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Abstract

Let Px and Sx be the partition monoid and symmetric group on an infinite set X.
We show that Px may be generated by Sx together with two (but no fewer) additional
partitions, and we classify the pairs a, § € Px for which Py is generated by Sx U{«, 8}.
We also show that Px may be generated by the set Ex of all idempotent partitions
together with two (but no fewer) additional partitions. In fact, Px is generated by
Ex U{a, B} if and only if it is generated by Ex USx U{a, }. We also classify the pairs
a,f € Px for which Py is generated by Ex U {a, 5}. Among other results, we show
that any countable subset of Px is contained in a 4-generated subsemigroup of Px,
and that the length function on Px is bounded with respect to any generating set.
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1 Introduction

Diagram algebras have been the focus of intense study since the introduction of the Brauer al-
gebras [7] in 1937 and, subsequently, the Temperley-Lieb algebras [18] and Jones algebras [30].
The partition algebras, originally introduced in the context of statistical mechanics [35], con-
tain all of the above diagram algebras and so provide a unified framework in which to study
diagram algebras more generally. Partition algebras may be thought of as twisted semigroup
algebras of partition monoids, and many properties of the partition algebras may be de-
duced from corresponding properties of the associated monoids [8] 9] 19} [39]. Recent studies
have also recognised partition monoids and some of their submonoids as key objects in the
pseudovarieties of finite aperiodic monoids and semigroups with involution [2, [3], 4].
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Partition monoids were originally defined as finite structures, but the definitions work equally
well in the infinite case. Although most of the study of partition monoids so far has focused
on the finite case, there have been a number of recent works on infinite partition monoids;
for example, Green’s relations were characterized in [I5], and the idempotent generated
subsemigroups were described in [I1]. The purpose of this article is to continue the study of
infinite partition monoids, and we investigate a number of problems inspired by analogous
considerations in infinite transformation semigroup theory.

As noted in [8],[11], the partition monoids contain a number of important transformation semi-
groups as submonoids, including the symmetric groups, the full transformation semigroups,
and the symmetric and dual symmetric inverse monoids; see [14, (17, 24], 27, 31l [32] [33] for
background on these subsemigroups. Many studies of infinite transformation semigroups
have concentrated on features concerning generation. It seems that the earliest result in this
direction goes back to 1935, when Sierpiniski [38] showed that for any infinite set X and
for any countable collection aq,as, ... of functions X — X it is possible to find functions
B,v : X — X for which each of a1, as,... can be obtained by composing S and v in some
order a certain number of times. In modern language, this result says that any countable
subset of the full transformation semigroup 7Ty is contained in a two-generator subsemigroup,
or that the Sirepiriski rank of infinite Tx is equal to 2. (The Sierpiniski rank of a semigroup S
is the minimal value of n such that any countable subset of S is contained in an n-generator
subsemigroup of S, if such an n exists, or co otherwise.) Similar results exist for various
other transformation semigroups [10, 20} 28|, 36]; see also [37] for a recent survey.

The notion of Sierpinski rank is intimately connected to the idea of relative rank. The
relative rank of a semigroup S modulo a subset 7' C S is defined to be the least cardinality
of a subset U of S for which S is equal to (T"U U), the semigroup generated by T'U U.
In the seminal paper on this subject [25] (see also [21]), it was shown that an infinite full
transformation semigroup 7y has relative rank 2 modulo either the symmetric group Sx or
the set E(Tx) of all idempotents in 7Tx. In that paper, the pairs of transformations that,
together with Sx (in the case of | X| being a regular cardinal—see [13] for the singular case)
or E(Tx) (for any infinite set X'), generate all of Tx were characterized. Again, these results
have led to similar studies of other transformation semigroups [1, 10} 20} 22 23].

Another closely related concept is the so-called semigroup Bergman property; a semigroup
has this property if the length function for the semigroup is bounded with respect to any
generating set (the bound may be different for different generating sets). The property is so
named because of the seminal paper of Bergman [6], in which it was shown that the infinite
symmetric groups have this property; in fact, Bergman showed that infinite symmetric groups
have the corresponding property with respect to group generating sets, and the semigroup
analogue was proved in [34]. Further studies have investigated the semigroup Bergman
property in the context of other transformation semigroups [10, 34 [36].

The goal of the present article is to investigate problems such as those above in the context
of infinite partition monoids. The article is organised as follows. In Section 2l we define
the partition monoids Px and outline some of their basic properties. In Section Bl we show
that Py has relative rank 2 modulo the symmetric group Sy (Theorem [I2)) and then, in



Section [4], we characterize the pairs a, § € Px for which Px is generated by Sx U {«a, 8}.
This characterization depends crucially on the nature of the cardinal | X |; we have three sep-
arate characterizations, according to whether |X| is countable (Theorem 22, or regular but
uncountable (Theorem [[9)), or singular (Theorem 25). In Section [H, we show that the relative
rank of Px modulo the set Ex of all idempotent partitions is also equal to 2 (Theorem [30);
in fact, the relative rank of Px modulo £x U Sx is equal to 2 as well. Then, in Section [6] we
show that for any «, § € Py, Px is generated by Ex U{a, 8} if and only if it is generated by
ExUSx U{a, f}, and we characterize all such pairs «, § (Theorem [36]). The characterization
in this case does not depend on the cardinality of X, but relies crucially on results of [I1]
describing the semigroups (£x) and (£x U Sx). Finally, in Section [7l we apply the above
results to show that Px has Sierpiriski rank at most 4 (Theorem [37), and also satisfies the
semigroup Bergman property (Theorem [4I]).

All functions will be written to the right of their arguments, and functions will be composed
from left to right. We write A = B U C to indicate that A is the disjoint union of B
and C. We write N for the set of natural numbers {1,2,3,...}. Throughout, a statement
such as “Let Y = {y; : i € I}” should be read as “Let Y = {y; : i € I} and assume the
map I — Y : i+ y; is a bijection”. We assume the Axiom of Choice throughout. If X is
an infinite set, we will say a family (X;);er of subsets of X is a moiety of X if X = | |,.; X;
and |X;| = |X| for all i € I. A cardinal p is singular if there exists a set X such that
X = U,e; Xi, where |I| < pand | X;| < p for each @ € I, but | X| = u; otherwise, p is regular.
The only finite regular cardinals are 0, 1 and 2. The smallest infinite singular cardinal is
N, = Ng+ Ny + Ry + - -+ See [29] for more details on singular and regular cardinals.

2 Preliminaries

In this section, we recall the definition of the partition monoids Py, and revise some of their
basic properties. We also introduce two submonoids, £x and Ry, which will play a crucial
role throughout our investigations, and we define a number of parameters associated to a
partition that will allow for convenient statements of our results.

Let X be a set, and X’ a disjoint set in one-one correspondence with X via a mapping
X=X zx—a If ACX we will write A’ = {d’ : a € A}. A partition on X is a collection
of pairwise disjoint nonempty subsets of X U X’ whose union is X U X’; these subsets are
called the blocks of the partition. The partition monoid on X is the set Px of all partitions
on X, with a natural associative binary operation defined below. A block A of a partition
a € Px is said to be a transversal block if AN X # 0 # AN X', or otherwise an upper
(respectively, lower) nontransversal block if AN X" = () (respectively, ANX = (). If « € Py,

we will write
o ( e

Bi | Dy i€l,jed keK

to indicate that o has transversal blocks A; U B (i € I), upper nontransversal blocks C;
(j € J), and lower nontransversal blocks D}, (k € K). The indexing sets I, J, K will some-
times be implied rather than explicit, for brevity; if they are distinct, they will generally be
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assumed to be disjoint. Sometimes we will use slight variants of this notation, but it should
always be clear what is meant.

A partition may be represented as a graph on the vertex set X U X’; edges are included
so that the connected components of the graph correspond to the blocks of the partition.
Of course such a graphical representation is not unique, but we regard two such graphs as
equivalent if they have the same connected components. We will also generally identify a
partition with any graph representing it. We think of the vertices from X (respectively, X’)
as being the upper vertices (respectively, lower vertices), explaining our use of these words
in relation to the nontransversal blocks. An example is given in Figure [I] for the partition
o= {{1, 3,4'},{2,4},{5,6,1',6'},{2/,3'}, {5’}} € Px, where X = {1,2,3,4,5,6}. Although
it is traditional to draw vertex z directly above vertex x’, especially in the case of finite X,
this is not necessary; indeed, we will often be forced to abandon this tradition. It will also
be convenient to sometimes identify a partition o € Px with its corresponding equivalence
relation on X U X', and write (z,y) € « to indicate that z,y € X U X’ belong to the same
block of a.

Figure 1: A graphical representation of a partition.

