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GROWTH OF ETALE GROUPOIDS AND SIMPLE ALGEBRAS

VOLODYMYR NEKRASHEVYCH

ABSTRACT. We study growth and complexity of étale groupoids in relation to
growth of their convolution algebras. As an application, we construct simple
finitely generated algebras of arbitrary Gelfand-Kirillov dimension > 2 and
simple finitely generated algebras of quadratic growth over arbitrary fields.
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1. INTRODUCTION

Topological groupoids are extensively used in dynamics, topology, non-commutative

geometry, and C*-algebras, see [13, 29] [30]. With recent results on topological full
groups (see [22, [15 [16]) new applications of groupoids to group theory were dis-
covered.

Our paper studies growth and complexity for étale groupoids with applications to
the theory of growth and Gelfand-Kirillov dimension of algebras. We give examples
of groupoids whose convolution algebras (over an arbitrary field) have prescribed
growth. In particular, we give first examples of simple algebras of quadratic growth
over finite fields and simple algebras of Gelfand-Kirillov dimension 2 that do not
have quadratic growth.

A groupoid & is the set of isomorphisms of a small category, i.e., a set & with
partially defined multiplication and everywhere defined operation of taking inverse
satisfying the following axioms:

(1) If the products ab and bc are defined, then (ab)c and a(bc) are defined and
are equal.
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(2) The products a~ta and bb~! are always defined and satisfy abb~! = a and
a~'ab = b whenever the product ab is defined.

It follows from the axioms that (a=!)~! = @ and that a product ab is defined if

and only if bb~! = a~'a. The elements of the form aa™! are called units of the

groupoid. We call o(g) = g~ 'g and t(g) = gg~! the origin and the target of the

element g € &.

A topological groupoid is a groupoid together with topology such that multipli-
cation and taking inverse are continuous. It is called étale if every element has a
basis of neighborhoods consisting of bisections, i.e., sets F' such that o : F' — o(F)
and t: F' — t(F') are homeomorphisms.

For example, if G is a discrete group acting (from the left) by homeomorphisms
on a topological space X, then the topological space G x X has a natural structure
of an étale groupoid with respect to the multiplication

(91, 92()) - (92, %) = (9192, ).

In some sense étale groupoids are generalization of actions of discrete groups on
topological spaces.

We consider two growth functions for an étale groupoid & with compact totally
disconnected space of units. The first one is the most straightforward and classical:
growth of fibers of the origin map. If S is an open compact generating set of & then,
for a given unit x, we can consider the growth function vg(r, z) equal to the number
of groupoid elements with origin in x that can be expressed as a product of at most
n elements of S U S~!. This notion of growth of a groupoid has appeared in many
situations, especially in amenability theory for topological groupoids, see [17, [IJ.
See also Theorem B.I] of our paper, where for a class of groupoids we show how
sub-exponential growth implies absence of free subgroups in the topological full
group of the groupoid.

This notion of growth does not capture full complexity of a groupoid precisely
because it is “fiberwise”. Therefore, we introduce the second growth function:
complexity of the groupoid. Let & be a finite covering by open bisections of an
open compact generating set S of &. For a given natural number r and units
z,y € ) we write z ~, y if for any two products SiS5...S, and RiRs... R,
of elements of SUS™! such that n,m < r we have $155...S,z = RiRs... Ry if
and only if $1.55...5,y = R1Rs ... Ruy. In other words, x ~,. y if and only if balls
of radius r with centers in x and y in the natural S-labeled Cayley graphs of & are
isomorphic. Then the complezity function 6(r,S) is the number of ~,-equivalence
classes of points of &),

This notion of complexity (called in this case factor complexity, or subword com-
plezity) is well known and studied for groupoids of the action of shifts on closed
shift-invariant subsets of X%, where X is a finite alphabet. There is an extensive
literature on it, see [8, [I0] An interesting result from the group-theoretic point of
view is a theorem of N. Matte Bon [2]] stating that if complexity of a subshift is
strictly sub-quadratic, then the topological full group of the corresponding groupoid
is Liouville. Here the topological full group of an étale groupoid & is the group of
all G-bisections A such that o(4) = t(A) = &),
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It seems that complexity of groupoids in more general étale groupoids has not
been well studied yet. It would be interesting to understand how complexity func-
tion (together with the growth of fibers) is related with the properties of the topo-
logical full group of an étale groupoid. For example, it would be interesting to
know if there exists a non-amenable (e.g., free) group acting faithfully on a compact
topological space so that the corresponding groupoid of germs has sub-exponential
growth and sub-exponential complexity functions.

We relate growth and complexity of groupoids with growth of algebras naturally
associated with them. Suppose that A is a finitely generated algebra with a unit
over a field k. Let V be the k-linear span of a finite generating set containing the
unit. Denote by V" the linear span of all products ajas...a, for a; € V. Then
A=72, V™ Growth of A is the function

v(n) = dim V™.

It is easy to see that if v1,7v2 are growth functions defined using different finite
generating sets, then there exists C' > 1 such that 71 (n) < 42(Cn) and ~v3(n) <
7 (Cn).

Gelfand-Kirillov dimension of A is defined as limsup,,_, ., log dim V2

logn ’

formally is the degree of polynomial growth of the algebra. If A is not finitely
generated, then its Gelfand-Kirillov dimension is defined as the supremum of the
Gelfand-Kirillov dimensions of all its sub-algebras. See the monograph [19] for a
survey of results on growth of algebras and their Gelfand-Kirillov dimension.

It is known, see [34] and [19, Theorem 2.9], that Gelfand-Kirillov dimension
can be any number in the set {0,1} U [2,00]. The values in the interval (1,2)
are prohibited by a theorem of G.M. Bergman, see [19, Theorem 2.5]. There are
examples of prime algebras of arbitrary Gelfand-Kirillov dimension d € [2, 0],
see [33], but it seems that no examples of simple algebras of arbitrary Gelfand-
Kirillov dimension over finite fields were known so far.

