REPRESENTATIONS OF THE FREE PROFINITE OBJECT
OVER DA

ANA MOURA

ABSTRACT. In this paper, we extend to DA some techniques developed by
Almeida and Weil, and Almeida and Zeitoun for the pseudovariety R to obtain
representations of the implicit operations on DA: by labeled trees of finite
height, by quasi-ternary labeled trees, and by labeled linear orderings. We
prove that two implicit operations are equal over DA if and only if they have
the same representation, for any of the three representations. We end the
paper by relating these representations.

1. INTRODUCTION

The importance of the study of pseudovarieties of finite monoids became evident
with Eilenberg [10] in the middle of the 1970’s, who established the correspondence
between varieties of rational languages and those classes of finite monoids. Some
years later, Reiterman [11] showed that every pseudovariety of finite monoids is
defined by some set of finitary pseudoidentities, which are equalities between im-
plicit operations. As implicit operations over a pseudovariety of monoids contain
information on the structure of the finite monoids in the pseudovariety, it became
important to develop the study of the set of implicit operations over a pseudovari-
ety V on a finite alphabet A, Q4V, which has the structure of a pro-V monoid.

Schiitzenberger [13] noted the interest of the study of the pseudovariety DS and
Almeida and Weil [7] stated that for this pseudovariety and its subpseudovarieties it
should be easy to make a description of the free profinite object. In fact, Almeida [1]
factorized each element of the free profinite monoid over J in terms of component
projections and idempotents and Azevedo [9] proved that a similar kind of factor-
ization could be implemented to any subpseudovariety of DS, although it has not
yet been discovered a canonical form of such factorizations in this pseudovariety.
Almeida and Weil [7] gave two complementary descriptions of the monoid of im-
plicit operations on R, one by labeled ordinals and the other by labeled infinite trees
of finite depth. They did a similar study for the pseudovariety DRG. On the other
hand, in their recent work, Almeida, Costa and Zeitoun [5, 6] presented structural
properties of the free profinite semigroup over A.

In their “Diamonds are forever”, Tesson and Thérien [14] showed that languages
whose syntactic monoid lies in DA have powerful characterizations, from combina-
torial ones, to logical and even automata-theoretical ones. This characterizations
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are useful to solve problems in computational and complexity theory and the au-
thors gave examples of such applications. They emphasize that these problems are
efficiently solvable when the syntactic monoid, besides being aperiodic, is in DA.

Thus, it becomes interesting to characterize the free profinite object over DA. In
this paper, we present three representations of the free pro-DA object on a finite
alphabet extending techniques developed for the pseudovariety R: the first one by
means of finite-height labeled trees, using the ideas of Almeida and Weil [7], the
second one by means of quasi-ternary labeled trees, based on the work of Almeida
and Zeitoun [8] and the last one by means of labeled linear orderings, extending
the description done by Almeida and Weil [7]. In connection with the second
representation, we also exhibit a representation by wrapped automata, which turns
out to be useful for recent work of the author.

The paper is organized as follows. In Section 2, we recall the basics of the theory
of pseudovarieties of monoids, pro-V monoids and some notions on automata and
linear orderings. In Section 3, we use the central basic factorization of an implicit
operation on DA and we present two forms of iteration of that factorization. We
prove the convergence of the infinite product resulting from the iterated factoriza-
tions and we end it with a characterization of the idempotents in terms of the type
of iterated central basic factorization. In Section 4, we present the representations
of the implicit operations over this pseudovariety that we had announced above.
We end the section by relating the various representations.

2. PRELIMINARIES

We briefly recall some basics of the theory of pseudovarieties of monoids, profinite
monoids, automata and linear orderings and we introduce some related notation.
We recommend [2, 4] for a better understanding of these concepts and [12] as a
reference on linear orderings.

In this paper, A is a finite set called alphabet and its elements are called letters.
We denote by A* (respectively by AT) the free monoid (respectively the free semi-
group) generated by A, whose elements are called words. The empty word is denoted
by 1. The length of a word u is denoted by |u| and the cardinality of A is denoted
by |A|. The content of a word w is the smallest subset B of A such that v € B*. In
particular, the content of the empty word is (). Finally, a word v = ay - - - a,, with
a; € A, for all 7, is a subword of v if there exist words vy, v1,...,v, € A* such that
V = 09a1V1 "+ ApUp.

Given a semigroup S, we denote by S! the monoid defined as follows: if S is
itself a monoid, then S! = S; otherwise, S = S U {1}, where 1 is an element that
does not belong to S and the multiplication in S! is the (unique) extension to the
multiplication in S in which 1 acts as a neutral element. For s € S, we denote by s*
the unique idempotent in the subsemigroup generated by s and we set s*1 = s%s.

A class of finite monoids that is closed under taking submonoids, homomorphic
images and finite direct products is called a pseudovariety and generally denoted
by V. For example, M is the pseudovariety of all finite monoids, R is the pseu-
dovariety of all R-trivial monoids, where a monoid S is R-trivial if, for all s,t € .S,
sRt implies s = t. In this paper, we are interested in DA, the pseudovariety of
monoids whose regular D-classes are aperiodic semigroups. Note that a semigroup
S is aperiodic if s¥ = s**1, for all s € S, and a monoid § is in DA if and only if,
for all s, t € S, we have (st)*(ts)*(st)* = (st)* and s¥ = s*T1.
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A topological monoid is a monoid equipped with a topology for which the mul-
tiplication in the monoid is a continuous function. We view a finite monoid as a
topological monoid with respect to the discrete topology. A topological monoid S is
a profinite monoid (respectively a pro-V monoid) if it is a compact monoid which is
residually finite (respectively residually in V), which means that, whenever s,t € S
and s # t, there exists a continuous homomorphism ¢ : S — F' into a finite monoid
(respectively into a member of V) such that ¢(s) # ¢(t). It is well known that
profinite monoids are 0-dimensional, which means that the topology has an open
basis consisting of clopen sets (which is equivalent to being a totally disconnected
monoid).

Given an alphabet A and a pseudovariety V, the free pro-V monoid on A, denoted
by Q4V, is the unique (up to isomorphism of topological monoids) pro-V monoid
such that, for every mapping i : A — T into a pro-V monoid 7', there is a unique
continuous homomorphism /i : Q4V — T such that ior = u, where ¢ : A — Q4V is
the natural generating function. The elements of Q4V are called implicit operations
on V or pseudowords. For a pseudovariety V containing Sl, the content function is
the unique continuous homomorphism ¢ : @4V — P(A) such that ci(a) = {a}, for
all a € A.

A pseudoidentity is an equality of the form u = v, with u,v € QaM, and |4] is
called the arity of the pseudoidentity. We say that a pseudoidentity is wvalid in a
profinite monoid T, and we write T' = u = v, if p(u) = p(v) for every continuous
homomorphism ¢ : Q4M — T. Reiterman’s Theorem [11] says that every pseu-
dovariety is defined by some set of finitary (A is finite) pseudoidentities. That the
class of all finite monoids which verify all the elements of a set of pseudoidentities is
a pseudovariety follows immediately from the fact that the validity of a pseudoiden-
tity in a finite monoid is preserved under taking homomorphic images, submonoids
and finite direct products. For example, the pseudovariety DA is defined by the set
of pseudoidentities {(zy)“ (yx)* (vy)* = (yz)*, =¥ = az*T1}.

A deterministic automaton over an alphabet A is a tuple A = (V,—,q, F),
where V is the set of states, ¢ € V is the initial state, F' C V is the set of final
states and —: V' x A — V is its transition function. We denote by v.a the state
reached from v by reading the letter a, if this state exists, and we denote by v.L
the set of states reached from v by reading some word of L.

Finally, we suppose that the reader is acquainted with the basic notions of linear
orderings. In this paper, we use two different linear orderings of the set of natural
numbers: the usual ordering, Ry, and the backwards ordering, Ry. We also use
suborderings of these orderings and operations on linear orderings. We denote by
w, w* and n the order type of (N, Ry), (N, RY) and (P, R), which is a subordering
of (N, Ry) with |P| = n, respectively.

3. FACTORIZATION OF IMPLICIT OPERATIONS AND CONVERGENCE OF INFINITE
PRODUCTS IN PRO-DA MONOIDS

Let w € Q4DA\{1}. We define the central basic factorization of w (see Almeida [3]
or Trotter and Weil [15]) as a factorization of one of the following forms:
(i) standard form: w = aavybB with a,b € A, o, 3,7 € QaDA, a ¢ c(a),
b c(B) and c(aa) = c(bB) = c(w);
(ii) overlapped form: w = abyaf with a,b € A, a, 3,7 € Q4DA, a ¢ c(aby),
b ¢ c(yaB) and c(abya) = c(braf) = c(w);
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(iii) degenerate form: w = aaf with a € A, a, 3 € Q4DA, a ¢ c(a), a ¢ ¢(3)
and c(aa) = c(af) = c(w).