The rule for multiplication of partitions is best described in terms of the graphical represen-
tations. Let a, 8 € Px. Consider now a third set X", disjoint from both X and X', and in
bijection with both sets via the maps X — X" : x +— 2" and X’ — X" : 2/ — 2. Let oV
be the graph obtained from (a graph representing) « simply by changing the label of each
lower vertex z’ to z”. Similarly, let 8" be the graph obtained from 3 by changing the label
of each upper vertex x to z”. Consider now the graph I'(«, #) on the vertex set X U X' U X"
obtained by joining ¥ and " together so that each lower vertex x” of o is identified with
the corresponding upper vertex z” of 5". Note that I'(a, 3), which we call the product graph
of a and , may contain multiple edges. We define a5 € Px to be the partition that satisfies
the property that x,y € X U X’ belong to the same block of af if and only if there is a path
from z to y in I'(a, B). An example calculation (with X finite) is given in Figure 2l (See
also [33] for an equivalent formulation of the product; there Px was denoted CSx, and called
the composition semigroup on X.)

This product is easily checked to be associative, and so gives Px the structure of a monoid;
the identity element is the partition {{x,:v’ yrxeX }, which we denote by 1. A partition
a € Px is a unit if and only if each block of « is of the form {z,'} for some z,y € X. So
it is clear that the group of units, which we denote by Sx, is (isomorphic to) the symmetric
group on X. So, if 7 € Sy and z € X, we will write zm for “the image of x under 7”7, by
which we mean the unique element of X such that {x, (z7)'} is a block of 7.
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Figure 2: Two partitions «, § (left), their product a5 (right), and the product graph I'(a, 3)
(centre).

A crucial aspect of the structure of Px is given by the map * : Px — Px : a — «a* where o
is the result of “turning o upside-down”. More precisely:

- A; Cj N « _ Bi | Dy
*=\ B [ D R V' e}

Note that 7* = 77! if # € Sx. The next lemma is proved easily, and collects the basic
properties of the * map that we will need. Essentially it states that Px is a reqular *-
Semigroup.

Lemma 1. Let o, 8 € Px. Then
(@) =a, ad’a=a, oaa"=a" (af)"=p"a" O
Among other things, these properties mean that the map a — «* is an anti-isomorphism of

Px. This duality will allow us to shorten many proofs.

Next we record some notation and terminology. With this in mind, let « € Px. For
r € X UX', we denote the block of a containing = by [z],. The domain and codomain
of o are defined to be the following subsets of X:

dom(a) = {z € X : [z]la N X" # 0},
codom(ar) = {z € X : [2/], N X # 0}.

We also define the kernel and cokernel of a to be the following equivalences on X:

ker(a) = {(z,y) € X x X : [z]a = [yla},
coker(a) = {(z,y) € X x X : [2]a = [y']a}

Note that dom(a*) = codom(a) and ker(a*) = coker(«).



Lemma 2. Let o, € Px. Then

@1) dom(ap) C dom(«), with equality if codom(a) C dom(f),

)
@2) codom(af3) C codom(fB), with equality if dom(5) C codom(c),
@13) ker(ap) 2 ker(a), with equality if ker(5) C coker(a), and

)

[@14) coker(ap) D coker(5), with equality if coker(a)) C ker(f).

Proof We will only prove ([21) and (23), since the others follow by duality. Clearly
dom(af) C dom(a). Suppose codom(a) C dom(f3). Let z € dom(a). Then (z,y) € «
for some y € codom(cr). Since codom(a) C dom(f), it follows that (y,2’) € B for some
z € codom(f). Then (z,z') € af, whence z € dom(af3), establishing (211).

Clearly ker(aff) O ker(a). Suppose ker(5) C coker(a). Let (z,y) € ker(af). If one of
x or y belongs to X \ dom(a), then so too does the other, and (z,y) € ker(a). So sup-
pose z,y € dom(a). Then (x,d'),(y,t) € a for some a,b € codom(a). Since (z,y) €
ker(af3), there exist xg,x1,...,z, € X such that xy = a, x, = b and (xg, 1) € coker(a),
(r1,m9) € ker(f), (z2,x3) € coker(ar), and so on. But, since ker(5) C coker(«), it follows
that (zo, x1), (z1,22), ..., (x,—1,2,) € coker(a). This then implies that (a,b) € coker(«), and
(x,y) € ker(a). This completes the proof of (2.3). O

We now define two submonoids of Px that will play a crucial role in what follows. Denote
by A = {(1’, x):reX } the trivial equivalence (that is, the equality relation). Let

Ly ={a € Px :dom(a) =X, ker(a) = A}, and
Rx = {a € Px : codom(a)) = X, coker(a) = A}.

Note that L% = Rx and R% = Lx, and that Lx NRx = Sx.

Lemma 3. The sets Lx and Rx are submonoids of Px. Further, Px \ Lx is a right ideal
of Px, and Px \ Rx is a left ideal.

Proof We will prove the statements concerning Ly, and those concerning Rx will follow
by duality. Let o, 5 € Lx. Then dom(af) = dom(a) = X and ker(af) = ker(a) = A by
@1) and (213), respectively, so that a5 € Lx.

Next, let o € Px \ Lx and § € Px. If dom(a) # X, then dom(af) C dom(«) # X, so that
dom(af) # X, and aff € Px \ Lx. If ker(a) # A, then we similarly obtain aff € Px \ Lx. O

Remark 4. As noted in [8, [11], the submonoids {a € Px : dom(«) = codom(a) = X'} and
{a € Px : ker(a) = coker(a) = A} are isomorphic to the symmetric inverse semigroup and
dual symmetric inverse semigroup on X, respectively.



A typical element of L£x has the form
T 0

In what follows, we will shorten this to (A;|B;)zex.icr, or just (A;|B;). Accordingly, we will
write (A,|B;)* for the partition

A, | B;

x 0

from Rx. Note that if o« = (A;|B;) and f = (C,|D;), then af = (E,|F;, D;), where
By = Uy, Cy and F; = J,cp Cy for each x € X and i € I; see Figure[dl A similar rule
holds for multiplication in Rx.

reX,icl

zeX,iel
X

N

Ex=U,ca, Cy Fi=Uyep; Cy

Figure 3: The product af = (E,|F;, D;) of two elements a = (A,|B;) and § = (Cy|D;)
from L, focusing on the blocks {z}UE! (left) and F} (right). See text for further explanation.

We now define a number of parameters associated with a partition. With this in mind, let
o € Px and write

_ ( Ai | G

o= )

Bi | Dy icl,jed keK

For any cardinal p < | X/, we define

ko) =#{ie T |Al>p},  dlo,p)=#{jcJ:|Cj| > n},
k(o p)=#{i el |B)|>p},  d(o,p)=#{ke K :|Dg| > pu}.

Note that k*(a,pu) = k(a*,u) and d*(a, ) = d(a*, ). We also have identities such as
d(o, p) > d(a,v) if p < v < |X|. It will also be convenient to write

d(a) = d(a,1) = |J| and d*(a) = d*(a, 1) = |K].

The above parameters are natural extensions of those introduced in the context of transfor-
mation semigroups in [26] (see also [13] 25]). These parameters should not be confused with
those introduced in [I1], such as def(«), col(a), etc.



Lemma 5. Let o, 8 € Px. Then
[B1) d(a) < d(af) < d(a) +d(B), and
B2) d*(B) < d*(af) < d*(a) +d*(B).

Proof We just prove (B1), since ([B2) will follow by duality. Let

Ai Cj < El Gm
( Bi | Dy iel,jel keK 4 H,

leL,meM,neN

Note that each C}; is an upper nontransversal block of af, so d(af) > d(«). Suppose now
that P is an upper nontransversal block of af but that P # C; for any j € J. Then
P = 1, Ai for some subset Ip C I. Now, Uie 1, Bi must have trivial intersection with each
of the Ej, or else P would be contained in a transversal block of 3. But this implies that
Uic 1, Bi intersects at least one of the Gy,. In particular, there are at most | M| such upper

nontransversal blocks P. Thus, d(af) < |J| + |M| = d(«) + d(B). O

Remark 6. The above-mentioned rule for multiplication in £x shows that d*(af) = d*(a)+
d*(B) if a, f € Lx. A dual identity holds in Ry.

For the following lemmas, recall that we count 1 and 2 as regular cardinals.

Lemma 7. Let o, € Lx and 7,0 € Ry and let p < |X| be any cardinal. Then
@1) k*(a, p) <k (af,p),

@2) k*(aB,p) < k*(a, 1) + k*(8, 1) if p is regular,

@3) k0, ) < k(yd, 1), and

@4) k(vo,p) < k(v, 1) + k0, p) if p 1s regular.

Proof We just prove (1) and ([@.2), since the others will follow by duality. Let o = (A,|B;)
and 8 = (C;|D;). Then aff = (E.|F;, D;), where E, = {J,c,, Cy and F; = J,cp, C, for
each z € X and i € [. Clearly, |E,| > |A.| for all z € X, so k*(af,u) > k*(a, p),
establishing ({l1). Next, suppose p is regular. If |E,| > u for some z € X, then either
(i) |Az| > p, or (ii) |Cy| > p for some y € A,. There are k*(cv, 1) values of = that satisfy (i),
and at most k*(3, ) values of x that satisfy (ii). Thus, k*(af,u) < k*(a, ) + E*(5, 1),
establishing (0.2). O



Lemma 8. Let a, 5 € Lx and 7,0 € Rx and let p < |X| be any cardinal. Then
@1) d* (8, 1) < d*(af, ),

B2) d*(af, p) < d*(c, p) + d*(B, ) + k*(B, p) if p is regular,

@3) d(v.p) < d(yé, n), and

B4) d(v0, ) < d(y, ) + d(0, ) + Ky, p) if o is regular.