A naturally defined convolution algebra k[®] over arbitrary field k is associated
with every étale groupoid & with totally disconnected space of units. If the groupoid
& is Hausdorff, then k[®] is the convolution algebra of all continuous functions
f 8 — k with compact support, where k is taken with the discrete topology.
Here convolution f; - fo of two functions is the function given by the formula

Flo)=">_ fi(g)fa(g)-

gi192=g

which in-

In the non-Hausdorff case we follow A. Connes [9] and B. Steinberg [32], and
define k[®] as the linear span of the functions that are continuous on open compact
subsets of &. Equivalently, k[®] is the linear span of the characteristic functions of
open compact &-bisections.

Note that the set B(®) of all open compact &-bisections (together with the
empty one) is a semigroup. The algebra k[®] is isomorphic to the quotient of the
semigroup algebra of B(®) by the ideal generated by the relations F' — (Fy + F3)
for all triples F, Fy, F» € B(®) such that F = Fy U F, and F; N Fy = ().

We prove the following relation between growth of groupoids and growth of their
convolution algebras.

Theorem 1.1. Let & be an étale groupoid with compact totally disconnected space
of units. Let S be a finite set of open compact &-bisections such that S =S is a
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generating set of &. Let V C k[®] be the linear span of the characteristic functions
of elements of S. Then
dim V" < 75(r,8)d(r,S),

where F(r,S) = max,ce© Ys(7, ).

We say that a groupoid & is minimal if every ®-orbit is dense in &), We say
that & is essentially principal if the set of points x with trivial isotropy group is
dense in &(©). Here the isotropy group of a point z is the set {g € & : o(g) = t(g) =
x}. It is known, see [7], that for a Hausdorff minimal essentially principal groupoid
& with compact totally disconnected set of units the algebra k[&] is simple. We
give a proof of this fact for completeness in Proposition [£.1]

We give in Proposition 4] a condition (related to the classical notion of an
expansive dynamical system) ensuring that k[®] is finitely generated.

Fibers of the origin map provide us with naturally defined k[&]-modules. Namely,
for a given unit z € & consider the vector space k&, of functions ¢ : &, — k
with finite support, where &, = o~ !(z) is the set of elements of the groupoid &
with origin in 2. Then convolution f-¢ for any f € k[®] and ¢ € k&, is an element
of k&,, and hence k&, is a left k[&]-module.

It is easy to prove that if the isotropy group of z is trivial, then k&, is simple
and that growth of k&, is bounded by ys(z, ), see Proposition

As an example of applications of these results, we consider the following family of
algebras. Let X be a finite alphabet, and let w : X — Z be a bi-infinite sequence
of elements of X. Denote by D, for z € X the diagonal matrix (a; ;)i jez given by

a--{ 1 ifi=jand w(i) ==z,
771 0 otherwise.

Let T be the matrix (t; ;)i jez of the shift given by

t”_{ 1 ifi=j+1,

771 0 otherwise.

Fix a field k, and let A,, be the k-algebra generated by the matrices D,, for x € X,
by T, and its transpose T'".

We say that w is minimal if for every finite subword (w(n), w(n+1),...,w(n+k))
there exists R > 0 such that for any i € Z there exists j € Z such that |i — j| < R
and (w(j),w(j +1),...,w(f+k)) = (wn),wn +1),...,win+k)). We say that
w is non-periodic if there does not exist p # 0 such that w(n + p) = w(n) for
all n € Z. Complexity function p,(n) of the sequence w € X% is the number of
different subwords (w(4),w(i + 1),...,w(i +n — 1)) of length n in w.

The following theorem is a corollary of the results of our paper, see Subsec-
tion 4.1l and Example

Theorem 1.2. Suppose that w € X% is minimal and non-periodic. Then the
algebra Ay, is simple, and its growth v(n) satisfies

C™'n-py,(C™'n) < Cn - p,(Cn)
for some C > 1.

We can apply now results on complexity of sequences to construct simple algebras
of various growths. For example, if w is Sturmian, then p,(n) = n + 1, and hence
Ay, has quadratic growth. For different Toeplitz sequences we can obtain simple
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algebras of arbitrary Gelfand-Kirillov dimension d > 2, or simple algebras of growth
nlogn, etc., see Subsection [4.4.1]

Another class of examples of groupoids considered in our paper are groupoids
associated with groups acting on a rooted tree. If G acts by automorphisms on
a locally finite rooted tree T', then it acts by homeomorphisms on the boundary
O0T'. One can consider the groupoid of germs & of the action. Convolution algebras
k[®] are related to the thinned algebras studied in [31) 2]. In the case when G
is a contracting self-similar group, Theorem [[1] implies a result of L. Bartholdi
from [2] giving an estimate of Gelfand-Kirillov dimension for the thinned algebras
of contracting self-similar groups.

2. ETALE GROUPOIDS

A groupoid is a small category of isomorphisms (more precisely, the set of its
morphisms). For a groupoid &, we denote by () the set of composable pairs, i.e.,
the set of pairs (g1, ¢2) € ® x & such that the product g1g2 is defined. We denote
by &) the set of units of &, i.e., the set of identical isomorphisms. We also denote
by o,t: & — &) the origin and target maps given by

olg)=g"'g, tlg)=gg "

We interpret then an element g € & as an arrow from o(g) to t(g). The product
9192 is defined if and only if t(g2) = o(g1).
For z € &) denote

G, ={g€6 : o(g) =}, & ={ge b : tlg) =z}

The set &, N &* is called the isotropy group of x. A groupoid is said to be
principal (or an equivalence relation) if the isotropy group of every point is trivial.
Two units z,y € & belong to one orbit if there exists g € & such that o(g) = z
and t(g) = y. It is easy to see that belonging to one orbit is an equivalence relation.

A topological groupoid is a groupoid & with a topology on it such that multi-
plication &) — & and taking inverse & — & are continuous maps. We do
not require that & is Hausdorff, though we assume that the space of units & is
metrizable and locally compact.

A &-bisection is a subset F' C & such that the maps o : F — o(F) and
t: F — t(F) are homeomorphisms.

Definition 2.1. A topological groupoid & is étale if the set of all open B-bisections
is a basis of the topology of &.

Let & be an étale groupoid. It is easy to see that product of two open bisections
is an open bisection. It follows that for every bisection F the sets o(F) = F~'F
and t(F) = FF~! are open, which in turn implies that ®(9) is an open subset of &.

