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Diagonal approximation and the cohomology ring
of torus fiber bundles

Sérgio Tadao Martins

Abstract

For a torus bundle (§* x S') — E — S', we construct a finite free resolution of Z over Z[r1(E)]
and compute the cohomology groups H*(m1(E),Z) and H*(m1(E),Zy) for a prime p. We also construct
a partial diagonal approximation for the resolution, which allows us to compute the cup product in
H*(m(E),Z) and H*(71(E), Zy).

1 Introduction

The calculation of the cohomology of a given group, including its ring structure, is relevant for many
applications and is considered an interesting problem in its own right. For finite groups, for example,
see [I]. Another example are the manifolds that are K (m, 1) spaces, in special many closed 3-manifolds.
These manifolds are all K(m, 1) spaces with the exception of the spherical ones and four 3-manifolds
that are covered by S? x R (see []), and so the cohomology rings of these manifolds coincide with the
cohomology rings of their fundamental groups.

In addition, for a group 7, the efficient calculation of the multiplicative structure given by the cup
product in H*(mw, M) for various coefficients M is most easily accomplished by obtaining a diagonal
approximation for a projective resolution of Z over Zmw. This was done, for example, by Tomoda and
Zvengrowski in [5], where they computed projective resolutions and diagonal approximations for groups
that arise as the fundamental groups of some Seifert 3-manifolds. In that case, the groups considered
have 4-periodic cohomology and hence their cohomology groups are not isomorphic to the cohomology
groups of the corresponding manifolds.

In this paper, we consider the problem of the computing the cohomology rings of the 3-manifolds
known as torus bundles. Since torus bundles are K(m, 1) spaces, we compute their cohomology rings by
constructing a finite free resolution of Z over ZG, where G is the fundamental group of the torus bundle,
and then we construct a (partial) diagonal approximation for that resolution. Finally, we compute
the multiplicative structure of H*(G,Z) and H*(G,Zy), where p is prime. Although we only did the
calculation for the trivial coefficients Z and Z,, the methods we employ also allow us to deal with other
systems of coefficients, even non trivial ones. We didn’t further explore the computation for non trivial
coefficients in order to keep the length of the paper to a reasonable size, leaving it for specific applications.

We observe also that J. Hillman has recently determined the cohomology ring of the Sol®-manifolds
with coefficients Z> using different methods. See [3].

A torus bundle is the total space F of a fiber bundle with the torus S* x S! as the fiber and the circle
S' as the base space. Given a torus bundle (S* x S') = E — S', the fundamental group of the total
space E fits in an exact sequence of groups

1 ——m(S" xS m1(E) m(Sh) —— 1

11— 707 ™ (E)

N —Ik—

L,

and that implies m1(E) = (Z ® Z) Xg Z for some action 0: Z — Aut(Z ® Z) = GL2(Z), since Z is a free
group.
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Let Z@®Z = {a,b| ab = ba) be the fundamental group of the torus and Z = (t) be the fundamental
group of the circle, and let the action 0 be such that 6(t)(a) = a®b® and 0(¢)(b) = a”b° for [g g} €

GL>(Z). For the elements of G = m1(E), we use the notation G = {(a™b",t*) : m,n,k € Z}, and we
a v
53

In Section 2l we construct a finite free resolution P of Z as a trivial ZG-module and compute the
groups H*(G,Z) and H*(G,Zy) for p prime. In Section [B] we define a partial diagonal approximation
A: P — P® P, which will be enough to allow us to compute the cup product in H*(G,Z) and H*(G,Z).

write 8 =

2 Free resolution of Z over ZG
Given the exact sequence of groups

1 K G H 1,

Wall describes in [6] how we can construct a free resolution of Z over ZG from free resolutions of Z over
ZK and ZH: let

€

B, e B, By Z 0
be a free resolution over ZK, and let
Cs e Ci Co Z 0

be a free resolution over ZH, with Cs free on a, generators.

Since ZG is a free ZK-module, ZGRzx By is a free ZG-module and 1Q¢: ZGRzx B — ZGQuxZ = 7Z.H
induces an isomorphism in homology. We define D; as the direct sum of a; copies of ZG ®Rzx B, which
gives us an augmentation map over the direct sum of o copies of ZH, that we identify with Cs and write
€s: Ds — Cs. If A, 5 is the submodule of Ds given by the direct sum of as copies of ZG ®zk B, then
Ay s is a free ZG-module and D; is the direct sum of the modules A, ;. Denoting by do the differential
in each of the complexes D5, Wall proves in [6] the following lemma:

Lemma 1 (Wall) There are ZG-homomorphisms di: Ay s = Arik—1,s—k such that

(i) dies—1 = esd: Ao,s = Cs—1, where d denotes the differential in C;
k
(i) Zdidk,i =0 for all k, where di, is null if r =k =0 or if s < k.

i=0
Given those homomorphisms, the following theorem is then proved:

Theorem 1 (Wall) Let A be the direct sum of the modules Ay s, graded by dim A, s = r + s, and let
d =>"di. The complex (A,d) is acyclic, and hence gives us a free resolution of Z over ZG.

Let’s apply these ideas for the group extension

1 YAY/ G zZ 1,

where G = 71 (FE) is the group given in the Introduction. A free resolution of Z over Z[Z @ Z)] is given by

da di €

0 Q2 Q1 Qo

Z——, (1)
where

Qo = (e0) 2 Z[Z & Z],

Q1= (e1,6i) 2 ZZ O Z S LZ S L),

Q2= (e2) X Z[Z D Z],



and the differentials d; (i = 1,2) and ¢ are given by

6(60) = 1,
di(e1) = (a —1)eo,
di(2) = (b— 1)eo, (2)
d2(e2) = (1 —blel + (a — 1)ed.

The fact that () is indeed a free resolution can be easily seen considering the cell decomposition of
the universal cover R? of the torus. Also, a free resolution of Z over ZZ is given by

t—1 €

0 77 77

7 0, (3)

as is shown, for example, in [2]. If we can find the homomorphisms of Lemma [I then we’ll have our
desired free resolution of Z over ZG.

From now on, let
mi ma| ol = 1 -6 v
ni nal| T ab—py | B —al’

and let A, B, C, D, E € ZG be the elements given by

miy
L)+ (@ 1), ifma >0,
k=1

A= —mi—1 4
1,1 = > (@), ifma <o, @
k=0
(171)7 1fm1 :07
ny—1
> (@), if ny >0,
k=0
B= o 5
- z:(alfk'ybfk‘sﬂf)7 if n1 <0, (5)
k=1
0, if ng = 0,
m2
z:(cfko‘lfwﬂf)7 if ma > 0,
k=1 |
C= iy 6
= > (@), ifme <0, ©)
k=0
07 if ma = 07
ng—1
LD+ > (@), ifne >0,
k=0
D= 2 7
(1,1 = > (@b *8),  ifne <0, @)
k=1
(1,1), if np =0,
E=—-(11)+ Z (O 1) — Z (@I ), (8)
(m,n)ely xJy (m,n)ElyxJg

where the sets I1, I2, Ji, J2 vary depending on the signs of mi, ni, m2 and n2 and are completely
described in Table [Tl



Theorem 2 Let

Py = (z) 2 ZG,
P = (1) ® (y2) @ (ys) X ZG & ZG & ZG,
Py, = (z1) ® (z2) ® (23) X ZG & ZG & ZG,
P = (w) 2 ZG.
The sequence
0 - p -2, p 2 p 2y 0 )

is a free resolution of Z over ZG, where the maps 9; (i =1,2,3) and o are defined by

1
02(z2) = Cy1 + Dy2 + [(b,1) — (1
02(z3) = [(1,1) — (b, D]yr + [(a, 1

Bs(w) = [(1,1) — (b, 1)]z1 + [(a, 1) — (1,1)]z2 + Ezs.

Proof: Applying the ideas of Wall [6], the modules A, s are such that A, s # 0 only for 0 < r < 2 and
0<s<1,and

A271 = Ag’o = A()’l = A()’o = ZG,

A1qn 2 A0 2 ZG D ZG.

