1310.4882v1 [math.GR] 18 Oct 2013

arXiv

Groups acting on hyperbolic A-metric spaces

Andrei-Paul Grecianu Alexei Kvaschuk Alexei Myasnikov
Denis Serbin

Abstract

In this paper we study group actions on hyperbolic A-metric spaces,
where A is an ordered abelian group. A-metric spaces were first introduced
by Morgan and Shalen in their study of hyperbolic structures and then
Chiswell, following Gromov’s ideas, introduced the notion of hyperbolicty
for such spaces. Only the case of 0-hyperbolic A-metric spaces (that is, A-
trees) was systematically studied, while the theory of general hyperbolic
A-metric spaces was not developed at all. Hence, one of the goals of the
present paper was to fill this gap and translate basic notions and results
from the theory of group actions on hyperbolic (in the usual sense) spaces
to the case of A-metric spaces for an arbitrary A. The other goal was to
show some principal difficulties which arise in this generalization and the
ways to deal with them.

1 Introduction

In this paper we introduce and study group actions on hyperbolic A-metric
spaces. This is a natural development of the theory of groups acting on A-
trees. We extend some ideas of Morgan, Shalen, Bass, Chiswell, and Gromov to
hyperbolic metric spaces, where the metric takes values in an arbitrary ordered
abelian group A.

Motivation. This research stems from several areas. Firstly, it is a very
natural generalization of the theory of groups acting on A-trees. It turned out
that in the study of group actions on A-trees is convenient sometimes to take
a wider look and consider actions on hyperbolic A-metric spaces. This makes
results much more general, but also more elegant and sometimes shorter. Sec-
ondly, this gives a new approach to general hyperbolicity and a new framework
to study groups acting on hyperbolic A-spaces. Thus, Gromov hyperbolic groups
can be viewed as Z-hyperbolic, Fuchsian groups as well as Kleinean groups, as
R-hyperbolic etc. New interesting classes of A-hyperbolic groups appear as a re-
sult of various “limit” constructions. Recall, that limit groups (which are limits
of free groups in Gromov-Hausdorff metric) are Z"-free, that is, they act freely
on Z"-trees [@, E], which is one of the crucial properties of these groups. Sim-
ilarly, limits of torsion-free Gromov hyperbolic groups are Z"-hyperbolic [[L].
Moreover, various non-standard versions of hyperbolic groups (ultrapowers of
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hyperbolic groups and their subgroups) also act nicely on hyperbolic Z—spaces,
where Z is the group of non-standard integers (Z is an ultrapower of Z). Thirdly,
we believe that this framework gives a unified approach to several open problems
related to model theory of hyperbolic groups, questions on algebraic structure
of subgroups of hyperbolic groups and relatively hyperbolic groups, construc-
tions of effective versions of asymptotic cones of hyperbolic-like groups and some
others.

Results. We lay down foundations of the theory in Sections fl and [}

Let A be an ordered abelian group. In Section %we discuss hyperbolic
A-metric spaces. In fact, this notion is not new, in [[Lq] Morgan and Shalen
defined A-metric space for an arbitrary A, while in [ Chiswell, following Gro-
mov’s ideas, gave a definition of a hyperbolic A-metric space. We show that
most of the classical definitions of hyperbolicity remain valid and equivalent in
the general case, which gives the base for the whole study. We introduce the
notion of a boundary of a hyperbolic A-metric space and establish some of its
basic properties which we use throughout the paper. In Section @ we study
isometries of hyperbolic A-metric spaces. The results are more technical and
proofs are more involved than both in the case of isometries of A-trees and the
classical R-hyperbolic spaces, since in the general case one has to accommodate
the both of these. The following result (Theorem [ in Section P.) is a crucial
result here which gives classification of isometries in the general setting. Let
(X, d) be a geodesic §-hyperbolic A-metric space. Then every minimal isometry
of X is either elliptic, or parabolic, or hyperbolic in the case when A = 2A,
and is either elliptic, or parabolic, or hyperbolic, or an inversion when A # 2A.
We have (see Section @) a more detailed description of isometries and their
properties in two principle cases; when A is equal to either R™, or Z™ (both
with the right lexicographic order). We conclude Section E with examples of
hyperbolic A-metric spaces.

In Section E we, following ideas of Lyndon and Gromov we introduce group
based hyperbolic length functions with values in A. From this view-point Lyn-
don’s length functions are O-hyperbolic, and our general hyperbolic length func-
tions occur when the Lyndon’s 0-hyperbolicity axiom is replaced by a general
one that corresponds to the hyperbolicity condition on the Gromov’s products
which can be easily expressed in terms of the length functions). Chiswell in
h showed that groups with Lyndon length functions [ : G — R (and an extra
axiom) are precisely those ones that act freely on R-trees, and later Morgan and
Shalen generalized his construction in g] to arbitrary A (we refer the reader
to the book [fi] for details). In Section we show how an action of a group G
by isometries on a (hyperbolic) A-metric space naturally induces a (hyperbolic)
length function on G with values in A. And in Section B.2 we prove the converse,
thus establishing equivalence of these two approaches. In the end of Sectionﬂ
we give examples of groups acting on hyperbolic A-metric spaces. This gives,
as in the classical Bass-Serre theory of groups acting on trees, an equivalent
approach to study group actions on hyperbolic A-metric spaces.

In SectionH we consider kernels of hyperbolic length functions. Let G be a



group with a length function [ : G — A. For a fixed convex subgroup Ay < A one
can define the Ag-kernel of G by Ga, = {g €| I(g9) € Ao}, which is a subgroup
of G. If the hyperbolicity constant § is greater then any element in Ay (that
is, 0 € Ag) then the restriction of the function I to G, becomes d-hyperbolic,
in other words, [ does not say much about the Ag-kernel. This shows that if A
is not archimedean then all elements in G of length “infinitely smaller” than §
become invisible for the function I, so the d-hyperbolicity axiom does not impose
any restrictions on them. To deal with this on the group level we use the idea
of a group which is hyperbolic relative to a subgroup (see below).

It turns out that for a non-Archimedean A group actions on hyperbolic A-
metric spaces can be quite cumbersome, they might have rather strange prop-
erties that do not occur in the classical situations. In Section | with introduce
several natural types of group actions and the corresponding length functions:
reqular, complete, free, and proper. The axioms on length functions associated
with these action types shed some light on the algebraic structure of the un-
derlying groups. In particular, in Section H we consider actions of a finitely
generated group G on a geodesic -hyperbolic R-metric space (X,d) and show
(Theorem []) that if the action is “nice” (regular and proper) then G is weakly
hyperbolic (in the sense of Farb, and Osin [ﬂ, E]) relative to the kernel of the
associated length function. This is an analog of the classical result on hyperbol-
icity of groups acting “nicely” on hyperbolic metric spaces. We refer the reader
to Section E for some interesting applications of this result.

In Section ﬂ we investigate how one can “complete” a given non-geodesic
hyperbolic Z-metric space X to a geodesic one, that is, how one can construct
a geodesic hyperbolic Z-metric space X which X (quasi-)isometrically embeds
into. According to Bonk and Schramm, any d-hyperbolic Z-metric space embeds
isometrically into a complete geodesic §-hyperbolic R-metric space (see [E]), but
unfortunately this completion does not have to be a Z-metric space. For a
given hyperbolic Z-metric space X we introduce two Z-completions of X which
we call T'1(X) and T'2(X). Our constructions will have, compared to Bonk
and Schramm’s, the disadvantage that the hyperbolicity constant will increase.
However, they will have the advantage that isometries, embeddings and quasi-
isometries of X extend easily and that boundaries are easy to work with.

2 Hyperbolic A-metric spaces

2.1 Ordered abelian groups

In this section we only mention some definitions and facts that are crucial for
understanding of the main concepts of the paper. For details on ordered abelian
groups we refer to books [ﬂ, B, E]

An ordered abelian group is an abelian group A (with addition denoted by
“4+7) equipped with a linear order “<” such that the following axiom holds:

(OA) for all o, 8,7 € A, a < B implies a + v < 8+ 7.



An abelian group A is called orderable if there exists a linear order “<” on
A, satisfying the condition (OA) above. In general, A can be ordered in many
different ways. In what follows A always denotes an ordered abelian group.

If A and B are ordered abelian group then their direct sum A & B can
be ordered with the right lexicographic order, where one compares first the
right components of two pairs and if they are equal than the left ones, that is,
(a,b) < (¢,d) if and only if either b < d, or b = d and a < ¢. Similarly, one can
define the left lezicographic order on A @ B. Throughout the paper we consider
only the right lexicographic order. Furthermore, the direct powers Z™ and R"™,
if not said otherwise, are always considered in the right lexicographic order.

An ordered abelian group A is called discretely ordered or discrete if A has a
minimal positive element, which we denote by 1. It will be always clear from the
context whether 1 represents a natural number, or the minimal positive element
of A. If A is discrete then for any o € A the following hold:

(1) a+1=min{f| 8 > a},
(2) a—1=max{f | B8 < a}.

Notice, that Z" is discretely ordered for any n > 0, but R” is not.

Sometimes we would like to be able to divide elements of A by non-zero
integers. To this end we fix a canonical order-preserving embedding of A into
an ordered divisible abelian group Ag and identify A with its image in Ag. The
group Ag is the tensor product Q ®z A of two abelian groups (viewed as Z-
modules) over Z. One can represent elements of Ag by fractions %, where \ €
A,m € Z,m # 0, and two fractions % and £ are equal if and only if nA = myu.
Addition of fractions is defined as usual, and the embedding is given by the map
A — % The order on Ag is defined by % > 0 <= mA > 0in A. Obviously,
the embedding A — Ag preserves the order. It is easy to see that Rg = R and
Zgp = Q. Furthermore, it is not hard to show that (A @ B)g ~ Ag @ By, so
(R™)p = R™ and (Z™)g = Q™. Notice also, that for every A the group Z @ A is
discrete.

For elements «, 5 € A the closed segment [, 3] is defined by

[, B] ={y € Al a <y < B}

Now a subset C' C A is called convez if for every a, 8 € C the set C' contains
[cr, B]. In particular, a subgroup C' of A is convex if [0, 5] C C for every positive
B € C. Observe, that the set of all convex subgroups of A is linearly ordered
by inclusion. In the case when A = R™, or A = Z" the convex subgroups form
a chain: 0 < Ay < --- < A, = A, where A; = {(A\1,...,2,0,...,0) | A\; €
R (or Z)}. In this case A has a (unique) minimal non-trivial convex subgroup
A
For any a € A we define |a| = a if a > 0 and |a| = —a otherwise.

2.2 A-metric spaces

In [@] Morgan and Shalen defined A-metric spaces for an arbitrary ordered
abelian group A.
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Let X be a non-empty set and A an ordered abelian group. A A-metric on
X is a mapping d : X x X — X such that:

LM1) Vz,y € X : d(z,y) > 0;

LM2) Va,ye X: d(z,y) =0 x=1y;

LM3) Vz,y € X : d(z,y) = d(y,z);

LM4) ¥V z,y,z € X : d(z,y) <d(z,z) + d(y, 2).

A A-metric space is a pair (X,d), where X is a non-empty set and d is
a A-metric on X. Usually, unless specified otherwise, we always assume that
there is no convex subgroup Ag of A such that d(z,y) € Ag for every z,y € X
(otherwise we can replace A by Ag).

Example 1. For any ordered abelian group A the map d(a,b) = |a — b| is a
metric, so (A, d) is a A-metric space.

We fix a A-metric space (X,d) and a convex subgroup Ao of A. For any
point x € X the subset

Xm,/\o = {y eX | d(.’II,y) S AO}

of X is a Ap-metric space with respect to the metric dy = dy,, called a Ag-
metric subspace of X.
If z € X and € € A is positive then we define the ball of radius € centered at
x as usual by
Be(z) ={y € X | d(z,y) < e}

A subset Y C X is bounded if Y C B.(x) for some 2 € X and e > 0. If Ag # A
then any Ag-metric subspace X, , of X is bounded (it is contained in B.(z)
for any 0 < e € A\ Ap).

If (X,d) and (X', d’) are A-metric spaces, an isometry from (X, d) to (X', d")
is a mapping f : X — X’ such that d(x,y) = d'(f(z), f(y)) for all z,y € X.

A mapping f: X — X’ is called a (), ¢, L)-local-quasi-isometry from (X, d)
to (X', d"), where A € Z, ¢, L € A are such that A > 1, ¢, L > 0, if

Ld@.y) — e < d(f(@), fy)) < M) +

A
for all x,y € X such that d(x,y) < L. Here, as usual, we understand %d(x,y)
as an element in Ag.

Similarly, f is a (), ¢)-quasi-isometry if the inequalities above hold for any
x,y € X (the condition d(z,y) < L is dropped).

A segment in a A-metric space X is the image of an isometry « : [a,b] = X
for some a,b € A. In this case a(a), a(b) are called the endpoints of the segment.
By [z, y] we denote any segment with endpoints z, y.

We call a A-metric space (X, d) geodesic if for all 2,y € X, there is a segment
in X with endpoints z,y. (X,d) is geodesically linear if for all z,y € X, there
is a unique segment in X with endpoints z,y.



Lemma 1. [}, Lemma 1.2.2] Let (X,d) be a A-metric space.

1. Let o be a segment in X with endpoints x,z and let T be a segment in X
with endpoints y, z.

(a) Suppose that, for all w € o and v € 7, d(u,v) = d(u,z) + d(z,v).
Then o U T is a segment with endpoints x,y.

(b) if onT={z} and o U7 is a segment, then its endpoints are x,y.

2. Assume that (X, d) is geodesically linear. Let x,y and z € X, and let o
be the segment with endpoints x,y. Then z € o if and only if d(x,y) =
d(z,z) +d(z,y).

2.3 Definition of hyperbolic A-metric space

In [ Chiswell, generalizing Gromov’s approach to hyperbolicity @], introduced
hyperbolic A-metric spaces. We briefly discuss this notion below.

Let (X, d) be a A-metric space. Fix a point v € X and for z,y € X define
the Gromov’s product

(- y) = 5(d(w,) +d(y,v) — dlay)),

as an element of Ag. A straightforward computation shows that, if ¢ is another
point from X then

(@-y) =dt,v) + (2 Yo — (@ ) — (¥ t)o.

This and the triangle inequality implies the following result.
Lemma 2. Let (X,d) be a A-metric space. Then the following hold:

1. For any v,z,y € X

0 < (2-y)y < min{d(z,v),d(y,v)}.
2. If for some v € X and dall 2,y € X, (z-y), € A then for all v,x,y €
X, (x-y)y € A
Now, following Gromov (see [H]) one can define a hyperbolic A-metric space.

Definition 1. Let 6 € A with § > 0. Then (X, d) is 6-hyperbolic with respect
to v if, for all z,y,z € X

(@ y)o 2 min{(z - 2)v, (2 y)o} — 6.

Lemma 3. /B, Lemma 1.2.5] If (X,d) is d-hyperbolic with respect to v, and t
is any other point of X, then (X, d) is 20-hyperbolic with respect to t.

In view of Lemma ﬂ, we call a A-metric space (X,d) §-hyperbolic if it is
d-hyperbolic with respect to any point of X.
The definition of d-hyperbolicity can be reformulated as follows.



Lemma 4. /E, Lemma 1.2.6] The A-metric space (X,d) is §-hyperbolic if and
only if any x,y,z,t € X satisfy the following 4-point condition:

d(z,y) + d(z,t) < max{d(z, z) + d(y, t),d(y, z) + d(x,t)} + 26.

2.4 Geodesic hyperbolic A-metric spaces

Geodesic hyperbolic A-metric spaces have some nice geometric properties, which
can be expressed in various forms of “thinness” of geodesic triangles. In this
section (X, d) is a geodesic A-metric space.

A-trees give an important class of 0-hyperbolic geodesic A-metric spaces.
They were introduced by Morgan and Shalen in [E] Recall that a A-metric
space is a A-tree if it satisfies the following axioms:

(T1) (X,d) is geodesic,

(T2) if two segments of (X, d) intersect in a single point, which is an endpoint
of both, then their union is a segment,

(T3) if the intersection of two segments with a common endpoint is also a
segment.

If X is a A-tree and x,y,z € X then [z,y] N[z, z] = [z, w] for some w € X.
In this case we write w = Y (y, z, 2).
The following theorem was proved in [[] (Lemmas 2.1.6 and 2.4.3).

Theorem 1. A geodesic A-metric space (X, d) is a A-tree if and only if it
satisfies the following conditions:

(1) for all z,y,v € X (z-y), € A,
(2) (X,d) is 0-hyperbolic.

In particular, if A is a divisible ordered abelian group (for instance A = R™)
then the first condition in the theorem is always satisfied, so in this case A-trees
are precisely geodesic 0-hyperbolic A-metric spaces.

Now we give a characterization of hyperbolic geodesic A-metric spaces in
terms of thin triangles.

A A-tripod in a A-metric space is a A-tree spanned by three points (including
degenerate cases when the points coincide, or are collinear). Here is an analog
of Proposition 2.2 from [E] The proof is straightforward.

Lemma 5. Let (X,d) be a A-metric space such that for all z,y,z € X, (x -
y): € A. Then for all x,y,z € X there exists a A-tripod T and an isometry
¢ {x,y,z}y = T, where T is spanned by ¢(z), d(y) and ¢(z) such that (z-y).
is equal to the length of the intersection [¢p(z), p(x)] N [(2), d(y)] in T.

We call the A-tripod T' from the lemma above a comparison A-tripod for the
triple {x,y, 2z} and denote T = T'(x, y, z).