If & is not Hausdorff, then there exist ¢g1,92 € ® that do not have disjoint
bisections. Since &%) is Hausdorff, this implies that o(g1) = o(g2) and t(g1) = t(g2).
It follows that the unit z = o(g;) and the element g, ‘g1 of the isotropy group of
x do not have disjoint open neighborhoods. In particular, it means that principal
étale groupoids are always Hausdorfl, and that an étale groupoid is Hausdorfl if
and only if & is a closed subset of &.

Example 2.1. Let G be a discrete group acting by homeomorphisms on a space
X. Then the space G x X has a natural groupoid structure with given by the
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multiplication

(92, 91(x))(91,7) = (9291, 7).
This is an étale groupoid, since every set {g} x X is an open bisection. The groupoid
G x X is called the groupoid of the action, and is denoted G x X.

Our main class of groupoids will be naturally defined quotients of the groupoids
of actions, called groupoids of germs.

Example 2.2. Let G and X be as in the previous example. A germ is an equiva-
lence class of a pair (g,r) € G x X where (g1,x) and (g2, x) are equivalent if there
exists a neighborhood U of z such that the maps g; : U — X and g2 : U — X
coincide. The set of germs is also an étale groupoid with the same multiplication
rule as in the previous example. We call it groupoid of germs of the action.

The spaces of units in both groupoids are naturally identified with the space X
(namely, we identify the pair or the germ (1, ) with x). The groupoid of the action
is Hausdorff if X' is Hausdorff, since it is homeomorphic to G x X'. The groupoid of
germs, on the other hand, is frequently non-Hausdorff, even for a Hausdorff space
X.

If every germ of every non-trivial element of G is not a unit (i.e., not equal to a
germ of the identical homeomorphism), then the groupoid of the action coincides
with the groupoid of germs.

Many interesting examples of étale groupoids appear in dynamics and topology,
see [13} [@] 27].

3. COMPACTLY GENERATED GROUPOIDS

For the rest of the paper, & is an étale groupoid such that &) is a compact
totally disconnected metrizable space. Note that then there exists a basis of topol-
ogy of & consisting of open compact B-bisections. Note that we allow compact
non-closed and compact non-Hausdorff sets, since & in general is not Hausdorff.
However, if F' is an open compact bisection, then o(F') and t(F') are clopen (i.e.,
closed and open) and F' is Hausdorff.

3.1. Cayley graphs and their growth.

Definition 3.1. A groupoid & with compact totally disconnected unit space is
compactly generated if there exists a open compact subset S C & such that & =
Upso(SU S=Hm. The set S is called the generating set of &.

This definition is equivalent (for étale groupoids with compact totally discon-
nected unit space) to the definition of [14].

Example 3.1. Let G be a group acting on a Cantor set X'. If S is a finite generating
set of G, then S x X is an open compact generating set of the groupoid G x X.
The set all of germs of elements of S is an open compact generating set of the
groupoid of germs of the action. Thus, both groupoids are compactly generated if
G is finitely generated.

Let S be an open compact generating set of &. Let z € &), The Cayley graph
&(x,.5) is the directed graph with the set of vertices &, in which we have an arrow
from g1 to g2 whenever there exists s € S such that g = sg;.
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We will often consider the graph &(z, S) as a rooted graph with root . Morphism
¢ : 'y — I's of rooted graphs is a morphism of graphs that maps the root of I'y
to the root of I's.

Note that since S can be covered by a finite set of bisections, the degrees of
vertices of the graphs &(z,.S) are uniformly bounded.

Example 3.2. Let G be a finitely generated group acting on a totally disconnected
compact space X. Let S be a finite generating set of GG, and let S x X be the
corresponding generating set of the groupoid of action G x X. The Cayley graphs
G x X(z,S x X) coincide then with the Cayley graphs of G (with respect to the
generating set .S).

The groupoid of germs & will have smaller Cayley graphs. Let S’ C & be the
set of all germs of elements of S. Denote, for z € X, by G(,) the subgroup of G
consisting of all elements g € G such that there exists a neighborhood U of x such
that ¢ fixes every point of U. Then &(x, S’) is isomorphic to the Schreier graph of
G modulo G ). Its vertices are the cosets hG(,), and a coset h1G) is connected by
an arrow with hoG(,) if there exists a generator s € S such that shi1G(,) = haG ().

Cayley graphs &(z, S) are closely related to the orbital graphs, which are defined
as graphs I'(z, S) with the set of vertices equal to the orbit of z, in which a vertex
21 is connected by an arrow to a vertex o if there exists g € S such that o(s) = x1
and t(s) = x2. Orbital graph I'(z,.S) is the quotient on the Cayley graph &(z,S)
by the natural right action of the isotropy group of x. In particular, orbital graph
and the Cayley graph coincide if the isotropy group of z is trivial.

Denote by Bs(x,n) the ball of radius n with center z in the graph &(z,.S) seen
as a rooted graph (with root ). Let

vs(xz,n) = |Bg(z,n)|, J(n,S) = max vyg(x,n).
z€®(0)

If 57 and Ss are two open compact generating sets of &, then there exists m such
that So C Ujcpe,, (S1USTH* and Si € Ujcpe,, (S2 U Sy ¥, Then g, (v, mn) >
vs,(z,n) and ~g, (x,mn) > s, (z,n) for all n. It also follows that F(mmn,S1) >
¥(n, S2) and F(mn, S2) > 7(n, S1) for all n. In other words, the growth rate of the
functions ys(x,n) and 7(n, .S) do not depend on the choice of S, if S is a generating
set.

Condition of polynomial growth of Cayley graphs of groupoids (or, in the measure-
theoretic category, of connected components of graphings of equivalence relations)
appear in the study of amenability of groupoids, see [17, [J.

Here is another example of applications of the notion of growth of groupoids.

Theorem 3.1. Let G be a finitely generated subgroup of the automorphism group
of a locally finite rooted tree T'. Consider the groupoid of germs & of the action of
G on the boundary 0T of the tree. If ys(x,n) has sub-exponential growth for every
x € JT, then G has no free subgroups.

