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ABSTRACT. We develop a general theory of Markov chains realiz-
able as random walks on Z-trivial monoids. It provides explicit
and simple formulas for the eigenvalues of the transition matrix,
for multiplicities of the eigenvalues via Mobius inversion along a
lattice, a condition for diagonalizability of the transition matrix
and some techniques for bounding the mixing time. In addition,
we discuss several examples, such as Toom-Tsetlin models, an ex-
change walk for finite Coxeter groups, as well as examples previ-
ously studied by the authors, such as nonabelian sandpile models
and the promotion Markov chain on posets. Many of these ex-
amples can be viewed as random walks on quotients of free tree
monoids, a new class of monoids whose combinatorics we develop.
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1. INTRODUCTION

A finite state Markov chain is a stochastic dynamical system where
the current state only depends on its history via the previous state.
The only data needed to define it is a finite set {2 and a transition
matrix T: 2 x 2 — R that describes the probability to transition from
one state to the next one at each step. The matrix T is required to
be non-negative, with each column summing to 1 (i.e., T should be a
column stochastic matrix).

As highlighted in [Dia88,CSSTO08], the representation theory of finite
groups can be a powerful technique for analyzing the Markov chain
when T is bistochastic (meaning that each row and each column sums
to 1). The starting point is to decompose the transition matrix 7" as
a convex combination T' = Y x,0, of permutation matrices o,, and to
consider the finite permutation subgroup G = (0,), of the symmetric
group Sg generated by the permutations o,. At this point, the Markov
chain can be interpreted as arising from a random walk on G or on
cosets thereof. By the classical Birkhoff-von Neumann theorem there
always exists such a convex decomposition of the transition matrix 7'
(see e.g. [Zie95, Example 0.12]).

The representation theory of GG allows one to decompose the space
CQ into a direct sum of irreducible representations of G, which are in
particular invariant subspaces for the operators o, and therefore for the
transition matrix 7. This has the effect of turning 7" into a block diago-
nal matrix, where each block can be analyzed separately using that the
subspace is an irreducible representation of G. Furthermore, character
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theory can be employed to recover all irreducible constituents and their
multiplicities without explicitly block diagonalizing the matrix.

Whether this approach is practical or not depends on how nice the
representation theory of G is, how fine the decomposition of Cf2 into
irreducible representations is, and on properties of T itself. For in-
stance, when G is abelian, each irreducible subrepresentation is one-
dimensional; therefore, the decomposition of Cf) into irreducibles di-
agonalizes T'. More generally, when the weights z, are constant along
conjugacy classes of G, Schur’s lemma implies that the decomposition
of C(2 into irreducibles diagonalizes T', and one can completely analyze
the Markov chain via representation theory [Dia88,|(CSST08|. Another
particularly nice case is when G is the full symmetric group, giving
connections between card-shuffling Markov chains and symmetric func-
tions [Dia88,[DS81,DS86, DR12].

When the transition matrix is only column stochastic, one can still
use an easy variant of Birkhoff-von Neumann theorem to decompose
T as a convex combination 7' = > x,0,, where the o, are operators
on 2 which we sometimes refer to informally as the generators of the
Markov chain. These operators are not necessarily invertible anymore
and in general they generate a monoid M = (o,), instead of a group.
Nevertheless one can still try to use its representation theory.

The representation theory of finite monoids is much less well under-
stood than that of groups (see [CP61, Chapter 5] and [McA72,RZ91]),
but there has been much recent progress, see for instance [Put96|Put98|
GMS09,DHST11,HST13]/Sal07,MS12a, MS11,[Ste06]Ste08]. The analy-
sis of random walks on hyperplane arrangements [Bid97,BHR99,BD9S],
and in particular the Tsetlin library, provided motivation for Brown to
develop a successful analysis of Markov chains via the representation
theory of left reqular bands, which are semigroups satisfying a certain
“deletion property” [Bro00a] (for details see Section [2.2). This theory
has been further developed and applied in [BD98,BBD99|B;j509,Bj608,
AD10,|CG12,Sal12].

In his 1998 ICM address, Diaconis |Dia98|] asked for the ultimate
generalization of these monoid techniques. In this paper, we make
progress toward answering this question by generalizing Brown’s the-
ory of Markov chains on left regular bands [Bro0Oa] to Markov chains
on Z-trivial monoids. This large generalization potentially finds appli-
cations in combinatorics, statistical physics, and computer science. We
remark that left regular bands are precisely those Z-trivial monoids
whose elements are all idempotent. From the point of view of combi-
natorics, natural Markov chains on objects such as permutations (i.e.,
the Tsetlin library) [Hen72|, hyperplane arrangements [BHR99| and



4 A. AYYER, A. SCHILLING, B. STEINBERG, AND N. M. THIERY

linear extensions [AKS14a| are of intrinsic interest. As in the case of
left regular bands, combinatorial sequences such as derangement num-
bers arise as the multiplicities of eigenvalues of the transition matrices
of these Markov chains which deserves some uniform explanation.

Statistical physicists and computer scientists model real-life phenom-
ena probabilistically as Markov chains and are interested in both the
stationary distribution of the chain (given by the eigenvector of the
transition matrix with eigenvalue 1) and the time to approach station-
arity (which for reversible chains is controlled by the second-largest
eigenvalue, or spectral gap). Recently many interesting Markov chains
have emerged which fit into the Z-trivial monoid theory |[AS10,Ayy11]
AS13[|/AKS14a,ASST13].

In Sections[2H4] we develop the general theory of Markov chains which
are random walks on Z-trivial monoids and describe how the unified
approach of Z-trivial monoids provides techniques for the calculation
of these quantities.

Let us briefly summarize how the representation theory of Z-trivial
monoids compares to that of groups. First of all, we lose semisimplic-
ity (or complete reducibility) of representations, which means that the
transition matrix can no longer be put in a block diagonal form, but
rather in block triangular form. On the other hand, the irreducible
representations are one-dimensional, which means that the transition
matrix can actually be transformed into upper triangular form. For
example, this makes it easy to recover the eigenvalues using character
theory, and to determine the irreducible constituents via Mdébius in-
version. In fact, the eigenvalues take a particularly nice form, given
as a sum of a subset of the probabilities z, assigned to each gener-
ator [Ste06,/Ste08]. Note that, in the group case, it is non-trivial to
compute eigenvalues of random walks unless the probability measure is
constant on conjugacy classes (e.g., for abelian groups). For instance,
it is easier to compute the eigenvalues for the top-to-random shuffle as
a left regular band walk [BHR99| than as a symmetric group walk.

As this is a long paper, it seems worthwhile to informally describe
some of the Markov chains that we analyze in Sections [5H8| and have
analyzed in previous papers, using Z-trivial monoid techniques. The
reader should also consult Brown [Bro00a] for numerous examples using
the particular case of left regular bands. See also |[CG12,Bj609,Bj608,
AD10] for further left regular band random walks.
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The Toom—Tsetlin model. The classical Tsetlin library Markov chain
[Hen72, DF95, FH96, BHR99| consists of a shelf of books with an im-
posed self-organizing system for the books. Each time a book is re-
moved from the shelf, it is placed back to the front of the shelf. This
way, eventually the most commonly used books will be toward the
front of the shelf while the least commonly used books will be toward
the back. The Tsetlin library is one of the first chains to be analyzed
from the Z-trivial monoid point-of-view (actually from the left regular
band point of view) [BHR99,[Bro00a, BD98|. Using these tools one can
explicitly compute the eigenvalues (which are the probabilities of pick-
ing a book from a given subset of the books) and their multiplicities
(which are derangement numbers), a bound on the mixing time, and
an explicit formula for the stationary distribution.

In this paper, we consider a generalization called the Toom—Tsetlin
model. There are two versions, but we discuss here only the first one
and refer the reader to Section [@ for the second variant and details.
In this model one has n; > 1 copies of book b; on the shelf. When
the j* copy of b; is removed from the shelf, it is replaced immediately
after the (j — 1)** copy of b; (where if j = 1, it is simply placed at the
front of the shelf). The Tsetlin library is the special case where there
is only one copy of each book. For the Toom—-Tsetlin Markov chain
we explicitly compute the eigenvalues (which again are probabilities of
choosing a book from a certain subset of books) and their multiplicities
(which are derangement numbers for words, or multipermutations). See

Theorem [6.2]

The landslide sandpile model. The abelian sandpile model [Dha90),
Dha99] has proved influential in understanding the phenomenon of
self-organized criticality |[BTW87]. The model can be thought of as
a discrete-time Markov chain. It is defined on any finite directed graph
with a global sink (a sink is a vertex with out-degree zero; it is further-
more a global sink if there is a directed path from any vertex to it).
The abelian sandpile model works as follows. The state space of the
system is

Q = {(tv)vev | 0 < t, < outdeg(v)},

where V' is the vertex set of the underlying graph and outdeg(v) is the
out-degree of the vertex v. The variable t, is a nonnegative integer
which denotes the number of grains at vertex v. Notice in particular,
that sinks can carry no grains of sand. Moreover, whenever a grain of
sand enters a sink it is considered removed from the system.
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At every time step, a process of toppling and stabilization occurs.
Suppose that one is in configuration (¢,),cy € €2. One randomly de-
posits a grain of sand at one of the vertices w. If the total number
of grains at w after adding this grain is below its out-degree, then we
are done with this step; if on the other hand the total number exceeds
the out-degree of w, then w topples, sending one grain along each of
its outgoing edges to the edge’s other endpoint. This may then force
some of these endpoints to topple. Because there is a global sink, after
some sequence of topples one will reach a valid configuration in €2 (this
process is called stabilization in the literature). The resulting config-
uration turns out to be independent of the order in which the topples
are performed. Let 6,: 2 — € be the operator of adding a grain of
sand at w and then performing topples until stabilization occurs.

It is not completely obvious, but nonetheless true, that the opera-
tors 0, with v € V commute and hence generate a finite commuta-
tive monoid M. The minimal ideal of this commutative monoid is an
abelian group A which acts freely and transitively on the recurrent
states of the abelian sandpile Markov chain, which are precisely the
fixed points of the identity e of A on 2. Moreover, the operators 6, act
as permutations on the recurrent states since 6, acts as 6,e. The group
A is called the sandpile group in the literature.

We study the following variant of the abelian sandpile model, called
the landslide sandpile model, which is nonabelian in the sense that the
generators of the model do not commute. The model is defined on a
directed tree or arborescence and we analyzed this model using monoid
theoretic methods in |[ASST13].

One has a directed rooted tree with all edges oriented toward the
root. Each vertex v (hereafter called a site) is assigned a threshold
T,, which is the number of grains of sand it can hold, and it contains
some number of grains up to its threshold. At each time step, one of
two things can happen: either a new particle can enter the system at
a leaf, filling the first available site along the geodesic from the leaf to
the root (and if none are available, then it leaves the system); or a site
can topple, moving its grains along the geodesic to the root and filling
the first available sites (possibly some grains will leave the system).

Using the techniques developed in this paper, we computed the eigen-
values with multiplicities and a reasonable upper bound on the mixing
time. A key ingredient was proving the Z-triviality of the monoid
corresponding to the landslide nonabelian directed sandpile model. In
Section [7] we provide an alternative proof of this fact. When all thresh-
olds are 1, we proved that the stationary distribution admits an explicit
product measure. See [ASST13| for details.
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The exchange walk on a finite Coxeter group. In Section [§] we ex-
amine another generalization of the Tsetlin library, this time associated
to a finite Coxeter system (W, S) |[BB05|. The state space for this finite
Markov chain consists of all reduced decompositions for the longest el-
ement wq of W. The transitions, called exchange moves, are as follows.
If the system is in state sy ---s,, then a generator s € S is randomly
chosen and a transition is made to the new state ssy- -+ 8; 15841 Sn
where s; means omit s;. The generator s; to omit in order to obtain
a reduced decomposition of wy is unique according to the Exchange
Condition for Coxeter groups [BB05].

For example, if W = (Z/2Z)" and S is the standard basis for W,
then (W, S) is a Coxeter system, wy is the all-ones vector, the reduced
decompositions for wy are those words over S containing all letters and
no repetitions (i.e., the permutations of S) and an exchange move is
just move-to-front. So we recover the Tsetlin library in this case.

When W = §,, is the symmetric group and S is the set of adjacent
transpositions, then (W, S) is a Coxeter system. The longest element
wp is i = n — i+ 1 (in one-line notation it is n,n — 1,...,1). A well
known result of Stanley [Sta84] says that reduced decompositions of
wy are equinumerous with standard tableaux of staircase shape. An
explicit bijection was given by Edelman and Greene [EG87]. So this
chain can be viewed as a stochastic process on such tableaux.

Using the techniques of #Z-trivial monoids, we are able to compute
the eigenvalues with multiplicities, give a simple formula for the sta-
tionary distribution and provide an upper bound on the mixing time
for the exchange walk on a finite Coxeter group.

Promotion chains. In [AKS14a], the Tsetlin library Markov chain
was generalized by looking at linear extensions £ of a finite poset P
of size n. The transition between two linear extensions is given by a
variant of the promotion operator on posets [Sch72].

For a linear extension 7 = my - - - m, € L in one-line notation, the gen-

eralized promotion operator 0; for 1 < i < n can be defined as [Hai92,
MR94}Sta09]
0i(m) = Ty1Tn_o - Ti(m) .

Here 7; acts on m by interchanging m; and m;, if m; and m;,, are not
comparable in P. Otherwise, it acts as the identity. Define 5,(7T) =
0_-1(m). Assigning probability z; to the operator 9; defines the promo-
tion Markov chain on £. For any poset P, the stationary distribution of
the Markov chain was given by an explicit product formula [AKS14a].

When P is the antichain on n vertices (that is, there are no imposed
ordering relations between any of the vertices), then L is the set of all
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linear orderings and the promotion Markov chain reduces to the Tsetlin
library (where now books are moved to the end of the stack instead of
the front due to a difference in conventions).

For special posets, called rooted forests, the eigenvalues and their
multiplicities of the transition matrices can also be computed explicitly.
Recall that a rooted forest is a poset where each vertex has at most
one successor. It was shown [AKS14a] that in that case, the underlying
transition monoid is Z-trivial. The eigenvalues can then be computed
using the techniques presented in this paper. In [AKS14b| the mixing
time for this Markov chain was also estimated using monoid techniques.

Structure of the paper. Let us now describe the content of each
section in more detail. Since this paper is intended for an audience of
algebraists, combinatorialists and probabilists, we include in Section
some background about each of these areas.

In Section |3 we present general results for random walks on monoids
before specializing to Z-trivial Markov chains in Section [4 In partic-
ular, for Z-trivial monoids, we describe combinatorially the eigenval-
ues by character theory, or equivalently through inclusion-exclusion
on a lattice (Theorem [4.2)), give a sufficient condition for diagonaliz-
ability (Theorem generalizing the result of Brown [Bro0OOa] (see
also [BD98]), provide a formula for the stationary distribution (Theo-
rems and , relate the rate of convergence with some properties
of the monoid (Corollary [£.15]), and conclude with a bound on the mix-
ing time (Corollary . This theory subsumes that of left regular
band random walks developed in |[Bro00a].

When investigating examples, we discovered that the generators of
the transition monoids often satisfy certain types of relations, reminis-
cent of the plactic relations [Lot02, Chapter 5. In Section , we study
the largest such monoid. The relations admit a nice Knuth—Bendix
completion, and it follows that its combinatorics is governed by a cer-
tain class of trees, which motivates its name: the free tree monoid.
One of the main results is that the free tree monoid is #Z-trivial (Corol-
lary 5.2). The lattice of regular .Z-classes of idempotents of the free
tree monoid is the Boolean lattice and we provide a simple transversal
of idempotents.

In the remaining sections, we study several examples of Z-trivial
Markov chains, applying results of Section [d and using the free tree
monoid on several occasions for concise proofs of Z-triviality and using
its representation theory in order to benefit from its simple combina-
torics.
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In Section [6] we consider two new generalizations of the Tsetlin li-
brary, with multiple copies of books and with storage or interlibrary
loan, respectively. This model can also be regarded as a generalization
of the Toom model [Too80, LNRI6] to finite size as well as arbitrary
particles. Theorems [6.2] and provide the spectra of these models.
In Section [7] we provide a short proof of the Z-triviality of the land-
slide nonabelian directed sandpile model of [ASST13] using the free tree
monoid of Section [p] Finally, in Section [§ we consider a Markov chain
on the set of reduced words of the longest element of a finite Coxeter
group and provide its spectrum and stationary distribution, as well as
an upper bound on its mixing time. This model is also a generalization
of the Tsetlin library, which appears in the case of a finite right-angled
Coxeter group.
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2. BACKGROUND ON MARKOV CHAINS AND MONOIDS

Since this paper is intended for an audience of algebraists, combina-
torialists and probabilists, we include some background about each of
these areas.
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2.1. Markov chains. We recall here some basic notions from Markov
chain theory. Details can be found in e.g. [LPW09]. Let Q be a fi-
nite set. A probability distribution (or simply a probability) on  is a
mapping P: 2 — R such that P(w) > 0 for all w € 2 and

» Plw)=1.