Proof Again, it suffices to prove (1) and ([82). Write a = (A4,|B;) and 8 = (C,|D;).
Then aff = (E,|F;, D;), where By = J,c4, Cy and F; =, p, C, for each x € X and i € I.
There are d*(f3, uu) values of j € J for which \D | > p. Tt follows that d*(af, u) > d* (B, p).
Next, suppose u is regular, and that ¢ € I is such that |F;| > p. Then either (i) |B;| > p, or
(ii) |C’y| > p for some y € B;. There are d*(«, pu) values of ¢ for which (i) holds, and at most

k*(5, p) values of i for which (ii) holds. Thus, d*(af, p) < d*(a, p) + d*(5, p) + k*(B, u). O

The next lemma will be used on a number of occasions. There is a dual result, but we will
not need to state it.

Lemma 9. Let o € Lx with d*(«) = | X, and let p < |X| be any cardinal. Then there exists
B e (Sx,a) C Lx such that d*(B, pn) > k* (o, ), d*(8) = | X|, and |x|g > |z|o for all z € X.

Proof Let o = (A,|B,) and put Y = {z € X : |A,| > u}, noting that |Y| = k*(a, p). We
will consider two separate cases.

Case 1. First suppose |Y| < | X|. For each x € Y, choose some b, € B,. Let m € Sx be any

permutation that extends the map {b, : 2 € Y} - Y : b, — z, and put f = ara. Then, for
/

eachz €Y, (Uye B, yw> is a lower nontransversal block of 3, and ’U Ayr

|Az| > p. Thus, d*(8, 1) > [Y].

yEBy

Case 2. Now suppose |Y| = |X]|. Let (Y7, Y>) be a moiety of Y, and let m# € Sx be any per-

!/

mutation that extends any bijection |,y B, — Y1. Then for any z € X, (UyeB 7T) is a

lower nontransversal block of f = ama of size at least u. It follows that d*(5, u) = | X| = |Y].

/
In either case, [z|z = {z} U (UyeAx Ayw> , so that |z|z > 1+ |A,| = |z|, for all z € X. And,

in either case, d*(8) = | X]| is a consequence of (52). O

3 Relative rank of Py modulo Sy

Recall that the relative rank of a semigroup S with respect to a subset T', denoted rank(S : T),
is the minimum cardinality of a subset U C S such that S = (T"'UU). Our goal in this section
is to show that rank(Px : Sx) = 2; see Theorem [I2
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Recall that for a € Px and 2 € X U X', we write [z], for the block of a containing . We will
also write |z|, for the cardinality of [z],. The next result shows that Px may be generated
by Sx along with just two additional partitions. See [25, Theorem 3.3] for the corresponding
result for infinite transformation semigroups.

Proposition 10. Let o € Lx and € Rx be such that d*(a, | X|) = d(5,|X]) = | X]|, and
|z|o = |2|g = | X| for all x € X. Then Px = (Sx,a, ).

Proof Consider an arbitrary partition
_ (A |G
7=\ B | Ds
We will construct a permutation 7 € Sx such that v = anf. The assumptions on «, § allow
us to write a = (E,|F,) and 8 = (G.|H,)*, where |E,| = |G,| = |X]| for all x € X. See

Figure @l for an illustration (the picture shows the basic “shape” of a and /3, and is not meant
to indicate that § = a*). Let

i€l jeJ keK

Xi=#{re X:|F|=|X|}, Xs=#{zeX:|H|=]|X|},
Xo=#{z e X:|F|<|X|}, Xi=#{reX:|H)|<|X|}.

So X = X, U Xy = X3U Xy Note that | X;| = d*(a, | X]|) = | X| and, similarly, | X3| = | X].
We now proceed to construct m € Sx in stages.

o =
[X]
1
—_— N——— —— N———
X [X] [X] [X|
[X| [X| X [X]
—_—— —— —_—N— ——
I B | 1
6 X1

Figure 4: The partitions a (top) and 8 (bottom) from the proof of Proposition [0l

Stage 1. Fix i € I. For each x € A;, let E, = E! U E? where |E}| = |B;| and |E?| = |X],
and write E} = {e,, : y € B;}. For each y € B;, let G, = G} UG}, where |G}| = |A;] and
|Gy = |X[, and write G = {guy : © € Ai}. Now let m : Uy, Be — Uyep, Gy be any
bijection that extends the map UxeAi El — UyeBi G; D €y Fr Gay. It is easy to check that if
7 € Sy is any permutation that extends ;, then A; U B! is a block of anf3. See Figure [ for
an illustration.
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Fi,
—N—

/ /T\
/
Figure 5: A schematic diagram of the product an 3, focusing on a transversal block A; U B!

(left), an upper nontransversal block C; (middle), and a lower nontransversal block Dj, (right).
See text for further explanation.

Stage 2. Let X3 = Xj U XZ where |X3| = |J] and XZ # 0, and write X3 = {z; : j € J}.
Now fix j € J. Choose any bijection 7; : Uxecj E, — H,,. Again, it is easy to check that if
7 € Sx is any permutation that extends 7;, then Cj is a block of arf3. See Figure

Stage 3. Let X; = X{ U X? where |X]| = |K| and X? 7& 0, and write X| = {x;, : k € K}.
Now fix k € K. Choose any bijection my, : F, — UyeD . If m € Sx is any permutation
that extends 7, then D} is a block of anf. Again, see Flgure

Stage 4. So far, we have defined bijections m; (i € I), m; (j € J), m, (kK € K) whose
combined (and non-overlapping) domains and codomains are, respectively,

(UUEx>U U U E u(Uka>:UExuUF

iel z€A; jeJ z€C; keK reX zeX]

(U U Gy> U <UH%,) U <U U Gy) =JaG,ul H.
i€l yeB; jeJ keK yeDy, yeX 26X§
The complements in X of these sets have cardinality |X|, so we may extend [J,., m U

Ujes 7 U Uper T arbitrarily to a permutation m € Sx. By the above discussion, we see
that anf = . O

Remark 11. The above proof shows that we have the factorization Px = LxSxRx. (In
fact, since Sy C Lx, we have Py = LxRyx.) This is reminiscent of, but quite different to,
the factorization of a finite partition monoid as P, = £,Z,R, utilized in [8, [Q]; there, Z,
is (isomorphic to) the symmetric inverse monoid, and the submonoids £, and R,, of P, are
defined in a very different way to the submonoids Lx and Rx of infinite Px used here.

11



Theorem 12. If X is any infinite set, then rank(Px : Sx) = 2.

Proof Proposition [I0 tells us that rank(Py : Sx) < 2. Let o € Px. The proof will
be complete if we can show that (Sx,«) is a proper subsemigroup of Px. Suppose to the
contrary that (Sx,a) = Px. Let f € Lx \ Sx, and consider an expression § = v+,
where 71, ...,7, € Sx U{a}. Since § € Sy, at least one of 71, ...,, is equal to a. Suppose
Y1y, Ys—1 € Sx but v, = a. Then ayey1 -7 = vy -7 B € Lx. Since Px \ Lx
is a right ideal, it follows that @ € Lx. A dual argument shows that o € Rx. But then
a € Lx NRyx = Sy, so that Px = (Sx,a) = Sx, a contradiction. O

Remark 13. It follows from [8, Proposition 39] and its proof that rank(Px : Sx) = 2 for
any finite set X with | X| > 2.

It will be convenient to conclude this section with an extension of Proposition [I0l The next
result shows (among other things) that one of the partitions «,  need not have any infinite
blocks at all.

Proposition 14. Let o € Lx and 5 € Rx be such that d*(a) = d(B) = | X| and either
(i) k*(a,2) + d*(a, 2) = |X| = k(8,|X]) + d(B, | X]), or
(i) &*(a, |X]) +d*(a, |X]) = |X] = (8, 2) + d(5,2).

Then Px = (Sx, o, 3).

Proof Suppose (i) holds. (The other case is dual.) By Lemma [0 we may assume that
d*(a,2) =d(B,|X]) = | X]|. Write a = (A;|B;) and = (C,|D,)*. Note that

CZC DZ‘
ﬁ“‘(Am B,

We will show that there exists a pair of partitions 0, e € (Sx, a, B) that satisfy the conditions
of Proposition 0. Put

Y={re€X:|B,]>2} and Z={zeX:|D)]=|X]).