Using Lemma [Tl we get the diagram

(w) (21) © (22) (y3) (10)
0 76— 76876 —2 76 77
R TT
0 76— 760726 -2 76 =2, 77,
(23) (Y1) © (y2) (z)

in which we must determine the maps ¢, €1, do and d;. Having done that, Theorem [I] will give us the



desired resolution. The homomorphisms €g, €1 and do are easily calculated:

co: (x) = ZZ
eo((a™b", t")z) = 1",
e1: (ys) = ZZ
e1((a™b", t")ys) = t*,
do: (w) — (21) & (22)
do(w) = ((1,1) = (b,1))z1 + ((a, 1) — (1,1))22,
do: (23) = (y1) ® (y2)
do(zs) = ((1,1) — (b, 1))y1 + ((a, 1) — (1,1))y2,
do: (21) @ (22) = (ys)
do(z1) = ((a,1) = (1,1))ys,
do(z2) = ((b,1) — (1,1))ys,
do: (y1) ® (y2) — (x)
do(y1) = ((a,1) — (1,1))z,
do(y2) = ((b,1) — (1, 1))

The three maps di are computed as follows: the map d; : <y3> — (x) must satisfy epody = (t — 1) o e,
and that happens if we define di(ys3) = ((1,t) — (1, 1))3: For the map di: (z1) ® (22) — (y1) ® (y2),
consider the diagram

(21) @ (22) — (ys)

(1) © {ya) —— (2),

where dodi + dido = 0. If we write d1(z1) = Ay1 + By2 and di(z2) = Cy1 + Dy2 for some A, B, C,
D € ZG, then

(dody + dido)(21) = 0 & A((a,1) — (1,1)) + B((b,1) — (1,1)) = (1, ¢) — (1,1) + (a,1) — (a,t).  (11)

In order to solve (), we write

1) + Z gmn (a0, 1),

m,ne’
D> huma(a™b", 1),
m,ne’
so ([Il) becomes
Y (Gem-ayn-p) = gmn + him-mn-s) = hmn) (™", 1) = (1,1) = (a,1). (12)

m,ne€’

We define a directed graph to solve (I2) in the following way: the vertices of the graph are the points of
Z X Z, and each vertex (m,n) is the origin of two edges, one going to (m — a,n — ) and the other to
(m—~,n—23). Given that det § = +1, we can draw the graph as a square grid graph with horizontal edges
going left and vertical edges going down, where each horizontal edge goes from (m,n) to (m — a,n — )
and each vertical edge goes from (m,n) to (m —~,n — §). On each vertex (m,n), we put two labels
(vet to be determined): one with the value of gmn and another with the value of hmn,. Then, on each
horizontal edge we put a label with the value of gim—a)(n—g) — gmn, and on each vertical edge we put a
label with the value of A(y,—y)(n—5) — hmn. Observing that we can write (I2)) as

L, if (m,n) = (0,0),
I(m—a)(n—8) — gmn + h(mf'y)(n76) - hmn = —1, if (m7 Tl) = (170)7 (13)
0, otherwise,



we use the graph we just defined (except for labels) to solve it in the following way: first, we find a path
(in the undirected graph obtained from the one we defined) between the vertices (0,0) and (1,0). In
order to do that, let m; and n; be integers such that

—ami; —yn1 =1
—Bm1 — on1 = 0.

Hence we can go from (0,0) to (1,0) passing through |m1| horizontal edges and followed by |ni| vertical
edges. Just to give a concrete case, suppose m; < 0 and n1 > 0. Then our path looks like

tE—— e E——— - - -0 ——

where the top left vertex is (0, 0) and the bottom right vertex is (1,0). From (I3), we know that the sum
of the labes of the edges originated at (0,0) must be 1, the sum of the labels of the edges originated at
(1,0) must be —1, and the sum of the labels originated from any other vertex must be zero. This can be
accomplished with the following labels on the vertices:

—10 —10 —10 —10 00

[ S— o S .
201
‘01
01
01
For each vertex, the left label is g, and the right one is hy,,. For all the vertices that were not drawn,

we have gmn = hmn = 0. From the labels above we read the values of A and B:

mi—1

A=(1,1)= Y ("),

x>
I
<)

ny—1

B= Y (a'*"" 1)
k=0

Given any 6, we can compute explicitly the values of m1, n1, and then discover the values of A and B.
The same can be done with the elements C' and D, and the values we find out for these four variables
are the ones given in the statement of the theorem.



Finally, it remains to compute the map di: (w) — (z3) in the diagram

(w) —2 s (1) @ (z2)

(23) —a (Y1) @ (y2) -

If di(w) = Ezs for some E € ZG, then (dodi + di1do)(w) = 0 is equivalent to

E((1,1) = (b,1)) = ((b,1) = (1,1))A + ((1,1) = (a,1))C
E((a,1) = (1,1)) = ((b,1) = (1, 1)) B+ ((1,1) = (a, 1)) D

Given the expressions, for A, B, C' and D, we guess that E can be written in the form

(14)

E=—0L1)+ > han(a™b",1t)

m,ne’

for some integers A, yet to be determined. Now the trick to compute the integers h,, is similar to the
one we used to find the elements A, B, C' and D. In order to show the computations in an actual case,
let’s suppose that mi < 0, ny > 0, mz > 0 and n2 < 0 (this case arises when «, 3, v and § are positive
and det§ = 1). In this case we can write (I4) as

((0:1) = (L) + 32 (han = Bmoynes))(@"b", 1) = (b, 1) = (1, 1)+

m,ne€’
—mi—1 mo
+ 3 [(akabkﬁ,t)—(a’mka/B,t)]+Z[(a”mb’kﬁ,t)—(al”mb’w,t)] (15)
k=0 k=1

and

(11 = (@ D)+ Y7 (hn-ayn-p — hmn) (@0, 8) = (1,1) = (a, 1))+

m,ne€z
ny—1 —ng
+ Z [(a1+mb1+k57t) . (a1+k'ybk67t)] . [(afzwbkksj) . (al—k'ybl—k67t)i| ' (16)
k=0 k=1

Once again we construct a directed graph with the points of Z x Z as vertices. Each vertex (m,n) is
the origin of two edges, one going to (m — a,n — ) and another going to (m + v,n + §). On the edge
with origin at (m,n) and going to (m — o, n — §), we put a label with the value of h(;m—a)(n—g) — Rmn,
and on the edge with origin at (m — v,n — §) and going to (m,n), we put a label with the value of
hmn — Am—v)(n—s)- Those values are available to us and are given by the equations ({IE) and ({I6). Our
task then consists in putting a label with the value of hmy on each vertex (m,n) in such a way that it
is consistent with the labels of the edges of the graph. In order to do so, it is more convenient to draw
the graph with horizontal and vertical edges, like we did before, which can be done applying the linear
map 1T: Z X Z — 7 X 7 given by

T(m,n) = p1 {ZL} = — {lel T:ﬂ [ZL] = (—mim — man, —n1m — nan).

to the vertices of our graph. Then, in the case we are considering, our graph looks like this:
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In the picture above, we did not draw edges with null labels. From the graph above, define the sets I,

Ji, I2, Jo C Z by
I = [—m27—m1 — ma — 1] NZ,

Ji = [07 —ng — 1] NZ,
I, = [—m1 — ma, —Mmi1 — 1] NZ,
J2 = [—-n1, 1] N Z.

If we put the label 1 on the vertices of I x Ji, the label —1 on the vertices (m,n) € I x J2 and the
label 0 otherwise, then those labels will be consistent with the ones on the edges. Applying now the map

T, we obtain
E= _(17 1) + Z (aam+'ynb6m+6n7t) _ Z (aam+'ynb6m+6n7t).

(m,n)el; xJ1 (m,n)ElyxJa

The same construction can be done for all the other cases, and in all of them the element F is given

by (), for varying sets I1, J1, I2, J2. A complete description of those sets is given in Table[ll Now that

we have computed all the maps in the diagram ([I0), Theorem [I] gives the free resolution of Z over ZG.
|

Given the previous theorem, we now proceed to compute the cohomology groups H*(G,Z) and

H*(G,Zp) for p prime.



Theorem 3 The cohomology groups H*(G,Z), where Z is the trivial ZG-module, are given by

H°(G,7) =17,
Hl(G, Z) o~ (Z)Bfrank(97])7
VASYAGYA if rank(0 — I) =0,
Lgca(p,y) PLZD®Z, ifrank(d —I) =1 and detd =1,
H*(G,Z) 2 { Zgca(pr.2) © Z, if rank(6 — I) = 1 and det 0 = —1,
Zey, ®Zecy, ®Z, if rank(0 — I) =2 and det 6 = 1,
Ly ® Ly, if rank(0 — I) =2 and det 0 = —1,
H3(G,Z)% Z, ifdetd =1,
Zo, ifdetf = —1,
H"(G,Z) =0, ifn > 4.
The positive integers c1 and c2 are such that ci1 | c2, cica = |det(0 — I)|.

