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PLANE NON-SINGULAR CURVES WITH AN ELEMENT OF “LARGE” ORDER IN ITS
AUTOMORPHISM GROUP

ESLAM BADR AND FRANCESC BARS

ABSTRACT. Let My be the moduli space of smooth, genus g curves over an algebraically closed field K of zero
characteristic. Denote by My(G) the subset of My of curves ¢ such that G (as a finite non-trivial group) is
isomorphic to a subgroup of Aut(d) and let ]\7[;\(6) be the subset of curves ¢ such that G = Aut(d) where Aut(d)
is the full automorphism group of §. Now, for an integer d > 4, let M;Dl be the subset of My representing smooth,
genus g plane curves of degree d (in this case, g = (d—1)(d—2)/2) and consider the sets MgPl(G) = MgPlﬂMg (G)

—_—

and MIH(G) := My(G)n ML
In this note we first determine, for an arbitrary but a fixed degree d, an algorithm to list the possible values

m for which MgPl(Z/m) is non-empty where Z/m denotes the cyclic group of order m. In particular, we prove
that m should divide one of the integers: d — 1, d, d?> — 3d+ 3, (d —1)2, d(d — 2) or d(d — 1). Secondly, consider
a curve 6 € M;Dl with g = (d — 1)(d — 2)/2 such that Aut(d) has an element of “very large” order, in the sense
that this element is of order d2 — 3d + 3, (d — 1)2, d(d — 2) or d(d — 1). Then we investigate the groups G for

—

which § € M{!(G) and also we determine the locus MF!(G) in these situations. Moreover, we work with the
same question when Aut(d) has an element of “large” order ¢d, (d — 1) or £(d — 2) with £ > 2 an integer.

1. INTRODUCTION

It is well known that any § € MF'(G) corresponds to a set {Cs} of non-singular plane models in P?(K) such
that any two of them are K-isomorphic through a projective transformation P € PGL3(K) (where PGL3(K)
is the classical projective linear group of 3 x 3 invertible matrices over K), and their automorphism groups are
conjugate. If C'is a non-singular plane model of § which is defined by the homogenous equation F(X;Y;Z) =0
then Aut(C) is a finite subgroup of PG L3(K) and also we have p(G) < Aut(C) for some injective representation

—_~—

p: G — PGL3(K). Moreover, p(G) = Aut(C) whenever § € MPY(G).
We denote by p(M[(G)) the set of all elements § € M} (G) such that G acts on a plane model associated
to § as P~1p(G)P for some P inside PGL3(K). This gives us the following disjoint union decomposition:

MP(G) = Upeap(MH(G))

where A := {p|p: G — PGL3(K)}/ ~ such that p, ~ p, if and only if p,(G) = P~!p,(G)P for some
P € PGL3(K). A similar decomposition follows for M/g;l_(a).

For a fixed degree d, it is a difficult task to list the [p]'s and the groups G such that p(M}(G)) is non-empty,
see Henn work [9] and Komiya-Kuribayashi work [12] for degree 4 and [2] for degree 5. For a cyclic group
G =2 Z/m of order m, Dolgachev in [5] determined the [p]’s and m such that p(MI'(Z/mZ)) is non-trivial and
moreover he associated to such locus (once p and m are fixed), a normal form, i.e. a certain projective equation
which depends on some parameters together with some algebraic restrictions to these parameters such that any
element of the locus p(M, l (Z/mZ)) corresponds to certain specialization of the parameters. In §2, following
Dolgachev technique, we obtain a general algorithm in order to determine [p]'s and m such that p(M[](Z/mZ))
might be non-trivial and also to such locus (once p and m are fixed) we associate a normal form (see Remark
[0 for a link to an implementation of the algorithm in SAGE, and the appendix for listing the results that are
given by the algorithm until degree 9). As a consequence of the algorithm (Theorem [B) we obtain that m
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always divides one of the following integers: d* — 3d + 3, (d —1)?, d(d — 2) or d(d — 1), which we believe that is
well-known to the specialists.

Secondly, there is a lot of interest on non-singular curves having a large automorphism group: For K =C a
curve § € M, has large automorphism group if it has a neighborhood (with respect to the complex topology) in
M such that any other curve inside the neighborhood has a smaller automorphism group. For such situations o
admits a model defined over Q, §/Aut(d) corresponds to the projective line and the Galois cover 6 — §/Aut(d)
is a Belyi morphism, in particular it is ramified exactly at 3 points (the last property of a Belyi morphism that
is ramified at three points and is a Galois cover, characterizes curves with large automorphism group). For
more details, we refer to Wolfart [14]. Another notion in the literature for § to be of large automorphism group
is assuming that [Aut(5)| > 4(g — 1). In particular, for § € MI" it means that |Aut(6)| > 2(d* —3d +2) — 4 (in
this case § — 0/Aut(d) is a map from § to a projective line which is ramified at 3 or 4 points, see [6 p.258-260]).

The above definitions of large automorphism group are very restrictive to our proposes of plane curves
0eM gP ! and in this paper we say that an element o € Aut(d) is “very large” if its order is exactly one of the
integers d* — 3d + 3, (d — 1)?, d(d — 2) or d(d — 1). We say that o € Aut(d) is “large” if its order is exactly one
of the following integers: ¢d, {(d — 1) or £(d — 2) for some integer ¢ > 2.

In what follows &, denotes a primitive m-th root of unity in K and we obtain, in particular, the following
results (in §3.1 to §3.4) for § € MF!(Z/m) such that m is “very large” in the above sense.

Theorem 1. Let § € Mgpl be a non-singular plane curve of degree d > 4 and let o € Aut(§) where o is “very
large”. Then one of following cases occurs.
(1) if o has order d(d—1) with d > 5 then Aut(d) =< o > and § is K -isomorphic to X4 +Y+ X 7471 = 0.
In particular for d > 5, Mfl (Z/d(d —1)Z) is an irreducible locus with one element, and

MPHZd(d — 1)) = My (Z/d(d — 1)) = p(M"(Z/d(d - 1))

where p(Z/d(d — 1)Z) =< diag(l,fj(jil_l),fj(dfl)) >. For the case d = 4, one can read Remark[1d in
§3.1 for further details.

(2) if o has order (d—1)? then Aut(8) =< o > and § is K -isomorphic to X¢+ Y1717 + XZ4=1 = 0. Also,
MPYZ/(d —1)*Z) is an irreducible locus with one element, and

MPNZ/(d = 1)2) = MJZ/(d = 1)%) = p(M(Z/(d — 1)%))

with p(Z/(d —1)*Z) =< diag(1, €1y, €g_1)" >) >.
(3) if o has order d(d — 2) then § is K-isomorphic to X +YI71Z + Y Z4~1 =0 and for d # 4,6 we have

Hy := Aut(8) =< o, 7|7? = 0942 =1, andror = 047 > |

Again, MPYZ/d(d — 2)Z)) is an irreducible locus with one element, and

My(Hq) = My (Z/d(d — 2)) = p(My"(Z/d(d - 2)))
where p(Z/d(d — 2)7) =< diag(l,fd(d,g,gtg(gzl))) >. The automorphism groups for d = 4,6 are given
explicitly in §3.3, Proposition [13.
(4) if o has order d? —3d+3 then ¢ is K -isomorphic to the Klein curve K4 : XY +Y4 7174 79-1X =0
and for d > 5 we have Hg, = Aut(d) =< o, 7|o® 33 = 3 — landor = 7o~V > The locus
MPYZ/(d* — 3d + 3)Z)) is irreducible with one element, and

e~

My(Hr,) = My (Z/(d* = 3d + 3)) = p(M" (Z/(d* — 3d + 3)))

where p(Z/(d* — 3d + 3)Z) =< diag(l,gdz,gdw,5(;@;;#) >. We refer to Remark[18 of §3.4 for the

classical case d = 4.

Remark 2. The above situations do not fit with curves that have large automorphism group in the classical
definition. For example, the curve § : X4+ Y1717 4+ X 7971 = 0 is defined over Q, §/Aut(6) is a projective line
and the morphism & — §/Aut(5) is ramified at two points of ramification index (d — 1)? and at d — 1-points of
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ramification index d — 1. Therefore this curve has no a large automorphism group in any of the classical sense

because it ramifies at more than 4 points. But it has “very large” elements in its automorphism group.

Now assuming that m is “large” in the sense that m € {¢d,¢(d — 1),4(d — 2) : £ > 2}, we obtain different
results in §4 and §5, some of them are listed below:

Theorem 3. Let § € Mgpl be a non-singular plane curve of degree d > 4 that admits an automorphism
o € Aut(d) of “large” order. Then

(1) if o has order £(d — 1) with ¢ > 2, we always have d = 0or 1 (mod ¢) and Aut(d) is cyclic of order
0 (d—1) with £)¢'. If £ = 1, the same conclusion holds if o is a homology (By a homology we mean that
P~lp(0)P = diag(1,£2,,€5) with a =0 or b= 0 for some P € PGL3(K)).

(2) if o has order ¢d with £ > 3 then d = 1or2(mod{l), Aut(d) fizes a line and a point off that line (in
particular, following the same notations of §3, it is an exterior group as in Theorem [d (2) with N of
order d). When £ =2, Aut(d) could also be conjugate to a subgroup of Aut(Fy) where Fy is the Fermat
curve X% + Y% + Z% = 0 (in such cases we say that & is a descendent of the Fermat curve, see the
precise definition in §3).

(3) if o has order £(d—2) with ¢ > 2 then always d = 0(mod €) and, roughly speaking, for d > 6 and d # 10,
we can think about Aut(d) in a short exact sequence 1 — Z/k — Aut(d) — D — 1 with k divides d and
D is the Dihedral group Dyq—2) or Da—2. For more accurate details, we refer to §4.2

Remark 4. In the above situations where m s “large”, we also obtain that every element in M;l(Z/m) 18
given by a certain specialization of the parameters in a fired normal form for the full locus MgPZ(Z/m). This
phenomena is not true in general for an arbitrary m. In other words, with the aid of the algorithm in §2, we
prove that p(MgPl(Z/m)) has the property of being represented by an unique fized normal form. But the moduli
M;l (Z/m) with m not “large” or “very large” is not in general given by a single equation with some parameters

(counter examples are provided in [1]).

Remark 5. Take K = C. Then, one should expect to have non-singular plane curves which have a “large”
element in the automorphism group and no plane model (up to C-isomorphism) defined over the algebraic
closure of Q inside C. Let us reproduce the situation that has been mentioned in [, §2.1] for d = 5 and a
“large” element of order 8, as an explicit example of the above phenomena. Any element in MEY(Z/8) has,
up to K-isomorphism, a plane models of the form X° + Y*Z + X Z* + BX3Z2 = 0 for certain/s 3 (note that
B # £2 for non-singularity). We constructed in [1] a bijection map

1 Mg (Z/82) — A (K)\ {~2,2}/ ~

a— [6] = {8, -8}

where a ~ b<b=aor a =—b, and we know that the non-singular plane model X°+Y4Z + X 74+ BX322 =0
has a bigger automorphism group than Z/87 if and only if 5 = 0.