Proof. By [26, Theorem 3.3], if G has a free subgroup, then either there exists a
free subgroup F' and a point x € 9T such that the stabilizer of x in F' is trivial, or
there exists a free subgroup F' and a point x € 9T such that x is fixed by F' and
every non-trivial element g of F' the germ (g, z) is non-trivial. But both conditions
imply that the Cayley graph &(z,.S) has exponential growth. O
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3.2. Complexity. Let S be a finite set of open compact &-bisections such that
S =|JS is a generating set. Note that every compact subset of & can be covered
by a finite number of open compact &-bisections.

Denote by &(x,S) the oriented labeled graph with the set of vertices &, in which
we have an arrow from ¢ to go labeled by A € S if there exists s € A such that
g2 = 591.

The graph &(z,S) basically coincides with &(z,S) for S = (JS. The only
difference is the labeling and that some arrows of &(x, S) become multiple arrows
in &(z,S). In particular, the metrics induced on the sets of vertices of graphs
&(x,S) and &(x,S) coincide.

We denote by Bs(z,r) or just by B(x,r) the ball of radius r with center in =,
seen as a rooted oriented labeled graph. We write « ~, y if Bs(x,r) and Bs(y,r)
are isomorphic.

Definition 3.2. Complezity of S is the function §(r,S) equal to the number of
~-equivalence classes.

It is easy to see that §(r,S) is finite for every r and S.
3.3. Examples.

3.3.1. Shifts. Let X be a finite alphabet containing more than one letter. Consider
the space X7 of all bi-infinite words over X, i.e., maps w : Z — X. Denote by
s : X? — X7 the shift map given by the rule s(w)(i) = w(i + 1). The space
X7 is homeomorphic to the Cantor set with respect to the direct product topology
(where X is discrete).

A sub-shift is a closed s-invariant subset X C X%. We always assume that X'
has no isolated points. For a sub-shift X, consider the groupoid & of the germs
of the action of Z on X generated by the shift. It is easy to see that all germs of
non-zero powers of the shift are non-trivial, hence the groupoid & coincides with
the groupoid Z x X of the action. As usual, we will identify X with the space of
units (). The set S = {(s,z) : = € X} is an open compact generating set of &.
The Cayley graphs &(w, S) are isomorphic to the Cayley graph of Z with respect
to the generating set {1}.

If X is aperiodic, i.e., if it does not contain periodic sequences, then & is principal.
Note that & is always Hausdorff.

For x € X, denote by S, set of germs of the restriction of s onto the cylindrical
set {w € X : w(0) =x}. Then S = {S,}rex is a covering of S by disjoint clopen
subsets of S. Then for every w € X, the Cayley graph &(w, S) basically repeats w:
its set of vertices is the set of germs (s™,w), n € Z; for every n we have an arrow
from (s, w) to (s"*, w) labeled by Sy n)-

In particular, we have

6(n,S) = px(2n),

where px (k) denotes the number of words of length k that appear as subwords of
elements of X.

Complexity px(n) of subshifts is a well studied subject, see [20, 10, 8] and ref-
erences therein.

Two classes of subshifts are especially interesting for us: Sturmian and Toeplitz
subshifts.
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Let 6 € (0,1) be an irrational number, and consider the rotation
Ro:x— 2460 (mod1)

of the circle R/Z. For a number z € R/Z not belonging to the Rg-orbit of 0,
consider the @-itinerary Ip . € {0,1}% given by

Ip.a(n) = 0 ifz+nbe(0,0) (modl),
0= 1 ifz+nbe(0,1) (modl).

In other words, Iy , describes the itinerary of z € R/Z under the rotation Ry with
respect to the partition [0, 6),[#,1) of the circle R/Z. If x belongs to the orbit of
0, then we define two itineraries Ig ;10 = lim¢— 440 lo,r and I o = lims5—o lo ¢,
where ¢ in the limits belongs to the complement of the orbit of 0.

The set Xy of all itineraries is a subshift of {0,1}Z called the Sturmian subshift
associated with 6. Informally, the space Xy is obtained from the circle R/Z by
“cutting” it along the Ry-orbit of 0, i.e., by replacing each point x = né by two
copies x + 0 and x — 0. A basis of topology of Xy is the set of arcs of the form
[n + 0, m8 — 0]. The shift is identified in this model with the natural map induced
by the rotation Ry.

Complexity px, (n) of the Sturmian subshift is equal to the number of all possible
Ry-itineraries of length n. Consider the set {R;k(ﬁ)}k:0,17,,,,n. It separates the
circle R/Z into n 4+ 1 arcs such that two points x,y have equal length n segments
{0,...,n—1} — {0,1} of their itineraries Iy 5, Iy, if and only if they belong to
one arc. It follows that px,(n) = n + 1. The subshifts of the form Xy and their
elements are called Sturmian subshifts and Sturmian sequences.

A sequence w : X — Z is a Toeplitz sequence if it is not periodic and for every
n € Z there exists p € N such that w(n + kp) = w(n) for all k € Z. Complexity of
Toeplitz sequences is well studied.

It is known, for example, (see [20, Proposition 4.79]) that for any 1 < a < 8 < oo
there exists a Toeplitz subshift X (i.e., closure of the shift orbit of a Toeplitz
sequence) such that

lnpxy(n)

In n
liminf ———= = q, lim sup L()
n—o0 nn n—00 Inn

= /8'
The following theorem is proved by M. Koskas in [18].

Theorem 3.2. For every rational number p/q > 1 and every positive increasing
differentiable function f(x) satisfying f(n) = o(n®) for all « > 0, and nf'(n) =
o(n®) for all o > 0, there exists a Toeplitz subshift X and two constants ¢1,co > 0
satisfying c1f(n)nP’4 < px(n) < caf(n)nP/? for all m € N.

3.3.2. Groups acting on rooted trees. Let X be a finite alphabet, |X| > 2. Denote
by X* the set of all finite words (including the empty word &). We consider X* as
a rooted tree with root @ in which every word v € X* is connected to the words of
the form vz for all x € X. The boundary of the tree is naturally identified with the
space XY of all one-sided sequences x; 223 . ... Every automorphism of the rooted
tree X* naturally induces a homeomorphism of X%,

Let g be an automorphism of the tree X*. For every v € X* there exists a
unique automorphism g|, of the tree X* such that

g(vw) = g(v)glu(w)
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for all w € X*. We say that a group G of automorphisms of X* is self-similar if
glv € G for every g € G and v € X*. For every v € X* and w € X" the germ
(g9, vw) depends only on the quadruple (v, g(v), g|,, w).