Proof: Applying the functor Homza(__,Z) to the resolution given in Theorem [2] we get

—)

oF a5 %
0 —Homye (P, Z)—Homye (P, Z)——=Homyg (Ps, Z) ——Homzg (Ps, Z) — (

ot o3 | %
0 / 2OLDL———LPLPZ

2%

—R—

fL

A quick computation shows that 8 = 0 and H°(G,Z) = Z, with a generator being given by [z*]. If
€: ZG — 7 represents the augmentation map, then the elements A, B, C' and D of Theorem [2] given by
the equations (@), (&), (@) and (@) are such that €(A) = 1+m1, e(B) = n1, (C) = m2 and (D) = 1+ns.
Hence the matrix of 95: ZOZ B Z — 7 & Z & Z relative to the dual bases of {y1,y2,y3} and {z1, 22, 23}

1S
1+ m1 ni 0

[8;] = mo 1+ns O0f. (17)
0 0 0
Then H*(G,Z) = l:zlraaf = ker 95 = ()% ank(02]) — (7)3-rank®=D “gince rank(0 — I) = rank(l — 071)
1

and

-1 _ 14+ma ma
e SN

We can also exhibit explicit generators for H'(G, Z): if rank(§ —I) = 0, then H'(G,Z) = ([y5], [v3], [v3])-
If rank(@ — I), then H*(G,Z) = ([y3]). Finally, if rank(@ — I) = 1, then one of the generators of H*(G,7Z)
is [y3], while the other generator is obtained in the following way: if (1 4+m1) = n1 = 0, then the second
generator of H'(G,Z) is given by

{_ 1+ no L m2 *}
ged(ma, 1+ n2) % ged(ma, 1+ n2) Y2

and if (1 +m1) # 0 or n1 # 0 we can take

[_ n1 £y 1+my *]
gcd(l-&-ml,nl)y1 gcd(1+m1,n1)y2

as the second generator of H'(G,Z).
The matrix of 93 relative to the dual bases of {z1, 22, 23} and {w} is

@3]=10 0 (—1+detd)], (18)

since the element F given by equation () is such that e(E) = —1 4+ |I; X J1| — |I2 x J2| and the sets I,
Ji, I and Jo always satisfy (see Table[l)

|(I1 ><J1)|—|(12><J2)|:det0::|:1. (19)



This implies
Z, if detd =1,
Zo, if detf = —1,

with [w*] a generator for H*(G,Z). Finally we proceed to the computation of H*(G,Z). If detf = 1,
then z3 € ker 05 and

H*(G,7Z) = {

Hz(G, Z) [~ <Zl> 52 <22> o) Z,
im 03
whereas if det = —1 we have . .
H*(G,Z) = (#1) ® (23)
’ imo;
(1) @ (23)
im 03
(I—0~1). Tf rank(I — 0-1) = 0, then 1L 2(2)
im 03

(I —6~1) is a non-zero matrix that can be written as

[7‘ (p/q)r} or [(P/Q)"“ 7’}7

s (p/a)s (p/q)s s

In both cases, the group structure of can be obtained calculating the Smith normal form of

= (1) @ (23]) 2 Z D Z. If rank(I —07*) = 1, then

where r, s, p and ¢ are integers such that ¢ # 0 and ged(p,q) = 1. Since both cases are similar, we

! !
analyze the first one. Writing r = ¢r’ and s = gs’, we have I — 7' = [qr pr/} If k, ¢ € Z are such

qs’ ps
e [ o=pl 70
a-on e T=[0d

[gcd(r'7 ) 0 (21) ® (23)

that pk + ¢¢ = 1, then

and the Smith normal form of (I — 07 1) is Hence ~————= = Zyoq(,,s) ® Z. Now,

0 0] im 03

if p#£ 0, ged(r',s’) = ged(pr’, qs’) = ged(ma,n1) = ged(B,v). If p=0 and detd = 1, then a = § = 1
and v = 0, which implies 7 = 0 and ged(r’,s’) = gcd(0,8) = B8 = ged(B,7). And, if p = 0 and
detd = —1, then « = —1, § = 1, v = 0 and r’ = 2 (for in this case we take ¢ = 1), so ged(r’,s’) =
gcd(B,2) = ged(B,7,2). When rank(I — 6~!) = 1 and det @ = —1, we make the extra observation that
ged(r',s') € {1,2}. This can be easily seen, as in this case we have

qr’ pr’ —T_p = 1+m me | [14+6 —v
qs’ ps'| Tl om 14+n2| | =B 1+al’

anddet(I —07) =0 a+d=0x (ps' — 1)+ (¢7' —1) =0 < ps' + ¢’ =2 = ged(+’,s') | 2. Hence,
when det § = —1 and rank(6 — I) = 1, we can always write ged(r’,s’) = ged (8,7, 2).
Finally, if rank(I —6~') = 2, the Smith normal form of (I —6~") is a matrix {001 CO} , with ¢1,¢c2 > 0,
2
c1|c2 and cieo = |det(I — 071 = | det(0 — I)|.
|
The calculations of the groups H*(G,Z2) and H*(G,Z;) for and odd prime p are now simple, as the
matrices of 95 and 95 are obtained from the case of Z coefficients by reducing them mod 2 and mod p:

for Zo coefficients, we observe that 95 = 0, while for Z, coefficients we observe that 95 = 0 if detf =1
and 03 is a bijection if det @ = —1. We then get the following two theorems.

Theorem 4 The cohomology groups H*(G,Z2) are given by
H°(G,Z2) = Lo,
NG, Z2) = (
%G, Z2) = (
(
(

ZQ)BfrankZ2 (071)7
Zo

IR

)37rankz2 (0—1)
)

SsseiiSe

3G, Zy) 2 Ly,
H™(G,Z2) 220, if n> 4.

IR

)
)
)
)

R

10



Theorem 5 Let p be an odd prime. The cohomology groups H*(G,Zp), where Zy is the trivial ZG-
module, are given by

H(G,Z,)
HY(G,Zy)

1%

ZP7
(Zp)BfrankZp (6e—1)

1%

Zp)* e D i det 6 = 1,

H*(G,Z (

( P) (Zp)ZfrankZp (971)7 Zf det 6 = -1,
Zp, ifdetf =1,
0, ifdetd=—1,

H™(G,Z,) =0, ifn > 4.

H3(G7 ZP) =

IR
—N— ——

3 Diagonal approximation and the cup product

In order to compute the cup product in the cohomology groups H*(G,Z), H*(G,Z2) and H* (G, Zy), we
seek a diagonal approximation A: P — (P ® P) for the free resolution P given in Theorem[2 In [5], we
find the following two propositions, which can help us determine A.

Proposition 1 For a group G, let

Chn Cy Co——7 0

be a finitely generated free resolution of Z over ZG, that is, each Cy, is finitely generated as a ZG-module.
If s is a contracting homotopy for the resolution C, then a contracting homotopy § for the free resolution
C®C of Z over ZG 1is given by

§-1(1) =s(1) ®s-1(1),
5n: (C® C)n — (C ® C)n+1
Sn (Ui @ vn—i) = 5i(ui) @ Vn—i + 5-16(ui) ® Sn—i(vn—s), sen >0,

where s_1e: Cog — Cy is extended to s—1e = {(s—1&)n: Cn = Cpn} in such a way that (s—1&)n = 0 for
n > 1.

Proposition 2 For a group G, let

dn di €

C1 Co Z 0

Cn

be a finitely generated free resolution of Z over ZG (i.e., each Cy is a finitely generated free ZG-module),
and let s be a contracting homotopy for this resolution C. If § is the contracting homotopy for the
resolution C ® C' given by Proposition [, then a diagonal approzimation A: C — C ® C can be defined
in the following way: for each n > 0, the map Ay : Cr — (C®C)y is given in each generator p of Cyn by

Ao =5_1e® S§-1€,
An(p) = §n71An71dn(p)7 an 2 1.