2. CYCLIC AUTOMORPHISM GROUP OF NON-SINGULAR PLANE CURVES

Fix and integer d > 4, and consider § € M} such that the group G = Aut() is non-trivial. Let C :
F(X;Y;Z) = 0 in P?(K) be a non-singular plane model of degree d over an algebraically closed field K of
characteristic zero. Suppose that Aut(C) = p(G) < PGL3(K) for some p : G — PGL3(K) (any other plane
model of § is given by Cp : F(P(X;Y;Z)) = 0 for some P € PGL3(K) moreover Aut(Cp) is conjugate
through P to Aut(C'), and we say that Cp is K-equivalent or K-isomorphic to C'). Assume that p(o) € Aut(C)
is an element of order m hence by a change of variables in P? (in particular, changing the plane model to a
K-equivalent one associated to &), we can consider p(c) as the automorphism (x : y : 2) — (z : 4y @ €5,2)
where &, is a primitive m-th root of unity in K and a,b are integers such that 0 < a#b < m — 1. Moreover,
if ab # 0 then m and ged(a,b) are coprime (we can reduce to ged(a,b) = 1) and if @ = 0 then ged(b,m) = 1.
Also, such an automorphism is identified with type m, (a,b) and we write pq,p,m (Z/mZ) for the subgroup given
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by the diagonal matrix diag(1,£%,¢&5,) in PGL3(K). In particular & € papm (ML (Z/m)) and 6 € p(MPHG)),
of course pg.p,m may be interpreted as the restriction to < o > of p.

Our aim here is to investigate which cyclic groups could appear inside Aut(9), thus to determine all possible
types m, (a,b) for which the moduli paﬁbym(MgPl(Z/m)) might be non-empty. We follow a similar approach as
Dolgachev in [5] which deal with the same question for d = 4 (see also [3, §2.1]).

Throughout this paper, we use the following notations.

e Type m, (a,b) is identified with the corresponding automorphism [X; (% Y; (% Y] where (,, is a primitive
m-th root of unity. Saying that m, (a,b) is a generator of p(Z/m) for certain p : Z/m — PGL3(K)
means that any element of p(Z/m) is a power of the associated automorphism to Type m, (a,b).

e L; . denotes a degree i, homogeneous polynomial in K[X,Y, Z] such that the variable * € {X,Y,Z}
does not appear.

o S(U)m:={j: u<j<d—1,d—j=0(modm)}.

e S4X m (a,b):={i: u<i<d—wandai+ (d—i)b=0(modm)}.

o S¥=LXm (a,b):={i: 1<i<d—wuandai+(d—1—1i)b=0(mod m)}

° S(l)fnx(ab) ={i: 0<i<jand ai+ (j —i)b=a(mod m)}.

o S(Q)J’)f(a by = ={i: 0<i<jandai+ (j —i)b=0(mod m)}.

o ,S’]Y(ab ={i: 0<i<jandbi+ (d—j)a=a(modm)}.

° SJZ(ab ={i: 0<i<jandai+ (d—j)b=a(mod m)}.

o Iy, :={(a,b) eN?: gcd(a,b)=1, 1 <a#b<m-—1}.

o the points Py := (1:0:0),P :=(0:1:0) and P3 := (0:0: 1) inside P?(K) are called the reference
points.

e o € K* and it can always be 1 by a change of variables.

where u, j,m,d,a and b are all non-negative integers.

Theorem 6. Let § € Mng be a non-singular projective plane curve of degree d > 4 over an algebraically
closed field K of zero characteristic. If H is a non-trivial cyclic subgroup of Aut(d) of order m, then 6 €
Pabm(MEHZ/m)) for the following list (1)-(6) of values of a,b,m. We associate to each locus a normal form,
that is unique up to K -equivalence. Any plane model in P*(K) of an element § € papm(ML(Z/m)) is obtained
by a certain specialization of the parameters in the normal form and, any specialization of the parameters (under
certain restrictions in the parameters) gives a plane non-singular model of an element of this locus:

(1) The curve § € pm,o,1 (ML (Z/m)) with m|d — 1 and a plane model of the curve is of the form

A P ( Z Zd_ij,z) + Lg 7.
FES(2)m

(2) The curve § € pm o1 (MFZ/m)) with m|d and a plane model of the curve has the form

Z4 + ( Z Zd_ij,Z) + Lg 7.
JES(1)m
(3) All reference points lie on 0: The curve § € pp.ap(My(Z/m)) with m|(d* —3d + 3) and (a,b) € T,
such that a = (d — 1)a+b = (d — 1)b(mod m). In particular § has a plane non-singular model where
all reference points lie on it, and a plane non-singular model of § is given by certain specialization of
o, B4, 5,7, € K of the equation

X4y L yi-lz o741 X +

5]
Xd*j i Y’LZ‘]fz Yd*j Z’LX] ’L Zd j X] ’Ly’b
+ Bji ) + ( Qji + Vi )
J= zES(l)m (a,b) zESm (a,b) zESm (a,b)
%We warn the reader because it may happen that a projective equation, which is obtained by a certain type m(a,b), is not
geometrically irreducible or not non-singular for any specialization of the parameters. Hence, paybym(Mfl (Z/m)) is the empty set

and then should be discarded from the list.
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(4) Two reference points lie on §: One of the following subcases occurs.
Pl =
(4.1) 0 € pmap(My " (Z/m)) where m|d(d — 2) and (a,b) € I'y, such that (d —1)a+b =0 (modm) and
a+ (d—1)b =0 (modm) . Moreover, a plane model C' of § is given by a certain specialization of

the parameters of the equation

d—1
X4 (D x4 N BT+ (Y ZhaY 2T Y BaY 2 =0,
j=2 i€S(2)77, i€Sg™ m,(a,b)
l —
(4.2) 6 € pmap(MSHZ/m)) where m|(d —1)* and (a,b) € Ty, such that (d —1)a+b = 0 (modm) and
(d —1)b = 0(modm). Furthermore, a plane non-singular model C of ¢ is obtained by a certain

specialization of the parameters of the equation

d—2
X7 4 Z X Z BYZI) 4 X (020 + Z Blaor) Y241 +
j=2 i€S(2)27, ) (€SN (a,h)
+(vilz 4 Z Ba Y Z41) =0
i€S3 ™ m,(ab)
(4.3) 0 € pmap(MFPHZ/m)) where m|(d — 1) and (a,b) € Ty, such that (d — 1)b = 0(modm) and

(d—1)a=0(modm). In such case a plane non-singular model C' of § has the form

d—2
X4y (x> Yz Y Yzt
j=2 i€s@)h %, i€SE* m, (a,b)
+ X(zd—1+ayd—1+ Z B(dfl),iyizd_l_i)a

iEngl’X m, (a,b)
(5) One reference points lie on 6: Then § € pm a (ML (Z/m)) with m|d(d — 1) and (a,b) € Ty, such that
da =0 (modm) and (d — 1)b = 0(modm). Also, a plane model of § is given by the form

d—2

X4 yr+ > (x9N g2+ Y BaYiz
Jj=2 ieS(2)f7’:((a’b) i€SHX m, (a,b)
+ X(azd—l + Z ﬁ(dfl),iYiZd_l_i) -0

iESffl’X m, (a,b)

(6) None of the reference points lie on a plane model C' of &, then 6 € pp ap(MLH(Z/m)) where m|d and
(a,b) € Ty, such that da = 0 (modm) and db = 0 (modm). Furthermore, we have

d—1
XU 4yi4zie Y (XYY YT+ Y BaYiZt =0
Jj=2 ieS(2)f7’:((a’b) i€SHX m, (a,b)

Here, «, Bij,vij,,; are parameters which specialize, for a concrete § as above, at values in K with always
a # 0.

Remark 7. The above result and its proof give an algorithm to list, for every fized degree d, all cyclic groups
that could appear with an equation (up to K-isomorphism). For the complete algorithm and its implementation
in SAGE, see the link http://mat.uab.cat/~eslam/CAGPC.sagews. Also see the appendix for a list of Types
that could appear for degree d <9 (i.e. the possible non-trivial pm7a7b(Mfl(Z/m)) loci for a fixed degree d <9)
with their equations that are given by parameters. These equations assign to specializations of the parameters,
plane models of the elements of the loci pm,ap(M)(Z/m)).

Proof. Without loss of generality, we consider a plane model C : F(X;Y;Z) = 0 of ¢ such that the cyclic
element order m acts as the diagonal matrix diag(1,£2,£L,) in the plane equation F(X;Y;Z) = 0. Let ¢ be a
generator of order m := |H|. One can choose coordinates so that ¢ is represented by (m; Y, z) — (ac; &y, f,%z)
where a,b are integers with 0 < a # b < m — 1( one can assume that a < b with ged(b,m) =1 if a = 0 and
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with ged(a,b) = 1 otherwise):

Case I: Suppose first that a = 0 and write: F(X;Y;Z) = Z% + (Zj;ll Z99L; 7) + La,z.

If A = 0, then by non-singularity Ly z # 0 and (d — 1)b = 0 (modm). Hence, m|d — 1 and we can take a
generator (a,b) = (0,1). Therefore, by checking each monomial’s invariance, we obtain that L; 7 # 0 only if
Jj € 8(2),, and we get types m, (0,1) of (1).

If A # 0 then db = 0(modm). From which we obtain m|d and (a,b) = (0, 1) is a generator for each such m.
By the same discussion as before, we have types m, (0,1) of the form Z¢ + (ZjeS(l)m Zd_ij,Z) + Lg,z, which
proves (2).

Case I1: Suppose that a # 0 then necessarily, m > 2 and we distinguish between the following four subcases:

i.: All reference points lie in C|

ii.: Two reference points lie in C,

iii.: One reference point lies in C,

iv.: None of the reference points lie in C.

e If all reference points lie on C, then the possibilities for the defining equation are now:
C: (Xd_JLj7X + Yd_JLjyy + Zd_]Ljﬁz).
j=1

,7
ol

Because a # b with a # 0, we can assume that C : XY + Y417 4 791X + ZEJQ (X9IL; x +
Y9IL;y + Z%IL; 7). The first three factors implies that a = (d — 1)a + b = (d — 1)b(modm).
In particular, m|d?> — 3d + 3. The defining equation (3) follows immediately by checking monomials’
invariance in each L; p. For example, rewrite L, x as ZLO B;i Y ZI=% then B;,; = 0 if m{ ai+ (j — )b
or equivalently i ¢ 5(1)%),(@,;,)’ since diag(1;¢%,;€5) € Aut(O)

e If two reference points lie on C, then by re-scaling the matrix ¢ and permuting the coordinates, we can
assume that (1;0;0) ¢ C. The equation is then C' : X4+ X9 2Ly x+ X9 3L3 x+..4+ X Lg_1 x+Lax =0,
since L1, x is not invariant by ¢ because ab # 0. Moreover, Z @ and Y% are not in L4, x, by the assumption
that only (1;0;0) ¢ C. Assume first that Y417 and Y Z¢~! are in L4 x. Then (d — 1)a + b=0 (modm)
and a + (d — 1)b=0 (mod'm). In particular, m|d(d — 2) and for each such type m, (a,b), the equation is
reduced to X+ (Y92, X997 3, ViIZI) + (Y Z +aY 24t 4+ 3007 BV Z477) = 0. Tt is
straightforward to see that if i ¢ S(Q)if,((a,b) (resp. i & S2% m, (a,b)) then Bj.i =0 (resp. f4i = 0). This
proves (4.1). Secondly, assume that Y917 € Ly x and YZ9! ¢ L, x. Then, by the non-singularity,
Z%Visin Ly_q x. That is (d — 1)a + b = 0 (modm) and (d — 1)b = 0 (mod m). Therefore m|(d — 1)?
and we have the form

d—2 J d—1 d—2
Xd + ade—l + Yd—IZ + Z Z ﬁj7iXd_jYiZj_i + Z B(dfl),iXYiZd_l_i + Z Bd,iyizd_i —0.
7j=2 =0 i=1 i=2