Example 3.3. Consider the automorphism a of the binary tree {0,1}* defined by
the recursive rules

a(0w) = 1w, a(lw) = Oa(w).
It is called the adding machine, or odometer. The cyclic group generated by a is
self-similar.

Example 3.4. Consider the automorphisms of {0,1}* defined by the recursive
rules
a(0w) = 1w, a(lw) = Ow

and
b(0w) = Oa(w), b(1lw) = le(w),
¢(0w) = Oa(w), c(lw) = 1d(w),
d(0w) = Ow, d(1w) = 1b(w).

The group generated by a, b, ¢, d is the Grigorchuk group, see [12].

For more examples of self-similar groups and their applications, see [24].

Let G be a finitely generated self-similar group, and let I(g) denote the length
of an element g € G with respect to some fixed finite generating set of G. The
contraction coefficient of the group G is the number

l
A=limsup limsup max (g|v).
n—oo geG,l(g)—roo VEX" l(g)
The group is said to be contracting if A < 1.
For example, the adding machine action of Z and the Grigorchuk group are both
contracting with contraction coefficient A = 1/2.

Proposition 3.3. Let G be a contracting self-similar group acting on the tree X*,
and let A be the contraction coefficient. Consider the groupoid of germs & of the
action of G on XV, let S be a finite generating set of G, and let S be the set of
&-bisets of the form {(s,w) : w € X"} for s € S. Then we have

log7y log | X 1 log | X
Jim sup 0g7(n,5) _ log| |7 i sup 128001 8) _ log | X|
n—oco logn —log A n—oo logn —log A

Proof. Let p be any number in the interval (A, 1). Then there exist ng, lo such that
for all elements g € G such that I(g) > lp we have I(g|,) < p™lI(g) for all v € X .
It follows that there exists a finite set A/ such that g|, € N for all v € X* and for
every g € G\ N we have I(g],) < p™I(g) for all words v € X* of length at least ny.

log l(g)—loglo
—logp +

no we have gl, € N. Let w = m122... € XN, and denote v = x173...2,,

Then for every g € G and for every word v € X* of length at least L

—logp
that I(g) < r, the germ (g,w) depends only on ¢g(v) and g|,. There are not more
than | X|™ possibilities for g(v), hence the number of germs (g, w) is not more than

1 —logl o
NI 1P < ] exp (tog ] (2EL 08D 4 ) ) < 0y i

w = Tpy1Tpys... forn = {MJ + ng. Then for fixed w and all g such
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logl
for C1 = |N|- | X]| oz T Consequently, for every p € (A1) there exists C; > 0
such that

log | X|
7(767 S) S Cl’f" logp
log ¥(r,S) < log | X|
logr — —logA°
It is enough, in order to know the ball Bs(w, ), to know for every word g € G of

length at most 2r whether the germ (g, w) is a unit. Let, as above, w = vw’, where

hence lim sup,._, .

log 2r—loglo

—logp
(g, w) is a unit if and only if g(v) = v and (g|v,w’) is a unit. We have g|, € N,
so Bs(w,r) depends only on v and the set T,y = {h € N' : (h,w') € &},
Consequently,

length of v isn = { J +ng. For every g € G of length at most 2r the germ

log | X|

5(r,8) < 2WI. | X|" < Cor=toer,
loglg—log2

where Cy = 2WI|X | 562+ which shows that limsup, , . *20S) < lelX]

log r — —log A~

Both estimates in Proposition 3.3 are not sharp in general. For example, consider
a self-similar action of Z? over the alphabet X of size 5 associated with the virtual

-1
N (2 1N\Y (35 =15
endomorphism given by the matrix A = < 1 3 ) = ( _1/5 2/5 >, see [24]

1
2.9, 2.12] and [28§] for details. Note that the eigenvalues of A are (%g) € (0,1),
hence the contraction coefficient is A = ﬁ = %. On the other hand 7(r, S)

grows as a quadratic polynomial, while d(r,S) is bounded.

4. CONVOLUTION ALGEBRAS

4.1. Definitions. Let & be an étale groupoid, and let k be a field. Support of a
function f : & — k is closure of the set of points z € & such that f(x) # 0. If
f1, f2 are functions with compact support, then their convolution is given by the
formula
frefalg)= D> Flgh™")fa(h).
REGo(y)

Note that since fz has compact support, the set of elements h € &,y such that
fa(h) # 0 is finite.

It is easy to see that if f;, fo are supported on the space of units, then their
convolution coincides with their pointwise product. If Fj, Fy are bisections, then
their characteristic functions satisfy 1p, *1p, = 1p 5.

The set of all functions f: & — k with compact support forms an algebra over
k with respect to convolution. But this algebra is too big, and its definition does
not use the topology of & much. On the other hand, the algebra of all continuous
functions (with discrete topology on k) is too small in the non-Hausdorff case.
Therefore, we adopt the next definition, following Connes [9], see also [29] and [32].

Definition 4.1. The convolution algebra k[®] is the k-algebra generated by the
characteristic functions 1 of open compact &-bisections (with respect to convolu-
tion).

If & is Hausdorff, then k[®] is the algebra of all continuous (i.e., locally constant)
functions f : & — k, where k has discrete topology. In the non-Hausdorff case
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the algebra k[®] contains discontinuous functions (e.g., characteristic functions of
non-closed open compact bisections).

From now on we will use the usual multiplication sign for convolution. The unit
of the algebra k[®] is the characteristic function of &), which we will often denote
just by 1.

If & = G x X is the groupoid of an action, then k[®] is generated by the
commutative algebra of locally constant functions f : X — k (with pointwise
multiplication and addition) and the group ring k[G] subject to relations

g fg=1fog
forall f: X — kand g € G, where fog: X — kis given by (fog)(z) = f(g(z)).
In other words, it is the cross-product of the algebra of functions and the group
ring.
Let 7 C &© be the set of units with trivial isotropy groups. The set T is
B-invariant, i.e., is a union of G-orbits.

