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EQUATIONS FOR SECANT VARIETIES OF CHOW VARIETIES

YONGHUI GUAN

ABSTRACT. The Chow variety of polynomials that decompose as a product of linear forms has
been studied for more than 100 years. Finding equations in the ideal of secant varieties of
Chow varieties would enable one to measure the complexity the permanent to prove Valiant’s
conjecture VP # VINP. In this article, I use the method of prolongation to obtain equations
for secant varieties of Chow varieties as GL(V')-modules.

1. INTRODUCTION

1.1. Motivation from algebraic geometry. There has been substantial recent interest in the
equations of certain algebraic varieties that encode natural properties of polynomials (see e.g.
[0, 24] 211, 25| 26]). Such varieties are usually preserved by algebraic groups and it is a natural
question to understand the module structures of the spaces of equations. One variety of interest
is the Chow wvariety of polynomials that decompose as a product of linear forms, which is defined
by Chy(V) = P{z € S|z = wy--wy for some w; € V} c PS4V, where V be a finite-dimensional
complex vector space and PS?V is the projective space of homogeneous polynomials of degree
d on the dual space V™.

The ideal of the Chow variety of polynomials that decompose as a product of linear forms
has been studied for over 100 years, dating back at least to Gordon and Hadamard. Let
S‘S(SdV) denote the space of homogeneous polynomials of degree § on SV*. The Foulkes-
Howe map hsq : S°(SV) - SU(S°V) (see §21 for the definition) was defined by Hermite
[19] when dim V' =2, and Hermite proved the map is an isomorphism in his celebrated “Her-
mite reciprocity”. Hadamard [16] defined the map in general and observed that its kernel is
Is(Chq(V™)), the degree 6 component of the ideal of the Chow variety. The conjecture that hs g
is always of maximal rank dating back to Hadamard [I7] has become known as the “Foulkes-
Howe conjecture”[9], 20]. Miiller and Neunhéffer [30] proved the conjecture is false by showing
the map hs 5 is not injective. Brion [I} 2] proved the Foulkes-Howe conjecture is true asymp-
totically, giving an explicit, but very large bound for ¢ in terms of d and dim V. We do not
understand this map when d > 4 (see [1I 2] @ [17), 20, 27]).

Brill and Gordon (see [I1, 12} 22]) wrote down set-theoretic equations for the Chow variety
of degree d + 1, called “Brill’'s equations”. Brill’s equations give a geometric derivation of set-
theoretic equations for the Chow variety, I computed Brill’s equations in terms of a GL(V)-
module from a representation-theoretic perspective [13], where GL(V') denotes the general linear
group of invertible linear maps from V to V.

Let W be a complex vector space and X c PW* be an algebraic variety, define ¢2(X) =
Upy o prex(P1s,pr) € PW?*, where (p1,---,p,) denotes the projective plane spanned by pi, -, p,.

Define the r-th secant variety of X to be 0,.(X) = ¢9(X) c PW*, where the overline denotes
closure in the Zariski topology.

Secant varieties of Chow varieties are invariant under the action of the group GL(V'), therefore
their ideals are GL(V')-modules (see §2.7]). Previously very little was known about the ideals
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of secant varieties of Chow varieties, I obtained determinantal equations for these varieties in
[14]. In this article, I obtain equations for secant varieties of Chow varieties in terms of GL(V')-
modules based on what we know about the ideal of Chow varieties.

1.2. Motivation from complexity theory. Leslie Valiant [34] defined in 1979 an algebraic
analogue of the famous P versus NP problem (see Appendix in §8). The class VP is an
algebraic analog of the class P, and the class VNP is an algebraic analog of the class VP.
Valiant’s Conjecture VP # VINP [34] may be rephrases as “there does not exist polynomial size

circuit that computes the permanent”, defined by perm,, = ¥ cs, Z15(1)Z20(2) " "Tno(n) € S"(C"z,

where &, is the symmetric group and C™ has a basis {xij}1<i,j<n- The readers can refer to
Appendix in §8 to learn more about circuits, complexity classes and Valiant’s Conjecture.

Let h, and g, be two positive sequences, define h,, = w(gy,) if lim,_ % = oo.

A geometric method to approach Valiant’s conjecture implicitly proposed by Gupta, Ka-
math, Kayal and Saptharishicite [15] is to determine equations for certain secant varieties. The

following theorem appeared in [23], it is a geometric rephrasing of results in [15].
Theorem 1.1. [15, 23] If for all but a finite number of m, for all r,n with rn < gvmlog(m)w (1)

(0" perm,, ] ¢ 0,(Chy, (C™ 1)),

then Valiant’s Conjecture VP = VNP [34] holds.