Let (Y1,Y3) and (7, Z3) be moieties of Y and Z, respectively, and let (U,).ex be a moiety
of X. Further, suppose (Y{¥).cx is a moiety of Y;. Write Z; = {z, : v € X} and Y =
{y, + we X} for each x € X. Now let x € X. For each w € X, choose some b}, € Bya.
Choose any embedding 7. : A, — D, such that |D,, \ A,7l| =|X|, and write D, \ A7} =
{d® :w e X}. Define 72 : {b* :we X} — D, \ A.wl: b% — d%. Now choose any bijection
72 Upex (Byg \ {05}) = Uyer, Cu- Put mp =7l Uz Und. So

AU ) B, =D, U],

yeyYy u€lUy
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o
)
ﬁoz QX\—/
Uuezf; A

Figure 6: A schematic diagram of the product awfa, focusing on the transversal block
/
{2} U (Uyper, Au)"- See text for further explanation.

is a bijection. It is clear that if 7 € Sy is any permutation extending m,, then {x} U
(UueUz Au)/ is a block of arfa; see Figure [fl for an illustration.

The domains of the bijections 7, (z € X) are pairwise disjoint, and so too are the codomains.
The complements in X of the domain and codomain of |J,.y 7, have cardinality |X|, so
we may extend (J,.y 7, arbitrarily to a permutation m € Sx. By the above discussion,

{2} U (Uyper, Au)/ is a block of v = arfa for all x € X. It follows that v € Ly, and that
|z|, = | X]| for all z € X. By (B12), we also have d*(y) > d*(«) = | X|. By Lemma [, there
exists 0 € (Sx,7v) N Lx such that d*(4,|X|) = |X]| and |z|; = |X]| for all z € X. Noting
that k*(0, | X|) +d*(9, | X]) = | X| = k(8,2)+d(5,2), a dual argument shows that there exists
e € (Sx,0,0) C (Sx,a, ) such that € € Ry, d(e,|X|) = |X|, and |2'|. = | X]| for all x € X.
It follows from Proposition[I0lthat Px = (Sx,d,¢) C (Sx, «, 5), and the proof is complete. O

4 Generating pairs for Py modulo Sy

We saw in Proposition [I0] that Px may be generated by the symmetric group Sy along with
two other partitions. We call such a pair of partitions a generating pair for Px modulo Sx.
In this section, we will classify all such generating pairs. The classification depends crucially
on the nature of the cardinal | X |, and we will obtain three separate classifications in the cases
of | X| being countable (Theorem 22)), uncountable but regular (Theorem [9), and singular
(Theorem [28]). We begin with a simple result that will be used in the proof of all three
classification theorems.
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Lemma 15. Suppose a, 3 € Px are such that Px = (Sx,«a, ). Then (renaming o, if
necessary) o € Lx and f € Rx and d*(a) = d(B) = | X]|.

Proof Consider an expression 7 = d;---d, where v € Lx \ Sx and d(vy) = |X|, and
d,y...,0. € Sx U{a,B}. As in the proof of Theorem [I2] it follows that one of «, 5 belongs
to Lx. Without loss of generality, suppose a € Lx. A dual argument shows that one
of a, 8 belongs to Rx. We could not have o € Ry or otherwise a € Sy, which would
imply that Px = (Sx, ), contradicting Theorem [[2. So § € Rx. By ([@1), |X| =d(y) <
d(6y) + -+ d(9,) < r-d(B). It follows that d(8) = |X|. A dual argument shows that
d*(a) = | X|. O

In order to prove our classification theorems, we will need a series of technical lemmas. The
first of these will be used in the proof of all three theorems.

Lemma 16. Suppose o € Lx and f € Rx, and that k*(«,2)+d*(«,2) < |X|. If y1,...,7% €
Sx U{a, B} are such that vy -+, € Lx, then k*(71 -7, 2) + d* (-7, 2) < | X

Proof Write a = (A,|B;) and § = (C,|D,)*. The result is clearly true if » = 1, so suppose
r > 2, and put v =y - - -7,_1. Since Px \ Lx is a right ideal, it follows that v € Lx. Thus,
an induction hypothesis gives k*(v,2) + d*(v,2) < | X|. Write v = (E,|F;). We now break
the proof up into three cases.

Case 1. If 4, € Sy, then clearly k*(vv,,2) = k*(v,2) and d*(y7v,,2) = d*(v,2), so the
inductive step is trivial in this case.

Case 2. Next suppose 7, = a. Since 2 is a regular cardinal, k*(ya, 2) < k*(v,2) +k*(a, 2) <
|X| by ([@2). We also have d*(y«,2) < d*(7,2) +d*(«,2) + k*(,2) < | X| by [82).

Case 3. Finally, suppose 7, = 5. Write 78 = (P,|Q;). Let
Y={reX:|P|>2} and M={leL:|Q]|>2}.

We must show that |Y| < |X|and |M| < |X|. We beginwith Y. PutY, ={z €Y : |E,| =1}
and Y, = {z € Y : |E,| > 2}. Now |Y3| < k*(7,2) < | X]| so, toshow that |Y| < | X/, it remains
to show that |Y1| < |X|. Now suppose x € Y;, and write E, = {e,}. We claim that there
exists k, € K such that |Fy, | > 2 and (u,,e;) € ker(3) for some u, € Fy, . The proof of the
claim breaks up into two subcases.

Subcase 3.1. First suppose that e, € C, for some y € X. If |C,| = 1, then we would
have P, = {y}, contradicting the fact that |P,| > 2. So |C,| > 2. Now C,, \ {e,} has trivial
intersection with E, for each z € X \ {z}, or else then we would have (x, z) € ker(yf) for
some z # x, contradicting the fact that 78 € Lx. So, for all u € C \ {e,}, we have u € Fj,
for some k, € K. (The map u +— k, need not be injective.) If [F, | =1 for all u € C, \ {e,}
then, again, we would have P, = {y}, a contradiction. So it follows that |F}, | > 2 for at
least one u € C, \ {e,}. We now choose u, to be any such u, and we put k, = k,,.

Subcase 3.2. The case in which e, € D, for some y € X is similar to the previous subcase.
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With the claim established, we note that the map Y; — K : z — k, is injective. Indeed, if
ky, = kg, for some 1,29 € Y7, then we would have (z1,xs) € ker(y(), which implies that
xr1 = x9. Now the image of Y; under this map is contained in the set {k € K : |Fy| > 2}
which has cardinality d*(v,2). Thus, |Y1] < d*(v,2) < |X| as required.

Next suppose I € M. Fix some z € @);. Now C,, has trivial intersection with £, for each y € X
(or else @) would not be a nontransversal block of v53). Let N = {k € K : F, N C, # 0}.
So N # (. If |Fy| = 1 for all K € N, then we would have Q; = {z}, contradicting the
fact that |@;] > 2. So there exists some n; € N such that |F,,| > 2. Again, the map
M — {ke K : |Fy| > 2} : | = n; is injective, so it follows that |M| < d*(v,2) < |X|, as
required. This completes the inductive step in Case 3. a

The next lemma will be of use in the case that X is uncountable, whether regular or singular.

Lemma 17. Suppose Xy < p < |X| is a reqular cardinal. Suppose o € Lx and 5 € Rx are
such that k* (o, p) + d*(ov, ) < | X]| and k(B, ) +d(B, ) < [X[. If 71,7 € Sx U{a, B}
are such that vy -+, € Lx, then k*(7yy -y, 1) + d* (1 - vy p) < | X

Proof Write a = (A,|B;) and 8 = (C,|D;)*. Again, the r = 1 case is trivial, so suppose
r>2,and put vy =71 ---y._1 € Lx. An induction hypothesis gives k*(7, ) +d*(y, u) < | X]|.
Write v = (E,|F)). We now break the proof up into three cases.

Case 1. The v, € Sy case is trivial.
Case 2. Again, the case in which 7, = « follows from (@2) and (82).
Case 3. Finally, suppose ~, = 5. Write 75 = (P,|Q;). Let

Y={eeX:|P|>p} and M={leL:|Q]|>pu}

We must show that |Y| < | X|and |[M| < |X|. Webeginwith Y. PutY; ={zx €Y : |E,| < u}
and Yo = {x €Y : |E,| > u}. Now |Y3| < k*(v, ) < |X| so, to show that |Y| < |X]|, it
remains to show that |Y;| < |X|. Now suppose z € Y;. Consider the connected component
containing x in the product graph I'(, 8). The middle row of this connected component is
(omitting double dashes, for convenience)

E,ulJ)R=Jcul D
keEKy, YyEP, 2€ 7,

for some subsets K, € K and Z, C X. We now claim that one of the following holds:
(1) |F| > p for some k € K, (ii) |Cy| > p for some y € P,, or (iii) |D,| > p for some z € Z,.
Indeed, suppose not. Put

G ={E,}U{F;,: ke K,} and 2 ={C,:ye P }U{D,:z¢€ Z,}.
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Note that |G| < pand |[H| < pforall G € 4 and H € 5. Fix some a € P,. For any b € P,,

there exists a sequence of points ¢, ¢, ..., cos € X such that
c € C, NGy for some G, € 4
cp € G1 N Hy for some H, €
cs € HH NG, for some G, € ¢
cs € GoN Hy for some Hy € F
Cos—2 € Gy_1 N Hy_ for some H,_ €
Cos—1 € H_1 NGy for some G, € 4
Cog € Gs N Cb.