Definition 4.2. We say that & is essentially principal if the set T is dense in &(©).
It is principal if T = &©). The groupoid & is said to be minimal if every &-orbit
is dense in &),

Example 4.1. For every homeomorphism g of a metric space X', the set of points
x € X such that g(z) = z and the germ (g, z) is non-trivial is a closed nowhere
dense set. It follows that if G is a countable group of homeomorphisms of X, then
groupoid of germs of the action is essentially principal.

Simplicity of essentially principal minimal groupoids is a well known fact, see [7]
and a C*-version in [30, Proposition 4.6]. We provide a proof of the following simple
proposition just for completeness.

Proposition 4.1. Suppose that & is essentially principal and minimal. Let T
be the set of functions f € K[®] such that f(g) = 0 for every g € & such that
o(g),t(g) € T. Then I is a two-sided ideal, and the algebra k[&]/I is simple. In
particular, if & is Hausdorff, then k[®] is simple.

Proof. The fact that I is a two-sided ideal follows directly from the fact that 7 is
®-invariant.

In order to prove simplicity of k[®] it is enough to show that if f € k[&]\ I, then
there exist elements a;,b; € k[®] such that Ele a; fb; = 1.

If f € k[®]\ I, then there exists g € & such that o(g),t(g) € T and f(g) # 0.
Let f = 2111 a;lp,, where F; are open compact ®-bisections. Let A = {1 <
i <m : ge& F} Then f(g) = > ,caqi Since o(g) € T, an equality of
targets t(Fio(g)) = t(F,o(g)) implies the equality Fjo(g) = Fjo(g) of groupoid
elements. It follows that t(F;o(g)) # t(g) for every i ¢ A. We can find therefore a
clopen neighborhood U of o(g) such that U C o(F;), F;U = F;U, for all i,j € A,
UnNo(F;) =0 forall j ¢ A and t(F;U) Nt(F;U) = 0 for all i € A and j ¢ A.
Denote F;U = F for any i € A. We have 1p-1fly = Y, 4, a;ly. It follows that
1y = alp-1 fly for some a € k.

The groupoid & is minimal, hence for every 2 € &) there exists h € & such
that o(h) = x and t(h) € U. There exists therefore an open compact &-bisection H
such that z € o(H) and t(H) C U. Then lo(H) =1y lylg =aly-1ip-1 flyly.
It follows that &(® can be covered by a finite collection of sets V; such that 1y,
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can be written in the form a; fb; for some a,b € k[G]. Note that if V/ is a clopen
subset of V;, then 1y = 1y~ 1y;, hence we may replace the covering {V;} by a finite
covering by disjoint clopen sets. But in that case we have 1 =3 1y,. g

4.2. Growth of k[#].

Theorem 4.2. Let & be an étale groupoid with compact totally disconnected unit
space. Let S be a finite set of open compact G-bisections. Let V. C Kk[®] be the
k-subspace generated by the characteristic functions of the elements of S. Then

dim V" <7(n,S)d(n,S).

Proof. Fixn, and let 8™ be the set of all products 5155 ... S, of length n of elements
of S. Then V™ is the linear span of the characteristic functions of elements of S™.
Denote, for z € )

Ae= (1 o®N U op).

FeSm,xzco(F) FeSn,xz¢o(F)

Since o(F) is clopen for every F' € 8™, the sets A, are also clopen. Note that for
every F € 8" and = € 8 either A, C o(F), or A, No(F) = 0.

If Fy, Fy are open ®-bisections and F} - ¢ = F5 - x for a unit x, then the set of
points y such that Fy -y = Fs - y is equal to the intersection of FleQ with &(©),
Since & is étale, this set is open. Denote by B, the set of all points y € A, such
that Fy -z = Fy -z implies F} -y = Fy -y for all Fy, F» € 8™. Then B, is open and
T € B,.

Note that if  ~,, y, then A, = A,, as belonging of a point y to the domain
of a product 5155 ...S, of elements of § is equivalent to the existence of a path
in &(y,S) of length n starting at y and labeled by the sequence S, Sy,—1,...,S1.
Similarly, if  ~,, y, then B, = B,, since an equality F} - ¢ = F, - x is equivalent
to coincidence of endpoints of the paths corresponding to the products F; and Fj
starting at x.

Let B={B, : z € ©}. Since B, = B, for x ~, y, the set B consists of at
most d(n,S) elements.

Lemma 4.3. There exists a covering B = {E}BGB of &) by disjoint clopen sets
such that B C B for every B € B.

We allow some of the sets B to be empty.

Proof. By the Shrinking Lemma, we can find for every B € B an open set B’ C B
such that {B'} e is a covering of &) and closure of B’ is contained in B. Then
closure of B’ is compact, and can be covered by a finite collection of clopen subsets
of B. Hence, after replacing B’ by the union of these clopen subsets, we may
assume that B’ are clopen. Order the set B into a sequence By, Bs, ..., By, define
By = B}, and inductively, B; = B}\ (B} UB,U---UB!_,). Then {B}pcp satisfies
the conditions of the lemma. (]

Let x1,x2,...,x,, be a transversal of the ~,, equivalence relation, where m =
§(n,S). For every F € 8" and x; € o(F), consider the restriction F - B,, of F' onto

B,,. Since {Ewi}izl,,,,7m is a covering of &(©) by disjoint subsets, the sets F - Ewl

form a covering of F' by disjoint subsets, and 1p = " | lpp, -
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If F1,F; € 8™ and x; are such that z; € o(Fy) No(F), and Fy - z; = Fy -y,
then for every y € B,, we have y € o(Fy) No(F,) and Fy -y = F -y, hence
Fy Em =Fy- Ez It follows that F' - Em depends only on F'- z;, and we have not
more than y(n, z;,S) < J(n,S) non-empty sets of the form F - Ezi, for every given
x;. Hence we have at most J(n,S)d(n,S) functions of the form 1p.,, in total, and

every function 1p, for F' € 8™ is equal to the sum of a subset of these functions,
which finishes the proof of the theorem. O

4.3. Finite generation. For a given finite set S of open compact &-bisections,
generating &, denote

Az,n = ﬂ O(F)\ U O(F)a
FeSn,xeo(F) FeS",x¢o(F)
see the proof of Theorem Recall that the sets A, , are clopen. It is also easy
to see that two sets A, , and A, , are either disjoint or coincide. Note also that
Azn C Agm if n > m. It follows that for any z,y € &0 and n > m, either
Apn CAym,or Agn NAym =10

Definition 4.3. We say that S is expansive if for any two different points z,y €
&) there exists n such that Az and A, ,, are disjoint.