Theorem [[T] motivated me to study the varieties o,.(Chg(V)). Although the equations I
obtain here cannot separate VP from VINP, the results come from a geometric perspective,
and these are the first low degree equations for secant varieties of Chow varieties, in addition to
the non-classical equations obtained in [I4].

My results include

Equations for o9 (Chs(C®*)) (Theorems 2] and [L3).

Equations for o,.(Chs(C**)) (Theorem [LZ).

Properties related to plethysm coefficients (Theorems [6.3] and [7.2]).
Equations for o,(Chq(C%*)) when d is even (Theorem [LH)

1.3. Results. Let X c W* be an algebraic variety. Suppose we know the ideal of X, there
is a systematic method called prolongation (see §3.1] for definition) to compute the ideal of
0,(X), but this method is difficult to implement. This method was studied by J. Sidman and
S. Sullivant [31], and J.M. Landsberg and L. Manivel [24].

For any partition A, let S\V be the irreducible GL(V )-module determined by the partition A,
for example SV = SV | while SaayV = A?V is the d-th exterior power of V. The group GL(V)
has an induced action on S¥(SV) (see §Z1)), so S¥(S9V) a GL(V)-module, and S*(S?V) can
be decomposed into a direct sum of irreducible GL(V')-modules, the multiplicity of S)\V in
S*(S9V) is the plethysm coeffcient py(k,d). To obtain equations for secant varieties, on one
hand I compute prolongations directly via differential operators and representation theory. On
the other hand, I rephrase prolongations and reduce computing prolongations to computing
polarization maps (see §8.I]) via plethysm coefficients and Littlewood-Richardson coefficients
(see §2.3). This gives a path towards obtaining equations for secant varieties of Chow varieties
and other varieties.

Let I;(X) denote the degree d component of the ideal of X. For d = 3,

Theorem 1.2. Let dim V <6, I7(02(Chs(V*))) = 0.
Also
Theorem 1.3. Let dim V' > 6, S(555531)V c Is(02(Ch3(V"))).
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For d =4,
Theorem 1.4. Consider dim V > 4r,

S(6,6,44r2)V € Lipi1(00(Cha(VT)).

A partition is an even partition if all the components of the partition are even numbers. When
d is even, any even partition with length no more than k has positive plethysm coefficients in
Sk(SV) M.
Theorem 1.5. The isotypic component of S, 5ym (5 2mr-m) V' Is in Lprs1 (07 (Chom (V))).

Moreover any module with even partition and smaller than ((2m +2)?™ % 2) (with respect to
the lexicographic order in §2.3)) is in Iomyi1 (07 (Chop(V))).

1.4. Organization. In §2 I review semi-standard tableaux, G-variety, the Little-Richardson
rule, how to write down highest weight vectors of a GL(V')-module via raising operators, and
the Foulkes-Howe map related to the ideal of the Chow variety Chy(V*). In §8 I explain how
to compute prolongations and multiprolongations of a GL(V')-module via differential operators
and representation theory to obtain equations for o, (Chy(V*)). In §4 I prove Theorems
and In §51 I prove Theorem [[4l In §6] I prove a theorem related to plethysm coefficients of
§2m(82m+1y) | and using this I prove Theorem In §7 T prove a property about plethysm
coefficients. In §8] T include knowledge in computer science about P versus NP problem, circuits,
complexity classes and Valiant’s Conjecture

1.5. Acknowledgement. I thank my advisor J.M. Landsberg for discussing all the details
throughout this article. I thank C. Ikenmeyer and M. Michalek for discussing the plethysm
coefficients. Most of this work was done while the author was visiting the Simons Institute
for the Theory of Computing, UC Berkeley for the Algorithms and Complezity in Algebraic
Geometry program, I thank the Simons Institute for providing a good research environment.

2. PRELIMINARIES

2.1. G-variety. I follow the notation in [22] §4.7].

Definition 2.1. Let W be a complex vector space. A variety X c PW is called a G-variety if
W is a module for the group G and for all ge G and z € X, g-x € X.

G has an induced action on SYW* such that for any P € SYW* and w e W, g-P(w) = P(g"w).
I;(X) is a linear subspace of SYW* that is invariant under the action of G, therefore:

Proposition 2.2. If X ¢ PW is a G-variety, then the ideal of X is a G-submodule of S*W™* :=
DL, SIW*.

Example 2.3. The group GL(V) has an induced action on SV and S¥(S9V*) similarly.
Chq(V') and its secant varieties are invariant under the action of GL(V'), therefore they are
GL(V)-varieties and their ideals are GL(V)-submodules of S*(S9V*) = @52, S*(S4V™).