The two above propositions tell us that if we can manage to find a contracting homotopy for the
resolution P given in Theorem [2] then we can construct a diagonal approximation A and then procceed
to calculate the cup product in the cohomology ring. The maps s_1: Z — Py and so: Po — Pi are ea:y to

m T
define: we take s_;(1) = z and so((a™b", t")x) = %yl + (a™, 1)88((bb,711)) y2 + (a™b", 1) %((11772)) Y3,
where the partial derivatives are the Fox derivatives, and it is immediate to check that es_; = idz and
0180 + s—1€0 = idp,. As to the maps s1 and sz, we don’t need their full description to compute the cup
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product in the cohomology ring. In fact, we don’t need s2 at all, as we shall see now
maps s_1 and sg, we use Propositions [Tl and 2] to compute Ag and A;. We get

No: Po = Ph® Py
Ao(z) =z Qw,

— (P1® Py) ® (Po® Pr)
Ai(y) =1 ® (a, )z + 2 ® y,
Ai(y2) =52 @ (

b, 1) + 7 ® y2,
Ai(ys) =y3 ® (1, 1)z + 2 @ ys3.
Let mi;: (P ® P)it+; — P; ® P; denote the projection and A;; = mij 0 Ay

: having defined the

: Piy; — P; ® Pj. We observe

that, for the computation of H'(G,Z) ® H*(G,Z) = H*(G,Z ® Z), we need to know only the map
A11: P — P1 ® Pi, and the computation of H'(G,Z) ® H*(G,Z) = H*(G,Z ® Z) can be done once we

have Ai2: Ps — P1 ® Ps.
From the resolution of Theorem [2l and Propositions [I] and [2, we can then verify

that the maps A1

and Aj2 can be calculated if we know how to compute s; for the elements of the following list:

Y3,

(a 1)1/37

(b 1)1/37

( 77’Lb'n/ )y17
( 77’Lb'n/ )y27
(a™b", )y,
(a™b"™, t)ya.

(20)

Before we compute s; for the elements of this list, we make one more observation that will be useful
later: if M and N are trivial ZG-modules, g € ZG, m € M and f € Homzg (M, N), then

flgm) =g- f(m)=e(g)- f(m), (21)
where €: ZG — Z is the augmentation map.
Lemma 2 Let
93 02 01 €0
0 Ps P Py Py / 0
be the free resolution of Theorem[2. There is a contracting homotopy s for the resolution P such that
s—1(1) ==,
a(a™,1) o™, 1) a(1,t")
SO((G‘ ) ).’1)) 8((17 1) Y1+ ( ) 8(177 1) Y2 + ( 5 ) 8(17:[/) Y3,
min _ m 8(bn7 1)
81((0’ b 71)y1) - (a’ 71) 8([), 1) 23,
s1((a™b", 1)y2) = 0,
s1(ys) = 0,
s1((a,1)ys) =0,
81((b7 1)y3) =0,
myn myn 8(aa7 ) m+agn 8(1)671)
b",t b - b",1
s1((a Jy1) = —(a™b", )8(% ) & (a : )8(b71) zo+
m 8(“ 71 bn UV
+ —(CL ,1) a(a7 1) + Z hu'u b Z3,
u,vEZL
min min 8(01771 m—+tyn 8(17671)
81(( b", )yQ) ( b, ) 8(0,, 1) 21 (a b 71) a(b7 1) 22+
m 8(“ bn u v
+ | =™, 1) (. 1) Z Quo(a®d”, 23,

12



where the integers hyy € Quo Satisfy

of

> huw = (v +6— det),
U, VEL
~d
Z Quv = E(Oz—ﬁ—ﬂ—detﬁ).
u,VEL

Proof: We’we already defined the maps s—1 and so. From dasi1 + so01 = idp,, it is trivial to verify
that we can take si(ys) = si((a,1)ys) = s1((b,y)ys) = 0. It is also easy to see that we can define

n

b 71 mipn
s1((@™b", Dy1) = —(a™, 1) 20.1) z3 and s1((a™b", 1)y2) = 0.

Let us now write s1((a™b",t)y1) = k""" 21 + ko " 22 + k5" z3, where k7", k" k3" € ZG. Substi-
tuting in d2(s1((a™d™,t)y1)) + s0(01((a™b™, t)y1)) = (a™b",t)y1, we get

d(a*, 1
KA+ KO+ KL 1) — (b, 1)] = (a7, ) — (a™, 1)3(?771))’
m,n m,n m,n _ m 8(bn7 1) m«‘:a 8(b7l+57 1) (22)
kl B + k? D + kS [(CL, 1) - (17 1)] - (a 71) a(b7 1) - (a 71) 8([), 1) )
K7(a, 1) = (1L, 1)) + k377 [(6,1) = (1,1)] = (@™0", 1) — (@™ b7, 1),
. . . m,n __ min a(aa71) m,n _ m4arn 8(bﬁ71)
The last equation above is satisfied for k7" = —(a™b", 1) o) and k3" = —(a b", 1) 20.1)
We must then find k3" such that
m,n _ _ min _ m 8(aa71) _pmmn o4 pmn
k3 "[(1,1) — (b,1)] = (a™b",t) — (a™, 1) 3 1) k" A -k C
_omgn m a(aa7 1) min a(aa: 1) m+ain 8(b67 1)
= (a™b",t) — (a™, 1) D 1) + (a™b",1) A1) A+ (@™, 1) 20.1) C (23)
and
(1) - (1,1)] = (@, 2L e ) 2ETLD g e
3 ’ ’ " 0(b, 1) (b, 1) ! 2
_ m 8(bn7 1) _ m-+to 8(bn+ﬁ7 1) min 8(aa7 1)
= (a", 1) 20.1) (a 71)78(1),1) + (a™d",1) o 1) B+
o(b?,1)
m+tain )
+ (a b 71)78(671) D. (24)
Now, if
k;)n,n = Z guv(aubv7 1) + Z huv(aubv7t)7 gumhuv S 27
u,VEL u,VEL
then the equations (23) and (24) are written as
UV _ min a(aa7 1) m 8(aa7 1)
uge:z(guv gu(Ufl))(a b 71) - (a b 71) 8(&71) (a’ 71) 8(&71) ) (25)
UV _ m a(bn7 1) m—+ta 8(bn7 1)
Z (g(ufl)v guﬂ)(a b 71) - (CL 71) 8(177 1) (CL 71) 8(()71) 5 (26)
u,vEZL
and
uUpv min min a a71
S (huw — hu o) (@8, 1) = (@0",8) + (@, ) 2D (4 — (1, 1))+
u,vEZL 8((17 1)
ab®, 1)
m+tain )
+ (a b", 1) 20.1) C, (27)
_ U v _ min a(aa71) m-+tain 8(bB71) _
3 (om0 = @ DGR B @) G0 - 4. @
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We can solve ([28) and (26) in a way that is similar to the one we used to find the element F given by
equation (8). We get
ugv m 8(aa7 1) 8(bn7 1)
wo (@b, 1) = —(a™, 1) 22 D0 5 ) 2
5 gt 1) = ~(" ) F D) SO (20)

u,vEL
In order to solve (27)) and (28)), we first observe that explicit expressions for the elements
d(a®,1) 9(b°,1)
d(a,1) * a(b,1)

depend on the signs of a, 8, v, § and det 8, so we have many cases to consider. As all of them are similar,
we show how to solve (27) and ([28) when «, 8, v and § are positive and det § = 1. In this case we have

A, B, C, D,

é

|
-

A= (1,1) = = ("™, 1),
k=0
B-1
B =3 (),
k=0
v
¢ =S,
k=1
D - (17 1) = - (aik'yblik{t):
k=1
and the equations (7)) and (28) can be written as
>~ (s = humyo-)(a"8", ) =
u,VEL
a—16—1 B—1 ~ )
= (a™b",1 [ (a?TFpkP 1) + (aa’mbfkﬁ,t)] (30)
7=0 k=0 3=0 k=1
and

D (huayw—p) = huo) (@b, 1) =

u,vEZL

a—18-1 B—1 «
mbn |:Z Z(a1+j+k'ybk57t) _ Z (aak'yb1+jk57t):| ) (31)

j=0 k=0 j=0 k=1

Just like we did to compute the value of the variable E in the proof of Theorem [2] once more we define
a directed graph, with the set Z x Z as vertices and edges going from each (m,n) to (m — a,n — ) and
(m+v,n49). On the edge from (u—~,v—9) to (u,v), we put a label with the value of huy —hu—v)(w—s),
which is given by equation ([B0) and on the edge from (u,v) to (v — «,v — ), we put a label with the
value of h(y—a)(w—p) — huv, which is given by ([BI). In order to draw the graph, we apply again the map

T:7 x Z — 7 x Z defined by
-1
u| ey x
b =ren=[5 3 L)

and we call the new coordinates, obtained after applying T, v and v.

