). Now by the snake lemma, diagram (52)

induces an exact sequence

Ker(c}) — Ker(cll) — Ker(cl) — Coker(cy) =0

which implies another exact sequence
Ker(cj) i)Ker(cf) N (9" Im(Be) AN Ker(ci) N Ker(I§9) — 0 (54)

where ) and p’ are the restrictions of A and pff A pf | resp. Now SN = qsvmly =
q3vp3izcy = 0, so 0} factors as

Ker(cf) N (197 m(Be) 2 Ker(c) n Ker(1§7) 25 UY(G, H)/Tm(5,) .
Let 2 € Ker(c) N Ker(lgH); By (54) there is o' € Ker(cf) n (1§7)1Im(8g)
such that p'(2') = z. Then 0y(x) = (z') = Q3(V215(_;llgli — vgizgy i) (a') =
g302(z). Thus & = 30, and gsKer (057) = Im(8,) = Im(d}) = ¢zIm(dy) which
proves relation (43).

Step 3. The explicit formula for ds in (B8] is obtained by a straightforward
calculation, taking 3, ;... aip2(hi) A pa(h;) as a representative element of the
coset (pf Apf)~1(x), and using the following device: for a,b € G, py(ab) = ps(a)+
P2(b) + p2(a)p2(b); in particular, if a or b isin G(ay, p2(ab) = pa(a) + p2(b). More
generally, for x1,... 2, € G, pa([T;Z, i) = D27, pa(@i) + D21 icjcr P2(Ti)pa(T5).
In particular, po(2z™) = npa(z) + (5)p2(x)? which is also true for negative n. This
implies the equation

d
dpalan) @ pa(he) = petan) @ (0 — (%))
Finally, for g € G and I’ € Hs,

Vo155 (p2(9) ® pa(h')) = 112((9G(2)) @ (B H)) + Tm(5y)
which is deduced from the following relations for hy, ho € H, h; € Hy:
po(IL1G) = Doipa(h)
pa([ha, ko)) = [p2(ha), pa(ho)]
vo10g" (p2(9) @ pa(h)pa(h2)) = va1 Bt (pa(g)pa(hn) ® pa(ha))

= (9G@)-(MG() @ (haH3) + Im(d)

= (9G(2) @ (hHs).(heHs) + Im(61)

= v12((9G(2)) ® (h1H3).(hoH3)) + Im(dy)
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O

We now establish the link between the description of Ker(657) given by Theorem
and the subgroup R$? of Ker (65") constructed in section 5. First note that
Ker (I§") contains the canonical subgroup

r= Im(((H N Gay)/Ho) A ((H N Goy)/Hy) — (H/Hy) A (H/Hg)) .

Lemma 6.7 One has 0,(T' N Ker(cy)) = R§Y mod Im(d,).

Proof: Let x € I'NKer(cy). Then z = >0 (hyHs) A (hyHz) with hy, by €

qr""q
HN G, ¢=1,...,p, such that h: = [[7_ [hg, hy] € Hz. First of all, note
that 2’ = >0 pa(hy) A pa(hy) € (p" A p)~1(x). Then using the fact that

[p2(hq) . p2(hy)] = 0 in PY(G) since py(hy) € pa(Gz) € QF(G) we get

P

57"y =3 (palhy) @ palhy) — palhy) @ palhy))

q=1

P
= e DG ® () ~ (Geo) ) )
q=1
On the other hand,
p
V03'é3j?)_10§{(pH A\ pH) 1( = 1/03@3]3 (H hq, h; ) = I/()gig(hH4) =1® (hH4) .
q=1