Consequently, by checking the monomials’ invariance, we conclude that if i ¢ S (2)an(a b) then 8;,; =0, if
i ¢ ST m, (a,b) then By_1), =0, if i ¢ Sg m, (a,b) then By; = 0 and the result follows for (4.2).
Up to a permutation of Y and Z, it remains to consider the case for which Y¢='Z and Y Z?~! are not
in Ly, x. By the non-singularity, Z¢~1 and Y?~! should be in L4_1 x consequently, (d—1)b = 0 (modm)

and (d — 1)a = 0 (modm). Therefore, m|(d — 1) and the form is reduced to

d—2 J d—2 d—2
X4 XZ57 4 aXY T 4 TN B XTIV 2T Y Ba Y IZT Y Blamny XYIZT T =0,
j=2 i=0 i=2 i=1

and the equation (4.3) is now clear by the fact that 3;; = 0 whenever m t ai + (j — ¢)b.

bIt is to be noted that for a fixed m and (ag,bo) € Ly, where Ly, := {(a,b) € T : a = (d—1)a +b= (d— 1)b(modm)}, the
type m, (ag,bo) is K-isomorphic to any type m, (a’,b’) €< m, (a,b) >. So, to complete the classification for m, it suffices to choose
another (a,b) € Ly,— < (ao,bp) > and repeat until we get L, = 0.
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e If one reference points lie in the C, then by normalizing the matrix ¢ and permuting the coordinates,
we can assume that (1;0;0), (0;1;0) ¢ C. We then write
C: X + Y '+ X9 2Ly x + X¥3Lg x + ... + XLa—1,x + Lax =0,

such that Z? ¢ L, x. Also, by the non-singularity, we have Z¢~1 € L, 1 x. In particular, da =
0 (modm) and (d — 1)b = 0 (modm) and m|d(d — 1). The above equation become

d—2 j d—1 d—1
XU+ Y4 aXz 3N XTIV 2T 4 Y BaaY 2T Y Blan) XY 24T T =0
j=2 i=0 i=1 i=1

Following the same line of argument as before, we conclude (5).

e If none of the reference points lie in C' then C': X9 + Y4 + 79 + (25;21 Xd*ij,X) + Lg,x = 0, where
L1, x does not appear since ab # 0 and L1, x is not invariant under ¢. Clearly da = db = 0 (mod m) and
therefore m|d. Moreover

d—1
C: Xlpvipzie Y N gXTIYiZi e Y Bayiziti=o.
j=2 ieS(Q)i;r,},((a,b) iEvaX m, (a,b)

This completes the proof of our result. 0

Corollary 8. Let H be a non-trivial cyclic subgroup of Aut(d) where § € Mfl with d > 4. Then the order of
H divides one of the integers d — 1, d, d*> —3d+3, (d—1)2, d(d —2), d(d —1). Consequently automorphisms
of 6 have orders < d(d —1).

3. CHARACTERIZATION OF CURVES § € Mgp ! WHOSE Aut(§) HAS “VERY LARGE” ELEMENTS

We study here non-singular plane curves § € M, f ! that admits a o € Aut(§) of “very large” or “large” order:
d*—3d+3, (d—1)?, d(d—2), d(d—1), £(d—1) or £d with £ > 2. In particular we are interested in investigating
the full automorphism group and the corresponding non-singular plane equations (up to K-isomorphism) of
such curves.

Before a detailed study of the automorphism groups for such d’s, we recall the following general results
concerning Aut(d) for 6 € M gP ! which will be useful throughout this paper. In some cases we will use the
notation of the GAP library for small finite groups to indicate some of them.

Because linear systems g2 are unique (up to multiplication by P € PGL3(K) in P?(K) [10, Lemma 11.28]), we
always consider a non-singular plane model C of §, which is given by a projective plane equation F(X;Y;Z) =0
and Aut(C') is a finite subgroup of PG L3(K) that fixes the equation F' and is isomorphic to Aut(d). Any other
plane model of § is given by Cp : F(P(X;Y;Z)) = 0 with Aut(Cp) = P~ Aut(C)P for some P € PGL3(K)
and C'p is K-equivalent or K-isomorphic to C. By an abuse of notation, we also denote a non-singular projective
plane curve of degree d by C. Therefore, Aut(C) satisfies one of the following situations (see Mitchel [I3] for
more details):

(1) fixes a point @ and a line L with @ ¢ L in PGL3(K),

(2) fixes a triangle (i.e. a set of three non-concurrent lines),

(3) Aut(C) is conjugate to a representation inside PGL3(K) of one of the finite primitive group namely, the
Klein group PSL(2,7), the icosahedral group As, the alternating group Ag, the Hessian group Hessaig
or to one of its subgroups Hessrs or Hesssg.

It is classically known that if a subgroup H of automorphisms of a non-singular plane curve C' fixes a point
on C then H is cyclic [T0, Lemma 11.44], and recently Harui in [8, §2] provided the lacked result in the literature
on the type of groups that could appear for non-singular plane curves. Before introducing the statement of
Harui, we need to define the terminology of being a descendent of a plane curve. For a non-zero monomial
cXYIZF with ¢ € K \ {0} we define its exponent as max{i, j, k}. For a homogenous polynomial F, the core
of F' is defined to be the sum of all terms of F' with the greatest exponent. Let Cy be a smooth plane curve,
a pair (C, H) with H < Aut(C) is said to be a descendant of Cy if C' is defined by a homogenous polynomial
whose core is a defining polynomial of Cy and H acts on Cy under a suitable change of the coordinate system.
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Theorem 9 (Harui). If H < Aut(C) where C is a non-singular plane curve of degree d > 4 then H satisfies
one of the following.

(1) H fizes a point on C and then cyclic.

(2) H fizes a point not lying on C' and satisfies a short exact sequence of the form 1 - N — H — G' — 1,
where N a cyclic group of order dividing d and G’ (which is a subgroup of PGL2(K)) is conjugate to
a cyclic group Z/mZ of order m with m < d — 1, a Dihedral group Day, of order 2m where |[N| =1 or
m|(d — 2), the alternating groups Ay, As or the symmetry group Sy.

(3) H is conjugate to a subgroup of Aut(F,) where Fy is the Fermat curve X* + Y% + Z9. In particular,
|H||6d? and (C, H) is a descendant of F,.

(4) H is conjugate to a subgroup of Aut(K4) where Kq is the Klein curve curve XY4~1 Y z4-1 4 7 xd4-1
hence |H||3(d?> — 3d + 3) and (C, H) is a descendant of K.

(5) H is conjugate to a finite primitive subgroup of PGL3(K) that are mentioned above.

Now assume, as usual, that C' is a non-singular plane model of degree d > 4 with o € Aut(C) of exact order
m that acts on F(X;Y;Z) = 0as (z,9,2) — (z,£%y,£% 2). In the next sections, mainly in the proofs, we recall
the abuse of notation of refereing to C' as a non-singular plane curve (up to K-isomorphism) instead of being a
non-singular plane model of some § € M;l.

3.1. The locus MF(Z/(d(d — 1))).
The following result appears in Harui [8] §3].

e~

Proposition 10 (Harui). For any d > 5, 6 € MPYZ/(d(d —1))) if and only if 6 has a plane model given by
C:X'4+Yi+ X797t =0.

Moreover we prove the following:

Proposition 11. Ford > 4, § € Mfl(Z/d( ) if and only if 6 has a non-singular plane model that is
K -equivalent to C : X4+ Y% 4+ X741 =0 where a # 0 (aways we can assume o = 1 by a K-isomorphic
model to C'). Consequently, MPl (Z/d(d—1)Z) is an irreducible locus with one element. Furthermore, for d > 5,

MPUZd(d ~ 1)) = MP'(Z/d(d ~ 1)) = p(MP(Z/d(d - 1))

where p(Z/d(d — 1)Z) =< diag(1,£3," 1), €541)) >

Remark 12. Recall that for d = 4, the automorphism group of X*+Y*4+aXZ3 = 0 is isomorphic to Z/4® Ay,
the element of Ext'(Ay, Z/4)H which is given by {(8,g) € pia x H : §* = x(g)}/£1, where ju, is the group of n-th
roots of unity, H is the group Ay and x is the character x : H — pg defined by x(S) =1 and x(T) = p where
S, T are generators of H of order 2 and 3 respectively with the representation H =< S,T|S? = 1,7 =1,... >
and p is a Srd-primitive root of unity, see [9] (or also [3]).

Proof. If § has a non-singular plane model which is isomorphic to C' : X% + Y? + aXZ9"! = 0 then § €
MJPNZ/d(d—1)) because [X Qd(d HYs Cj(dfl)Z] is an element of Aut(C) of order d(d —1). Conversely, suppose
that 6 € MIY(Z/d(d — 1)) and fix as usual, by an abuse of notation, a plane non-singular model C' (up to
K-isomorphism) of 6. Since d(d — 1) does not divide any of the integers d — 1, d, d* —3d+3, d(d—2), (d—1)?
then by Theorem[6l C'is projectively equivalent to type d(d —1), (a,b) of the form (5) for some (a,b) € T'gig—1)
such that da =0 modd(d — 1) and (d — 1)b = 0 modd(d — 1). In particular a = (d — 1)k and b = dk’ for some
integers k and k' and since we have [X Cd(d 1)Y;Cj(d_1)Z]d(k,*k)+k = [X; §C(ldd 1ikY ijd,_l)Z] then m, (a,b)
with m =d(d —1), a=d—1 and b = d is a generator of such types. Hence

°We use the notation Ext!(A, B) to represent the group G (up to isomorphism) for which there is an exact sequence of groups
of the foom1 - B —>G — A — 1.
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S@2)27p = {i: 0<i<jand (d—1)i+ (j —i)d = 0mod d(d — 1)}
= {i: 0<i<jandd(d—1)|(dj—i)}
=0Vj=2,....d—2 (because 0 < dj — i < d(d — 1)),
Also
SeX 1<i<d—1and (d—1)i+(d—1i)d=0mod d(d—1)}

= {i

= {i: 1<i<d—1landd(d—1)|d—i}

= () because 0 < d —i < d(d — 1)),

SIThX = fi: 1<i<d—1and (d—1)i+ (d—1—i)d = 0mod d(d — 1)}
= {i: 1<i<d—1andd(d—1)|i}

= 0.

Therefore, by substituting in the form (5) of Theorem [B, C is isomorphic to X + Y + aX Z9~1 where a # 0.
The last part is an immediate consequence of Proposition O

3.2. The moduli M;l(Z/(d —1)%).
Proposition 13. For anyd >4, if § € Mfl has a non-singular plane model that is isomorphic to

C: X'+Y¥"'Z+axz% =0

for some o # 0, then § € Mgpl(Z/\/(?al/— 1)?).