By the following theorem, the central basic factorization of w € Q4DA\{1} exists
and is unique:

Proposition 3.1 (Almeida [3]). Let w € Q4DA\{1}. Then w has a unique central
basic factorization. In other words, if w, w' € Q4DA\{1}, the equality w = w' is
valid in DA, and ® and ¥ are central basic factorizations of w and w', respectively,
then the two factorizations are both of the same type ((i),(ii) or (i) and the
equalities of factors in corresponding positions are valid in DA.

We denote the central basic factorization of w by the tuple CBF(w) = (o, a, 7, b, 3)
or by the triple CBF(w) = (o, a, 3), as it is of the standard or overlapped form, or
of the degenerate form, respectively.

For what follows, we define two different types of iteration of this factorization:
in the first one we iterate the factorization while the content of the central factor
(if it exists) does not decrease and in the second one we iterate until the central
factor (if it exists) becomes 1. We proceed to explain this in detail.

Let vo = w. If ¢(yx) = ¢(w), we consider the central basic factorization of 7y
which, in the case of being of the standard form, is vx = ag+10x+1Vke+108+18k+1-
The (k + 1)-iteration of the central basic factorization of w is w = aqaq -+ - Q41 -
Of+1Vk+10k+10k+1 - - - 0191 and 41 is called the remainder of order k 4+ 1. We
iterate this process while 7y exists and ¢(y;) = c¢(w). If, for any n, c(y,) # c(w)
and 7y,_1 admits a central basic factorization of the standard form, then w =
Q1071+ QA Ynbp By - - - b1 P is called the iterated central basic factorization of type
1 of w and is called standard and of length n. If ¢(y,—1) = ¢(w) and ~,_1 has
an overlapped central basic factorization, then w = aja1 -+ - Qb Vnan By - - - b1 01 i
the iterated central basic factorization of type 1 of w and is called overlapped and of
length n. If ¢(vy,—1) = ¢(w) and 7,,—1 has a degenerate central basic factorization,
Yn—1 = QnanBn , then w = ajay - apanfy -+ -b1P1 is the iterated central basic
factorization of type 1 of w and is called degenerate and of length n. We say that,
in the first two cases, v, is the remainder of the central basic factorization of w,
while in the degenerate case there is no remainder. Finally, if ¢(vy,) = ¢(w), for
all n, we say that w admits an infinite iterated central basic factorization of type
1 and we write w = ajajagag--- --- baf2b11. We denote the iterated central
basic factorization of type 1 by l;CBF(w). Note that all the factors involved in this
factorization have content strictly contained in c(w).

Now, let w = aja1710181 be the central basic factorization of w. While ~y; # 1 or
vk—1 does not admit a degenerate central basic factorization, we consider the central
basic factorization of ;. The iterated central basic factorization of type 2 of w,
[,CBF(w), is defined by one of the following forms: w = ayaiasas - - - pan By - - - ba-
62()161, in case CBF("ynfl) is degenerate, w = x1a10G20a9 -+ * ananbnﬂn cee bgﬂgblﬁl,
in case v, = 1, or w = qyajaag - - bafs - b1, if the iteration is infinite. Note
that, also in this iterated basic factorization, all the factors involved have content
strictly contained in ¢(w).

Results from Almeida [3, 2] and Almeida and Weil [7] allow us to conclude that
we can iterate the central basic factorization of any of these two types and that the
infinite product, in fact, converges.
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Lemma 3.2 (Almeida and Weil [7]). Let S be a compact monoid. Then any two
accumulation points of every right infinite product in S are R-equivalent.

Lemma 3.3 (dual of the previous lemma). Let S be a compact monoid. Then any
two accumulation points of every left infinite product in S are L-equivalent.

Corollary 3.4. Let S be a pro-DA monoid. Given a right infinite product in S
and a left infinite product in S such that their accumulation points are in the same
regular J -class, then the product of any right accumulation point by any left accu-
mulation point is independent of the choice of these points.

Proof. 1t is enough to observe that the product of any two accumulation points of
each of the two infinite products is in the regular H-class R N L which is trivial,
where R is the regular R-class that contains all the accumulation points of the right
infinite product and L is the regular L-class that contains all the accumulation
points of the left infinite product. O

— —

We denote by [[7_,ur the product wius---u, and by [[F_,vr the product

Up -+ vov1. Given a pro-DA monoid S and sequences (uy)x>1, (Vk)k>1 € SV in the
— —

conditions of the previous corollary, we denote by [[x>1uk - [[x>1v% the product
—
of an accumulation point of the sequence ([[7_;ux)n by an accumulation point of

P
the sequence (][}'_;vk)n, when n goes to infinity.

Therefore, given w € Q4DA\{1}, the iterated central basic factorization of w is
of one of the following forms:

w= [ Tizi(anar) - - T Ti=r (buBi)

if it is of type 1 and it is finite and of the standard form or of the overlapped form,
or

— —
w = [ [roi(awan) - T iz (brsr)

if is of type 2 and it is finite and CBF(y,—1) is of the standard form or of the

overlapped form, or

—

w = [[rzi (exar) - Bu - T[T 7=t (b Br)

if is of type 1 or 2 and it is finite and degenerate, or

w = ﬁkzl(akak) : ﬁkzl(bkﬁk)

if the iteration is infinite (and of any type). In fact, the last equality is valid as we
see from Lemma 3.9 or from Lemma 3.11, depending on the type of the iterated
factorization. We recall some results that we use to prove these lemmas.

Lemma 3.5 (cf. [2, Lemma 8.1.4]). Let S € DS and let e € E(S) and u € S such
that u > 7 e. Then euReLue.

Corollary 3.6. Let S € DA and lete, f € E(S) andu € S be such thatu >z eJ f.
Then euf =ef.

Corollary 3.7 (cf. [2, Theorem 8.1.7]). Let S be a pro-DA semigroup and let
r,s,t € S be such that c(s) C c(r) = c(t). Then r¥st¥ = r“tv.
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Proposition 3.8 (cf. [2, Theorem 8.1.10]). Given w € QaDA, then w is idempotent
if and only if [\'] € {0,00}, for any u € AT, where ['] is the supremum of the
integers v such that u” is a subword of w.

We are now ready to prove the convergence of the infinite product in the iterated
central basic factorization of type 1 of w, as stated in the following lemma:

Lemma 3.9. Given w € Q4DA\{1}, if w has an infinite iterated central basic
— —
factorization of type 1, then w = [[r>1(arar) - [[r>1(0kOk)-

Proof. The successive iterations of the central basic factorization of type 1 of w are

AN s
w = [[r_; (arar) n - 11221 (0kBk), for all n. By compactness, there exists a subse-
=1 L

quence ([T (arar) , Ym s 10 (beBr))mens that converges to some (a, 7, 3). By

Proposition 3.8, « and g are idempotents, since c¢(agar) = c(a) and (b B;) = ¢(8),

for all k, and also a7 3, by [2, Theorem 8.1.7], since they have the same content. It
— —

follows, by Corollaries 3.6 and 3.4, that w = ay8 = af = [ [k>1(akar) [ Tr>1(bx08k),

since ¢(y) C c(a) = ¢(B). O

To show that the infinite product in the iterated central basic factorization of
type 2 of w converges we need to beware of the fact that the content of the factors
agag and by Oy could decrease. In fact, the following lemma shows that the sequence
of these contents stabilizes.

Lemma 3.10. Let w € Q4DA\{1} be such that the iterated central basic factor-

ization of type 2 of w is infinite, 1,CBF(w) = ajajasag -+ --- boBob131. Then
there exists N € N such that, if i > N, c(a;a;) and c(b;3;) are constant and equal,
for all i. Moreover, the pseudowords w; = @;a;Q; 4141+ -+ biy18i41b:i0:, with

1 > N, have a standard central basic factorization.

Proof. We consider the sequence (wy, = Yp—1 = Qpap -+ - bnBn)n>1 of elements
of Q4DA\{1}. We have c(w;1) = c(w) and c(w;) C c(w;), if i < j. Since 1,CBF(w)
is infinite and A is a finite alphabet, it follows that, from a certain point on, the
contents c(w;) must stabilize. Let N be a integer such that, if ¢, > N, then
c(w;) = c(w;). We recall that, if the central basic factorization of w;, CBF(w;) =
a;a;7vibifBi, is of the overlapped form, then a; ¢ c(v;0;5;) and b; ¢ c(;a;y;) and,
therefore, c(y; = wit+1) € ¢(w;). On the other hand, if the central basic factorization
of w; is degenerate, then loCBF(w;) is finite and, therefore, I,CBF(w) is also finite,
which contradicts the hypothesis. So, if ¢ > N, then CBF(w;) is standard. By
definition of standard central basic factorization and by the above, it follows that,
if i > N, then c(aja;) = ¢(b;3;) = c(wn).