Let X ¢ PW be a G-variety, and M be an irreducible submodule of S*W*, then either
M cI(X)or MnI(X)=g. Thus to test if M gives equations for X, one only need to test one
polynomial in M.
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2.2. Semi-standard tableaux. I follow the notation in [I0] and [22]. A partition A of an
integer d is XA = (A1,-+, Ay) with Ay >+ > X, >0, Aj e N and 3% \; = d. We say d is the order
of A and m is the length of A\. We often denote this by A+ d. To a partition A\ + d, we associate
a Young diagram, which is a left aligned collection of boxes with A\; boxes in row i.

A filling of a Young diagram using the numbers {1,---,1} is an assignment of one number to
each box, with repetitions allowed. A filled Young diagram is called a Young tableau. A semi-
standard filling is one in which the entries are strictly increasing in the columns and weakly
increasing in the rows. Semi-standard tableau is similarly defined.

Let A be a partition with order kd, a semi-standard tableau of shape A and content k x d is
a semi-standard tableau associated to A and filled with {1,---,k} such that each i € {1, k}
appears d times.

2.3. The Little-Richardson rule and Pieri’s rule. Let 7 and u be two partitions, the tensor
product S\V ® 5,V is a GL(V')-module. The littlewood-Richardson coefficients ¢, are defined
to be the multiplicity of S,V in SV & S,V i.e. S\V e S,V =@, 1,5 V.

We order partitions lexicographically: A > u if the first nonvanishing \; — u; is positive. Nec-
essary conditions for ¢, to be positive are |v| = |r|+|u| and v is greater than 7 and p.

In particular S,V ® SV = cy (d)S,,V.

Theorem 2.4. (Pieri’s rule)

1 if v is obtained from A by adding d boxes to
i@ =1 therows of X with no two in the same column;
0 otherwise.

Example 2.5. By Pieri’s rule,
SVesV= @  SuyV

0<t<s,s+t=a+b
d?-d -
Saa)V ®5° TV = @OS(dQ—m)V-
J=

2.4. Highest weight vectors of modules in S*(S%V) via raising operators. I follow the
notation in [I0]. The group GL(V) has a natural action on V® such that g - (v; ® vg- ® vg) =
g1 ®-®¢g-vg. Let dim V =n and let {e1,e2,-+,€,} be a basis of V. Let B c GL(V') be the
subgroup of upper-triangular matrices (a Borel subgroup). For any partition A = (A1, \,,), let
S\V be the irreducible GL(V')-module determined by the partition A. For each S)\V, there is a
unique line that is preserved by B, called a highest weight line. Let gl(V') be the Lie algebra of
GL(V), there is an induced action of gl(V) on V&, For X e gl(V),

X.(v1 @y ®vg) = X1 QUa @Ug+ 11 ® Xg® - ®@Ug + -+ 11 ® Vg @Ug_1 ® X.0g.

Let E; € gl(V') such that E;(ej) =¢; and E;(ek) =0 when k= j. Ifi<j, E; is called a raising
operator; if i > 7, EJZ is called a lowering operator.

A highest weight vector of a GL(V )-module is a weight vector that is killed by all raising
operators. Each realization of the module S,V has a unique highest weight line. Let W be a
GL(V)-module, the multiplicity of S\V in W is equal to the dimension of the highest weight
space with respect to the partition .

Define the weight space Wi, ...,,)c S*(S9V) to be the set of all the weight vectors whose

weights are (aq,-+,a,). Note that S?V has a natural basis {€"+-€2" } 4, 1.t an=d-
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Example 2.6. S(49)V c S3(S2V) has multiplicity 1.

Proof. Let v be a highest weight vector of S42)V. The weight space W(49) has a basis
{(eD)?(€3), (e2)(e1e2)?}. Write v = a(e?)?(e3) + b(e?)(e1e2)?, then Fiv = 0 implies (2a +
2b)(€2)?(e1e2) = 0, therefore a = b, so the multiplicity of S(1,2)V in S3(S2%V) is 1. O
Proposition 2.7. The highest weight vector f of SV c Sk(S2%V) is determinant of the k x k
matrix M with M;; = e;e; for 1 <1,5 <k.

