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Finitely presented algebras defined by permutation relations
of dihedral type

Ferran Cedó∗ Eric Jespers† Georg Klein

Abstract

The class of finitely presented algebras over a field K with a set of generators a1, . . . , an and
defined by homogeneous relations of the form a1a2 · · · an = aσ(1)aσ(2) · · · aσ(n), where σ runs
through a subset H of the symmetric group Symn of degree n, is investigated. Groups H in
which the cyclic group 〈(1, 2, . . . , n)〉 is a normal subgroup of index 2 are considered. Certain
representations by permutations of the dihedral and semidihedral groups belong to this class
of groups. A normal form for the elements of the underlying monoid Sn(H) with the same
presentation as the algebra is obtained. Properties of the algebra are derived, it follows that
it is an automaton algebra in the sense of Ufnarovskĭı. The universal group Gn of Sn(H) is a
unique product group, and it is the central localization of a cancellative subsemigroup of Sn(H).
This, together with previously obtained results on such semigroups and algebras, is used to show
that the algebra K[Sn(H)] is semiprimitive.

Keywords: semigroup ring, finitely presented, symmetric presentation, semigroup algebra, automaton
algebra, regular language, primitive, Jacobson radical, semiprimitive, monoid, group
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1 Introduction

We consider subgroups H of Symn, the symmetric group of order n, in which the cyclic subgroup
〈(1, 2, . . . , n)〉 is normal and of index 2. This class of groups includes certain representations by
permutations of the dihedral and semi-dihedral groups. We study the properties of the monoid with
the following presentation:

Sn(H) = 〈a1, a2, . . . , an | a1a2 · · ·an = aσ(1)aσ(2) · · · aσ(n), σ ∈ H〉.

In Section 2, we establish a normal form for the elements of this semigroup. The proof is an appli-
cation of the diamond lemma and requires many combinatorial verifications. Using arguments by
analogy, the number of actual cases to verify were kept to a minimum.

In Section 3, for a field K, we consider the algebra K[Sn(H)] with the same presentation as the
semigroup. From the normal form it follows that K[Sn(H)] is an automaton algebra in the sense
of Ufnarovskĭı [16]. The universal group Gn of Sn(H), by which we mean the group with the same
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presentation, is a unique product group. The element z = a1a2 · · · an is central in Sn(H), and
Gn = zSn(H)〈z〉−1, with zSn(H) a cancellative subsemigroup of Sn(H). This is used to prove that
J (K[Sn(H)]) = 0, also using the fact that J (K[Sn(H)]) ⊆ K[zSn(H)] from the reference literature.
We conclude Section 3 with some results regarding prime ideals in the semigroup and in the algebra,
which are related to further structural properties of the algebra.

Previous investigations of algebras of this type include the cases of H the full symmetric group [4],
the alternating group of degree n [3, 5], and an abelian group [6]. In many cases the algebra turns
out to be semiprimitive, with as noteworthy exception the alternating group, where the Jacobson
radical being zero or not depends on the parity of n and the characteristic of the field K. The
subgroups H considered in the present paper are of dihedral and quasi-dihedral type. In case the
order of such groups is 2m, there is only one other isomorphism class of groups which have the same
order and which are also of nilpotency class m − 1, the generalized quaternion group Q. In [7], we
investigate Sn(Q) and show that in this case more results can be obtained. Using different methods,
it is shown that the semigroup Sn(Q) is a two unique product semigroup if Q is given via a regular
representation by permutations.

2 Monoids Sn(H) defined by dihedral type relations

In this section we study Sn(H) in caseH contains the cyclic group 〈(1, 2, . . . , n)〉 as a normal subgroup
of index 2. Note that n ≥ 3 and if n = 3, then H = Sym3 and S3(H) = S3(Sym3) which is studied
in [4]. Hence, throughout we assume that n > 3. So H is generated by λ = (1, 2, . . . , n) and µ, with
µ /∈ 〈λ〉, and µ2 ∈ 〈λ〉. Since 〈λ〉 is a normal subgroup of H , we have µλ = λkµ, for some integer
k such that 1 ≤ k < n and k2 ≡ 1 mod n (so (k, n) = 1). For ease of notation, arithmetic will be
done modulo n in the set of indices {1, 2, . . . , n}. We have

µ(i+ 1) = µλ(i) = λkµ(i) = µ(i) + k,

for all i ∈ {1, 2, . . . , n}. So k 6= 1 as µ /∈ 〈λ〉. Thus, we obtain the following presentation

Sn(H) = 〈a1, a2, . . . , an | a1a2 · · · an−1an = aiai+1ai+2 · · · ai−2ai−1

= aiai+kai+2k · · · ai−2kai−k, 1 ≤ i ≤ n〉.

For simplicity, we denote Sn(H) by Sn. It is clear that Sn has only trivial units. The aim of this
section is to obtain a normal form for the elements of Sn. This requires tedious work. We begin by
noting that

z = a1a2 · · · an

is a central element of Sn. Indeed, for all 1 ≤ i ≤ n,

(a1a2 · · · an)ai = aiai+1 · · · ai−2ai−1ai = ai(a1a2 · · · an).

For every integer p, we define the following elements of length n− 2 of Sn:

bp = ap+1ap+2 · · · ap−3ap−2,

cp = ap+kap+2k · · · ap−3kap−2k.

Lemma 2.1 For every non-negative integer q,

zbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) = zai+kci+kci+k−(k+1) · · · ci+k−q(k+1)
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and
zcici−(k+1) · · · ci−q(k+1)ai−k−q(k+1) = zai+1bi+1bi+1−(k+1) · · · bi+1−q(k+1),

for 1 ≤ i ≤ n.

Proof. We shall prove this by induction on q. For q = 0, the statement is proved as follows.

zbiai−1 = zai+1ai+2 · · · ai−2ai−1

= (ai+kai+2k · · · ai−2kai−kai)ai+1ai+2 · · · ai−2ai−1

= ai+kai+2k · · · ai−2kai−kz

= zai+kai+2k · · · ai−2kai−k

= zai+kci+k.

Similarly, one obtains that zciai−k = zai+1bi+1. Suppose that q ≥ 1 and the result is true for q − 1.
Since z is central, we have that

zbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= bibi−(k+1) · · · bi−(q−1)(k+1)zbi−q(k+1)ai−1−q(k+1)

= bibi−(k+1) · · · bi−(q−1)(k+1)zai+k−q(k+1)ci+k−q(k+1)

= zbibi−(k+1) · · · bi−(q−1)(k+1)ai−1−(q−1)(k+1)ci+k−q(k+1)

= zai+kci+kci+k−(k+1) · · · ci+k−(q−1)(k+1)ci+k−q(k+1).

The other equality is proved similarly.

Let FMn denote the free monoid on {a1, a2, . . . , an} (we use the same notation for the generators of
FMn and those of Sn). Denote by ≪ the length-lexicographical order on FMn generated by

a1 ≪ a2 ≪ · · · ≪ an.

Consider the following transformations of words in the free monoid FMn on {a1, a2, . . . , an}, that are
dependent on the parameters i (or j), v and q, with 1 ≤ i ≤ n, v ∈ FMn and q ≥ 0. Each trans-
formation transforms a word into another word which is smaller in the length-lexicographical order,
and this is the reason why some restrictions on i (or j) are sometimes included. The transformations
are:

ti(aiai+1 · · · ai−2ai−1) = a1a2 · · · an, (1)

for i = 2, 3, . . . , n;

rj,m(aja
m
1 a2 · · ·an) = a1a2 · · ·anaja

m−1
1 , (2)

for j = 2, 3, . . . , n and m ≥ 1;

hi(aiai+kai+2k · · · ai−2kai−k) = a1a2 · · · an; (3)

di,v,q
(
a1 · · · anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

)

= a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1),
(4)

for n− k + 1 ≤ i ≤ n− 1;

ei,v,q
(
a1 · · · anvcici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

)

= a1 · · · anvai+1bi+1bi+1−(k+1) · · · bi+1−q(k+1),
(5)
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for 0 ≤ i ≤ n− k;
si,v,q

(
a1 · · · anvaibibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

)

= a21(a2 · · · an)
2vci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1);

(6)

ui,v,q

(
a1 · · · anvaicici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

)

= a21(a2 · · ·an)
2vbi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1).

(7)

It follows at once from the presentation of Sn, the centrality of z = a1 · · · an, and Lemma 2.1, that
each of these transformations maps a word in FMn to another word that represents the same element
in Sn.

Let w1, w2 ∈ FMn. We say that w1 covers w2 if w2 is obtained from w1 by applying exactly one of the
transformations ti, rj,m, hi, di,v,q, ei,v,q, si,v,q, ui,v,q to a subword of w1. In this case we write w1 ≻ w2.
We define a partial order in FMn by w ≥ w′ if and only if there exist w0, w1, . . . , wr ∈ FMn, (r ≥ 0),
such that

w = w0 ≻ w1 ≻ . . . ≻ wr = w′.

Note that for w,w′ ∈ FMn,
w ≥ w′ ⇒ w ≫ w′.

Lemma 2.2 For an integer q ≥ 0 and any word v ∈ FMn, let

{

w1 = a1a2 · · · anvcici−(k+1) · · · ci−q(k+1)ai−k−q(k+1) ∈ FMn

w2 = a1a2 · · · anvai+1bi+1bi+1−(k+1) · · · bi+1−q(k+1) ∈ FMn,

or {

w1 = a1a2 · · · anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) ∈ FMn

w2 = a1a2 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1) ∈ FMn .