Let ¢ denote the number of such sequences, and let & be the number of such sequences for
fixed s. Let us give an upper bound for &. There are at most |C,| choices for ¢;. Once ¢; is
chosen, G is uniquely determined, and then there are at most |G| choices for ¢3. Once ¢, is
chosen, H; is uniquely determined, and then there are at most | H;| choices for ¢3. Continuing
in this fashion, we see that & < |C,| X |G1| X |Hy| X -+ X |Hs_1| X |G| < p?* = p. Tt follows
that £ =& + & + &3+ -+ < psince pu > Ny is regular. But this implies that there are less
than p choices for b € P,. That is, |P,| < p, a contradiction. So, indeed, one of (i), (ii), (iii)
must hold. But this implies that |Y;| < d*(v, p) + k(8, 1) + d(B, ) < |X|. This completes
the proof that |W| < |X]|.

A similar argument shows that [M| < d*(v, p) + k(B, p) + d(B, ) < | X|. This completes the
inductive step in Case 3. O

Remark 18. The argument used in the last stage of Case 3 in the above proof is reminiscent
of the proof of [10, Lemma 27]. Everything in the above proof works for u = X, except for
the final claim that & + & + & 4+ --- < pu = Ny, which is not the case if infinitely many
of the &, are nonzero. It is this fact that will enable us to generate Py, for countable X,
with Sx along with two additional partitions, neither of which have any infinite blocks; see
Proposition 20 below.

The next result shows that the converse of Proposition [I4] holds in the case of |X| being
regular but uncountable.

Theorem 19. Suppose | X| > Ny is a regular cardinal. Then Px = (Sx,a, B) if and only if
(up to renaming «, 5 if necessary) o € Lx, f € Rx, d*(a) = d(B) = | X| and either

(i) k*(a,2) + d*(a, 2) = |X| = k(8,|X]) + d(B, | X]), or

(i) &*(a, |X]) + d*(a, |X]) = | X[ = (8, 2) + d(5,2).
Proof The reverse implication was proved in Proposition [[4l So suppose Px = (Sx, «, ).

By Lemma [I5] and renaming «, 3 if necessary, we may assume that o € Ly, f € Ry, and
d*(a) = d(8) = | X|. Suppose that (i) and (ii) do not hold. So one of
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D) k* (o, 2) + d*(av, 2) < | X], or

(A1) k(B,|X]) +d(B, | X]) < [X]
holds, and so too does one of
(IIT) k*(ov, | X|) + d*(a, | X]) < | X], or
(IV) k(8,2) +d(8,2) < | X|.

We will show that we obtain a contradiction in any case. If (I) holds, then Lemma
tells us that (Sx, «, 8) does not contain any v € Lx with £*(v,2) = | X|, contradicting the
assumption that Px = (Sx,«, ). Dually, (IV) leads to a contradiction too. If (II) and
(IT1) both hold, then Lemma [I7 (with p = | X]|) tells us that (Sx, a, 8) does not contain any
v € Lx with k*(, | X]|) = | X|, a contradiction. O

Now that we have achieved a classification in the case of X being regular but uncountable,
we move on to the countable case. The next result shows that if X is countable, then Px
may be generated by Sy along with two partitions, neither of which has any infinite blocks.

Proposition 20. Suppose | X| =Nq. Leta € Lx and f € Rx be such that d*(a) = d(5) = Ny
and either

(i) K (a,2) +d*(a,2) =R = k(5,2) + d(5,3), or
(i) k*(a,2) + d*(a,3) = Rg = k(B,2) + d(f, 2).
Then Px = (Sx, o, 3).

Proof Suppose (ii) holds. (The other case is dual.) By Proposition [I4] it is enough to show
that there exists v € (Sx, a, ) such that v € Ly and k*(y,Ro) = d*(y) = Ry. By the dual
of Lemma [0 we may assume that d(53,2) = Ro. Write o = (A,|B,) and g = (C,|D,)*. We
first claim that there exists 0 € (Sx, ) such that 6 € Lx and d*(6,3) = Ny. Indeed, we
put § = «a if d*(«,3) = Rg. Otherwise, suppose k*(a,2) = Ng. Let (Y7,Y3) be a moiety
of Y = {x € X : |A;] >2}. Since | X \Y| = Ry = }X\UIEyl A,|, we may choose a

permutation m € Sy such that (Umey1 Am) 7 = Y;. Then ara € Lx and, for each = € Y7,

!/
{z} U <Uy€Az Ayﬂ> is a block of amwa, and ‘UyeAz Ayw’ > 4. That is, k*(ama, 4) = Ry. But
then, by Lemma [ there exists § € (Sx,ara) C Lx with d*(6,4) > k*(ama,4) = Ro. This
completes the proof of the claim, since d*(d,3) > d*(6,4) = Xy. Now write 6 = (E,|F,). Let
U={xe X :|F,|>3}and V ={2 € X :|D,| > 2}. Note that

C, | D,
po = < E, | F

Our goal will be to construct a permutation ¢ € Sy such that v = dofd € Lx and
E*(y,Ng) = Rg. The proof will then be complete since we will also have d*() > d*(d) = N,.
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Now let oo be a symbol that is not an element of X. Let (U;)sexuioc}, (Va)eexu{e)} and
(Z:)zex be moieties of U, V' and X, respectively. For each z € X, write U, = {u}, : r € N}
and V, = {v} : r € N}. Now fix 2 € X. We define a bijection

am:ExUUFy—> UDyUUCZ

yeUy yeVy 2€7,

as follows. First, choose some e, € E, and al, b} € F,, c,d, € D, where a], # b}, and

T vx x) x

el # d, for each r € N. We then define a bijection
ot {e,yud{al, bl :r € N} — {c",d" :r € N}

by e,ol = ci, alor = di and Vol = ¢! for each r € N. Since |F,| > 3 for all y € U,
and since |Z,| = Ny, we see that the complements of the domain and codomain of ¢ in
E, UU,ep, Fy and U,ey, Dy UU, ¢y, C- (respectively) have cardinality Xo. So we extend o
arbitrarily to a bijection o, : E, UUyeUz F, — Uyevz DyU.c . C.. It is clear that if 0 € Sx

is any permutation that extends o, then {x} U (U Ez)/ is a block of 0o 36; see Figure [7l

ZGZ:L‘

Figure 7: A schematic diagram of the product 034, focusing on the transversal block {z} U
(U.ez, Ez)/. See text for further explanation.

Now, |J,cx 0» has domain

Uevl UFr=UEuv U F

zeX zeX yeUy zeX yeU\Uco
and codomain
JUnvyUe= U nule
zeX yeVy r€X 2€7Z, yeV\Voo zeX
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The complements in X of these sets have cardinality R. So we extend | J, . y 0, arbitrarily to
o € Sx. By the above discussion, {z} U (U,c,. EZ), is a block of v = §o 3§ for each x € X.
It follows that v € Lx. Also, since |Z,| = Ry, it follows that |z|, = Ry for all z € X, and so
E*(v,Rg) = Ny, as required. This completes the proof. O

We need the next lemma to show that the converse of Proposition 201 is true.

Lemma 21. Suppose | X| =Ry and o € Lx and € Rx are such that k*(a, 2)+d*(«, 3) < Vg
and k(5,2) + d(5,3) < No. If y1,...,7% € Sx U{a, B} are such that v1---7, € Lx, then
ke, 2) +d7 (-, 3) < R

Proof Write a = (A,|B;) and § = (C,|D;)*. Again, the r = 1 case is trivial, so suppose
r> 2, and put ¥ =71 ---v,_1 € Lx. An induction hypothesis gives k*(7,2) + d*(~, 3) < Ny.
Write v = (E,|F)). We now break the proof up into three cases.

Case 1. The v, € Sy case is trivial.

Case 2. Next suppose 7, = a. Again, (112) gives k*(y,2) < k*(7,2) + k*(a,2) < No.
But 3 is not a regular cardinal, so ([82) is not of any use here. Now ya = (G.|B;, H),
where G, = U,cp, Ay and Hy = U,y Ay for each z € X and k € K. There are d*(a, 3)
values of ¢ € I such that |B;| > 3. Next suppose k € K is such that |Hg| > 3. Then either
(i) |Fx| > 3, (ii) |Fkx| = 2 and |A,| > 2 for some y € F, or (iii) |Fj| =1 and |A,| > 3 where
F., = {y}. There are d*(v,3) values of k for which (i) holds, at most k*(c,2) values of k
for which (ii) holds, and at most k*(a, 3) < k*(a, 2) values of k for which (iii) holds. Thus,
d*(ya,3) < d*(a,3) + d*(7,3) + 2k*(a,2) < Ny. This completes the inductive step in this
case.

Case 3. Finally, suppose v, = 5. Write 75 = (P,|Q;). Let
Y={reX:|P|>2} and M={leL:|Q]|>3}.