Finally, we note that, if ¢ < IV, then the central basic factorization of w; could
be of the standard or of the overlapped form. O

Lemma 3.11. Given w € Q4DA\{1}, if w has an infinite iterated central basic
— —
factorization of type 2, then w = [[r>1(akar) - [Te>1(0x5k)-

Proof. Let 1,CBF(w) = anajasag -+ -+ - bafB2b1 01, let N be an integer satisfying the
condition of Lemma 3.10 and let wy = ayanyaNt+1aAN41 - - bN+10N+10NON -
Note that, by Lemma 3.10, c(arar) = c(wy) = ¢(bpfk), for all K > N. So, the
iterated central basic factorization of type 2 of wy coincides with the iterated
central basic factorization of type 1 of wy. Applying Lemma 3.9 to this iterated
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factorization, it follows that wy = ﬁkZN(ozkak) . ﬁkzN(bkﬁk) and, therefore, w =
— —
[Te>1(arar) - [Tre>1(bkBr). O

Example 3.12. The iterated central basic factorizations of w = a“b*c?(ab)* cabc”
of type 1 and of type 2 are, respectively:

IL,CBF(w) = a*b* -¢c-ca-b-(ab)* -a-bc-a-be”

and [,CBF(w) =a“V* -¢c-ca-b-a-b-a-b-- --- a-b-a-b-a-bc-a-bc”.
Note that 1;CBF(w) is finite, standard and of length 2 while I,CBF(w) is infinite.

The next step in our factorizations consists in applying successively the corre-
sponding factorization to each factor «y;, 3; and 7y, the latter only in the case of a
finite iterated central basic factorization of type 1. We observe, by Proposition 3.13,
that this process is finite. For that purpose, we define two operations in Q4 DA, op!
and op?, as follows. We start with op':

(i) Let u = a1 ---apby---by € AY and a1,..., 0, Yn, Bns---, 51 € QaDA be
such that, for each ¢ < n, a; ¢ c(;), b; € ¢(5;), a;a; and b; B; have the same
content as the product ajag - - anapYnbnfp - - - 0181 and, for i = n, either
ap,, b, QG by By, satisfy the same conditions, or a,, & c(y,)U{b,}Uc(Bn),
by, ¢ c(an)U{an}Uc(yn), and apanynby, and apynby By, have the same con-
tent as a1a1 - -+ A YnbnBn - - - b181. We define opl (a1, ..., Gy Yoy By - - -5 B1) =
aiaq - anan'ynbnﬁn T blﬁl' _

(i) Let w = a1+ -apbp—1---b1 € AT and a1,...,an,Bn,-.., 31 € QaDA be
such that, for all i, a; ¢ c(«;), b; & ¢(8:), an & ¢(Bn) and a;a,, b;3; and
anfrn have the same content as the product ajaq - ana, Gy - -b1061. We
define opl (a1, ..., Qn, By -+, 1) = aray - apan By - - b1 Bi.

(lll) Let v = ﬁ)izlai . ﬁiZIbi S Aw-i—w* and Oél,ag,...,ﬁl,ﬁg,... € QADA
be such that, for all i, a; ¢ c(a;), b; ¢ ¢(B;) and «;a; and b;3; have

the same content as the product ﬁkzl(akak) . ﬁkzl(bkﬁk). We define
— —
opllar,as,...,...,B2,01) = [Liz1(ciai) - [Ti1(bi53i)-

Similarly, we define op?, but now assuming that the contents could decrease:

(i) Let u=ay---apb,---by € AT and a1,...,an,Bn, ..., B € QaDA be such
that, for each i < n, a; ¢ c(y), b; ¢ ¢(B:), cua; and b;3; have the same
content as the product «;a; - - - @panby By - - - b;8; and, for i = n, either a,, ¢
c(ay), by € ¢(Br), and aay, and by, 3, have the same content as oy, @y, by, Gn,
or an, & {bn} Uc(Brn), bn ¢ c(an) U{a,} and ananb, and a,b, B, have
the same content as ay,a,b,B3,. We define op?(aq,...,an, Bn,..., 1) =
a1a1 - - QpGpbp By - - b1 6.

(i) Let u = ay---apby_1---by € AY and a1,...,an,Bn,..., 01 € QaDA be
such that, for all i, a; ¢ c(«;), by & ¢(5:), an ¢ ¢(Bn), and aja; and b;5;
have the same content as the product «;a; - @pan,Bn -+ b;0;. We define
opZ (o, .. -;amﬁm -;751) =101 Opln By - b1P1.

(lll) Let v = Hizlai . HiZlbi S Aw-i—w* and Oél,ag,...,ﬁl,ﬁg,... S ﬁADA
be such that, for all i, a; ¢ c(a;), b; ¢ c(8;) and «;a; and b;5; have

—

the same content as the product [[i>:(arar) - ﬁkzi(bkﬁk)- We define
— —
opa(ar, o, ..., ..., 02, 01) = [[iz1(uas) - [Tiz1(b:5s).
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Proposition 3.13. Each element of Q4DA can be obtained from 1 by applying suc-
cessively one of the described operations a number of times that does not exceed | A|.

Proof. Each w € Q4DA\{1} has an iterated central basic factorization that involves
a finite (or infinite) product of letters a; and b;, which depends on the type of the
iterated factorization. As the content of each factor is strictly contained in ¢(w),
the result follows by induction on |c(w)]. O

We end this section by presenting some characterizations of the implicit opera-
tions on DA connected with its iterated central basic factorizations.

Let Jw]; be the number of iterations until we obtain the iterated central basic
factorization of type i of w, with ¢ € {1,2}. Note that [Jw]; € NU{oco}. We denote
by ||w||; the greatest integer n such that c(anan) = ¢(bnfn) = c¢(w) and ay,a, and
b0, are disjoint, in the iterated central basic factorization of type i of w. If this
maximum does not exist, we set ||w||; = oo. If this condition does not occur for
any integer m, we set ||w||; = 0. Note that [Jw]}y = ||wl||; for the standard and
the overlapped case, and [Jw]l; — 1 = |Jw||; in the degenerate case. Moreover, we
have ||wl||; = |Jw]||2. The following statements are formulated for the iterated central
basic factorization of type 2, although we have similar results for the iterated central
basic factorization of type 1. We leave the details to the reader. From hereon, we
use the notation Jw]] and |Jw]|| instead of [Jw]2 and |Jw]|2, respectively.

Lemma 3.14. Let u,v € Q4DA\{1}. If c(u) = c(v), then ||uv|| > |jul| + ||v]-

Proof. Let u = Quyy Gy =+ - Oy, Gy Yy, Oy B, * = Oy By @0 0 = Qg Gy =+ Qg
@, Yor, Dvy, Bu, ++ + boy Bu, be, respectively, the m-iteration and the n-iteration of the
central basic factorization of v and v, with ||u]| = m and |jv|| = n, for m,n € N.
Note that c(avy,; au,) = ¢(by; Bu;) = c(u) = c(v) = c(aw;ay,) = c(by, By;) for alli < m
and j < n. Since uv = o, Guy -~ Gy, Yaig, Oy =+ Oy Bug *0wy Gy~ * Gy, Yo, b, -+ Doy Bog
it is easy to see that |luv|]| > m +n = ||ul| + ||v]]. The case where ||u| = oo or
|v]] = oo is similar. O

We define the cumulative content of w € Q4DA, and we denote it by &(w), to be
the empty set, if I,CBF(w) is finite, or the set of all letters a € A such that there
exists N € N such that, for all n > N, a € c(apa,) = ¢(byfBy), in the case where
[,CBF(w) is infinite.

Proposition 3.15. Let w € Q4DA\{1}. The following conditions are equivalent:
(i) DA E w? = w;
(ii) fJw|| = oo;
(iii) c(w) = &(w).

Proof. (i) = (i1): Suppose that w is idempotent. By Lemma 3.14, we have |w| =
lw?|| > 2||w| which implies ||w|| = oo or [Jw| = 0. Since [|w?|| > 0, for all
w € QaDA\{1}, then we have |Jw|| = occ. _ -

(i7) = (i): Suppose that |w| = oo, i.e., w = [[g>1(akar) - [Tr>1(bkOk) with
clagar) = c(bpPr) = c(w), for all k. By Proposition 3.8, it follows that w is an
idempotent of Q4DA. Let ¢ : Q4DA — S be a continuous homomorphism in a
finite monoid S € DA. Then p(w) is an idempotent. Thus DA | w? = w.

(17) & (uit): It follows immediately from the definition of cumulative content
of w. ]
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Lemma 3.16. Let w = xyz € Q4DA with c(x), ¢(2) S c(w). Then ||w| < ||yl + 1.