In the case we are analyzing, let’s take a look at the right side of [BI). As we are interested in
calculating the cup product with trivial coefficients Z, Zs and Z,, all we need is the value of e(k3"™) =
> Gguv + > huv, where e: ZG — Z is the augmentation map. Since (29)) already gives us Y guo, all we
need is Y hyv, and for that we can drop the term (a™b", 1) in the right side of (3I]) and focus on

i: i: 1+j+k'ybk57t) _ Ez? za:(aafk'yb:bkjfk(g?t)‘
7=0 k=0 7j=0 k=1

The sum Z Z ( 1+i+kYpkS 1) provides us with edges with label 1. For a fixed value of j €
{0,... 1}7 we get the following “block” of edges (after applying T'):

14



e k=p-1)

Now, as we let j vary between 0 and o — 1, other blocks of edges with label 1 appear, and are arranged
according to the following pattern, where each white rectangle represents a block of edges for a fixed
value of j:

If we do the same with the sum — Zf;ol S0 (@ F eIk 1) which will give us edges labeled with
—1, we get a picture of the horizontal edges of our graph (where the gray rectangles represent the edges
of label —1):

In order to label each vertex in a way that is consistent with the labels on the edges, it is enough to
put the label 1 in every vertex between a gray block and a white one, and put the label 0 on every other
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vertex. Since we can compute the exact location of the blocks in our graph, we can then write

sum of the u-coordinates of sum of the u-coordinates of

Z Ruo = the origins of vertices with - the origins of vertices with
w,vEZL label 1 label —1
_ (ad —|—25)a,8 B (a5—72+ 1ag _ %(%Lé— 1.

One thing is missing: we need to check that our labels on the vertices are also consistent with equa-
tion ([B0)), but fortunately they are.
If we now analyze all the remaining cases, we get

P y+6—1), ifdetd=1,

Z huv:

u,VEL

‘°|1Q1N’|m

(y+6+1), ifdeth=—1.

Also, the computation of s1((a™b™,t)y2) is analogous to that of s1((a™b"™,t)y1), and what we get is
exactly what is in the statement of this lemma.

Remark: If we are interested in computing the cup product with non trivial coefficients, then we can still
construct the graphs described in the lemma for a given action 6 and explicitly calculate s1((a™b™,t)y1)
and s1((a™b",t)y2).

Now we proceed to calculate the cup product H?(G,7Z) ® HY(G,Z) = HPT(G,Z). Just to simplify
the notation, let’s write the elements A, B, C', D and E € ZG as

A:Zﬁ:Am B:Zin7 C:Zicm D:Zka7 E:Zﬁ:Ek.

Then, using Propositions [[land 2] we can write

Asz(21) = 51A1p2(21) = 51 (AA1(y1) + BA1(y2) + [(a, 1) — (1,1)]A1(ys))
=51(Aly1 @ (a, Dz +z @]+ Bly2 @ (b, 1)z + & @ y2]+
+ (a,Dys ® (a,t)z + (a, D)z @ (a, 1)ys —yz @ (1, t)r — = D y3),
Asz(22) = 51A1p2(22) = 51 (CA1(y1) + DA (y2) + [(b,1) — (1,1)]A1(ys))
=5 (Cly1 ® (a, 1)z + 2 @ y1] + Dly2 ® (b, D)z + x @ ya]+ (32)

+ (b, Dys ® (b,t)x + (b, 1)z ® (b, 1)y 3—y3®(1tx—:c®y3),
Ax(z3) = 51A1¢2(23) = 51 (A1(y1) — (b, 1)Ar(y1) + (a,1)A1(y2) — A1 (y2))
=s51(y1) ® (a, Dz + 2 @ s1(y1) — s1((b, Dy1) ® (ab, 1)z — s0((b, 1)z) ® (b, )y
—z®s1((b, Dy1) + s1((a, 1)y2) ® (ab, 1)z + so((a, 1)z) ® (a,1)y2
+z®s1((a,1)y2) — s1(y2) ® (b, 1)z — = @ s1(y2),

and we get

Aq1(z1) = m1(Az2(21)) =m0 851(A(z @ y1) + B(z @ y2) + (a, 1)z ® (a, )ys — z @ y3)
=+ 50(Akz) @ Akyn £ Y s0(Brx) ® Bryz + y1 @ (a, 1)ys,

A1(2z2) = T11(A2(22)) = m105:1(Cz@y1) + D(@ @ y2) + (b, 1)z ® (b, 1)ys — z ® y3) (33)
=4 Zso(Ck:c) ® Cry1 = Z s0(Drx) ® Dpy2 + y2 ® (b, 1)ys,

Aq1(z3) = m11(A2(23)) = —s0((b, 1)x) @ (b, L)y1 + s0((a, 1)z) @ (a, 1)y2
=y ® (a,y2 —y2 ® (b, 11
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Now, if u,v € Homzg(P1,Z), equation (33) implies that the product [u] — [v] € H*(G,Z) is repre-
sented by a map (u — v) € Homgzg (P2, Z) such that

(u—v)(z1) = (uxV)A11(21) =

= (-t DY ) @ o) + (2D Y ) @ 0(an) + mraln) @ o)+

 (mor 20D Y w0 + (22 ) ) @ 0(0m) + ) 9 0(m)+

2 2
+ u(y1) ® v(ys),
(u—v)(22) = (u X V)A11(22) = (34)
_ (_ amz(T;lz + 1)> u(yy) ® v(y1) + (_ ﬂmz(”;z + 1)> u(y2) ® v(y1) + mau(ys) ®@ v(ys)+

2 2
+u(y2) @ v(ys),
(u—v)(z3) = u(yr) ® v(y2) — ulyz) ® v(y1).

+ (M) u(yr) @ v(y2) + <n2 + M) u(yz2) ® v(y2) + n2u(ys) ® v(y2)+

Even though the expressions for A, B, C', and D depend on the signs of m1, ni, me and nz, the above
equations hold in every case.
Using once again Propositions [[land 2 we also write

As(w) = 528003(w) = 5282([(1,1) — (b, 1)]21 + [(a,1) — (1, 1)]22 + Ez3)
=5([(1,1) = (b, D)]A2(21) + [(a, 1) = (1, 1)]Az(22) + EAs(z3)). (35)

A term belonging to P1 ® P> in Asz(w) arises when we evaluate 52 at an element of Py ® P> (this
follows from Proposition [Il). Hence we have Aj2(w) = 712 0 Ag(w) = m12 0 §2 0 Apz 0 d3(w), and looking

at (32), we get
Az (w) = m12 0 82(Ao2(21) — (b, 1)Av2(21) + (@, 1) Ao2(22) — Ao2(22) + EAo2(23))
=+ 41 ®(a,1)s1(Cryr) £ Y 41 ® (a,1)s1(Dryz) (36)
TY 2@ (b, Dsi(Akyn) F Y 42 ® (b, 1)s1(Brye)
+ Z £50(Erx) ® Erzs.
If v € Homze(P1,Z) and v € Homge(Ps,7Z), then [u] — [v] € H*(G,Z) is represented by a map

u — v € Homzg(Ps,Z) such that (u — v)(w) = (u X v)A12(w). Using the above expression for Az (w),
we can then write

(u x v) (Z +s50(Erz) ® Ekzs) = Z (am +yn)u(y1) @ v(z3) + Z (Bm + dn)u(y2) @ v(z3)

(m,n)el xJ1 (m,n)ely xJy

+ > ulys) ®v(zs)

(m,n)el; xJy

— Z (am + yn)u(yr) @ v(zs) — Z (Bm + on)u(y2) ® v(zs)

(m,n)elzx Jg (m,n)ElaxJ2

— D ulys) ®u(zs)

(m,n)elax Jp

= <a|J1| S omAAn| > n—all] > m -9k ZTL) u(y1) ® v(z3)

mely neJy mely neJg
.\ (mm S 811 S — Bl o ol zn> () @ v(z0)
mely neJy mely neJo

+ (det O)u(ys) © v(zs),
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and similar calculations show that
(ux 0) (£ 11 ® (@, 1)51(Crpn) ) = (—ama)u(ys) @ v(z1) + (~Bmz)u(ys) @ v(z2)

+ (aﬂmz (y+d+m2+1—det 9)) u(y1) ® v(zs3),

2
(u x v) (iZyl (a,1)s1( Dky2)) = (—yn2)u(y1) @ v(21) + (—n2)u(y1) ® v(z2)

5
+ (—’ynz . 2n2 (—a—pB+nz—1+det 0)) u(yr) ® v(zs),

(uxv) (F 292 ® (0, )s1(Aiyn) ) = (ama)uye) © v(=1) + (Bma)u(yz) © v(z2)

n (‘O‘gml (y+ 8 +my +1—det 0)) u(y2) @ v(zs),

(ux 0) (FD 92 ® (b, 1)s1 (Buya) ) = (yna)uly) @ v(z1) + (9n1)ulyz) @ v(z2)

N (7(5;1 (—a— B4n1 —1+det 0)) u(yz2) @ v(z3).