If (X,d) is geodesic then the isometry ¢ : {z,y,z} — T(z,y,z) extends to
an isometry of the geodesic triangle A(z,y,z) = [z,y] U [z, 2] U [y, 2] in (X, d)
to T whose restriction to {x,y, z} is exactly ¢ (we denote this extension again
by ¢). Now, A(z,y,z) is called §-thin for some § € A if d(u,v) < § for all
u,v € A(z,y, z) such that ¢(u) = ¢(v).

Lemma 6. Let (X,d) be a geodesic A-metric space such that for all x,y,z €
X, (x-y). € A. Then

(Z) (LL' ’ y)z < d(27 [$,y]),
(i) if Ax,y,z) is 0-thin then d(z,[z,y]) < (z-y). + 6

Proof. The proof repeats the one of Lemma 2.17 [ﬂ]
Let p € [z,y], q € [x,2], r € [y, 2] be such that ¢(p) = ¢(q) = o(r) =

Y(¢(x), ¢(y), (2))-
Let w € [x,y] be such that d(z, [x,y]) = d(z,w). Then there exists w’ €

[, 2] U [y, 2] such that ¢(w) = ¢(w’). Without loss of generality assume that
w' € [x,2]. Then

(x-y). <dw',2)=d(x,2z) —d(z,w') = d(z,2) — d(x,w) < d(z,w) = d(z,[z,y])

which proves (i).
Finally, if A(x,y,2) is 6-thin then we have

d(z, [z,y]) < d(z,q) +d(p,q) < (v -y): + 6.
O

Proposition 1. Let (X, d) be a geodesic A-metric space such that for all x,y, z €
X, (x-y). € A. Consider the following properties of (X,d):

(H1,6) (X,d) is 6-hyperbolic,
(H2,0) A(z,y,2) is 6-thin for any x,y,z € X,
(H3,5) d(u,[z,2] Uy, 2]) <6 for any z,y,2 € X and u € [z,y].
Then the following implications hold
(H1,0) = (H2,45), (H2,0) = (H1,29)
(H2,0) = (H3,6), (H3,6) = (H2,46)
(H1,6) = (H3,46), (H3,6) = (H1,80)

Proof. We follow the proof of Proposition 2.21 [ﬂ]
(H1,0) = (H2,40):

Let 2,9,z € X and T'(z,y, z) a comparison A-tripod (denote by d’ the metric
on T(x,y,z)). Let u # v € A(x,y,z) be such that ¢(u) = ¢(v). We have



to show that d(u,v) < 45. Without loss of generality we can assume that
u € [x,y], v €z, z]. If t =d(x,u) then

d(¢(z), (u)) = d'(¢(x), $(v)) =t < (Y- 2)a

(U-y)e = (v-2)s =1

which implies
(u-v)e 2 min{(u-y)e, (V-y)o} —0 2 min{(u-y)e, (Y- 2)e, (2 0)a} —26 =1 —20.
Since (u-v), =t — 3d(u,v) then

d(u,v) =2t — (u-v), <2t —2(t — 25) = 44.

(H2,6) = (H1,26):
Suppose that all triangles in X are -thin and let zg,z1, 22,23 € X. We
have to show that

(z1 - 22)e, = min{(z1 - ¥3)u, (T2 - T3)uo } — 20

Denote ¢ = min{(z1 - ©3)z,, (T2 - T3)z, }- I t < (21 - 2)4, then there is nothing
prove, so let t > (x1 - 22) 4,

For i € {1,2,3} let x, € [xo,z;] be such that d(zo,z;) = t. Let ¢;,, i #
J € {1,2,3} be the isometry of the triangle [xo,2;] U [z;, ;] U [x;, 0] to the
comparison A-tripod T'(zg, z;, x;).

In the case when ¢ = 1,2 we have d(xo,z}) = d(xo,25) < (z; - x3)g, since
@i3(2h) = ¢iz(ah) and d(zg, ;) < . Thus we have

d(z),z5) < 26.

Since t > (1 - T2)s,, there exists y; € [x1, 23] such that ¢12(z}) = ¢1,2(y;)
and d(x%,y;) < d. Hence,

20 > d(x,2%) = d(y1,y2) — 26 = d(x1, 22) — d(x1,y1) — d(x2,y2) — 26

=d(z1,22) — (d(x1,x0) — d(x},20)) — (d(22,20) — d(2h, 20)) — 20
=2t — 2(x1 - X2) 5, — 30.
So, (21 - 22)z, =t — 2.
(H2,0) = (H3,6): obvious
(H3,0) = (H2,40):
Suppose that (H2,4d) does not hold, that is, there exist z,y,z € X and

u € [x,y], v € [z, 2] such that d(x,u) = d(z,v) < (y - z)s but d(u,v) > 49. By
Lemmaﬁ we have

d(’U, [x,y]) = min{d(vv [‘Ta u])v d(U, [uvy])} = min{(x ’ u)vv (u ) y)v}
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Next, 2(x - u), = d(u,v) and
2(u-y)o = d(u,v) + d(y,v) — (d(z,y) — d(z, u))
= d(uv U) + (d(yu U) + d(CL',U) - d(I, y)) 2 d(uvv)v

hence 1
d(’U, [Iay]) 2 Ed(uav> > 20.

In particular, d(z,v) > 20 and there exists p € [z, v] such that d(p,v) = 0. Now
we have

d(p, [x,y]) > d(v, [z,y]) — d(v.p) >0
d(p,ly, z]) = d(z, [y, 2]) — d(z,p) Z (y - 2)x — d(x,p) >t — d(z,p)
=d(v,z) — d(z,p) = d(p,v) = 0.
It follows that d(p, [z,y] U [y, z]) > § which contradicts our assumption.
(H1,8) = (H3,40): follows from (H1,) = (H2,40) and (H2,) =
(H3,9).

(H3,0) = (H1,86): follows from (H3,0) = (H2,46) and (H2,0) =
(H1,26). O

If (X, d) is geodesic then for z,y, z € X we denote by A;(z,y, z) the geodesic
triangle whose vertices are the points p,q,r on the sides of A(x,y,z) which
are sent to the center point of T'(z,y, z) under the isometry ¢ : A(x,y,z) —
T(z,y,z). From Proposition |l| it follows that if (X, d) is d-hyperbolic then the
length of the sides of Aj(x,y, z) is bounded by 44.

2.5 Boundaries of hyperbolic A-metric spaces

We say that a sequence {\;} of elements of A converges to infinity, and write
lim \; = o0
11— 00
if for every aw € A there is a natural number n, such that \; > « for every
i > ng. Similarly, a double-indexed family {\;;} C A converges to infinity, that
is,
1—>00
Jj—o0
if for every o € A there is a natural number n, such that \;; > a for every
1,] = Ng-

Since A is an arbitrary ordered abelian group, the notion of convergence to
infinity can be applied with respect to any convex subgroup Ag C A by replacing
A with AQ.

Let (X,d) be a A-metric space. Fix a base point v € X. We say that a
sequence of points {xz;} C X converges to infinity if

lim (2; - ), = o0.

i—00
Jj—o0
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Observe that if a sequence {x;} converges to infinity with respect to v € X then
it converges to infinity with respect to any other v’ € X since (by the triangle
inequality)
(@i - )0 — (i 25)w| < d(v,0) (1)
for any x;, z;,v,v".
Now, we term two convergent to infinity sequences {z;},{y;} C X close or
equivalent (and write {x;} ~ {y;}) with respect to v if
lim (z; - y;)» = 0.
—>00
J—o0
Notice that (EI) shows again that if {z;}, {y;} are equivalent with respect to v
then they are equivalent with respect to any base point v' € X.

Lemma 7. If (X,d) is a hyperbolic A-metric space then the property “to be
close” defines an equivalence relation on the set of all sequences in (X, d) that
converge to infinity.

Proof. Reflexivity and symmetry of “~” follow immediately from definitions.
To prove transitivity consider convergent to infinity sequences {z;} ~ {y,} and
{y;} ~ {zx}. Suppose that X is d-hyperbolic for some § € A. Then for a given
arbitrary o € A choose n,, be such that

(@i yj)o Za+0d, (yj-2r)0 2a+6
for some v € X and all 4, j, k > n,. Hence,
(@i 2)o > min{(x; - Yj)v, (Yj - 26)o} —0 = (@ +0) —d =«
which shows that {x;} and {z;} are A-close. O

For a hyperbolic A-metric space (X,d) we define the boundary at infinity
of X as the set of equivalence classes of close convergent to infinity sequences
in (X,d) and denote it 9X. Observe that if A = R then 0X is the hyperbolic
boundary of (X,d). If a € 0X and {z;} € a then we write z; — a as i — oc.

Now let Ag be a convex non-trivial subgroup of A and v € X. Take a Ay-
subspace X, o, with the base point v of X, which is a Ag-metric space. If X
is d-hyperbolic and § € Ay then X, », is d-hyperbolic, so the argument above
applies and one gets the boundary at infinity 0.X, s, of X, ., which we call the
Ao-boundary of X with respect to the base point v. Notice that in the case of
Xou,A, One can consider sequences not only from X, o, but also {z;} such that
x; € Xy, A, for all sufficiently large <.

Recall that in the case of hyperbolic R-metric spaces there exists a notion
of the Gromov product on the boundary. Similarly, for x,y € 0X we define the
Gromov product on the A-boundary as follows

(a- B)y = sup liminf(z; - ;)

T;—a 1—00
y;j—B J—o0

provided the limit exists (it depends on A).
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Lemma 8. If A = R™ with the right lexicographic order and § = (d,0,...,0),
then (a - B), exists for any distinct o, 8 € 0X.

Proof. We define
({zi} - {y;})o = liminf(z; - y;)o.
1—>00
‘]*}OO
We have to prove first that ({z;}-{y;}). exists for any two sequences converging
at infinity which are not equivalent and then prove that (a - ), exists for any
distinct «, 8 € 0X.
Suppose then that {x;} and {y;} are two sequences converging to infinity.
If for any a € R™ there exist some indices kq, £, such that (zx, -yx: )» > a, then
the sub-sequences {zy,} and {yx }, where a = (0,...,0,n), converge to the
same point in X, which implies that « and § coincide which is a contradiction.
Hence, we can assume that there exists some a € R™ such that (z; - y;), < a
for any ,j. Since {z;} and {y,} converge to infinity, there exist m,n such that
(T Ttk )vy (Yn * Yntk)v = a for any k = 0.
Take M, N € N such that M > m and N > n. Hence,

(xM 'yN)'U > min{(:EM'xm)vu (:EWLyN)v}_(S = (:EmyN)v —0 > (xmyn)'u_26

A similar argument shows that (€, yn)s = (Tar - yn ) — 20.
Suppose now that (2., - yn)y = (c1,...,¢y). It follows that

(1, sn—1,¢n —2d) = (T - Yn)o — 20 < (Xpr - YN)o < (T - Yn)w + 20

=(c1y...yCn—1,Cn + 2d)

for any M > m, N > n. The completeness of R implies then that ({z;}-{y;})v
exists for any two non-equivalent sequences which converge at infinity.

Proving existence of (a - 3), is quite similar. Let {z}} tend to o and {y}
tend to 8 and (2} - y}), < a for any 4,j. There exist m,n such that (z, -
T v (Yn - Yo > a for any & > 0. We then use the same argument as
above to prove that

({zi} - {yiv — 20 < ({23} - {yjH)o < (@i} - {yi})o + 26,

so the supremum must again exist by completeness of R. O

2.6 Isometries of A-metric spaces

Let (X,d) be a d-hyperbolic A-metric space and As be the minimal convex
subgroup of A containing ¢ (that is, for every o € As there exists k € N such
that o < k). If 6 = 0 then we set As to be the trivial subgroup of A. Consider
the set of all isometric mappings from X to itself which we denote by I'som/(X).
The image of x € X under v € I'som(X) we denote by ~vx.

Observe that if {z;} C X converges to infinity then {vx;} also converges to
infinity, and if {z;},{y;} are close then {yz;}, {vy;} are also close. This shows
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that v extends to the mapping X — X which we by abuse of notation again
denote 7.

v € Isom(X) is minimal on X if it does not have any invariant Ag-subspace
of X for some non-trivial proper convex subgroup Ay of A. If 7 is not minimal
then it induces an isometry 7y on a Ag-subspace Xy of X and the definitions
below apply to the case when A = Ay and X = Xy. Note that if the set
{y"z | n € Z} for some = € X is bounded by a € A and A is the minimal
convex subgroup of A containing « then 7 stabilizes

Xo={y e X | d(z,y) € Ao}
which is a Ag-subspace of X containing x. Indeed, for every y € Xy we have
d(y,vy) < d(z,y) + d(z, yz) + d(yz,vy) = 2d(z,y) + d(z, yx) € Ao

Hence, v is minimal only if Xy = X.

An isometry v : X — X is called elliptic if there exists € X such that
the set {7"x | n € Z} has diameter of at most K¢ for some K € N. This
definition generalizes the standard definition of elliptic isometry in R-metric
spaces. Indeed, recall that in a proper geodesic R-metric space an isometry is
elliptic if it has a fixed point. Our definition in this case (when X is a proper
geodesic R-metric space) also implies a fixed point: since the set {y"z | n € Z}
is bounded and X is proper, there exists a subsequence {n;} such that vz — y
for some y € X and vy = y. But in general, for an arbitrary A-metric space X,
even if A = R our definition does not imply that there exists a fixed point of .

Suppose v is elliptic and 2 € X is such that the set {y"z | n € Z} is bounded
by K¢ for some K € N. Let Xy be the As-subspace of X containing x. Hence,
for every y € Xy and m,n € Z there exists M € N such that

d(y"y,v"y) < d(Y"y,¥"z) + d(y"z,y"x) + d(v" 2, v™y)
=2d(z,y) +d(v"z,v"z) < 2d(x,y) + K6 < Mo

In particular, it follows that v fixes X and it cannot be minimal unless X = X.
The following fact follows immediately from the definition above.

Lemma 9. Let A = R™ with the right lexicographic order and let (X,d) be
a geodesic §-hyperbolic A-metric space, where § = (d,0,...,0). Then v €
Isom(X) is elliptic if and only if for some x € X the set {y"z | n € Z} is
bounded inside of some R-subspace of X .

An isometry v : X — X is called parabolic with respect to x € X if the
diameter of the set {y"z | n € Z} is not bounded by any o € A and there exists
a; € 0X such that for any subsequence of integers {n;} with the property
d(x,v™2z) — oo we have that {y"z} — a,.

Lemma 10. Let (X,d) be a 6-hyperbolic A-metric space. If v € ITsom(X) is
parabolic with respect to x € X then vy is parabolic with respect to any other
ye X and a, = ay.
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Proof. Suppose = is parabolic with respect to « and fix y € X. Notice that for
a subsequence of integers {n;} we have

d(xz,v"z) = 00 <= d(y,y"y) = o0.
Indeed, assuming d(x,y"x) — 0o, we get
d(y,y"y) = dx,y"y) — d(z,y) = d(z,y"x) = d(y" z,7y"y) — d(z, y)
=d(z,y"x) — 2d(z,y) =

and the converse implication can be obtained similarly.

Let v € X be a base-point. If d(z,y"x) — oo then (y"x -y z), — 00 as
n;, n; — 0o. Next, from hyperbolicity of X we get

(Y"y - y)y = min{ (" -y y)y, (Y2 y"Y)p} — 6

= min{(y"'z - ")y, (Y w -y 2)0, (YY)} — 20

which implies that (v™y - y"y), — 0o as n;,n; — oo since

(Y™ z " y)e = 5(dv, 7™ 2) + d(v,y™y) = d(y" 2,5 ™y))
1 . n
= 5(d(v,”y ‘z) +d(v,y"y) — d(z,y)) = 00 as n; = o0

and similarly (v - y™y), — oo as n; — oo. It follows that there exists
a, € 0X such that {y"y} — a, and v is parabolic with respect y. Moreover,
the fact that (y™y - ~y"y), — 0o as n;,n; — oo implies that a, = ay. O

In view of Lemma |L(] we say that v € Isom(X) is parabolic if it is parabolic
with respect to some x € X. Note that a parabolic isometry cannot fix any
Ap-subspace Xy of X for Ag C A, so, it is minimal.

Observe that if 7 is parabolic and a subsequence of integers {n;} is such
that d(z,y™x) — oo then {y™z} can be taken as a representative of a. But
then from d(z,y" 1x) > d(x,y"*z) — d(z,yz) we get d(z,y"1z) — oo, so,
{ymitlx} — a. But at the same time, {712} — va and we get ya = a.

~v is called hyperbolic with respect to x € X if the diameter of the set {y"x |
n € Z} is not bounded by any « € A and there exist distinct a,,b, € X
such that for any subsequence of natural numbers {n;}, if d(z,7y™ x) — oo then
{y ™a} — ay and {y"x} — b,. Similar to the parabolic case one can show
that if v is hyperbolic with respect to x € X then it is hyperbolic with respect
to any other y € X and a, = ay, by = by, (up to a permutation). Hence, we say
that ~ is hyperbolic if it is hyperbolic with respect to any x € X and we denote
a_ = a; and ay = b;. Again, similar to the parabolic case one can easily show
that va_ = a_ and yay = ay.

It is easy to see that if v is elliptic, parabolic, or hyperbolic then so is v* for
every fixed k € Z.
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Finally, an isometry ~ is called an inversion if v does not fix any As-subspace
of X, but 72 fixes a As-subspace of X. Obviously, inversions can exist only in
the case when A # Ajs. Also, observe that if § = 0 then any As-subspace of X
is a single point, hence, in the case when X is a proper geodesic 0-hyperbolic
A-metric space, that is, a A-tree, our definition coincides with the definition of
inversion for A-trees.