The probability that an element of {2 chosen randomly according to P
belongs to some subset A C () is given by

P(A) =) P(w).
weA
A (finite state) Markov chain is a pair M = (Q,T) consisting of a
(finite) state space Q and a (column) stochastic matriz T: Q x Q — R,
Recall that T' is stochastic if:

(1) T'(a, B) > 0 for all o, 5 €
(2) for all g € Q,

> T(a,B) =1.

acQ)
One calls T the transition matriz of the chain. The intuition is that if
you are in state 3, then with probability T'(«, #) you move to state aﬂ

We can view T as an operator on R? in the usual way: Tf(w) =
> seq T(w, B)f(B). It is easy to see that T' preserves probability distri-
butions and so if v is an initial distribution, then T"v is a probability
distribution known as the n’-step distribution of the Markov chain.
That is, T"v(w) is the probability of being in state w on the n'*-step
of the chain if the chain starts with initial distribution v.

We say that 7w is a stationary distribution for T it Tm = 7. It
is a consequence of the Perron-Frobenius theorem that each Markov
chain has at least one stationary distribution. A Markov chain M =
(Q,T) is called irreducible if, for each «, 5 € €, there exists n > 0
such that T"(«, ) > 0. In the language of graphs, this translates as
follows. Define a digraph I'(M) with vertex set Q and a directed edge
f — aif T(o,B) > 0. Then M is irreducible if and only if I'(M) is
strongly connected. Irreducible Markov chains have a unique stationary
distribution 7 and moreover 7 > 0 (has strictly positive entries). The
Markov chain M is said to be ergodic if T™ > 0 for some n > 0,
or equivalently for any large enough n. It is well known that this is
equivalent to asking that the chain be irreducible and that the greatest
common divisor of the lengths of the cycles of I'(M) be 1 (that is, the

INote that some authors prefer to denote this probability as T8, ).
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associated digraph is primitive). In this case, for any initial distribution
v, the sequence T"v converges to the stationary distribution 7.

Strongly connected components of I'(M) are called communicating
classes in Markov chain theory. A communicating class is called essen-
tial if the corresponding strong component is minimal under the order-
ing on strongly connected components defined by C < C” if there is a
directed path from C’ to C. States which belong to essential communi-
cating classes are said to be recurrent; the remaining states are called
transient. It is well known and easy to see that lim,, ., 7"(c, 5) = 0 if
a, 3 do not belong to the same essential communicating class, and that
if 7 is a stationary distribution of 7', then 7(w) = 0 for each transient
state w € Q (see [LPWO09, Section 1.7]).

In Markov chain theory, one usually measures the rate of convergence
in terms of the total variation distance. Recall that R is a real Banach
space with the ¢'-norm: [|f|1 = > ., [f(w)]. Let P(Q) be the space of
probability distributions on €2; it is a compact subspace of the ¢!-unit
ball. The total variation distance between two probability distributions
v, it is defined by

I = pllry = max|v(A) — u(A)].
The following equivalent expressions are extremely useful.

Proposition 2.1 (See e.g. Proposition 4.2 and Remark 4.3 of [LPWO09]).
Let v, i be probabilities on 2, and A = {w € Q | v(w) > u(w)}. Then,

1
I = pllzv = Sllv = ulh = v(4) = u(4).

Let M = (Q,T) be a finite state ergodic Markov chain with sta-
tionary distribution 7. Let d(n) = sup,ep(q) [|[T"v — 7|l7v. Then, for
e > 0, the mizing time of M is t,,;(¢) = min{n | d(n) < e} [LPWO09].
Often authors choose ¢ = e™! or ¢ = 1/4 to define the mixing time.

C

We usually try to bound, for ¢ > 0, when ||T"v — 7||ry < e °.

2.2. Semigroups and monoids. We recall here some basic notions
from semigroup theory. Details can be found in [CP61, KRT68, How95,
Alm94; Eil76, Pin13] or [RS09, Appendix A].

A semigroup S is a set with an associative multiplication S x.S — S.
It is called a monoid if additionally it contains an identity element,
usually denoted 1.

An element e of a semigroup S is idempotent if e = e. The set of
idempotents is denoted E(S). Each element s of a finite semigroup
has unique idempotent (positive) power, traditionally denoted s*. In
particular, every non-empty finite semigroup contains an idempotent.



12 A. AYYER, A. SCHILLING, B. STEINBERG, AND N. M. THIERY

A finite semigroup S is said to be aperiodic if s¥s = s¥, for all s € S.
Equivalently, S is aperiodic if there is a positive integer n such that
s" = 5" for any s € S. Trivially, any subsemigroup or homomorphic
image of an aperiodic semigroup is aperiodic.

An ideal of a monoid M is a non-empty subset [ such that MIM C I.
Left ideals and right ideals are defined analogously. If I, J are ideals of
amonoid M, then I.J C IN.J and hence INJ # (). It follows that every
finite monoid has a unique minimal ideal. Let M be a finite monoid.
Any ideal of M is a subsemigroup and hence contains an idempotent.
If I is the minimal ideal of M and e € E(I), then eMe = ele is a group
with identity e. In particular, if I is aperiodic, then eMe = {e}.

We now introduce two of Green’s relations |Greb1], namely . and
Z. Let M be a monoid. Then the principal right ideal generated by
m € M is mM. One defines a preorder on M by putting m <, m’ if
mM C m/M. One defines m Z m' it m <4 m’ and m’ <4 m (ie.,
mM = m/M). The classes for this relation are called Z-classes; they
are the strongly connected components of the right Cayley graph of M
with respect to any generating set.

A monoid M is Z-trivial if Green’s relation Z is trivial, that is, if
m Z m' (ie., mM = m'M) implies m = m/. Equivalently, M is %-
trivial if the right Cayley graph of M with respect to any generating
set is acyclic. In this case <4 is a partial order on M. Note that <z is
compatible with left multiplication, that is, m <z m’ implies nm <y
nm' for all n € M. A finite Z-trivial monoid is necessarily aperiodic
since s¥ # s“s in any finite monoid. The class of finite Z-trivial
monoids is closed under taking finite direct products, submonoids, and
homomorphic images.

Green’s relation .Z and Z-trivial monoids are defined symmetrically
on the left.

A left zero semigroup is a semigroup S satisfying the identity zy = x
for all x,y € S. Let L be the -Z-class of an idempotent of an Z-trivial
monoid; such an .Z-class is called a regular Z-class. A regular .Z-class
L is always a left zero semigroup; more generally, for any z € L and
y € M, one has ry = z if and only if Mx C My. The minimal ideal
of an #-trivial monoid M is a left zero semigroup and is the unique
minimal left ideal of M.

A monoid M is called a left reqular band if 2> = x and xyx = zy for
all x,y € M. Left regular bands are Z-trivial, which can be seen as
follows. Suppose = and y are in the same Z-class, that is, there exist
u,v € M such that zu = y and yv = z. Then

T = Yv = TUV = TUVU = YVU = TU =Y
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since uv = wvu. Hence all #Z-classes are singletons. More generally,
a finite monoid M is Z-trivial if and only if (zy)“z = (zy)* for all
x,y € M.

2.3. Random mapping representations. A left action of a monoid
on a set {2 is a mapping M x 2 — Q, written (m,w) — mw, such that
(1) m(m'w) = (mm/)w
2) lw=w
for all m,m’ € M and w € Q. Right actions are defined symmetrically.
If X C M, then the Cayley digraph of the action of X on  is
the digraph I'(£2, X)) with vertex set Q and edges w — aw for w € Q
and x € X (sometimes we use the Cayley digraph with labelled edges
w = zw).
If X C M, then (X) denotes the submonoid of M generated by X,
that is, the smallest submonoid of M containing X.
Let M be a (finite) monoid acting on the left of a (finite) set .
Suppose that P is a probability on M. Then we have an induced
Markov chain M = (2, T') where

T(a,8) = Y P(m)=P({meM|mB=a}).

mpB=a
We call this Markov chain the random walk of M on Q driven by P.
The fact that T is stochastic is simply the computation

> T(a,8) =" P(m)dams

e acQmeM
= > P(m)Y Sams= D P(m)=1.
meM e meM

The data consisting of the action of M x {2 — €2 and the probability P
on M is called a random mapping representation of the Markov chain
M.

A matrix A: QxQ — Ris called column monomial if each column of
A is a standard basis vector (i.e., contains exactly one non-zero entry,
which must be a one). Note that such a column monomial matrix is
stochastic. Column monomial matrices are exactly the linear operators
induced by mappings f: 0 — {2, the corresponding column monomial
matrix Ay being given by

L if f(B) =a,
0, else.

To prove that every Markov chain has a random mapping representa-
tion we use the following well-known lemma.
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Lemma 2.2. Every stochastic matriz is a convexr combination of col-
umn monomial matrices.

Proof. The set S of stochastic matrices is a polytope whose vertices are
the column monomial matrices (cf. the discussion after |[BP79, Theo-
rem 5.3]). As each point of a polytope is a convex combination of
vertices, the lemma follows. [l

Theorem 2.3. Every finite state Markov chain has a random mapping
representation.

Proof. Let M = (Q,T) be a Markov chain. Then T can be written
as a convex combination of column monomial matrices by Lemma [2.2]
If M is the monoid of all mappings on {2 and if P is the probability
on M that gives a mapping f the same weight that its corresponding
column monomial matrix Ay receives in the above convex combination
expressing T', then M is the random walk of M on €2 driven by P. [

Remark 2.4. Theorem is a basic fact of probability theory, al-
though it is usually stated in a different language: namely, it is equiv-
alent with [LPWO09, Proposition 1.5]. In [LPW09] a random mapping
representation of M = (Q,T) is defined as consisting of a mapping
fiAxQ — Q and a A-valued random variable Z such that the
probability that f(Z,0) = « is T'(«, ) for all a, 5 € Q. (Actually,
since [LPWO09| uses row stochastic matrices, they provide a dual for-
mulation.)

In other words, a random mapping representation of M = (Q,T)
in the sense of [LPW09| consists of a deterministic automaton with
state set €2 and input alphabet A (but no initial or accepting states)
together with a A-valued random variable Z. If you are in state w € €,
the Markov chain works by choosing a random letter a € A, distributed
identically to Z, and performing the transition w — aw in the automa-
ton. (Note that our convention is to process words in an automaton
from right-to-left.)

Given such a mapping f, we can define a mapping F': A — M, where
M is the monoid of all mappings on €2, by currying: F'(A)(a) = f(\, a).
Then F(Z) is an M-valued random variable given by some probability
distribution P on M. It is straightforward to verify that M is the
random walk of M on €2 driven by P.

Conversely, if f: M x€) — €)is an action and P is a probability on M,
then the random walk M = (2, T) of M on Q driven by the probability
P has a random mapping representation in the sense of [LPW09| by
taking A = M, f to be the action and Z to be the M-valued random
variable with distribution P.
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In summary, a random mapping representation of a Markov chain
can also be specified by giving a collection S of mappings on the state
space ) and a probability distribution P on S. We can then take M
to be the monoid of mappings on {2 generated by S and view P as a
probability on M. Sometimes we refer informally to S as the generators
of the Markov chain.

2.4. Random mapping representations with constants. If P,
are probabilities on a monoid M, their convolution is the probability

PeQm)= Y P(m)Q(m,)

mimo=m
on M. Recall that the support of a probability P on M is the set
suppP ={m e M | P(m) > 0}.

Denote by P*" the n'"-convolution power of P. It is the distribution
of X,,X,_1---X; where X1,...,X, are independent random variables
distributed according to P. Then P*"(m) > 0 for some n > 0 if and
only if m is in the submonoid (supp P) generated by the support of P.

Let M be a Markov chain with random mapping representation M x
2 — Q driven by a probability P. Then, I'(M) is the Cayley digraph
of the action of M on ) with respect to the set X = suppP. In
particular, M is irreducible (that is, I'(M) is strongly connected) if
and only if the action of (supp P) is transitive on Q (that is, for any
a, B € Q, there exists n € (supp P) with na = f3).

The following proposition is folklore.

Proposition 2.5. Let M = (2, T) be an irreducible Markov chain with
a random mapping representation M x Q — Q driven by a probability
P. Let N = (supp P) and suppose that some m € N acts as a constant
map on . Then N contains all constant maps on € and the Markov
chain M 1is ergodic.

Proof. By irreducibility N acts transitively on §2. If m acts as a con-
stant mapping with image w and m'w = «, then m'm acts as the
constant map to « and hence N contains all constant maps on w.
Note that, if the constant map to § €  can be represented by a
product my - - - my, of k elements of supp P, then for any m € supp P one
has that my - - - mpm acts as the constant map to 8. Thus the constant
map to [ can be represented as a product of r elements of supp P
for any » > k. It now follows that there exists t > 0 such that the
constant map on 2 with image « can be represented by a product m,,
of t elements of supp P for all & € . But then T*(«, 8) > P**(mg) > 0
and so M is ergodic. O
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Note that, under any action of a monoid M on a set €2, the fixed-
point set of an idempotent e is its image ef2.
The following result is well known to automata theorists.

Proposition 2.6. Let M be a monoid acting transitively on a set )
and suppose that the minimal ideal I of M is aperiodic. Then, for any
w € Q, there is an element m € I acting as a constant map to w.

Proof. Tt suffices by the proof of Proposition to show that I con-
tains some element m acting as constant map, since then Mm C [ will
contain all the constant maps by transitivity. Let e € I be an idem-
potent. Suppose that a, 3 € e). By transitivity there exists m € M
with ma = 8. As eMe = {e} by aperiodicity of I, we conclude that
b =ef =ema = emea = ea = . Thus e acts as a constant map. [

As an immediate corollary of the preceding results we obtain the
following result.

Corollary 2.7. Let M = (Q,T) be an irreducible Markov chain with a
random mapping representation M x 0 — § driven by a probability P.
Suppose further that M s aperiodic or, more generally, the minimal
tdeal I of the submonoid N generated by the support of P is aperiodic.
Then, all elements of I act on ) as constant maps and every constant
map on ) is obtained via the action of some element of I. In particular
M is ergodic.

Proof. Since M is irreducible, the submonoid N = (supp P) acts tran-
sitively on 2. Assume that its minimal ideal I is aperiodic. By Propo-
sition[2.6] I contains elements acting as every constant map on §2. Note
that if m € I acts as a constant map, then each element of Im/ also
acts as a constant map because any map factoring through a constant
map is a constant map. As Iml/ is an ideal contained in I, we must
have I'm[ = I by minimality of I. Thus every element of I acts on €2
as a constant map. Ergodicity follows from Proposition [2.5]

Finally, note that if M is aperiodic, then so is any of its subsemi-
groups. In particular, I will be aperiodic. U

Remark 2.8. Assume that the action of M is faithful, as will be the case
in most of our examples. Then the minimal ideal I of submonoid N
generated by the support of P consists precisely of the constant maps
on  and hence is canonically in bijection with Q (by sending a constant
map to its image) and, moreover, that bijection is an isomorphism of
the action of N on the left of I with the action of N on 2.
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3. RANDOM WALKS ON MONOIDS

A number of results from this section can be viewed as special cases
of results about probability measures on compact semigroups [HM11],
but it seems better in our context to just prove them. Let M be a finite
monoid. Denote by ¢'(M) the vector space of all functions f: M — R
equipped with the ¢*-norm || - ||;. Then ¢*(M) is a finite-dimensional
real Banach algebra with respect to the convolution product

(fg)m) =D flx)gy).

TY=m

As an algebra, we can identify ¢*(M) with the monoid algebra RM via
[ =2 e f(m)m and we shall do this when convenient.

A probability distribution P on M can be viewed as an element of
(*(M). The probability distributions form a compact multiplicative
submonoid of ¢*(M). Notice that if X and Y are independent M-
valued random variables with respective distributions v and p, then
the distribution of the random variable X - Y is v * u. Recall that
P*" denotes the n"-convolution power of P, which is the distribution
of X,,X,_1--- X7 where X1,...,X, are independent random variables
distributed according to P.