Substituting those results in ([B6]), we are left with

(u— v)(w) = (u X v)As2(w)
= u(y1) ®v(22) — u(y2) @ v(z1)+

+ a,BQmQ( +6+m2+1—det9)—’yn2—’y52n2 (—a—=pB+n2—1+detd)+
ol Yom -4l Yo ol Yl S utyn) @ v(ea)+
mely neJy mely neJo
+ _"‘fml (Y46 +m1 + 1 —det ) + 752"1 (—a— B+mni —1+detd) +
BlAL S m+8ln] > n—Blhl > m—dL Y ] ) ® v(z3)+
mel; neJy mely neJg

+ (det O)u(ys) ® v(z3).

The above equation can be simplified: first, we note that

aﬂ2m2 (’Y+6+m2+1—det9)_’7n2_752712 (ma—=f+n2—1+detf) =

o, if det =1
Clay(6—-B8-1), ifdetf=—1,
and
~yon1

—afmy
2

(—a—p+n1—1+deth) =

(y+0+m1+1—detd) +
B {0, if det§ =1,

Bé(y—a+1), ifdetd=-1.

We also have the following:
Lemma 3 Let S: Z X Z — 7 be the function defined by

S(x,y)=alh| > m+ylL| > n—zlhl > m-yllL] > n,

mel; neJy mely neJg
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where the sets In, J1, Ix and J2 are described in Table[l. Then

l—-a—7v—ay

5 , if det =1,
S(a,y) = ldtatny—
%7 if det§ = —1,
and
M7 if detd =1,
S(B,0) =
W’ if det @ = —1.

Proof: The proof is nothing but a straightforward calculation using the descriptions of the sets I, Ji,
I> and J2 and remembering that

—1
m1 mz2| _  |a vy . 1 -0 v
A R P I AL

|
With those two observations, equation (1) can then be written, if detd =1, as
loa—~—
(= v)(w) = u(yr) ® v(z2) - uly2) ® v(=1) + (%) u(yn) ® v(zs)+
1-p8—-5+p50
(F25EE0 ) ) ) + ) 0(9) (38)
and, if detf = —1, we can write
(u—v)(w) = u(yr) @ v(z2) — u(y2) © v(z1)+
-1 _
26 5= 1)+ (I u) 9o+ (39)

[0 = a4 1)+ (FEZLEEEEN ) @0(e) - uln) @ 0(29),

We are now finally in a position where we can compute the products
H?(G,72)® HY(G,7) = H" (G, 2 ® 7Z) = H" (G, 7).

Theorem 6 The cohomology ring H*(G,Z) is given by:

1. Ifrank(0 —I) =0, then
Z[¢1, 62, 3]
(G=¢=¢¢=0)

H*(G,Z) =
where dim(¢1) = dim(¢2) = dim({3) = 1.
2. Ifrank(f —I) =1 and det = 1, then

Z[G1, G2, €2, 5]
(t =0 =0, gcd(8,7)0¢ =0, (2o =0, (263 = (162,
G1&s =34/ gcd‘fg‘,w (1—a—ay— By,
=6 =6E6=0

where dim(¢1) = dim(¢2) =1 and dim(&2) = dim(&3) = 2.

H*(G,Z) =
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3. Ifrank(0 —I) =1, det@ = —1 and ged(B,v,2) =1, then

Z[Ch C27 g]

H (G7Z)E<C%:§§:O7 C1¢2 = 2¢, )7

C2§:O7 2C1§:07 52 =0

where dim(¢1) = dim(¢2) = 1 and dim(§) = 2.
4. Ifrank(0 — I) =1, det @ = —1 and ged(B,7,2) = 2, then

Z[G1, G2, €1, €]
(F=¢=0, (¢ =m& +£,26 =0
G2 = (#) 11,6261 = 0,
(2 =0, = =& =0

where dim(¢1) = dim(¢2) = 1, dim(&1) = dim(&) = 2. Also, the integers k and £ are such that

1
pk+ gl = 1, where p and q are relatively prime integers satisfying P _ ﬁ = ;a. Finally, the
q
2k — & -2
integers v, s’ and m are such that ps' +qr' =2, m = 5 s T T
q p

H*(G,Z) =

)

5. Ifrank(0 —I) =2 edet0 =1, then

Z[C7 517 {27 53]
<C2 =0, c161 = 262 = 0, (&1 = (&2 :07>7
G=8=68=066=E=6E6=0
where dim(¢) = 1 and dim(&1) = dim(§2) = dim(&3) = 2. Also, the integers c1 and c2 are such that
c1 | c2 and creo = | det(0 — I)|.
6. Ifrank(0 —I) =2 and det @ = —1, then

H*(G,Z) =

Z[C7§17§27X]
< (=0, abr =cb =0, (& =0, & =0, )7
CX:O7 65255207 €1X:07 €2X:07 XQZO

where dim(¢) = 1, dim(&:) = dim(&2) = 2, dim(x) = 3. Also, the integers c1 and c2 are such that
c1 | c2 and cice = | det(0 — 1I)|.

H(G,7) =

Proof: First case: if rank(6 — I) = 0, then

HY(G,2) = (g e () @ (i) 2ZeZeZ,
H*(G,Z) = () @ (=) @ () 2 Ze Za Z,
H*(G,Z) = (w"]) = Z.

and equations ([B4) and (B8) give us the cohomology ring H*(G,Z) exactly like in the statement of the
theorem, with [y7] = ¢;.

Second case: rank(6 — I) = 1 and det® = 1. Just like in the proof of Theorem B suppose 1+ m1 # 0
oor ny # 0 (the case where 1 +mi1 = n1 = 0 is analogous). We have

gt — 14+m me | [qgr' pr
o n1 1+na|  |gs’ ps'|’

where the integers p and ¢ satisfy gcd(p,q) = 1 and p, q # 0. The generators of H'(G,Z) 2 Z® Z are [u]
and [yz], where

e 4" P ar N S
T T eed(gr,gs) "t T ged(ar,qs) T ged(r, 5)
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We can say even more: we have det(] — 971) =0 a+d6d=2 Buta+d=2< (1-g')+(1-
ps') =2 & qr' + ps’ = 0. Hence p | v’ and ¢ | . Writing ' = pr’’ and s’ = ¢s”, we then get
pgr” +pgs”’ =0 s’ = —r"”". We can then write

_p1 _ 14+ my mso o (1 — 5) ol B qu” p27“”
I 0 - [ ni 1+n2:| - [ B (1-&) - —q27'” _pq"'” (40)

and also ged(B, ) = ged(r’,s") = |r"], so

’ ’
% T

N ()

8 * * *
= T ged(r, ) Y2 = qY1 + PYa.

Using equation (34), we obtain

(14 pgr")(pgr" ) (par” — 1g* _ (¢*r")(par”) (pgr” — 1)pq

(u—wu)(z1) = = + +

2 2
(N P*r")(=¢*r")(=¢*r" = 1) g+ (1 = pgr'")(=¢*r")(=¢*r" = 1)p?
2 2

_p’(p—q)r”

2 b

2 "
—q)r

(1 — u)(z2) = q(p2 o’

(u~—u)(z3) =0.

1"

Thus (u — u) = Iw(qu + pz3). We know that H?*(G,Z) = Zyea(s,y) ® LB L 2 Lo L & L.