Observe that if A = R, a geodesic A-metric space (X,d) is an ordinary
hyperbolic space, so, every isometry of X is either elliptic, or parabolic, or
hyperbolic (see [[, Theorem 9.2.1]). If X is not geodesic, or if A = Z then the
case of an inversion adds.

Next, if § = 0 then a A-metric space (X, d) is a A-tree and classification of
its isometries is also known (see [, Section 3.1]): any isometry of X is either
elliptic, or hyperbolic, or an inversion in the case when A £ 2A.

Our next goal is to classify isometries of J-hyperbolic A-metric spaces.

The following lemma is similar to [[f, Lemma 2.2].

Lemma 11. Let vy be a minimal isometry of a geodesic §-hyperbolic A-metric
space (X,d). If there exists x € X such that

d(z,v*x) > d(z,yx) + 36

then v is hyperbolic in the case when A = 2A, and ~ is either hyperbolic, or an
inversion if A # 2A.

Proof. Consider the points z, vz, v2z and 4", where n € N. By the 4-point
condition (see Lemma [f) we have

Az, 722) +d(yz, v"3) < max{d(z, v)+d(22,1"2), d(z,v"2)+d(r22, 12)}+26
or, if we denote ay = d(v*z,z) for every k € N then
as + ap < max{ag + ap_2, @y + a1} +20
since d(vFz,ymx) = Q|—m|- In other words we get
max{a,_2, @n} = p_1 + a2 —a; —26
and from the assumption as > a1 + 36 we obtain
max{c,—2, Qp} > ap_1+9
which holds for any n € N. Next, we prove by induction on n that
ap + 06 < api

If n = 0 then we have
a1 + 30 < ag < 20

and ag + 0 < ay. Suppose the inequality holds for n, that is, a,41 > ay + 9.
Since we have
max{a,1+2, Qn}t > @pi1 +0
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it implies that max{ay 42, an} = @12 and
Qpio > Qpy1 + 0

as required.
In particular, it follows that «,, > nd. Consider two cases.
Case I. There exists K € N such that K§ > ay = d(z,vz) (§ and d(z,vx)
are “comparable”).
In this case, the diameter of the set {7z | n € Z} is not bounded by any
a € A (since 7 is minimal). Moreover, for any v € X we have
lim (v'z - y/2), = 00
3—00
J—o0
and ‘ ‘
lim (y*x-y ), = o0
1—>00
J—0o0
since « is minimal and 0 and d(z,~yz) are “comparable”. It shows that there
exist distinct a,,b, € 0X such that for any subsequence of natural numbers
{ni;} we have {y "™a} — a, and {y"z} — b,. That is, v is hyperbolic with
respect to x, hence, hyperbolic.
Case II. d(z,yx) = a; > K0 for every K € N (d(x,vx) is “infinitely large”
with respect to ).
Recall that As is the minimal convex subgroup of A containing §. Notice
that by the assumption we have A5 # A. Define an equivalence relation “~” on
X by setting

y~z <= dy,z) € As, for any y,z € X

Observe that X; = X/ ~ is a Aj-metric space, where A; = A/As, with respect
to the metric

di([y], [2]) = d(y, 2) + As

where [y], [z] are the images of y,z € X in X;. Since X is geodesic, from the
definition of X it follows that X is also geodesic. Moreover, X7 is 0-hyperbolic
since § € Ags, and it follows that X is a Aj-tree.

The isometry v of X induces an isometry v; of X; and we have

di([2], 77 [x]) = di([z], m[a])

Recall that the translation length 1(71) of 1 (see, for example, [{]) is defined as

l(y1) = min{d: ([y],[y]) | [y] € X1}

According to Lemma 3.1.8 [{J], for any [y] € X;

1(y1) = max{d: ([y], v{ [y]) — di([y], 11[y]), 0}
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and in particular

I(m1) = max{dy([z], 7 [z]) — di([z], m[2]), 0} = di([z]. T [2]) — du([2],m[a]) >0

If I(~1) > 0 then ~v; is a hyperbolic isometry of X; which fixes a pair of ends
a1,b; € 90X, of full Aj-type (the ends of the axis of v1). Indeed, if a1, by are not
of full A;-type, then ~; fixes a Ag-subspace X5 of X7, where Ay # A;. But in
this case, X5 lifts to a As-subspace X3 of X, where A3 # A which is stabilized
by 7 - a contradiction with minimality of . Hence, a;,b; € 0X; have preimages
Gy, by € 0X which are fixed by v and ~ is hyperbolic.

If I(y1) = 0 then 7, is either elliptic or an inversion. If 7 is elliptic then there
exists [y] € X1 such that v1[y] = [y], that is, v stabilizes the Ap-subspace of X
containing y - a contradiction with minimality of 7. Suppose 7; is an inversion,
that is, 71 does not fix a point in X; but 4% has a fixed point [y] € X;. Observe
that this is possible only if A; # 2A; which implies that A # 2A. Now, ~ does
not fix any As-subspace of X, but 72 fixes the Ag-subspace of X containing y.
Hence, v is an inversion.

O
The lemma below is similar to [ff, Lemma 2.3].

Lemma 12. Let (X,d) be a geodesic §-hyperbolic A-metric space, where and
0 > 0. Suppose y1,7v2 are isometries of X which are neither hyperbolic, nor
inversions, and such that for some x € X

d(z,y17) = 2(n12 - y21)s + 60, d(x,722) > 2(n2 - Y22), + 60

Then v2y1 and Y172 are hyperbolic if A = 2A, and are either hyperbolic, or
inversions if A # 2A.

Proof. We follow the scheme of proof of , Lemma 2.3] and adopt the same
terminology: for any isometries «, § of X denote |a — 8| = d(azx,Bz) and
la] = d(z, ax).
Since 1,2 are neither hyperbolic, nor inversions, by Lemma [L1] we have
Vi < Il +38, 3] < |2l +36
Next, from
71l 2 2(n@ - 722)2 + 60, |y2| = 2(113 - Y22)0 + 60
by definition of Gromov product we get

|71 — 2| =[] + 60, |y1 — 2| = [v2] + 60

Now we apply the 4-point condition (see Lemma [l) to 2, vz, vz, and (y172)z:

il + 7 — 1v2l < max{|vE| + [y — 1els vzl + [ — 31} + 26
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or
Il + | — 2| < max{|yZ| + |2l vyl + [y l} + 26

From |72 < |y1]| + 36 and |y1 — ¥2| = |12| + 66 we obtain

Il + Iy =2l = V3] + [yel + 36

which implies that |y1| + [y1 — 72| cannot not be smaller than |[yZ| + |ya| + 28
and

max{|vZ| + [y2l, |yl + 71|} = [vv2] + Il

Hence,
1] + |71 = 72| < |v1ve| + ] + 260

or
71 — 72| < |yv2| + 260

Similar argument produces
I =2l < |v2m|+26

Combining the above inequalities with |y; — 2| = |y1|+ 68, |v1 — 2| = |y2]| + 648
we get

nivel 2 Iml+46,  |veml 2 ml+46, el = el + 49,
27| = |y2| + 46
Next we apply the 4-point condition to z, v1x, (y172)x, and (y1y271)2:
[v2v1| + (172l < max{|yiveyi| + [val, 2[ml} + 26

But we have
[vev1] + [y172] = 2|71] + 86

SO
[vev1] + [yl < (vl + |va| + 20

and since |y27y1| = 72| 4+ 49, it follows that

[v172] + 26 < |y17271]

We combine the above inequality with |y172| = |v1] + 40 and |y17y2| = |ye| + 40
to get
2l + 60 < [y172mls Il + 66 < [rveml

Apply the 4-point condition to x, (y172)z, (y17271), and (y1792)%:
el + v | < max{|(y172)? + vl el + [iyel} + 28
From |y2| + 65 < |[y17271] we get

72| + [v172| + 60 < [y1y271| + 12|
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and it follows that

max{|(y172)°| + [nl, el + Imvel} = 1(172)?] + Il

Hence,
vyl + 1yveyl < 1(aye)?| + Il + 26

and from |y1| 4+ 66 < [y17271] we obtain

Iv2| + 46 < |(mv2)?)

and
Iy172] 4 38 < |(1172)?]

From Lemma @ it follows that 7179 is hyperbolic if A = 2A, and it is either
hyperbolic, or an inversion if A # 2A. The argument for v, is similar. O

Now, using the above lemmas, we are ready classify minimal isometries of a
geodesic d-hyperbolic A-metric space.

Theorem 2. Let (X,d) be a a geodesic §-hyperbolic A-metric space. Then every
minimal isometry of X is either elliptic, or parabolic, or hyperbolic in the case
when A = 2A, and is either elliptic, or parabolic, or hyperbolic, or an inversion

when A # 2A.

Proof. If § = 0 then X is a A-tree and any isometry of X (not necessarily a
minimal one) is either hyperbolic, or elliptic, or an inversion (see, [El, )

Suppose § > 0 and let v be a minimal isometry of X. Suppose v is neither
elliptic, nor parabolic. It follows that for any x € X the diameter of the set
{y"z | n € Z} is not bounded by K0 for any K € N.

Next, suppose for any = € X, the diameter of the set {y"z | n € Z} is
bounded by some o € A. We would like to show that 7 is an inversion in this
case. Indeed, observe that the minimal convex subgroup A’ C A containing «
must coincide with A (otherwise v stabilizes a A’-subspace of X and this is a
contradiction with minimality of ). Next, by our assumption A5 # A. Define

an equivalence relation “~” on X by setting

y~z <= d(y,z) €Ay, for any y,z € X

Hence, X; = X/ ~ is a Aj-metric space, where A; = A/As, with respect to the
metric
di([y], [2]) = d(y, 2) + As

where [y], [2] are the images of y,z € X in X;. Since X is geodesic, from the
definition of X it follows that X; is also geodesic. Moreover, X is 0-hyperbolic
since § € Ags, and it follows that X is a Aj-tree.

The isometry 7 of X induces an isometry v; of X7 and the diameter of the set
{7{[=] | n € Z} is bounded by o + As. Consider the translation length I(+1) of
~1. I I(y1) > 0 then 7, is hyperbolic and the diameter of the set {y}"[z] | n € Z}
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cannot be bounded by any 5 € A;. Hence, 71 is either an inversion, or elliptic.
If ~1 is elliptic then it fixes a point [y] € X7 which implies that + stabilizes a As-
subspace of X - a contradiction with minimality of . Hence, ~; is an inversion
(which is possible only if A # 2A) and it follows that + is also an inversion.

Finally, suppose that for any = € X, the diameter of the set {y"z | n € Z}
is not bounded by any a € A. It follows that there exists a sequence of integers
{n;} such that d(z,y"x) — co. Hence, there exists a € 0X such that {y"z} —
a. Since we assume that 7 is not parabolic, there must be at least one other
sequence of integers {m;} such that d(x,7™ x) — oo and a point b € X such
that {y™iz} — b such that a # b.

Since a # b, it follows that the Gromov product (a - b), of a and b is finite.
At the same time d(z,y"x) — oo, d(x,y™ix) — 00, so, there exist N € {n;}
and M € {m;} such that N # M and

d(x,”ny) > 2(7sz7 . ”yMI)x + 66, d(x,”ny) > 2(7sz7 . ”ny)z + 60

By Lemma , the isometry vN¥~M is hyperbolic if A = 2A, and is either hyper-
bolic, or an inversion if A # 2A. Hence, the required statement for ~ follows. [

The theorem above immediately can be applied in the case when A =
R™ 7™

Theorem 3. Let (X,d) be a geodesic §-hyperbolic R™-metric space, where R™
is taken with the right lexicographic order. Then every minimal isometry of X
18 either elliptic, or parabolic, or hyperbolic.

Theorem 4. Let (X,d) be a geodesic §-hyperbolic Z™-metric space, where 7™
1s taken with the right lexicographic order. Then every minimal isometry of X
1s either elliptic, or parabolic, or hyperbolic, or an inversion.

Using Theoremﬁ we can give a nice characterization of hyperbolic isometries
in the case when A is either R™, or Z".

Corollary 1. Let (X,d) be a geodesic §-hyperbolic A-metric space, where A is
either R™, or Z"™ with the right lexicographic order and 6 = (d0,0,...,0). Let
v be a minimal isometry of X. If n > 1 then v can be only either hyperbolic,
or an inversion. Moreover, for any n, v is hyperbolic if and only if there exist
€ X and \,c € A such that ht(\) = ht(d(x,vyz)) and d(z,v*x) > kX + ¢ for
any k € N.

Proof. If n = 1 then there exists € X such that k¥ — "z is a quasi-isometry
(see, for example, [) of Z into X. Hence, there exist \,¢ € A (which is either
R, or Z in this case) such that d(x,y*x) > kX + ¢ for any k € N.

Suppose n > 1. By Theorem E, 7 is either hyperbolic, or elliptic, or parabolic
or an inversion, so, consider all these possibilities. Recall that Ay is the minimal
convex subgroup of A containing 0 (in our case, As = R, or Ay = Z). Define
X1 = X/ ~, where z ~ y if d(z,y) € As. Since X is geodesic, X is a Aj-tree
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(here, either A; = R"~1 or A; = Z"~1). Observe that v induces an isometry v
of X7 which can be either elliptic, or hyperbolic, or an inversion if A; = Z"~ 1.
If v is elliptic then it fixes a Ag-subspace - a contradiction with minimality.

If ~ is parabolic then v; cannot be elliptic because then v is not minimal.
~1 cannot be hyperbolic because in this case 7; fixes two distinct points on the
boundary 90X (since 7 is minimal) which can be lifted to two distinct points
on the boundary 0X fixed by v - a contradiction since we assume that v is
parabolic. Eventually, if v, is an inversion then 7; fixes a point in X;, that
is, 42 fixes a Ag-subspace of X. But since v is parabolic, 4?2 is also parabolic
and the diameter of {y?z} is unbounded by any a € A for any # € X - a
contradiction.

Hence, we can conclude that v can be neither elliptic, nor parabolic if n > 1.
That is, it can be only either hyperbolic, or an inversion.

Finally, in the case when n > 1, the isometry ~; is either hyperbolic, or an
inversion. Moreover (see [[]]), 71 is hyperbolic if and only if there exists 21 € X7,
which belongs to the axis of 71, and A1, ¢; € Ay such that d(z1,vF21) > kX +c1
for any £ € N. So, z1, A1, and ¢; can be lifted back to X and A respectively,
and we get the required result for . O

Finally, we conclude this section with an investigation of the behavior of
non-minimal isometries in the case when A is either R™, or Z".

Proposition 2. Let (X,d) be a geodesic §-hyperbolic R™-metric space, where
R™ is taken with the right lezicographic order and § = (d¢,0,...,0). Let v be
a non-minimal isometry of X fizing two distinct R"~*-subspaces Xy and X1,
where © € [1,n — 1]. Then the action of v on Xy and X1 is of the same type.

Proof. Since X is geodesic, there exist unique oy € Xy and a3 € 9X; such
that if {x} = ao, {yx} = a1 and z € X, y € X; then

(xk - Y)s = 00, (yi-x)y — 0o with respect to R

It follows that vyap = o and ya; = a;.

Suppose 7| x, is elliptic and x is such that for any k € Z we have d(z,v*z) <
M§ for some M € N. If 4|x, is hyperbolic, it follows that either {7*y} — aq,
or {yFy} — a;. Without loss of generality assume that {y¥y} — a;. We have

d(z,y) = d(Y*y,v*z) = d(vFy, y) + d(v 2, y) — 2(v%y - AFz),
<d(Yry,y) + d(x,y) + d(Yra, x) — 2(vFy - AFa),
< d(¥Fy,y) + d(z,y) + M5 — 2(v*y - ),

Next, since Xo # X1, we have (v¥y-z), € R"~" and (y*z-z), € R" 7/ for some
j <i. It follows that (v*y - z), < (v*x - 2), and from

(YFy - vrx)y = min{(v*y - 2)y, (YFa - 2),} -0

we get
Yy -vrz)y = (VY x), -6
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or
—2(v*y - v*a), < —2(vFy - 2), +20

Thus,
d(z,y) < d(Y*y,y) + d(z,y) + M35 — 2(vFy - ¥ ),

<d(Y*y.y) +d(@,y) + (M +2)8 —2(v*y - 2),
and eventually we obtain
0 < d(y*y,y) + (M +2)5 = 2(y"y - z), (2)

for any k.
Using a similar argument but starting with d(v*z,y) > d(z,y) — d(z,7*z),
we can eventually obtain that

0> d(v*y,y) — (M +2)8 = 2(y"y - ), (3)
for any k. Indeed we have
d(z,y) = d(y*y,¥*z) = d(y*y,y) + d(v*z,y) — 2(+*y - 7* ),
> d(v*y,y) + d(z,y) — d(y"z,2) = 2(v"y - '),

> d(vry,y) + d(z,y) — M§ — 2(v*y - v*z),

Next, since Xog # X1, we have (vFy - y*z), € R""% and (y*z - x), € R"77 for
some j < i. It follows that (v*y - y*z), < (v*x - z), and from

(vFy - 2)y = min{(v*y - *z)y, (V2 - 2),} — 6

we get
Yy z)y = (Fy -~*2), -0
or
—2(v"y - Fa), = —2(v*y - w), — 26
Thus,

d(z,y) = d(v*y,y) + d(z,y) — M5 — 2(v*y - +* ),
> d(v*y,y) + d(z,y) — (M +2)6 — 2(v*y - ),
from which we obtain (f]).