The left random walk on M driven by P is the Markov chain with
random mapping representation coming from the action of M on itself
by left multiplication and the probability P. The right random walk is
defined dually.

Suppose that M acts on a finite set Q. We can identify R® with
R(2. We then have a natural £!(M)-module structure on RS} given by
having f € ¢1(M) act on a basis element w € by

frw= Z f(m)mw.

meM

From the point of view of functions, for f € ¢*(M), g € R® and w € €,
the module structure is given by

(f-9)w) =Y, > flm)g(a).

meM moa=w

The following proposition is well known, but important.

Proposition 3.1. Let M act on 2 and let P be a probability on M
(viewed as an element of (*(M)). Then, the transition matriz T of the
random walk of M on Q driven by P is the matriz with respect to the
basis 2 of the operator on RS) defined by v — Puv. It follows that, if v
is a probability on Q (viewed as an element of RQY), then T"v = P*v.
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Proof. We have P3 =3 ., P(m)mf3 and thus the coefficient of « in
Ppgis Zmﬂ:a P(m) =T(a, B). O

A crucial consequence of the proposition is that any ¢! (M )-submodule
of R is an invariant subspace for the transition matrix 7.

Recall that the minimal ideal I of a finite monoid M is the disjoint
union of all the minimal left ideals of M [CP61, KRT68|. Let us say
that a probability P on M is adapted if the submonoid generated by
the support of P contains the minimal ideal. Note that a probability
on a group is adapted if and only if the support generates the group,
which is the usual definition in that context. In general, if the support
generates the monoid, then the probability is adapted but the converse
need not be true. The following result is straightforward and well
known [HM11], but we include it for completeness.

Proposition 3.2. Let M be a finite monoid with minimal ideal I and
let P be an adapted probability on M. Then the recurrent states of
the left random walk on M driven by P are the elements of I. The
essential communicating classes of the chain are the minimal left ideals
of M. The restriction of the random walk to any minimal left ideal is
irreducible. Moreover, the chain so obtained is independent of which
minimal left ideal is chosen.

Proof. Because (supp P) contains I and each minimal left ideal of M
is a left zero semigroup, it follows that the minimal left ideals are
precisely the minimal strong components of the left Cayley digraph of
M with respect to the set supp P. This explains the recurrent elements
and the essential communicating classes. By Green’s lemma |Greb51],
any two minimal left ideals are isomorphic via right multiplication by
a monoid element. This gives an isomorphism of the corresponding
Markov chains. U

Let us assume from now that M is a monoid whose minimal ideal
is a left zero semigroup 0, that is, mt = m for all m € 0 and t € M.
Equivalently, the minimal ideal of M is the unique minimal left ideal
of M and has a trivial maximal subgroup. As we have seen, this is the
case for aperiodic monoids acting faithfully and transitively on the left
of a finite set. It is also the case for #-trivial monoids, which form the
primary object of study for most of the paper.

If 7 is a probability with support contained in 0 and P is any prob-
ability, then since 0 is a two-sided ideal, ™ * P is supported on 0 and
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one has, for m € 6,

(mx P)(m) = Y w(x)P(y) = m(m) Y Ply) =

TYy=m yeM

Thus we have proved:

Lemma 3.3. If M is a monoid whose minimal ideal 0is a left zero
semigroup and if w is a probability on M with support contained in
6, then mx P = m for any probability P on M. In particular, m is
tdempotent.

We can now describe in the following theorem the stationary distri-
bution for a random walk on a monoid whose minimal ideal is a left
zero semigroup, and derive in Corollary a bound on mixing times
of Markov chains with a random mapping representation containing
constant maps. Roughly speaking, the mixing time is bounded by the
probability that a product of n elements does not act as a constant.
This is essentially a variation of a technique that goes under the name
“coupling from the past” in the literature and can be found in [BD9g]
for the case when the action of M is faithful. It is the key tool we shall
use to obtain mixing times.

Theorem 3.4. Let M be a finite monoid whose minimal ideal 0 is a
left zero semigroup, and let P be an adapted probability on M. Then,
(1) The sequence P*™ converges to an idempotent probability m with
support 0 and

(3.1) |P*" = 7|7 = P(M\0).

(2) The random walk on 0 driven by P is ergodic with w as station-
ary distribution. Moreover, for any distribution v on 0,

(3.2) |P*" % v — 7|y < P(M\0).

Proof. Recall that, by Proposition , 0 is the set of recurrent elements
for the left random walk on M driven by P. Therefore, for m ¢ 6, the
sequence P*(m) converges to zero as n — oo. Take now m € 0.
The sequence P**(m) is non-decreasing: indeed, since mt = m for all
te M,
P*(n+1)( > P*n ZP P*n )
teM

Moreover, since P is adapted, there exists n > 0 such that P*"(m) > 0.
Finally, the sequence P**(m) is bounded by 1 and therefore converges
to some real number 7(m) with 0 < m(m) < 1. Altogether, using
that probability distributions are closed in ¢!(M) in conjunction with
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Lemma [3.3], we obtain that P*" converges to an idempotent probability
7 with support 0.

Observe that the set A of elements of M on which P*" is greater
than 7 is precisely M \6 Proposition then implies that

(33) [P —allyy = P™(M\0) — m(M\ 0) = P™"(M\0).

Let us now turn to (2). Since P*"* — 7 and multiplication in ¢* (M) is
norm-continuous, 7 commutes with P. Combining this with Lemma|3.3
gives that P * m = m * P = w. Therefore, 7 is the unique stationary
distribution for the left random walk on 0 driven by P (uniqueness is
given by the irreducibly of the walk and Proposition . The random
walk is ergodic by Proposition [2.5]

To conclude, take any initial distribution v on 0. Using successively
Lemma , that the ¢'-norm is submultiplicative, that probabilities
have ¢/'-norm 1, and Equation we obtain as desired:

|P*" xv—m|7ry = ||P™ *xv—mxv|ry
1

= —[|P"*xv—mxv|
2

= [P = 7llzv

— P (M \ 0). O

1 *n
< SIP™ =l vl

Corollary 3.5. Let M = (2, T) be an irreducible Markov chain with
random mapping representation M x 0 — € driven by a probability P.
Suppose, moreover, that M contains an element acting as a constant on
Q (e.g., if the minimal ideal of M is aperiodic) and that P is adapted.
Then, the following hold.

(1) M is ergodic.

(2) Let u be the stationary distribution for the random walk of M
on a minimal left ideal L driven by P and let  be the stationary
distribution for M. Then

(34) rlw)= 3w,
{z€L|zw=w}

(8) Let I be the ideal of those elements of M acting as constant
maps on . Then, for any probability distribution v on (), we
have

(3.5) [T = wllpry < P (M N\ ).
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Proof. The first item is part of Proposition[2.5] The idea for the second
item is that M is a lumping of the random Walk of M on L. The set I of
elements of M acting as a constant map is an ideal and hence contains
the minimal ideal (and consequently L). Let U: L — Q be defined by
zQ) = {¥(x)} for x € L. It is easily checked that ¥(mz) = m¥(z)
for all x € L and m € M. It follows that ¥ induces an ¢'(M)-module
homomorphism ¥: RL — RQ. We claim that 7 = U(u).

First note that W(u) is a probability distribution. Indeed, it is easy to
check that U(u)(w) = p(¥~*(w)), which is the right hand side of (3.4)).
Next we have that TV (u) = PY(u) = VU(Pu) = W(u) and hence
m = U(p). This establishes the second item.

To prove the third item, observe that the action of M on €2 induces
a homomorphism ¢: M — Tg. Let N = ¢(M). Then N acts faithfully
on {2 and, in particular, the minimal ideal .J of NV is a left zero semigroup
consisting of the constant maps on €2 (cf. Proposition. Let () be the
probability on N defined by Q(n) = P(¢1(n)); so Q(A) = P(¢~1(A))
for any A C N. As a surjective monoid homomorphism maps minimal
ideals onto minimal ideals, it follows that @) is adapted. Observe that
if ®: ¢'(M) — (*(N) is the homomorphism induced by 6, — du(m)
(ie., (@(f))(n) = X epo-1(ny f(m)), then @ = @(P). It is then easy
to see that M is the random walk of N on ) driven by @), which is
isomorphic to the random walk of N on J driven by Q. Theorem [3.4]
then yields as desired that, for any probability v on €2,

1Ty = 7llzv < QN \J) =P (@ ((N\ J)) =P"(M\I). O

The following lemma provides a technique for applying Corollary [3.5]
It is based on the same arguments as in [ASST13|[Sections 2.4 and 5.3]
and [AKS14b][Section 6].

Lemma 3.6. Let M = (2, T) be an irreducible Markov chain with
random mapping representation M x Q — Q driven by a probability
P. Let w be the stationary distribution. Suppose that M contains
an element acting as a constant on €0 and that P is adapted. Let
f: M — N be a function, called a statistic, such that:

(1) f(mm') < f(m )forallmmel\/[
(2) if f(m) > 0, then there exists m’ € M with P(m’) > 0 and
m') <

f(m £(m);

(3) f(m) =0 if and only if m acts as a constant on 2.
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Then if p = min{P(m) | m € M,P(m) > 0} and n = f(1), we have
that

IT*v — 7|y < RX__; (’;)piu —p)* < exp (_ (kp _Q(Zp_ 1))2) |

for any probability distribution v on §2, where the last inequality holds
as long as k > (n—1)/p.

Proof. Corollary [3.5| yields | T*v — r||py < P**(M \ I) where I is the
ideal of elements of M acting as constant maps. Consider the right
random walk on M driven by P, that is, the Markov chain whose
state set is M and if we are in state m, then we choose a random
element m’ € M distributed according to P and move to mm’. Then
P*%(M \ I) is the probability that if we start at 1, then on step k of
the right random walk on M we are not in 1.

Let us call a step m; — m;; in the right random walk on M suc-
cessful if either m; € I or f(m;y1) < f(m;). Property 1 of f implies
that f(m;) = f(m;y1) if the step is not successful. By Property 3, if
m is the current state after k-steps of the walk, then the probability
f(m) > 0 is precisely P**(M \ I). The probability that f(m) > 0 after
k steps of the right random walk on M is less than the probability of
having at most n — 1 successful steps in the first & steps.

Property 2 of f says that each step has probability at least p to be
successful. Therefore, the probability that f(m) > 0 after k steps of the
right random walk on M is bounded above by the probability of having
at most n — 1 successes in k Bernoulli trials with success probability p.

Using Chernoff’s inequality for the cumulative distribution function
of a binomial random variable we obtain that (see for example [DL01,
after Theorem 2.1])

1P* — ey < Z (f;)piﬂ i < exp (_<kp ~(n- 1>>2> |

2kp

where the last inequality holds as long as k > (n —1)/p. O

4. GENERALITIES ON Z-TRIVIAL RANDOM WALKS

From now on we confine our attention to Z-trivial monoids, which
form a class rich enough to contain many interesting examples, but
restrictive enough to provide a workable theory. In particular, this
theory subsumes the left regular band theory of Brown [Bro0OOa].
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4.1. The spectrum of the transition matrix. The spectra of ran-
dom walks on minimal left ideals of a fairly general class of monoids —
those with simple modules of dimension 1 — was computed in [Ste06,
Ste08]. We recap here for completeness the special case of Z-trivial
monoids, where no group theoretic considerations intervene.

Suppose that M is a finite Z-trivial monoid. Let

Y(M) = {Mm | m e M}

be the poset of principal left ideals of M ordered by inclusion. Note
that M/.Z is partially ordered by < and is isomorphic to Y(M).
Let

A(M) = {Me | e € E(M)}

be the subposet of idempotent-generated principal left ideals. It is well
known that A(M) is a lattice and that Me AM f = M(ef)“. Moreover,
the mapping c¢: M — A(M) defined by ¢(m) = Mm® is a homomor-
phism (details can be found, for example, in [MS12a]). Sometimes c is
called the content map.

Define d: M — A(M) by d(m) = Me where e is any element of the
minimal ideal of the right stabilizer of m. One has that mt = m if and
only if ¢(t) > d(m). Sometimes d is called the right descent map.

The mappings ¢, d descend to order preserving maps ¢,d: YT(M) —
A(M) with

c(Mm) = \/{Me € A(M) | Me < Mm}
d(Mm) = [\{Me € A(M) | Mm < Me}

and so in particular ¢(Mm) < Mm < d(Mm) and ¢(Mm) = d(Mm)
if and only if Mm € A(M). Thus one has ¢ = d if and only if M is a
left regular band.

Remark 4.1. For the categorically minded, we observe that if e € F,
then Me < Mm if and only if Me < ¢(Mm) and Mm < Me if and
only if d(Mm) < Me and therefore c¢,d are right and left adjoints,
respectively, of the inclusion of A(M) into YT(M).

It is well known that, if M is Z-trivial, then every simple RM-
module is one-dimensional, cf. [GMS09,|AMSV09]. More precisely,
there is one irreducible character xx: M — R for each X € A(M)
given by

1, if Mm > X (ie., ¢(m) > X),
e (m) = (ie., c(m) 2 X)
0, else.
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The following is a reformulation of a theorem of the third author
from [Ste06] to a slightly more general setting. It generalizes straight-
forwardly to any monoid whose regular _#-classes are aperiodic semi-
groups. For representation theorists this theorem and its proof can be
summarized as follows: the multiplicities of the eigenvalues are given
by the multiplicities of the isomorphism types of simple modules in the
composition factors of R2; the later can be computed by character the-
ory, counting fixed points of appropriate elements of the monoid and
inverting the character table. This last step boils down to a Mobius
inversion since the character table is given by the incidence matrix of
the poset A(M).

Theorem 4.2 (Steinberg [Ste06]). Let P be a probability on an Z-
trivial monoid M and let M act on ). Let T be the transition matrix
for the random walk of M on Q driven by P. Fiz, for each X € A(M),
an idempotent ex with X = Mex and let u be the Mébius function of
A(M). Then each X € A(M) contributes an eigenvalue

(4.1) M= S Pmy= 3 Pm).

Mm>X c(m)>X

with (possibly null) multiplicity given by

myx = Z ley Q| - (Y, X) .

Y<X

All eigenvalues of T are obtained this way.

Proof. In what follows we identify ¢!(M) with RM. Choose a compo-
sition series for the RM-module RQ =V, D V,_; D --- DV = {0}.
Each simple RM-module V;/V;_; is one-dimensional. As each Vj is an
invariant subspace for T (which acts on RQ2 as P), we see, by choosing
a basis adapted to this composition series, that 7" is similar to an upper
triangular matrix of the form

XI(P) * *
(12) 0 @ o
0 S— Xjo| (P)

where the y; are characters of M. Therefore, the eigenvalues are given
by the x;(P). If x; is the character xx corresponding to X € A(M),
then

Xi(P)=>_ P(m)xx(m)= Y P(m)=A\x.

meM Mm>X
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To compute the multiplicity of Ax, observe that the character 6 of the
module RS2 counts the number of fixed points, that is, for m € M,

(m) = {w € Q| mw = w}|.

In particular, f(ex) = |exQ|. On the other hand, f(ex) = > ., xi(ex),
and using that

1 Y <X,
Xy (ex) =

0, else,

we get
lexQ = 0(ex) = Y _ my.
Y<X

Mobius inversion then yields the desired multiplicity:

mx =Y leyQ - p(Y, X). O

Y<X

4.2. A sufficient condition for diagonalizability. Let P be a prob-
ability on an Z-trivial monoid M. We give a sufficient condition for
diagonalizability of P as an operator on ¢*(M). This implies the di-
agonalizablity of the transition matrix 7" of any random walk of M on
a set  driven by P. This is because the subalgebra R[P] of ¢'(M)
generated by P will be split semisimple and thus its quotient algebra
R[T] will also be split semisimple, which is the same thing as saying
that T is diagonalizable.

This generalizes Brown’s diagonalizability result [Bro0Oa| for left reg-
ular band walks. In what follows we write m for §,, and omit the * for
convolution (i.e., we identify ¢*(M) with RM).

Theorem 4.3. Let P be a probability on an Z-trivial monoid M and
let N be the submonoid generated by the support of P. Recall from
Theorem [4.3 that the eigenvalues of P are of the form

)\X = Z P(m) s
c(m)>X
where X € A(M).