The generator of one of the Z factors in H?(G,Z) is [25]. The other two generators are obtained from
the Smith normal form of

1_971 _ |:1+m1 ma :| _ |:qu// p27_// :|

na 1+ no —¢*r" —pgr"|”

k

-1
£ —p|  _la p
k q -k 2|’
which gives us

i [¢ =p] _[pr" O £ —p -1 21| | gzt + pz5
(I—-0 ){k a |~ =" 0 and kE g 2| | =kl + 25|
Hence the generator of the factor Z,» of H*(G,Z) is the class of the map gz} + pz3, and the generator
of the other factor Z of H*(G,Z) is the class of —kzi + £25. As pq(p — q) is even, we get

() = (P80 o (gsi + ),

Let k and ¢ be integers such that pk 4+ ¢f = 1. We have V _qp} € GL3(Z) and

2

which means that [u]?> = 0. We also have [y5]*> = 0. Let us compute [u] — [y3]: using (34)), we obtain

(u—y3)(z1) = g,
(u—y3)(z2) = p,
(u—y3)(z3) =0,

so [u] — [y3] = [qz1 + pz3].
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Now, to compute the products H'(G,Z) ® H*(G,Z) = H*(G,Z), we use [(B8)), that gives us

[u] — [gz7 + pz3] =0,

[u] — [—kzi +€23] = [w*],
[¥3] — lgz1 +p2z3] =0,
[y3] — [—kzT + £23] =0,
[y3] — [23] = [w"].

We are then left with the computation of [u] — [z3]. Equation (38) gives us

(0 i) = (AT ) g (222, (a1)

Assuming that ¢ > 0, it follows from (0] that

s o, e 18]
= —igeed(8,7) = Treed(8,7) and q‘\/:‘ gcd(B,7)’

p_t-a_ [ 1-a
¢~ B TP\ gadBy) B

and if we substitute the values of p and ¢ in (@J), we get

il = 51 ot (1-a =y — a4 LRI =0 gy (12)

Butdetd =landa+d=2,s0a(2—0a)—By=1s —By=(a—1)? and 1 — § = o — 1. Substituting

in ([@2), we are left with
= 5] = 51 sy =5 (1 - a = av = B[] (13)

We get the statement defining ¢1 = [u], (2 = [y3], &2 = [—kz] + £25], &3 = [23] and x = [w*]. Observe
that & = [gz1 + p23] is equal to (1 — (.

We also have

Let us see now what happens if rank(f — I) = 1 and detd = —1. Again we assume 1+ m; # 0 or
n1 # 0 and write
1 14+ms ms gr’ pr’
I - 9 = = / A
ny 1+ no qs' ps

where the integers p and ¢ satisfy ged(p, ¢) = 1 and p, ¢ # 0. In this case, we have det(I—07') =0 & a+
8 = 0. Hence (14+m1)+(1+n2) = (14+8)+(1+a) = 2 < gr'+ps’ = 2, s0 ged(B,7,2) = ged(r', ') € {1, 2}.
We separate the analysis in two subcases.

Third case: First we see what happens when ged(3,,2) = ged(r’, s’) = 1. If that is the case, then

H'(G,z) = {[u]) & (y3]) = Z & Z,
H?(G,Z) = ([—kz{ +z3]) > Z,
HYG,Z) = ([w"] | 2 [w'] = 0) = Zy,
where u = —s'yf +7r'y3 and the integers k and ¢ satisfy pk+qf = 1. Looking at the Smith normal form of

(I —67") like we did in the previous case, we get that [z} + pz3] = 0 in H?(G,Z). Using equation (34,
we obtain
1! ! !
r's'(=r" —s')
2
that implies [u]> = 0. We also have [y3]*> = 0 and (u — y3) = —s'2 +1'25.

(u—u) = (21 + p22),
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As pk+ qf =1 < p(2k) + q(20) = 2 and ps’ + qr’ = 2, there is an integer m such that

s’ =2k —qgm
r' =2+ pm

We know that m is odd, since ged(r’,s") = 1. Hence
(] — 3] = [~2hei + 2023] + [mazi + mpz3] = 2[—hei + £23].

As to the products H'(G,Z) ® H*(G,Z) = H*(G,Z), we use equation (BJ) to get that [y3] —
[—kzi + £25] = 0, and we also have
(u — (—kzi +£23)) = (r'k — s'O)w*
= ((2¢ +pm)k — (2k — gm)O)w”™
=nmuw",

and, since m is odd, [u] — [—kz] + £z5] = [w*]. We get the statement of the theorem in this case by
letting ¢x = [u], Ca = [y3] and € = [~kai + £25].

Fourth case: Let us now analyze the case rank(f — I) = 1, det § = —1 and ged(8,7,2) = ged(r’, s') = 2.
We have
HY(G,Z) = (u]) & (ly3]) 2 Z & Z,
H*(G,Z) = (lgz] + pz3)) @ ([~kal + {23)) 2 L D Z,
HY(G,Z) = ([w']) = Zs,
/ ’

s,
where u = —gu + —

3 y5 and the integers k and ¢ such that pk + ¢¢ = 1. Using ([B4), we get

TISI(_TI _ Sl) (

qz1 +pz3).

But v’ and s’ are even, so 7's’(—r' — s') = 0 (mod 16), which implies [u]?> = 0. We also have [ys3]*> = 0
and

. s .
(u—y3)= 54 + 5 %2
There is an integer m such that
s’ =2k — gm,
r’ =20+ pm.

In this case m is even, m = 2m/, hence
(u—y3) = (=k+qm')z] + (0 +pm')z3 = (=kz{ +L23) +m/(q27 + p23),

from where it follows that [u] — [y5] = m’[gz] + p2z3] + [—kzT + £23], and the integer m’ may be even or
odd.

We still have [u] — [gz] + pz3] and [u] — [—kz] + £25] left to compute, since equation (39) gives us
at once that [y3] — [¢z] + pz3] = 0 and [y3] — [—kz] + £z5] = 0. We have
—s'p—r'q
710* _ *

(u— (a2 +p23) = L ",

so [u] — [gz1 + pz3] = [w*]. Finally,

! !
(= (—hzf 4+ £23)) = P05,

2
/ ! / /
hence [u] — [—kz] + £25] = W[w’m where the integer % may be even or odd. We get the
statement of the theorem in this case setting (1 = [u], (2 = [y3], &1 = [q2] + p23], &2 = [—kz] + £25].
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Fifth case: rank(6 — I) = 2 e det @ = 1. In this case we have

HY(G,Z) = ([y3]) = 2,

H*(G,Z) = ([u] | e1 - [u] = 0) & {[v] | e2 - [v] = 0) ® ([23]) = Ze, @ Ze, DL,

H(G,Z) = (w']) = Z,
From (34), we get [y5]> = 0. The generators of the factors Z., and Z., of H*(G,Z) are the classes of
maps v and v that are linear combinations of z] and z3, hence equation (B8]) shows us immediately that

[y3] — [u] = [y3] — [v] = 0 and [y3] — [23] = [w*]. We get the statement of the theorem in this case
setting ¢ = [y3], & = [u], &2 = [v], & = [23].

Sizth case: rank(0 —I) =2 e det® = —1. In this case we have

H'(G,Z) = ([y3]) = Z,
H*(G,Z) = ([ul) & ([v]) = Ze, ® Ze,
H(G,2) = (")) = Za,
This case is similar to the last one. We have [y5]* = 0 and [y3] — [u] = [y5] — [v] = 0. We get the
statement defining ¢ = [y3], &1 = [u], & = [v], x = [w"].
|
Once we’ve computed the cup product in H*(G,Z), doing the same in H*(G,Z2) and H* (G, Zy) is

easy, since essentially all we have to do is reduce everything modulo 2 and p, respectively. We summarize
the results we get in the next two theorems.

Theorem 7 The cohomology ring H* (G, Z2) is given by

1. If 0 = {(1) (1)] (mod 2), then

Z2[C1, Co, G5
( = (M) GG+ 22 (oG, ) ’
G=20G+1+221)0EG, G=0
where dim(¢1) = dim(¢2) = dim({3) = 1.

2. Ifo= {(1) (1)] (mod 2), then

H* (G, Zs) =

ZQ[C17C27€17€2]

H* (G, 7)) =
(€, 22) <<%:(1+M—+g"2ﬂl~)a, G=0, G =0, 4151:4252,)’

G1&2 = (S(a,7) + 5(8,6))¢1é1, €1 =0, & =0,6& =0

where dim(¢1) = dim(¢2) = 1 and dim(&;) = dim(§2) = 2.

3. Ifo= E (1)] (mod 2), then
. ~ Z2[¢, €]
H(G7Z2)7(C2:07 52:0)7

where dim(¢) = 1 and dim(§) = 2.