Then there exists w3 ∈ FMn, such that w1, w2 ≥ w3, and w3 begins with a1a2 · · ·an.

Proof. We will prove the first case, the second case can be proved similarly. Recall that

ci−p(k+1) = ai+k−p(k+1)ai+2k−p(k+1) · · · ai−3k−p(k+1)ai−2k−p(k+1).

First, assume there exists an integer p such that 0 ≤ p ≤ q and i+ k− p(k+1) ≡ l mod n for some
0 ≤ l ≤ n− k. Let p be the smallest such number. Then

ei+k−p(k+1),vci···ci−(p−1)(k+1),q−p(w1)

= ei+k−p(k+1),vci···ci−(p−1)(k+1),q−p(a1 · · · anvci · · · ci−(p−1)(k+1)ci−p(k+1) · · ·ai−k−q(k+1))

= a1a2 · · · anvci · · · ci−(p−1)(k+1)ai+1−p(k+1)bi+1−p(k+1) · · · bi+1−q(k+1)

= w3.

So w1 ≥ w3. In case p = 0, clearly w3 = w2 and thus w2 ≥ w3. So the result follows. In case
p 6= 0, by the minimality condition, for all 0 ≤ p′ < p we have i+ k − p′(k + 1) ≡ l mod n for some
n− k + 1 ≤ l ≤ n− 1. Since bjaj−1 = aj+1bj+1 and cjaj+1−(k+1) = aj+kcj+k, we can successively ap-
ply the transformations di,v,0, di−(k+1),vci,0, di−2(k+1),vcici−(k+1),0, . . . , di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0,

4



obtaining

di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0 · · · di−2(k+1),vcici−(k+1),0di−(k+1),vci,0di,v,0(w2)

= di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0 · · · di−2(k+1),vcici−(k+1),0di−(k+1),vci,0di,v,0

(a1a2 · · · anvai+1bi+1bi+1−(k+1) · · · bi+1−q(k+1))

= di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0 · · · di−2(k+1),vcici−(k+1),0di−(k+1),vci,0di,v,0

(a1a2 · · · anvbiai−1bi+1−(k+1) · · · bi+1−q(k+1))

= di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0 · · · di−2(k+1),vcici−(k+1),0di−(k+1),vci,0

(a1a2 · · · anvai+kci+kbi+1−(k+1) · · · bi+1−q(k+1))

= di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0 · · · di−2(k+1),vcici−(k+1),0di−(k+1),vci,0

(a1a2 · · · anvciai−kbi+1−(k+1) · · · bi+1−q(k+1))

= di−(p−1)(k+1),vcici−(k+1)···ci−(p−2)(k+1),0 · · · di−2(k+1),vcici−(k+1),0di−(k+1),vci,0

(a1a2 · · · anvciai+1−(k+1)bi+1−(k+1) · · · bi+1−q(k+1))
...

= a1 · · · anvci · · · ci−(p−2)(k+1)ai+k−(p−1)(k+1)ci+k−(p−1)(k+1)bi+1−p(k+1) · · · bi+1−q(k+1)

= a1 · · · anvci · · · ci−(p−2)(k+1)ci−(p−1)(k+1)ai−k−(p−1)(k+1)bi+1−p(k+1) · · · bi+1−q(k+1)

= a1 · · · anvci · · · ci−(p−2)(k+1)ci−(p−1)(k+1)ai+1−p(k+1)bi+1−p(k+1) · · · bi+1−q(k+1)

= w3.

(8)

So w2 ≥ w3 and we have proved the statement.

Second, assume no p as above exists. One can now apply the calculation in (8) for the number
p = q + 1 and this shows that w2 ≥ w3. It it is easily seen that in this case w3 = w1 and thus the
result is proved.

Theorem 2.3 Each element a ∈ Sn can be uniquely written as a product

a = ai1(a2 · · · an)
jb, (9)

where b ∈ Sn \ (a1Sn ∪ a2 · · · anSn), i, j are non-negative integers such that if i, j > 0 then

b /∈
⋃

q≥0

(
⋃n−1

i=n−k+1 Snbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)Sn

∪
⋃n−k

i=0 Sncici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)Sn

∪
⋃n

i=1

(
Snaibibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

∪ Snaicici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)Sn

))

Proof. We will apply the diamond lemma [8, Theorem 10.4.1] to the reduction system T =
{(wϕ, yϕ)}, where wϕ, yϕ ∈ FMn are such that wϕ gets mapped to yϕ by one of the transformations
(1)-(7). The partial order ≤ defined above is compatible with the structure of FMn and satisfies the
descending chain condition. It is clear that yϕ < wϕ for every element of T , thus T is reduction-finite.
To prove the result, we need to verify that all ambiguities of T are resolvable.

Let w,w1, w2 ∈ FMn such that w ≻ w1 and w ≻ w2. We should show that there exists w3 ∈ FMn

such that w1, w2 ≥ w3. We know that w = ai1ai2 · · · aim ,

w1 = ai1 · · · aixf(aix+1 · · · aix+y
)aix+y+1 · · · aim
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and
w2 = ai1 · · · ailg(ail+1

· · · ail+p
)ail+p+1

· · ·aim ,

where ai1 , . . . , aim ∈ {a1, . . . , an} and

f, g ∈ {ti | 2 ≤ i ≤ n} ∪ {rj,m | 2 ≤ j ≤ n and m ≥ 1} ∪ {hi | 1 ≤ i ≤ n}

∪ {di,v,q | v ∈ FMn, n− k + 1 ≤ i ≤ n− 1 and q ≥ 0}

∪ {ei,v,q | v ∈ FMn, 0 ≤ i ≤ n− k and q ≥ 0}

∪ {si,v,q | v ∈ FMn, 1 ≤ i ≤ n and q ≥ 0}

∪ {ui,v,q | v ∈ FMn, 1 ≤ i ≤ n and q ≥ 0}.

Note that if x+ y < l + 1 or l + p < x+ 1, then applying g to the subword ail+1
· · · ail+p

of w1 and f
to the subword aix+1 · · · aix+y

of w2 we obtain the same word w3 and

w1 ≻ w3 and w2 ≻ w3.

If x + y ≥ l + 1 and l + p ≥ x + 1, we say that the subwords aix+1 · · · aix+y
and ail+1

· · · ail+p
of w

overlap. We will study all possible overlaps between subwords of the forms

(α) aiai+1 · · · ai−2ai−1, for 2 ≤ i ≤ n,

(β) aia
m
1 a2 · · · an, for 2 ≤ i ≤ n and m ≥ 1,

(δ) aiai+kai+2k · · ·ai−2kai−k, for i = 1, 2, . . . , n,

(ζ) a1 · · · anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1),

for v ∈ FMn, n− k + 1 ≤ i ≤ n− 1 and q ≥ 0,

(η) a1 · · · anvcici−(k+1) · · · ci−q(k+1)ai−k−q(k+1),

for v ∈ FMn, 0 ≤ i ≤ n− k and q ≥ 0,

(θ) a1 · · · anvaibibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1),

for v ∈ FMn, 1 ≤ i ≤ n and q ≥ 0,

(ι) a1 · · · anvaicici−(k+1) · · · ci−q(k+1)ai−k−q(k+1),

for v ∈ FMn, 1 ≤ i ≤ n and q ≥ 0.

Note that overlaps of subwords of the form (α) and (β) are dealt with in [4, Theorem 2.1]. Note
also that not all kinds of subwords can overlap, and that for overlaps with the subword a1 · · · an
at the beginning of words of type (ζ),(η),(θ),(ι), the verification that the ambiguity is resolvable is
immediate.

The remaining cases to consider are overlaps of the following form, the pairs in square brackets can
be verified in a manner analogous to the pair preceding the bracket:
(α, δ), [(δ, α)]; (β, δ); (δ, β); (δ, δ); (ζ, α), [(η, δ)]; (ζ, β), [(η, β), (θ, β), (ι, β)] ;
(ζ, δ), [(η, α)]; (θ, α), [(ι, δ)]; (θ, δ), [(ι, α)];
where the notation (♦,♥) means that the ending letter(s) of a subword of the form ♦, overlap(s)
with the beginning letter(s) of a subword of the form ♥, as well as

(α, ζ), [(δ, η)]; (α, η), [(δ, ζ)]; (α, θ), [(δ, ι)]; (α, ι), [(δ, θ)];
(β, ζ); (β, η); (β, θ); (β, ι);
(ζ, ζ), [(η, η)]; (ζ, η), [(η, ζ)]; (ζ, θ), [(η, ι)]; (ζ, ι), [(η, θ)];
(θ, ζ), [(ι, η)]; (θ, η), [(ι, ζ)]; (θ, θ), [(ι, ι)]; (θ, ι), [(ι, θ)];
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where the notation (♠,♣) means that the ending letter(s) of a subword of the form ♠, overlap(s)
with the beginning letter(s) of a subword beginning just after the end of the subword v in a subword
of the form ♣.

Case 1: Overlaps of the form (α, δ), [(δ, α)]. We apply ti to the subword of type α to get w1 and we
apply hi−1 to the subword of type δ to get w2. We have

w =

α, ti: w1
︷ ︸︸ ︷
aiai+1 · · · ai−2

︸ ︷︷ ︸

δ, hi−1: w2

ai−1 ai−1+kai−1+2k · · · ai−1−2kai−1−k.

w1 = a1a2 · · ·anai−1+kai−1+2k · · · ai−1−2kai−1−k

and
w2 = aiai+1 · · · ai−2a1a2 · · · an.