Proof. The result is is well-known for d = 4 (see [9] or [3] for more details), so we assume that d > 5. We
have [X;(4-1Y; Z] € Aut(C) which is a homology of order d — 1 > 4 hence Aut(C') should fix a point, a line
or a triangle ( see §5 of Mitchell [I3]). Since [X; (g—1)2Y; Q((j:ll))gdﬁ)Z] € Aut(C) is of order (d — 1)? then also
(d—1)% | |Aut(C)|. Now assume that Aut(C) fixes a triangle and neither a line nor a point is fixed by Aut(C)
then it follows by the proof of Theorem [ (see [8, §4]), that C is either a descendent of the Fermat curve Fy or
the Klein curve K4. But, none of these curves admits automorphisms of order (d—1)2, since elements of Aut(F})
(resp. Aut(K4)) have orders at most 2d (resp. d*> — 3d + 3). Secondly, if Aut(C) fixes a point not lying on C
then we can think about Aut(C) in a short exact sequence 1 — N — Aut(C) — G’ — 1 as in Theorem [ (2).
Since |N| and (d —1)? are coprime, then (d —1)?||G’| which is not possible for any of the groups Z/m, A4, Sy, As
or Dy, with m < d — 1. Consequently, Aut(C) fixes a point on C' and hence it is cyclic of order divisible by

(d—1)* and < d(d —1). That is, Aut(C) is cyclic of order (d —1)%. In particular 6 € MJ1(Z/(d — 1)?). O
The following is an analogue of Proposition [T}

Proposition 14. For d > 4, § € M;l(Z/(d —1)?) if and only if 6 has a non-singular plane model which is

isomorphic to C : X4+ Y9 1Z +aXZ%" = 0 with o # 0. Therefore MPY(Z/(d — 1)*Z) is an irreducible
: 7 10 _ APl _ Pl

locus with one element and MPHZ/d(d — 1)) = M, (Z/d(d — 1)) = p(M; " (Z/d(d — 1))) where p(Z/d(d —1)Z)

15 < diag(l,§(d,1)z,§((j:i))2(d_2)) >. Furthermore, if G is a non-cyclic automorphism group of a non-singular

plane curve and (d — 1)?| |G| then G does not contain any element of such order.

Proof. We only need to show that § € M) YZ/(d—1)?) only if § has a non-singular plane model that is isomorphic
to C: X4 4Y¥1Z 4 aXZ9! = 0 with a # 0, since the remaining parts are immediate consequences of
Proposition Up to projective equivalence, we consider a model C' of § in p(MF'(Z/d(d — 1))) and since
(d—1)2td—1, d, d*>—=3d+3, d(d—2), d(d—1) then C is isomorphic to type (d —1)?, (a,b) of the form (4.2)
of Theorem B In particular (a,b) € I'(4_1)2 such that (d — 1)a +b = 0mod (d — 1)?, (d — 1)b = 0mod (d — 1)*
and a = (d— 1)k — k', b= (d — 1)k’ for some integers k and k’. But we have

d—1)(d—2 — —k d—1)k—k' d—1)k
(X5 a2 Y5 G s 2 2] DR = [ (TR Y T )
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That is m = (d —1)?,a =1 and b = (d — 1)(d — 2) is a generator of such types. Moreover

S(2)7% = {i: 0<i<jandi+ (j—i)(d—1)(d—2)=0mod (d—1)%}
= {i: 0<i<jand (d—1)*|j(d—1)—di}
=0 Vi=2,..,d—2

The last equality follows because (d — 1)? |j(d — 1) — di implies that d — 1|i thus i = 0. But then we must have
(d —1)? |j(d — 1) which is impossible since 0 < j < d — 1. Also, we have

SPX = (i 2<i<d—2and i+ (d—1i)(d—1)(d—2)=0mod (d— 1)}
i:2<i<d-—2andd-1 i}

{
{
0
SN — fis 1<i<d—1landi+ (d—1—1i)(d—1)(d—2)=0mod (d—1)}
{i: 1<i<d—1and (d—1)*|di}

0

Substituting into equation (4.2) yields that C' is isomorphic to the equation X¢ + Y9717 4 X791 = 0 and

we are done. 0

3.3. The moduli M['(Z/d(d — 2)). Assume that § € M} has a non-singular plane model isomorphic to the
curve C' : X4+ Y917 + oY Z9=1 = 0 of degree d > 4. The full automorphism group of § is given by the

following result:

Proposition 15. Consider § € M;l with the above property. Therefore Aut(d) is is the central extension
<o, 7| 02 =72 =1 and oro = 74D > of Dyg—2y by Z/d whenever d # 4,6. In particular Aut(0) is
of order 2d(d — 2). For d = 6, it is a central extension of Sy by Z/6 thus |Aut(C)| = 144 and for d = 4, § is
isomorphic to the Fermat quartic curve Fy hence Aut(8) ~ (Z/4)? x Ss.

Proof. Let € K such that pu%?=2 = a, then C is projectively equivalent, through the transformation
[X;uY; =@ Z], to the curve ¢’ : X? + Y 1Z 4+ Y Z% 1 =0 and hence it follows, by §6 of Harui [§], that
Aut(C") is isomorphic to Z2 x S3 (for d = 4), a central extension of Sy by Z/d (for d = 6) and a central extension
of Dy(g_gy by Z/d (d # 4,6). Finally, it is to be noted that o := [X;Z;Y] and 7 := [X;gd(d,my;g(gd_‘;QZ]
generate Aut(C") for d # 4,6 which completes the proof. O

Similarly to Propositions [[1] and [[4] we prove:

Proposition 16. A curve 0 of d > 4 belongs to Mfl(Z/d(d —2)) if and only if it has plane models that are
isomorphic to C : X%+ Y41 Z 4+ YZ41 = 0. Hence M (Z/d(d — 2)) is irreducible and consists of a single
element. Furthermore MP'(Hq) = M Z/d(d — 1)) = p(MF'(Z/d(d — 1))) where Hg is the concrete central
extension of Daq—2) by Z/d (d # 4,6), a central extension of Sy by Z/d (d = 6) or ~ (Z/4)? x S5 (d = 4),
which are detailed in Proposition I8, and p(Z/d(d — 2)Z) =< diag(l,&d(d_g),él;(;d_gl))) >.

Proof. 1t suffices to prove the “only if” statement since otherwise is straightforward by Proposition We
have by Theorem [ and because d(d — 2) t d — 1, d, d* — 3d + 3, (d — 1)?, d(d — 1) that any plane model of
0 is isomorphic to type d(d — 2), (a,b) of the form (4.1) of Theorem That is (a,b) € I'gq—2) such that
(d—1)a+b=0modd(d—2) and a+ (d —1)b =0 modd(d — 2). In particular, a = k and b = dk’ + k for some
integers k and &’ such that k and dk’ + k are coprime and d — 2|k + k’. Consequently we can take a generator
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k=1and k' =d—3, since [X;Caa—2)Y; (s 21" = [X;Chius)Yi Gt h Z]. Therefore

S@2yX ={i: 0<i<jandi+ (j—i)(d(d—3)+1)=0mod d(d—2)}
={i: 0<i<jandd(d—2)|j(d—1)—di}

=0 Vj=2,..,d—2 (because if d(d — 2) |j(d — 1) — di then d|j a contradiction)
S* = {i: 2<i<d-2and i+ (d—i)(d(d—3)+1)=0mod d(d—2)}
C{i:2<i<d—2andd-2|d—1-1}
= 0.
Hence C is isomorphic to X4 + Y417 + oY Z9=1 with o # 0. 0

3.4. The moduli M (Z/(d? —3d+3). The next result is well-known in the literature, see for example [8] §3].

Proposition 17. If§ € Mfl has a non-singular plane model of degree d > 5 that is K- equivalent to

C: Xy 4 v 172+ az971X =0,
where o # 0. Then Aut(d) is isomorphic to < T, o] 73443 — 53 — 1 and 70 = or~ @V > ¢ semidirect
product of Z.)3 by Z/(d* — 3d + 3) and hence Aut(8) is of order 3(d* — 3d + 3).

Proof. Through the transformation [X; uY; = (4=2 Z] where p is defined by the equation a = p 3443 in K|
C' is isomorphic to the Klein curve Ky. It follows, by Harui [§] §3, that Aut(C) is a semidirect product of Z/3
acting on Z/(d* — 3d + 3). Finally we note that 7 := [X; (s2_3443Y; (2 dS;lBZ] and [Z; X ;Y] are generators of
Aut(K ) and also satisfy the given representation. 0

Remark 18. The automorphism group of the Klein quartic curve is isomorphic to PSLo(F7), the unique simple
group of order 168 (see [9]). This completes the result for any degree d > 4.

The following result should be well-known in the literature, we write it for completeness.
Proposition 19. We have § € ]\4;”(Z/(d2 —3d+ 3)) only if 0 is isomorphic to the Klein curve
Kg: Xl 4+v41z4 291X =0.
In particular, MIY(Z/(d® — 3d + 3)) is irreducible being a set with one element and also
MPUAut(Kq)) = MPUZ) (@ - 3d + 3)) = p(MPU(Z/ (& - 3d + 3)))
where p(Z/d* — 3d + 37Z) =< diag(l,§dz_3d+3,§;2(f;;}rg) >.
Proof. Since d*—3d+3t d—1, d, d(d—1), d(d—2), (d—1)? for every d > 5 then C' is K-equivalent to a plane
curve of type d?—3d+3, (a,b) of the form (3) in Theorem[Blfor some (a,b) € 'y2_3443 such that a = (d—1)a+b =
(d—1)b(mod d* —3d+ 3). In particular every solution is of the form a = k and b = (d* —3d+ 3)k’ — (d — 2)k for

2 ’
some integers k and k’. Because [X;(z2_3443Y; gjf:;‘jig]k = [X; §§273d+3Y; §§§7§3‘f§3)k _(d_2)k], we can take
a generator a = 1 and b = d? — 4d + 5. Consequently

S = {i: 0<i<jandi+ (j—i)(d*—4d+5) = 1mod (d* — 3d + 3)}
= {i: 0<z<jand(d2—3d+3)|( (d—2)—i(d—1)+1)}
=0 V=23

The last equality comes from the fact [j(d —2) —i(d — 1) + 1| < d* — 3d + 3 then j(d — 2) —i(d — 1) +1 = 0.
This in turns gives d|2j — i — 1 which is impossible because 0 < 25 —i — 1 < d. Also

S§hZ = {i: 0<i<jandi+ (d—j)(d*—4d+5)=1mod (d* —3d+3)}
={i: 0<i<jand (d®>-3d+3)[((d—j)(d—2)—i+1)}

d
=0 Vj:2,...,L§J (since 0 < (d—7)(d—2)—i+1<d>—3d+3)



12 E. BADR AND F. BARS

Moreover
SHY = {i: 0<i<jand (d* —4d+5)i + (d — j) = 1 mod (d*> — 3d + 3)}
={i: 0<i<jand (d*—3d+3)|((d—j)— (d—2)i—1)}
d
= :2 —_
(Z)v.j 9 a|_2Ja

since |(d — j) — (d — 2)i — 1] < d*> —3d + 3 and if (d — j) — (d — 2)i — 1 = 0 then d — 2|j — 1 a contradiction
because always 0 < j — 1 < d — 2. Therefore C is isomorphic to XY + Y917 + aZ?1X with a # 0. The
full automorphism of the Klein curve is classified by Proposition[I7 and the second statement is proved. 0

4. CHARACTERIZATION OF CURVES ¢ € M["" WHOSE Aut(§) HAS “LARGE” ELEMENTS

In the previous section we proved that if m is “very large”, the moduli M, gP {(Z/m) is given by one element,
therefore are irreducible set. In general it is difficult, for an arbitrary m, to decide whether the set M} (Z/m)
is irreducible or not. We introduced in [I] a weaker concept than irreducibility that we call “ES-irreducibility”,
where a loci p(M['(G)) or MF(G) is said to be ES-irreducible if it is defined, up to K-isomorphism of plane
curves, via a single projective equation of degree d together with certain parameters that are associated to the
equation under some algebraic constraints, in other words, by an unique normal form up to K-isomorphism.
Also any element of the locus corresponds to a specific specialization of the parameters and vice versa. In
particular the “very large”-m loci M, f Y(Z/m) that appeared in §2 are ES-irreducible. It is not true in general
that M [ (Z/m) is ES-irreducible, see counter examples in [I], and therefore is not irreducible as a subset of the
moduli space M,.