Assume that Agumy 7 ANagme)y whenever m € M, m' € mN and m' #
m. Then, P(m) is diagonalizable as an operator on the left of (*(M)
and hence the transition matriz of any random walk of M on a finite
set ) driven by P is diagonalizable.

Before proving the theorem, we recover Brown’s theorem on diago-
nalizability of left regular band walks [Bro0OOb].
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Corollary 4.4. A random walk of a left reqular band M on a set 2
has a diagonalizable transition matrix.

Proof. We verify the criterion in Theorem [4.3] applies. Take m € M
andm—mnEmNsuChthatm#m Then, c(n) > ¢(m') = d(m/
and ¢(n) # d(m (m). On the other hand d( ") =ce(m') < ¢(m)
d( ) Thus >\d(m Z )\d(m +P( )> )‘dm

Proof of Theorem[{.3. We will prove that the minimal polynomial g of
P is square-free. Note that ¢ coincides with the minimal polynomial of
P acting on the left and on the right: indeed, ¢(P) = 0 if and only if
0 = q(P)1 = 1¢(P). We consider here the action of P on the right of
(Y (M) to exploit the Z-triviality of M, i.e., that <z is a partial order.
Define a partial order < on M by m’ < m if m" € mN. Note that
m’ < m implies m’ <5 m and so < is indeed a partial order. We write
m' < m if m" < m and m’ # m.

Lemma 4.5. Let m € M. Then,
m(P = XAmy) = > P(tymt,
(t)£d(m)

with all the non-zero terms of the summand on the right hand side
satisfying mt < m.

Proof. Recall that ¢(t) > d(m) if and only if mt = m, and otherwise
mt <g4 m by Z-triviality. Therefore,

mP= Y Ptym+ »_  P(t)mt

c(t)>d(m) () Fd(m)
= Xagmym+ Y P(t)ymt. O
c(t)£d(m)
Since P(t) > 0 implies t € N, the lemma follows.

For m € M, let o(m) = {Agmn) | n € N} and consider the square-
free polyomials

Gm () '

T — )\d(m)

@)= [ G-N  ad  Qul)=

A€o (m)

By our hypothesis on P, ¢, (x) divides @Q,,(z) whenever m’ < m be-

cause o(m’) C o(m) \ {Aim)}-
Lemma 4.6. If m € M, then m - g,,(P) = 0.
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Proof. The proof is by induction on the order <. Suppose first that m
is <=-minimal. Then, m = mn for all n € N, i.e., ¢(n) > d(m) for all
n € N. Hence, o(m) = {Aqum)}, and Lemma immediately yields
m - gm(P) = m(P — Agam)) = 0.

In general, assume that the lemma holds for all m’ € M with m’ < m.
Since ¢,y (P) divides @,,(P), this implies m'Q,,,(P) = 0. Therefore,
using Lemma [4.5]

m - gm(P) =m - (P — Xgm)) - Qum(P)

= )  Pt)mt-Qu(P)=0
c(t)2d(m)

(since ¢(t) # d(m) and P(t) > 0 implies mt < m). O

The theorem follows by taking m = 1: since 1 - ¢;(P) = 0, the
minimal polynomial ¢ of P divides ¢; and is therefore square-free. [J

Note that the above proof does not use that P is a probability. In
fact, independently of the ground field, Theorem applies to any
element of the algebra of an Z-trivial monoid.

Let us define a probability P on M to be generic if, for all X #Y €
A(M), we have that

Ax = > P(m)# > P(m)=M\.

Mm>X Mm2>Y

Note that generic probabilities are those probabilities that do no lie on
a certain finite set of hyperplanes and hence are generic in all reasonable
senses of the word.

Corollary 4.7. Suppose that M 1is an Z-trivial monoid such that
m >4 m' implies that d(m) # d(m’). Then every generic probabil-
ity P is diagonalizable as an operator on £*(M) and consequently, the
transition matriz of any random walk of M on a set driven by a generic
probability is diagonalizable.

Proof. The result is immediate from Theorem since for a generic
probability we have d(m) # d(m') implies Agm) 7# Aam)- O

4.3. A formula for the stationary distribution for Z-trivial
monoids. We continue to assume that M is an Z-trivial monoid with
minimal ideal 0 and let P be an adapted probability on M. Our goal is
to give an explicit formula for the stationary distribution of the random
walk on 0 driven by P. We continue to use the notation (4.1)).
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Let T" be the transition matrix for the right random walk on M
driven by P. So T' is a row stochastic M x M-matrix with

T(m,t)= Y P(x).

max=t

Note that T'(m, m) = Agum) and that
(4.3) T"(1,m) = P*(m).

Also observe that T belongs to the incidence algebra of (M, >4)
(recall that the incidence algebra of a finite poset P is the algebra of
all upper triangular P x P-matrices over R; that is, all A: P x P — R
such that A(p,q) =0 if p £ ¢). In particular, T' is an upper triangular
matrix if we order M along a linear extension of >.

We recall that if P is a finite poset, then the order complex of P is
the simplicial complex whose vertex set is P and whose ¢g-simplices are
strictly decreasing chains o = 0y > 01 > --- > 0, of elements of P.

Let A(M) be the order complex of (M, <gz). Let St(1) be the star of
1; it consists of all simplices o containing 1 as a vertex. If m € M, let
N(m) be the set of all simplices in St(1) with minimal vertex m, i.e.,
it consists of all strictly decreasing chains 1 = 0y >4 -+ >4 04 = m.
A simplex ¢ € St(1) will always be written o = (09,01, ...,0,) where
q=dimo, g =1 and 0; >4 0;11. Let us put

q

P(o) =[] T(oi-1.04) -

=1

Notice that P(o) will be 0 unless there is a product of elements in the
support of P which visits precisely the Z-classes of o.

The complete homogeneous symmetric polynomial of degree j in vari-
ables 1, ..., %, is denoted h;(z1, ..., 2,); it is the sum of all monomials
of degree j.

Proposition 4.8. Let m € M. Then,

P (m) = Z P(0)hn—dimo(Ad(oo)s - - - > Md(oaims))-

oceN(m)
dimo<n

Proof. We have that P*"(m) = T"(1,m). As T"(1,m) is in the inci-
dence algebra of (M, >4), it follows (using T'(m,m) = Aqan) that

(44)  P™(m) =3 > N T(00, 01Nk, T (041, 00) N
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where the sum runs over all o = (0¢,01,...,0,) € N(m) with ¢ <n
and 79 + - -+ + 7, =n — q. As desired, this gives:
Z P(U)hn—dimo()\d(oo)y /\d(al)a cee 7/\d(¢7dima)) . U
ogeN(m)
dimo<n

If m €0, then ¢(m) = d(m) = 0 and Aam) = 1. Thus we have the
following specialization of Proposition for m € 0.

Corollary 4.9. Let m € 0. Then

P*n(m) = Z P(U) ) Z hr(Ad(Go)? R )\d(odimo—l))'

ceN(m) r<n—dim o
dimo<n

We now can compute a formula for the stationary distribution.

Theorem 4.10. Let P be an adapted probability on a finite %-trivial
monoid M with mim’Inal tdeal 0. Then the stationary distribution © of
the random walk on O driven by P is given by

dlmo' O' T(0i-1,09) 0_ dim o Z P(ZE)
D S | s

oeN(m) i=1 L= M) seN(m) i=1 1 — Z P(z)
c(z)>d(oi-1)
where N(m) consists of all chains 1 =0¢ >5 01 >4 -+ >z 0, =m.

Proof. By Theorem we know that w(m) = lim, ., P*"(m). By
Corollary [4.9]

lim P*"(m) = Z P(U) : Z h'r()‘d(ao)7 R )\d(Udima—l))
r=0

n—0o0

dimo—1 oo

= 2. PO I 2 ¥,

oc€N(m) =0 j=0
dimo—1 1
= P -
oe%: 11 L= Ada
dlmo
_ Uz—l; Uz . (]
O’E; H 1 - )\d(a, 1)

Remark 4.11. The stationary distribution 7 admits the following prob-
abilistic interpretation. It is the probability of obtaining m via the
following process. You start at the identity and continue the process
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until you arrive at the minimal ideal 0 at which point you stop. If you
are at t € M, then you remove from the support of P all elements in
the right stabilizer of ¢ and then renormalize to obtain a probability
Q;. Select an element x of S according to ); and move to tz.

Equivalently, this is the usual right random walk on the monoid,
except one rejects each step that does not go strictly down in the %-
order.

4.4. Reduced words and product formulas. Let P be an adapted
probability on an Z-trivial monoid M with minimal left ideal 0 and
denote by X the support of P. We write [w]y; for the image in M of a
word w in the free monoid X*. If w = w; ---w, is in X*, let o(w) be
the simplex of A(M) given by the set

o(w) = {1, [w1]nr, [wrwa]ar, - -+, [wr -~ wp]ar}

Note that the elements [wy - - - w;]pr with @ = 0,...,n need not be dis-
tinct; if they are we call the word w reduced. Define the reduction
p(w) of w to be the word obtained by removing those letters w; with
[wy -+~ wi]ar = [wy - w1y Tt s easy to see that [p(w)]y = [w]y and
o(w) = o(p(w)). For m € M, denote by Red(m) the set of all reduced
words w € X* with [w]y; = m. The reduced words are precisely the ele-
ments of the Karnofsky—Rhodes expansion of M with respect to the set
X [Els99]; they were used by Brown in his proof of the diagonalizability
of left regular band walks [Bro0OOa].

It is immediate from the definition that if o is a simplex of A(M)
and R(o) is the set of reduced words w with o(w) = o, then

P(o)= Y P(w)-Plwy).
weR(0)
In light of this, Theorem admits the following reformulation.

Theorem 4.12. Let P be an adapted probability on a finite Z-trivial
monoid M with minimal ideal 0. Then, the stationary distribution w
of the random walk on 0 driven by P s given by

|w|

- 2 1l

weRed(m

- )‘d( (w1 w;—1] )

weRed(m) i=1 1— Z P(z)
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Theorem reduces to a product formula in the special case that
each element of the monoid admits a unique reduced representative.
In fact, much of the random walk theory becomes particularly simple
in this case. So let M be an Z-trivial monoid with generating set X.
We say that M is Karnofsky—Rhodes with respect to X if each element
of M can be represented by a unique reduced word over X. This is
equivalent to saying that the right Cayley digraph of M with respect to
X becomes a directed rooted tree after removal of loop edges. Free left
regular bands are examples, and we shall encounter others in this paper.
Abusing notation slightly, we write Red(m) for the unique reduced word
representing the element m. Notice that if M is Karnofsky-Rhodes with
respect to X, then m <z n if and only if Red(n) is a prefix of Red(m);
in particular, if e € E (M), then em = m if and only if Red(e) is a prefix
of Red(m). The following corollary is immediate from this discussion
and Theorem 1.12

Corollary 4.13. Let M be a finite Z-trivial monoid which is Karnofsky—
Rhodes with respect to a generating set X. Let P be a probability on
M with support X. Denote by 0 the minimal ideal of M. Let w be
the stationary distribution of the random walk on 0 driven by P. For
an idempotent e, let r. be the number of elements ofa whose reduced
expression has Red(e) as a prefiz.

(1) Ife € E(M), then the multiplicity of the eigenvalue of the tran-
sition matrixz corresponding to Me is

> rpu(Mf, Me)
Mf<Me

where 1 is the Mdobius function of A(M).
(2) If m € 0 with Red(m) = wy - - - w,, then

) — i P(w i P(w;)
( ) E )‘d ([w1-wi—1]ar) E 1-— Z P(:B) .

(@) >d([wr-wi—1]ar)

It is not hard to see how to recover the stationary distribution for the
Tsetlin library from this corollary. If w = wy - - - w, is a repetition-free
word over an n-letter alphabet and we use the free LRB as the monoid
M, then w itself is its only reduced representative.

Remark 4.14. One more generally obtains a product formula as long as
o(w) is constant along the reduced words w of each given element m.
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4.5. Rates of convergence for Z-trivial monoids. We continue
to assume that P is an adapted probability on an Z%-trivial monoid M
with minimal left ideal 0. In this section we give a crude upper bound
on the rate of convergence to stationarity of the random walk on 0. Let
v be a probability on 0. Then, by Theorem , we know that

| P — ||y < P*(M\0).

We proceed by bounding the right hand side.
For L an .Z-class, let

Ms,p={meM|m>yL}.

Clearly
P*n M>$L Z P*n L/
L'>oL
and so by Mobius inversion we have
(4.5) P(L)= Y P"(Msyu)-u(L,L).
L'>4L

where 11 denotes the Mobius function for the induced order on M/.Z,
then

Note that, if L' € A(M), then P**(M> /) = A},. One then has the
following result in the left regular band case.

Corollary 4.15. Suppose that M is a left reqular band and P is an
adapted probability. Then,

P (MN\D) == > Ny - (0, X).
x>0
In particular, if v is a probability on 6, then

1Py = allpy < = N - u(0,X)

X>0
where T s the stationary distribution.

Proof. By (4.5) and using that \j = 1 = u(ﬁ,/O\) and P (Ms 1) =
A7, we have that

P(M\0)=1-P 1= N p(0,X) == > M- (0, X).

x>0 X>0
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Note that this bound immediately implies that of Brown and Dia-
conis [Bro00a,BD98| for left regular band walks, as well as the bound
in [BHR99| for hyperplane walks.

When L does not consist of idempotents, computing P*(Ms )
seems to be challenging.

4.6. Absorption times and mixing times. If P is an adapted prob-
ability on an Z-trivial monoid M, then the right random walk on M
driven by P is absorbing with absorbing states the elements of the min-
imal ideal 0. Let 7 be the random variable which is the time that the
random walk is absorbed into the minimal ideal. Theorem [3.4] essen-
tially shows that 7 is a strong stationary time [LPWO09] for the random
walk on 0 driven by P (or more generally, by Corollary , for any
ergodic random walk of M on some set). More precisely, if M acts
transitively on {2, P is an adapted measure, v is an initial probability
on €2, and 7 is the stationary distribution, Corollary implies

(4.6) |P™ — 7|y = P*(M\0) = Pr{r > n} = Pr{r > n+1}.

As a consequence of our computations for left regular bands, we
obtain the following.

Theorem 4.16. Let M be a left reqular band and P an adapted proba-
bility on M. Let T be the absorption time of the right random walk on
M driven by P, and let p be the Mobius function of A(M). Then

where Ax =3 ,>x P(m).

Proof. Apply Corollary using the standard fact about non-negative
integer valued random variables (see [LPW09]) that the expected value
of 7 is given by

(4.7) Elr] =) Pr{r>n}=> P"(M\0). O

As an example, we obtain the usual formula for the expected wait-
ing time for the coupon collector problem, as well as the non-uniform
version considered in [FGT92].

Ezample 4.17 (Coupon collector). Suppose we wish to collect k different
types of coupons. With probability p; we draw coupon ¢. What is the
expected number of draws to collect all £ coupons? Let 7 be the number
of draws to collect all k£ coupons. Then 7 is the absorption time for
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the random walk on the join semilattice P({1,...,k}) driven by the
adapted probability P(i) = p;. For I C {1,... k}, let

Then by Theorem we retrieve the result of [FGT92]:
1
Br)= Y (-t

1C(1,. k) 1=Ar
In particular, if p; = 1/k for all ¢, this reduces to

Elr] = ki(—l)k—j—l (’;’) ﬁ _ /{;(—1)‘1—13 (S) — k li %] ,

which is the standard computation for the coupon collector expectation.
One easily obtains from this bound that

Elr] < klogk 4+ vk +1/240(1),
where 7 is the Euler-Mascheroni constant.

As a consequence of Theorems and [4.16], we obtain the following
bound on the rate of convergence to stationarity for a random walk on
an Z-trivial monoid.

Corollary 4.18. Let P be an adapted probability on an Z-trivial monoid
M. Let T be the absorption time of the right random walk on M, let v
be an initial distribution on 0 and m the stationary distribution. Then,

1
Py — < ——FE|T].
1Py = llry < ——El7)

In particular, if M is a left reqular band, then

1 1 ~
Py — < - - 1(0, X).
Py —m|rv < n—l—lzl—)\x (0, X)

X>0

Proof. Recall Markov’s inequality [LPWO09| for a non-negative discrete
random variable 7:

1
Pr{r > a} < —FI7].
a
Using Theorem [3.4] we then have

~ 1
127"y = wllzy = P™(MA0) =Pr{r 2 n+1} < ——Elr].
n

Theorem [4.16| gives the second statement. U
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Ezample 4.19 (Tsetlin library). Consider the Tsetlin library with &
books as a random walk on the free left regular band on {1,...,k}.
We recall that the free left regular band on a set A consists of all
repetition-free words over A. The product is concatenation followed by
removing repetitions as you scan from left to right. A word belongs
to the minimal ideal precisely when it contains all letters. Thus 7 is
the coupon collector random variable for k coupons. So if p; is the
probability of selecting book ¢, then

1 1
1Py =y € — 30 ()
IC{1,...k}

In particular, if the weights are uniform, we recover the usual order
klog k mixing time for the top-to-random shuffie.