Applying a sequence of transformations r, we get

w2 = aiai+1 · · · ai−2a1a2 · · ·an ≻ . . . ≻ a1a2 · · · anaiai+1 · · · ai−2 = w′
2.

Then either di−1,1,0(w
′
2) = w1 or ei−1,1,0(w1) = w′

2.

Case 2: Overlaps of the form (β, δ). We apply rj,m to the subword of type β to get w1 and we apply
hn to the subword of type δ to get w2. We have

w =

β, rj,m: w1
︷ ︸︸ ︷

aja
m
1 a2 · · ·

︸ ︷︷ ︸

δ, hn: w2

an aka2k · · · a−2ka−k.

w1 = a1 · · ·anaja
m−1
1 aka2k · · · a−2ka−k and w2 = aja

m
1 a2 · · · an−1a1 · · · an.

Applying en,ajam−1
1 ,0, we get

w1 = a1 · · · anaja
m−1
1 aka2k · · · a−2ka−k ≻ a1 · · · anaja

m−1
1 a1a2 · · ·a−2a−1.

Applying a sequence of transformations r, we get

w2 = aja
m
1 a2 · · · an−1a1 · · · an ≻ . . . ≻ a1 · · · anaja

m
1 a2 · · ·an−1.

Case 3: Overlaps of the form (δ, β). Here there are two possibilities:

(a) ai−k = a1. We apply h1+k to the subword of type δ to get w1 and we apply r1−k,m to the
subword subword of type β to get w2.

w =

δ, h1+k: w1
︷ ︸︸ ︷

a1+ka1+2k · · ·
︸ ︷︷ ︸

β, r1−k,m: w2

a1−ka1 a
m−1
1 a2 · · · an.

w1 = a1 · · · ana
m−1
1 a2 · · ·an and w2 = a1+ka1+2k · · · a1−2ka1 · · · ana1−ka

m−1
1 .

If m 6= 1, applying a sequence of transformations r, we get

w1 = a1 · · · ana
m−1
1 a2 · · ·an ≻ . . . ≻ a21(a2 · · ·an)

2am−2
1 .
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Applying a sequence of transformations r, followed by h1+k, followed by a sequence of trans-
formations r, we get

w2 = a1+ka1+2k · · · a1−2ka1 · · · ana1−ka
m−1
1

≻ . . . ≻ a1 · · · ana1+ka1+2k · · · a1−2ka1−ka
m−1
1

≻ a1 · · · ana1 · · · ana
m−2
1 ≻ . . . ≻ a21(a2 · · · an)

2am−2
1 .

If m = 1, applying a sequence of transformations r followed by e1,1,0, we get

w2 = a1+ka1+2k · · · a1−2ka1 · · · ana1−k ≻ . . . ≻ a1 · · · ana1+ka1+2k · · · a1−2ka1−k

≻ a1 · · · ana2 · · ·an = w1.

(b) ai−k 6= a1. We apply hi to the subword of type δ to get w1 and we apply ri−k,m to the subword
of type β to get w2.

w =

δ, hi: w1
︷ ︸︸ ︷

aiai+k · · · ai−2k
︸ ︷︷ ︸

β, ri−k,m: w2

ai−k a
m
1 a2 · · ·an.

w1 = a1 · · ·ana
m
1 a2 · · ·an and w2 = aiai+k · · · ai−2ka1 · · · anai−ka

m−1
1 . Applying a sequence of trans-

formations r, we get

w1 = a1 · · · ana
m
1 a2 · · ·an ≻ . . . ≻ a21(a2 · · ·an)

2am−1
1 .

If i 6= 1, applying a sequence of transformations r, followed by hi, followed by a sequence of trans-
formations r, we get

w2 = aiai+k · · · ai−2ka1 · · · anai−ka
m−1
1 ≻ . . . ≻ a1 · · · anaiai+k · · · ai−2kai−ka

m−1
1

≻ a1 · · · ana1 · · · ana
m−1
1 ≻ a21(a2 · · · an)

2am−1
1 .

If i = 1, applying a sequence of transformations r, followed by e1,1,0, we get

w2 = a1a1+k · · ·a1−2ka1 · · · ana1−ka
m−1
1 ≻ . . . ≻ a21a2 · · · ana1+k · · · a1−2ka1−ka

m−1
1

≻ a21a2 · · · ana2 · · · ana
m−1
1 .

Case 4: Overlaps of the form (δ, δ). We apply hi to a subword of type δ to get w1 and we apply hi′

to the other subword of type δ to get w2. We have

w =

δ, hi: w1
︷ ︸︸ ︷
aiai+k · · ·

︸ ︷︷ ︸

δ, hi′ : w2

ai′ · · · ai−k · · · ai′−k.

w1 = a1 · · ·anai · · ·ai′−k and w2 = ai · · · ai′−ka1 · · · an.

If i 6= 1, applying a sequence of transformations r, we get

w2 = ai · · · ai′−ka1 · · · an ≻ . . . ≻ a1 · · · anai · · · ai′−k = w1.

If i = 1, applying t2, we get

w1 = a1 · · · ana1a1+k · · · ai′−k ≻ a21a2 · · · ana1+k · · ·ai′−k,

and applying a sequence of transformations r, we get

w2 = a1 · · · ai′−ka1 · · · an ≻ . . . ≻ a21a2 · · ·ana1+k · · · ai′−k.
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Case 5: Overlaps of the form (ζ, α) ,[(η, δ)]. We apply di,v,q to the subword of type ζ to get w1 and
we apply ti′ to the subword of type α to get w2. We have

w =

ζ, di,v,q : w1
︷ ︸︸ ︷

a1 · · · anvbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · ·
︸ ︷︷ ︸

α, ti′ : w2

ai′ · · ·ai−1−q(k+1) · · · ai′−1.

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)ai−q(k+1) · · · ai′−1,

w2 = a1 · · · anvbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai′−1a1 · · · an.

Applying ui+k,v,q, we get

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)ai+k−k−q(k+1)ai+1−q(k+1) · · ·ai′−1

≻ a21(a2 · · · an)
2vbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai′−1.

Applying a sequence of transformations r, we get

w2 = a1 · · ·anvbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai′−1a1 · · · an

≻ · · · ≻ a21(a2 · · · an)
2bibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai′−1.

Case 6: Overlaps of the form (ζ, β), [(η, β), (θ, β), (ι, β)]. We apply di,v,q to the subword of type ζ
to get w1 and we apply rj,m to the subword of type β to get w2. We have j = i− 1− q(k+1). There
are two possibilities.

(a) j = i− 1− q(k + 1) 6= 1.

w =

ζ, di,v,q : w1
︷ ︸︸ ︷

a1 · · · anvbibi−(k+1) · · · bi−q(k+1)
︸ ︷︷ ︸

β, rj,m: w2

ai−1−q(k+1) a
m
1 a2 · · ·an.

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)a
m
1 a2 · · · an,

w2 = a1 · · · anvbibi−(k+1) · · · bi−q(k+1)a1a2 · · · anai−1−q(k+1)a
m−1
1 .

Applying a sequence of transformations r, we get

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)a
m
1 a2 · · ·an

≻ . . . ≻ a21(a2 · · ·an)
2vai+kci+kci+k−(k+1) · · · ci+k−q(k+1)a

m−1
1 .

Applying a sequence of transformations r and di,a2···anv,q, we get

w2 = a1 · · · anvbibi−(k+1) · · · bi−q(k+1)a1a2 · · · anai−1−q(k+1)a
m−1
1

≻ . . . ≻ a21(a2 · · · an)
2vbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)a

m−1
1

≻ a21(a2 · · · an)
2vai+kci+kci+k−(k+1) · · · ci+k−q(k+1)a

m−1
1 .

(b) j = i− 1− q(k + 1) = 1.

w =

ζ, di,v,q : w1
︷ ︸︸ ︷

a1 · · ·anvbibi−(k+1) · · · bi−q(k+1)
︸ ︷︷ ︸

β, rj,m: w2

a1 a
m−1
1 a2 · · · an.

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)a
m−1
1 a2 · · · an,

w2 = a1 · · · anvbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai−3−q(k+1)·

· a1a2 · · · anai−2−q(k+1)a
m−1
1 .
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If m 6= 1, this is solved in the same way as (a). If m = 1, we use the facts that ai+k−k−q(k+1) = a2
and a3 · · · an = ai+1−q(k+1) · · ·ai−2−q(k+1) = bi−q(k+1) and applying ui+k,v,q, we get

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)a2 · · · an

≻ a21(a2 · · · an)
2vbi+k+1−(k+1)bi+k+1−2(k+1) · · · bi+k+1−q(k+1)a3 · · · an

= a21(a2 · · · an)
2vbibi−(k+1) · · · bi−(q−1)(k+1)bi−q(k+1).

Applying a sequence of transformations r, we get

w2 = a1 · · · anvbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · ·ai−3−q(k+1)·

· a1a2 · · ·anai−2−q(k+1)

≻ a21(a2 · · · an)
2vbibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai−3−q(k+1)ai−2−q(k+1)

= a21(a2 · · ·an)
2vbibi−(k+1) · · · bi−(q−1)(k+1)bi−q(k+1).

Case 7: Overlaps of the form (ζ, δ), [(η, α)]. We apply di,v,q to the subword of type ζ to get w1 and
we apply hi−1−q(k+1) to the subword of type δ to get w2. We have

w =

ζ, di,v,q : w1
︷ ︸︸ ︷

a1 · · · anvbibi−(k+1) · · · bi−q(k+1)
︸ ︷︷ ︸

δ, hi−1−q(k+1): w2

ai−1−q(k+1) ai−1−q(k+1)+k · · · ai−1−q(k+1)−k.