4. If 0 = E (1)] (mod 2), then

ZQ[C17C27€17€2]

H(G,22) = (4% — 36, G20, GG =0, Gt = S(a,v)@&,) ’

(261 =0, (b2 =161, 1 =10,8 =0, &1&2 =0
where dim(¢1) = dim(¢2) =1 and dim(&;) = dim(§2) = 2.
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5. If0= {1 1] (mod 2), then

0 1

. ~ Zs[G1, G2, 1, &2
H (G, Z2) = )
(G, 22) (Cf =L26,03=0,00=0, &= 5(575)@51,)
G261 =0, (aba =161, 61 =0, =0, &6 =0
where dim(¢1) = dim(¢2) =1 and dim(&1) = dim(&2) = 2.

0 1
1 1

6. If 0= { ] (mod 2), then
H*(G,Zs) =
where dim(¢) = 1 and dim(§) = 2.

Theorem 8 The cohomology ring H*(G,Zy), for p an odd prime, is given by
1. Ifrankz, (6 —I) =0 and detf = 1, then

" Zp 1, )
H*(G,Zp) = (& :[CC% :<2C32C3]: 0)’

where dim(¢1) = dim({2) = dim({3) = 1.
2. Ifrankz, (0 —I) =0 and detf = —1, then

ZP [C17 C27 CS]

H*(G,Zy) = C=C=C=0G=0)

where dim(¢1) = dim(¢2) = dim({3) = 1.

3. Ifrankg,(0 —I) =1 and det = 1, then
H'(G,Zy) = ([u]) & ([y3]) = Zp © L,
(6,7,) = BLER 6 () 27,07,

H*(G,Zp) = ([w"]) = Zy,

N

where u is described in the following way: we have

][ 2]
ni  no B8 —al
If 1+ m1) Z0 (mod p) or n1 Z0 (mod p), we take u = —n1y; + (1 +m1)ys and, if (1 +m1) =

n1 = 0 (mod p), we take v = (1 + n2)y; — moys. Assuming, without loss of generality, that
(21) © (23)

u=—n1y] + (14+m1)ys, and taking the class of mizi +ni1z5 as the generator of ~— 5 > 7,
im 9
we have
H*(G Zp) o ZP[C17C27€17€2]
’ G=0,3=0, GG =, (& =0, 7
G& = (—nf — (14 ma)ma) (e,
(1€ = (W(_m) + w(l + m1)) (a6,
£1=0,63=0,66=0

where (1 = [u], (2 = [y3], &1 = [maz] +niz3], &2 = [23], and X\ € Zyp is such that N\ = [—niz] +

(14 ma)z3].
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4. Ifrankz, (0 —I) =1 and det0 = —1, then

Hl(G7 Zp) = ([u]) ® ([y3]) = Zp O Zy,

(6.2, - )@ (25)

=~ 7
im 03 .
HS(G7 ZP) = 07
where u where is described like in the previous case and assuming, without loss of generality, that
u = —n1yi + (1 + m1)ys, and once again taking the class of mizi + niz5 as the generator of
(27) ® (23)

e~ = Z,, we have
1m Oy
ZP[CL <27€]

H™(G,Zy) <g12 —0,32=0, GG = A&)’

1

G€=0, 2£=0, 62:0
where (1 = [u], C2 = [y3], & = [m1z] +n123], and A € Zyp is such that A\ = [—n1z] + (1 + m1)z3].

5. Ifrankg,(0 —I) =2 and det 0 = 1, then

* ~ ZP bl
H™(G,Zp) = %7

where dim(¢) =1 and dim(§) = 2.
6. If rankz, (0 —I) = 2 and detf = —1, then

(6.2, = Zold

where dim(¢) = 1.

A Appendix

The following table describes the sets I, Ji, Iz, J2 that define the element E € ZG in Theorem [2]
depending on the signs of m1, n1, mo and nz. The first four columns indicate the sign (or the value) of
the corresponding variable. The symbol Z in one of the first four columns indicate that the value of the
corresponding variable doesn’t matter for the computation of the sets I, Ji, Iz, Jo.

Table I: The sets 11, Ji, I2 and J

mi1 mn1 mo n2 117 J17 .[27 Jz Remark

+ + + + | h =[-m1—ma,—m2 — 1] N Z, if mi1 < m2, n1 < neg
J = [—n27—n1 — 1] NZ,
I, = [—mz, —mi — 1] NZ,
Jo = [—77,1,—1] NZ

+ + + + | [ =[-m1,—m2—1]NZ, if m1 > m2, n1 > ng
J1 = [—77,2,—1] ﬂZ,
I = [—m1 — Mo, —m1 — 1] NZ,
Jo=[-ni,—n2—1]NZ

— — — — 11:[—’ITL27—T)’11—T)’m—l]ﬁZ7 if m1 > mo, n1 > no
J1 = [—77,1,—712 — 1] ﬂZ,
I = [—’ITL17 —ma — 1] NZ,
Jo=[0,—n1 —1]NZ

— — — — 11:[—’17”1127—7)’11—1]ﬁZ7 if mi < mo, n1 <ns
J1 = [07 —N2 — 1] NZ,
I = [—ml, —mi1 — ma — 1] ﬂZ,
Jo = [—n27—n1 — 1] N7Z
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+ + 11:[—m2,—m1—m2—1]ﬂZ,
J1=1[0,—n2 —1]NZ,
I, = [-mi —m2,—mi1 — 1] N Z,
Jo = [—7117—1] NZ

- — I =[-mi —m2,—m2 — 1] NZ,
J = [—7127—1] NZ,
I, = [-mi,—m1 —m2 — 1] N Z,
Jo=1[0,—n1—1]NZ

— + I = [-ma2,—m1 — 1] N Z, if mi1 < m2, n1 > ng
J1 = [0, —nig — 1] ﬂZ,
I = [—m1 — Mo, —M2 — 1] NZ,
Jo=[-ni,—n2—1]NZ

— + 11:[—m1—m2,—m1—1]ﬂZ, if mi1 > mo, n1 <ns
J1 = [—nQ, —nig — 1] n Z,
I = [—’177,17 —ma — 1] NZ,
Jo=[0,—n2—1]NZ

+ — 11:[—m1,—m1—m2—1]ﬂZ, if mi1 < mo, n1 >ns
J = [—Tll7 —nNg — 1] NZ,
I = [—mg, —mi1 — 1] N Z,
Jo =[-n2,—1]NZ

+ — L = [-mi,—m2 — 1] N Z, if mi1 > m2, n1 < ng
J = [—7117—1] NZ,
12 = [—’Inz7 —mi — ma — 1] Z,
Jo =[-n2,—m1 —1]NZ

+ — 11:[—m1,—m1—m2—1]ﬂZ,
J1 = [—n1,—1] ﬂZ,
I, = [—m1 — Mo, —M2 — 1] NZ,
Jo = [0,—n2—1]ﬂZ

— + 11:[—m1—m2,—m1—1]ﬂZ,
J1 = [07 —ny1 — 1] NZ,
I = [—mg, —mi1 — ma — 1] ﬂZ,
Jo =[-n2,—1]NZ

1] L =0,
J1 =10,
Iy ={-1},
Jo ={-1}

-11] -1 I =0,
Ji =0,
I, = {0},
Jo = {0}

1 -1 I = {0},
J1= {—1}7
I, =0,
J2 =10

-1 1 I = {-1},
Ji = {0},
I, =10,
Ja =10

0 / L ={-m2—1},
Ji= {—1}7
I, =0,
Ja =10

27




—1 0 7 -1 11 = {—T)’LQ}7
Ji= {0}7
I, =10,
Jo=10
1 0 Z —1 | L =0,
J =10,
Iy ={-m2 — 1},
Jo = {0}
1] 0 7 1 | L=0
Ji1 =0,
I = {_m2}7
Jo = {-1}
T [Z |0 | 1] 6L={-1,
Ji= {—1}7
I, =0,
Jo=10
1 Z | 0| -1]|1={0}
Ji = {0},
I, =10,
Jo=10
1 7 0 —1 | L =0,
J1 =10,
I ={-1},
Jo = {0}
Iz [0 1 [6L=0,
Ji =0,
I, = {0},
J2 ={-1}
Z 11 1] 0 | 6L=0,
Ji =10,
I = {_ml - 1}7
Jo = {-1}
Z | —1] 1] 0 | =0,
Ji1 =10,
I = {_m1}7
Jo = {0}
7 1 -1 0 11 = {—T)’Ll}7
Ji= {—1}7
I, =0,
Jo =10
7 -1 1 0 11 = {—m1 — 1}7
Ji= {0}7
I, =10,
Jo=10
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