Example 4.20 (Promotion on a union of chains). As our next exam-
ple, let ji,...,jx > 1 and let M be the quotient of the free monoid
on xi,...,r, by the relations which state that if w is a word with j;
occurrences of x;, then wx; = w. It is easy to see that M is a finite Z-
trivial monoid. The minimal ideal consists of those words with exactly
7; occurrences of x; for each 1 <1 < k.

If we consider a probability P supported on xy, ..., z; with P(z;) =
pi, then the random walk on 0 driven by P admits the following de-
scription as a generalization of the Tsetlin library. On a shelf one has
books x1, ...,z with j; copies of book z;. One chooses a book z; with
probability p; and moves the last copy of this book to the front. This
is a special case of the promotion random walk on a union of chains
considered in [AKS14a].

Note that the absorption time 7 is the following well-studied variant
of the coupon collecting problem, see |May0§|. As before, one has k
types of coupons with different probabilities of being chosen, but now
one wants to collect j; copies of coupon i. The expected value was
given in [May08]. The result is

(4.8) E[r] = Z (—1)|I\+1 Z Dicr i Lier pi' )

1+Zi i
Q)#Ic{lv"'vk} (T’L)Eniej{ovlwwji*l} (ZiGI pz) <

It is not clear how useful this formula is for direct computation. How-
ever, the case of uniform weights and an equal number of copies of
each book was studied earlier by Newmann and Shepp [NS60]. A more
precise result was obtained by Erdos and Rényi [ER61]. If j; = --- =
Jk = 7, then

E[r] =klogk + (j — 1)kloglogk + k(v — log(j — 1)!) + o(k) .
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Treating j as a constant, this gives a mixing time of order k log k+ (j —
1)k loglog k for this generalized Tsetlin library with equal multiplicities
and uniform weights.

Our final result of the subsection gives a formula for the expected
value of the absorption time for an arbitrary Z-trivial monoid. How-
ever, this formula might be too cumbersome from a computational view
point.

Theorem 4.21. Let M be an Z-trivial monoid and P an adapted
probability on M. Let T be the absorption time of the right random
walk on M driven by P. Then, retaining earlier notation,

Erj= Y __Plo) |

seSt(1)NA(M\D) [T (1 = Aay))

Proof. This is immediate from Proposition and (4.7)). O

As a consequence, we obtain the following bound on the mixing time
for random walks on Z-trivial monoids.

Corollary 4.22. Let P be an adapted probability on an Z-trivial monoid
M. Let v be a distribution on the minimal ideal O of M. Let w be the
stationary distribution. Then

1 P(o)
Py —1 < —- E . .
! = o TI5 (L= Ao
oeSt(DNA(M\D) +1i=0 g%

5. THE FREE TREE MONOID

Let X be a finite alphabet endowed with a total order <. The free
tree monoid on X is the monoid FT(X) generated by X subject to the
relations 22 = z for z € X, as well as yzy = yxr whenever x < y €
X. We shall sometimes call quotients of FT(X) (together with their
distinguished ordered generating sets) tree monoids in this context.
Note that if M is a tree monoid with respect to an ordered generating
set X and Y C X is considered with the induced order, then (V) is a
tree monoid with respect to the generating set Y.

In this section we show that FT(X) is #-trivial (Corollary [5.2), its
combinatorics is governed by trees (Proposition 5.5)), and that the lat-
tice A(FT(X)) is the Boolean lattice (Propositio. In Section[5.2]
we present a slight generalization, which does not require the generators
to be idempotent, but still yields an Z%-trivial monoid.
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5.1. Properties of the free tree monoid. The defining relations of
FT(X) can be made into a length-reducing rewriting system in the ob-
vious way; this rewriting system is not necessarily confluent, meaning
that terms which can be rewritten in more than one way eventually
yield the same result. But it turns out that the Knuth-Bendix comple-
tion terminates and the resulting system admits a nice combinatorial
description.

Formally speaking, a rewriting system R over an alphabet X consists
of a collection of rules ¢/ — r with ¢, r words over X. It is called length-
reducing if [¢| > |r| for each rule £ — r. If u,v € X* then the
one-step rewriting relation u =g v holds if there is a rule / — r and a
factorization u = wlz with v = wrz. One writes =7, for the reflexive-
transitive closure of = . The rewriting system R is confluent if v <
u =7 w implies that there is a word z such that v =% 2z j<w. If the
system is length-reducing, it is enough to check that v <= v = w
implies there is a word z such that v =% 2z z< w. In fact, it is enough
to check the case that the left hand sides of the two rules applied to
obtain v and w from u overlap.

A word w is said to be reduced with respect to R (or irreducible) if
it contains no factor which is the left hand side of a rule, i.e., it cannot
be rewritten. For a confluent, length-reducing rewriting system, each
word can be rewritten to a unique reduced word and each reduced word
represents a distinct element of the monoid with generating set X and
defining relations obtained by turning the rewriting rules ¢ — r into
formal equalities £ = r. The Knuth-Bendix completion process is a way
to take an arbitrary rewriting system and complete it to a confluent
one defining the same quotient monoid of the free monoid X* (if the
process terminates). See [BO93| for details.

The following proposition gives an inductive construction of the Knuth—-
Bendix completion of the rewriting system defining FT(X).

Proposition 5.1. The Knuth—Bendix completion of the rewriting sys-
tem 2> — x and yry — yx whenever x < y over X is given by the
rewriting rules:

yuy — yu  fory € X and u a reduced word (possibly empty)
in FT({x € X |z < y}).

See Corollary [5.3| for an explicit description of the reduced words and
Remark [5.6] for their number.

Proof. Let R be the rewriting system consisting of the rules z* — «
and yry — yx with < y, for z,y € X and let R’ be the rewriting
system in the statement of the proposition. Note that R C R’ because

2
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the empty word and alphabet symbols are reduced with respect to R'.
We next show that the left and right hand sides of each rule of R’
are equal in the monoid defined by the rewriting system R. Indeed,
if u = uy---u, is a word with each u; < y, then a simple induc-
tion argument shows that yuiyus - - - yu,, =% yus - Uy, = yu. Thus
YUY pE Yuryug - Yl =R YUYy - Yy, =5 yu and so yuy and yu
represent the same element of the monoid defined by R.

Let us take for y the largest letter in X. Since the rewriting rules
in R and R’ do not change the letters that appear in a word, we may
assume that the Knuth-Bendix completion for the alphabet X \ {y} is
as given in the proposition, i.e., that R’ is confluent on X \ {y}. (Note
that the base cases of | X| < 1 are trivial.) We now apply a single step
of the Knuth-Bendix completion after adding the relations involving
y. The only left hand sides that may overlap are of the form:

e yuy with yvy with v and v reduced words in FT(X \ {y}) (possi-
bly empty). Suppose that uv =%, r with r reduced over X\ {y}.
Then we have

YTy pr<= YUVY pré= YUYUY =g YUYU =g YUU =g Yr.

Since the rule yry — yr belongs to the rewriting system R’ over
X, we have established confluence of R’. O

We remark that the empty word is reduced for any totally ordered
alphabet and so, in particular, y?> — y is a rewriting rule for any y € X.

Note that, since the rewriting rules in the Knuth-Bendix comple-
tion are strictly length-reducing, the two notions of a reduced word
representing an element f are equivalent (i.e., words of minimal length
representing [ are precisely those that cannot be rewritten). In par-
ticular, each element f € FT(X) is represented by a unique reduced
word.

Given the form of the rewriting rules (all of the form uy — u), we
obtain immediately the following description of the right Cayley graph.

Corollary 5.2. The right Cayley graph of FT(X) is the prefiz tree on

the reduced words of its elements, with a loop u = u whenever ui is
not a reduced word (see Figure[l). In particular, FT(X) is #-trivial
and is Karnofsky-Rhodes with respect to X.

Another immediate consequence is the following description of the
set of reduced words.

Corollary 5.3. A word u is a reduced representative of an element of
FT(X) if and only if u does not contain the largest letter y of X and is
reduced in FT(X \ {y}), or u has exactly one occurrence of y and the
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FicURE 1. The right Cayley graph of the free tree
monoid FT({z < y}).

AL O A
y Ny T
;p/\g; f\x<y7 .
/NN /\ /\ v
y

AT

€ Y

Fi1GURE 2. The left Cayley graph of the free tree monoid
FT({z < y}).

factorization u = vyw according to y gives recursively words v, w that
are reduced with respect to FT(X \ {y}).

Corollary yields a recursive map ¢y from reduced words of ele-
ments of FT(X) to trees. Namely, let 7,, be the set of ordered unla-
belled trees having nodes of out-degree 0,1,2 and such that all leaves
are at level 0 while the root is at level n. They are counted by the
sequence a(0) = 1 and a(n) = a(n — 1)? + a(n — 1) whose first terms
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are
1,2,6,42,1806, 3263442, 10650056950806

(see #A007018 of [F112]).

Take now u a reduced word. If X (and therefore u) is empty, let
¢x(u) be the tree in Ty consisting of a single leaf. Otherwise, let x be
the largest letter of X. If x appears in u, write u = vxw, where v and
w belong to X \ {z} and define ¢x(u) as the tree, where the root has
two subtrees ¢x\ (2} (v) and ¢x\(z3(w) in this order. Otherwise, define
¢x(u) as the tree whose root has ¢x\ (1 (u) as single subtree.

Ezample 5.4. Let X = {x1, x5, x3,24}. Then,

@)
/
—

<

¢X(I3$2$4$1$2) =

A

where, for ease of reading, we drew as additional information the gen-
erator corresponding to each inner node of out-degree 2.

Note that the number of leaves of the tree is given by the length of
the word plus one.

Proposition 5.5. The map ¢x is a bijection between the elements of
the free tree monoid FT(X) and the trees in T)x|.

Remark 5.6. The number of rules in the Knuth—Bendix completion for
FT(X) is given by | X[+ a(1) +--- +a(|X] - 1).

Remark 5.7. Let e be an idempotent of FT(X). Then e fixes u on the
left, that is, eu = u, if and only if the reduced word of e is a prefix of
that of w (this is an immediate consequence of the right Cayley graph
being the prefix tree on reduced words, see Corollary .

Remark 5.8. If Y C X then the submonoid of FT(X) generated by
Y is clearly FT(Y) with the induced ordering because the right hand
side of each rule in Proposition has the same set of letters as the
left hand side.

Proposition 5.9. Toke X = {21 < --- < z,} and t = ¢x(u), where
u is an element of FT(X). Then, i is a right descent for u (that is,
ur; = u) if and only if the i inner node on the branch from the
rightmost leaf to the root has out-degree 2.

Furthermore, i is a left descent for w if and only if the unique reduced
word for u starts with © or, equivalently, the leftmost node of out-degree
2 in t is of height 1.
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Proof. Looking at the completed rewriting system, we see that ux; = u
if and only if u admits a suffix of the form z;v with v in FT({z; <
-+« < x;_1}). From the recursive definition of ¢y, this is equivalent to
the desired condition on ¢.

For left descents this is an immediate consequence of Remark[5.7] [

For example, z3xoxsx122 has 2 and 4 as right descents (see Exam-
ple .

For v € FT({z1 < --- < z,}), denote by D (u) and Dg(u) the set
of left and right descents of u, respectively. For example,

DR($3$QI'4$1372) = {2, 4} and DL<373$2-T4$1$2> = {3}
For I C {1,...,n}, define the right descent class indexed by I as
FT(X) = {u e FT(X) | Dg(u) = I} .

Proposition 5.10. The size of the right descent class FT(X)! is given
by [Lic; a(i — 1). In particular, the minimal ideal of FT(X) is of car-
dinality a(1)---a(n —1).

Proof. Any tree in FT(X)! can be constructed in a unique way by
starting with a straight branch of length n and, for each 7 € I, grafting
some subtree in T;_; on the left of the ¥ inner node of the branch.
The tree in Example is obtained by grafting ¢y,,1(z1) € 71 on the
second inner node and ¢z, <z,<zs} (T322) € T3 on the fourth.

Formally, we prove this by induction on |I|. If [ = ), then FT(X)!
consists of just the empty word. Else, let j € I be maximal and let
I' = T\ {j}. From the proof of Proposition 5.9 we see that Dp(w) = I
if and only if the reduced form of w is uz;jv where u,v are reduced
words in the alphabet {z | * < z;} and Dg(v) = I’. Thus there are
a(j —1)-[L;cp a(i — 1) elements in the descent class of I by induction.

The final statement, follows because the minimal ideal is the descent
class FT(X)X. O

Proposition 5.11. The lattice A(FT(X)) is isomorphic to the power
set P(X) ordered by reverse inclusion (and so the monoid operation
is union). More precisely, the isomorphism sends the principal ideal
FT(X)e generated by an idempotent e to the set of letters appear-
ing in the reduced word representing e. Consequently, each subset
I = {iy < - < i} CA{Ll,...,n} of X contributes one element
to A(FT(X)), namely the principal ideal generated by the idempotent
er = x;, -+ %y . This corresponding £ -class is the minimal ideal of
FT(I) (viewed as a submonoid of FT(X) via Remark [5.8) and is of
cardinality a(1) ---a(|I| —1).
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Proof. Since the singletons {z} with x € X generate P(X) and satisfy
the relations of FT(X), we have a surjective homomorphism f: FT(X) —
P(X) sending x to {z}. It is well known (cf. [MS12a]) that any homo-
morphism from an Z-trivial monoid to a semilattice factors through c,
so we have that f induces a surjective homomorphism f": A(FT(X)) —
P(X). Since ¢(X) generates A(FT(X)) and P(X) is a free semilattice
with identity on X, we conclude that f’ is an isomorphism. The re-
maining statements follow easily. For example, Proposition [5.10| gives
the cardinality of the .#Z-class associated to I. Also e; is idempotent by
a simple induction argument of |I| because if I’ = I\ {i;}, e; = zep
and hence ere; = xpepxpep = xyepep = xpep where the penultimate
equality uses that the alphabet of e, consists of symbols smaller than
x¢ and the last equality uses induction. U

Note that under the isomorphism of A(FT(X)) and P(X) we have
that d(u) = Dg(u) for u € FT(X).

Our next result shows that FT(X) satisfies the conditions of Corol-
lary [4.7 Thus random walks of FT(X) on finite sets have diagonaliz-
able transition matrices when driven by generic probabilities. Several
such models will be considered in the subsequent sections.

Proposition 5.12. Suppose that u >4 v in FT(X). Then d(u) # d(v).
Consequently, the transition matriz of any random walk of FT(X) on
a finite set driven by a probability P is diagonalizable as long as the
partial sums Y ., P(x) are distinct for distinct subsets of X.

Proof. We prove the equivalent assertion that Dg(u) # Dg(v). Let
X ={x1,...,z,} with 7 <29 <--- < z,,. We can identify subsets of
X with bit strings of length n by setting, for I C X, w; = wy---w,
where w; = 1 if ¢ € I and w; = 0, otherwise. We order bit strings
by reverse lexicographical order (that is, by least significant bit). We
claim that if u >4 v, then wp,w) < Wpgw). Since >z is the prefix
ordering, it suffices by induction to prove the assertion when v = ux;
with z; € X. The fact that v # v implies x; ¢ Dg(u); on the other
hand z; € Dg(v). We claim that if j > ¢, then z; € Dg(u) if and only
if z; € Dg(v). It will then follow that wp,w) < Wpyw)-

By the proof of Proposition we have that if x; € Dg(v), then
v = ax;b with a,b reduced and b € FT({zy,...,2;1}). But then

= b'z; and u = ax;b’ with 0 € FT({x1,...,z;_1}). Thus z; € Dr(u).
Conversely, if z; € Dg(u) then u = ax;b where a,b are reduced and
be FT({x1,...,z;-1}). Thenv = ax;bzr; and bx; € FT({xy,...,z;-1})
because i < j. Thus z; € Dg(v). This completes the proof of the first
statement. The second statement is immediate from Corollary 4.7 [
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5.2. Generalized tree monoids. Here we define a slight generaliza-
tion of tree monoids by relaxing the idempotency condition on the
generators, which still admits an analogue of Corollary [5.2

Definition 5.13 (Generalized tree monoid). Let M be a monoid gen-
erated by elements in X and let <y be a total order on X. Assume
that for each generator x € X, 2! = z* for some k. Furthermore,
suppose that whenever x <y y for z,y € X, either x and y commute
or y is idempotent and yry = yx. Then M is a called a generalized tree
monoid.