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)ai−1−q(k+1)+k · · · ai−1−q(k+1)−k,

w2 = a1 · · · anvbibi−(k+1) · · · bi−q(k+1)a1 · · ·an.

Applying ui+k,v,q+1, we get

w1 = a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)ai+k+k−q(k+1)−k−1 · · ·

· · · ai+k−k−q(k+1)−k−1

= a1 · · · anvai+kci+kci+k−(k+1) · · · ci+k−q(k+1)ci+k−(q+1)(k+1)ai+k−k−(q+1)(k+1)

≻ a21(a2 · · · an)
2vbibi−(k+1) · · · bi−q(k+1).

Applying a sequence of transformations r we get

w2 = a1 · · · anvbibi−(k+1) · · · bi−q(k+1)a1 · · · an

≻ . . . ≻ a21(a2 · · · an)
2vbibi−(k+1) · · · bi−q(k+1).

Case 8: Overlaps of the form (θ, α), [(ι, δ)]. We apply si,v,q to the subword of type θ to get w1, and
we apply ti′ to the subword of type α to get w2. We have

w =

θ, si,v,q: w1
︷ ︸︸ ︷

a1 · · · anvaibibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · ·
︸ ︷︷ ︸

α, ti′ : w2

ai′ · · · ai−1−q(k+1) · · ·ai′−1.

w1 = a21(a2 · · · an)
2vci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)ai−q(k+1) · · · ai′−1,

w2 = a1 · · · anvaibibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai′−1a1 · · · an.

We have

w1 = a21(a2 · · · an)
2vci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)ai−q(k+1) · · · ai′−1

= a21(a2 · · · an)
2vci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1)ai−1−k−(q−1)(k+1) · · · ai′−1.
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Applying a sequence of transformations r, we get

w2 ≻ . . . ≻ a21(a2 · · · an)
2vaibibi−(k+1) · · · bi−(q−1)(k+1)ai+1−q(k+1) · · · ai′−1 = w′

2.

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w
′
2 ≥ w3.

Case 9: Overlaps of the form (θ, δ), [(ι, α)]. We apply si,v,q to the subword of type θ to get w1, and
we apply hi−1−q(k+1) to the subword of type δ to get w2. We have

w =

θ, si,v,q: w1
︷ ︸︸ ︷

a1 · · · anvaibibi−(k+1) · · · bi−q(k+1)
︸ ︷︷ ︸

δ, hi−1−q(k+1): w2

ai−1−q(k+1) ai−1−q(k+1)+k · · · ai−1−q(k+1)−k.

w1 = a21(a2 · · ·an)
2vci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)ai−1−q(k+1)+k · · · ai−1−q(k+1)−k,

w2 = a1 · · · anvaibibi−(k+1) · · · bi−q(k+1)a1 · · ·an.

We have

w1 = a21(a2 · · · an)
2vci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)ai−1−q(k+1)+k · · · ai−1−q(k+1)−k

= a21(a2 · · · an)
2vci+k−(k+1)ci+k−2(k+1) · · · ci+k−(q+1)(k+1)ai+k−k−(q+1)(k+1)

= a21(a2 · · · an)
2vci−1ci−1−(k+1) · · · ci−1−q(k+1)ai−1−k−q(k+1).

Applying a sequence of transformations r, we get

w2 ≻ . . . ≻ a21(a2 · · · an)
2vaibibi−(k+1) · · · bi−q(k+1) = w′

2.

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w
′
2 ≥ w3.

Case 10: Overlaps of the form (α, ζ), [(δ, η)]. We apply di,v,q to the subword of type ζ to get w1 and
we apply ti′ to the subword of type α to get w2. There are two kinds of overlap, the first kind is as
follows:

w = a1 · · · anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

=

ζ, di,v,q : w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

α, ti′ : w2

ai′ · · · ai+1 · · · ai′−1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

w1 = a1 · · · anv
′ai′ · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1),

w2 = a1 · · · anv
′a1 · · · anai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1).

Applying hi followed by a sequence of transformations r, we get

w1 = a1 · · · anv
′ai′ · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1)

≻ a1 · · ·anv
′ai′ · · · ai−1a1 · · · anci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

≻ . . . ≻ a21(a2 · · ·an)
2v′ai′ · · · ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

= a21(a2 · · ·an)
2v′ai′ · · · ai−1ci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1)

= w′
1.

Applying a sequence of transformations r, we get

w2 = a1 · · · anv
′a1 · · · anai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

≻ a21(a2 · · ·an)
2v′ai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′ai′ · · · ai−2bi−k−1bi−k−1−(k+1) · · ·

· · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1)

= w′
2.
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By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w

′
2 ≥ w3.

The second kind of overlap is as follows:

w = a1 · · ·anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

=

ζ, di,v,q: w1
︷ ︸︸ ︷

a1 · · ·
︸ ︷︷ ︸

α, ti′ : w2

ai′ · · · an · · · ai+1 · · · ai′−1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

Here v = an+1 · · · ai. Thus

w1 = a1 · · ·ai′ · · · an · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1),

w2 = a1 · · ·ai′−1a1a2 · · · anai′ · · ·ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1).

Applying hi followed by a sequence of transformations r, we get

w1 = a1 · · · ai′ · · · an · · ·aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1)

≻ a1 · · · ai′ · · ·an · · · ai−1a1 · · · anci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

≻ . . . ≻ a21(a2 · · · an)
2a1 · · · ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2a1 · · · ai−1ci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1)

= w′
1.

Applying a sequence of transformations r, we get

w2 = a1 · · · ai′−1a1a2 · · · anai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

≻ . . . ≻ a21(a2 · · · an)
2a1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2a1 · · · ai−2bi−k−1bi−k−1−(k+1) · · ·

· · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w

′
2 ≥ w3.

Case 11: Overlaps of the form (α, η), [(δ, ζ)]. We apply ei,v,q to the subword of type η to get w1 and
we apply ti+k+1 to the subword of type α to get w2. There are two kinds of overlap. We consider the
first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvcici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

=

η, ei,v,q: w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

α, ti+k+1: w2

ai+k+1ai+k+2 · · · ai+k−1ai+kai+2k · · ·ai−3kai−2kci−(k+1)ci−2(k+1) · · · ci−q(k+1)ai−k−q(k+1) .

w1 = a1 · · · anv
′ai+k+1ai+k+2 · · · ai+k−1ai+1bi+1bi+1−(k+1) · · · bi+1−q(k+1),

w2 = a1 · · · anv
′a1 · · · anai+2k · · · ai−3kai−2kci−(k+1)ci−2(k+1) · · · ci−q(k+1)ai−k−q(k+1).

Applying si+k+1,v′,1, we get

w1 = a1 · · · anv
′ai+k+1ai+k+2 · · · ai+k−1ai+1bi+1bi+1−(k+1) · · · bi+1−q(k+1)

= a1 · · · anv
′ai+k+1bi+k+1ai+1bi+1bi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1)

= a1 · · · anv
′ai+k+1bi+k+1bi+k+1−(k+1)ai−1bi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1)

≻ a21(a2 · · · an)
2v′ci+kbi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1)

= a21(a2 · · · an)
2v′ai+2k · · · ai−2kai−kbi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1)

= a21(a2 · · · an)
2v′ai+2k · · · ai−2kai−kbi−kbi−k−(k+1) · · · bi−k−(q−1)(k+1)

= w′
1.
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Applying a sequence of transformations r, we get

w2 = a1 · · · anv
′a1 · · ·anai+2k · · · ai−3kai−2kci−(k+1)ci−2(k+1) · · · ci−q(k+1)ai−k−q(k+1)

≻ . . . ≻ a21(a2 · · · an)
2v′ai+2k · · · ai−3kai−2kci−(k+1)ci−2(k+1) · · · ci−q(k+1)ai−k−q(k+1)

= a21(a2 · · · an)
2v′ai+2k · · · ai−3kai−2kci−k−1ci−k−1−(k+1) · · ·

· · · ci−k−1−(q−1)(k+1)ai−k−1−k−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w

′
2 ≥ w3.

Case 12: Overlaps of the form (α, θ), [(δ, ι)]. We apply si,v,q to the subword of type θ to get w1 and
we apply ti′ to the subword of type α to get w2. There are two kinds of overlap. We consider the
first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvaibibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

=

θ, si,v,q: w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

α, ti′ : w2

ai′ · · · ai · · · ai′−1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

w1 = a21(a2 · · · an)
2v′ai′ · · · ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1),

w2 = a1 · · · anv
′a1 · · · anai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1).

We have
w1 = a21(a2 · · · an)

2v′ai′ · · · ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2v′ai′ · · · ai−1ci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1).

Applying a sequence of transformations r, we get

w2 = a1 · · · anv
′a1 · · · anai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

≻ a21(a2 · · ·an)
2v′ai′ · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′ai′ · · · ai−2bi−k−1bi−k−1−(k+1) · · ·

· · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w
′
2 ≥ w3.

Case 13: Overlaps of the form (α, ι), [(δ, θ)]. We apply ui,v,q to the subword of type ι to get w1 and
we apply ti+1 to the subword of type α to get w2. There are two kinds of overlap. We consider the
first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvaicici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

=

ι, ui,v,q: w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

α, ti+1: w2

ai+1ai+2 · · · ai−1aicici−(k+1) · · · ci−q(k+1)ai−k−q(k+1) .

w1 = a21(a2 · · · an)
2v′ai+1ai+2 · · ·ai−1bi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1),

w2 = a1 · · · anv
′a1 · · · ancici−(k+1) · · · ci−q(k+1)ai−k−q(k+1).