Proof. Since S(or)V ¢ Sk(S2V) is of multiplicity one, we only need to prove det M is killed by

all raising operators Ef 1 (1=1,2,...,k—-1). By symmetry, we only need to prove det M is killed
by the raising operator E21 It is straightforward to verify det M is killed by the raising operator
El. O

Remark 2.8. By observation, o3(Chy(V*)) ¢ S2V* can be seen as the variety of symmetric
matrices of rank at most 2k, whose ideal is generated by (2k + 1) x (2k + 1) minors of the
matrix. By Proposition 27, these (2k + 1) x (2k + 1) minors are corresponding to the module
Sy V c S2k+1(52V), therefore S(g2e+1)V is the generator of the ideal of oy (Cha(V™)) for
k>1.

Proposition 2.9. The highest weight vector f of S(732)V ¢ S4(S3V) is

fo= (@) (ere3)(e2ed) - 2(e1) (ereaes)(e3e3) + (1) (ere3)(e3) — (e7)(efez) (eael)
2(e7)(efea) (eles) (es) — 4(e7) (e1ea) (ere) (ere3) + 0(e7) (e es) (er€3) (erezes)
+ 3(efe)’(ered) +d(ereaes)?(efen)(e}) - (€])(efes)’(€3) + 3(efea) (ere3) (efes)”
- 6(efea)’(eies)(erezes).
Proof. Let f e W39y c S4(S3V) be a weight vector. The weight space W2 © S4(S3V) has

dimension 12. Write f as a linear combination of the basis vectors and apply E21 and E% to f,
we get two systems of linear equations. There is a unique solution up to scale. ]

Remark 2.10. The module S(73)V cuts out Chs(V™) set-theoretically [13].
Proposition 2.11. The highest weight vector f of S 421)V © S4(S3V) is
(1) f = €e3eshy + ereseshs + e1egeshs + €2eshy.
Here

hy (efe2)(e3)(er€3) — (e1€3)(er€3) — (€iea)(ereaes)(ehes)
(efes)(ere3)(e3e3) — (er€3)(e1eae3)” — (eies) (ereaes)(€5),
hs = —=E3hy, hy = $§E3E3hy is a highest weight vector of S2.2)V ¢ S*(S*V)) and hy = E3E}hy
is a highest weight vector of S(441)V c S3(S3V).

+

2.5. Foulkes-Howe map and the ideal of Chow variety. I follow the notation in [22]
§8.6]. Define the Foulkes-Howe map FHsgq : S°(S4V) — S4(S°V) as follows: First include
S9(S84V) c V4 Next, regroup and symmetrize the blocks to (S°V)®¢. Finally, thinking of
S°V as a single vector space, symmetrize again to land in S‘S(SdV).

Example 2.12. FHyo(2?-y?) = (zy)?, and FHa((zy)?) = %[:172 2+ (zy)?).

FHsq is a GL(V)-module map and Hadamard [I6] observed and Howe rediscovered the
following relationship between Foulkes-Howe map and ideal of Chow variety.
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Proposition 2.13. (Hadamard [16]) Ker FHs 4= I5(Chq(V™)).

Corollary 2.14. When § = d + 1, Ker FHgyy1 4 = Ig:1(Chq(V™*)). Therefore as an abstract
GL(V)-module, Iy, (Chq(V*)) 2 41 (S4V) - 84 (S¥1V).

Proposition 2.15. (Hermite [19], Hadamard [I7], J.Miiler and M.Neunhofer)[30]) When d =
2,3,4, FHy 4 are injective and hence surjective.

Proposition 2.16. (T. McKay [29]) If F'H; 4 is surjective, then F'Hs, q Is surjective.
So when d = 2,3,4, FHgy, 4 are surjective, and Iz (Chq(V*)) = SHL(§AY) - §4(SHIV) as
GL(V)- modules.
3. PROLONGATIONS, MULTIPROLONGATIONS AND PARTIAL DERIVATIVES

3.1. Prolongations, multiprolongations and ideals of secant varieties. I study prolonga-
tions, multiprolongations and how they relate to ideals of secant varieties. Let W be a complex
vector space with a basis {eq,-, e, }.

Definition 3.1. For A c S4W, define the p-th prolongation of A to be:
AP = (A® SPW) n SPHW.
It is equivalent to saying that

14
AP = (e Sp+dW|% € A any 3 eN" with |8] = p}.
e

For any 1 < k < d, there is an inclusion Fj 4 : SIW = SFW © STFW | called a polarization
map. Here are properties of prolongation.

Proposition 3.2. For A ¢ SYW, A®) s the inverse image of A ® SPW under the polarization
map Fy,: SHPW - S @ SPW.