Proof. If |ly|| = oo or x and z are the empty word, the result is trivial. Otherwise,
we proceed by induction on (|e(y)], ||y||) where the pairs are in the lexicographic
order. Suppose that |c(y)| = 1. Since ¢(z), ¢(z) S c(w), there exists a letter in
c(y) Ue(z) that does not belongs to ¢(x) and there exists a letter in ¢(z) Uc(y) that
does not belong to ¢(z). By definition of central basic factorization, the following
cases can occur:

(i) CBF(w) = (aya,~,b,3) of the standard form: In this case, the letters a
and b belong to the content of y (otherwise, c(x) = c¢(w) or ¢(z) = c(w)).
Since |c(y)| = 1, we have a = b. Moreover, a ¢ c(r) = ¢(z) and c(y) =
{a} € ¢(w), because 7 is a factor of y and ¢(y) = {a}. It follows that |Jw|| =

1.

(ii) CBF(w) = (a,a,v,b,5) of the overlapped form: It follows, immediately,
that ||Jw|| = 0.

(iii) CBF(w) = (o, a, B) of the degenerate form: It follows, immediately, that |jw]|
0.

Now, suppose that |c(y)| > 1. Let y; be a prefix of yz and let yo be a suffix of
xy such that y; is minimal for ¢(xy;) = c(w) and yz is minimal for ¢(y22) = c(w).
Note that xzy; is one of the products aa or aayb, according to the CBF(w) is of
the standard or of the degenerate form, in the first case, or of the overlapped form,
in the second case. We have the dual result for the factor yoz and, therefore, the
existence of these factors is justified. We also note that y; and yo are non-empty
words, by the hypothesis ¢(x),c(z) € c(w). If y1 is not a prefix of y or ya is not
a suffix of y, then the central basic factorization of w is overlapped and, therefore,
|lw|| = 0. Suppose that y; is a prefix of y and ys is a suffix of y. Two cases can
occur: y = y1¥y'y2, with 3’ possibly empty, or y; and ys are not disjoint factors
of y. In the latter case, the central basic factorization of w is of the overlapped
form or of the degenerate form and, therefore, ||w| = 0. Suppose that y = y14'y2,
with ¢’ possibly empty. If ¢(y’) € c(w), then ||w|| = 1 and the result follows.
Suppose that ¢(y') = c(w) and, therefore, ||w| = ||¥’|| + 1. We consider the central
basic factorization of y, CBF(y). The cases where CBF(y) are of the degenerate
or of the overlapped form are trivial, because ||y’|| = 0 (note that c(y’) = ¢(y)).
Suppose that CBF(y) = (o, a,7,b,3) is of the standard form. Then there exist y}
and yh such that aa = y1yi, b = yhys and yivy, = y'. We have c(y) C c(y) or
Il = lyll = 1. I e(3) € e(y), then |y = 1, /]| < 1 and Jlw| < 2. Otherwise,
it follows that ¢(v) = c(y) = c(¥/) = c(w). If ¢(y1), c(yy) S c(v), by induction
hypothesis, it follows that ||| < ||v]| + 1 = |ly|]. Thus |Jw|| < ||y|| + 1. Otherwise,
c(yh) = (), c(yh) = c(v), or both occur simultaneously. Suppose, by symmetry,
that ¢(y]) = c¢(y) = ¢(w). Since aa = y1y} is the minimum prefix of y such that
c(aa) = c(w), it follows that y] is the minimum prefix of ¢’ such that ¢(y}) = c¢(w).

It follows that [|w]| = [|y/|| + 1 < ||v]| + 2 = [Jy|| + 1. O
Corollary 3.17. Let w = x1--- 2, € QaDA with c(x;) S c(w), for all i. Then
Jwll < 5

Proof. If r = 2, then ||w|| = 0, since the central basic factorization of w is of
the overlapped form. If » = 3, then, depending of the type of the central basic
factorization of w, we have |[w| = 1 or ||lw|| = 0. If » > 3, by the previous

lemma, we have ||w|| < |lxg---x,—1]] + 1. It follows, by induction on r, that
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[w| <252 +1 =% — 3, in the case where r is odd, or ||| < % — 1, in the case

where 7 is even. In any case, ||w| < 5. O

4. REPRESENTATION OF IMPLICIT OPERATIONS ON DA

4.1. Two tree representations. We present two distinct representations of the
implicit operations on DA by trees. The first one comes from ideas used by Almeida
and Weil [7] for representing implicit operations over R. In the second one, we
extend to DA some techniques developed by Almeida and Zeitoun [8] to solve the
word problem for w-terms over R. We end the subsection by giving a more compact
representation of the second tree representation using automata.

4.1.1. Representation by finite-height trees. Let A be a finite alphabet. We define
the set T1(A) to be a set of trees of finite height and with a number of vertices that
may be infinite. The set T1(A) consists of all trees with a root and satisfying the
following conditions:

(1) The vertices which are direct descendants of a vertex v, and that we call
the progeny of v, are ordered with order type n, with n finite and odd, or
with order type w + w*.

(2) The direct descendants (or sons) of a vertex are ordered as follows: reading
from left to right, and also from right to left, they switch between a vertex
which we call node and a vertex which we call leaf and always starting,
whether we read from the left or from the right, by a node.

(3) A node has one and only one of the following properties: either it has
descendants, or it is labeled by 1 (in this case we call it a degenerate node).

(4) A leaf does not have descendants and it is labeled by a letter in A.

(5) The content of a leaf consists of its label; the content of a node is the set
of labels of its descendants leaves; the content of a degenerate node is 0.

For each non-degenerate node v, let v; and f; be, respectively, the i-th node and
the i-th leaf, when we read from left to right, in the progeny of v and let v} and f/
be, respectively, the i-th node and the i-th leaf, when we read from right to left, in
the progeny of v. Three distinct cases can occur, depending if the progeny of v has
order type w + w*, 4m — 1 or 4m + 1:

(6) The case w + w*: For all i < w, we have c(f;) ¢ c(vi), c(f!) ¢ c(v) and
(5) U el ) = e(f1) Ue(w]) = (o).

(7) The case 4m — 1: For all i < m, we have c(f;) ¢ c(vi), c(f!) ¢ c(v}) and
e(v5) Uelf:) = e(f7) Ue(w]) = c(v).

(8) The case 4m + 1: For all i < m, we have c(f;) ¢ c(vi), c(f]) ¢ c(v}) and
c(v)) Ue(fi) = c(fl) Ue(v)) = c(v). For f = fp or f = f], then one and
only one of the following cases can occur:

(8-a) c(fm) & c(om), c(fr,) & c(vy,), c(vm) U c(fm) = c(fr) U elvy,) = c(v)
and ¢(vm41) # c(v).

(8-b) c(fm) & c(vmt1)Ue(fr,) Ue(vp,), e(f) & c(vm) Ue(fm) Uc(vmy1) and
c(vm)Ue(fm)Ue(vm1)Ue(fr,) = e(fm)Ue(vmi1)Ue(fr,)Ue(vy,) = c(v).
Note that the contents of the successive descendants nodes of a branch strictly

decrease. It follows that the height of ¢ € T1(A) is at most |A.
We define the mapping ¢ : Ti(A) — Q4DA as follows. Let t € Ti(A). We
obtain o(t) as the ordered reading, from left to right, of the labels of the leaves
of t. Formally, we define o(¢) by induction on the height of ¢. If ¢ has height 0,
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then ¢ is only a vertex, which is a degenerate node, and we set o(t) = 1. Suppose
that ¢ has non-zero height. Let aq,...,an, by, ..., b1 be the labels of the leaves that
are direct descendants of the root (in case the number of leaves is finite and odd,

we have ai,...,an,b,_1,...,b1, and, in case that this number is infinite, we have
ai,az,... ...,ba, b1, respectively) and let t1,...,¢n, tny1,t,,..., 8] (respectively,
tiyeooytn,th, .o th and ty,t,. .. ... ,th, t} ) be the subtrees attached to each direct

descendant node of the root. Note that each subtree has height strictly lower than
the height of ¢. Let

o(t) = [ 151 (elti)ai) - o(tnia) - [ [ 1o (bio(t))

respectively
— «—

o(t) = H?>1(Q(tz‘)ai) “o(ty,) - H?Z_ll (bio(t7))

o(t) = [ [iz1(e(t)as) - T [iz1(bio(#).-

Lemma 4.1. The factorization used in the definition of o(t) is the iterated central
basic factorization of type 1 defined in the previous section.