Now, we assume (y*y - v**+1y), < (4**1y - x), and deduce
d(y,v**'y) < 2d(y,vy) + (M +2)6
From our assumption we get
=2(y"y /M y)y = 200y ),
Next, we have

d(y, vy) = d(v*y, v y) = d(y, v"y) + d(y, v y) — 204y - A y),
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> 2d(y,v*y) — d(y,vy) — 2(vFy - Y y),

where the latter inequality follows from the triangle inequality. We can rewrite
the latter inequality in the form

2d(y, vy) = 2d(y, v 1y) — 27"y - 4 y),

so, combining it with —2(y*y - v*+1y), > —2(4**1y - 2), we obtain

2d(y,vy) > 2d(y, 7" ty) - 2"y - ),
Eventually, since

d(v* Ty y) =2/ y )y > —(M +2)5
(we replaced k by k+ 1 in (f)), it follows that

2d(y, vy) = d(y, /" 'y) — (M +2)5

or
d(y, v*y) < 2d(y,vy) + (M +2)5

Observe that the latter inequality gives a contradiction since we assume that ~
acts as a hyperbolic isometry on X;. It follows that the inequality

(yy-v* )y < (Y- a)y

cannot hold for arbitrarily large k and there exists N € N such that (y¥y -
Y HLy), > (yFtly - z), for any k > N.
It implies that

(Y*y - 2)y = min{(v"y - " *y)y, Ty 2)} =6 = (Y Ty ), -6

Therefore, there exists L € R"~% such that (y*y - ), < L + ké for any k > N.

However, since 7 acts hyperbolically on X7, by Corollary , there exist A\, c €
R™~* such that d(y,v*y) > kX 4+ c. We can assume that A\ > 5§ since we can
replace v with v/ = ~ for 4 large enough so that A > 55. However, according
to (f) we have

0> d(v*y,y) — (M +2)6 = 2(v*y - )y = d(v*y,y) — (M +2)8 — 2L — 2ké
which implies that
0>kA+c—(M+2)§ —2L —2ké > 5k +c— (M +2)§ — 2L — 2ké
=3k — (2L + (M +2)0 —c¢)

Since 2L + (M + 2)d — ¢ is a constant, we have a contradiction.

The same argument can be used to prove that if v|x, is elliptic, then v|x,
cannot be parabolic since then both {v¥y} and {y~*y} converge to the same
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point on the boundary while {y*z | k € Z} stays within a fixed distance from
x.

We can use a similar argument to show that, if v|x, is hyperbolic, then v|x,
cannot be parabolic. Indeed, if v|x, is parabolic then it has a unique fixed point
in 0X; which both {y*y} and {y~*y} converge to. At the same time, v|x, has
two fixed points in dXo: {y*z} converges to one of them and {y~*x} to the
other one. Suppose, without loss of generality, that {y*z} converges to ag and
{+v*y} converges to a;. The we have

d(z,y) = d(v"z,7*y) = d(z,y) + d(z, v z) + d(y,"y) = 2(v"2 - ). —2(vFy - x),

which implies that

0 =d(z,v"z) + d(y,v*y) — 2(v*2 - y)o — 27"y - 2)y

Finally, we use the obtained equality as a analog of (E) and repeat the argument
given above for both (v*y - v%T1y), and (v*x - vFT1z),. O

Corollary 2. Let (X,d) be a geodesic §-hyperbolic Z"-metric space, where 7"
is taken with the right lexicographic order and § = (60,0,...,0). Let v be a
non-minimal isometry of X fixing Z" *-subspaces Xo and X1. Then the action
of v on Xy and X1 is of the same type.

Proof. If the actions of v on Xy and X; are either elliptic, or hyperbolic, or
parabolic then the proof is a straightforward adaptation of that of Proposition

D).
I Suppose that - is an inversion on Xy. Observe that by definition v does not
fix any Z-subspace of X.

Let Y be the Z" '-tree obtained by contracting all Z-subspaces of X to
points (more precisely, Y = X/ ~, where x ~ y if and only if d(z,y) € Z,
and since X is geodesic, Y is a geodesic 0-hyperbolic Z"~!-metric space). Let
Yp and Y7 be the subtrees of Y corresponding to Xy and X;. Observe that v
induces an isometry ~y; of Y such that +; fixes both Y, and Y7 and ~; acts on
Yy as an inversion. Hence, let a,b € Y, such that yya = b, 716 = a and take an
arbitrary z € Y. If [a,b] U [b, 2] is a geodesic in Y then so is y1[b, z] = [a,712]
and b ¢ [a,712]. But the unique geodesic from a to any element of ¥; must
contain b, hence, a contradiction. If [b,a] U [a, 2] is a geodesic then we get a
contradiction in a similar way. Finally, if there is some ¢ € [a,b] such that
[a,c] U e, z] and [b, ¢] U [¢, 2] are both geodesics then we get a contradiction by
using similar considerations with ¢ and ~;c.

It follows that v; cannot fix distinct Yy and Y7 and the same applies to v in
X. O

2.7 Examples

Example 2. Let X be a proper, geodesic §-hyperbolic R-metric space, * € X
and a,b € 90X such that (a-b), = 0. Let {X; | i € Z} be a set of copies of X
with the copy of x € X in X; denoted x;, and define Y = |J X;
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Let us define a metric d on Y. By abuse of notation, we are also going to
use d for the metric in X. For any i € Z, define d(z;,y;) = (d(z,y),0). Ifi <j
then define

(@i, y;) = (d(@,%) +d(y, ) = 2(z - a)« = 2(y - b), |i = j1)

First of all, (Y,d) is a (89,0)-hyperbolic metric space. To see that, take p to
be a geodesic line joining a and b such that x € p (such a geodesic line exists
since X is geodesic). Define p; to be the image of p in X;, a; and b; to be the
images of a and b in 0X;, and [x,w) to be a geodesic ray between some x € X
and w € 0X.

For any x;,y; € Y with i # j, let

[Ti,a:) U pig1 U---Upj_1 U (b, y;]

will be a geodesic embedding of [0, d(x;,y,)] into Y. It is then easy to prove that
(Y,d) is (80,0)-hyperbolic by using a geometric argument.

Let now ~ be an isometry of X which preserves a and b. We would like to
extend it to a mapping 5 : Y — Y by ¥(x;) = (yx)ig1. For every z;,y; € Y,
consider the first component of d(z;,y;) which we denote by D(x,y). Explicitly,

D(z,y) = d(x,*) +d(y,*) — 2(x - a)« — 2(y - b)«

It is easy to see that 7 is an isometry of Y if and only if D(x,y) = D(yx,~vy)
for any x,y € X. We have

D(z,y) = d(x,*) +d(y,*) — 2(x - a)« — 2(y - b)«

= d(I, *)+d(y7 *)_ sup hm d({E, *)+d(a’la *)—d(I, a1)+d(ya *)+d(bla *)_d(yv bl)
a;—>a 1—>00
bi‘)b

= — sup lim d(a;,*) — d(x,a;) + d(b;, *) — d(y, b;)
a;—>a 1—>00
bi‘)b

Recall now that v fizes a and b, so we have that {a; | a; = a} = {~a; | a; — a}
and {b; | b; = b} = {vb; | b = b}. Hence,

D(JJ, y) - D(7$7 /Yy) = as_lllg)a z]ilgo(d(a“ *) - d(’yl’, ai) + d(bla *) - d(’yyu bl))
bi—b

— sup lim (d(a;, *) — d(x, a;) + d(b;, *) — d(y, b;))
a;—>a i—00
bi*)b

= sup lim (d(va;, x) — d(yz,vai) + d(vbi, ¥) — d(vy,7bi))
b;—b

— sup lim (d(ai, *) — d(z,a;) + d(bi, *) — d(y, bi))
a;—ra i—00
b

< sup lim d(vya;, *) + d(vb;, %) — d(a;, *) — d(b;, *)
a;—a i—00
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= sup lim d(ya;, %) + d(yb;, %) — d(ya;, v%) — d(yb;, y*)
a;—a 1—00

< sup lim d(vya;, %) + d(vb;, *) — d(yai, vb;)
a;—a 1—00

=2(va-7b). =0

We use a similar reasoning to prove that D(yx,vy)— D(z,y) < 0, which implies
that D(vyx,vy) = D(z,y).

Let us reuse the same spaces X andY but assume vb = a and va = b. Since
~v% has more fived points on the boundary than 7, it is easy to see that v is an
elliptic isometry of X.

This time, we extend v to' Y by using J(x;) = (yx)—;. We can use the same
argument as above to prove that 7 is an elliptic isometry of Y by using the fact
that {a; | a; = a} = {yb; | by = b} and {b; | b; = b} = {ya; | a; — a}, allowing
an analog of the previous computations.

Example 3. Let X be a §-hyperbolic metric space in Ay, T a Ay-tree, dx and
dr the associated metrics and Y C X bounded and ~ its diameter. Define
dy : X xT — A & Ay by

dy ((71,t), (22,t)) = (dx(21,72), 0)

and

dy((xl,tl), (CCQ,tQ)) = (dx(Il,Y) + dX(.IQ,Y), dT(tl,tQ))

To see that dy is a (6 + 7,0)-hyperbolic metric, notice that (X x T,dy) can
be embedded into a space where we connect each pair X x t1, X X tg, where
dp(t1,t2) = 1 by attaching a copy of Y X Ay to Y xt1 and Y X to and imagining
they meet at the end.

In particular, suppose G acts on X and T and there exists an x € X such
that Gz is bounded. We can then consolidate both actions into an action on
(X X T, dgy) which is a (6 + 7, 0)-hyperbolic A1 & Ag-metric space.

Note that one could use T as a & -hyperbolic space resulting in dy being
(0 4, &")-hyperbolic.

3 Group actions and hyperbolic length
functions

In this section we introduce hyperbolic length functions on groups. This gives
an equivalent approach to study group actions on hyperbolic A-metric spaces.

In [ Lyndon introduced a notion of an abstract length function I : G — A
on a group G with values in A. This started the whole study of the group length
functions and actions. Following Lyndon we call a function [ : G — A a length
function if it satisfies the following axioms

(A1) VgeG: Il(g)=20and (1) =0,
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(A2) VgeG: Ug) =1(g"),
(A3) YV g,h € G: l(gh) <l(g)+1(h).

Now we introduce the following crucial definition.
A length function [ : G — A is called hyperbolic if there is § € A such that

(A476) vV fig,heG: C(f,g) = min{C(f, h),c(g,h)} -0,

where c(g, h) = 5 (L,(g9) + lo(h) — L,(g7'h)).

Usually, a length function satisfying (A4, ), is called d-hyperbolic.

Lyndon himself considered a much stronger form of the axiom (A4,4), the
one with § = 0. After him length functions | : G — A are called Lyndon length
functions. In our terminology these are O-hyperbolic length functions. Chiswell
in [{] showed that groups with Lyndon length functions L : G — R (and an
extra axiom) are precisely those that act freely on R-trees, and later Morgan
and Shalen generalized his construction to arbitrary A [E] For more details we
refer to the book .

In Section @ we show how an action of a group G by isometries on a
(hyperbolic) A-metric space induces naturally a (hyperbolic) length function on
G with values in A. And in Section @ we prove the converse, thus establishing
equivalence of these two approaches.

3.1 From actions - to length functions

Let X = (X,d) be a A-metric space. By Isom(X) we denote the group of
bijective isometries of X. We say that a group G acts on a X if for any g € G
there is an isometry ¢, € Isom(X) such that for any z € X and any g,h € G
one has ¢gp(x) = ¢g(dn(x)), that is, the map g — ¢, is a group homomorphism
G — Isom(X). In this case, for every z € X and g € G we denote ¢4 () by gz.

If G acts on (X, d) then one can fix a point v € X and consider a function
ly : G — A defined as 1,(g) = d(v, gv), called a length function based at v. The
basic properties of based length functions come from the metric properties of
(X,d).

Theorem 5. If a group G acts on a A-metric space (X,d) and v € X then
the length function I, based at v is a length function on G with values in A.
Moreover, if (X,d) is d-hyperbolic with respect to v for some § € A then 1, is
0-hyperbolic.

Proof. (A1) is obvious since l,(1) = d(v,v) = 0. Also, (A2) follows since
d(v, gv) = d(g~ v, v).
Next, since d(v, (gh)v) = d(g~'v,hv) then by definition of the metric we
have
d(g v, hw) < d(g~ v, v) + d(v, hv)

and (A3) follows from the equality d(g~1v,v) = d(v, gv).
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Finally, assume that (X, d) is d-hyperbolic. Observe that
f,9) = 5 (1) + Lolo) ~ 1o(F9)) = 5(d(v, o) +d(v, gv) — d(v, (7))

= £ (v, o) + d(v, gv) — d(Fv,90)) = (v~ go)..

In the same way we have c¢(f,h) = (fv - hv)y, c(g,h) = (gv - hv), and since
(X,d) is 6-hyperbolic then we have

(fv-gv)y = min{(fv- hv),, (gv - hv),} =6,
which proves (A4) for I,. O

3.2 From length functions - to actions

Let I : G — A be a length function. The set
ker(l) = {g € G | I(g) = 0}

is called the kernel of I. Tt is easy to see that ker(l) is a subgroup of G (this
follows from (A3)).

Lemma 13. Letl: G — A be a length function. Then for any a € ker(l),g € G

l(ag) = l(ga) = I(9),
that is, | is a constant function on each coset of ker(l).

Proof. Let a € ker(l),g € G. Then l(ag) < l(a) +I(g) = l(g) and I(g9) =
l(a=tag) < l(a™t) +I(ag) = l(ag), so l(ag) = I(g). A similar argument works
for I(ga) = U(g). O

Theorem 6. Ifl: G — A is a length function, then there are a A-metric space
(X,d), an action of G on X, and a point v € X such that | =1,. Moreover, if
l: G — A is 0-hyperbolic then the space (X, d) is also d-hyperbolic.

Proof. Denote A = ker(l) and consider the set X = G/A of all left cosets of A
in G. Define a function d4 : G/A x G/A — A so that da(gA,hA) = I(g~h).
Observe that by Lemma , d, is well-defined. Indeed, if ¢’,h’ € G such
that ¢’A = gA, WA = hA then ¢’ = ga; and ' = has and da(¢’A, W A) =
l(a; g has) = 1(g~ h) = da(gA, hA).

We claim that (X,d4) is a A-metric space. Indeed, axioms (LM1) and
(LM3) of A-metric space are evident. Next, da(gA,hA) = I(g~'h) = 0 if and
only if g7'h € A if and only if gA = hA, so (LM?2) follows. Finally, the triangle
inequality (LM4) follows from the corresponding property of the length function
l.

Now we show that (X, d4) is d-hyperbolic with respect to the point A, pro-
vided [ is §-hyperbolic. Notice that for fA, gA € G/A we have

(FA-gA)a = 5 (da(A, 4) +dalgA, A) — da(f4,94)
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1 -

=5 (W) +Ug) - US '9)) = (/. 9)-

Hyperbolicity is then a consequence of G having a §-hyperbolic length function.
Now, G acts on G/A in a natural way, that is, if g € G, hA € G/A then

g - (hA) = (gh)A. This action is isometric since da(fA,hA) = I(f~*h) =

I(f~tg7 gh) = dalg - (fA),g- (hA)). Finally, l(g) = da(A, gA) = la(g). O

Given a group G and a d-hyperbolic length function [ : G — A, denote by
(X1, d;) the d-hyperbolic A-metric space constructed in Theorem E Note that
the stabilizer of the point v is exactly the kernel of [ = [,,.

In general, given an action of G on an arbitrary §-hyperbolic A-metric space
(X,d) and a point x € X, the stabilizer G, of z is exactly the kernel of the
d-hyperbolic length function I, based at x.

We are going to use the notion of the kernel later in Section E

3.3 Examples of group actions on hyperbolic A-metric
spaces

Here are some examples of groups acting on hyperbolic A-metric spaces for
various A.

Example 4. Given a torsion-free word-hyperbolic group G and its generating
set S, the Cayley graph X = Cay(G,S) with the word metric (with respect to
S) is a 0-hyperbolic Z-metric space for some § € Z. G acts on X by isometries,
in particular, no element of G fized a point in X.

Example 5. Since any A-tree is a §-hyperbolic A-metric space with 6 = 0, the
class of groups acting on hyperbolic A-metric spaces contains all groups acting
on A-trees (in particular, all A-free groups).

Example 6. Any subgroup of a group acting on a A-metric space (X,d) also
acts on this space. So, the class of groups acting on hyperbolic A-metric spaces
1s closed under taking subgroups.

Example 7. Given two groups G1 and G2 acting respectively on A-metric spaces
(X1,d1) and (Xa,ds), there exists a A & Z-metric space (X, d), where A ® Z is
taken with the right lexicographic order, such that Gy x Gy acts on X. To see
this, take some x1 € X1 and xo € X9 and define l(g) = dy(xn, gxy) for g € G,,.

Any element g of Gy *x G2 has a unique normal form g = gi1ga- - gn with
gi € G1 UGy for any i and if g; € G1, then ¢g;+1 € Go and vice versa. Define
then I(g) = (I(g1) + - +1(gn), 1) and X = (G1 *Ga,d;). It is easy to show that
this is a metric space.

Finally, it is not hard to see that, if both X1 and X5 are hyperbolic, then so
15 X.