Proof. For any f e S®P*OW

Ia\:paea
Hence o7 op
Fup(f)= >, 8T£®eaeA®SpW©a—e£eAfor any |of =p < fe AP,

la|=p

0

Theorem 3.3. (J. Sidman, S. Sullivant [3I]) Let X ¢ PW* be an algebraic variety and let d be
the integer such that Iy_1(X) = 0 and I4(X) # 0. Then I,.(q_1)(0+(X)) =0 and I, (4-1)1(0+(X)) =
Id(X)(T_l)(d_l).

Remark 3.4. Theorem bounds the lowest degree of an element in the ideal of o,(X) if we
know generators of the ideal of X.

Proposition 3.5. Let X c PW* be an algebraic variety, then I;(X)®) c I;,,(X)®1).

Proof. Let f e I;(X)® c S™PW, consider a;;f
& Of
5o ;8(60‘6,-)6 €lg1(X)

with |a| =p -1,
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Example 3.6. Consider Chs(V*) with dim V' > 4, by Proposition and Proposition 2.16]
Ig(Ch:;(V*)) =0 and

(2) Li(Chs(V*)) = SY(S°V) - S3(S'V) = Ser32)V + 56222V +S65421)V-
Therefore by Theorem B3] I5(02(X)) = 0 and I7(02(X)) = I4(X)®).

The following proposition is about multiprolongations:

Proposition 3.7. (Multiprolongation [22] ) Let X ¢ PW™ be an algebraic variety, a polynomial
P e S°W is in I5(0,(X)) if and only if for any nonnegative decreasing sequence (91,8, 0,)
with 01 + 09 + -+ 9, = 0,
p(U1,"',U1,’U2,"',U2, e Uy, ) = 0
for all v; € X, where the number of vs appearing in the formula is m;.
The following proposition rephrases multiprolongations.

Proposition 3.8. Let X ¢ PW™ be an algebraic variety, for any positive integer 6 and r, and
for any decreasing sequence § = (01,02,,0,) with 61 + d3 + -+ + 0, = 0, consider the following
polarization maps

F51,52,"-,5r : 55W - SélW ® 552W R ® SJTVV,
Let A, = S"W @ ® S*1W @ I;,(X) ® S W - ® S W c %W © S2W @ ® S W, then

Is(o (X)) = N Fcil,csz,.--,&T(Am +oet Az L)

51480+ +0r=6
Corollary 3.9. I;(X)((r-D(d-1) ¢ L (g-1)+1 (07 (X)).
Proof. By Proposition B.8],

I (a-1)+1(0r(X))

-1
Esy g0, (g +o+ A5 )
O01+02+ - +0r=r(d=1)+1, §1202>->5y

-1
> N Esy 506, (A5.1)-
01402+ +0p=r(d-1)+1, 6120225,

By similar arguments as Proposition [3.2] Fc;l1,52,~-~,5r(’43 )= I, (X)) (r(d=1)+1=01)

Since 1 > d, by Proposition [3.5] Id(X)((’"_l)(d_l)) c Igl(X)(’"(d_l)”_‘sl), therefore

I(X)r=DED) e g1y, (0(X)). O
A new proof of Theorem [Z.3 First, by Proposition [3.8]
Lg-1)(0: (X)) = M F gy (Agy 4o+ A5 ).
8148244 8p=r(d—1)
In particular, when 61 = 09 = -+ = §, = (d-1), A, =0fori=1,-r, so F(;_l%527,,.757n(14571+"'+Ag7r) =

0. Therefore I,.(4_1)(0-(X)) = 0.
Second, by Proposition B.8],

Ir(d—1)+1(JT(X)) = ﬂ F6_11,62,~-~,6T(AS,1 Tt AS,r)-
O01+02++0r=r(d-1)+1

In particular, when 6y =d, 62 =+ =0, =d-1, A; . =0 fori=2,---,7. so
Fy syt (A + o+ A5,) = By, o, (A5 ) = Ta(X) (D@D,

Therefore Ir(d71)+1(ar(X)) c [d(X)((Tfl)(dfl))_
On the other hand, by Corollary B0, I;(X)((r-1(d=1) ¢ I.(a-1)+1(0+(X)), so equality holds. [
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Theorem [3:3] small examples and intuition lead to the following conjecture:

Conjecture 3.10. Let X € PW* be an algebraic variety, and § = kr +1 with 0 <l < r, take 6
such that 6y =---=0;=k+1 and 6;.1 =--- =9, = k, then

I(S(O-T(X)) = F(i1,527~--,5r(A5,1 toee Ag,r)'

Example 3.11. Consider Chs(V™*), by Example B.G, I3(Ch3(V*)) = 0 and I,(Chs(V*)) =
Sr32)V + 56222V + 55,421 V. Consider the polarization maps