or

Proof. Tt suffices to note that, by properties (6), (7) and (8) from the definition of
tree t € T1(A), a1 and by are, respectively, the first occurrence of the last appearing
letter when we read from left to right and from right to left. The other labels
as,...,bs in the progeny of the root satisfy the same condition in the subtree of ¢
which results from eliminating the first two and the last two branches that leave
from the root and so on, until the content of the subtree decreases, as in the
iteration of type 1 of the central basic factorization defined previously. Since, by
Proposition 3.1 this factorization is unique, it follows that the factorization of o(t)
is the iterated central basic factorization of type 1. O

Theorem 4.2. The mapping o : T1(A) — QaDA is a bijection.
Proof. Let t and t be distinct elements in Ty (A). Let ai,az, ..., b2, b be the labels

of the leaves which are direct descendants of the root of ¢ and let t1,ts,...,t5,
t) be the subtrees attached to each direct descendant node of the root of ¢ (as we
have defined previously). Similarly, we define @y, as,...,bz,b1 and ty,t,..., 5,1}

with respect to ¢. Let k be minimum with ¢ # ty, ar # ak, t), # t), or by # b and
consider the k-th iteration of the central basic factorization of o(t) and o(%):

o(t) = ot1)as - - o(tw)armbro(ty,) - - bro(ty)
and

o(t) = o(tr)ar - - o(t)arnbro(ty) - - bro(?y).-
Note that, if we have 2n + 1 nodes in the progeny of the root, with k =n + 1, i.e.,
when t and ¢ differ in the subtree attached at the node in the central position, we
only iterate k — 1 times. Proceeding by induction on the height of ¢, it follows that
o(ty) # o(ty), ar # ax, o(t),) # o(t,) or by # by. Since, by Proposition 3.1, the
central basic factorization is unique, we deduce that o(t) # o(%).

Let w € Q4DA. To verify that the mapping is onto, we proceed by induction
on |e(w)|. If |¢(w)] = 0, then w = 1 and w = p(t), where t is a tree with just one
vertex. If |c(w)| # 0, then w = opl (a1, @z, ..., B2, 31), where u = ajas - - - baby is an
element in AT U A“t*" and a1, as, ..., (2, 01 satisfy the conditions used to define
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opl: for all i, c(w) = c(ayai), c(w) = c(biBs), a; & c(ai) and b; ¢ c(B;). Moreover,
if |u| is finite and odd, then, since a,, is the letter at the central position, we also
have a,, ¢ ¢(By). If |u| = n is finite and even and the central basic factorization
of w is of the overlapped form, we have that, for k = n, a, & c(vn) U {bn} Uc(Br)
and b, ¢ c(ay)U{an}Uc(yn). Tt follows that ¢(a;) and ¢(5;) are strictly contained
in e(w), for all ¢. For all 4, let ¢; and ¢} be elements in T3 (A) such that o(t;) = o
and o(t}) = f;. Then w = p(t), where ¢ is the subtree of T1(A) whose leaves of
the progeny of the root are labeled with a1, as,...,bs,b; and whose nodes of this
progeny have the subtrees t1,to, ..., ), t] attached, respectively. ([

Example 4.3. The tree in T} (A) which represents w = a“b*c?(ab)“cabc € QDA
is the following:

4.1.2. Representation by quasi-ternary trees. Let A be a finite alphabet. We define
a set To(A) of quasi-ternary trees with labeled vertices, of which there may be
infinitely many, and whose heights of the central branches can be infinite too. The
set T»(A) consists of all trees with a root such that:

(i) The vertices are labeled with a pair of letters in A, or with a letter in A
(degenerate vertex), or with a letter e ¢ A (final verter).

(if) The vertices which are labeled with a pair of letters have three direct de-
scendants. The degenerate vertices have only two direct descendants. The
final vertices do not have descendants.

We define recursively the content of a vertex v, ¢(v), to be the union of the
contents of their sons with the set of its labels. The left content of a vertex v, ¢;(v),
is the content of its left son. Dually, one may define the right content of a vertex v,
¢r(v). In the case where the vertex is non-degenerate, we also define the central
content of a vertex v, c.(v), to be the content of its central son.

The set To(A) also satisfies the following condition:

(iii) For each non-final vertex v one of the following cases occurs:
(iii-a) Non-degenerate case: Let (mq,mg) be the label of v. Then only one
of the following cases occurs: either
my ¢ ¢;(v), ma & ¢ (v) and ¢(v) U{m1} = {ma} Uc.(v) = ¢(v),
or

my & c.(v) U{ma} Ucr(v), ma ¢ ¢;(v) U{mi}Uc.(v) and

c(w)U{mi}tUcc(v) U{mz} ={mi}Ucc(v)U{ma} Uc.(v) = c(v).
(iii-b) Degenerate case: Let m be the label of v. We have m ¢ ¢;(v), m ¢
cr(v) and ¢ (v) U{m} = {m} Uc,(v) = c(v).
Observe that the contents of the vertices of the successive descendants from the

right or from the left branches strictly decrease. We define the depth of t € T>(A),
0(t), to be the maximum distance to the root of vertices which do not have as an
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ancestor a vertex from a central branch. It follows that the depth of ¢ is at most | 4|,
but it can be strictly smaller. As an example, (a1 ---a,) = 1, with a; # a; if ¢ # j.

We define the mapping p : To(A) — QDA recursively as follows. Let t € Th(A).
If ¢ has non-zero depth, i.e., t is just a vertex with label £, we set p(t) = 1.
Otherwise, let vy, v1 and ve (vg and ve in the degenerate case) be the vertices
descending directly from the root v.. For each vertex v;, with ¢ € {0,1,2}*, let v;0,
v;1 and v (vio and v in the degenerate case) be the sons of v;. Let I(; gy and I(; 2
be the labels of v; (in the degenerate case, let [(; o) be this label). We denote by t;o,
t;1 and t;5 the subtrees that begin at the sons v;9, v;1 and v;e, respectively. Then,
p(t) is described as follows:

p(t) = p(to) - lic,0) - p(t10) - L1,0) - -+ a2y - p(t12) - le,2) - p(t2)
if the central body of the tree is infinite. If it is finite, we have one of the following
cases:

p(t) = p(to) - lc,0) - p(tin—10) - Lan—1,0) - lan—1,2) - p(tin-12) - - l(c,2) - p(t2)
or
p(t) = p(to) - lic,0) - p(tin—10) ~ lan—1,0y - p(tin—12) - e 2) - p(t2).

Lemma 4.4. The factorization used in the definition of p(t) is the iterated central
basic factorization of type 2 defined above.

Proof. By Property (iii) from the tree’s definition, we know that [(. o) and [(c o)
are, respectively, the first occurrence of the last appearing letter when we read,
respectively, from left to right and from right to left. The other labels from this
factorization arise from the inductive process of applying the same factorization to
the subtree of ¢ that has as a root the central son of the root of t. This process
ends when the root of the subtree that we are considering is degenerate or, if it
is not degenerate, it has as a central son a final vertex. By Proposition 3.1, this
factorization is unique and the iteration ends with the same condition of the iterated
central basic factorization of type 2 of p(t). Thus the factorizations are equal. [

Theorem 4.5. The mapping p : To(A) — QaDA is a bijection.

Proof. Let t and ¢ be distinct elements of T2(A). Let k be minimum for lak,o) #
l_(1k70), l(lk)2) # l_(1k72), tlko # Elko or t1k2 # Ele. Consider the k + l—iteration Of
the central basic factorization of p(t) and p(?):

P(t) = P(to) : l(s,o) T P(tlko) : l(1k,o) : P(tlkﬂ) ) l(lk,2) : P(tlkz) e '1(5,2) : P(t2)
and

P@ = P(fo) 'l_(a,o) e 'P(flko) : l_(lk,O) 'P(flkﬂ) 'l_(lk,2) 'P(flw) " 'l_(a,2) 'P(fz)-
Proceeding by induction on the depth of ¢ and ¢, it follows that lar 0y # l_(1k70),

Lk 2y # Lk gy, p(tirg) # p(tirg) or p(tirg) # p(tyrz). Since, by Proposition 3.1,
this factorization is unique, it follows that p(t) # p(%).
Let w € Q4DA. To verify that p is onto, we proceed by induction on |c(w)|.