We show here that a “large”-m locus M, f Y(Z/m) is ES-irreducible and we obtain further details of such loci.
The situations where m € {¢d,¢(d — 1)} are strongly related to inner and outer Galois points (we refer to [15]
for more details) which will help in determining, more precisely, the automorphism groups of these loci in some
cases.

One can read Henn [9] or [3] for the well-known results in the literature on quartic curves. Hence, in what
follows, we assume that d > 5.

4.1. Outer and inner Galois points with d > 5.

We are interested in non-singular plane curves § € Mf L of an arbitrary but a fixed degree d > 5 whose
automorphism groups contain homologies of period d (resp. d — 1). Recall that a homology is a finite planar
transformation such that by a change of variables it is the same as certain type m, (a,b) with ab = 0 (see
Mitchell [I3]). When a homology w of period d or d — 1 is present inside Aut(d), the genus of §/ < w > is zero
and d has a unique outer (resp. inner) Galois point P (see [8, Lemma 3.7] for existence and [15] for the definition
of an inner or an outer Galois point as well as the uniqueness in such casesH). Furthermore if a non-singular
plane curve § of degree d > 5 has an outer (resp. an inner) Galois point P, then 7(P) is also an outer (resp. an
inner) Galois point of § for any 7 € Aut(d). Consequently if 0 has an unique inner Galois point then it should
be fixed by the full automorphism group Aut(d) hence by [10, Lemma 11.44], Aut(d) is a cyclic group provided
that Char(K) = 0.

4.1.1. The loci MPNZ/0(d — 1)) with 2 < ¢ < d.
Lemma 20. The locus Mgpl(Z/é(d— 1)) where 2 < ¢ < d is not empty only if d =0 (mod £) or d =1 (mod ¢).

Proof. Since £(d —1)1d —1,d, d* —3d+ 3, d(d — 2) then ¢(d — 1)|d(d — 1) or (d — 1)? by Corollary B O

dAn outer Galois point, if it exists, is always unique except when the curve is isomorphic to the Fermat curve, in such case there

are exactly 3 outer Galois points.
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Proposition 21. Assume that d > 5 and 2 < { < d with d =0 (mod (), then § € MI'(Z/0(d — 1)) if and only

if & has a non-singular plane model that is K-isomorphic to

S C: XYt axz™ v Y BuaX Y
2<k<d—2

In particular Aut(d) is a cyclic group of order divisible by £(d — 1).

Proof. (<) Since o := [X Ce(d nYs CZ i-1)Z] € Aut(C) is of order {(d — 1) then § € MPNZ/0(d — 1)) and
moreover C' is not a descendant of the Klem curve Ky because £(d — 1) t 3(d? — 3d + 3). Also C is not a
descendant of the Fermat curve F, since 2(d — 1) { 6d and ¢(d — 1) > 2d for £ > 3 but Aut(F;) has elements
of order at most 2d. On the other hand, of = [X;Y;gffdfl)z] € Aut(C') is a homology of period d —1 > 4
with center Ps and axis Z = 0. Therefore the point P3 is an inner Galois point of C' (by Harui [8, §3]) and it is
unique (by Yoshihara [I5] §2, Theorem 4’]) hence should be fixed by Aut(C'). Consequently Aut(C) is a cyclic
group of order divisible by ¢(d — 1).

(=) Conversely, {(d—1)td—1, d, d* —3d+3, (d—1)? or d(d — 2) therefore § has a non-singular plane model
which is isomorphic to type £(d — 1), (a, b) of the form (5) of Theorem G In particular (a,b) € I'y4—1) such that
£(d — 1)|da and ¢(d — 1)|(d — 1)b therefore a = (d — 1)k and b = ¢k’ for some integers k and k’. If we consider
any integer m such that k = m (mod ) then [X; Q(d nY; Q(d 1 Z|(K =m)(@=1+K" — [x Ce((: 11))Y (f(kd/ nZl-
Consequently we can take k = 1 =k’ as a generator and we get

SHX = fi: 1<i<d—1and (d—1)i+ (d—i)l = 0mod £(d —1)}
= {i: 1<i<d—1and (d—1)|(d—1)i— (i —1)¢}
{i: 1<i<d—1land (d—1)|@i—1)}={1}.

N

Since £(d — 1)t (d — 1)(£ + 1) then S{* = 0. Also

=X = fi 1<i<d—1and (d—1)i+ (d—1—i)l =0mod £(d — 1)}
C{i:1<i<d—1land (d—1) i} ={d—1}.

But £(d — 1) { (d — 1)2 by the hypothesis on ¢, therefore S¢~ " = (). Moreover

S(2)3% = {i: 0<i<jand (d—1)i+ (j —i)l =0mod £(d — 1)}
Cli:0<i<jand (d—1)[j—i}={j} (since0<j—i<d—1)

By assumption, o € Aut(d) therefore S(2 ) (@b () if £4 7 and {j} otherwise. Substituting into equation (5)

in Theorem [0l we obtain the defining equation (1). O

We also obtain a similar result when d =1 (mod £):

Proposition 22. Assume that d > 5 and 2 < { < d with d =1 (mod (), then § € MI'(Z/{(d — 1)) if and only
if 6 has a non-singular plane model that is K-isomorphic to

(2) Xd + Ydflz 4 CYXZd71 4 Z BéhOdeekZZk
2<lk<d—2

In such case, Aut(d) is again cyclic of order divisible by ¢(d — 1).

£—1)(

Proof. (<) We need only to redefine o to be the automorphism [X; (yq—1)Y; §((d 1)

argument will be quite similar.

] and the rest of the

(=) It follows by Corollary Blthat § has a non-singular plane model which is isomorphic to type ¢(d—1), (a,b) of
the form (4.2) of Theorem B In particular (a,b) € I'y4—1) such that £(d —1)|(d — 1)a+b, (d — 1)b therefore b =
(d—1)k" and a = €k—Kk' for some integers k and k'. But [X; Cya_1)Y; gfd 1}@1 Dz)=k =[x )Y Cany 7]
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therefore it suffices to consider k = 1 and k' = ¢ — 1 and we obtain

SN — fii 1<i<d—1landi+ (d—1—i)({—1)(d—1)=0mod £(d— 1)}
={i: 1<i<d—1and £(d—1) |di} =0 (because 0 < i < £(d — 1)),
SEX = (i 2<i<d—2and i+ (d—i)({ —1)(d—1)=0mod £(d — 1)}
= {i: 2<i<d—2and {(d—1)|di — (d—1)}
{i: 2<i<d-—2andd—1|di} =0 (because 0 < i < d— 1),
S(2)3 % = {i: 0<i<jandi+ (j—i)({—1)(d—1)=0mod £(d—1)}
{i: 0<i<jand(d—1)|di—j(d—1)}
C {i: 0<i<jandd-—1|di} ={0}.

N

But 4(d — 1)|j(d — 1) whenever i = 0 thus ¢|j. Therefore equation (2) is obtained by substituting in the form
(4.2) of Theorem O

The following corollaries are immediate consequences of Propositions 21] and

Corollary 23. The loci MI'(Z/¢(d — 1)) with 2 < £ < d and d > 5 are empty or ES-irreducible given by one

normal form.

Corollary 24. The automorphism group of any 0€ M;l(Z/ﬁ(d— 1)) with 2 < ¢ < d is cyclic and always
contains a homology of period d — 1. In particular § has a unique inner Galois point.

Remark 25. The converse of Corollary is also true. In the sense that, if C' is a non-singular projective
plane curve of degree d > 5 such that Aut(C) contains a homology o of order d — 1 with center P then C has
an inner Galois point P by [8, Lemma 3.7] and moreover it is unique by [13, Theorem 4]. This point should be
fized by Aut(C') which in turns implies that Aut(C') is cyclic by [10, Lemma 11.44]. .

4.1.2. The loci MPNZ/td) with 2 < £ <d—1.
Lemma 26. The locus M}'(Z/td) where 2 < < d —1 is not empty only if d =1 (mod{) or d =2 (mod?).
Proof. The result follows by Corollary B since ¢dtd — 1, d, d> —3d + 3, (d — 1)2. O

Proposition 27. Assume that d > 5 and 3 <{ < d —1 with d = 1 (mod (), then § € MF'(Z/td) if and only if

6 has a non-singular plane model that is K-isomorphic to

(3) C: X +v?4axzi-! 4 Z ﬂEkpodfékZZk
2<lk<d—2

where o # 0. In this case, Aut(d) should fix a line and a point off that line and every automorphism of 0 is
projectively equivalent to a transformation of the form [a1 X + asZ; Y ;X + v3Z].

Proof. (<) Since o := [X;(},Y; ¢, Z) € Aut(C) is of order £d then § € MPYZ/td) and moreover ol € Aut(C)
is a homology of period d > 4 with center P» and axis Y = 0. In particular, by [13], Aut(C) fixes a line and
a point off that line or it fixes a triangle. Assume that it fixes a triangle and neither a point nor line is leaved
invariant, then C is a descendant of the Klein curve K, or the Fermat curve F,; which is impossible because
0d t 3(d? — 3d + 3) and elements of Aut(F,) have orders at most 2d < ¢d. Consequently a line and a point off
that line is leaved invariant. Also it follows by [§] §3, that the point P» is an outer Galois point of C. Moreover
it is unique because C' is not isomorphic to the Fermat curve Fy ( [15] §2 Theorem 4’) hence this point should be
fixed by Aut(C). Furthermore the axis ¥ = 0 should also be fixed (see [I3], Theorem 4) that is automorphisms
of C are of the form [y X + a3Z; Y ;71 X + y3Z].

(=) Conversely, one may follow the same line of argument in Proposition 2Ilto conclude that Cis isomorphic to
type 4d, (¢k, dk’) of the form (5) of Theorem [6 and to figure out that we can assume k =1 = £k’ as a generator,
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since [X;¢5,Y; ngZ](k/_m)d"’k = [X; kY Q%“/Z] where k = m (mod{). In this case, we get
SHX = {i: 1<i<d—1and li+ (d—i)d = 0mod ¢d}
— {i:1<i<d—1andd|i(d—¢)—d}
C{i:1<i<d-1anddi}=0.

Similarly S¢™"* C {i: 1<i<d—1andd |i} = 0. Furthermore i € S(2)9-X iff £d|¢i — (j — i)d thus d|i and
i =0. That is i € S(2)%X # () only if £|j which completes the proof. O

Remark 28. For ¢ = 2, proposition [27 is true with the same proof if we assume that § is not a descendent of

the Fermat curve of degree d.