Therefore

P

e) = 3 (o) @ (41 = (i) @ (hyf1) ) = 10 (hET) + (o)
- q—Rg(ﬁl,...,ﬁp)+Im(51)

where each h, = (hy, h;) is of height > n =3, with k =1 and [ = 2 for h, and

q> ""q
for hf]. The rest should now be clear. O

Proof of Corollary 6.2 By Theorem 61, Ker(65") = ¢Im(é;,d,) where

q: U§(G,H) — Us(G, H) is the canonical projection. By Lemma 6.7, d, induces

Kor(lgH)ﬂKor(cg) Us(G,H)
T Re(el) 2Im(o1) and we have an exact sequence

0 — qIm(6;) — qIm(6,0,) — Im(d) — 0. But the quotient Ker(1§7)/T
Kor(lgH)ﬂKor(cgl)
- I'nKer(cil)

Thus being an extension of torsion groups, Ker(é’g ") is torsion which implies the
assertion. O

a homomorphism 05 :

is torsion by [8, Lemma 2.7]. Hence its subgroup is torsion, too.
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Proof of corollaries and [6.5]:  One has the following sequence of homo-
morphisms
Torf (GAP,GAP) T GAP @ (Gl G) ¢ nG 5 gan g go
Im((G(2)/G2) A (G2)/G2))

where 7(9G ) ® ¢'Ge) = gGa Ag'Ga, g,9" € G. Now consider the following

commutative diagram where ¢§, ¢ are given by restriction of ¢ .

Ker(&§) 2 UY(G,G)/Im(s;) -2 Coker(3s1)
|| q102 7102
Ker(¢5) < Ker(c§) NKer(i§%) — Ker(c5)
(G)/G2) A (G /Gy) — Ker(1§%) — Ker(I§%)
& &5 &
[G(z) ,G(z)]G3/G3 — G /G —» Gz/[G(2) ,G(2)]G3

The columns and the two bottom rows are exact, so by the snake lemma the

second row is short exact as ¢ is surjective. Now by Lemma 2.7 in [8] one has

Ker(1§%) = Im(77), so Ker(¢§) = vrKer(¢5vm) = vnKer([, ]71). So letting
a2 be the restriction of ¢0,7 to Ker([, ]71) we have Im(dy) = Im(q0) =
Go1 Im(q102) = q21q1Ker(Qg %) by Theorem [6.1], whence Corollary is proved. As
to Corollary first note that by (B7), U; = Im(d;). Now let = € Ker(I§%).
By the identity Ker(I3¢) = Im(7m) above there is y € TorZ(GAZ, GAP) such
that z = vmi(y) in G A G*/Im((G2)/G2) A (G2)/G2)). By [19] V.6, y =
Yoo (G, kr, d,G o)) with s > 1, ¢,,d, € G, k. € Z such that kb dir e
G, and v1i(y) = Y 20_ (6:Go) A (dfrGo). Thus x = 3¢ (a,Ga) A (b,Ga) +
S (eG2)A(dFGy) with ¢ > 1 and ay, b, € G(2). Now suppose that = € Ker(c§')
which means that g = []"_, [aq, by] [T} [c,, di"] € Gs. To compute dy(x) first note
that putting z; = Y7 pa(ag) A pa(by) and @y = Y77 pa(c,) A pa(dyr) one has
z1 + 29 € (p° A p¥)~1(x). By the calculation in the proof of Lemma B.7],

198 (2) = ﬁG(quG(g)) © (0,C) — (4, © <aqG2>) )

q=1

Now note that [pa(c,), p2(dir)] = pa([er, dF]) = 0 in P§(G) since [c,,d"] € G-
This justifies the first of the following identities.
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159 (x2) =

= ) (p(e)® (krm(dr) + (Zr)pz(dr)2> — pa(dy) ®P2(Cr)>

= 3 (bnten) @t + (' Y © a0 - a0 alc)

(e = (5 k) @ mala) + (5 )mteo () @l

= 3 (el @ pald,) — pa(d) @ ol

r=1

+ (];T)p2(cr) (pg(dr) — pg(cr)) ®p2(dr))

= e 3 (e Gw) @ (0,6a) ~ (G @ (o)

+(5) (6w (@.60) - 6w) © 0.62))) (50

It now follows from (B5) and (5] that do(x) is represented modulo Im(d;) by the
element given in (31]) which achieves the proof. O
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