Fsg5:S%(S%V) - S2(S3V) ® S50 (S3V).
By Propositions B.8 and B.5],

Is(a2(Chs(V*))) ﬁ Fsas[S°(S*V) @ Is_5(Chs(V*)) + I;(Chs(V*)) ® S*°(S3V)]

_ fw I5(Chs (V) (VELA L (Cha(VF)) © S(5°V)
=5

+S*(S*V) ® I1(Chs(V™))]
= I5(Chs(V) D M ELL(Chs(V7)) ® 51(S°V)
(3) +S1(S*V) ® Ii(Chs (V)]
3.2. Partial derivatives and prolongations. Let V = span{e;,-- e,}, SV has a natural

basis {e‘flmeg" = €}y tran=d- Assume e; > eg > - > e,. Define the dominance partial order
on the natural basis of SV such that

e*>e’ o ap++a; >+ + B for each i
It is equivalent to saying
a B a B - ..
e” > e’ < one can get e” from e’ via raising operators.

Let f € Wiq, an) © Sk(SV), let a be the index of the last d elements in (ay,---,a,), then

% is the lowest possible partial derivative of f with respect to the dominance partial order.
Example 3.12. Let f € W5 449) C S%(83V), then a = (0,0,1,2) and the lowest possible partial

of

5.
Oezey

derivative of f is

Definition 3.13. Let ¢* = e'f‘lme% eaj“---e%", for j =1,---,n—1, define the normalized lowering

7 g+l
operators
aj -1 Qg1 +1

Qn
i G :

en

E]ﬁleo‘ =efle
The following proposition gives the relationship between raising operators and partial deriva-
tives of polynomials in S*(S9V).
Proposition 3.14. Let f € S¥(S9V) and e be a basis vector of SV, then
[ 0 of

e’ )l = ( +aﬁ1)8(E]]-+1ea)

Where E~§+1 (j=1,---,n—1) are the normalized lowering operators.
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Proof. Since all the operators here are linear, we only to prove the case when f is a monomial.

a _ Qj Qi+l i+l e = oM a;j=1 oj+l o, 8 : _ aym(,B\n
Let e = ef"-e;”e;l] epn, so I =ejte’ eyl epn =€ Write f = g(e®)™(e”)",

where ¢ is not divisible by e® or eﬁ Then
B = (BT g) ()™ (eP)" + g BT ()™ ()" + ()BT ((¢F)")
= (B g)(e)™ ()" +mg(e®)™ BT () ()" + n(1+ ajin)g(e®)™ ()"

So
J+1
78(2; 2 m(Eg)(e*)™ ()" + m(m - 1)g(e*)™ EI (e*) ()" +
(W n(m + 1)(1+ aj)a(e)" ()"
On the other hand
2L mg(eyi Py

Oe®

BEL) = (B ) (o) () mm - Dg(e) "B () ()
(5) nm(1+aje1)g(e®)™ (e”)" .
Combining ) and (&), we conclude:

O(EIf) af af

Byn-1 _
— - ]+1( =) =n(l+a;.1)g(e®)™ ()" =(1 +ag+1)ﬁ-
Oe (Ej e®)
U
In particular if f e S*(S?V) is a highest weight vector of some GL(V')-module, then
Of of

(6) J+1( :—(1+aj+1)m-

J
Therefore

Lemma 3.15. If f € S**1(S?V') is a highest weight vector for some GL(V') module Star,man)V =
S.V, then the lowest possible partial derivative g—a is killed by all the raising operators, i.e.
either —a is 0 or a highest weight vector of S,_,V ¢ Sk(SdV)

By induction on dominance partial order, I conclude
Proposition 3.16. If f € S**1(S%V) is a highest weight vector for some module Sar,an)V =
S,V , then there exists a basis vector e? of SV such that aaT]; is a highest vector of S, gV c
Sk(SIV).

By Proposition B.16],
Corollary 3.17. Let f € S*1(S?V) be a highest weight vector for some module Sq, ...q,)V =

S,V , if we can find all the e’ such that 2 5 is a highest vector of S,_gV c S*(SV), the sum of
all these modules is the sma]lest poss1ble modu]e such that S,V lies in its first prolongation.

For simplicity, write = f.s from now on.

8 5 -
Example 3.18. Let f be the highest weight vector of S(739)V S4(S3V) in Example 29, then
= (e3)%(e1€3) - e3(e?ez)?, which is a highest weight vector of SV c S3(S3V).