If |e(w)] = 0, then w = 1 and w = p(t), where ¢ is the tree with just one vertex
labeled by e. If |¢(w)| # 0, then we consider the iterated central basic factorization
of w, w = aja1asag--- --- bafB2b131 (or one of the other previously described

cases). Note that c(ax) and ¢(8y) are strictly contained in c(w), for all k. For
all k, let t1x-19 and t1x-15 be elements in T5(A) such that p(tix-19) = o and
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p(tir-19) = Br. Then w = p(t), where t is the tree in T5(A) whose central vertices
are labeled with (a1,b1), (az,b2), etc., and with the subtrees t1x-15 and t1x-14, for
each k, respectively attached. ([l

Example 4.6. We have the following representation by a tree in T3(A) of the
pseudoword w = a*b*c?(ab)* cabc” € Q4DA:

4.1.3. Representation by automata. It is sometimes convenient to compress the tree
representation described in 4.1.2. We do it by identifying vertices which have the
same attached subtrees. We begin with the definition of DA-automaton.
An A-labeled DA-automaton is a tuple A = (V, —, q, F, \) where (V,—,q, F) is
a non-empty deterministic automaton (which may be infinite) over the alphabet
B={0,1,2}and A : V — Ax AU AU {e} is a total function. It also satisfies the
following conditions:
(A1) The set of final states is F' = A71(¢).
(A2) There are no outgoing transitions from F.
(A3) Let v € V\F. Then both v.0 and v.2 are defined. We also have v.1 defined
if and only if A(v) € A x A. Otherwise, A(v) € A.
(A4) Given v € V\F with A(v) = (A (v), \?(v)) € A x A we have one and only
one of the following cases:
(i) AL(v.B*) UA2(0.B%) = [AL(0.0B*) U A2(0.0B*)] U AL (v)
and AL(v.B*) UA2(v.B*) = [AL(v.2B*) U A2(v.2B*)] U A2(v),
(i) M (v.B*)UAN?(v.B*) = )\1(v)@[)\l(v.lIBS*)U)\2(v.IIB§*)U/\2(v)U/\1 (v.2B*)U
A2(v.2B%)]
and M\ (v.B*) U2 (v.B*) = [A\}(0.0B*) UA2(v.0B*) U (v) UA (0.1B*) U
A2(0.1B%)] U X2 (v),
where we consider, for each vertex v’ such that A(v') € A, A(v') = A (v').
(A5) Given v € V\F with A(v) = A(v) € A we have

A (0.B%) U2 (0.B%) = [A}(0.0B*) U A2(0.0B%)] U A (v)
and A (0.B) U A2(0.B%) = [\ (v.2B*) U A2(0.2B%)] U AL (v)
where, again, we consider, for each vertex v’ such that A\(v') € A, A(v') =
AL(v").
The trees defined in 4.1.2 are DA-automata such that every state is reached from
the initial state by a unique path. We call these trees DA-trees.
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Given a DA-automaton A = (V, —,q, F,\) and v € V, the subautomaton of A
with initial state v is the DA-automaton A, = (V Nv.B*, —, v, FNv.B*, \jyry.e-)-

Observe that, by conditions (A4) and (A5), if v.« is defined, then |a|o + |af2 <
|A|. Moreover, each time we follow a transition labeled 0 or 2, we end up in a
subautomaton labeled by an alphabet strictly contained in the previous one. It
follows that, if pg — p; — --- =% p,, = po is a closed path of A, then a; = 1 for
alli =1,...,n.

We say that two DA-automata A = (V;, —;,q;, Fi, ;) (i = 0,1) are isomorphic
if there is a bijection ¢ : Vy — Vj such that, for all v € V and for all a € B,
p(v.a) = p(v).a and A1 (p(v)) = Ao(v).

We say that two DA-automata A = (V;, —, ¢, F;, A;) (i = 0,1) are k-equivalent
if

for all @ € B, |a| < k = Ao(qo.c0) = M (q1.0).

We say that two DA-automata are equivalent if they are k-equivalent for all k > 0.
We write Ag ~ A; to denote the k-equivalence and we set ~ =[] ~. Note that
equivalent DA-trees are isomorphic, since, as we said above, each state is completely
determined by the unique path starting at the initial state and ending at this state.

Lemma 4.7. Any DA-automaton has a unique (up to isomorphism of DA-trees)
equivalent DA-tree.

Proof. Let A = (V,—,q,F,\) be a DA-automaton. We define the DA-tree 7 =
(W, —,p,G,v) as follows. Let W = {a € B* | g.«v is defined}, p = ¢, v(a) = A(q.«0)
and G = v=1(e). If g.a0 and g.a2 are defined, i.e., if A\(¢.a) # &, then we define
the transitions a % a0 and a = a2. Moreover, if g.al is also defined, which

corresponds to A(g.a) € A x A, then we have also the transition « Loalof T. Tt is
easy to see that the properties (A1)-(A5) remain valid and the uniqueness of this
construction results from the fact that equivalent DA-trees are isomorphic. ([l

We call the unfolding of A the unique (up to isomorphism) DA-tree A equivalent
to the DA-automaton A.

Corollary 4.8. Let A and A’ be DA-automata. Then A ~ A’ if and only if A = A'.
We define the value 7(A) € 24DA of a DA-automaton A by 7(A) = p(A). Given
a DA-automaton A = (V, —, ¢, F,\) and v € V| let [v] = 7(A,).

Lemma 4.9. Let A= (V,—,q, F,\) be a DA-automaton and v € V\F. Then, the
central basic factorization of [v] is [v.0]- AL (v) - [v.1]- A2 (v) - [v.2], if v.1 is defined, or
[0.0] - M (v) - [v.2], otherwise. Thus, by uniqueness of the central basic factorization,
we have, for u,v € V\F,

Al(u) = Al (v)

A% (u) = X*(v)
[u] = [v] =< [u.0] = [v.0]

[u.1] = [v.1]

[u.2] = [v.2]

respectively,

A(u) = At (v)

[u] = [v] =
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Proof. Tt suffices to proceed by induction on ¢([v]) taking into account the definition
of central basic factorization. O

We call the wrapping of a DA-automaton A = (V, —, ¢, F, \) the DA-automaton

[A] = ([V], =, [q], [F], v) where:
(1) [V]={[v] |v eV} C QaDA;
(ii) [v].0 = [v.0], [v].1 = [v.1] and [v].2 = [v.2];

(iii) v([v]) = A(v).

This automaton is obtained from A by identifying states representing the same
pseudoword. For w € Q4DA we define the wrapped DA-automaton of w to be
Aw) = [p~H (w)].

The wvalue of a path pg Do, P1 LN Pn+1 in a DA-automaton is the product
I17 (i, A(pi)) € (B x (A x AU A))*. The language L(v) C (B x (A x AU A))*
associated to the state v € A is the set of values of all the paths starting at v
and ending at a final state. The language L£(.A) associated to A is the language
associated to its initial state. Finally, the language L(w) associated to w is L(w) =
L(A(w)).

Note that, if we consider the automaton obtained from .A(w) by replacing the
label of each edge in A(w) by the pair whose first component is the label that
this edge has in A(w) and the second component is the label of the initial vertex
of the edge in A(w), then it is an automaton that recognizes £(w). We see this
replacement in Example 4.12.

Lemma 4.10. Let A; and Az be two DA-automata. We have L(A,) = L(A,) if
and only if A= A,
Proof. Tt suffices to note that £(.A) uniquely determines the maximal paths in A,

which in turn determines A. ]
Proposition 4.11. Let v,w € QaDA. Then DA = v = w if and only if L(v) =
L(w).

Proof. By Theorem 4.5, we have t(v) = t(w) if and only if DA |= v = w. The result
now follows from the previous lemma. O

Example 4.12. The wrapped DA-automaton of w = a“b“c?(ab)”cabc” € QDA
is presented in the following figure. Note that it is a finite automaton.
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4.2. Representation by labeled orderings. We consider, in the set of linear or-
derings, the subalgebra generated by the ordinal 1 and by the following operations:
+: (01,02) = 01 + 02,

0: (01,00, .y...,05,07) 01+ 034 -+ -+ + 04 + 0.

We call an element of this subalgebra a x-linear ordering. Note that a *-linear
ordering has the following properties: it is countable since it is a countable sum
of countable orderings, it has a minimum element and a maximum element, any
element except the maximum has a successor and any element except the minimum

has a predecessor.

Given a x-linear ordering o, we consider a representation of o in the free algebra
generated by {1} and by the operations + and 6, ({1};+,6). We define the rank of
this representation to be the maximum number of nested operations 6. The rank
of o, t(0), is the minimum of the ranks of the representations of o.

Lemma 4.13. Given a x-linear ordering o, any closed interval in o is also a x-linear
ordering.