There is a similar statement to the previous results when £|d — 2. We state only the result since the proof
can be obtained through similar techniques:

Proposition 29. Assume that d > 5 and 2 <{ < d — 1 with d = 2 (mod{), then 6 € MI'(Z/td) if and only if
& has a non-singular plane model that is K-isomorphic to

(4) C: X4 4yi1z4ayzit 4 > BaiY'Z4 = 0.
2<i=Ck+1<d—2

Moreover C is a descendant of the Fermat curve Fy (only if £ = 2) or Aut(d) fizes a line and a point off this
line (in particular automorphisms of C' have the form [X; B2Y + B3Z;v2Y + v37]).

Remark 30. Unfortunately it may happen here that different families of groups appear as the full automorphism
of 0 € Mgpl(Z/Ed) depending on the specialization of the parameters.

Corollary 31. The loci M} (Z/td) with 2 <{<d—1 and d>5 are empty or ES-irreducible.

It is well known by [8 Lemma 3.7] that if Aut(d) has a homology of period d then ¢ has an outer Galois
point. Moreover if § is isomorphic to the Fermat curve of degree d, then it has two more outer Galois points
and it is unique otherwise [I5, Theorem 4’ and Proposition 5’]. Furthermore we conclude the following:

Corollary 32. For any d € Mfl(Z/Ed) with 3 <€ <d—1, Aut(0) always contains a homology of period d. In

particular § has an unique outer Galois point.

4.2. On the loci Mfl(Z/ﬂ(d —2)7).

We investigate here the finite groups G that contain cyclic subgroups of order ¢(d — 2) and for which the locus
Pl : o _ —

M, " (G) may be not empty. This question is completely solved when d = 4 (see [9]) and d = 5 (see [2]) therefore

we assume in this part that d > 6 and also ¢ > 2.

Lemma 33. The locus M}'(Z/¢(d — 2)) with d > 6 and £ > 2 is non-empty only if d = 0 (mod ().

Proof. We haved > 6 > 2+ ;2 therefore {(d—2) > d and £(d—2) { d—1 or d. Also (d—1)? = d(d—2)+1,d(d—1) =
d(d—2)+dand d®> —3d+3 = (d—1)(d—2) +1 thus £(d—2) 1 (d—1)%,d(d — 1) or d* — 3d + 3, since (d—2) 1 d
or 1. Now the result follows by Corollary Bl O

We treat first the situation when ¢ is even:

Proposition 34. Suppose that £ > 2 is an even integer such that £|d with d > 6. Any § € M;l(Z/f(d —2)7)
has a plane non-singular model of the form

L3¢
(5) Xd + Yd—lz + O(YZd_l + Z ﬁQék,ékXd_QékY@kZ@k -0

k=1

In this case, the locus Mfl(Z/E(d —2)Z) is ES-irreducible.



16 E. BADR AND F. BARS

Proof. 1f 6 € MP'(Z/{(d—2)Z) then § has an automorphism o of order £(d—2). Consequently 7 := ore Aut(d)
is of order 2(d — 2), that is § € M}'(Z/2(d — 2)Z). Therefore we need only to deal with the case £ = 2. It
follows by Lemma [33] that a non-singular plane model C, ;) of ¢ should be isomorphic to type 2(d — 2), (a, b)
of the form (4.1) of Theorem [ for some (a,b) € T'yq—2y and 2(d — 1)[(d — 1)a + b, a + (d — 1)b. Clearly
(1,d —3) € I'y(4—2) is a solution of this system and [X;&y(q—2)Y; 53&372)Z] € Aut(C(1,4-3)). On the other hand,
2la —b and d—2|a+b, in particular a = k+ (42)k’" and b = —k + (%52)k’ for some integers k and &’ and we get
2|+ k+ (%l)k’. Consequently [X;£Q(d,2)Y;§2d(j’_2)Z]k+(%)k/ = [X;gg(d72)Y;§’2’(d72)Z] and m=2(d—2),a=1
and b = d — 3 is a generator of the set of solution of our system. Furthermore the associated sets Sg X and
S(2)3% for j =2,...,d — 1 are computed as follows:

SPX = {i: 2<i<d—2and 2(d—2)|i + (d—i)(d — 3)}
C{i: 2<i<d-—2and (d—2)2(i—1)}

d
—
since 0 < 2(i — 1) < 2(d — 2) therefore 2(i — 1) = d — 2. Also we have

S0y =i 0<i<jand 2(d—2)[i+ (j —i)(d - 3)}
C {i: 0<i<jand(d—2)[j— 2},

But [j — 2i| < d — 1 therefore j — 2i = 0 or +(d — 2). In particular, S(2)’* = 0 if j is odd and {Z, W}
if j is even. Moreover 0 < i < j thus when j is even and < d — 2, §(2)9% = {%} and when j = d — 2,
5(2)?=2X ={0, 452, d — 2}. Consequently, we obtain the form

S XAIyigE —

J
12

X 4+ Y4l Z 4oy Zz + X2 (ﬂdfz,ozdi2 + 50,d72yd72) + Z B;
j=2.4, .d—2,d

Because [X;fg(d_g)Y;ég&iQ)Z] € Aut(Ch,4—3) hence Bq—20 = Bo.a—2 = 0 moreover ﬂjﬁ(%) =01if 2¢1 5. To deal
£ > 2 even one obtain the result y impose that the automorphism associated to Type ¥, (a,b) leaves invariant
the equation. 0
Proposition 35. Let £ > 2 be an even integer such that £|d with d > 6 and let G be a finite group inside

e~

PGL3(K). Then ¢ € Mfl (Z/t(d —2)Z) " MPYG) only if one of the following situations occurs:

(1) d = 6 and G is conjugate to a central extension of Sy by Z/6Z. In this case, G is of order 144 and
M/g;l_(a) s an irreducible set that is given by one element which has a plane non-singular model of the
form X8 +Y°Z +YZ5=0.

(2) d > 6 and G is conjugate to < o, 7| = oM =1, 707 = o~ (
2d(d — 2) of Dyg—oy by Z/dZ. Also MPY(G) is an irreducible set and is given by one element with a
non-singular plane model isomorphic to X% + Y317 + Y Z4-1 = 0.

(3) d = 6 and G is isomorphic to SmallGroup(16,8) in GAP library. Furthermore any element of
MEN(SmallGroup(16,8)) has a non-singular plane model, K -isomorphic, to X+Y°Z+Y Z°+ 42 X?Y?Z? =
0 for certain Ba2 # 0.

(4) d =10 and G is isomorphic to SmallGroup(32,19) in GAP library. Similarly ML (SmallGroup(32,19))
consists of a curves which has a non-singular plane model (up to K -equivalence) of the form X'°+Y°Z+
YZ° + ﬁ674X6Y2Z2 + 62,8X2Y4Z4 =0 with (Bs,4,B2,8) # (0,0).

(5) d # 6,10 and G is an element Ext' (N, Dyq_2)) where N is a cyclic group of order 2r(|d). Moreover
G contains < o,7 : 72 = olld=2)
MPYG) has a non-singular plane model of the form () of Proposition such that Bogesr # 0 for
some k € {1,..., [£]}.

d=1) > 4 central extension of order

= landtor = 0~V > as a subgroup. Also every element of

Proof. Tt is sufficient, by Proposition B4l to consider non-singular plane curves that is defined by equation (&).

First, assume that Sogg e = 0 for all k = 1,..., \_%J, thus elements of MgPl(G) have a plane model which is
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isomorphic to the form X + Y9 1Z 4 aY Z?~! = 0. The full automorphism group in such case is well known
by Proposition [[8 This proves (1) and (2).

Secondly, suppose that fa/;.¢; # 0 for some j € {1, ..., LQ%J }. Tt is to be noted that the form (H) of Proposition
B4 always admits a a bigger automorphism group namely, Gy :=< o,7 > of order 2{(d — 2) where o :=
[X;«fl(d,Q)Y;fg(;iz)Z] and 7 := [X;uZ; p~'Y] with p4=2 = a. Consequently Aut(C) is not cyclic, since Gy
does being isomorphic to < o, 7|72 = ¢(4=2) = 1, andror = 0=~ >. Also C is not a descendant of the
Klein curve K, because |Go| 1 3(d? — 3d + 3). Moreover Aut(C) is not conjugate to any of the finite primitive
subgroups of PGL3(K), since £(d — 2) > 8 and non of these groups contains elements of order > 7 (in fact, the
Klein group PSL(2,7) is the only primitive group in PGL3(K) with elements of order 7). On the other hand,
C' is not a descendant of the Fermat curve, since ¢(d —2) > 2d for all £ > 2 and elements of Aut(Fy) have orders
at most 2d also for £ = 2, 4(d — 2) 1 6d* because d > 6 and is even.

Now it follows by the above argument that Aut(C') should fix a line and a point off that line where the fixed
point does not belong to C. But we have 0,7 € Aut(C) therefore the line must be X = 0 and the point is P;.
In particular, automorphisms of C' are of the form [X; 35Y + 85Z; Y + v5Z] and we can think about Aut(C)
in a short exact sequence 1 = N — Aut(C) — p(Aut(C)) — 1 with N =< diag(fg/; 1;1) > a cyclic group of
order dividing d, p(Aut(C)) is conjugate to a cyclic group Z/mZ of order m < d — 1, a Dihedral group Do,
where m|(d — 2) (recall that diag(—1;1;1) € N), the alternating groups A4, As or the permutation group Sy
and p : PBD(2,1) < PGLy(K) is the canonical map where PBD(2,1) is the subgroup of PGL3(K) that all
the entries in the third column and third row are zero except the one in the diagonal which has value 1. It
suffices to consider the case £ = 2, since M}'(Z/(d — 2)Z) € M (Z/2(d — 2)Z). Hence p(Aut(C)) contains

1 0
the element p(7) = ( (_)1 'g) of order 2 and the element p(o) = d—a ) of order d — 2 (only if 41 d — 2)
W

0 &5a—2)
and % (otherwise) therefore p(Aut(C)) always contains a dihedral subgroup and then it is not conjugate to a
cyclic group Z/mZ. Now if 41 d — 2 (resp. 4|d — 2 and d # 6,10) then p(Aut(C)) has elements of order > 5. In
particular, it is not conjugate to any of the groups A4, Sy or As. Thus p(Aut(C)) is conjugate to Dy(y—2) but
also we have 4(d — 2)||Aut(C)| therefore 2||N| and the case (5) is proved. It remains now to determine the full
automorphism group when d = 6 or 10:

For d = 6, the equation (B]) in Proposition [0 become X°® + Y57 + Y Z5 4 54 X?Y?2Z? = 0 with 24 # 0.
Let n € Aut(C) then 7 is of the form [X; 32Y;793Z] or [X; B3Z;72Y], since the monomials X2Y* and X274 are
not in the defining equation of C. Hence we must have 8373 = 8273 = 393 = 1, which in turns implies that
|Aut(C)| = 16. Therefore Aut(C) is conjugate to < o, 7|7% = 0% = land o7 = 03 > with 0 := [X;&Y; &3 7]
and 7 := [X; Z;Y] which is SmallGroup(16,8) in Gap list. By a quite similar argument, one conclude that
when d = 10, the plane non-singular model is reduced to X104+ Y97 + Y Z% + B 4 X®Y 222 4 B2 s X?Y*Z* with
(Bs.45 Ba.8) # (0,0). Also |Aut(C)| = 32 where Aut(C) =< 0,7 > with 7:= [X; Z;Y] and 0 := [X;£16Y; 64 7]
and hence Aut(C') is isomorphic to SmallGroup(32,19).