The following proposition, establishing the Z-triviality of generalized
tree monoids, is proved via the same idea as Proposition [5.12]

Proposition 5.14. Let M be a generalized tree monoid. Then M 1is
X -trivial.

Proof. The proof proceeds by defining a statistic f(m) on monoid el-
ements that increases strictly, for some appropriate order, along the
non-trivial edges of the right Cayley graph, which implies Z-triviality.

Fix € X and let k be minimal such that 2**' = 2*. For m € M,
define f,(m) as the largest integer < k such that m = m/zf+(™) for some
m' € M. Writing the elements of X as x1 >x --- >x x,, associate to
each element m of the monoid the vector f(m) = (f,,(m), ..., fz, (m)).
When all the generators are idempotent, f(m) is nothing but {z € X |
mx = m}, written as a binary vector. We use lexicographic order <je
to compare vectors.

Take m € M and x € X such that mx # m. We want to compare
f(m) and f(mz). Note that f.(m) < fo(mz). Take z <x y in X. If
fy(m) =0, then trivially f,(mz) > f,(m). Hence we may assume that
1 < f,(m). If x and y commute, then f,(mx) > f,(m). Otherwise,
y is idempotent and yxy = yx. Since y idempotent implies my = m,
it follows that mzy = myxy = myxr = ma and thus f,(mz) = f,(m)
(which is 1 since y is idempotent).

We conclude that f(m) < f(mz), as desired. It follows that the
right Cayley digraph of M is acyclic and hence M is Z-trivial. 0

6. TOOM-TSETLIN MODEL

In statistical physics, the Ising model has been repeatedly studied
from several different points of view because of its inherent simplicity
and yet complex behavior. The two-dimensional Ising model is particu-
larly interesting because of its exact solution. The Toom model [Too80|
is a dynamical variant of the two-dimensional Ising model designed to
study interface growth at low temperatures.
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In the model, one considers Ising spins +1 on a Cartesian lattice,
which are simultaneously updated according to the following rule: the
spin at location (i,j) gets updated to the majority of the spins at
(i,7), (4,5 + 1) and (i + 1,7) with probability 1 — p — ¢, to +1 with
probability p, and to —1 with probability q. This model was consid-
ered [DLSS91a,|DLSS91b| in the third quadrant with the boundary
condition that spins on the negative x-axis are +1 and spins on the
negative y-axis are —1. In the stationary state for small p, ¢, an inter-
face is formed between the +1 and —1 spins which is a straight line
starting at the origin at an angle depending on the “noise” parameters
p and g. On the interface itself, there is a nonzero density of both spins,
and the dynamics of the spins on the interface is often also referred to
as the Toom model.

A spin exchange model was proposed in |[LNR96| in order to under-
stand the border process of the Toom model. This model was defined
on the semi-infinite integer lattice whose finite analog we study here.

We generalize the model by considering both finite lattice sizes as
well and arbitrary particle numbers rather than just spins 1. We find
that this generalization has a remarkable connection to another field
of probability, namely the well-studied Tsetlin library [Hen72, DF95,
FH96, BHR99]. The Tsetlin library is a discrete-time Markov chain
on permutations of books arranged in a line, where each book b; is
picked with probability z; and placed in the front of the line. The
stationary distribution of the Tsetlin library and the eigenvalues of the
transition matrices are known explicitly. There are also tight bounds
on the mixing time of the Markov chain.

We consider two generalizations of the Tsetlin library involving mul-
tiple books. The first one (see Section with a fixed number of
books of certain types, is a Markov chain on words with fixed content.
The second (see Section has a natural interpretation in terms of
a library with “interlibrary loan”. This is a Markov chain on words of
fixed length from a given alphabet but not of fixed content.

Let B = {by,...,b,} be the alphabet, or equivalently the set of
books in the library. We consider words in B of length L. Our proba-
bility parameters are xy, for b € B and k € {1,...,L}. Asis usual in
the context of the Tsetlin library, states are indexed by words in the
alphabet B of length L. In both variants, we will see that all eigen-
values of the transition matrices are simple linear expressions in the
parameters Ty .

6.1. First variant: Tsetlin library with multiple copies of books.
Here we consider the model where there is a fixed number n; of books
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bi, so that the total number of books is ", n; = L. The system is
thus defined by a vector 7 € N". The configurations can be indexed
by words (or multipermutations) m = (my,...,7) of prescribed con-
tent with letters in B; that is, each 7; = b for some 1 < k& < m and
Ele Liz,=t,} = nx. There are therefore (m L nm) configurations.

The dynamics is as follows. Suppose the current state is 7. At each
discrete time step, we choose with probability 3 ; a book b and an
index j (no greater than the number of copies of b) and we move the
3" copy of b to the left, past all books not equal to b, until it is next
to the (j — 1) copy of b. If j = 1, we interpret this as moving b to the
front. Formally, if the j* copy of b is in position k of 7, then the new
state becomes 7’ as follows:

(6.1)
7T:(7'('1,..-,7Tk_1,b,7Tk+1,...,7TL) =
(by 1y ooy M1y Tt ds - - -5 TL),s if j =1,
/
™ = (71-17'"77Ti717b7b77ri+17'"77Tk7177Tk+17"'77TL)7

lfj >1, m = b and bﬁé {7TZ'+1,...,7T]€,1}.

We denote this map by 0y, ;, or more precisely 7’ = 0, ().

When there is exactly one copy of each book, then this Markov chain
is the classical Tsetlin library chain. When m = 2, this version of the
Tsetlin library reduces to a finite analog of the Toom model [LNR96],
when all the probabilities are equal. The model consists of Ising spins
+1 on the integer lattice Z, where the leftmost spin in a block of spins
of type +1 or —1 hops far enough to the left so that it becomes the
rightmost spin in the next block of spins to its left. Another difference
is that the Toom model is studied in continuous time.

Proposition 6.1. The Markov chain on words of length L of content
i in the alphabet B defined by the operators {0y, | b€ B, 1 < j < ny}
15 ergodic.

Proof. The graph associated to the Markov chain is primitive because
of the presence of self-loops, such as the operator O, 1 acting on 7.

To prove irreducibility, we show that we can get from any configu-
ration to a specified configuration. It will be convenient to express the
target configuration 7 in block form. We canonically represent ~ as
1Yk, Where each ~; is a sequence of the same b; € B and consecu-
tive blocks do not consist of the same symbol. So v = b}" - - - b* where
b #bipq fori=1,...,k—1and y =0b;".
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We construct v by building it one block at a time from the right. For
each i let £(i) be the total number of occurrences of b; in the prefix of
up to and including 7;, i.e., £(i) = >_,;, _, 7 in the above notation.

We define the operator 0; to be the operator Op, 03) © - = © O, 1, Where
we remind the reader that we are acting on the left. We then claim
that the sequence of operators

(6.2) 01000

acting on any configuration 7 returns ~. Indeed, a straightforward
induction shows that

where, for + < 5 <k,

, v,  if there exists ¢ <r < j with b, = b;,
1T b9 else
yi Y )

and 7’ is word of the appropriate content. Using that if 7; is the leftmost

occurrence of a block of the symbol b; in 7, then bf(bi) = 7, it follows

that 9 o --- 0 Oy(m) = 1. O

The transition matrix will be denoted by 7;. To describe our main
result, we need to extend the notion of derangement from permutations
to words. A word 7 of content 7 is called a derangement if no letter
in 7 is in a position occupied by the same letter in the sequence

(6.3) (1L,...,1,2,...,2,....,m,...,m).

For example (3,2,1,1) is a derangement, whereas (2,1, 1) is not since
the first 1 sits in the same slot as a 1 in (1,1, 2).

Let d; denote the number of derangements of words of content 7.
Even and Gillis [EG76] first gave an explicit formula for derange-
ments of words (or multipermutations) in terms of Laguerre polyno-
mials L, (x),

(6.4) di = (—1)* /0 e H Ly, (x)dz,

and Carlitz [Car78] gave the first combinatorial proof of this result. For
1<j<mandI; C[n;]={1,2,...,n;}, let m, 1, = Zselj Ty, s-
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Theorem 6.2. The characteristic polynomial of the transition matriz
T5 s given by

(6.5) AL — Ty| = 1T <A—bej71j
Jj=1

L C[nilye o I Cnm]

) Ay |11 | oeestm ]

When xp, = xp, for b € B and all k, this simplifies to
(6.6)

i=1

(k1yeskm)<(n1yeesim)

) d(nl—kl,‘..,nm—km) Hzil (Z;)

where < is component-wise comparison.
We postpone the proof of Theorem to Section [6.4]

Example 6.3. The transition matrix for n; = ny = 2 in the lexicograph-
ically ordered basis is given by

L1,1 + Z1,2 + X292 T1,.2 Z1,2 0 0 0
0 T11 0 T1,1 0 0
0 Too T11 1+ Top2 0 T11 T11
T21 T 1 0 T2+ Xo1 T1p2 0
0 0 T2.1 0 T21 0
0 0 0 T22 Too2 X111+ T2+ Tao

and its eigenvalues are
l=m1+w1p0+T21+222, T11+221, T11+T22, T12+T21, T12+T22, 0.

When we set 11 = z12 = 71 and x5 = T22 = 2, we get the eigen-
values 2z + 225 with multiplicity 1 and x; + x5 with multiplicity 4 as
expected.

Corollary 6.4. For the Toom model (i.e. when m = 2), Theorem[6.4
simplifies to

|)‘]l - T(nl,n2)| = H ()‘ = Tby,I; — $b27[2) .
I C[n1],12C[n2]
n1—|I1|=na—| 12|
Proof. For two letters the number of derangements is zero unless there
are the same number of each letter, in which case the number of de-
rangements is one. U

The next theorem provides diagonalizability of the transition matrix
for generic probabilities.
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Theorem 6.5. The transition matriz Ty is diagonalizable as long as
the partial sums of the xy, ; over distinct subsets of indices are distinct.

The proof of Theorem [6.5 is postponed until Section [6.3]

6.2. Second variant: Tsetlin library with interlibrary loan. We
generalize the Tsetlin library with multiple copies of Section to
include storage or interlibrary loan of books. One imagines that the
library can hold L books, and there is the possibility of borrowing
copies of books from an external source (such as storage or another
library). We remark that this model also makes sense from the point
of view of the Toom model where this model has the interpretation of
looking at a window of L sites in the one-dimensional lattice.

Our state space is now all possible words of size L in the alphabet
B of size m and the number of configurations is m”. We need to
define the operators giving rise to a random mapping representation of
this Markov chain. With a slight abuse of terminology, we will again
denote the operators by 0y ; for b € B, but this time, for all j € [L]. As
before, the operator 0, ; is chosen with probability ;. Let ny(m) be
the number of occurrences of b in the word 7.

Given a word 7, the operator 0, ; acts as follows. If there are at least
j copies of the book b in 7, then (as before) we move the j* copy of b
to the left until it is next to the (j —1)* copy (where if j = 1, then b is
moved to the front). If there are j — 1 copies of b in 7, then we insert a
new copy of b (from storage or another library) immediately after the
(7 — 1) copy of b. Finally, if there are strictly fewer than j — 1 copies
of b in m, we do nothing. Formally, the transitions are defined by

T =(m,...,7L) —
((6.1), if j < (),
(baﬂ'la'-'aﬂ-Lfl)a
(6.7) - if ny(m) =0and j =1,
™ = (71—17"'77Ti—17ba baﬂ-i—‘rlw"vﬂ-L—l))
if ny(m) > 0,7 = np(m) + 1,
Wi:bandbgé {7Ti+1,...,7TL},
, otherwise.

\

The loan operators in are natural extensions of the operators
in because one imagines that a book from somewhere far to the
right will jump far enough left so that it becomes the rightmost book
in the rightmost block of books of the same type. Notice that 7 is fixed
by the operator 0,,LML ()
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We require z;,; to be positive for all b€ Band 1 <j < L.

Proposition 6.6. The Markov chain on words of length L in the al-
phabet B of m letters defined by the operators {0,; | b€ B, 1 < j < L}
15 ergodic.

Proof. Just as in the Markov chain of the Tsetlin library with multiple
copies, the graph of the chain is primitive because of the presence of
self-loops. Since the operators in the former chain are a subset of the
operators here, all the self-loops there also occur here.

To show irreducibility, we again construct a series of operators that
take any configuration to a prescribed one, say v. By the proof of
Proposition [6.1], it suffices to construct an operator that will take any
configuration to one with the same content as ~.

Suppose 7 has content (ny,...,n,,). Then the sequence of operators

<81,n1 O+ 081,1) O+++0 (amﬂ]m O+++0 m71>

takes any configuration to b --- b, which has the same content as

7. (Recall that the operators act on the left). The operator (6.2))
constructed in Proposition[6.1will then take this configuration toy. O

We denote the transition matrix for this model by 75, 1.

Theorem 6.7. The characteristic polynomial of the transition matriz
T s given by

m m my
|)\]l — TmJJ’ = <)\_be3'7[[/}> H ()\—bej’[j> R
J=1 Iy I QL] j=1
where the multiplicity my for I=(I,....1,) is given in (6.14) below.

The proof of Theorem [6.7]is postponed to Section[6.4 We conjecture
that the multiplicities m are again given by derangement numbers of
words as in (6.4)).

Conjecture 6.8. For I with I; C [L] for all 1 < i < m we have

— (m = 1) dzj-1,.jfm-1)> o 2o;max(l;) < L+m—1,
I 0, otherwise,

where I = [L]\ I and max(I) is the mazimal element of I C [L].
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Example 6.9. The transition matrix for L = 2 and m = 2 in the lexi-
cographically ordered basis is given by

T1,1 + T1,2 + X292 x1,2 0 0
0 T11+ T2 T1,1 T1,1
Ta1 To1 T2+ X2 0 ’
0 0 T2 T12 + X1 + T22

and its eigenvalues are
l=m1+210+ o1 + T2, T11+Top, Ti2+ Top, Tio+Toq,
as expected by the statement of Theorem [6.7]

Again we have diagonalizability of the transition matrix for generic
probabilities.

Theorem 6.10. The transition matrixz T,, 1, s diagonalizable as long as
the partial sums of the xy; over distinct subsets of indices are distinct.

The proof of Theorem [6.10] is postponed until Section [6.3]

6.3. Z-triviality of the Toom—Tsetlin model. Let7i = (ny,...,ny,)
be in N™ with ny + -+ 4+ n,, = L and put B = {by,...,bn}. Set
Xi = {0hx | bi € B,1 < k < n;} where the 0, are the mappings
associated to the Toom—Tsetlin model from Section

Lemma 6.11. Fach x € X5 is idempotent. Moreover, we have
yry = yx for all x,y € Xz
unless © = Oy 41 and y = Op; for some b =10, € B and 1 <i < ny.

Proof. 1t is clear that each element of X5 is idempotent from the def-
inition. Let z,y € Xj;. Note that when y = 0, and x = 0,; with
j>14+1orj<i—1, then x and y commute. Indeed, xy and yx both
have the effect of placing the i and j** copies of b immediately after
the (1 — 1)*" and (5 — 1) copies of b, respectively (where this should
be interpreted appropriately if ¢ or j is 1). Thus yry = yyr = yx since
y is idempotent.

Suppose now that j =i — 1 and let w € B* have content 7. Assume
first that ¢ > 2 and write w = uq bug bug buy, where the leftmost b is
the (i — 2)" b of w and b does not appear in uy, uz. Then

yry(uybugbusbuy) = yr(ug bugbbusuy) = y(uy bbug bus uy)

= uy b uguz uy = y(uy b* ug uz buy) = ya(ug bugbuzbuy) .
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If - =2and j = 1, and if w = uy busbug, where u; and us do not
contain any bs, then yzy(w) = b? uy uy uz = yx(w).