Proof. We proceed by induction on the rank of o. The case t(o) = 0 is trivial,
since it corresponds to the finite linear orderings, and the case t(o) = 1 is easy to
show: if 0 is a *-linear ordering such that t(o) = 1, then 0 = (w + w*)m, with m
finite, and the closed intervals in o are of the form m, with m finite, or (w+ w*)m/’,
with m’ < m. In any case, they also are *-linear orderings. Suppose that the result
is verified for t(0) < n. Let o be a #-linear ordering such that t(o) = n > 1. Then
0="0(01,02,...,05 0))m for some representation of o, where o; and o} are x-linear
orderings such that t(0;) < n and t(0}) < n, for all 4, and m is finite. Let o’ be a
closed interval in o. Then one of the following cases can occur, for some integers j
and k:

~

(1) o € o5

(2) o € op;

(3) o Coj+0j41+---+0k—1+o0k and 0j41 + -+ 0g—1 C 0;

(4) o Coi+0; y+--+0, +o,and of_; +---+ 0y COs

(5) 0'§0j+0j+1+ ...... +O;€+1+O;€ and0j+1—|— ...... +0;C+1CO/;

(6) o/ Co+6(01,02,...,...,05,0)m' + 08 and 0(o1,09,...,...,05,0,)m’ C o,

with 0 < m’ < m, o is of the form (2), (4) or (5) with k¥ = 1, and & is of
the form (1), (3) or (5) with j = 1.
We treat the case (5) in detail. The other cases are similar. In this case, we have
that o; N0’ and o}, N o’ are closed intervals in o; and oj,, respectively, and t(0;) < n
and t(0)) < n. By induction hypothesis, we have that o; N o' and o}, N o are
*-linear orderings. It follows that o' = 0(o; N 0',0j41,...,...,0,,,0, N0') is a
*-linear ordering. O

Given a finite alphabet A, let LO*(A) be the set of x-labeled linear orderings in
A, where an element (0,1) € LO*(A) is such that o is a linear ordering in ({1}; +, 6)
and [ is a labeling [ : 0 — A.

Let o = (0,1) be a x-labeled linear ordering. A partition of o in two non-empty
intervals (o1,02), where each element of oz is greater than all elements of o4, is
called a Dedekind cut in o. We say that a Dedekind cut (o1,02) is a gap in o if
the first interval does not have a maximum and the second interval does not have a
minimum. An ordering is complete if it does not have any gap. Given an incomplete
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ordering o = (0,1) € LO*(A), its completion is isomorphic to the set of Dedekind
cuts in o ordered by the relation (01,02) < (0%,0%) if 01 C o). For details, see
Rosenstein [12].

Given a Dedekind cut (01,02) in o, we define the set of right cofinal letters of
01, ¢-(01) and the set of left cofinal letters of o2, ¢;(02) to be the following:

cr(o1) ={a€ A|Vp€or Ig€o01:p<qNnl(g) =a},

c(og)={acA|Vp€ors g€ 02:q<pAl(q) =a}.
We say that a *-linear ordering o satisfies the cofinal property if, for every Dedekind
cut (01,02) in 0, ¢(01) = ¢;(02). We call this set the cofinal set of (01,02) and
we write ¢((01,02)) = ¢(01) = ¢;(02).

Let o € LO*(A) be a labeled linear ordering satisfying the cofinal property. We
define the following labeling function of the set D, of Dedekind cuts of o:
l: D, — P(A)
{a} if (01,02) is not a gap and I(maxo1) = a

(01,02) — { ¢((01,02)) if (01,02) is a gap.

We say that o = (0,1) € LO*(A) is a reduced A-labeled x-linear ordering if it
satisfies the following conditions:

(i) o satisfies the cofinal property;

(ii) Given two distinct gaps in o with the same cofinal set, there exists a
Dedekind cut between them whose label is not contained in this cofinal
set.

Let rLO*(A) be the set of all reduced A-labeled x-linear orderings. To each tree
t € T1(A) we associate a *-labeled linear ordering p(t) by ordering the set of the
leaves of ¢ from left to right. Formally, the set of the leaves of ¢, F(¢), is ordered
as follows: given two elements f and f’, let vy be the deepest node which is a
common ancestor of f and f’, and vy and vy the sons of vy which are ancestors
of f and f’, respectively (note that we can have vy = f or vy = f'). If vy < vy in
the progeny of vz, then we say that f < f’. It is easy to verify that this defines a
linear ordering in F'(t). Let o be the corresponding linear ordering and let [ : 0 — A
be the labeling function which maps each leaf to its label. We put u(t) = (o,1).

Proposition 4.14. For each t € T1(A), u(t) € rLO™(A).

Proof. We proceed by induction on the height of ¢, h(t), where the case h(¢) =0 is
trivial. Recall that the order type of each progeny is m, with m finite, or w + w*.
Let ¢t be a tree with non-zero height and let ¢1,ta,...,...,t5, ¢} be the subtrees
attached to the nodes which are sons of the root of t. By induction hypothesis,
o(t;),o(t)) € ({1};+,0) for all i. It follows that o(t) = o(t1) + 1 + o(t2) + 1 +
------ + 14 o(ty) + 1+ o(t]) is an element of the subalgebra, since it is a finite or
infinite sum of elements of the subalgebra (in the first case, we apply a sufficient
number of times the operator + and, in the second case, we apply the operator 6).
Since the height of ¢ € T1(A) is at most |A], it follows that u(t) € LO*(A).

Let (01,02) be a Dedekind cut in p(¢). If this cut is not a gap in u(¢), then
¢r(01) = ¢i(02) = 0. Suppose that it is a gap in p(¢). This corresponds to dividing
the tree in the middle of the progeny of a node v with order w+w*. By Property (4)
from the definition of tree in T7(A), we have that c¢(v;)Uc(f;) = c(v))Ue(f]) = e(v),
for all ¢, where v; and f; are, respectively, the i-th node and the i-th leaf of the
progeny of v, when we count from left to right, and v} and f/ are, respectively,
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the i-th node and the i-th leaf of the progeny of v, when we count from right to
left. Recall that the content of a node is the set of the labels of the descendants
leaves. It follows that ¢.(01) = ¢(02) = ¢(v) and, therefore, u(t) satisfies the
cofinal property.

Now, we show that condition (ii) holds. Let (01,02) < (0%, 05) be two distinct
gaps in o with the same cofinal set and let v and v' be the nodes whose progenies
are split in two by the intervals of the gaps (01,02) and (0], 05), respectively. Let
v and ¥’ be the the deepest ancestor of v and v’, respectively, such that o and o’
are in the same progeny. Note that 7 < ¥’ and that ¢((01,02)) = ¢((0], 05)) C ¢(v)
and ¢((01,02)) = ¢((0],05)) C ¢(¥’). Suppose that this progeny has order w + w*.
If v is in a position of w, let f be the leaf that succeeds v in the progeny and, in
case ¥ is in a position of w*, and so is ¥, let f be the leaf that precedes ¥’ in the
progeny. Then, by Property (6) from the definition of tree, we have ¢(f) ¢ ¢(v) or
c(f) ¢ c(v'). We consider the Dedekind cut in 0 and between the two gaps, (07, 0%),
such that maxof = f. It follows that ¢((07,0%)) € ¢((01,02)) = ¢((0},05)). The
other cases hold similarly. Thus p(t) is reduced. O

— —
We denote by > 7 or the sum 01 + 02 + -+ + 0, and by > 7,05 the sum
Op + -+ 02+ o01.

Lemma 4.15. Lett € T1(A) be a tree with non-zero height, let a1, aa,...,...,ba, by
be the labels of the leaves that are sons of the root and let t1,ta,. .., ..., th, t] be the
subtrees of t attached to each son of the root. If p(ty) = (om,lm) and u(t)) =
(o, 1), for all m, then u(t) = (o0,1) where o is a *-linear ordering of one of the

m7m

followmg forms:
(1) Zn>1(0n +1)+ Zn>1(1 + 0,), if the leaf sons have order w + w*;
(2) Zl 1(0i + 1)+ 0opg1 + ZZ 1(1 4+ 0L), if the number of leaf sons is even;
(3) Sn (0 + 1)+ 0, + Sn (14 0), if the number of leaf sons is odd;
and [ is the labeling l : 0 — A satzsfymg the following conditions:
(i) 1 (—);1_11(01' +1)+ 'y) =1 (), if v is an initial segment of op,,

(ii) 1 (fizl(oi +1)+ §i>m(1 +ol)+1+ ’y) =11.(7), if v is an initial seg-
ment of o,
—
(iii) 1 (Z;’;l(oi + 1)) = am,
. — —
() 1 (Siz1(0s+1) + Timm(1+0) +1) = bin
Proof. The verification follows directly by induction on the height of ¢. O

To establish that u is a bijection, we construct and iterate a central basic par-
tition of a non-zero reduced *-labeled linear ordering. We start with the following
lemma.

Lemma 4.16. Let o = (0,1) € rLO*(A). Then, for each a € c(0), there exist the
smallest position of o labeled a and the largest position of o labeled a.