This completes the proof. O

—~

Corollary 36. The locus MPY(Z/l(d — 2)Z) is always empty for any even integer £ > 2.
Now we treat the situation for which ¢ is odd:

Proposition 37. Suppose that £ > 2 is an odd integer such that €|d with d > 6. Any non-singular plane model
of 6 € M;l(Z/f(d —2)7) is K-isomorphic to the form

(6) Xd + Ydflz + O[YZdil + Z ﬂ?ek,ekXd72lkYekZek _ 0,
k=1

where n = £ if d is even and %2 | otherwise. In particular, the loci MPYZ/(d - 2)Z) are ES-irreducible.
Proof. Again, by Lemma B3] any plane non-singular model of ¢ is K-isomorphic to type ¢(d — 2), (a,b) of

the form (4.1) of Theorem [ for some (a,b) € I'yq—2y and £(d — 1)|(d — 1)a + b, a + (d — 1)b. In particular,
2a = (d — 2)k{, + lko and 2b = (d — 2)k{, — lk¢ for some integers ko and k| and we distinguish between whether
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d is even or odd as follows: If d is even then so is ko and a = ¢k + (452)k', b = —(k + (d;2)kz' for some integers
k and k'. Moreover ¢|2k/, since £(d —2)|(d — 1)a+ b and consequently [X; &y(4—2)Y; gé(d 2)d 2)- Z]€k+(%)k/ =
(X5 & a—n)Ys 52@1—2)2]' Therefore a = 1 and b = (¢ — 1)(d — 2) — 1 is a generator of the set of solutions of the
system. As usual, it remains to determine the sets SQd’X and S(2)7X for j =2,...,d—1 withm =£(d—2),a =1
and b = ({—1)(d—2)—1. In fact these sets are the same as seen in the proof of Proposition B4l and the rest will
be typical except possibly we use the automorphism [X;fg(d,g)Y;fé_(;d_;;) Z] instead of [X;&yq—2)Y; Q(d 2) ]
to obtain the required equation in this case. If d is odd then ko and k{ have the same parity and a =
L(lho + ky(d—2)),b = L(—lho + kj(d —2)). Also 2| £ ko + (4)k{, since £(d —2)|(d — 1)a+b, a+ (d — 1)b
and in particular, we can replace ko by 2k — ( )k{ for some integer k. Consequently fe(d 9) = ‘Ee (d- ? and
(X5 &ua—2)Y; Q(d 21)Z] [X;gg(dd)Y;gg(df?) Z]. Hence a = 1 and b = (¢ — 1)(d — 2) — 1 is again a generator
of the set of solutions. Finally, the sets S$° and S(2)7¥ for j = 2,...,d — 1 with m = ¢(d — 2), a = 1 and
= ({—1)(d—2)—1 are given below:
SIX = {i: 2<i<d—2and {(d—2)[i+ (d—i)(((—1)(d—2)—1)}

d
= {i: 2<i<d—2andd—27(i-1)}

=0
The last inclusion can be easily deduced because 0 < 4(i — 1) < 4(d — 2). Therefore 4(i — 1) = p(d — 2) for
some 1 <y < < & — 1. This in turns gives %|  (since % is odd) which is not possible. Also, we have

S(2)X = {i: 0<i<jand {(d—2)|i+ (j —4)((£—1)(d—2)—1)}
= {i: 0<i<jand l(d—2)|(d—1)j—di}
C {i: 0<i<jand (d—2)|j—2i}

0, if jef1,3,...d—4)
Because |j—2i| < d—1 therefore j—2i = 0, +(d—2) and S(2 ) (ap) = 10,d -2}, ifj=d—2
{1} otherwise

Moreover we obtain the form

X4V Z 40V 297+ X2 (Ba20 272 4 fana oY)+ Y B XTIYEZE =0
j=2.4,...,d—1

But [X; €ua—2)Y; &) 2] € Aut(C) then Ba-s0 = fu—s,a—2 = 0 moreover B, ; = 0if (14,
This completes the proof. O

The full automorphism group of the elements of the locus M} (Z/¢(d — 2)Z) with £ > 3 odd is determined
by the result:

Proposition 38. Let ¢ > 3 be an odd integer such that ¢|d with d > 6 and let G be a finite group inside
PGL3(K). Then § € MPNZ/(d — 2)Z) N MPYG) only if one of the following situations occurs:
(1) d = 6 and G is conjugate to a central extension of Sy by Z/6Z. In this case, G is of order 144 and

M/g;l_(a) is an irreducible set that is given by the single element X6 +Y°Z +Y Z5 = 0.

(2) d > 6 and G is conjugate to < o,7|7> = o412 =1, 707 = =@V > a central extension of order
2d(d — 2) of Dya—2y by Z/dZ. Also M/f\l(/G) s an irreducible set and is given by one element with a
non-singular plane model isomorphic to X¢ + Y4 1Z + Y Z4~1 = 0.

(3) £ =5,d =10 and G is conjugate to SmallGroup(80,25). In this case every § € M (SmallGroup(80,25))
has a non-singular plane model which is K -equivalent to X' +Y°Z + Y Z% + B195Y°Z5 = 0 with
Bros # 0.

(4) £ > 3,d # 10 and G is an element of Ext'(N, Da,,) where N is a cyclic group order dividing d and
m=d—2 with21d and {||N| or m = % with 2|d and 2¢||N|. Moreover G contains a subgroup

which is isomorphic to < o,7 : 72 = o' = landror = o=@V > as a subgroup. Also, every
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element & € MPYG) has a plane model that is K- equivalent to @) such that Baje; # 0 for some
je{1,2,..,n}.

Proof. We could apply the same argument of Proposition [33] to conclude the following:

e Case (1) or (2) occurs if and only if Bapk e =0 for all k € {1,2,...,n}.
e Every plane non-singular model C of § € M’ {(Z/6(d—2)Z) (which is isomorphic to equation (@) admits
always Gy as a subgroup of order 2¢(d — 2) with o := [X;fg(d_g)Y;ée_(l(id__Ql)Z] and 7 1= [X;uZ; u=1Y]

)
4=2 — (. In particular, Aut(d) is not cyclic

where p
e § is not a descendant of the the Klein curve and also Aut(d) is not conjugate to any of the finite primitive
groups inside PGL3(K).

o If / #3 or d# 6, J is not a descendant of the Fermat curve.

Assuming that ¢ # 3 or d # 6 and following the same ideas, we can think about Aut(C') in a short exact sequence

1 = N — Aut(C) — p(Aut(C)) — 1 where p(Aut(C)) contains the element p(7) = ( ?1 'g) of order 2 and
w

1 0
the element p(o) = (0 a of order d — 2 (only if 2 { d) and 452 (otherwise). In particular, p(Aut(C)) is
d—2

not cyclic. Moreover, if 2 1 d (resp. 2|d and d # 10) then p(Aut(C)) is not conjugate to Ay, Sy or As , since
it has an element of order > 5. Consequently p(Aut(C)) is conjugate to Dy(4_2y or DQ(%) (only if 2|d) and
|Aut(C)| = 2(d — 2)||N| or (d — 2)|N|. Therefore |N| should be divisible by £ or 2¢, since 24(d — 2)||Aut(C)|.
If d = 10 then £ =5 and the equation (@) in Proposition BT is reduced to X1° + Y97 +YZ° 4+ 3,Y*Z5 = 0.
Also N =< diag(&10;1;1) > and p(Aut(C)) is not conjugate to As or As, since Dg = p(Aut(C)). Therefore
p(Aut(C)) is conjugate to Sy, Dig or Ds. If p(Aut(C)) = Sy then there exists an element 7/ € PGLy(K) such
that p(0)27’ and 771 p(7)p(c)? are of order 2 and moreover p(a)?(p(7)7'p(7)) = p(7)p(c)?7’. The first relation

gives 7' = ,u11 24 , and then imposing the second condition to get IX € K* such that Ay = —pu1, \n =
1

—py Apn = G and AT tEY = pg hence —1 = A% = 1 a contradiction. If p(Aut(C)) = D16 then there must
be an element 7/ € PGL2(K) of order 2 such that 7/p(c)? has order 8 with p(7), p(c) €< 7/, p(0)? >= D16. In
0 pe
ps 0 )
In this case 7/7/p(c)? is of order 2 < 8 a contradiction. We then conclude that p(Aut(C)) is conjugate to Dg
and |Aut(C)| = 80. More precisely, Aut(C) is generated by o = [X;&40Y ;&0 Z) and 7 := [X; Z; Y] which is
isomorphic to < 0,7 : 72 = 010 = landror = 079 > = SmallGroup(80, 25).

Finally it remains to treat the case £ = 3 and d = 6 where C : X +Y°Z +YZ° + 31Y32Z3 = 0 is
a descendant of the Fermat sextic curve through a transformation P € PGL3(K). Since C' admits an au-
tomorphism o := [X;&Y;65° 7] of order 12 then o* = [wX;Y;Z] € Aut(C) is a homology of order 3.
Also homologies of order 3 inside Aut(Fg) are divided into Sy = {[wX;Y;Z], [X;wY;Z], [X;Y;wZ]} and
Sy = {[w?X;Y; Z], [X;w?Y; Z], [X;Y;w?Z]} where both sets lie in different conjugacy classes in PGL3(K).
Consequently P~'o0*P € S; and because the elements of S; are conjugate to each others inside Aut(Fg),
we need only to consider the situation P~lo*P = of. Thus P = [X;u2Y + p3Z;y2Y + 93Z] and C is
transformed to the form C' : X6 + 1Y% + 14 Z5 + G(Y, Z) where vy = vapun (V3 + Bu3v3 + p3) (= 1) and
vi = sps (3 + BusnE +u5) (= 1), In particular, (yape)(vsus) # 0 and [§§Y368X: 2], [§62;Y5€8X] ¢
Aut(C). Hence PloP = [X;Z;&8Y] € Aut(C) with b = 1 or 5, since elements of order 12 in Aut(Fg)
are [X;€87;€8Y], [8Y;€8X; Z) or [€87;Y ;€2 X] such that ged(6,a + b) = 1 and moreover any such element is
conjugate inside Aut(Fs) to [X; Z;€8Y] with b = 1 or 5. On the other hand, P~17P € Aut(C) is of order 2
thus i3 = pio, y3 = Y2 OF fi3 = —fiz, Y3 = —~2, which in turns reduces C to X6+ (Y 4 Z)6. This is not possible

particular (7/p(0)?)? = p(o) or p(oc)~! (being the only elements of order 4 inside Djg) hence 7/ =

because [X; Z; £2Y] with b =1 or 5 does not retain 6’, therefore C' is not be a descendant of the Fermat curve.
This completes the proof. 0
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APPENDIX A. TABLES OF TYPE m(a,b) FOR DEGREE d < 9

In this appendix we introduce tables for the types of cyclic groups and the equations that are obtained as a
result of §2 with respect to low degrees. In particular, we list the possible m, (a,b) such that pp, q»(M}"*(Z/m))
may be non-trivial, and we associate a normal form F(X;Y;Z) = 0 for such loci, where any element of the
locus has a plane non-singular model for some specialization of the parameters. The notation of the parameters,
for a fixed degree d, are unrelated from one type to another one: for example, we use, by an abuse of notation,
Bi.j as the parameter of the monomial X¢~7Y*Z7=% in any normal form.