We have
w1 = a21(a2 · · · an)

2v′ai+1ai+2 · · · ai−1bi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1)

= a21(a2 · · · an)
2v′ai+1bi+1bi+1−(k+1)bi+1−2(k+1) · · · bi+1−q(k+1).
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Applying a sequence of transformations r, we get

w2 = a1 · · · anv
′a1 · · · ancici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

≻ a21(a2 · · · an)
2v′cici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w
′
2 ≥ w3.

Case 14: Overlaps of the form (β, ζ). We apply di,v,q to the subword of type ζ to get w1 and we
apply rj,m to the subword of type β to get w2. There are two kinds of overlap. We consider the first
kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · ·anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

=

ζ, di,v,q : w1
︷ ︸︸ ︷

a1 · · ·anv
′

︸ ︷︷ ︸

β, rj,m: w2

aja
m−1
1 a1 · · ·ai+1 · · ·an · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

w1 = a1 · · · anv
′aja

m−1
1 a1 · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1),

w2 = a1 · · · anv
′a1 · · · anaja

m−1
1 a1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1).

Applying hi and a sequence of transformations r, we get

w1 = a1 · · · anv
′aja

m−1
1 a1 · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1)

≻ a1 · · · anv
′aja

m−1
1 a1 · · · ai−1a1a2 · · ·anci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

≻ . . . ≻ a21(a2 · · · an)
2v′aja

m−1
1 a1 · · ·ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2v′aja

m−1
1 a1 · · · ai−1ci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1)

= w′
1.

Applying a sequence of transformations r, we get

w2 = a1 · · · anv
′a1 · · · anaja

m−1
1 a1 · · ·ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

≻ a21(a2 · · ·an)
2v′aja

m−1
1 a1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′aja

m−1
1 a1 · · · ai−2bi−k−1bi−k−1−(k+1) · · ·

· · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w

′
2 ≥ w3.

Case 15: Overlaps of the form (β, η). We apply en−k,v,q to the subword of type η to get w1 and we
apply rj,m to the subword of type β to get w2. There are two kinds of overlap. We consider the first
kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvcn−kcn−k−(k+1) · · · cn−k−q(k+1)an−k−k−q(k+1)

=

η, en−k,v,q: w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

β, rj,m: w2

aja
m−1
1 a1 · · · an−1anan+k · · · an−3kcn−k−(k+1)cn−k−2(k+1) · · · cn−k−q(k+1)an−k−k−q(k+1) .

w1 = a1 · · ·anv
′aja

m−1
1 a1 · · ·an−1an−k+1bn−k+1bn−k+1−(k+1) · · · bn−k+1−q(k+1),

w2 = a1 · · ·anv
′a1 · · · anaja

m−1
1 an+k · · · an−3kcn−k−(k+1)cn−k−2(k+1) · · ·

· · · cn−k−q(k+1)an−k−k−q(k+1).
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Applying s1,v′ajam−1
1 ,1, we get

w1 = a1 · · · anv
′aja

m−1
1 a1 · · · an−1an−k+1bn−k+1bn−k+1−(k+1) · · · bn−k+1−q(k+1)

= a1 · · · anv
′aja

m−1
1 a1b1b1−(k+1)an−k−1bn−k+1−(k+1)bn−k+1−2(k+1) · · · bn−k+1−q(k+1)

≻ a21(a1 · · · an)
2v′aja

m−1
1 c1+k−(k+1)bn−k+1−(k+1)bn−k+1−2(k+1) · · · bn−k+1−q(k+1)

= a21(a1 · · ·an)
2v′aja

m−1
1 ak · · · a−2kbn−k+1−(k+1)bn−k+1−2(k+1) · · · bn−k+1−q(k+1)

= a21(a1 · · ·an)
2v′aja

m−1
1 ak · · · a−2kb−2kb−2k−(k+1) · · · b−2k−(q−1)(k+1)

= w′
1.

Applying a sequence of transformations r, we get

w2 = a1 · · · anv
′a1 · · · anaja

m−1
1 an+k · · · an−3kcn−k−(k+1)cn−k−2(k+1) · · ·

· · · cn−k−q(k+1)an−k−k−q(k+1)

≻ . . . ≻ a21(a2 · · · an)
2v′aja

m−1
1 an+k · · ·an−3kcn−k−(k+1)cn−k−2(k+1) · · ·

· · · cn−k−q(k+1)an−k−k−q(k+1)

= a21(a2 · · · an)
2v′aja

m−1
1 an+k · · ·an−3kcn−2k−1cn−2k−1−(k+1) · · ·

· · · cn−2k−1−(q−1)(k+1)an−2k−1−k−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w

′
2 ≥ w3.

Case 16: Overlaps of the form (β, θ). We apply si,v,q to the subword of type θ to get w1 and we
apply rj,m to the subword of type β to get w2. There are two kinds of overlap. We consider the first
kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvaibibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

=

θ, si,v,q: w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

β, rj,m: w2

aja
m−1
1 a1 · · · ai · · · an · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

w1 = a21(a2 · · · an)
2v′aja

m−1
1 a1 · · · ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1),

w2 = a1 · · · anv
′a1 · · · anaja

m−1
1 an+1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1).

We have
w1 = a21(a2 · · · an)

2v′aja
m−1
1 a1 · · · ai−1ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2v′aja

m−1
1 a1 · · · ai−1ci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1).

Applying a sequence of transformations r, we get

w2 = a1 · · ·anv
′a1 · · · anaja

m−1
1 an+1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1).

≻ . . . ≻ a21(a2 · · · an)
2v′aja

m−1
1 an+1 · · · ai−2bi−(k+1)bi−2(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′aja

m−1
1 an+1 · · · ai−2bi−k−1bi−k−1−(k+1) · · ·

· · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w
′
2 ≥ w3.

Case 17: Overlaps of the form (β, ι). We apply un,v,q to the subword of type ι to get w1 and we
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apply rj,m to the subword of type β to get w2. There are two kinds of overlap. We consider the first
kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvancncn−(k+1) · · · cn−q(k+1)an−k−q(k+1)

=

ι, un,v,q: w1
︷ ︸︸ ︷

a1 · · · anv
′

︸ ︷︷ ︸

β, rj,m: w2

aja
m−1
1 a1 · · · ancncn−(k+1) · · · cn−q(k+1)an−k−q(k+1) .

w1 = a21(a2 · · · an)
2v′aja

m−1
1 a1 · · · an−1bn+1−(k+1)bn+1−2(k+1) · · · bn+1−q(k+1)

w2 = a1 · · · anv
′a1 · · ·anaja

m−1
1 cncn−(k+1) · · · cn−q(k+1)an−k−q(k+1).

We have
w1 = a21(a2 · · · an)

2v′aja
m−1
1 a1 · · · an−1bn+1−(k+1)bn+1−2(k+1) · · · bn+1−q(k+1)

= a21(a2 · · · an)
2v′aja

m−1
1 a1bn+1bn+1−(k+1)bn+1−2(k+1) · · · bn+1−q(k+1).

Applying a sequence of transformations r followed by en,a2···anv′ajam−1
1 ,q, we get

w2 = a1 · · · anv
′a1 · · · anaja

m−1
1 cncn−(k+1) · · · cn−q(k+1)an−k−q(k+1)

≻ . . . ≻ a21(a2 · · ·an)
2v′aja

m−1
1 cncn−(k+1) · · · cn−q(k+1)an−k−q(k+1)

≻ a21(a2 · · · an)
2v′aja

m−1
1 a1bn+1bn+1−(k+1)bn+1−2(k+1) · · · bn+1−q(k+1)

= w1.

Case 18: Overlaps of the form (ζ, ζ), [(η, η)]. We apply di,v,q to a subword of type ζ to get w1, and we
apply di′,v′,q′ to the other subword of type ζ to get w2. There are two kinds of overlap. We consider
the first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvbibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

=

ζ, di,v,q : w1

︷ ︸︸ ︷

︸ ︷︷ ︸

ζ, di′,v′,q′ : w2

a1 · · · anv
′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai+1 · · · ai′−1−q′(k+1) · · · ai−2bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

Without loss of generality, it is assumed that the subwords a1 · · · an at the beginning of the two words
of type ζ coincide. We have

w1 = a1 · · · anv
′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1),

w2 = a1 · · · anv
′ai′+kci′+kci′+k−(k+1) · · · ci′+k−q′(k+1)·

· ai′−q′(k+1) · · ·ai−2bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1).

Applying hi and a sequence of transformations r, we get

w1 = a1 · · · anv
′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · aiai+kci+kci+k−(k+1) · · · ci+k−q(k+1)

= a1 · · · anv
′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · aiai+k · · · ai−k·

· ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

≻ a1 · · · anv
′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1a1 · · · an·

· ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

≻ . . . ≻ a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · ·ai−1·

· ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1·

· ci−1ci−1−(k+1) · · · ci−1−(q−1)(k+1)

= w′
1.
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Applying ui′+k,v′,q′, we get

w2 = a1 · · ·anv
′ai′+kci′+kci′+k−(k+1) · · · ci′+k−q′(k+1)ai′−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a1 · · ·anv
′ai′+kci′+kci′+k−(k+1) · · · ci′+k−q′(k+1)ai′+k−k−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

≻ a21(a2 · · · an)
2v′bi′+k+1−(k+1) · · · bi′+k+1−q′(k+1)ai′+1−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−2·

· bi−k−1 · · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w

′
2 ≥ w3.