We must show that |[Y| < Ry and |[M| <Rg. Pt Vi ={z €Y |E|/=1}and Yo={z €Y :
|E.| > 2}. Now |Ys| < k*(7,2) < R so, to show that |Y| < N, it remains to show that
|Y1] < Ng. Now suppose z € Y;. Consider the connected component containing x in the
product graph T'(y, ). The middle row of this connected component is (omitting double

dashes)
E,ulJ)R=Jcul D

kEKx yEP;v ZGZCL‘

for some subsets K, C K and Z, C X. We now claim that one of the following holds:
(i) |Fx| > 3 for some k € K,, (ii) |Cy| > 2 for some y € P,, or (iii) |D,| > 3 for some
z € Z,. Indeed, suppose not. Write C,, = {¢,} for each y € P,. Choose some a € P,. Now,
if ¢, € E,, then {z,a'} would be a block of v4 (since |E,| = 1), contradicting the fact that
|P,| > 2. So ¢, € Fy, for some ky € K,. If |Fy,| = 1, then {a'} would be a block of 73, a
contradiction. So Fy, = {c,, w1} for some w; € X \ {¢,}. If wy € Cy for some b € P,, then
{d’,b'} would be a block of 73, a contradiction. So we must have w; € D,, for some z; € Z,.
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If |D,,| =1, then {a’} would be a block of v/, so we must have D,, = {w;,wy} for some
wy € X \ {c,, w1 }. Continuing in this way, we see that the connected component of @’ in the
product graph I'(v, 8) is {d’, ¢, w{, wy,wf, ...} for some wy, wy, ws,... € X. But this says
that {a'} is a block of v, contradicting the fact that x € [a/],5. So, indeed, one of (i), (ii),
(iii) must hold. But this implies that |Y1| < d*(v,3) + k(8,2) + d(53,3) < No.

A similar argument shows that |M| < d*(v,3) + k(8,2) + d(8,3) < Xg. This completes the
inductive step in Case 3. O

The proof of the following is virtually identical to the proof of Theorem Instead of
applying Lemmas [16 and [I7, we apply Lemmas 16 and 211

Theorem 22. Suppose | X| = Ny and let o, f € Px. Then Px = (Sx,«, ) if and only if
(renaming o, B if necessary), « € Lx, € Ry, d*(a) = d(8) = Ny and either

(1) k*(a,2) +d*(a,2) = R = k(5,2) + d(5,3), or
(i) k*(a,2) + d*(a,3) = Rg = k(B,2) + d(B, 2). O

We now turn our attention to the case of X having singular cardinality.

Proposition 23. Suppose | X| is singular. Let o € Lx and f € Rx be such that d*(«a) =
d(B) = |X| and either

(i) k*(a,2) +d* (e, 2) = | X| = k(B, ) + d(B, u) for all cardinals pn < |X|, or

(i) k*(a,p) +d*(a, p) = | X| = k(B,2) + d(5,2) for all cardinals pu < | X].
Then Px = (Sx, «, ).
Proof Suppose (ii) holds. (The other case is dual.) By Proposition [I4] it is enough to show
that there exists v € (Sx, «, 5) such that v € Lx and k*(v, | X|) = d*(y) = | X]|. Since | X] is
singular, we have X = J,.; X;, where |I| < |X]| and |X;| < |X|foralli € I. Put x = |I] and
Ai = | X;| for each i € I. Write a = (A;|B,) and § = (C,|D,)*. In order to avoid notational

ambiguity, we will suppose that co is a symbol that does not belong to X, and that I does
not contain 1 or 2.

By the dual of Lemma [0 we may suppose without loss of generality that d(3,2) = |X|. We
claim that either

(a) k*(a, pu) = |X]| for all cardinals p < | X|, or
(b) d*(a, ) = | X| for all cardinals u < | X].

20



Indeed, suppose (a) does not hold. Then there exists v < |X| such that k*(a,v) < |X]|.
But then, for any v < u < |X|, k*(a, p) < k*(a,v) < |X| which, together with k*(a, ) +
d*(a, ) = | X, implies that d*(c, u) = |X| holds for all v < u < |X|. But also, for any
p < v, d(a,pu) > d*(a,v) = |X]|, so it follows that (b) holds. We will now break the proof
up into two cases, according to whether (a) or (b) holds.

Case 1. Suppose (a) holds. For each cardinal p < |X]|, let Y, = {x € X : |4,| > u}. Note
that |Y,| = |X| for all 4 < |X]|, and that Y, CY,, if v <y <|X]|. For each z € Y}, choose a
subset E, C A, with |E,| = x and A, \ E, # 0, and write E, = {e,; : i € I}.

Next, suppose (X7, X3) is a moiety of X. We claim that either (1) |X; NY,| = |X]| for all
p < |X|,or (2) | XoNY,| = |X|forall 4 < |X|. Indeed, suppose (2) does not hold. Then there
exists v < | X| such that | XoNY,| < |X|. Then, for any v < p < | X, | XoNY,| < |XoNY,| <
| X|. But for any ¢ < |X|, Y, = (X;NY,) U (XyNY,), so it follows that |X; NY,| = |X] for
all v < p < |X|. If p < v, then [X;NY,| > [X1NY,| =|X|. So (1) holds, and the claim
is established. From now on, we fix X, X5 as above and suppose, without loss of generality,
that (1) holds.

We will now construct, by transfinite recursion, a set Z = {d,; : x € Y,,i € I} C X; such
that d,; € Y, for each (z,i) € Y, x I. Indeed, fix some well-ordering < on Y, x I. Suppose
(x,i) € Y, x I and that we have already defined the elements Z,; = {d,; : (y,7) < (z,1)}.
Since this set is constructed recursively, by adding a single element at a time, we see that
Y, \ Zui| = |Ya,| = | X]. So we define d,; to be any element of Y}, \ Z,;. With Z so defined,
there is a natural bijection o : UxeYK E, — 7 : ey — dg. Since the complement in X
of the domain and codomain of ¢ both have cardinality |X|, we may extend o arbitrarily
to a permutation 7 € Sy. Now put v = ana € Lx. Then v = (F,|B,,G,), where
F, = UyeAx Ay and G, = UyeBx A, for each v € X. Let z € Y. Then A;, = A.,,» C F,
for all i € I. So Iy 2 ey Adyir and |Fo| > >/ 1 Aa,, | = D ,e; A = | X Since Y| = [X],
it follows that k*(v, | X]|) = | X|, as required.

Case 2. Now suppose (b) holds. By the previous case, it is sufficient to show that there
exists 0 € (Sx,a, ) such that § € Lx, d*(0) = |X| and k*(0, u) = |X]| for all cardinals
< |X]|.

This time, for each cardinal p < |X|, we define Z, = {x € X : |B,| > p}. Let (W, W)
be a moiety of Zy, = {x € X : |B.| > No}. As in the previous case, we may assume that
WinZz,| = |X]| for all p < |X|. Write W) = {w, : € X}, and let (W3),cxu{ec} be a moiety
of Wy. Let (Uy,Us) be a moiety of {z € X : |D,| > 2} and write U; = {u, : * € X}. For
each © € X, choose a, € A,, b,,c, € D, d, € B, with b, # ¢,. Let (V,).ex be a moiety
of X and, for each x € X, let V, = V! UV? where |V!| = |B,,| and |V?| = |X|. Write
Vi = {vey 1 y € By, \ {d:}}, noting that |B,,| > Rg. For each y € By, \ {d.}, choose some
ey € C

Vzy*

Now fix some € X. Consider the bijection
oy {az} U By, = {by, e} U{ew, 1y € By, \ {d:}}

defined by a, — b;, d, — ¢, and y — e, for each y € B, \ {d,}. The complements of the
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domain and codomain of ¢, in A, UB,, U . By and D, U
x weWs; x veEV,

have cardinality | X|, so we may extend o, arbitrarily to a bijection

C,, respectively, both

T A, UB,, U |J B,— D, U C.

wesz veEVy

Note that if 7 € Sy is any permutation extending ., then the block of arfa containing x

A

is of the form {z} U E, where E, D |J = Uyev Au; see Figure B

YEBuwg \{bz} * Va2y
T
[0
T Ty
1
——
Dy,
Ba

UUEV1 Av Uve\/2 Ay
xT xT

Figure 8: A schematic diagram of the product amfa, focusing on the transversal block

{z} U B, where J,cy1 Ay € Ep € U, ey, Av- See text for further explanation.

Now, (J,cy 7 is a bijection from

UauvlyB,uvlJ U B.=J4uv |J B

zeX rzeX zeX weWg zeX ZEZRO\WSO
to
Un.oJUe-Unule.
zeX zeX veVy uelU; rzeX

Since the complements of these sets in X have cardinality |X|, we may extend |J, .y 7
arbitrarily to a permutation 7 € Sx. Now, § = anfa € Lx satisfies d*(§) > d*(a) = | X|,
so we may write 6 = (E,|F,). By the above discussion, we see that for each x € X, |E,| >

‘Uuevzl A,| > |V} = |By,]|. Tt follows that, for any cardinal u < | X|,
k0, p) = #{x € X : |Ee| 2 p} = #{x € X ¢ [Buy,| = p}
= #{w e Wi |By| = p} = Wi N Z,[ = |X],
as required. This completes the proof. O

22



Remark 24. Some parts of the argument in Case 1 of the above proof are similar to the
proof of [13, Lemma 6.2].