Example 8. Let H be a torsion-free hyperbolic group, w a cyclically reduced
word in generators of H, and

G=(Ht|t  ut =u)
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We would like to construct a Z2-metric space X on which G acts as follows.
Define T as the subset of the boundary of G made up of limits of sequences
of the form

{w, wu, wu®, wu?,...} and {w,wu"wu % wu3 ),

where w is an arbitrary element of G. Take a rooted tree Y whose vertices have
valence |T| and label them by elements of G/H in such a way that the adjacent
vertices are the pairs of the form (gH, (ht*'g)H), where h € H, g € G.

Denote the metric on'Y by dy, the word metric on H (with respect to some
fized generating set) b dg, and the hyperbolicity constant of (H,dy) by §. Note
that any element of G either is of the form h, if it is in H, or is a product of
elements of the type gt*'h with g € G and h € H otherwise.

Now, let X =Y x H and for (gH,h1),(gH,h2) € Y x H we define the
distance d((g1H, h1), (92 H, ha)) as follows. If 1 H = goH then we set

d((g1H,h1),(92H, h2)) = (dz (ha, h2),0)

If g1 H # goH then let eres...en, where N = dy (g1H, g2H), be the path from
g1H to goH in'Y. Observe that every edge e; is associated with a pair of ends
(a(e;),w(e;)) in the corresponding copies of (H,dp). Hence, define

d((91H, h1), (92H, h2)) = (du(1,91) — 2((gH, k1) - a(e1)) + du (1, g2)

N
~2((gH, h1) - wlen)) =2 (w(ei) - aleirr)), dy (91H, g2 H)),

=1

“wo»

where represents the Gromov product of two ends, or an end and a point in
a hyperbolic space (computed in the appropriate copy of (H,dp)).

In the light of the alternative given in the definition of a hyperbolic length
function, it suffices to prove that X is (0,0)-hyperbolic and the action

(gt™'h) - (¢'H, W) = ((gt*"hg')H, 1)

if g ¢ H, or
(gt™'h) - (¢'H, W) = ((gt™")H,hh')

if ¢ € H, is an action by isometries to have that
I(gt™"'h) = d((H,1), ((gt*")H, 1))

is a (8, 0)-hyperbolic length function on G.

4 Kernels and hyperbolicity constants

Let A be an ordered abelian group and G a group with a length function ! : G —
A (that is, [ satisfies the axioms (A1) — (A3)). Fix a convex subgroup Ag < A.
The order on A induces an order on the quotient abelian group A = A/Ag,
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so A becomes an ordered abelian group with an order preserving the quotient
epimorphim 7 : A — A.
The Ag-kernel of G (with respect to I : G — A) is the set

G, =19 € G|l(g) € Ao}

By the axiom (A3), the kernel G,, is a subgroup of G (though not necessary
normal).

Lemma 14. Let | : G — A be a length function, Ay be a convexr subgroup of
A, and 0 < 6 & Ag. Then the restriction lo of the length function | to Gy, is a
d-hyperbolic length function ly : Ga, — A.

Proof. Since Ay is convex, it follows that 6 > A for any A € Ag. To prove the
result one needs only to show that for any f, g, h € G,), the following inequality
holds

c(fu g) > min{C(f, h)? C(gv h)} - 57

which is, of course, equivalent to (avoiding working in Q ® A):

2¢(f,g) = min{2¢c(f, h),2c(g,h)} — 20.

Since Ay is convex, it follows that 2¢(f, h),2¢(g, h) € Ag, so
min{2c(f, h),2¢c(g,h)} —25 <0
But 2¢(f, g) = 0, which finishes the proof. O

The whole idea behind §-hyperbolic length functions is a generalization of
hyperbolic properties from usual metric spaces to A-metric spaces for an arbi-
trary A. But when A is not archimedean the choice of § becomes very important
as the following construction shows.

Let G be a word-hyperbolic group, that is, the geodesic word length function
l=|-|s: G — Z with respect to some finite generating set S is d-hyperbolic
for some § € Z.

Consider the group H = Gx G and amap ly : H — Z? defined by Iy (f,g) =
(1(f),1(g)), where Z? is considered with the right lexicographic order.

Lemma 15. The function ly : H — 72 is a Sy -hyperbolic length function on
H, where 6y = (81,01) € Z* and &, € Z is such that 6, > 0.

Proof. Tt is easy to see that the axioms (A1) and (A2) hold immediately.
The triangle inequality (A3) is also straightforward. Indeed, let hy,hy € H
be such that hl = (fl;gl); h2 = (fg,gg). Then

lg(hihg) = lg(fif2, 9192) = (L(f1f2),1(9192)) < (I(f1) +1(f2),1(g1) +1(g2))

=lg(hy) + lg(hy).
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To prove (A4) let hy,hy,hy € H be such that hy = (f1,91),ha = (f2, 92)
and hs = (f3,g3). We have to show that
C(hl, h2) 2 min{c(hl, hg), C(hg, hg)} — 5]-[

We have

1

c(hy, hy) = S (I(hi) +I(hy) — [(hy'hy)) = (c(fis f1), ¢l9i, 9))-

Hence, we have to show that

(C(fh f2)7 C(glu 92)) > min{(C(fl, f3)7 C(glu 93))7 (C(f27 f3)7 0(927 93))} - (517 51)7
where 01 € Z is such that §; > 4. Since G is d-hyperbolic we have

c(f1, f2) = min{c(f1, f3), c(f2, f3)} — & > min{c(f1, f3), c(f2, f3)} — 01
Without loss of generality suppose that ¢(g1, g3) < ¢(ge, g3), so that

c(g91,92) > ¢(g1,93) — 1.

Thus, we need to prove that

(c(f1, f2),¢(g1,92)) = (K, c(g1,93)) — (d1,01),

where k € Z? is defined as follows

o — { c(f1. f3) c(g1, 93) < c(g2,93)
min{c(f1, f3),c(f2, f3)}  c(g1,93) = c(92,93)

The above inequality holds since ¢(g1,92) > ¢(g1, g3) — 1.
|

Remark 1. The result of Lemma does not hold for 61 = 0. Indeed, in
the case when c(g1,93) < ¢(g2,93) and c(g1,92) = ¢(g1,93) — 0 we must have
c(f1, f2) = c(f1, f3) — & which may not be true.

The construction above shows that if G has a §-hyperbolic length function I
in a non-archimedean A and if there are many elements of G such that I(g) < 0
then the properties of G may be quite far from properties of word-hyperbolic
groups.

5 Various types of actions and functions

In this section we study properties of d-hyperbolic length functions. In partic-
ular, we consider new axioms in addition to (Al) — (A4,d) which shed some
light on the structure of the underlying group. We also try to characterize the
corresponding group actions (which exist in view of Theorem E)

Below we use the following notation. If [ : G — A is a d-hyperbolic length
function and « € A then for g,h € G we write

gh=gonh

if ¢c(g7%,h) < a. Respectively, gh = g o h means that c(g~!,h) = 0, that is,
l(gh) = U(g) + L(h).
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5.1 Regularity

Let ! : G — A be a 0-hyperbolic length function. We introduce several conditions
on [, all of which lead to the same property called regularity. Both conditions
depend on a parameter k£ € N. Below is the first condition on [, which we denote
(R1,k).

(R1,k): 3keN Vg,heG Juel

g = UOoks g1 & h=wuopsh; & gilh:gl_lok(;hl

Observe that if § = 0 then [ is a Lyndon length function on G and it satisfies
(R1,k) for some k (and hence for any) if and only if [ is regular (see [L1, [L3
for all definitions and properties of regular Lyndon length functions). For an
arbitrary ¢, clearly (R1, k) implies (R1,m) for any m > k.

Here is another condition on I, we call it (R2, k).

(R2,k): 3keN Vg,heG Fued

I(u) < clg,h) + ks & l(u'g)<clg™' g h)+kd

& l(u™th) <e(h ', htg) + k6

Again, as in the case of (R1,k), the condition (R2,k) obviously implies
(R2,m) for any m > k.
The following result makes a connection between these conditions.

Lemma 16. Let G be a group andl: G — A be a d-hyperbolic length function.
Then the following implications hold for [:

(R1,k) = (R2,k+1), (R2,k) = (R1,k)

Proof. (R1,k) = (R2,k+1):

We have g = uogs g1 which is equivalent to c(u™!, g1) < k6, so l(u)+1(g1) —
1(g) < 2ko. It follows that 2I(u) — 2¢(u, g) < 2kd, or I(u) < ¢(u, g) + kd. Using
the same argument we get [(u) < ¢(u, h) + kd. Hence,

c(g,h) = min{c(u, g),c(u,h)} — 8§ > l(u) — (k+1)d

and we have l(u) < ¢(g,h) + (k + 1)4.
Similarly, from g~ = g7 " ogs u™! we get

(g1) = 1(g7") < (g™t g7h) + K9,
from g~ h = g, ors h1 we get
Wg1) =Ugr ) <clg™ g7 ") + ko,

which imply
l(u™'g) =1U(g1) <clg™', g7 h) + (k + 1)d.
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The inequality [(u=th) = I(h1) < c(h~!,h71g) + (k+1)J is derived in the same
way.

(R2,k) = (R1,k) :

We have that [(u) < ¢(g,h) + ké and I(u='g) < (g7, g7 h) + k§ which
imply that I(u) + I[(u"tg) < I(g) + 2ké. Therefore,

(l(u) +1(u""g) = U(g)) < k6,

N | =

that is, g = u(u~'g) = u ogs (u~'g). Similar argument proves the inequalities
h=uoks (uth) and g7 th = (u=tg)~t oks (u=Lh). O

Definition 2. A §-hyperbolic length function | : G — A is called regular if it
satisfies either (R1,k), or (R2,k) for some k € N.

Observe that Definition E agrees with the notion of regularity for Lyndon
length functions in the case when § = 0.

Now, we say that the action of G' on a d-hyperbolic space (X, d) is regular
if for some = € X (hence, for any) the length function I based at z is regular.
Since in this case for every g, h € G we have ¢(g, h) = (gx - ha), then regularity
of the action can be explicitly characterized by the following condition (which
is just a reformulation of (R2, k) in terms of actions):

JkeN Vg heG Jued
d(z,ux) < (g - ha), + k6 & d(x, (u 'g)r) < (97w (g7 h)x)s + ko

& d(z,(u'h)z) < (W 'z - (W tg)x), + ko
In the case when (X, d) is geodesic we introduce the following condition on
the action of G.

(RA,k): there exists £ € N such that for any g,h € G there exists u € G
with the property that ux belongs to the kd-neighborhood of the interior of
Aj(x, gz, hx).

Obviously, if § = 0 then the interior of Aj(x, gz, hx) is a single point
Y (z, gz, hx) = [z, gz] N[z, hx]N[gx, ha] and (RA, k) is equivalent to the regular-
ity condition for group actions on A-trees (see [IE, EI]) In general, equivalence
of (RA, k) and regularity of the action follows from the lemma below.

Lemma 17. Let G be a group acting on a §-hyperbolic space (X,d) and 1 :
G — A a d-hyperbolic length function based at x € X. If X is geodesic then the
following implications hold

(RA,k) = (R2,k+4), (R2,k) = (RA,3k+4)

Proof. (RA,k) = (R2,k+4):
Since X is d-hyperbolic then for any g, h € G, the triangle Aj(x, gz, h) has
diameter at most 4. Hence, one of its vertices is at a distance ¢(g, h) = (gz-hx)y
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from z, another vertex is at a distance c(¢g~!,g~'h) from gz (one can see this
by translating the whole picture by g—1), and the third one is at a distance
c(h=t,h7tg) from hx (again, one can see this by translating the whole picture
by h~1). Thus, if ux is in the kd-neighborhood of the interior of A;(z, gx, hx),
then it is in the (k + 4)d-neighborhood of all three of its corners which implies
(R2,k+4).

(R2,k) = (RA,k+4):

Suppose (R2,k) holds, so, the action of G on (X,d) (that is, (X;,d;)) is
regular, and we want to show that it satisfies (RA, 3k + 4) with respect to the
base-point z € X.

First of all, it is easy to see that

(92 - ha)e + (g7 2 - (97 h)w)a = di(w, g2)
Next, we have
di(x, gx) < di(x,ux) + dj(uz, gz) < (g - ha), + kd + di(ux, gx)
from which it follows that
di(x, gx) — dj(uzx, gx) < di(x,ux) < (gz - ha), + kd

which, combined with the inequalities d;(ux,gz) < (9712 - (97 'h)z) + kd and
di(x,gz) — (97w - (g7 h)x)s = (92 - hx),, implies that

(g - ha), — ké < di(x,ux) < (gx - hx), + ko
A similar argument shows that
(g 'z (g7 h)x)e — k6 < dj(gz,ux) < (9 - (g7 h)x), + k6

Consider A(z, gz, hx) and A(z, gz, ux) which are both geodesic triangles in
X. The point on [z, gx] situated at a distance (g - ha), from x is a vertex of
Ap(z, gz, hx), and the points at a distance (gz - ux), on [z, gx] and [z, uz] are
at a distance at most 46 from one another. Next, we have

(ux - gx), = %(d(x, ux) 4+ d(z, gx) — d(uz, gx))

> =(((9z - ha)o — kd) + d(z,ux) — (9~ "z - (9~ "h)z). + k9))

N~

= %(2(990 cha)y — 2ké) = (gx - ha), — ko

It follows that a point on [z, gz] at a distance (g - ux), from x is at a distance
at most kd from a vertex of Aj(x, gz, hx), a point on [z,uz]| at a distance
(92 - ux), from x is at a distance at most 2kd from wuz, so ux is at a distance at
most (3k + 4)d from one of the vertices of Aj(x, gz, ha). Hence, (RA, 3k + 4)
holds for the action of G on X. O
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5.2 Completeness and hyperbolic groups

A §-hyperbolic length function [ : G — A is called complete if the following
axiom holds:

(C)VgeG@ Va<li(g) JueG: g=uog & l(u)=oa.
Note that such an element v may not be unique.

Lemma 18. Let [ : G — A be a complete §-hyperbolic length function. Then
forall g,h € G, if g =wogy, h=vohy, with l(u) =1(v) < c(g,h), it follows
that I(u=tv) < 46.

Proof. Consider the triple {hy,v~!,v" ug;}. Then by é-hyperbolicity of I we
have
2c(v™t, hy) = min{2c(v " ugr, v1), 2¢(hy, v ugy)} — 26,

so that
0 = min{l(v"ugr) — 1(g1), (v ugy) +1(hy) — (g~ h)} — 26.

At the same time we have [(u) = [(v) < ¢(g, h), which implies that I(g~h) <
1(g1) + I(h1) so that

(v ugr) = Ugr) < U™ ugr) +U(he) = U(g™"h),
which gives 0 > [(v"tugy) — I(g1) — 26. Hence
0 <I(v tugr) —1(g1) < 26.
Now consider the triple {u,v,g}. We have
2¢(u,v) = min{2c¢(u, g), 2¢(v, g)} — 24.

)
Next, 2c(u,g) = 2l(u) and 2¢(v,g) = 2l(u) + 1(g1) — l(v" ugr). But I(g1) —
l(v"tugr) < 0implies 2¢(u, g) = 2¢(v, g), so 2¢(u, v) = 2¢(v, g)—2§ and therefore

20(u) — U(u™ ) > 20(u) +U(g1) — L(v™ ugr) — 29,
so that we have the desired inequality
I(u') <l(v tugr) —1(g1) + 26 < 46.
O

Corollary 3. Letl: G — A be a complete §-hyperbolic length function. Suppose
also that c¢(g,h) € A for all g,h € G. ThenV g,h € G Ju,v e G: g=
uogr & h=vohy & Il(u)=1w)=c(g,h) & I(utv) < 40.

Proof. From completeness of [ it follows that for any g, h € G there exist u,v € G
such that g =wo gy, h =wvohy, with I(u) = (v) = c¢(g,h). Now, by Lemma [L§
we have [(u~!v) < 46 and the result follows. O
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Here are examples of groups with complete d-hyperbolic length functions.

Example 9. FEvery o-hyperbolic group has a complete Z-valued &-hyperbolic
length function, which is the geodesic length of its elements.

Example 10. If G has a complete §-hyperbolic length function with values in A
and Cg(u) is a centralizer of u € G, then the group G' = (G,t | [Ca(u),t] = 1)
has a complete §-hyperbolic length function with values in A ® Z (with the right
lexicographic order).

We call a A-metric space (X, d) quasi-geodesic if for every x,y € X there
is a map v : [0,d(x,y)] — X such that v(0) = z, y(d(x,y)) = y, and for any
0<a<p<d(zy) we have

B—a<dy(a),v(B) <B-a+C,

here C' is a constant which depends on X only.

Theorem 7. Letl: G — A be a complete d-hyperbolic length function. Then
the §-hyperbolic A-metric space (X;,d;) constructed from the pair (G,1) is quasi-
geodesic.

Proof. Recall that X, is the set G/A, where A = kerl, and the metric d; on X;
is defined by d;(gA, hA) =1(g~h).

Let © = gA, y = hA € X;. Consider a map ~ : [0,d(x,y)] = X; such that
7(0) =z, y(d(z,y)) =y, and for any 0 < a < d(z,y) we put y(a) = (gu1)A,
where g7th = u; o ug and I(u;) = « (such uy,us € G exist by completeness of
1). Thus we have d(v(0),v(«)) = d(gA, (gui)A) = l(u1) = .

Now, for any « and S such that 0 < a < 8 < d(x,y) we have ()
(qu1)A, v(8) = (gv1)A, where g~'h = uyouy = viovy and l(u1) = a, I(v1) =
Since @ < 8, by Lemma [1g, v1 = (u1) o vg, where [(s) < 45. Hence, we have

B—a<dy(a),y(8) = luy'v) <U(v2) +1(s) < B —a+46

.