It might happen that two types m, (a,b) and m, (a’,b) are isomorphic through a permutation of the variables
or F(X;Y;Z) decomposes into a product X.G(X;Y;Z). The following tables are obtained by compiling the
SAGE code of Theorem [6l and then removing those types which are isomorphic to a certain type or are not
irreducible, see the programm in http://mat.uab.cat/~eslam/CAGPC.sagews

TABLE 1. Quartics

Type: m, (a,b) F(X;Y;2)
12, (3,4) X4yt +axz?
9,(1,6) X'+ Y3Z 4+ axz?
8, (1,5) X' 4Y3Z +ayZz?
7,(1,5) XY +Y3Z+aZ3X
6, (3,4) X4 4 Yt 4+ aXZ% + BaaX?Y?
4,(1,2) XY 4 Y 4 Z 4 Bo0X?Z7 + B32XY2Z
4,(0,1) Z* 4 Laz
3,(1,2) X'+ X(Z° 4+ aY?) + o X°YZ + BapY? 27
3,(0,1) Z%L1z + Laz
2,(0,1) Z* 4+ Z%Lo 7z + La z
TABLE 2. Quintics
Type: m, (a, b) F(X;Y;2)
20, (4,5) X54+YS+axz4
16, (1,12) X+ Y Z +aXZt
15, (1,11) X°+Y4Z +aYZt
13,(1,10) XY +YYZ +aZ'X
10, (2,5) X5+ Yo+ aXZ4 4 Be X322
8,(1,4) X5+ Y4Z + aXZ* + Pa X322
5,(1,2) XP+YP + 2%+ B30 X?YZ? + BusXY3Z
5,(0,1) Z° + Ls 7
4,(1,2) X° 4+ X (Z% + oY) + Bo o X3Z% + B32X2Y?Z + 35 2Y2 23
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1) Z*Lh,z+ Ls.z

L2) | XP+Y*'Z+aYZ + By XY Z + X?(Bs,02° + B3,3Y?) + Bap XY?Z?

(0,1) Z'Ly,z 4+ Z°Lsz + Ls.z

TABLE 3. Sextics

Type: m, (a, b) F(X;Y;Z)

30, (5,6)

X0 +YS +axz®

25, (1,20)

XS+Y°Z4+ax2z®

24, (1,19)

XS +Y°Z+aYZz®

21, (1,17)

XY +Y°Z+aX2°

15, (5, 6)

X+ VS 4 aXZ5 4 B33X3Y3

12,(1,7)

XS+ Y®Z +aYZ5 + BesY323

XO 4+ YOS +aXZ° 4 B2 X4Y2 + Baa X2V

XS4 YSZ +aYZ® + 12 X2Y?2Z2

X0 4vo 4 z6 4 ﬁs,oXsZ3 + 54,2X2Y222 + 55,4XY4Z

X+ YO+ 2%+ 320X Z% + B6,3Y° Z° + X?(Ba0Z* + BasY>Z)

7% + Loz

XO 4 XZ° +aXY® + 831 X3Y 22 4 Bus X?Y3Z + B2 Y224

X6+ XZ° + aXY® + Bon XY Z + BaaX2Y2Z2 + Bs5Y3 23

Z°L1,7 + Lo,z

XY Z+aYZP + B63Y3Z% + B XY Z + X? (54,024 + Bu2Y?Z% + B4,4Y4)

Z% + Z°Ls 7 + Lo .z

N | Wk || ot || D

Z% 4+ Z'Lo 7 + Z?Laz + Lo 2

TABLE 4. degree 7

Type: m, (a, b) F(X;Y;Z)

42, (6,7) X"4+Y"+aXxz®

36, (1,30) X"+YZ 4+ axz°

35, (1,29) X"+YSZ+aYZzt

31, (1,26) XY +YSZ +axz8

21,(3,7) X"+Y"+aXZ5 4 30X 23

18,(1,12) X"4+YZ +aXZ5 4 30X 23

14, (2,7) X" 4+Y" +aXZ% + fo0XPZ% + Buo X3 2"

12,(1,6) X"4YZ +aXZ% + BooX?Z% + Bao X3 2"

9,(1,3) X"4YZ +aXZ% + 330X Z% + B53X°Y3 22

X4 Y "+ Z7 4+ Bun X3Y Z3 4+ B5 3 X2Y3 22 4 Be s XY Z

2)
1,3) X4 Y 4+ Z7 + B3 1 XY 22 + Bs a X2YZ + Bo 2 XY2 21
1) Z"+ L1,z

21
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X'+ XZ° +aXY® + B30X"Z% + BuoX3Y?Z% + B5 4 X?YZ + Br2Y? 2P

X'+ XZ° +aXYO + B0 X®Z% + B33 X Y + BuoX3Z" + B53X2Y3Z2 4 Br3Y3 2%

Z°L1,7 4+ Lr,z

X"4+YZ4+aYZ0 + on XY Z + Ba2 XY Z% + B6,s XY Z% + X* (B5,02° + B5,5Y )

X"+ YZ +aXZ5 4 B20XPZ2 4+ B32X*Y2Z + B52X2Y?Z3 4 B a XY Z? + Br Y2 25+
+X%(Ba0Z"* + BaaY?)

3,(1,2) | X"+ XZ5 +aXYS 4 Bo 1 XV Z + BuoX3Y22Z% + Be3XY3Z5 + Br oY 22 + Brs YO 224
X* (B30 Z° + B33Y?) + X2 (Bs1Y Z* + B5.4Y*Z)
3,(0,1) Z801,7 +Z%Laz + Lr 2
2,(0,1) Z801,7 + Z* L3z + Z*Ls.z + L1,z
TABLE 5. degree 8
Type: m,(a, b) F(X;Y;2)

56, (7,8) X84V +axz’

49, (1,42) X8 4+Y"Z+aXZ"

48, (1,41) X8 4+Y'Z+avZ"

43, (1,37) XY+Y"Z+aXZ"

28, (7,8) X84V +aXZ™ 4 By4X*Y?

24, (1,17) X84 Y'Z4+aYZ + BsaYiz?

16, (1,9) X84 Y"Z+aYZ 4+ BssYOZ3 + B 3Y32Z°

14,(7,8) X84V +aXZ™ + B22X0V? + Baa XY + Bo s X2YO

12, (1,5) X84 YTZ4+aYZ 4 BeaY*Zh + BuoXAY? 22

8,(1,2) X84V 4 Z8 4 Buo X424 4 Bs o X3Y 225 + Boa XY Z2 + Br 6 XYOZ
8,(1,3) X3+ VS + 2% + Bua X Y222 + BsaY'Z + X (B6,1Y Z° + P65 Y Z)
8,(1,4) X84 Y+ Z8 4+ oo X®Z% + Buo X Z" + B5.aXPYZ + B6,0 X2 Z5 + Bra XY ZP
8,(0,1) Z8 + Lg »
7,(1,2) X8 4+ XZ" 4 aXY" + Bun XY Z3 + Bs 3 X3Y3 2% + Be s X2YPZ + s 2Y? 28
7,(1,3) X8 4+ XZ" 4+ aXY" + B3 XY Z? + Bs u X3V Z + Bo o X2Y?ZY + B3V Z°
7,(1,6) X84 XZ" + XY + Lo XOVZ 4 Buo X Y2 2% + Be s X2Y3Z3 + Bea Y Z?
7,(0,1) Z'L1,z + Ls z

6,(1,5) X84 Y'Z4+aYZ 4+ o1 XV Z + BuoXY2Z% + B uY*2Z*

+X%(B6,02° + Be,sY>Z° + Bs.6Y°)
4,(0,1) Z8 4+ Z*La 7z + Ls #
3,(1,2) XS+ Y 'Z+aYZ" + BsaY'Z + o1 XOYV Z + Bao X Y2 2% + XP(Bs,02° + BasY?)+
+X3(B51Y Z* + B54Y*Z) + X?(B6,02° + Bo,3Y > Z° + Bs.6Y®) + X (Br2Y2Z° + Br5Y " Z%)

2,(0,1) Z8 4+ 7Lz + Z'La.z + Z°Le.z + Ls.z
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TABLE 6. degree 9

Type: m, (a, b)

F(X;Y;2)

72, (8,9) X4V +axz®

64, (1,56) X'+ Y¥Z 4 aXxz®
63, (1,55) X%4+Y®Z +aYZ®
57, (1,50) XY +Y8Z +aXx28

36, (4,9) X4 Y? +aXZ® + Bi0X° 2"
32, (1,24) X4+ Y3Z +aXZ8 + BioX° 7"

24, (8,9) X2 4Y? +aXZ8 + B33 X0V + Bs,6 X3YC
21, (1,13) X9+ Y3Z +aYZ® + Be s X?YV3Z?

18,(2,9) X4 Y2+ aXZ8 + BooX 2% + Bao X Z* + Be o X3 2Z°

16, (1,8) X4 YSZ 4 aXZ8 + Boo X Z? + Bao X Z* + Bs 0 X320

12, (4,9) X4 Y%+ aXZ8 + B33X°Y? 4 B0 X Z' 4+ Bos X3YC + Br3X2Y3 2%

9,(1,2) X4 Y24+ 2%+ Bs i XY ZY + Bs s X3Y3Z3 + Brs X2YO 22 + B XY Z

9,(1,3) X4 Y? 4+ Z° 4 B3,0X 72 + Bs 3 X Y322 + B6,0X3Z5 + Brs X?YCZ + By 3 XY32°
9,(0,1) Z° 4 Loz

8,(1,2) X4 XZ% +aXY® + BuoX®Z" + B5oX Y223 + BoaXPY 1 Z2 4 Br6 X?YCZ + o2 Y227
8,(1,4) X4 XZ% + aXV8® + Boo X 2% + BaoX°Z* + Bsa XY Z + Bo.0 X3 Z8 + BraX?Y1Z3 4 Bo Y ZP
8,(1,6) X4 XZ8% +aXV® + B32XOY?Z 4 Ba,o X Z 4+ Boa X3V Z% + Br2X2Y2ZP + Bo s YO 25
8,(0,1) Z%L1,z + Lo,z

7,(1,6) XO4 Y Z+aYZ8 + fo1 XY Z + LaoX Y2 Z% + Bo 3 XPY3 23+

+B34 XY Z* + X? (Br0Z" + Br7Y")
6,(2,3) X4 Y 4+ aXZ8 + BooX 2% + B33 XY 4 Bao X Z4 4 Bs 3 XYV3 22+
+Br3 XY 2% + BraY 320 + Bs s YO Z% + X3 (Bs0Z° + Be.cY )
4,(1,2) X% 4 XZ8% 4 aXY® + Boo X" 2% + B30 XY2Z + B52XY2 2% 4 Beu XY 20+
Bo2Y?Z" + BosY®Z® + X° (54,024 + 54,4Y4) + X3 (56,026 + 56,4Y4ZQ) + X2 (57,2YQZ5 + ﬁ?,o‘YSZ)

4,(0,1) Z8Ln,7 + Z*Ls 7z + Lo,z

3,(0,1 Z° +Z%Lsz + Z°Le,z + Lo,z

2,(0,1) 2811 7 + Z5La,z + Z'Ls.z + Z°Lr,z + Loz
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