Theorem 25. Suppose | X| is singular and let a, B € Px. Then Px = (Sx, a, 8) if and only
if (renaming «, B if necessary), o € Lx, B € Rx, d*(a) = d(f) = | X| and either

(i) k*(a,2) +d* (e, 2) = | X| = k(B, ) + d(B, u) for all cardinals pn < |X|, or
(i) k*(a,p) +d*(a, p) = | X| = k(B,2) + d(5,2) for all cardinals p < | X].
Proof The reverse implication was proved in Proposition 23l So suppose Py = (Sx,a, ).

Again, we may assume that a € Lx, § € Rx, d*(a) = d(8) = |X|. Suppose that (i) and (ii)
do not hold. So one of

() E*(,2) + d* (e, 2) < | X]|, or

(IT) k(B, 1) +d(5, u) < |X| for some cardinal u < | X|
holds, and so too does one of
(IT1) k*(a,v) 4+ d*(a, v) < | X| for some cardinal v < | X|, or
(IV) k(B,2) +d(5,2) < |X].

Again, Lemma [I6] implies that (I) (and, dually, (IV)) cannot hold. Now suppose (II) and
(III) hold. Let A = max(u,v). Whether A is singular or regular, the successor cardinal A*
is regular, and we still have A" < | X| as well as k*(a, AT) + d*(a, \T) < | X| and k(8, A1) +
d(B, A7) < |X|. But then Lemma [I7] implies that (Sx,«, 3) does not contain any v € Ly
with £*(y, AT) = | X]|, a contradiction. O

5 Relative rank of Py modulo £y and £x U Sy

We now turn to the task of calculating the relative rank of Px modulo the set of idempotent
partitions £x = F(Px) = {a € Px : a = a?}. We also calculate the relative rank of Py
modulo the set £x USx of idempotents and units. We must first recall some ideas from [11].
With this in mind, consider a partition

( A | ¢
a = .
B’ Dk iel,jeJ keK
We define
s(a)=> (JAl-1)+> |Cj| and s*(a)=>_ (IB|—1)+ > [Dyl.
i€l jeJ i€l keK
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These parameters, which were called the singularity and cosingularity of o and denoted
sing(«) and cosing(«) in [11], allow the alternate characterizations Lx = {a € Px : s(a) = 0}
and Ry = {a € Px : s*(«) = 0}. Note that s*(a)) = s(a*). We also write

sh(a) =#{ieI:A,nNDB; =0}
This parameter was called the shift of o in [11].

For any subset ¥ C Py, we write X" for the set of all partitions a € ¥ for which the set
{r e X : [z]o #{z,2'}} is finite. In [II], this set was called the warp set of «, and the
elements of X" were called the finitary elements of 3.

Theorem 26 (See [11l, Theorems 30 and 33]). Let X be any infinite set. Then
(i) (Ex) ={1} U (Pir\ Sir) U {a € Px : s(a) = s*(a) > max(Ro, sh(a))}, and
(i) (Ex USx) ={a € Px:s(a) =s*(a)}. O

Remark 27. In the case of finite X, we have (Ex USx) = Py and (Ex) = {1} U (Px \ Sx).
See [8, Theorems 32, 36 and 41] for presentations of finite Px with respect to various gener-
ating sets consisting of idempotents and units, including a minimal generating set of size 4.
See [9, Theorem 46] for a presentation of finite Px \ Sx in terms of a minimal idempotent
generating set of size | X |- (]X|+41). The minimal generating sets (and minimal idempotent
generating sets) for finite Px \ Sx and various other diagram monoids are classified and
enumerated in [12].

In what follows, if A C X is any subset, we write

. a i
a x a€A,zeX\A

Proposition 28. Let « € Lx and € Rx be such that s*(a) = s(f) = |X|. Then
<£X7avﬁ> = <8X USX7057B> = 7DX

Proof Clearly it is sufficient to show that (£x,a, ) = Px. Write a = (A,|B;) and § =
(Cy|D;)*. First we show that (£x,«, ) contains the symmetric group Sx. For each z € X,
choose some a, € A, and ¢, € C,. Let A ={a, :x € X} and C ={c, : v € X}, and put

Y= aidA = (am|y>x6X,y€X\A and §= 1dCﬁ = (Cm|y>;€X,y€X\C‘

Note that |A| = |B| = |X| = |X \ 4] = |X \ C|, and that yy* =1 = 6*0. Now let 7 € Sx be
arbitrary. Then m = yy*7d*0, so it suffices to show that y*7d* € (Ex). Now

a )
Cam < zeX,yeX\A,2e X\C
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So s(v*md*) = | X\ Al = |X|=|X\C| = s*(v*ﬁé*), and it follows that v*wdé* € (Ex) by
Theorem 26](i). This completes the proof that Sx C (Ex, a, ).

Now let (Y3)zexufoo} be a moiety of X \ A, where oo is a symbol that does not belong to X.
For each z € X, put E, = {a,} UY,. Let

E,
(5D
z Y 2€X,y€Y00

So e € &y, and

e = ( z |0 )
By Yy zeX,y€Yoo
belongs to Lx and satisfies k*(ve, | X|) = |X| = d*(ve). Dually, there exists n € Ex such
that nd € Rx satisfies k(nd, | X|) = |X| = d(nd). It follows from Proposition 4] that
<5X7057B>2<SX77€7775>:PX 0

Lemma 29. We have Lx NEx = Rx NEx = {1}.

Proof Let a € Lx NEx and write a = (A;|B;). Then o = o? implies that A, = {J,c,, 4,
for all © € X. This gives A, = {z} for all z € X. It follows that I = (), and o = 1. A dual
argument shows that Rx NEx = {1}. O

Theorem 30. If X is any infinite set, then rank(Px : Ex) = rank(Py : Ex USx) = 2.

Proof Proposition tells us that rank(Py : Ex) < 2. Since rank(Px : Ex USx) <
rank(Px : Sx), it is sufficient to show that rank(Py : Ex USx) > 2. Let a € Px. The proof
will be complete if we can show that (€x USx, «) is a proper subsemigroup of Px. Suppose
to the contrary that (£x U Sx,a) = Px. Let § € Lx \ Sy, and consider an expression
B =7 where y1,...,7, € ExUSyU{a} and r is minimal. Now v, € Lx since Px \ Lx
is a right ideal. If v, € Ex, we would have 77 = 1 by Lemma 29 contradicting either the
minimality of r or the fact that 5 # 1. So we must have v, € Sy U{a}. If v, € Sy,
then 4, '8 = v2-- -7 € Lx \ Sx, and this expression is also of minimal length. Continuing
in this way, we see that there exists 1 < s < r such that v;,...,7,.1 € Sx and s = «a.
SO avYsir Y = 73__11 . -71_15 € Lx, and this implies « € Lx. A dual argument gives
a € Ry so that, in fact, « € Sy. But then Px = (Ex USx, a) = (Ex U Sx), contradicting
Theorem 26(ii). O

Remark 31. It follows from [8, Proposition 39] and its proof that rank(Px : Ex) = 2 if X
is finite and | X| > 3. Since Px = (Ex U Sx) for any finite set X [8, Theorem 32|, it follows
that rank(Px : Ex USx) = 0 for finite X.
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6 Generating pairs for Py modulo £y and £x U Sy

In order to establish the converse of Proposition 28, we will first need to prove a series of
lemmas.

Lemma 32. Suppose a, B € Px are such that Px = (Ex U Sx,«, ). Then (renaming o, 3
if necessary) a € Lx and 5 € Ry.

Proof A similar argument to that in the proof of Theorem [30] shows that one of «, 3, say «,
belongs to Lx, and a dual argument shows that one of a, [ belongs to Rx. If, in fact,
a € Ry as well, then a € Sy, and we would have Py = (Ex U Sy, «, 8) = (Ex U Sy, ),
contradicting Theorem B0 So it follows that 5 € Rx. O

A quotient of X is a collection Y = {A; : i € I} of pairwise disjoint nonempty subsets of X
such that X = Uig A;. We write Y < X to indicate that Y is a quotient of X. If Y < X

is as above, we write
idy = < A H(D
Y = .
Ai |0 el

Lemma 33 (See [11, Lemma 5 and Proposition 6]). If X is any infinite set, then (Ex) = (X),
where ¥ ={idy : AC X} U{idy : Y < X}. O

The previous result will substantially simplify the proof of the following technical lemma.

Lemma 34. Suppose a € Lx and § € Rx and that s*(a) < |X|. If y1,...,7 € ExUSx U
{a, B} are such that v, -7, € Lx, then s*(y1-+-7) < | X|.

Proof Write a = (A4,|B;) and 3 = (C;|D;)*. The r = 1 case is trivial, so suppose r > 2
and put v = 71 ---7y,_1. Since v € Lx, an inductive hypothesis gives s*(v) < |X|. Write
v = (E,|F}). Since s*(a) < |X| and s*(y) < |X]|, it follows that > v (|4z| — 1), >ic/ |Bil,
>vex (B2l = 1) and Y, 5 |Fi| are all less than |X|. We now consider four separate cases
according to whether v, € £x, 7. € Sx, v = a or v = B. In each case, we must show that

s* () < |X].