O

Theorem 8. A group G is d0-hyperbolic if and only if there exists a 6-hyperbolic
length function | : G — Z with the following properties

(a) 1 is complete,

(b) g € G |l(g) <1} < oo

Proof. Tf G is é-hyperbolic then its word metric | - |s : G — Z with respect to
some finite generating set S is a d-hyperbolic length function, it is obvious.

Now, suppose on a group G there exists a d-hyperbolic length function [ :
G — Z which satisfies the conditions (a) and (b). Denote S = {g € G | I(g) <
1}. Observe that S is finite and G = (S) since by completeness of [ every g € G
can be decomposed as a finite product of elements from S. Hence, [ can be
viewed as a word metric | - |g with respect to S. Finally, the Cayley graph of G
with respect to S is d-hyperbolic which follows from §-hyperbolicity of 1. O
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5.3 Free length functions
A é-hyperbolic length function [ : G — A is called free if
(F)VgeG: g#1—1(g%) >1(g)+ 36

Observe that if § = 0, that is, the o-hyperbolic A-metric space (X;,d;) is a
A-tree then [ is a free Lyndon length function.

We say that the action of G on a d-hyperbolic space (X, d) is free if for some
x € X (hence, for any) the length function [ based at x is free. Obviously, if a
d-hyperbolic length function [ : G — A is free then ker(l) is trivial.

Example 11. Every torsion-free 6-hyperbolic group has a free (and complete) Z-
valued §-hyperbolic length function, which is the geodesic length of its elements.

Observe that, in view of Lemma @, free action implies that every element
of G acts as either a hyperbolic isometry, or an inversion. Hence, we say that
a group G is A-free if it acts on a d-hyperbolic A-metric space (X, d) freely and
without inversions.

6 Proper actions and hyperbolicity relative to
the kernel

In this section we consider action of a finitely generated group G on a geodesic
0-hyperbolic R-metric space (X, d) and show that if the action is “nice” (regular
and proper) then G is weakly hyperbolic relative to the kernel of the associated
length function.

6.1 Proper actions

We fix the group GG with a finite generating set S and the d-hyperbolic R-metric
space (X, d) with a base-point € X. As usual we have a d-hyperbolic length
function I : G — R based at z and its kernel ker(7) is a subgroup of G. Recall
that ker(l) = G, = Stabg(z).

Recall that the action of G on (X, d) satisfies the axiom (R2, k) if there exists
k € N such that for all g, h € G there exists u € G with the property

d(z,ux) < (g - hx), + k6 & d(z, (v g)z) < (¢ 'z - (g7 h)x), + ko

& d(z,(u"th)z) < (W 'z - (htg)x), + ké

See Subsection EI for all the details.
Next, we say the action is proper relative to x if there exists some o € R
such that I(g) > « for any g € G \ G, and the set

By ={g € G|d(z,gz) <N}

is bounded for any N € N in the Cayley graph T'(G, S U G;) of G relative to
SUGy.
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Since S is finite, there exists N € N such that S C By. Define the weighted
graph I' so that

V() =G/Gs, ET)={(9Gs,(gh)G:) | g€ G, he By}

and the weight function w : E(I') — R is defined by w(gGs, (gh)Gsz) = I(h).
Note that I' is connected since S C By. Next, I' is a metric space with respect
to the metric dr defined by

dr(9Gy, hGy) = min{w(p) | p is a path in T' connecting gG, and hG,}.

Notice that for g,h € G, we have d(gz, ha) < N if and only if (¢G4, hG,) €
E(T). Tt follows that in a geodesic path in I' no two consecutive edges both
have weights less than or equal to % (by the triangle inequality).

Lemma 19. Suppose the action of G on (X, d) is proper relative to x and that
it satisfies (R2,k) for some k € N.

(i) If (G4, aGy.), (aG,,bGy) € E(T) and (Gy,aGy) U (aG,,bG,) is a geodesic
in T then d(z,bx) > d(x,ax) + d(ax, bx) — 2k6.

(i) If (G4,aGy), (aGy, bGyL), (bGy, cGy) € E(T) and (G, aGy)U(aG,, bGy)U
(bGy, cGy) is a geodesic in T with w(aG,,bG,) < % then d(x,cx) =
d(z,ax) + d(az,bx) + d(bx, cx) — 5kd.

Proof. (i) Consider the geodesic triangle Aj(z,ax,bxr) with the vertices p €
[x,az], ¢ € [z,bx] and r € [az,bx]. From (R2,1) it follows that there exists
u € G such that

d(z,ux) < d(z,p) + kb, d(az,ux) < d(ax,q) + kd, d(bx,ux) < d(bx,r)+ kd

By definition of Aj(x, az,bx) we have
d(z,bx) = d(z,q) + d(g, bx) = d(z,ax) + d(ax,bz) — d(p, ax) — d(r, ax).
If d(p,az) = d(r,ax) < ké then there is nothing to prove. Otherwise, we have
d(z,ux) < d(z,p) + ké < d(z,ax) — kd + ké = d(z,ax) < N
and
d(uz,bx) < d(r,bx) + kd < d(ax,bx) — kd + kd = d(ax,bx) < N,

so we have that (G,,uG;) U (uGy, bG,) is a path in T'. But then
d(z,az) +d(az,br) = w(Gy, aGy) + w(aGy, bGy) < W(Gy, uGy) + w(uGy, bGy)

= d(z,ux) + d(uz,bx) < d(x,q) + d(q,bx) + 2kd = d(x, bx) + 2k



40

(ii) Consider the geodesic triangle Ay (z, bz, cx) with the vertices p € [z, bz],
q € [x,cx] and r € [bx,cx]. Again, from (R2,k) it follows that there exists
u € G such that

d(z,ux) < d(z,p) + kb, d(bx,ux) < d(bx,q) + kd, d(cx,ux) < d(cx,r)+ ko
By definition of Aj(x,az, cx) we have
d(z,cx) = d(z,q) + d(q, cx) = d(z, bx) + d(bz, cx) — d(p, bx) — d(r, bx).
If d(p, bx) = d(r,bx) < ko then
d(x,cx) > d(z,bx)+d(bx, cx) —2k6 > d(x, ax)+d(ax, bx) —2kd+ d(bx, cx) — 2k0,
so, there is nothing to prove. So, assume that d(r,bz) > k§. Then we have
d(uz,cx) < d(r,cx) + ké < d(bz,cx) — kd + k§ < N,

that is, (uGy, cG;) € E(T'). Note also that, if d(z,ur) < N then (G,,uG;) €
E(T') which implies that

d(x,az) + d(az, bx) + d(bx, cx) < d(x,ux) + d(uz, cx) < d(x, cx) 4+ 2k,

s0, again, there would be nothing to prove. Thus we can assume that d(z, uz) >
N.

Observe that uz is at a distance of at most kJ from a point on [z, bx]. If
this point is at a distance of at most 0 from a point on [ax, bz], then uz is at
a distance of at most & + (k + 1)§ from ax. If, on the other hand, it is at a
distance of at most § from a point on [z, az], say t, then we have

d(z,az) < d(z,ux) < d(x,t) + (k+ 1)0,

so, d(t,ax) < (k + 1)d, and thus d(az,ux) < (2k + 2)d. In both cases, since we
can assume that N > (2k + 2)d, we have (aGy,uG;) € E(T). It follows that

d(x,az) + d(az,bx) + d(bx, cx) < d(z,ax) + d(ax, ux) + d(uz, cx).

Finally, we have d(x,bx) > d(x, ax) + d(ax, bx) — 2kd, so, (az - bx), < ké. Tt
follows that if v is a point on [z, bx] such that

d(z,ax) — 2ké < d(v,2) < d(x,az) + 2k
then d(ax,v) < 2kd. Similarly, if w is a point on [z, bx] such that
d(z,ux) — 2k6 < d(w, x) < d(z,uz) + 2k
then d(uz, w) < k. Since we assume that d(z, ux) > d(z, ax), we have that
d(az,ux) < d(z,ur) — d(z, ax) + 3k0.
It follows that
d(z,az) +d(az, ux) + d(uz, cx) < d(x,azx)+d(x,ux) —d(z, ax) + 3kd + d(ux, cx)

= d(z,ux) + d(ux, cx) + 3kd < d(z, cx) + 5k0.
|
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Now, define a map ¢ : I' = X so that
p(9Ga) = gr and @(9G., hG.) = [gz, ha].

Corollary 4. Suppose the action of G on (X,d) satisfies (R2,k) for some
k € N. Then I' is hyperbolic.

Proof. Let v be a geodesic in I'. By the construction, ¢(7) is a concatenation of
geodesic segments of lengths at most IV so that no two consecutive segments both
have weights less than or equal to % Hence, if x € () then the intersection
By () N () is contained in the image ¢(7p) of a subpath vy of v in T' which
contains not more than three edges. Moreover, if vy consists of three edges
then the length of the middle one is less than % Now, by Lemma E, o(y) is a
(1,56, & )-local-quasi-geodesic. It is a known result (see H, Theorem 3.1.4)) that
there exist constants L(d, A, ¢), N (8, A, ¢), and ¢/(d, \, ¢) such that any (A, ¢, L)-
local-quasi-geodesic is a (X, ¢)-quasi-geodesic.

We can assume that % > L(0,1,50) since N is independent of 6 and L =
L(d). Then we use A = N (6,1,59) and ¢ = ¢/(4,1,5d) and it is immediate that
T is (A0 + ¢)-hyperbolic. O

Lemma 20. If the action of G on (X, d) is proper relative to x then T is quasi-
isometric to the Cayley graph T'(G,SUG,) of G relative to S U G.

Proof. Denote the metric on I'(G, SUG;) by d’. Consider the function I'(G, SU
G,) — I defined by g — gG,. Since S UG, C By, the image of a path from
I'(G,SUG,) is a path in T of the same combinatorial length and we have

dr(9G., hGy) < Nd'(g,h).

Next, suppose that N’ € N is such that By is contained in the ball of radius
N’ centered at the identity in I'(G, S UGy) (such N’ exists since the action is
proper). Any edge of " has weight at least a and it lifts to a geodesic path in
I'(G,SUG,) of length at most N’. Since in any geodesic word in (S U G,) at
least every other letter is in S, we have that the edge together with any elements
of S adjacent to it will have length at most 2N’. Hence,

2N’
!

d/(gah) g dl"(ngthz)

and the required statement follows. |

Theorem 9. Let G be a finitely generated group acting on a §-hyperbolic R-
metric space (X, d) with a base-point © € X. If the action of G on X is proper
relative to x and that it satisfies (R2,k) for some k € N then G is weakly
hyperbolic relative to G;.

Proof. This is a direct consequence of Lemma R0} and Corollary E O
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6.2 Geometric alternative to relatively proper actions

One problem with our definition of a relatively proper action is that it is very
hard to detect, especially geometrically. Let us look at an alternative condition
which gives the same result but it is more easy to interpret geometrically, though
it gives less insight into the relation between the action and the relative Cayley
graph.

Let X be a geodesic d-hyperbolic space on which G acts and choose a base-
point x. As before, B, = {g € G | d(x, gz) < n}. We say the action of G on X
has property P(n) if

(i) there exists o such that B, = G,
(ii) B, generates G,
(ili) the set of double cosets {G, g G4 | g € By} is finite.

Proposition 3. Suppose G is finitely generated relatively to G and the action
of G on X has property P(n) for some n > 6144 log,(154) + 768 + 22885. Then
G is weakly relatively hyperbolic relative to G..

Proof. 1t is suffficient to prove that Lemma @ and Corollary E hold in this
case. Since Lemma @ requires only regularity and that n > (2k 4+ 2)d, we have
nothing to prove there.

Lemma @ is rather easy to prove in this case. By assumption, B,, generates
G and that {G,gG, | g € B,} is finite, so we can take S to be a finite set
of representatives of {G,gG, | ¢ € B,}. Again, since both S and G, are
contained in B,,, paths in I'(G, G, U S) are still paths in I and the images of its
edges have weight at most N, so dr(¢9Gy, hG,) < Ndr(G, G5 U S)(g, h) for any
g, h. On the other hand, any edge in I' has weight at least o and the length of
any of its preimages in I'(G, G, U S) is at most 3, so

3
dr(a,a,us)(g9:h) < adr (9G., hGy)

Finally, in order for the proof of Corollary E to work, it is sufficient to have
% > L(0,1,50), and it can be inferred from the proofs of Lemma 3.1.9 and
Theorem 3.1.4 of [@] that L(6,1,5d) = 1536 log,(154) 4+ 192 + 5724. O

6.3 Application to actions on trees

Corollary 5. Let G be a finitely generated relative to some G, group, which
acts regularly on an R-tree T with the property P(n) for some n € R,n > 0.
Then G is weakly hyperbolic relative to G.

Proof. Define T* to be the metric space T with all distances multiplied by &
and take a basepoint z*. It is obvious that G acts on T* for any k, so we can
define B¥ = {g € G | d(«*, g2*) < n}. Tt is easy to see that BX = B, thus,
the action of G on T* has property P(nk).

Since § = 0 for all T*, it follows that aé? + b 4+ ¢ = ¢ for any such action,
and for some k we obtain nk > ¢, as required. |
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7 Completing hyperbolic Z- and R-metric
spaces

In this section we investigate the question of “completing” a given non-geodesic
hyperbolic Z-metric space X, that is, constructing a geodesic hyperbolic Z-
metric space X in which X (quasi-)isometrically embeds. Observe that any
d-hyperbolic Z-metric space embeds isometrically into a complete geodesic o-
hyperbolic R-metric space (see [E]) but this completion does not have to be a
Z-metric space.

Given a d-hyperbolic Z-metric space (X, d) which we fix for the rest of this
section, below we introduce two Z-completions of X which we call I'; (X) and
I'2(X). We shall also define an analogous construction S(X) when X is an
R-metric space.

Our constructions will have, compared to Bonk and Schramm’s, the disad-
vantage that the hyperbolicity constant will increase. However, they will have
the advantage that isometries, embeddings and quasi-isometries of X extend
easily and that boundaries are easy to work with.

7.1 Ty(X)

Define a graph I'y (X)) as follows: to the set of points of X which we call essential
vertices we add new vertices which fill “gaps” between essential vertices.

(1) Define T'1 (X)) = X, that is, all vertices of I'; (X)) initially are essential.

(2) For any pair {z,y} of essential vertices with the property that there exists
no z € I'1(X) such that d(z,y) = d(x, 2)+d(z,y), add to T'1 (X)) all vertices
on a Z-path of distance d(z,y). The added Z-paths we call basic and
the new vertices we call auxiliary vertices. Observe that after this step,
for every essential vertices of T'1(X) there exists a Z-geodesic segment
(composed from auxiliary vertices) connecting them.

(3) For any triple {x,y, z} of essential vertices, consider the projection of the
triangle A(z,y, z) onto the tripod T'(z,y, z). Every two auxiliary vertices
of A(z,y,z) which map into the same point of the tripod we connect by
a Z-path whose length is the smallest integer larger or equal to 46 (that
is, we add to I';(X) all vertices on this path) unless there exists already
a path of length less than or equal to 40 between them. The added paths
we call bridges and the new vertices we call negligible vertices.

(4) We extend the metric d : X — Z to the metric d : T'1(X) — Z as follows:

(a) the distance between two essential vertices is inherited from X,

(b) the distance between an auxiliary vertex to the adjacent essential
vertices is defined by construction, hence, the distance from an aux-
iliary vertex to any other either essential, or auxiliary vertex is also
defined (as the minimum of lengths of paths connecting them),
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(c) the distance from a negligible vertex to the adjacent auxiliary vertices
is defined by construction, so, the distance from a negligible vertex
to any other vertex of I'; (X)) is also defined.

Remark 2. 1. Observe that if § = 0 then the process of building T'1(X) is
equivalent to the construction of a A-tree out of a 0-hyperbolic A-metric
space (see, for example, /ﬁ, Theorem 2.4.4]) since all bridges have length
0.

2. If X is geodesic then T'1(X) = X. Indeed, if X is geodesic then for
any essential vertices x and y there is no essential vertex z such that
d(z,y) = d(z, z) +d(y, z) only when d(x,y) = 1. So, no auziliary vertices
are added. Finally, since X is hyperbolic, for any pair of auxiliary vertices
there is already a path of length at most 46. Hence, no bridges are added
and, hence, no negligible vertices are added either.

Remark 3. Note that T'1(X) is unique for a given X. Indeed it is easy to see
that the steps (1) and (2) above do not depend on the order in which we process
pairs of essential vertices. As for the step (3), since bridges are exactly of length
46, the only cases where a bridge is not added is one where there already was a
path which did not contain bridges, so the order in which we process triples of
essential vertices does not matter.

By [ﬁ, Theorem 4.1], X isometrically embeds into a complete geodesic §-
hyperbolic R-metric space X. Denote the metric on X by d. We are going to
use (X, d) in our construction below.

Define a map ¢ : I';(X) — X as follows. First of all, observe that the set of
essential vertices of I'y (X)) is naturally identified with X, hence, it embeds into
X. Next, for a pair {z,y} of essential vertices, the basic path between them
in T'1(X) can be mapped to some geodesic segment between ¢(z) and p(y).
Finally, for a pair {z, y} of auxiliary vertices (whose images under ¢ are already
defined), the bridge between them can also be mapped to a geodesic segment
between ¢(x) and ¢(y). Observe that ¢ is not unique but it is well-defined by
the construction.

Lemma 21. Let v,w be vertices of I'1(X).
(i) If v and w are essential then d(v,w) = d(o(v), p(w)).