Case 19: Overlaps of the form (ζ, η), [(η, ζ)]. We apply ei,v,q to the subword of type η to get w1 and
we apply di+(q′+1)(k+1),v′,q′ to the subword of type ζ to get w2. There are two kinds of overlap. We
consider the first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvcici−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

=

η, ei,v,q: w1
︷ ︸︸ ︷

︸ ︷︷ ︸

ζ, di+(q′+1)(k+1),v′,q′ : w2

a1 · · · anv
′bi+(q′+1)(k+1) · · · bi+(q′+1)(k+1)−q′(k+1)ai+k · · · ai−2kci−(k+1) · · · ci−q(k+1)ai−k−q(k+1) .

Without loss of generality, it is assumed that the subwords a1 · · · an at the beginning of the word of
type η and at the beginning of the word of type ζ coincide. We have

w1 = a1 · · · anv
′bi+(q′+1)(k+1) · · · bi+(q′+1)(k+1)−q′(k+1)ai+1bi+1 · · · bi+1−q(k+1),

w2 = a1 · · · anv
′ai+(q′+1)(k+1)+kci+(q′+1)(k+1)+k · · · ci+(q′+1)(k+1)+k−q′(k+1)·

· ai+2k · · · ai−2kci−(k+1) · · · ci−q(k+1)ai−k−q(k+1).

Applying di+(q′+1)(k+1),v′,q′+1, we get

w1 = a1 · · · anv
′bi+(q′+1)(k+1) · · · bi+(q′+1)(k+1)−q′(k+1)ai+1bi+1 · · · bi+1−q(k+1)

= a1 · · · anv
′bi+(q′+1)(k+1) · · · bi+(q′+1)(k+1)−q′(k+1)ai+1ai+2 · · · ai−1·

· bi+1−(k+1) · · · bi+1−q(k+1)

= a1 · · · anv
′bi+(q′+1)(k+1) · · · bi+(q′+1)(k+1)−q′(k+1)bi+(q′+1)(k+1)−(q′+1)(k+1)ai−1·

· bi+1−(k+1) · · · bi+1−q(k+1)

≻ a1 · · · anv
′ai+(q′+1)(k+1)+kci+(q′+1)(k+1)+k · · · ci+(q′+1)(k+1)+k−(q′+1)(k+1)·

· bi+1−(k+1) · · · bi+1−q(k+1)

= a1 · · · anv
′ai+(q′+1)(k+1)+kci+(q′+1)(k+1)+k · · · ci+(q′+1)(k+1)+k−q′(k+1)·

· ai+2k · · · ai−2kai−kbi−k · · · bi−k−(q−1)(k+1)

= w′
1.
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We have

w2 = a1 · · ·anv
′ai+(q′+1)(k+1)+kci+(q′+1)(k+1)+k · · · ci+(q′+1)(k+1)+k−q′(k+1)·

· ai+2k · · · ai−2kci−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

= a1 · · ·anv
′ai+(q′+1)(k+1)+kci+(q′+1)(k+1)+k · · · ci+(q′+1)(k+1)+k−q′(k+1)·

· ai+2k · · · ai−2kci−k−1 · · · ci−k−1−(q−1)(k+1)ai−k−q(k+1).

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w2 ≥ w3.

Case 20: Overlaps of the form (ζ, θ), [(η, ι)]. We apply si,v,q to the subword of type θ to get w1 and
we apply di′,v′,q′ to the subword of type ζ to get w2. There are two kinds of overlap. We consider the
first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvaibi · · · bi−q(k+1)ai−1−q(k+1)

=

θ, si,v,q: w1

︷ ︸︸ ︷

︸ ︷︷ ︸

ζ, di′,v′,q′ : w2

a1 · · · anv
′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai · · · ai′−1−q′(k+1) · · · ai−2bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

Without loss of generality, it is assumed that the subwords a1 · · · an at the beginning of the word of
type θ and at the beginning of the word of type ζ coincide. We have

w1 = a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1ci+k−(k+1) · · · ci+k−q(k+1),

w2 = a1 · · · anv
′ai′+kci′+k · · · ci′+k−q′(k+1)ai′−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1).

We have

w1 = a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1ci+k−(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1ci−1 · · · ci−1−(q−1)(k+1).

Applying ui′+k,v′,q′, we get

w2 = a1 · · · anv
′ai′+kci′+k · · · ci′+k−q′(k+1)ai′−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a1 · · · anv
′ai′+kci′+k · · · ci′+k−q′(k+1)ai′+k−k−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

≻ a21(a2 · · · an)
2v′bi′+k+1−(k+1) · · · bi′+k+1−q′(k+1)ai′+1−q′(k+1) · · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−2·

· bi−k−1 · · · bi−k−1−(q−1)(k+1)ai−1−q(k+1)

= w′
2.

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w
′
2 ≥ w3.

Case 21: Overlaps of the form (ζ, ι), [(η, θ)]. We apply ui,v,q to the subword of type ι to get w1 and
we apply di+q′(k+1)+1,v′,q′ to the subword of type ζ to get w2. There are two kinds of overlap. We
consider the first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w= a1 · · · anvaici · · · ci−q(k+1)ai−k−q(k+1)

=

ι, ui,v,q : w1
︷ ︸︸ ︷

︸ ︷︷ ︸

ζ, di+q′(k+1)+1,v′,q′ : w2

a1 · · · anv
′bi+q′(k+1)+1 · · · bi+q′(k+1)+1−q′(k+1)aicici−(k+1) · · · ci−q(k+1)ai−k−q(k+1) .
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Without loss of generality, it is assumed that the subwords a1 · · · an at the beginning of the word of
type ι and at the beginning of the word of type ζ coincide. We have

w1 = a21(a2 · · · an)
2v′bi+q′(k+1)+1 · · · bi+q′(k+1)+1−q′(k+1)bi+1−(k+1) · · · bi+1−q(k+1),

w2 = a1 · · · anv
′ai+q′(k+1)+1+kci+q′(k+1)+1+k · · · ci+q′(k+1)+1+k−q′(k+1)·

· ci · · · ci−q(k+1)ai−k−q(k+1).

We have

w1 = a21(a2 · · · an)
2v′bi+q′(k+1)+1 · · · bi+q′(k+1)+1−q′(k+1)bi+1−(k+1) · · · bi+1−q(k+1)

= a21(a2 · · · an)
2v′bi+(q′+1)(k+1)+1−(k+1) · · · bi+(q′+1)(k+1)+1−(q′+1)(k+1) · · ·

· · · bi+(q′+1)(k+1)+1−(q′+1+q)(k+1).

Applying ui+(q′+1)(k+1),v′,q′+1+q, we get

w2 = a1 · · · anv
′ai+q′(k+1)+1+kci+q′(k+1)+1+k · · · ci+q′(k+1)+1+k−q′(k+1)ci·

· ci−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

= a1 · · · anv
′ai+(q′+1)(k+1)ci+(q′+1)(k+1) · · · ci+(q′+1)(k+1)−q′(k+1) · · ·

· · · ci+(q′+1)(k+1)−(q′+1+q)(k+1)ai−k−q(k+1)

≻ a21(a2 · · · an)
2v′bi+(q′+1)(k+1)+1−(k+1) · · · bi+(q′+1)(k+1)+1−(q′+1)(k+1) · · ·

· · · bi+(q′+1)(k+1)+1−(q′+1+q)(k+1)

= w1.

Case 22: Overlaps of the form (θ, ζ), [(ι, η)]. We apply di,v,q to the subword of type ζ to get w1 and
we apply si′,v′,q′ to the subword of type θ to get w2. There are two kinds of overlap. We consider the
first kind of overlap, the second kind, as in case 10, can be solved similarly. Let w0 = a1 · · · an. We
have

w = a1 · · · anvbi · · · bi−q(k+1)ai−1−q(k+1)

=

ζ, di,v,q : w1

︷ ︸︸ ︷

︸ ︷︷ ︸

θ, si′,v′,q′ : w2

w0v
′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai+1 · · · ai′−1−q′(k+1) · · · ai−2bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

Without loss of generality, it is assumed that the subwords w0 = a1 · · ·an at the beginning of the
word of type ζ and at the beginning of the word of type θ coincide. We have

w1 = a1 · · · anv
′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · aiai+kci+k · · · ci+k−q(k+1),

w2 = a21(a2 · · ·an)
2v′ci′+k−(k+1) · · · ci′+k−q′(k+1)ai′−q′(k+1) · · ·ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1).

Applying hi and and a sequence of transformations r, we get

w1 = a1 · · · anv
′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · aiai+kci+k · · · ci+k−q(k+1)

≻ a1 · · ·anv
′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1a1 · · ·an·

· ci+k−(k+1) · · · ci+k−q(k+1)

≻ . . . ≻ a21(a1 · · · an)
2v′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1·

· ci+k−(k+1) · · · ci+k−q(k+1)

= a21(a1 · · ·an)
2v′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1ci−1 · · · ci−1−(q−1)(k+1)

= w′
1.
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We have

w2 = a21(a2 · · · an)
2v′ci′+k−(k+1) · · · ci′+k−q′(k+1)ai′−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′ci′−1 · · · ci′−1−(q′−1)(k+1)ai′−q′(k+1) · · · ai−2·

· bi−k−1 · · · bi−k−1−(q−1)(k+1)ai−1−q(k+1).

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w2 ≥ w3.