Next assume z = Oy; and y = Oy ; with &' # b. We claim that
xy = yx (and hence yry = yx) unless i = 1 = j. For instance, if
neither ¢ nor j is 1, then applying both operators in either order puts
the i copy of b immediately after the (i —1)** copy and the j** copy of
b’ immediately after the (7 — 1) copy of b’ while preserving the relative
order of all remaining books. The situation is similar when exactly one
of 7,7 is 1: one book goes to the front and the other immediately after
its predecessor of the same type. Trivially, if i = 1 = j then yxy and
yx both move the first copy of b’ to the front and the first copy of b
into the second position. 0

Note that Lemma [6.11] implies that X generates a tree monoid.

Theorem 6.12. The monoid Mgz generated by Xz is a tree monoid
(with respect to an appropriate ordering on X;) and hence Z-trivial.

Proof. By Lemma we can view Mx_ as a tree monoid by choosing
a topological sorting of the partial order <x_ on Xj defined by 0,,; <x,
Op; if a =0band i < j. Corollary [5.2] then provides the #-triviality of
Mx.. O

Now let X; = {0,; | b € B,1 < k < L} where the 0, are the map-
pings corresponding to the Toom-Tsetlin library with interlibrary loan
from Section [6.2] (Here the subscript I in X; stands for interlibrary.)

Corollary 6.13. The monoid Mx, generated by Xy is a tree monoid
(with respect to an appropriate ordering on Xy) and hence Z-trivial.

Proof. Let i = (L, L,...,L) € N™. Let Q C B™ consist of the words
of content 7 (i.e., those words with exactly L occurrences of each letter).
Define a surjective mapping 7 : Q — BY by putting 7z (wy -+ W) =
wy--wr. fweQ, be Band 1 <k < L, then it is immediate from
the definitions that

(6.8) TL( Ok (w)) = Opp(mr(w))

where 0, on the left hand side of is seen as an element of X5
and Oy, on the right hand side is seen as an element of X;. Because
7, is surjective, it follows that My, is a quotient of M and hence is a
tree monoid. O

A picture of the right Cayley graph for the Toom—Tsetlin model with
interlibrary loan for L = 2 is shown in Figure [3]
Theorems (6.5 and are now immediate consequences of Theo-

rem [6.12], Corollary [6.13, and Proposition [5.12]
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F1GURE 3. The right Cayley graph for the Toom—T'setlin
model with interlibrary loan for L = 2. Each element of

the monoid is represented by the matrix of its action on
the four bookshelves (0,0), (0,1),(1,0), (1,1).

6.4. Proof of Theorems[6.2]and (6.7 Finally we turn to the proof of
Theorems [6.2] and [6.7} We begin with a lemma generalizing a standard
fact about usual derangements. For a vector 7 = (ny,...,n,) with
non-negative integer entries we denote by

m m
ﬁ‘ — ( Zi:l Uz ) — (Zizl nz)'
N1y ooy Ny nil---ny,!
the multinomial coefficient. When 77 contains negative entries, we set

n! = 0.

Lemma 6.14. Let it = (ny,...,n,) € N™. We order m-tuples R =
(Ry,...,Ry) of subsets R; C [n;] by the componentwise ordering, i.e.,
we write (Ry, ..., Ry) C(S1,...,5n) if R; € 8; for 1 <i<m. With
this notation we have:

A= > A iSilnm (s
SCna]x X [nm)
or equivalently,
Al mm) = Z (=1)SthHSml () — 1S4], . mn — | Si])!
SCn1]x-x[nm]

Proof. The first equation is a simple generalization to words of the
corresponding statement for permutation derangements, namely that
the total number of permutations can be written as the number of
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permutations with a given fixed point set (and the remainder of the
permutation is a derangement).

More precisely, if S C [ny] X -+ X [ny], then there are exactly
d(ni—|81],...nm—|Sm|) WOrds w of content 77 such that the 5t copy of i
occurs in one of the positions occupied by i in (6.3)) if and only if

The second equation follows from the first via Mobius inversion using
that the Mobius function of a product is the product of the Mobius
functions and that, for the Boolean lattice, u(A, B) = (—1)IBI=14l O

Proof of Theorem[6.2. In Lemma [6.11] we showed that the generators
of the Toom—Tsetlin model satisfy the relations of the free tree monoid.
Since the free tree monoid is Z-trivial by Corollary |5.2, we can apply
the Z-trivial monoid technology to recover eigenvalues. The advantage
of doing this is that by Proposition [5.11]we already know that the lattice
of idempotent-generated left ideals is the full Boolean lattice (so the
Mobius inversion is easy), and we have a natural choice of idempotent
representatives (decreasing products of generators).

The strategy of the proof is to show that both the multiplicities of
the irreducible characters and the derangement numbers are obtained
by inclusion-exclusion from the same statistic (multinomial numbers),
so that they coincide.

We first compute the character (i.e., number of fixed points) of the
idempotent representatives acting on the state set of the Toom—T'setlin
model from Section [G.1]

Consider a subset R of the generators and, for 1 < ¢ < m, set
Ri = {] S [nz] | (9;,1.7]- S R} Set r; = |Rz|7 é = (Ri>1§i§m- Note that R
and R completely determine each other and that R C S if and only if
RC g, where we write B C S if and only if R; C S; forv=1,...,m.
Hence we can identify A(FT(X5)) with the set of such R with the dual
to this ordering.

As the idempotent associated to R (or equivalently, ﬁ), we take

m

(6.9) es= H H D j

i=1 jER;

where the inside products are taken decreasingly along R; and the outer
product is taken increasingly alongi = 1, ..., m (reading products from
left to right). For example, if m = 2, Ry = {1,3}, and Ry = {2, 3,5},
we obtain the idempotent

(6.10) e = 01,301,102502305 2.
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Claim: The number of fixed points of ej is given by the multinomial
coefficient

(6.11) e = (1 — [Ral, o — [ R

Proof of Claim. First we sketch the idea of the proof. For a product of
generators in this order, after some operator d,; moves the 5 b right
after the (j—1)% b, the succeeding generators will never separate them.
Hence, if {j,...,7+k} C R;, then in the result the (j — 1) to (j+ k)"
b;s are consecutive and, if j,...,j 4+ k is of maximal length, we say that
those b;s form a block. Note that there may be two consecutive blocks
of bs. One also has to be a bit careful when 5 = 1. For the intuition
assume that there is a fake 0*" b; at the beginning of the word, and a
fake 0" b; just after the first block of b;_;s. After the application of the
full idempotent, there are, besides the first m starting blocks, n; — r;
blocks of ;s for each 1 < ¢ < m. Thus, producing all the elements
in the image set of ez amounts to choosing among all possible ways
to intertwine those blocks of bs; there are (ny — ry,...,n, — r;)! such
choices.

Let us now formalize this argument by simultaneous induction on
|R| =71 + -+ 4 1y, over all possible contents (nq,...,n,). By a slight
abuse we use the same notation for the operators even if we change the
content. If R = (), then e is the identity and so the fixed point set is
2, whose cardinality is 77! as desired.

Take now R with |R| > 1, and assume that the claim holds for all
subsets of cardinality strictly less than |R|. Take k& minimal such that
Ri # 0 and let j be the largest element of Rj. Define R’ such that
R; = R; whenever i # k and R, = R, \ {j}. Then ez = 0, jep. Let
2 be the set of all words over B with content (ny,ns,...,ng_1,n% —
1, gs1y -y ). Let m: Q — Q' denote the mapping which erases the
4t copy of by, from a word. We claim that 7 restricts to a bijection
m:eQ) — ep Q. This will complete the proof by applying induction
to ep because |Ry| = |Ri| — 1 and hence (n, — 1) — |Ry| = ng — | Ryl

First observe that if b # by, then 70,; = 0,;m because copies of b
can always move past copies of by. Also, if i < j, then 70y, ; = Op, ;7
because Oy, ; only changes the prefix of a word preceding the j copy
of by. Finally, 70, ; = m. Thus we have mejz = meg = epm and hence
m(eg(w)) = egm(w) for all w € Q. Therefore, m(ez82) C ez Y. To
complete the proof it is convenient to note that ez C 0y, ;2.

There are two cases. Suppose first that ;7 > 1. Then the fixed
points of J,, ; are those words where the j™ copy of by, is immediately
after the (j — 1)* copy of b.. So define p: Q" — Q to be the map
inserting a b, immediately after the (j — 1) copy of b,. Trivially,
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mp = lo and if w € 0, ;€, then pr(w) = w. Thus to show that
7 e — €5 is a bijection, it remains to show that p(e(Y) C ez
Recalling that mezp = egmp = ep, it follows that if u € e, then
m(ep(p(u))) = u = m(p(u)). Thus ez(p(u))) can differ from p(u) only
in the position of the j* copy of b;. But in both of these words the
J" copy of b is immediately after the (j — 1) copy of by. Thus
p(u) = eg(p(u)) and so p: ez €Y — ez is inverse to 7: ezQd — e Q.
For the case j = 1, observe that the fixed point set of d,, ; consists
of those words beginning with b;. So this time, let p: ' — Q be the
mapping inserting by at the beginning of a word. Then again mp = 1
and if w € Oy, 12, then pr(w) = w. As before, it just remains to show
that p(ez Q') C ezQ2. The same argument as the previous case shows
that if u € ez Y, then m(egz(p(u))) = v = 7(p(u)). Thus ez(p(u)))
can differ from p(u) only in the position of the 1% copy of b,. But
both of these words have the 1%¢ copy of b, as their first symbol. Thus
p(u) = eg(p(u)), completing the proof. O

Applying Theorem {4.2|and recalling the isomorphism between P(X7)
and A(FT(X5)) ordered by reverse inclusion, there is an eigenvalue Ag
corresponding to each subset R C X5 given by A\p = Zab. JeRTbig =

S Ty, ;- Let us continue to put r; = |R;|. The multiplicity of this
eigenvalue according to Theorem is

mr =Y (=1)l"""|e;0

RCU

=Y (—)== T g — UL — [Un])!

U

- > (—D)Z= ¥ (g — oy — [S4], . g — T — [ Si])!
C(Ini\R1,..[nm]\Bm)

S
= d(n17|R1|7-~~7nm7|RmD )

=i
N

where the penultimate equality reindexes the sum by setting S; = U;\ R;
and the final equality is from Lemma [6.14] O

Proof of Theorem[6.7. By Corollary we know that the monoid
My, for the interlibrary loan Toom model is a tree monoid and Z#-
trivial. Hence, as before, the lattice of idempotent-generated left ideals
is the full Boolean lattice P(X;) by Proposition and we can apply
Theorem [£.2] We compute the number of fixed points of the idempo-
tents. We retain the notation from the proof of Theorem [6.2]



56 A. AYYER, A. SCHILLING, B. STEINBERG, AND N. M. THIERY

Lemma 6.15. If B C [L]™ and 3" min(R;) < L + m, then the
number of fived points of e is

(6.12) legQl = Y (i — f(R ),
nel(R)

where I(R) consists of those i € N™ such that ||7i|1 = L, n; # 0 if
1 € R;, and there is at most one i € {1,...,m} with n; +1 € R;.
Furthermore, f(R,7) is the m-dimensional vector with

fi(R i) = |{r € Ri | n; > r —1}].
Otherwise, |eQ)| = 1.

Proof. If R; = [L], then there is a unique fixed point of ez. Note
that for a word to be a fixed point of e, the letter b; needs to be in
positions 1 up to min(R;) — 1, the letter by in positions min(R;) to
min(R;) + min(Ry) — 2, etc. Hence if Y7 (min(R;) — 1) > L, there is
certainly only one fixed point.

So from now on we assume R; C [L] for all 1 < i < m and
S min(R;) < L+ m.

Let © = B% and partition 2 by content:

0= U O
{AeN™||7|1=L}
where 7 C Q is the subset of words of content 7.
Claim: Let 7 = (ny,...,n,) be in N with ||77]|; = L. Then
(i — f(R,@)), if i e I(R),

6.13 Q0N Qs =
( ) 5 | {O, else.

We proceed by induction on L where the case L = 0 is trivial. Assume
|L| > 1. We consider two cases. Suppose first that n; + 1 ¢ R; for
1 <4 < m. Then Qj is invariant under 0, ,, for all 1 < ¢ < m and
r € R;, and thus under ez. Also if » > n; + 1, then 0, , fixes Q.
Therefore, if we define @ by Q; = {r € R; | n; > r}, then the action of
e on ()5 agrees with that of eg on Q7. But the latter is exactly the
same as the action of e on (25 in the monoid M} for the Toom-Tsetlin
model from Section [6.1l Thus

ANl = legul = (71 — f(R,))!
by (6.11) since n; — |Q;| = fi(R, ) because n; # r — 1 for r € R;.

Next suppose that n;+1 € R; for some 1 < i < m. Choose i maximal
with this property. Let S = R\ {0y, n,41}, viewed as operators on B!
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for the model with one fewer book on the shelf. We claim that if
e5£2N 25 is non-empty, then 7 is the only index £ with ny+1 € R, and
that w € Q5 is fixed by eg if and only if w = ub; with eg(u) = v and
u € Q5_g where €; is the i'"-standard unit vector and we are working
in the model with L — 1 books on the shelf. The claim will then follow
from the inductive hypothesis because f(R,7) = f(S,7 — €).

Indeed, suppose that ez(w) = w with w € Q5 and factor the ex-
pression (6.9) as ez = a0y, p,418. Assume that S(w) = vb;. Note
that f(w) € Q7 by maximality of . Suppose first that j > i. Then
O, ni+18(w) will have n; — 1 occurrences of b;. Since o contains no
operator 0, ¢, applying & to Oy, n,418(w) cannot create a new b;, and
so w cannot be fixed by ej.

Next suppose that j < i. Let us first show that w = ub;. Indeed,
Op; ms+1(vb;j) will have n; + 1 occurrences of b;, with the last two con-
secutive. Since w is fixed by ez, we must be able to factor o = /0y 0"
where o (O, n,+1(vbj)) = 2bb; and Op4(2b;b;) = 2'b; has n; copies of
b;. Since no operator in o/ can insert or move a b;, it follows that
w = o(vb;) must end in b;. Thus w = xb;yb; where y has no b;. There
are two cases.

Suppose first that  contains a b;. Write w = 2'b;2"b,y'b;z where x"y/’
contains no b;. Say these two copies of b; are the p™* and (p+ 1)t copy.
Then since f(w) = vb;, it follows that § contains the operator Oy, ,i1
and so in B(w) the p'* and (p + 1)* copies of b; are consecutive. Since
a0, n,+1 does not contain 0y, ,, it follows that they remain consecutive
in w=eg(w) = ady, n,+18(w), a contradiction.

Next suppose that x contains no b;, that is, the last b; is to the left of
all the b;s. We shall contradict the assumption that >~ min(R) <
L+ m. From f(w) = vb;, we conclude that all copies of b; are moved
passed the last b; by 5 and so we have that {1,2,...,n; + 1} C R,.
Let n = min(R;). Then we can factor the expression into ez =
YO m-1+ Oy 1y and Oy, 1+ Oy 1y (w) = b} 'z where z has no b;
and each letter occurs in z no more than it occurs in w. Notice that
w = (b} '2) will have all its b;s consecutive and so, in fact, w = u/b}"
(recall that we already showed that w ends in b;). Since «y contains no
operator Oy, , with k > ¢, we can neither move, nor reinsert any letter
bi of z with £ > i. Thus we conclude that all b, in z satisfy k < 1.
In order for v to take b7 'z to the word u'b}"", we must have that, for
each letter by in z, the expression for v has a factor Oy, Oy, r—1 - Op, 1
and the total number of operators coming from such factors must be at
least |z| = L —n+1. Let us lower bound ;" min(Ry) by m (because
each 1 < k < m contributes at least 1) plus an additional n—1 for k =i
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plus an additional L — n + 1 coming from those k& with b, appearing in
z, and hence yielding factors of v of the above form. This implies

Zmin(R_k)2m+n—l+L—n—|—1:L+m.
k=1

This is a contradiction.

We are left now with the case j = i, and consequently n; # 0. We
now claim that, for all factorizations ez = po of the expression ,
we have o(w) ends in b; and has content 7. In other words, we claim
that when computing ez(w) the content never changes and the last b,
never moves. This, in particular, will imply that there is no other ¢
with n; + 1 € R; (else the content would change at some point). From
B(w) = vb; with vb; having content 7, if o is a suffix of 5 the statement
is clear. Also for o = Oy, », 418, we have o(w) = O, p,+1(vb;) = vb;, as
desired. No operator in a can move the ni" copy of b;. Hence when
computing a(vb;), if the content is ever changed then the last b; will be
removed and cannot be reinserted. But then w cannot be fixed by ej.
Thus the claim is also true when o contains O, ,,+1/5 as a suffix.