(i) If v and w are auxiliary then
d(p(v), p(w)) < d(v,w) < d(p(v), p(w)) + 240
(i11) If v is essential and w is auziliary then
d(p(v), p(w)) < d(v,w) < d(p(v), p(w)) + 80
Proof. First, notice that for any v, w € I'1(X) we have

d(v,w) > d(p(v), p(w)).
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Indeed, any edge of I'; (X') belongs either to a basic path, or to a bridge. Basic
paths are embedded isometrically in X since X is embedded isometrically in X.
However, X is also d-hyperbolic, so for a pair of auxiliary vertices connected by
a bridge in I';(X), their images in X are also at a distance of at most 46. It
follows that ¢ can only shorten distances.

(i) Obvious.

(iii) By the construction, w is on the geodesic linking two essential vertices
wy and we in T'1(X). Consider the geodesic triangle A(v,wq,ws). Hence, w is
at a distance of at most 40 from either [v,w;], or [v,wz]. Let v be the path
[v,w]U[w', w], where w’ € [v,w;] for i = 1,2 and let () the length of v. Then
[v,w'] is isometrically embedded in X and d(w,w’) < 44, so ¢|, is a (1,46)-
quasi-isometry. Furthermore, ¢([v,w’']) is a geodesic and d(¢(w), p(w')) < 40,
so () is a (1,40)-quasi-geodesic. It follows that

d(v, w) < 1(y) < d(p(v), p(w)) + 84.

[w, wU[w', v]is (1,3 + 2) -quasi-geodesic

Figure 1: Case (iii) in the proof of Lemma P

(ii) By the construction, there exist essential vertices vy, ve, wy, ws € T'1(X)
such that v € [v1,v2], w € [wy,ws]. Consider the geodesic square {v1, va, wa, wy }
(linked together in the given order). Suppose v is at a distance of 46 from
v € [v1,wy]. We can always assume this since v must be at a distance of 40
from either [v1,w;], or [va, w1], and we can twist the square to fit this situation.

If w is at a distance 46 from w’ € [v1, w1] then set v = [v, V']U[V, w'|U[w’, w].
Otherwise, w is at a distance of 40 from w’ € [v1,ws] and v is at a distance
of 40 from either v" € [v1,ws], or v € [wy,ws]. Hence, we set v = [v,v'] U
[v/,v"]U 0", w'|U [w, w] in the former case, and v = [v,v'] U [v/,v"] U [v",w] in
the latter one.

Suppose first that v = [v, v']U[v’, w']U[w’,w]. Then ¢([v’,w’]) is an isomet-
rically embedded geodesic. Next, the other two segments of v have lengths of at
most 46, and so do their images. It follows that ¢|, is a (1, 80)-quasi-isometry
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[w, wlUw', V]U[V', V] is (1, 45 + 2)-quasi-geodesic [w, wiU[w', VUV, V] is (1, 28 + 2)-quasi-geodesic

Figure 2: Case (ii) in the proof of Lemma

and () is a (1, 86)-quasi-geodesic. Hence,

d(v,w) <IU(v) < d(p(v), p(w)) + 166.

Now assume that v = [v,v'] U [v/,0"] U [v",w'] U [w’,w]. Then o([v”,w']) is an
isometrically embedded geodesic. The other three segments of v have lengths
of at most 49, and so do their images. It follows that ¢|, is a (1,12§)-quasi-
isometry and () is a (1,120)-quasi-geodesic. Hence,

d(v,w) <1(7) < d(e(v), p(w)) + 246.

Finally, suppose v = [v,v'|U[v/, " |U[v", w]. Then ¢([v”,w]) is an isometrically
embedded geodesic. The other two segments of v have lengths of at most 40,
and so do their images. Hence, ¢|, is a (1,8d)-quasi-isometry and ¢(v) is a
(1, 89)-quasi-geodesic. So

d(v,w) <I(7) < d(e(v), p(w)) + 164.

Proposition 4. T'y(X) is ¢'-hyperbolic with ¢ = 296.

Proof. By Lemma , the restriction of ¢ to any geodesic of 'y (X), whose end-
points are essential or auxiliary vertices, is a (1,24¢)-quasi-isometry. Suppose
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then that a geodesic has negligible vertices as endpoints. Negligible vertices
have always valency 2 and they belong to paths of length of at most 2§ + 1
linking auxiliary vertices together. Thus, if a,b are the endpoints, there exist
auxiliary vertices o', such that d(a,a’),d(b,b’) < 25. It follows that, since
[a,b] — [a’,b'] is a (1,46)-quasi-isometry by Lemma PJ] and [a/,b] — X is a
(1,246)-quasi-isometry, then [a,b] — X is a (1,286)-quasi-isometry. Thus, the
embedding of any geodesic of I'1 (X) in X is a (1, 285)-quasi-isometric. It follows
that ¢ is a (1, 28d)-quasi-isometric embedding, and the result follows. O

Lemma 22. Let g be an isometry of X. Then there exists an unique isometry
g of T1(X) such that g|x = g.

Proof. Define g simply by mapping basic paths to basic paths (since we know
the action on their endpoints) and bridges to bridges. Since g is an isometry
of X, it preserves the length of basic paths and the sizes of triangles, so it also
preserves the presence of bridges.

The uniqueness of g is pretty obvious from the construction. Since all aux-
iliary vertices have valence 3 or 4, unless they are at distance smaller than or
equal to 2 from an essential vertex, and all negligible vertices have valence 2,
and are at a distance greater than 26 from any essential vertex, it follows that
any isometry of I'; (X') which preserves essential vertices must also preserve aux-
iliary and negligible vertices. Therefore, any extension of g will map basic paths
to basic paths and bridges to bridges, and so will be equivalent to g. O

Lemma 23. LetY be a geodesic A-hyperbolic metric space with X isometrically
embedded into Y. Then T'1(X) is quasi-isometrically embedded into Y and the
constants of the quasi-isometry depend only on § and A

Proof. Denote by d* the metric on Y and let ¢ : X — Y be the embedding of
X into Y. We can extend it to I'; (X)) in an obvious way by mapping geodesics
to geodesics. Basic paths are embedded isometrically, and the images of bridges
cannot be longer than 4A. If we have a path in T'1(X), it maps to a path of
length at least multiplied by min {1, %}, so min{1, %}d*(d)(x),w(y)) <d(z,y)
for any z,y € I'1(X). On the other hand, if we have a path ~ which con-
sists of n bridges and only one segment of a basic path, since basic paths are
isometrically embedded, we have that |, is a (1,n - max{40, 4(A — §)})-quasi-
isometric embedding and ¥ () is a (1,n - 4A)-quasi-geodesic. Using the same
argument as in the proof of Lemma @, we have that ¢ extended to I'1(X) is a
(1,12(A + max{d, A — ¢§}))-quasi-isometric embedding. O

Lemma 24. Let Y be a A-hyperbolic metric space with X quasi-isometric to'Y .
Then T'1(X) is quasi-isometric to T'y(Y") and the constants of the quasi-isometry
depend only on 0, A, and the constants of the quasi-isometry between X and Y .

Proof. Let ¢ : X — Y be a (A, k)-quasi-isometry. Recall that d is the metric on
I';(X) and denote by d* the metric on T';(Y'). We can build a map ¥ : T'y (X) —
I'1(Y) as follows. Define ¥(x) = ¢(x) for z € X. Next, we can approximate
how auxiliary vertices should be mapped based on how far they are from the
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endpoints of the basic paths they lie on. In other words, if z is on a basic path
[z,y] at a distance of d from z, then ¥(z) should be the auxiliary vertex on

[U(z), U(y)] at a distance of d - % from ¥(z). Finally, we map bridges
to bridges approximating how integer)diétances should be mapped. To see that
VU is a quasi-isometry, notice that for any x,y € X we have that W[y, is a
(A, k + 1)-quasi-isometry, then reuse the same paths we have above to obtain
bounds for d(a, b) in terms of d*(¥(a), ¥(b)) by using the fact that bridges have
length 40, their images have length 4A and basic paths are quasi-isometrically

mapped. O

Corollary 6. Let Y be a geodesic A-hyperbolic metric space such that X is
quasi-isometrically embedded into Y. Then T'1(X) is quasi-isometrically embed-

ded into Y .

7.2 Ty(X)

The space (I'1(X),d) introduced in the previous subsection is constructed so
that geodesics between any two essential vertices x and y almost never include
any other essential vertices. The only exception happens when there exists an
essential vertex z in T'y(X) such that d(z,y) = d(z, z) + d(y, z). This property
makes I'1 (X)) an artificially “thinned” weighted complete graph.

The goal of this subsection is to construct another completion I'y(X) of X
in the case when X is regular, that is, when the following condition holds

(RS) Vz,y,z€ X, v e X:
A, 0) +d(v,y) < d(,y) +26, d(,0) +d(o,2) < d(z, 2) + 25,
d(y,v) +d(v,z) < d(y,z) + 26.

Any point v from the definition above we call a mid-point of {z,y, z}.

The process of building I's(X) is considerably more involved but the graph
itself appears to be more natural than I'1(X). At first, for n € N we build an
auxiliary graph I'} (X) using I'; (X).

Recall that ¢ is the hyperbolicity constant for I'; (X)) (see Proposition [f).
Now, define H to be the maximal Hausdorff distance between a geodesic and a
(46',24058" + 1086"?)-quasi-geodesic in T'1(X) and set B = 2H + 26.

Set I'(X) = X and call all vertices of X essential.
(1) For any essential vertices x,y with d(z,y) = n add to I'y(X) a Z-path

of length n connecting x and y. This path we call basic and its vertices
auziliary.

(2) For a pair of essential vertices {z,y} such that d(x,y) = n and another
essential vertex z, consider all mid-points v for {x,y, z}. If there exists
some v such that d(z,v),d(y,v) > 26 then we remove the basic path [z, y].

(3) Repeat step (2) for the pair {x,y} and all essential vertices z.
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(4) Repeat steps (2) and (3) for all pairs of essential vertices {z,y} with
d(z,y) = n.

(5) Repeat steps (1)-(4) for all integers smaller than n in descending order.

(6) Finally, if the distance in I'1 (X) between an auxiliary vertex x and a basic
path p, which has not been removed on previous steps, is smaller than B,
add a Z-path, which we call a bridge and whose vertices we call negligible,
connecting x and the closest to it vertex y on p (if there are two such
vertices on p then add a bridge for each one) in I'} (X'). The length of the

idded bridge connecting = and y is equal to d(z,y) in I'1(X). See Figure

3

o // . ‘\
X : SN
. o I | o ] \\
1 R J
. ) \ ° -— == ' /l
S N

Figure 3: Construction of '} (X)

(7) We extend the metric d : X — Z to the metric dj : T3 (X) — Z as follows:

(a) the distance between two essential vertices is inherited from X,
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(b) the distance between an auxiliary vertex to the adjacent essential
vertices is defined by construction, hence, the distance from an aux-
iliary vertex to any other either essential, or auxiliary vertex is also
defined (as the minimum of lengths of paths connecting them),

(c) the distance from a negligible vertex to the adjacent auxiliary vertices
is defined by construction, so, the distance from a negligible vertex
to any other vertex of I'} (X)) is also defined.

Lemma 25. Suppose for some pair x,y there exists z such that there is a mid-
point v of {x,y,z} chosen on step (2) above. Then d(x,v) < d(x,y), d(y,v) <
d(z,y).

Proof. Suppose on the contrary that d(y,v) > d(z,y). From regularity of X it
follows that d(x,v) < 26, hence, by construction, v could not be chosen on step
2, a contradiction. O

Remark 4. 1. From Lemma @ it follows that the algorithm of constructing
T'5(X) is correct in the sense that there is no risk of re-adding a geodesic
that was previously removed and the process ends since we always split
geodesics into geodesics of strictly shorter integer length.

2. Lemma @ also explains why a geodesic is removed in the process only
if there exists a mid-point of {x,y,z} which is sufficiently far away from
x,yand z. Unfortunately, it also means that no geodesic shorter than 20 is
ever removed (since any path through an acceptable mid-point has length of
at most 40, so it is contained in the 26-neighborhood of the two points), so,
d-neighborhoods of points in T'1(X) and T5(X) are essentially the same.

3. Finally, from Lemma @ it follows that T4 (X) is connected since a basic
path is removed only if there are two shorter paths connecting the same
vertices which are added later on.

Observe that I'}(X), n € N can be viewed as a graph whose vertices
V(T5(X)) are points of I'y(X) and edges F(I'5(X)) are pairs of points at dis-
tance 1 from each other.

Lemma 26. If n < m then
V(I3 (X)) € V(g (X)) and E(T3(X)) € B3 (X)).

Proof. In the process of building I'5*(X) we eventually run steps (1)-(5) for m.
Thus, we add all the geodesics we would add and remove all the geodesics we
would remove in the process of building I's (X') (since we always split geodesics
into shorter ones). Since the set of geodesics between essential vertices in I'y (X))
is contained in the set of geodesics between essential vertices of I'S* (X)), the same
relation is going to hold for the sets of bridges in both graphs. The required
statement follows. O
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Observe that Lemma R0 does not imply that T'}(X) isometrically embeds
into I'f*(X). At the same time, it implies that if X is not bounded then the
sequence {I'5(X)}nen converges to a graph I';(X) whose vertices and edges are
defined by

V(I(X) = [ VIE(X), El(X)) = | ET3(X)).
neN neN

If X is bounded and has diameter d then we set I'y(X) = I'4(X).
Remark 5. If X is geodesic then I's(X) = X. Indeed, if X is geodesic then all

basic paths are removed except those of length 1, and all bridges already exist
since X is 0-hyperbolic.

Remark 6. Given a specific X, then there will exist an unique extension T'a(X).
This is less obvious than in the case of I'1, but still pretty easy to see. Notice
that, in the construction of T3 (X), steps (1) and (2) do not depend on the order
in which we consider pairs of essential vertices, steps (3)-(5) are a repetition of
steps (1) and (2), and step (6) depends entirely on the image of the graph built
up until then in T'1(X), which we have already shown to be unique.

I'2(X), being an union of uniquely determined extensions of X, will itself be
an unique extension of X .

Suppose n € N. Let A/ be a set which initially contains only n and we apply
to all elements of N the following steps. For each k € NV, if k > 2§ then replace
it by two new numbers k; and kg such that ky, ko < k and k < k1 + ko < k+26.
Continue this splitting process until all elements of N are smaller than 24.
Denote by 7(n) the maximal sum obtained by the above algorithm starting
from n.

Lemma 27. 7(n) < 46n.

Proof. Observe that for n < 20 we have 7(n) = n < 40n. Next, for n > 2§ there
exist 4, j € N such that 7(n) = 7(i) + 7(j) with j < n —i+ 2. We are gong to
prove that for n > 24
7(n) < 40n — 852 < 4én.

Assume without loss of generality that j > i.

First of all, for n = 20 4+ 1, any n1, ne will be smaller than 2J, so the ideal is
to use ny = ng = 26 giving us 7(26 + 1) = 46 = 45(25 + 1) — 86

Suppose now that 7(k) < 46k — 862 for any 20 +1 < k < n— 1. We have
T(n) = 7(j) + 7(i) with n — 1 > j > 4. It is worth noticing that j < n — 1, so
j+20+1<n+25 Thus, if we can choose j > 2§, we can choose i > 26 as
well. Since 7 is an increasing function, if n > 20 + 1 then we can assume that
1,7 > 20. So, we have that

7(n) = 7(i) + 7(j) < 46 + 465 — 1662 < 46(n — j + 20) + 405 — 166>
= 46n — 862 < 40n.
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For any v,w € T'2(X) define [v, w]2 to be a geodesic between v and w either
in I'y(X) and p[v, w]s its embedding into T';(X). To simplify notation, let dy
represent the graph metric on I's(X) and d; the metric on I'1 (X). Let k = 308"2.
If [z, y]2 contains no other essential vertices so that it coincides with a geodesic
in T'y(X), we say that [z, y]s is long if d(z,y) > k and short otherwise.

Lemma 28. (i) Let [x,yls be long and z be an essential vertex. Then either
o[z, yl2 Uz, 2]2), or p([z,y]2 Uy, 2]2) is a (1,60)-quasi-geodesic.

(i) Let [x,2']2 and [y,y']2 be long. Then there exist x € {z,z'} and ¥ € {y,y'}
such that o([z,2']2 U [x, ¥]2 Uy, y']2) is a (1,126)-quasi-geodesic.

Proof. (i) Observe that [z, y]2 is long and it has not been split into two segments
in the process of building the graph. It implies that for any essential vertex
v, any mid-point of {z,y,v} is within a 26-ball centered either at x, or at y.
Suppose, without loss of generality, that there exists a mid-point m of {z,y, z}
in the 2d-neighborhood of x. We have that ¢([z,m]z U [m,yl2) is a (1,29)-
quasi-geodesic and that d(x, m) < 26, but this implies that ¢([z, m]2 U [m, z]2 U
[x,m]2 U [m,yl2) is a (1, 66)-quasi-geodesic. Hence, so is ¢([z, ]2 U [z, y]2).

(ii) By the above result, there exists x € {z, 2} such that ¢([y’, x]2U[z, 2']2)
is a (1,6d)-quasi-geodesic. Suppose, without loss of generality, that x = z’. At
the same time, similarly there exists ¢ € {y,y’} such that ¢([z',¥]2 Uy, y]2) is
a (1,60)-quasi-geodesic. If 1) = y then the path o([x,2']2 U [2/,y]2 U [y, y']2) is
simply the (1,60) quasi-geodesic ¢ ([y’, 2']2U[z’, x]2) with the segment ¢([y, 2']2)
replaced by a (1,60)-quasi-geodesic. It follows that the path in question is a
(1,124) quasi-geodesic.