626

The following proposition, tells us which prolongation a given module lies in.
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Proposition 3.19. If S,V c S**1(S9V) with multiplicity m, > 0, let
M, = {blS,VcSVe S9V as abstract modules by Pieri’s rule
and SpV ¢ S*(S9V) with multiplicity mj > 0}.

then

(SaV)®" e (@D (SpV)*m).
beM,

In particular,

mg < Z my.
beM

Proof. Consider the polarization map
Py SP(8V) - SF(89V) @ SOV

By Schur’s lemma

Prei((SaV)®™) c (P (SV)™) © SV
beM,

By Proposition

(SaV)®™ < (P (SpV)*m) D).
beM,

Since Py, 1 is injective,

Mg < Z mp.
beM

O

Proposition 3.20. The module S5 4 42V ¢ S%(S3V) is contained in (5(5,472,1)VEBS(4,474)V)(1).
Let f € Si442)V S°(S3V) be a highest weight vector, then felei is a highest weight vector
of Suu4)V S4(S3V) and fe§e4 is a highest weight vector of S(54.21)V © S4(S3V). Therefore
S(5,4,4,2)V s not contained in the first prolongation of Sy 4.4)V or S5 421)V.

Proof. Since
84(83‘/) = 8(12)V+S(1072)V+S(9)3)V+S(g)4)v+
8(8,2,2)‘/ + 8(7_’471)‘/ + 5(773_’2)‘/ + S(G,G)V +
5(6,4,2)V + 5(6,2,2,2)‘/ + 5(5,4,2,1)V + 5(4,4,4)‘/-

By Proposition BT S(54,42) € (S54.21)V @ 5(4,474)‘/)(1). By induction on the dominance
partial order, feleﬁ and fege , are killed by all raising operators. Let h; be a highest weight
vector of S 44)V © S*(S3V) and hy be a highest weight vector of Sisa21)V < S4(S3V). Set
felei = c1hy and fe§e4 = cohg, where ¢; and cy are constants, then cj,co can not be both 0 by
Proposition BI6.

Since feg € 5(5747271)‘/@5(47474)‘/ with Welght (5,4,1,2), feg = 63E§
By (lﬁl), Ezfeg = - e§e47 SO CgEgEg

c3 = —1. Since (felei)eg = (feg)qei )

c1(h1)es

eZess where c3 is a constant.

— H H : 3 4 —
¢2es = ~Jfeze,» Which implies c3( B3 - E4)fe§e4 = —feze,» SO

eq’

(_ngegm )ele?l
= _02(E§h2)elei
= —ca(B5(h2)e,ez — (h2)erese)

= 62(h2)616364
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By Proposition[2.1T], (hl)eg and (h2)e,eze, are both highest weight vectors of Sy 41)V © 5*(S*V),
by rescaling, we may assume they are equal, so ¢; = ¢, so ¢; and ¢y are both nonzero, therefore
fe1ei is a highest weight vector of Sy 44)V c S4(S3V) and fe§e4 is a highest weight vector of

5(5747271)‘/ C 54(53V) O
4. THE CASE WHEN THE DEGREE IS 3

Consider o9(Chs(V*)), without loss of generality we assume dim V = 6.
Proposition 4.1.

L(Chs(V*))W
I4(Ch3(V*))(2) S8,22222)V ©S742221)V ®S6532210)V ®S5551,1,1)V,
I4(Chs(V)® = 0.

Proof. First we claim

(7) Ly(Chg(v*))M) = S,2222)V ®S64221)V ®55531,1)V-

By @),

S7,2222)V ®S64,221)V ®55531,1)Vs

I, (Ch3(V*)) = Sz32)V + S6,2,22)V + S(5,421)V-
By computer softwares (e.g. Lie),
SYS*V) = SayV +SaonV +SwaV +SeaV +
Ss,2,2)V +S7a)V + 517,32V +S6,6)V +
S6,4,2)V + 56,222V +55,421)V + SuaaV.
and
SP(S*V) = Sas)V +SasnV +SazsV +SaigV + S22V + SaosV + SaoanV + Saos)V +
S(Q,G)V + 23(97472)‘/ + 3(9727272)‘/ + 5(87671)‘/ + 5(87572)‘/ + 3(87473)‘/ + S(8747271)V +
S8,3,32)V +S762)V + 517521V + 80440V +Sra3 )V + S22V +
5(7,2,2,2,2)V + 5(6,6,3)V + 5(6,5,2,2)V + 5(6,4,4,1)V + 5(6,4,2,2,1)V + 5(5,5,3,1,1)V + 5(5,4,4,2)V'
Since I;(Chs(V*)) contains all the modules with length 4 in S*(S3V), by Proposition B.I9 any
module with length 5 in S®(S%V) is in I4(Chs(V*)M.