It remains to show that w = ub; with content 7 is fixed by ey if and
only if eg(u) = w. Assume first that ez(w) = w and write f(w) = vb;
as above. Since vb; has content 77, we have ub; = w = a0, n;+1(vb;) =
a(vb;) = af(w) = af(ub;). As the last b; is never moved and the
content is never changed when computing af(ub;), we deduce that
u=af(u) =eg(u).

Conversely, assume that eg(u) = w. If n; ¢ R; (and hence n; ¢
S;), then Qj_g is invariant under each of the operators 0y, , appear-
ing in eg (ie., with r € Si). Thus S(ub;) = B(u)b; and eg(w) =
a0, ni11(B(u)b;) = a(B(u)b;) = af(u)b; = eg(u)b; = ub; = w. If
n; € R; (and hence n; € S;), then from eg(u) = v and (n; — 1) + 1 =
n; € S;, we must have by the above that u ends in b;, this b; never moves
when computing eg(u) and the content never changes during the com-
putation. Therefore, writing 5 = 0, »,0', we then have '(u) = v'b;
where v'b; has content 7 — ¢€; and B(u) = 0O, n, (v'b;) = v'b;. But then
B(w) = Oy, n, 0" (ubi) = Oy, (6" (w)bi) = Oy, n,(V'bibs) = v'bib; = B(u)b;
and so ez(w) = a0y, n418(w) = Oy, n+1(B(w)b) = a(Bu)b;) =
afB(u)b; = ez(u)b; = ub; = w. This completes the proof of

The lemma is now immediate from . U

As in the proof of Theorem [6.2] we are going to apply Theorem [4.2]
to find the multiplicity mz for each eigenvalue Aj;. First suppose that
there exists at least one index 1 < i < m such that R; = [L]. In this
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case
11| 31 IR 1, if R=[L)"

L —_NIUIh=lRl e O = —NIUIh=lRl = ’ )
TR %( ) legSY };( ) 0, otherwise,
as desired. .

Now let R be such that R; C [L] for all 1 <i < m. Then
(6.14) my = Z(_l)llﬁl\l—l|ﬁlll|eﬁ9|

RCU

with |e5Q| as in Lemma [6.15] O

7. NONABELIAN DIRECTED SANDPILE MODEL

In this section we briefly show that the monoid associated to the
landslide nonabelian sandpile model introduced in |[ASST13] can be
shown to be Z-trivial using the free tree monoid technique of Section [f
In [ASST13] this property was proved using the wreath product.

7.1. The landslide nonabelian directed sandpile model. The
landslide nonabelian directed sandpile model is defined on an arbores-
cence. An arborescence is a directed graph with a special vertex being
the root such that there is exactly one directed path from any vertex
to the root. Vertices without an incoming edge are called the leaves.
Let V' be the set of all vertices of the arborescence. We associate to
each vertex v € V a threshold T,. Then the state space of the Markov
chain is defined to be

= {(tv)ve\/ | 0<t, < Tv} .

We consider two types of operators on the state space (which are the
generators of the underlying monoid), the source and topple operators.
There is a source operator o,, for each v € V', which informally works
as follows: a grain enters at v and stays at the first vertex below its
threshold on the unique path from v to the root; if no such vertex exists,
then the grain leaves the system. The topple operator 7,, for v € V,
takes all grains at vertex v and topples them to the first available slots
along the unique path from v to the root (again grains which cannot
find available slots leave the system).

Letting s(v) be the unique successor of the vertex v in the arbores-
cence, we can formally define these operators recursively by picking
one fixed leaf ¢ and writing any configuration as (¢,,t), where t, is the
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number of grains at £ and ¢ is the state on the remaining vertices. Then
we have

(t t) (tg + 1, t), if ty <1y
Op\ly, = .
(Tg, Us(g)t), if tg = Tg

(7.1) oo(te,t) = (tg, ot) (v # 0)
Te(te,t) = (0,04, 1)
Tolte, t) = (te, Tot) (v #0).

For more details, see [ASST13].

7.2. Z-triviality of the landslide directed sandpile model. We
begin with a lemma which enables us to use the generalization of the
free tree monoid of Section [5.2|to prove Z-triviality. Let X; be the set
of generators of the landslide nonabelian directed sandpile model.

Lemma 7.1. We claim that any two operators x and y in X, commute,
except when y = 1, and x = T, or x = o, for two nodes u and v with
w on the path from v to the root. When x and y do not commute, y is
an idempotent, and yxy = yx.

Proof. We first check that any two operators o, and o, commute. This
is obvious if u = v. If neither u nor v is the fixed leaf ¢, then the result
is clear from and induction. So without loss of generality, assume
that v = ¢. Then, applying induction and the recursion formula
(see also [ASST13, Table 1]) we obtain that if ¢, < T,, then

0w 00y (ty, t) = oy (ty + 1,t) = (t, + 1, 04t) = 0y(ty, out) = 0y 0 0y (ty, t);
and if t, = T, then

Oy © Uv(th) = Uu(Tva Os(v) (t)) = (Tva Oy © Us(v)(t»
= (T3, 05wy © 0u(t)) = 0u(Ty, 0u(t)) = 0y 0 0u (T3, ).

The other commutation relations are treated similarly.
In the remaining case, y = 7, is idempotent as desired, and the
relation is checked similarly. O

Theorem 7.2. The monoid M, = {(c,,7, | v € V) of the landslide
directed sandpile model is Z-trivial.

Proof. We choose the following total order on the elements of the gen-
erators in X, such that for the nodes u,v of the tree, 7, <x_ 7, and
0y <x, Ty Whenever v is in the path from the root to v (where v = u
is allowed in the second case). Then Lemma[7.1]and the easily checked
fact (using induction and (7.1))) that o = o for m large enough
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imply that the hypotheses of Proposition [5.14] are satisfied. Therefore,
the monoid M, is #-trivial. O

8. THE EXCHANGE WALK ON A COXETER GROUP

This section requires the reader to be familiar with basic notions from
the theory of finite Coxeter groups. Standard references include [ABOS,
BBO05].

Let (W,S) be a finite Coxeter system. Let R(w) denote the set
of reduced expressions of an element w of W. If wy is the longest
element of W, then R(wy) can be viewed as the set of maximal chains
in the weak order on W. Let us denote words over S by Greek letters
in what follows and write [a]y, for the image of & € S* in an S-
generated monoid M. Let s € S and let o = s1--- s, be a reduced
decomposition of wy. Then, by the Exchange Condition for Coxeter
groups, there is a unique index ¢ such that es(a) = ssy--+8; -+ 8, Is a
reduced decomposition of wy where §; means omit s;. For example, if

= (Z/27)" with S the standard unit vectors, then wy is the all-ones
vector and the reduced decompositions of wy are all linear orderings of
S (written as words). Then es moves s to the front of a linear ordering
of S, as in the Tsetlin library. Another example is presented in Figure[d]

1C 1213 2123 )2
" 2132 3, 3212 3121 P 1231
3
2 1 9 1 2 1
1C 1321 2312 )2

FIGURE 4. The exchange walk on (W, S) = (S5 x S,
{51, $2,83}), where s; and s, satisfy the braid relation,
and s3 commutes with s; and s,. For short, the reduced
word s1595153 is denoted by 1213.

Consider a probability P on S and consider the following Markov
chain, which we call the ezchange walk on (W,S). The state set is
R(wy). Transitions are given by changing from state a to state es(«)
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with probability P(s). For the example above of (Z/27)" we recover
the Tsetlin library. The main goal of this section is to use the theory of
Z-trivial monoids and Markov chains developed in this paper to prove
properties of the exchange walk on (W, S).

To state our main result of this section, we need some notation. Let
W, = (J) be the standard parabolic subgroup associated to J C S.
Let

Dr(w) ={s e S| l(ws) < l(w)}
be the set of right descents of w € W. Let w; denote the longest
element of W;; note that w; is an involution and wg = wy. Our result
is the following.

Theorem 8.1. Let (W,S) be a finite Cozeter system and let P be a
probability on S with support S. Let T be the transition matriz of the

exchange walk on (W, S). Then the exchange walk is ergodic and the
following hold.

(1) The eigenvalues of T are

Ar=> P(s),
seJ
where J C S.
(2) The multiplicity of A; as an eigenvalue is given by

> (DL R(wgcwo)].

KDJ

(3) The stationary distribution 7 is given as follows: if a« = s1- - Sy,
is a reduced decomposition of wg, then

7T(Oé) _ H P(SZ)

" 1— >\DR([81"'81'—1}W).

(4) Let m be the length of the longest element wy € W, n = |S| be
the number of generators (usually called the rank of W), and
p=min{P(s) | s € S}. Then, the mizing time for the exchange
walk is O(m/p) in general and O(mn) when P is the uniform
distribution on S.

To prove Theorem we introduce an Z-trivial monoid R(W,S),
which is the Karnofsky—Rhodes expansion of the 0-Hecke monoid H(W, S).
First we recall that notion of the 0-Hecke monoid. Details can be found
in [Car86,Nor79, DHST11, Denl11},Fay05, MS12b].

The 0-Hecke monoid H(W,S) is the monoid generated by S and
whose defining relations are the same commutation and braid relations
as those of W, but the quadratic relation s> = 1 is replaced by s? = s
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for s € S. It follows from Tits’ solution to the word problem for Coxeter
groups that the reduced expressions for H(W,S) and W are the same
and that two reduced expressions are equivalent in W if and only if they
are equivalent in H (W, S). Thus the elements of W are in bijection with
the elements of H(W,S) via the map that sends w € W to the unique
element m, of H(W,S) that has the same reduced decompositions as
w. Moreover, the idempotents of H(W,S) are the elements e; = m,,
with J C S. The monoid H(W,S) is both %- and .Z-trivial (and
hence #Z-trivial). Also A(H(W,YS)) is isomorphic to P(S) (ordered by
reverse inclusion) via H(W, S)e; +— J. For w € W and s € S, one has
s € Dg(w) if and only if m,s = 7.

We define R(W,S) here directly (the reader can refer to [Els99] for
the Karnosfky-Rhodes expansion and its properties in general). Let

R=|J Rw).

weW

Define R(W,S) to be the monoid with generators S and relations
as = a whenever a € R and s € Dg([a]w) (or equivalently, whenever
ls]aw,sy = [&]mw,s)). Notice that we have a natural surjective ho-
momorphism ¢: R(W,S) — H(W,S) because H(W,S) satisfies these
relations. Consider the rewriting system R with rules as — a whenever
o is a reduced expression for W and s € S with [as]mw,s) = [o]aw,s)-
This rewriting system is length-reducing and defines R(W, S). We claim
that it is complete.

First note that any word o € S* can be rewritten using R to a
reduced expression for W by scanning from left to right and erasing
right descents as they occur (this uses that in a Coxeter group s ¢
Dgr(w) implies that ¢(ws) = ¢(w)+1). Also note that reduced words (in
the Coxeter sense) cannot be rewritten since the left hand side of each
rule of R is not reduced for W and factors of reduced words are reduced.
Next, observe that any overlap of two rules is of the form afs — af
and [sys’ — [sy where s, € S, aff and $svy in S* are reduced for
W and [afs|gw,s) = [aB]law,s) and [Bsys'|gw.s) = [B57]nw,s)- As
observed at the beginning of this paragraph, there is a word p € S*
reduced for W such that afSy =% p. Also, we have

[ps/]H(W,S) = [a573,]H(WS) = [QBSVSI]H(W,S) = [04587]H(W,S)
= [aBY|uw.s) = [plaw.s)
and so ps’ — p belongs to R. Therefore,

p r<<=ps p=afys’ g afsys’ =g afsy =g afy =% p.
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It follows that R is confluent. We conclude that R is the set of re-
duced words for R and so we can identify R(W,S) with R where the
product is given by concatenation followed by scanning from left to
right, removing descents. Moreover, since all the rewriting rules of R
are of the form as = a with « reduced, it follows that the right Cayley
digraph of R(W,S) with respect to S is the prefix tree of R and so
R(W,S) is Z-trivial and Karnofsky-Rhodes. Also as = « if and only
if s € Dr([a]w) for a € R.

If s € Dgr([a)w), then s appears in « by standard Coxeter theory and
so both sides of each rule as — « of A have the same letters. Thus the
projection S* — P(S) (where the latter is made a monoid with union)
given by s — {s} factors through R(W,S). The same argument as
in the proof of Proposition shows that A(R(W,S)) is isomorphic
to P(S) ordered by reverse inclusion and, moreover, that c(«) is the
set of letters in @ and d(«) = Dg([a]w) under the identification of
A(R(W,S)) with P(S). Here ¢ and d are the content and descent maps
from Section[d.1] The minimal ideal of R(W, S) is R(wo) and the action
of S on the left of it is via the operators e, described above.

Proof of Theorem[8.1. With the above arguments, the proof of most of
Theorem [8.1] is straightforward from Corollary [£.13] The multiplicities
follow by observing that if we fix ax € R(wg) for each K C S, then
ak - R(wg) (in R(W,S)) consists of all reduced expressions of wy the
form a8 where f is a reduced decomposition of the shortest element of
the right coset Wxwq, which is precisely wl}lwg = wgwy. This proves
points (1)-(3).

To prove point (4), let ¢(«) denote, as usual, the length of a reduced
word a € R. Then « belongs to the minimal ideal of R(W,S) if and
only if {(a) = m (= l(wp)). If (o)) < m, then there is at least one
element s € S with as reduced (and hence ¢(as) = ¢(«) + 1) because
wp is the unique element w of W with Di(w) = S. Thus if we run
the right random walk on R(W,S) driven by P with initial state the
empty word, then the statistic £ on R(W,S) starts at 0 and increases
with probability at least p = mingeg P(s) until it reaches the value m,
when a constant map is obtained.

Applying Lemma [3.6] with f(a) = m — ¢(«) as the statistic, yields
Z(mchl), where we require that after k

a bound on the mixing time of

steps ||P** — 7|7y < e~¢ with 7 the stationary distribution. When all
generators in S appear with uniform probability p = 1/n, the mixing
time is O(mn). O
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Notice that the canonical projection v : R(W,S) — H (W, S) has the
property that a € R(W, S) belongs to the minimal ideal if and only if
(a) = Ty, As Ty, is the zero element of H(W,S), it follows that the
probability of obtaining a constant map for the right random walk on
R(W,S) driven by P is the probability of absorption into m,, for the
right random walk on the 0-Hecke monoid H (W, S) driven by P. Hence
the mixing time of the exchange walk for (W, S) is bounded above by
the absorption time into m,, for the right random walk on H(W,S)

driven by P by (4.6).

Ezample 8.2 (Tsetlin library). Consider the Tsetlin library, realized as
exchange walk for the Coxeter system W = (Z/2Z)" with the standard
basis S. In this case R(W,S) is the free left regular band on S and
H(W,S) is the power set of S under union. The random walk on
H(W,S) driven by P is exactly the coupon collector chain; therefore
its mixing time is O(nlogn). This shows that the upper bound (here
O(n?)) given by Theorem is not always tight. This is because the
argument does not take advantage of the fact that, at the beginning
of the chain, the probability of collecting a good coupon is closer to 1
than to 1/n.

Ezample 8.3 (Exchange walk for the symmetric group). Note that,
when W = §,, is the symmetric group, then the elements of H, =
H(S,, S) can identified with permutations. The action on the right of
a permutation o of the generator s; € S corresponding to the transpo-
sition (7 7 + 1) is to fix o if 0(i) > o(i + 1) and otherwise to send o to
oo (i 1+ 1). Thus the right random walk on H,, driven by the uniform
distribution on S is the Markov chain that has initial state the identity
permutation and at each step of the chain picks uniformly randomly a
position 1 <7 < n—1 of the permutation and swaps positions 7,7+ 1 if
they are in order, and otherwise does nothing. This Markov chain ab-
sorbs into the permutation in which all pairs of positions are inverted.
The absorption time for this discrete time analogue of the oriented swap
process studied in [AHRO09] was given in [BBHMO05, Theorem 1.4] to
be O(n?) (where p = 1 in the setting of [BBHMO05|). This then trans-
lates to an O(n?) bound on the mixing time for the exchange walk on
the symmetric group S,, which is better than O(n®) provided by our
Theorem R.1] A

Theorem 8.4. The mizing time for the exchange walk on S, is O(n?).

2We thank Zachary Hamaker for pointing out the relation of our chain to
[AHR09, BBHMO05|.
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