Case 1. First suppose v, € Ex. In fact, by Lemma B3, we may assume that +, = id4 for
some A C X or 7, = idy for some Y = X.

Subcase 1.1. Suppose 7, = id4 for some A C X. Forz € X and k€ K,let G, =FE,NA
and Hk = Fk N A. Then

YVr = (G:B|Hk7 y)meX,keK,yeX\A-
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Note that some of the Hy may be empty, but all of the GG, are nonempty. Now

S O) =Y (1Gel = 1) + > [Hel + X\ Al

=3 (Gl = 1+ X\ A N E) + 37 (JHil + (X \ A) N F)
zeX ke K

- Z (IBal — 1) + Z |Fy| = s"(v) < |X].
zeX keK

Subcase 1.2. Suppose v, = idy for some Y < X. Let ¢ be the equivalence relation on X
corresponding to Y. That is, two elements of X are e-related if and only if they belong to
the same block of Y, and we have Y = X/e. Put n = coker(), and let Z = X/n. Clearly
we have v = vidz. So vy, = vidzidy = 7idw, where W = X/(¢ V 1); here € V n denotes
the least equivalence on X containing € U 7. Since n C € V 1, every block of Z is contained
in a block of W. Since vy, € Lx, it is not possible for a block of W to contain E,, and
E,, if 11 # x5. So we may write W = {U, : x € X} U{V; : [ € L} where E, C U, for all
x € X, and we have vy, = (U,|V]). Now, for each x € X, there exists a subset K, C K
such that U, = E, U UkeK,: F.. And for each [ € L, there exists a subset K; C K such that
V= UkeKl Fy.. Note that K =,y Ko U, K- Then

S =Y (U =)+ ) il => (lExl —1+ > |Fk|> +Y D R

zeX leL zeX keK, leL keK;
= (1B = 1)+ ) |l = 5°(7) < |X].
zeX keK

Case 2. If v, € Sy, then clearly s*(yv,.) = s*(v) < | X]|.

Case 3. Next suppose 7, = a. Now ya = (G,|B;, Hy), where where G, = UyeEz A, and
Hy =, ep, Ay for each z, k. Let Y = {z € X : [A;| > 2}. Since }_ ¢ (|4z] — 1) < |X], it
follows that [YV] < |X]. So > o |A4s] = > ,ex (JAs] = 1) + Y| < |X|. But then

s (va) =Y (1G] = 1) + > [H + ) |B

reX keK iel
Yy (z |Ay|—1) Y Y 4,
zeX \yeE; keK yeFy 1€l
SO Y 1AL ED D 1A+ B
zeX yeE,; keK yeFy, el
= Z | Azl +Z | Bi| < [X].
reX iel

Case 4. Finally, suppose 7, = . Write 78 = (FP,|Q;). Let x € X. The middle row of the
connected component containing x in the product graph I'(~, #) is (omitting double dashes)

E,u ) R=Jcul D

keKy yeP, J€Jz
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for some subsets K, C K and J, C J. So |P,| < |E.| + > o, [ Fil

Now let | € L. The middle row of the connected component containing ()] in the product
graph I'(v, 8) is (omitting double dashes)

U Fr=culD

kEK; yeEQ Jjed

for some subsets K; C K and J; C J. Thus, |Qi| <3 ek, [Fil- It follows that

s*(v8) = Z (1P = 1) + Z Q] < Z (‘Ex‘ -1+ Z |Fk|> + Z Z | |

zeX leL zeX keK, leL keK,
<D (B =1) + ) [El=s"(7) < IX].
zeX keK
This completes the proof. O

Remark 35. Some elements of the argument from Subcase 1.2 are similar to the proof of
[11, Lemma 14].

Theorem 36. Let X be any infinite set and let a, f € Px. Then Px = (Ex,«, ) if and
only if Px = (ExUSx, «, B) if and only if (renaming «, 3 if necessary) o € Lx and 5 € Rx
satisfy s*(a) = s(B) = | X|.

Proof In Proposition 28 we saw that if « € Lx and € Rx satisfy s*(«) = s(8) = | X],
then Px = (Ex,a, ). It is obvious that Px = (Ex,a, ) implies Px = (€x U Sx, «, ).
Suppose now that Py = (Ex U Sx,q, ). By Lemma B2, we may assume that a € Ly
and § € Rx. If s*(a) < |X]|, then Lemma B4 would imply that any element v € Lx with
s*(y) = | X| could not belong to (€x USx, a, B), a contradiction. Thus, s*(a) = | X|. A dual
argument shows that s(8) = | X|. This completes the proof. O

7 Sierpinski rank and the semigroup Bergman prop-
erty

Let S be a semigroup. Recall that the Sierpinski rank of S, denoted SR(S), is the least
integer n such that every countable subset of S is contained in an n-generator subsemigroup
of S, if such an integer exists. Otherwise, we say that S has infinite Sierpinski rank.

Theorem 37. Let X be any infinite set. Then SR(Px) < 4.
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Proof A general result [36] Lemma 2.3] states that if 7" is a subsemigroup of a semigroup S,
then SR(S) < rank(S :T)+SR(T) if rank(S : T') and SR(T") are finite. By Theorem 12}, and
the fact that SR(Sx) = 2 [16, Theorem 3.5], it immediately follows that SR(Px) < 4. But
for the sake of completeness, and since it will be useful in a subsequent proof, we offer a direct
proof that is reminiscent of Banach’s proof [5] that the full transformation semigroup Tx has
Sierpiniski rank 2 [38], and is also similar to the proof of [20, Proposition 4.2].

With this in mind, suppose we have a countable subset ¥ = {«, : n € N} of Px. For n € N,

write
n n
o ( ar | ¢ )
n — n n .
Bi D’f icIn, jeJn ke Kn

We will construct two partitions 3,y € Px such that ¥ C (3, 5*,7,7"). Let (X,)nenuqoy be a
moiety of X, and let (Y},)nen be a moiety of X. For each n € N, fix bijections ¢,, : X,,_1 = X,
and ¥y, : X, = Y, Let ¢ = [J,en @n and ¢ = (J,, oy ¥n, noting that these are bijections
¢: X = X\ Xoand ¢ : X\ Xg = Xo. For each n € N, define 0, = 919" and 7, = ¢p1p¢™1),
noting that these are bijections o, : X — X, and 7,, : X — Y,,. For each n € N, also define

5n:(AiTn cnr,

n n :
Bi On DkUTL ieln jedn keKn

(Note that d, is not a full partition. Rather, ;cn A77 Ul cjn CF 7 = Yo and U, Bl U
Ukexn Dim = X5.) Now put

z |0

52( H and 7:U¢HUU5n.

w0 |y z€X,yeXo neN neN

See Figure[@ One may easily check that 8v8"*(3*)"y*3* = a, for each n € N. a
Xo X1 Xo
8= \ﬁ\;\pg\\
YiYaYs X1 Xo X3

Figure 9: The partitions § (top) and « (bottom) from the proof of Theorem [37]
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Corollary 38. If X is any subset of Px, then rank(Pyx : X) is either uncountable or at
most 4.

Proof If rank(Px : ¥) < Ny, then Px = (Sx UT') for some countable subset I' C Px. But,
by Theorem B7, I' C (A) for some A C Px with |A] < 4. But then Px = (X UA). O

Remark 39. A recent result of Hyde and Péresse [28, Theorem 1.4] shows that the Sierpiniski
rank of an infinite symmetric inverse monoid is equal to 2, an improvement of [20, Proposition
4.2] which gave an upper bound of 4. It is anticipated that the methods of [28] may be
extended to show that SR(Px) = 2, but this is beyond the scope of the current work.
Naturally, this would show that Corollary B8 could be suitably improved too.

Recall that a semigroup S has the semigroup Bergman property [34] if the length function
of S is bounded with respect to any generating set for S. The property has this name since
Bergman showed in [6] that an infinite symmetric group Sx has the property. (Actually,
Bergman showed that Sx has this property with respect to group generating sets of Sx, and
the semigroup analogue was shown in [34, Corollary 2.5].)

Recall from [34] that a semigroup S is said to be strongly distorted if there exists a sequence
of natural numbers (a,)nen, and a natural number Ng such that, for all sequences (s, )nen of
elements of S, there exist ¢;,...,tn, € S such that each s, can be expressed as a product of
length at most a,, in the elements ¢;,... tn,.

Proposition 40 (See [34, Lemma 2.4 and Proposition 2.2(i)]). If S is non-finitely generated
and strongly distorted, then S has the semigroup Bergman property. a

Since |Px| > N, for any infinite set X, Px is clearly not finitely generated. And the proof of
Theorem B7 shows that Px is strongly distorted (we take Np, = 4 and a,, = 2n + 6 for all
n € N). So we immediately obtain the following.

Theorem 41. If X is any infinite set, then Px has the semigroup Bergman property. O
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