Case 23: Overlaps of the form (θ, η), [(ι, ζ)]. We apply ei,v,q to the subword of type η to get w1

and we apply si+(q′+1)(k+1),v′,q′ to the subword of type θ to get w2. There are two kinds of overlap.
We consider the first kind of overlap, the second kind, as in case 10, can be solved similarly. Let
w0 = a1 · · ·an. We have

w = w0vci · · · ci−q(k+1)ai−k−q(k+1)

=

η, ei,v,q: w1

︷ ︸︸ ︷

︸ ︷︷ ︸

θ, si+(q′+1)(k+1),v′ ,q′ : w2

w0v
′ai+k+1+q′(k+1)bi+k+1+q′(k+1) · · · bi+k+1+q′(k+1)−q′(k+1)ai+k · · · ai−2kci−(k+1) · · · ci−q(k+1)ai−k−q(k+1) .

Without loss of generality, it is assumed that the subwords w0 = a1 · · ·an at the beginning of the
word of type η and at the beginning of the word of type θ coincide. We have

w1 = a1 · · · anv
′ai+k+1+q′(k+1)bi+k+1+q′(k+1) · · · bi+k+1+q′(k+1)−q′(k+1)·

· ai+1bi+1 · · · bi+1−q(k+1),

w2 = a21(a2 · · · an)
2v′ci+k+1+q′(k+1)+k−(k+1) · · · ci+k+1+q′(k+1)+k−q′(k+1)ai+2k · · · ai−2k·

· ci−(k+1) · · · ci−q(k+1)ai−k−q(k+1).

Applying s(q′+1)(k+1),v′,q′+1, we get

w1 = a1 · · · anv
′ai+k+1+q′(k+1)bi+k+1+q′(k+1) · · · bi+k+1+q′(k+1)−q′(k+1)·

· ai+1bi+1 · · · bi+1−q(k+1)

= a1 · · · anv
′ai+(q′+1)(k+1)bi+(q′+1)(k+1) · · · bi+(q′+1)(k+1)−q′(k+1)·

· bi+(q′+1)(k+1)−(q′+1)(k+1)ai−1bi+1−(k+1) · · · bi+1−q(k+1)

≻ a21(a2 · · · an)
2v′ci+(q′+1)(k+1)+k−(k+1) · · · ci+(q′+1)(k+1)+k−q′(k+1)·

· ci+(q′+1)(k+1)+k−(q′+1)(k+1)bi+1−(k+1) · · · bi+1−q(k+1)

= a21(a2 · · ·an)
2v′ci+(q′+1)(k+1)+k−(k+1) · · · ci+(q′+1)(k+1)+k−q′(k+1)ai+2k · · · ai−2k·

· ai−kbi+1−(k+1) · · · bi+1−q(k+1)

= a21(a2 · · ·an)
2v′ci+(q′+1)(k+1)+k−(k+1) · · · ci+(q′+1)(k+1)+k−q′(k+1)ai+2k · · · ai−2k·

· ai−kbi−k · · · bi−k−(q−1)(k+1)

= w′
1.

We have

w2 = a21(a2 · · ·an)
2v′ci+(q′+1)(k+1)+k−(k+1) · · · ci+(q′+1)(k+1)+k−q′(k+1)ai+2k · · · ai−2k·

· ci−(k+1) · · · ci−q(k+1)ai−k−q(k+1)

= a21(a2 · · ·an)
2v′ci+(q′+1)(k+1)+k−(k+1) · · · ci+(q′+1)(k+1)+k−q′(k+1)ai+2k · · · ai−2k·

· ci−k−1 · · · ci−k−1−(q−1)(k+1)ai−k−1−k−(q−1)(k+1).

By Lemma 2.2, there exists w3 ∈ FMn such that w′
1, w2 ≥ w3.
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Case 24 : Overlaps of the form (θ, θ), [(ι, ι)]. We apply si,v,q to a subword of type θ to get w1, and we
apply si′,v′,q′ to the other subword of type θ to get w2. There are two kinds of overlap. We consider
the first kind of overlap, the second kind, as in case 10, can be solved similarly. Let w0 = a1 · · · an.
We have

w = a1 · · · anvaibi · · · bi−q(k+1)ai−1−q(k+1)

=

θ, si,v,q: w1
︷ ︸︸ ︷

︸ ︷︷ ︸

θ, si′,v′,q′ : w2

w0v
′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · ·ai · · · ai′−1−q′(k+1) · · · ai−2bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) .

Without loss of generality, it is assumed that the subwords w0 = a1 · · ·an at the beginning of the
two words of type θ coincide. We have

w1 = a21(a2 · · · an)
2v′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1·

· ci+k−(k+1)ci+k−2(k+1) · · · ci+k−q(k+1),

w2 = a21(a2 · · · an)
2v′ci′+k−(k+1) · · · ci′+k−q′(k+1)ai′−q′(k+1) · · · ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1).

We have

w1 = a21(a2 · · · an)
2v′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1·

· ci+k−(k+1) · · · ci+k−q(k+1)

= a21(a2 · · · an)
2v′ai′bi′ · · · bi′−(q′−1)(k+1)ai′+1−q′(k+1) · · · ai−1·

· ci−1 · · · ci−1−(q−1)(k+1),

w2 = a21(a2 · · · an)
2v′ci′+k−(k+1) · · · ci′+k−q′(k+1)ai′−q′(k+1) · · ·ai−2·

· bi−(k+1) · · · bi−q(k+1)ai−1−q(k+1)

= a21(a2 · · · an)
2v′ci′−1 · · · ci′−1−(q′−1)(k+1)ai′−q′(k+1) · · · ai−2·

· bi−k−1 · · · bi−k−1−(q−1)(k+1)ai−k−1−1−(q−1)(k+1).

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w2 ≥ w3.

Case 25: Overlaps of the form (θ, ι), [(ι, θ)]. We apply ui,v,q to the subword of type ι to get w1, and
we apply si+1+q′(k+1),v′,q′ to the subword of type θ to get w2. There are two kinds of overlap. We
consider the first kind of overlap, the second kind, as in case 10, can be solved similarly. We have

w = a1 · · · anvaici · · · ci−q(k+1)ai−k−q(k+1)

=

ι, ui,v,q: w1
︷ ︸︸ ︷

︸ ︷︷ ︸

θ, si+1+q′(k+1),v′,q′ : w2

a1 · · · anv
′ai+1+q′(k+1)bi+1+q′(k+1) · · · bi+1+q′(k+1)−q′(k+1)aici · · · ci−q(k+1)ai−k−q(k+1) .

Without loss of generality, it is assumed that the subwords a1 · · · an at the beginning of the word of
type ι and at the beginning of the word of type θ coincide. We have

w1 = a21(a2 · · · an)
2v′ai+1+q′(k+1)bi+1+q′(k+1) · · · bi+1+q′(k+1)−q′(k+1)·

· bi+1−(k+1) · · · bi+1−q(k+1),

w2 = a21(a2 · · · an)
2v′ci+1+q′(k+1)+k−(k+1) · · · ci+1+q′(k+1)+k−q′(k+1)·

· ci · · · ci−q(k+1)ai−k−q(k+1).
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We have

w1 = a21(a2 · · ·an)
2v′ai+1+q′(k+1)bi+1+q′(k+1) · · · bi+1+q′(k+1)−q′(k+1)·

· bi+1−(k+1) · · · bi+1−q(k+1)

= a21(a2 · · ·an)
2v′ai+1+q′(k+1)bi+1+q′(k+1) · · · bi+1+q′(k+1)−q′(k+1)·

· bi+1+q′(k+1)−(q′+1)(k+1) · · · bi+1+q′(k+1)−(q′+q)(k+1),

w2 = a21(a2 · · ·an)
2v′ci+1+q′(k+1)+k−(k+1) · · · ci+1+q′(k+1)+k−q′(k+1)·

· ci · · · ci−q(k+1)ai−k−q(k+1)

= a21(a2 · · ·an)
2v′ci+q′(k+1) · · · ci+q′(k+1)−(q′−1)(k+1)ci · · · ci−q(k+1)ai−k−q(k+1)

= a21(a2 · · ·an)
2v′ci+q′(k+1) · · · ci+q′(k+1)−(q′−1)(k+1)·

· ci+q′(k+1)−q′(k+1) · · · ci+q′(k+1)−(q′+q)(k+1)ai+q′(k+1)−k−(q′+q)(k+1).

By Lemma 2.2, there exists w3 ∈ FMn such that w1, w2 ≥ w3.

Note that, using the notation in the last part of the proof of the above theorem, Sn \ a1a2 · · · anSn =
{a ∈ Sn | card(π−1(a)) = 1}. So, elements in this set have a unique presentation in Sn. In particular,
we have a natural isomorphism Sn/(a1 · · · anSn) ∼= FMn /π

−1(a1 · · · anSn) (again, we use the same
notation for the generators of FMn and those of Sn).

3 The algebra K[Sn(H)] defined by dihedral type relations

Recall that if R is a finitely generated algebra over a field K, with a set of generators a1, . . . , an,
and π : K〈x1, . . . , xn〉 −→ R is the unique homomorphism from the free algebra K〈x1, . . . , xn〉 to R
such that π(xi) = ai, for all i, and we have a fixed order on the free monoid FMn = 〈x1, . . . , xn〉
compatible with the multiplication in FMn, then R is an automaton algebra with respect to the
presentation π and the fixed order on FMn if and only if the ideal I of FMn consisting of all leading
monomials of elements of ker(π) is a regular language. A set of elements of FMn is a regular
language if it is obtained from a finite subset of FMn by applying a finite number of operations
of union, multiplication and operation ∗, defined by T ∗ =

⋃

i≥1 T
i, for T ⊆ FMn. Multiplication

means multiplication of non-empty subsets of FMn: if A and B are non-empty subsets of FMn, then
AB = {ab | a ∈ A and b ∈ B}. For example, {x1, x2}x

∗
3 = {x1x

i
3 | i ≥ 1} ∪ {x2x

i
3 | i ≥ 1} and this

is a regular language. Note that FMn is a regular language because FMn = {1, x1, x2, . . . , xn}
∗. The

set N(R) = FMn \I is called the set of normal words of R, with respect to the given presentation
of R and the fixed order on FMn. By [16, Lemma of page 96], I is a regular language if and only if
N(R) is a regular language.