Proof. For each a € ¢(0), let D, = {(01,02) € D, | a € {((01,02))}. This subset
is non-empty and bounded below, so, since D, is a complete ordering, it has an
infimum, (01,02). Suppose that it is a gap in o. By definition of infimum, for
every Dedekind cut (07, 0%) > (01, 02), there exists a Dedekind cut (o}, 0%) such
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that (01,02) < (0f,0%) < (0},05) and a € I((0],0%)). But this is equivalent to
a € ¢((o1,02)) and, therefore, there exists a sequence of Dedekind cuts less than
(01,02) whose label contains a, which is contrary to the hypothesis of (01, 02) be
an infimum. Thus (01, 02) is not a gap and, therefore, it is minimum for, otherwise,
its successor will be also a lower bound of D,. Since (01, 02) is not a gap, 01 has a
maximum and oz has a minimum. The maximum of o7 is the smallest position of o
labeled a. Similarly, we prove the existence of the largest position of o labeled a. [

Let o = (0,1) € rLO*(A). For each letter a € A, let p° be the smallest position
of o such that {(p) = a, let p° be the largest position of o such that [(p) = a and
let p° = max{p? | a € A} and p° = min{p? | a € A} (if there is no position labeled
by a, we set p% = mino and p? = maxo). Note that, since A is finite, there exist
p°® and p°. Three cases can occur: p° < p°, p° > p° or p° = p°. We begin with
the case p° < p°. Let oy = [mino,p°[, 1 = ]p°,p°[ and B = |p°, max o], which
are also *-linear orderings by Lemma 4.13, since they are closed intervals in 0. We
have o = a1 + 1+ 71 + 1+ B1. We call this equality the central basic partition of
(0,1). Let v = 0, p1 = p° and p; = p°. While p; < p; and ¢(vy;) = ¢(0), let p;y1 =
max{p? € vi | a € A}, Ppiy1 = min{p? € v | a € A} and ;1 = [miny,, pit1],
Yit1 = |pi+1,Pi+1] and Biy1 = ]Pit+1, max~y;] be the x-linear orderings such that
Yi = Qip1+1+vip1 1+ Biyr. I, for any k, c(vit1) # c(0), or px, > P, or pr = P,
then we put, respectively:

(1) v = k1 + 1+ ykp1 + 1+ Brr1, where ag1 = [minvyg, prtal, Yet1 =
JPk41, Pt and Bri1 = D1, maxye],

(ii) v = ary1 + 14 g1 + 1+ Brg1, where agqy = [minyg, pryi[, Yer1 =
JPk41, Pt ], and Bri1 = |pr+1, maxye),

(iil) vk = agt1 + 1+ Bry1 where apiq = [minyg, pr[ = [min v, pr| and Bi41 =

In these cases, we stop the iteration and we obtain one of the following equalities:

—

-
0=> e+ 1)+ + Y (1 +5),

if e(yk+1) # c(o) or py > P, or
—

-
0= i+ 1)+ Bepr+ Y i (1+6),

if pr, = Pr. Let lp = I. For each i, let I be the restriction of [;_; to the initial segment
a; of y;_1, I/ be the labeling of 3; defined by I/ (6) = l;_1 (c;+14+7;4+1+46), where § is
an initial segment of 3;, and I; be the labeling of ~; defined by 1;(§) = l;—1(a; +14+9),
where ¢ is an initial segment of ;. For each m > 1, we obtain

—

(i) 11,(0)=1 ( e + 1) + 5), if § is an initial segment of auy,,
(ii) Ln(0) =1 (ig’;l(ai +1)+ 5), if 0 is an initial segment of 7y,
(iii) 1" (5) =1 (_);’;1(041- 1)+ g+ 1+ 5), if § is an initial segment of fn.

This defines the iterated central basic partition of o.
In case p¢ < p¢ and c(7;) = c(o), for all 4, we iterate indefinitely the partition
= —
defined above and we obtain 0 = 3 ;>1(a; + 1) + > ;>1(1 + §;) as justified by the
following lemma.
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Lemma 4.17. Let o = (0,1) € rLO*(A). If o has an infinite iterated central basic
— —
partition, then o = ;>1(a; + 1) + > i>1(1 4+ G:).

Proof. Let P = {p¢ : i > 1} and P = {p¢ : i > 1}. These scts are infinite, P is
bounded above and it does not have a maximum element and P is bounded below
and it does not have a minimum element. We consider the subsets of D, that follow:

D ={(01,02) € D, | Ip{ € P,p} = maxo;},

D = {(01,02) € D, | Ip¢ € P,p? = maxo; }.
Let (01,02) = sup D and (0},0%) = inf D, which exist, since D, is a complete
ordering, D is bounded above and D is bounded below. Note that these Dedekind
cuts are gaps in o, since D does not have a maximum and D does not have a min-
imum. Moreover, by definition of iterated central basic partition of an ordering o
and by definition of cofinal set of a gap in o, we have ¢((01,02)) = c((0},0%)) =
c(o). If these gaps are distinct, then, by definition of reduced x-labeled linear
ordering, there exists a Dedekind cut between them whose label does not belong
to ¢(0), which is a contradiction. It follows that (01,02) = (0], 05) and, therefore,

0=Sist(a; +1) + Sis1 (1 + B0, -

Let v : rLO*(A) — T1(A) be the mapping defined as follows. If o = 0, then
v(o,1) is the tree which consists of a unique degenerate node. If o # 0, then we
— —
consider the iterated central basic partition of (0,1), 0 = > i>1(c;+1)+D i1 (1+5;).
Note that c(a,}) and ¢(5;,17) are strictly contained in ¢(o,1), for all i. We defined
the tree v(o,1) by induction on the content of (0,1): to each element of the sum
—

o= > i>1(ag +1) + iizl(l + B;) corresponds a son of the root. The vertex
which corresponds to an element «; or §;, for all ¢ (and also to -, if it exists) is
a node whose content is the image of the labelings I, and I}, respectively (if 7y
exists, then the content of the corresponding vertex is the image of l). We note
that, if one of those orderings is 0, the corresponding vertex is a degenerate node.
To the rest of the elements of the sum we associate a leaf labeled, respectively,
llor + 1), laen+14+a+1), ..., llar +14+a+1+-- - + 14 65+ 1),
lloa+1+as+14-- - +14+835+1+4+ 82+ 1). We attach to the vertices
which do not correspond to a degenerate node the subtrees v(a1,l}), v(ag,lb), ...,
ooy v(B2, 1), v(61,1]). We notice that the trees constructed in this manner are,
effectively, in T1(A). In fact, we can verified immediately the properties (1)-(5)
from the definition of tree in 7T7(A) in the construction made. The properties (6)-
(8) follow by the definition of iterated central basic factorization of (o,l) and the
fact that the orderings involved are reduced.

Theorem 4.18. The mapping p : T1(A) — rLO™(A) is a bijection.

Proof. Let t € T(A). If h(t) = 0, then v(u(t)) = ¢ by definition. Suppose that
t has non-zero height and let u(t) = (0,1). By Lemma 4.15 and by definition of

iterated central basic partition of a reduced *-labeled linear ordering, we have that
—

0="> n>1(on+1)+ inZl(l + 0,) is exactly the iterated central basic partition

of (0,1) and, therefore, v(u(t)) = t. Now, let (0,1) € rLO*(A). The case o = 0
— —

follows by definition. Suppose that o # 0 and let 0 = > i>1(a; +1) + > i>1(1+ 3;)

be the iterated central basic partition of o = (o0,1). For each i, let l,, : @y — A

be defined by l,,(d) = I[(§), where ¢ is an initial segment of «;, and lg, : 3; — A
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is defined by g, (d) = I(d), where ¢ is an initial segment of 3;. Consider the
tree whose leaf sons of the root are labeled (o + 1), (a1 + 1+ a2 + 1), ...,
log+1+ag+1+4--- - +1485+1), llon+1+ag+14------ +14B5+41+B2+1
and whose subtrees attached to the nodes of the progeny of the root are v(aq,la, ),
viag,lay), - vy v(B2,15,), v(01,18,). It follows, by Lemma 4.15, that pu(v(o,1)) =
(0,1).

We finish by showing the relation between the representations of implicit opera-
tions by finite-height trees and by labeled orderings. It will be useful to relate also
these representations with the representation by quasi-ternary trees. In fact, we
can construct a bijection & : To(A) — T1(A) recursively as follows. Let ¢ € T5(A)
be such that p(t) = p(to) - l(z,0) - p(t10) L1,0) =+ -+ l1,2) - p(t12) - l(c2) - p(t2), where
p: To(A) — Q4DA is the bijection defined in 4.1.2. Let i be maximum for c(vy:) =
¢(p(t)), where vqi is the root of the subtree ¢t1:. Then the progeny of the root of
§(t) consists of the leaves labeled by I(c,0), l(1,0y5 -5 l1:,0)5 lai,2)s -5 l(1,2)5 Lie,0)
and the trees p(to), p(tio), ..., p(tiig), p(tyi+1), p(t1ia), ..., p(tiz), p(t2) at-
tached to the nodes. Proceeding recursively, and since A is finite, we obtain the
tree £(t) € T1(A). We leave the details to the reader.
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