Proposition 4.4. If S is expansive, then the set {1s : S € SUS™ '} generates
k[®].

Proof. Let A be the algebra generated by the functions 15 for S € SUS™!. Note
that o(F) = F~'F, hence 1p € A for every F € (SUS™!)". Note also that
lan = 14 - 15, 1A\B =1y4- (1A — 13), and 1gqup = 14 + 1p — 141p for every
A,B C & Tt follows that 14, , € A for all € ) and n.

Let us show that for every open set A C &(© and every 2 € A there exists n such
that A, , C A. For every y ¢ A there exists n, such that A, ,, N Ay, = (. Since
A of

(0) . . . .
&%\ A is compact, there exists a finite covering Ay, n, , Aysnyys- -5 Ayping,,

&\ A. Let n = maxn,,. Then A, , C A.

Let F' be an arbitrary open compact &-bisection. For every g € F' there exists
nand F' € (SUS™)™ such that g € F’. There also exists ny such that Ay, C
o(F) and F - Ag(g)n, = F' - Ag(g)n,- We get a covering of F' by sets of the form
F' - Ay m, where F’ € (SUS™1)™. Since any two sets of the form A, , are either
disjoint or one is a subset of the other, we can find a covering of F' by disjoint sets
of the form F’- A, ,,, for F’ € (SUS™1)™. This implies that 15 € A, which finishes
the proof. O

4.4. Examples.

4.4.1. Subshifts. Let X C X” be a subshift, and let & be the groupoid of germs
generated by the shift s : X — X. Let, as in B3l S, = {(s,w) : w(0) =
z}, § = {Sz}zex. Note that for every word x1zs .. .2, domain of the product
Suy Sz, -+ Sy, is the set of words w € X such that w(0) = z,, w(l) = Tp_1, ...,
w(n—1) = x1. It follows that the set SUS~! is expansive, and by Proposition 4]
{1s}sesus-1 is a generating set of k[S].

Since & coincides with the groupoid of the Z-action on X defined by the shift,
the algebra k[G] is the corresponding cross-product of the algebra of continuous k-
valued functions with the group algebra of Z. Every its element is uniquely written
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as a Laurent polynomial > a,, - t", where ¢ € k[®] is the characteristic function of
the set of germs of the shift s : X — X’; and a,, are continuous k-valued functions.
Multiplication rule for such polynomials follows from the relations t-a = b-t, where
a,b: X — k satisfy b(w) = a(s™(w)) for every w € X.

Proposition 4.5. Let V' be the linear span of {1} U {ls}gesus-1- Then

2] o (|2]) < aim v < @0+ Dpacen).

Proof. The upper bound follows from Theorem [£.2] For the lower bound note that
Se1Sas - - Se, and Sy, Sy, ... Sy,, are disjoint if 122 ..., # Y1Y2. .. Ym, hence the
set of characteristic functions of all non-zero products of elements of S is linearly
independent, so that Z};:O px(n) < dim V™. Since px(n) is non-decreasing, we
have [ 3] px ([5]) < Xhopa(n). O

Note that since the characteristic functions of the products Sy, Sy, ... Sg, are
linearly independent, their linear span is a sub-algebra of k[&] isomorphic to the
semigroup algebra My of the semigroup generated by the set {S, : = € X}. It
is easy to see that My is isomorphic to the quotient of the free associative algebra
generated by X modulo the ideal generated by all words w € X* such that w is
not a subword of any element of the subshift X. It follows from Proposition
that growths of k[&] and My are equivalent. Note that the algebras My are
the original examples of algebras of arbitrary Gelfand-Kirillov dimension, see [34]
and [19, Theorem 2.9].

Example 4.2. Let X be a Sturmian subshift. It is minimal and py(n) = n + 1,

hence
(n+1)(n+2)

2
so that k[&] is a quadratically growing finitely generated algebra. Note that it is
simple by Proposition 1l This disproves Conjecture 3.1 in [4].

<dim V"™ < 2n(2n + 1),

Example 4.3. It is easy to see that every Toeplitz subshift is minimal. Conse-
quently, known examples of Toeplitz subshifts (see SubsectionB.3.1]) provide us with
simple finitely generated algebras of arbitrary Gelfand-Kirillov dimension a > 2,
and also uncountably many different growth types of simple finitely generated alge-
bras of Gelfand-Kirillov dimension two (see a question on existence of such algebras
on page 832 of [5]).

4.4.2. Self-similar groups. Let G be a self-similar group of automorphisms of the
tree X*. Let & be the groupoid of germs of its action on the boundary XM of the
tree. Suppose that G is self-replicating, i.e., for all x,y € X and g € G there exists
h € G such that g(z) = y and h|, = g. Then for all pairs of words v,u € X* of
equal length and every g € G there exists h € G such that h(v) = v and h|, = ¢g. In
other words, the transformation vw — ug(w) is an open compact &-bisection (more
pedantically, the set of its germs is a bisection, but we will identify a & bisection
F with the map o(g) — t(g), g € F).

Fix n > 0, and consider the set of all &-bisections of the form R, 4., : vw
ug(w) for v,u € X™ and g € G. Note that these bisections are multiplied by the
rule

0 if U1 75 U3
(1) Rul-,gl-,'UlRumgmw - { Rul,_(hgz,vz if V1 = Us.
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Let A, be the formal linear span of the elements R, 4, for u,v € X™ and g € G.
Extend multiplication rule () to A,. It is easy to see then that A,, is isomorphic
to the algebra Myn y4» (k[G]) of matrices of size d™ x d™ over the group ring k[G].

The map Ry 4, — ZzGX Ryg(z),g.,0e induces a homomorphism A, — A,41
called the matriz recursion. More on matrix recursions for self-similar groups see [3,
2\, 23, 28] [11].