Let H be a subgroup of Symn that contains 〈(1, 2, . . . , n)〉 as a normal subgroup of index 2, where
n > 3. We denote Sn(H) by Sn. An easy consequence of Theorem 2.3 is the following result.

Theorem 3.1 Let K be a field. Then K[Sn] is an automaton algebra with respect to the given
presentation of Sn and the length-lexicographical order ≪ on FMn generated by a1 ≪ a2 ≪ · · · ≪ an.
(Here we use the same notation for the generators of FMn and those of Sn).

Proof. For w ∈ FMn, we define w∗ = {wi | i ≥ 0}. By Theorem 2.3, the set of normal words of the
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algebra K[Sn] is

N(K[Sn]) = a∗1(FMn \(I ∪ a2 · · · an FMn)) ∪ (a2 · · · an)
∗(FMn \(I ∪ a1 FMn))∪

∪ a1a
∗
1(a2 · · ·an)(a2 · · · an)

∗·
· (FMn \(I ∪ a1 FMn ∪a2 · · · an FMn ∪Iζ ∪ Iη ∪ Iθ ∪ Iι)),

where I =
⋃

σ∈H FMn aσ(1) · · · aσ(n) FMn,

Iζ =
⋃n−1

q=0

⋃n−1
i=n−k+1 FMn(bibi−(k+1) · · · bi−(n−1)(k+1))

∗·

· bibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) FMn,

Iη =
⋃n−1

q=0

⋃n−k

i=0 FMn(cici−(k+1) · · · ci−(n−1)(k+1))
∗·

· cici−(k+1) · · · ci−q(k+1)ai−k−q(k+1) FMn,

Iθ =
⋃n−1

q=0

⋃n

i=1 FMn ai(bibi−(k+1) · · · bi−(n−1)(k+1))
∗·

· bibi−(k+1) · · · bi−q(k+1)ai−1−q(k+1) FMn,

Iι =
⋃n−1

q=0

⋃n
i=1 FMn ai(cici−(k+1) · · · ci−(n−1)(k+1))

∗·

· cici−(k+1) · · · ci−q(k+1)ai−k−q(k+1) FMn .

By [16, Lemma of page 96], N(K[Sn]) is a regular language. Therefore K[Sn] is an automaton
algebra.

It follows from the beginning of Section 2, that the universal group of Sn, which means the group
with the same presentation as Sn, is

Gn = gr(a1, a2, . . . , an | a1a2 · · · an−1an = aiai+1ai+2 · · ·ai−2ai−1

= aiai+kai+2k · · · ai−2kai−k, 1 ≤ i ≤ n),

where k2 ≡ 1 mod n.

Theorem 3.2 The universal group Gn of Sn(H) is a unique product group.

Proof. Consider the groups

Hn = gr(a2, . . . , an | a2a3 · · · an = a1+ka1+2k · · · a1+(n−1)k),

and
Tn = gr(z)×Hn.

Note that (z, 1) is a central element of Tn and

(z, (a2a3 · · · an)
−1)(1, a2)(1, a3) · · · (1, an) = (z, 1)

and (z, (a2a3 · · · an)
−1)(1, a1+k)(1, a1+2k) · · · (1, a1+(n−1)k) = (z, 1)

Hence there exists a unique homomorphism f : Gn → Tn such that

f(ai) = (1, ai) for i = 2, . . . , n, and

f(a1) = (z, (a2 · · · an)
−1).
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Note that a1a2 · · · an is a central element inGn (see page 2) and that a2a3 · · ·an = a1+ka1+2k · · · a1+(n−1)k

in Gn. Furthermore, because the defining relations of Gn are homogeneous with respect to the de-
gree of each ai, the subgroup of Gn generated by a2, . . . , an intersects trivially with the subgroup
generated by a1a2 · · · an. Hence there exists a unique homomorphism g : Tn → Gn such that

g(1, ai) = ai for i = 2, . . . , n and

g(z, 1) = a1a2 · · · an

It is easy to check that g = f−1. Hence
Gn

∼= Tn.

Recall that a group G is said to be locally indicable if every non-trivial finitely generated subgroup
of G can be mapped homomorphically onto a finite cyclic group. Such groups are right ordered [13,
Exercise 9, page 638] and thus t.u.p. groups. Indicable groups were first introduced by G. Higman
in [9]. It is well known that the group algebra of a u.p. group only has trivial units (see [13, Lemma
13.1.9]) and thus no zero divisors.

By a result of Brodskĭı [2], every torsion free one-relator group is locally indicable (see [10, Theo-
rem 3.1] for a short proof). Since the word a2a3 · · · ana

−1
1+(n−1)ka

−1
1+(n−2)k · · · a

−1
1+k is not a proper power,

by [14, Theorem 4.12], Hn is torsion free. Hence Hn is locally indicable, thus it is a unique product
group. A direct product of u.p. groups is u.p, thus Gn is a u.p. group.

Note that the monoid Sn = Sn(H) is not cancellative. Thus Sn is not embedded in Gn. Let
z = a1a2 . . . an ∈ Sn, a central element in Sn.

Lemma 3.3 The subsemigroup zSn of Sn is cancellative and Gn = zSn〈z〉
−1.

Proof. Since z is central, it follows from the defining relations of Sn that for every w ∈ Sn there exists
u ∈ Sn such that uw = zl for some positive integer l. Let wk = aik1 (a1a2 · · ·an)(a2 · · ·an)

jkbk, k = 1, 2,
be two elements of zSn written in the canonical form established in Theorem 2.3. Suppose that
ww1 = ww2, for some w ∈ zSn. Then zlw1 = zlw2, for some positive integer l. But the canonical
form of zlwk is

zlwk = aik+l
1 (a1a2 · · · an)(a2 · · · an)

jk+lbk,

for k = 1, 2. Hence w1 = w2 and therefore, zSn is left cancellative. Similarly one can prove that zSn

is right cancellative. Therefore, it follows that zSn is cancellative and that the central localization
zSn〈z〉

−1 is the group of fractions of zSn. Now it is easy to see that Gn = zSn〈z〉
−1.

In [5, Section 2] some general results on the structure of the algebra K[Sn(H)] are proved (for
arbitrary subgroups H of the symmetric group of degree n). In particular, if z = a1a2 · · · an ∈ Sn(H)
is central, then J (K[Sn(H)] ⊆ K[zSn(H)] [5, Proposition 2.6]. Using this in the present case,
together with the fact that zSn is cancellative, we obtain the following result.

Theorem 3.4 Let K be a field. Then J (K[Sn]) = {0}.

Proof. We know that Gn is a u.p. group. Hence K[Gn] has only trivial units ([15] and [13,
Lemma 13.1.9]). Let α ∈ J (K[Sn]). By [5, Proposition 2.6], α ∈ K[zSn]. There exists β ∈ J (K[Sn])
such that

α + β + αβ = 0.

We also have that β ∈ K[zSn]. Since

(1 + α)(1 + β) = 1,
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and K[Gn] has only trivial units, there exist λ1, λ2 ∈ K and w1, w2 ∈ zSn ∪ {1}, such that

1 + α = λ1w1 and 1 + β = λ2w2

and λ1λ2w1w2 = 1. Hence w1w2 = 1. Because Sn only has trivial units, we obtain that w1 = w2 = 1
and

α = λ1w1 − 1 = (λ1 − 1) · 1.

Hence λ1 = 1, and α = 0.

The proof of the following two results is as the proof of Lemma 2.5 and Proposition 2.6 of [4].

Lemma 3.5 P = a1a2 · · ·anSn is a prime ideal of Sn. Moreover, every prime ideal Q of K[Sn] such
that Q ∩ Sn 6= ∅ contains P . Furthermore, K[P ] is a height one prime ideal of K[Sn].

Note that if Q is a prime ideal of Sn, then K[Q] is a prime ideal of K[Sn]. Indeed, by the proof of
Lemma 3.5, P ⊆ Q and, hence, by [11, Proposition 24.2], K[Sn]/K[Q] is a prime monomial algebra.
In particular, since n > 2, the submonoid 〈a1, a2〉 of Sn/P is a free monoid of rank two. Therefore
K[Sn]/K[P ] is not a PI-algebra. Hence, by a recent result of Okniński [12, Theorem 0.1], and by a
result of Bell and Colak [1, Theorem 1.2], we obtain the following result.

Proposition 3.6 Assume that Q is a prime ideal of Sn. Then K[Sn]/K[Q] is either a prime PI-
algebra or a (left and right) primitive ring or it has a nonzero locally nilpotent Jacobson radical.

Assume, furthermore, that Q is finitely generated. Then K[Sn]/K[Q] is either a prime PI-algebra or
a (left and right) primitive ring. In particular, K[Sn]/K[P ] is a (left and right) primitive ring.
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[3] F. Cedó, E. Jespers and J. Okniński, The radical of the four generated algebra of the alternating
type, Contemporary Math 499 (2009), 1–26.
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