Suppose that x = z. There exists some v’ such that o([z,9']2U[y,y']2) is a
(1,60)-quasi-geodesic. If ¢’ =y’ then the path p([z,2']2 U [z, y']2 U [y, y]2) is
merely the (1, 6d)-quasi-geodesic o([x, y']2 U [y, y]2) with the segment p([x, y']2)
replaced by a (1,60)-quasi-geodesic. It follows that the path in question is a
(1,128)-quasi-geodesic.

Suppose that x = 2/, ¥ = ¢/, ¢ = y. Both ¢([y',y]2 U [y,z]2) and
o([y, 2']2 U [z, x]2) are (1,60)-quasi-geodesic, so, ¢,/ (2’ x) = d(y', ') — 36 and
¢y (y,x) = d(y',y) — 39, which implies that ¢,/ (y, 2’) > min{d(y’, y),d(y’, ')} —
26" — 38 > min{d(y’,y),d(y’,2")} — 58. But ¢o([y,y']2 U [y, 2']2) is a (1,66)-
quasi-geodesic, which means that d(z',y) > d(2/,y') + d(y',y) — 66. Now,
d(2',y") =d(@',y') +d,y) — 2¢y (', y), so,

30" =36 = ¢y (2',y) = min{d(y', y),d(y’, 2")} — 50",

S0,
80" = ¢y (2, y) = min{d(y’,y),d(y’, ")}

Since [y, y'] is long, it follows that d(y’,z") < 80".

Consider A(a’,y,z). We have that ¢([y/,yl2 U [y, z]2) is a (1,6d)-quasi-
geodesic, so y is at a distance of at most 3§ from A;(2/,y, ), and so it is at
a distance of at most 30 + ¢’ < 44’ from a point z € ¢([y’, x]2). Furthermore,
since d(z',y") < 89, letting 2’ be a point on p([y’, 2']2 U [2/, z]2) at a distance
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of smaller than ¢ from z, we get 2’ € [y/,y] since 306" < d(y,y') < d(y,2") +
d(z',y") < 58 +d(Z,y) and d(2’,y’) < 13§’. This implies that [2/,y] U [y, 2]
is a (1,100")-quasi-geodesic. By the alternative definition of regularity that any
mid-point of {z’,y, z} must be within the 7¢’-neighborhood of Aj(2’,y,x). But
since [2/,y] U [y, z] is a (1,100")-quasi-geodesic, it follows that the vertices of
Ar(2',y,x) which lie on [2/,y] and [z,y] are at a distance of at most 50" from
y. So, Ar(z',y,2) must be within the 66’-ball around y, so any mid-point of
{z/,y,x} is within the 13¢’-ball around y.

Now, from the fact that is [z, 2] is long it follows that any such mid-point
must be within 26’ of either 2/, or . It cannot be near «’ since d(z'y) > k-84 >
106’, so, any such mid-point must be at a distance of at most 24’ from z, and
It follows that d(z,y) < 158’. However, da(z,y) = 2k > 46" - 150" > 40’d(x, y),
a contradiction. Thus, the only possible cases occur when there exists one such
path which is a (1, 126)-quasi-geodesic. O

Lemma 29. Let v,w be essential vertices. The embedding of [v,w]s into Ty is
a (40,4862 + (80 + 2)k)-quasi-geodesic.

Proof. By Lemma @, for any two essential vertices v and w we have d; (v, w) <
day(v,w) < 46dy (v, w). Suppose that a and b are vertices such that ¢([v,als U
[a, b]2U[b, w]2) = @([v,w]2). We can assume that there exist no essential vertices
between a and v, or b and w, and that a € [v, V]2, b € [w,w']s with v/, w’ being
essential vertices. We have three cases.

Case I. If both [v,v’] and [w,w'] are short then we have
di(p(a), (D) < da(a,b) = da(a,v') + da (v, w') + da(w', )
< dl ((p(a)v Ul) + 4'-(Sdl (U/7 ’LU/) + dl (wlu Sp(b))
< 46(dy (a,b) + 2k) + 2k = 48d; (a, b) + (85 + 2)k.

Case II. If [v,0]3 is short and [w,w']s is long (without loss of generality)
then that there exists w € {w,w'} such that ¢([v',w]s U [w,w']2) is a (1,64)-
quasi-geodesic. Thus, we have

da(a,b) < da(a,v')+da(v',w)+da(w,b) < di(a, (") +45d; (v, w)+di(w, (b))
<k +46(di (v, w) + di(w, p(b)) < k +46(d1 (v, (b)) + 60)
< k+45(d(a,b) + k + 65) = 4d(a,b) + 246 + (1 + 40)k

Case III. If both [v, v']2 and [w, w']2 are long then there exist ¢ € {v,v'} and
w € {w,w'} such that p([v,v']s U [p,w]s U [w,w']2) is a (1, 12)-quasi-geodesic.
Thus, we have

da(a,b) < da(a, @) + d2(¢,w) + da(w, b) < di(p(a), d) + 4dd1 (¢, w) + di(w, (b))

< 46(di(p(a), @) + di(¢,w) + di(w, p(b))) < 46(di(p(a), p(b)) + 120)
= 45d,(p(a), (b)) + 4862
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Remark 7. Since for any essential vertices x,y, the embedding of [x,yla into
I'1(X) is a (46,2408" + 606" + 4852)-quasi-geodesic, there exists H such that
the Hausdorff distance between plx,yle and [z,y]1 is at most H.

Lemma 30. Let v,w be vertices of T'a(X).

(i) If v and w are both auziliary, then [v,w]y is a (45,2406" + 606" + 4862 +
2H + ¢’ + 1)-quasi-geodesic.

(ii) If v is essential and w is auziliary then [v,w]z is a (48,2406 + 605" +
4862 + 4H + 46 + 2)-quasi-geodesic.

Proof. (ii) By the construction, w is on the geodesic in I'y(X) connecting two
essential vertices wq and wo. Consider the geodesic triangle A(v,ws,ws). We
have that w is at a distance of at most H from some point on [wy, ws] which is at
a distance of at most §’ from either [v,w;], or [v, ws], which itself is at a distance
of at most H from [v, w;]2. So, w is at a distance of at most 2H + ¢’ from either
[v,w1]2, or [V, w2]2. By the construction, we have a bridge in I';(X) of length at
most 2H + §’ 4+ 1 between w and some auxiliary vertex w’ on [v, w;]2. It follows
that the embedding of [w, w'];U[w’, v]1 is a (46, 2408”2 +605"%+485%+2H+'+1)-
quasi-geodesic.

\

Y
W

Figure 5: Case (ii) in the proof of Lemma . Wavy lines are quasi-geodesics

(i) There exist essential vertices vy, ve, w1, we such that v € [vy,va]e, w €
[w1, we]2. Consider the geodesic square {v1, va, we, w1} (linked together in the
given order). Thus, v and w must be within a distance of H from some points v’
and w’ on [v1, v2] and [wy, ws] respectively. Furthermore, both v’ or w’ must be
within a distance of 26" from either [v1,w;], or [v2, we]. If they are both within
20’ from the same edge, say [v1, w1], then they are within 26’ +2H from [v1, w1]a,
so that both v and w are within at most 2H + 20’ from [vy, w1]2. Hence, there
are bridges of length at most 20" + 2H + 1 between them and that geodesic,
thus, [v,w]s is a (46,2408 + 1086"2 + 4H + 48" + 2)-quasi-geodesic.

Suppose on the contrary that, without loss of generality, v’ is within 24§’
from [v1,w1], w' is within 2§’ from [vs, ws], and neither one is within 2§’ of
the other edge. Consider the triangles A(v1,ve,ws) and A(vy, wy,ws). By the
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assumption, both ¢ and w’ must be within ¢’ from [vq, ws], which itself is at
a Hausdorff distance of at most H from [v1,ws]s. Thus, there exist bridges of
length at most 2H + 6’ + 1 from v and w to some v” and w” on [vy,ws]e. It
follows that the embedding of [v,w]z is a (48,2408 + 1086 + 4H + 25" + 1)-
quasi-geodesic. O

Figure 6: Case (i) in the proof of Lemma . Wavy lines are quasi-geodesics

Proposition 5. T'y(X) is 6" -hyperbolic with §" = 2408’ + 646" + 4862 + 8H +
86" + 2.

Proof. Let ¢ : T'2(X) — I'1 (X) be the function sending vertices of I's(X) to their
embedding in T';(X). We have that the embedding of any geodesic of I'y(X)
whose endpoints are either essential, or auxiliary vertices is a (44, 24063 4605"%+
4862 + 4H + 46" + 2)-quasi-geodesic. Suppose then that a geodesic has negligible
vertices as endpoints. Negligible vertices always have valency 2 and they belong
to paths of length at most 2H + 2§’ + 1 connecting auxiliary vertices. Thus,
if a,b are the endpoints, there exist auxiliary vertices a’,b" such that [a,b]s =
[a,a’]aUa’,b' ]2 UV, bla with d(a,a’),d(b,b") < 2H 4 26’. Thus, the embedding
of any geodesic of T'y(X) into I'y is a (46', 2406 + 1086 + 8H + 85’ + 2)-quasi-
geodesic. Tt follows that ¢ is a (44,2408" + 600" + 4852 + 8H + 89" + 2)-quasi-
isometric embedding, and the result follows. O
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Remark 8. Since the maximal Hausdorff distance between a geodesic and a
(46,24008" + 606" + 4802)-quasi-geodesic in a &' -hyperbolic space is polynomial
in &' and 6, and remembering that &' is polynomial in §, it follows that &"
depends polynomially on §.

Corollary 7. T'2(X) is quasi-isometrically embedded into T'1(X) and all uni-
versal properties of T'1(X) extend to T'y(X).

Lemma 31. Let g be an isometry of X. There exists an unique isometry g of
Iy (X) such that glx =g

Proof. If g is an isometry of X then it preserves mid-points of triangles. It
follows that if [z,y] is removed, so is g[x,y]. Finally, since by Lemma B3, ¢
can be extended to I'1(X) and that bridges are placed based upon proximity in
I'1(X), then if we have a bridge between a and b, we also have a bridge between
ga and gb defined by extending the isometry on the essential vertices to the
basic paths joining them.

Uniqueness of g follows easily from the fact that it is defined entirely by
the action of g on X and the fact that the extension of g to I'y(X) is itself
unique. O

7.3 B(X)

If we have a hyperbolic R-metric space, it is possible to define an embedding into
a geodesic hyperbolic R-metric space analogous to the construction of 't (X) in
the discrete case. Since the two constructions are very similar, the proofs will
often be done by reference to the case of I'1(X). The same terminology will be
used to make transferring those proofs easier. Notice that a continuous analog
of T'y(X) is not possible. There is no guarantee that our algorithm of breaking
down geodesics ever stops since arbitrarily small distances can occur.
Let now X be an R-metric space. Define a band complex 3(X) as follows:

(1) Define first 5(X) = X and define these points as essential points.

(2) For any pair (z,y) of essential points, add to our complex a copy of the
interval [0, d(x,y)] with endpoints = and y unless there exists some z such
that d(z,y) = d(z, z) + d(z,y). Let us call these lines basic paths and the
points that are on them auxiliary. Take the completion of the weighted
graph so obtained. Observe that after this step, for every essential points
of B(X) there exists an R-geodesic segment (composed from auxiliary
vertices) connecting them.

(3) For any triple {x,y, 2z} of essential vertices, consider the projection of the
triangle A(z,y,z) onto the tripod T'(z,y, z). Attach bands of length 46
to the basic paths linking together the points that are mapped together
on the tripod, except for those at the distance less than 2§ from x, y, or
z. Define the fibers of the bands to be bridges and the points that make
them up negligible.
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(4) We extend the metric d : X — R to the metric d : beta(X) — R as follows:

(a) the distance between two essential points is inherited from X,

(b) the distance between an auxiliary point to the adjacent essential
points is defined by construction, hence, the distance from an aux-
iliary point to any other either essential, or auxiliary point is also
defined (as the minimum of lengths of paths connecting them),

(¢) the distance from a negligible point to the adjacent auxiliary points
is defined by construction, so, the distance from a negligible point to
any other point of 8(X) is also defined.

Remark 9. As in the case of I'1 and T's, every given space X has a unique
extension 3(X). The reasoning is the same as for I'y.

Lemma 32. Let v,w be points of B(X).

~

(i) If v and w are essential then d(v,w) = d(¢(v), p(w)).

(i) If v and w are auxiliary then

~

d(p(v), p(w)) < d(v,w) < d(p(v), p(w)) + 24

(i11) If v is essential and w is auziliary then

~ ~

d(p(v), p(w)) < d(v,w) < d(p(v), p(w)) + 89

Proof. The proof is a straightforward adaptation of the proof of Lemma . All
the arguments work in the exact same way. O

Proposition 6. 5(X) is 6'-hyperbolic with 6’ = 296.

Proof. Let ¢ : B(X) — X be the function sending points of X C B(X) to
their embedding in X extended by mapping basic paths and fibers of bands to
geodesics of X.

The embedding of any geodesic of (X ) whose endpoints are essential or aux-
iliary is a (1, 240)-quasi-isometry. Suppose then that a geodesic has endpoints
which are on bands. Bands are always of length 40 and link together essen-
tial and auxiliary points. Thus, if a,b are the endpoints, there exist auxiliary
points a’, b’ such that d(a,a’), d(b,b") < 24. It follows that, since [a,b] — [a’, V']
is a (1,46)-quasi-isometry and ¢ : [a/,b'] — X is a (1,246)-quasi-isometry,
¢ [a,b] = X is a (1,285)-quasi-isometry.

Thus, the embedding of any geodesic of B(X) into X is a (1,286)-quasi-
geodesic. Tt follows that ¢ is a (1,286)-quasi-isometric embedding, and the

result follows easily. O

Lemma 33. (i) Let g be an isometry of X. There exists a unique isometry
g of B(X) such that Glx = g.
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(ii) If 6 = 0, our construction is equivalent to the one given in /B, Theorem

2.4.4].

Proof. Both statements are quite obvious. Define § simply by mapping basic
paths to basic paths (since we know the action on their endpoints) and bands
to bands. Since g is an isometry of X, it preserves the length of basic paths and
the size of triangles, so that it also preserves the presence of bands. Uniqueness
is proven in a way analogous to Lemma @

If § = 0, then bands have length 0, so we simply identify points in the same
way as shown in the proof of [E, Theorem 2.4.4]. O

Lemma 34. (i) Let Y be a geodesic A-hyperbolic metric space with X iso-
metrically embedded in'Y. Then B(X) is quasi-isometrically embedded in
Y and the constants of the quasi-isometry depend only on § and A.

(ii) Let' Y be a A-hyperbolic metric space with X ~Y. Then B(X) ~ B(Y)
and the constants of the quasi-isometry depend only on 6, A, and the
constants of the quasi-isometry between them.

(i1i) Let' Y be a geodesic A-hyperbolic metric space and X quasi-isometrically
embedded in' Y. Then B(X) is quasi-isometrically embedded in'Y .

Proof. The proofs are similar to the proofs of Lemma @ and Lemma @ Trans-
fer of the proofs is very straightforward. O

7.4 Boundaries 0I';(X), 02 (X) and 05(X)
Proposition 7. 0X = 0I'1(X)

Proof. First of all, since X embeds isometrically into I'1(X), it is obvious that
0X C ol (X).

Let then {x,} be a sequence in I'y(X) converging at infinity, representing
the point o € OI'y. If z, is a negligible vertex, it is at distance at most 29
from an auxiliary vertex a7, so we can replace z,, by ], without changing the
behavior of {z,} at infinity. If for any n there would exist k, > n such that
xk, is an essential vertex, we would have that {zj, } is a sequence of essential
vertices converging at infinity, so that @ € 9.X.

We can therefore assume that all z,, are auxiliary vertices. Hence, there
exist 2% and ¥ such that x,, € [x%,2%]. Let «}, € {%, 2%} such that (x, - 27)
is maximal. If for any n there exists k,, such that (zy, -z}, ) > n, then {z} }
converges at infinity towards the same point as {xy, }, so we have that o € 0X.

Let us then assume there exists some N such that (x, - 29), (z, - 2%) < N
for any n. Let x be the basepoint. We have

d(xy, xy) = d(z,20) + d(z,x) — 2(xp - 20) = d(z, 2) + d(x,25) — 2N.
By the same reasoning we have

d(ze,xzy) = d(x,22) + d(z, x,) — 2N.
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However, x,, € [z%, 2], so we have that

n? n

d(zg, z2) = d(ay, xn) + d(@s, xy) = d(z,z0) + d(x, 22) + 2d(z, x,) — AN

> d(xn, x2) + 2d(x, ) — 4N.

This implies that d(x,x,) < 2N for any n and we have a contradiction with the
assumption that {x, } converges at infinity.

Then it follows that for any sequence {z,} of vertices in I'; (X) which con-
verges at infinity, there exists a subsequence {zy, } and a sequence {7} }in X
such that (x, - @), ) > n for any n. We have therefore that oT'y(X) C 0X. O

Corollary 8. 90X = 93 (X)

Proof. By Lemma @, X is quasi-isometrically embedded in T's(X), so we have
that 0X C OI'>(X). At the same time, from the proof of Lemma ] we have
that T'y(X) is quasi-isometrically embedded in T';(X), so 9T'2(X) C oT'1(X) =
0X. O

Corollary 9. 90X = 95(X)

Proof. 1t is again straightforward to use the same rationale as in the proof of
Proposition []. We leave the details to the reader. O
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