Example 4.4. For the adding machine action (see Example B:3) the matrix recur-

n
sions replace every entry a” by < (1) g > , 1.e., are induced by the map

HOLL
a e

For example, the image of a in As is

0 0 0 a
0 010
1 0 0 O
01 00

For the Grigorchuk group the matrix recursions are induced by the map

(01 p (@ 0
@ 10 ) 0 ¢ )’
'_>a0 d»—>10
¢ 0 d )’ 0 b )"

Proposition 4.6. The convolution algebra k[®&] of the groupoid of germs of the
action of G on XY is isomorphic to the direct limit of the matriz algebras A, =
Man xan (K[G]) with respect to the matriz recursions.

Proof. Denote by A, the direct limit of the algebras A,, with respect to the matrix
recursions. Let ¢ : Ao — k[®] be the natural map given by ¢(Rug,0) = 1r, .-
Note that 1r,,, = >, cx LR,y 01a.0es D€nCE the map ¢ is well defined. It also
follows from equation () that ¢ is a homomorphism of algebras. It remains to show
that ¢ is injective. Let f be a non-zero element of k[®], and let (g, w) € & be such
that f(g,w) # 0. Suppose that ¢(f) = Eu,veX" Qy,pRu,g, v for some ., € kand
Gu,w € G. Denote the set of all pairs (u,v) such that (g,w) € Ry g, .0 and ay, # 0
by P. The set (), ,)ep Ru.g....0 15 an open neighborhood of (g, w), hence there
exists a ®-bisection R, ;4. contained in m(u,v)eP Ry, ., - Applying the matrix
recursion, we get a representation of f as an element Zu,vex\wl\ BuwBuhy oo €
A,y such that (g,w) does not belong to any set Ry, .o, u,0 € X1l (u,v) #

(wl,wg). Then f(g, w) = Bu,v 7& 0, hence (b(f) 7é 0. 0

As a corollary of Proposition 3.3 and Theorem [£.2] we get the following result of
L. Bartholdi [2].

Proposition 4.7. Let G be a contracting self-replicating group, and let & be the
groupoid of germs of its action on X~. FEuvery finitely generated sub-algebra of
k[®] has Gelfand-Kirillov dimension at most 271011‘?, where X s the contraction
coefficient of G.
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The image of the group ring k[G] in k[®] is called the thinned algebra. It was
defined in [31], see also [2].

Let us come back to the case of the Grigorchuk group. Since its contraction
coefficient is equal to 1/2, every finitely generated sub-algebra of k[®] has Gelfand-
Kirillov dimension at most 2. It is easy to prove that it is actually equal to 2 in
this case. Moreover, it has quadratic growth, see [2].

This example is also an illustration of the non-Hausdorffness phenomenon. The
groupoid of germs of the Grigorchuk group is not Hausdorff: the germs (b, 111...),
(¢,111...), (d,111...), and (1,111...) do not have disjoint neighborhoods.

Example 4.5. Consider the convolution algebra Fo[®] for the groupoid of germs
of the Grigorchuk group over the field with two elements. The matrix recursion for
the element b+c+d+ 1 is

0 0
b+c+d+1»—><0 b—i—c—l—d)'

It follows that b+ ¢ + d is a non-trivial element of F3[®] but, as a function on & is
zero everywhere except for the germs of b,c,d,1 at 111..., where it is equal to 1.
This shows that the ideal I from Proposition [4.1] is non-zero in this case, and the
algebra [F5[®] is not simple.

4.5. Modules k&,. Let & be an étale minimal groupoid. Consider the space k&,
of maps ¢ : &, — k with finite support, where &, = {g € & : o(g) = «}. It is
easy to see that for every ¢ € k&, and f € k[®] the convolution f - ¢ is an element
of k&,, and that k&, is a left k[&]-module with respect to the convolution.

Proposition 4.8. Let S be an finite set of open compact B-bisections, and let
V C Kk[®] be the linear span of their characteristic functions and 1gw). Then for
every n > 1 we have
dim V" - 6, < ys(z,n),
where 6, € k&, is the characteristic function of x € &,, and vs(x,n) is the growth
of the Cayley graph based at x of the groupoid generated by the union of the elements
of S.
If the isotropy group of x is trivial, then the module k&, is simple.

Proof. The growth estimate is obvious, since for every g € &, and S € S we have
lg -0y =dg4,if Sg # 0, and 1g - §; = 0 otherwise.

Let us show that k&, is simple if the isotropy group of x is trivial. It is enough
to show that for every non-zero element ¢ € k&, there exist elements fi, fo € k[®)]
such that f1-¢ =46, and f5 -0, = ¢.

Let ¢ € k®,, and let {g1,92,...,9x} be the support of ¢. Since the isotropy

group of x is trivial, t(g;) are pairwise different. Let Uy, Us, ..., U be open compact
&-bisections such that g; € U; and t(U;) are disjoint. Then (Zle ¢(gi)1Ui) Oy =0
and ¢(gl)_11U;1¢:51. O

Example 4.6. Let X be a finite alphabet, and let w € X% be a non-periodic
sequence such that closure X, of the shift orbit of w is minimal. Let & be the
groupoid generated by the action of the shift on X,,. Denote by T and T~' the
characteristic functions of the sets of germs of the shift and its inverse, and for
every € X, denote by D, the characteristic function of the cylindrical set {w €
X, : w(0) = x}. Then k[S] is generated by T, T~ and D, for z € X. Note that
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we can remove one of the generators D,, since ZmEX D, =1 =TT~ Consider
the set &, = {(s™,w) : n € Z} and the corresponding module k&,,. Its basis as a
k-vector space consists of the delta-functions e, = §(sn ), n € Z. In this naturally
ordered basis left multiplication by 7T is given by the matrix

= (tij)icz jez

corRr o -
O OO -
N = =
cocoo

with the entries ¢,, , = 6;—1,n,. The element T~ is given by the transposed matrix,
and an element D, is given by the diagonal matrix (a;;) with entries given by the

rule
[ 1 ifwln) ==,
nn =191 0 otherwise.

It follows that the algebra k[S] is isomorphic to the algebra generated by such
matrices. For example, if X = {0, 1}, then the algebra is generated by the matrices
T, T", and the diagonal matrix with the sequence w on the diagonal.
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