On the other hand, the other modules with length no more than 4 in S5(S3V) are not in
IL(Chg(V*)(M: By Proposition B8} for any module with length no more than 4 in S°(S3V),
one can find a partial derivative of a highest weight vector of this module such that it is a
highest weight vector of a module in S*(S3V) but not in I,(Chs(V*). For most modules,

we can check directly, but for some modules, we need to verify carefully. For example, By
Proposition B.20L S(54.4.2) © (S(54,2,1) ® 5(474,4)‘/)(1), but f. .2 is a highest weight vector of

S14,0)V & 11(Chz(V*)), 80 S(5.4.4,2) is not not in Li(Chs(V*)M . 1 conclude
14(Ch3(V*))(1) = 572222V ®S64,221)V @ S5531,1)V-
Similarly, by studying the modules in S®(S3V) and S7(S3V), we conclude
L(Chy(V)® = S8,22222)V ®S74a2221)V ®S653221)V ®56551,1,)V,
L(Chs(VH)®) = 0.

Therefore by Proposition 1] and Theorem 3.3,
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Theorem 4.2. (restatement of Theorem [[2) I7(o2(Chs(V*))) = Iy(Chs(V*))®) = 0.
Also
Theorem 4.3. (restatement of Theorem [[3) Is(02(Ch3(V™))) 2 S(5555,31)V-

Proof. By Example B8l Ig(c2(Chs(V*))) = Is(Chg(V*))®) ﬂFL;}l[L;(C'hg(V*)) ® SH(S3V) +

S4(S3V) ® I,(Chs(V*))]. Since all the modules with 5 columns in S°(S3V) are contained in
I5(Chs(V*)), by Proposition 3.2l and Schur’s lemma,

(8) SesssanV < I5(Chy(V)®).
Consider the map
Fuq:S%(S%V) - 54(S*V) ® S*(S*V).
Let I,(Chs(V*))¢ denote the complement to I,(Chs(V*)) in S*(S3V). Since
14(0113(‘/*))0 = 5(12)‘/ + 5(1072)‘/ + 5(973)‘/ + 5(874)‘/ +
S22V +Sra1)V +566)V +5642)V +SuanV,
and S(555531)V € S4,44)V ® 5444V, by the Littlewood-Richardson rule,
S55530)V ¢ L(Chs(V*)) @ I4(Chs (V™))"
Therefore by Schur’s lemma
Sss5531V € Fri(Ia(Chs(V*)) ® SY(S*V) + SH(SV) ® I4(Chs(V*))).
The result follows. U
Remark 4.4. Since o2(Chz(C?*)) is a proper subset of PS?(C5*), by inheritance (see [22]), the
ideal of o2(Chz(V*)) should contain modules with length 5. So S(555531)V is not enough to
cut out go(Chg(V*)) set-theoretically. One can get length 5 modules with high degree in the
ideal of o9(Chs(V*)) by Koszul Young flattenings [14], but I still do not know whether they
are enough to define o2(Ch3 (V")) set-theoretically. We know that dim S5 55531)V = 1134 and
codim o(Chs(V*)) = 24, therefore oo(Chs (V™)) is very far from being a complete intersection.

Obviously PS3(C®*) with dimension 34 is in the zero set of S(5,5,5,5,3,1)V, while the dimension
of o9(Chg(V*)) is 31, the next question is: what is the difference between the dimension of

02(Chz(V™)) and the zero set of S(555531)V7?
5. THE CASE WHEN THE DEGREE IS 4

Consider ¢, (Chy(V*)) ¢ S*(V*), where dim V' > 47, prolongations enable one to find modules
in the ideal of o, (Chy(V™)).

Theorem 5.1. (restatement of Theorem [[.4) When dim V' > 4r,
Lip1 (0,(Cha(V™))) = I (Cha (V7)Y

and
5(6,6,447"‘2)V C I4r+1 (O'T(Ch4(v*)))

Proof. By Proposition 213l Proposition 2-I5land Proposition 2I6], I,(Chy(V*)) = 0 and I5(Chy(V*)) =
S5(S4V) - 84(S°V), so Is(Cha(V*))¢ = S4(S°V). By Theorem B3]

Lirs1 (0, (ChaV*)) = I (Chy V*) =4
Consider the polarization map

F4r—4,5 . S47‘+1(S4v) N 547‘74(54‘/) ® 55(S4V),
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by Proposition [3.2]
I5(Cha V)W = Fyly ((S774(S'V) @ I5(Cha(V™))).

Since S(6,6,6,2) © S4(S5V) has the lowest highest weight vector with respect to the lexicographic
order among all the modules in S*(S°V), by the Littlewood-Richardson rule,

Seeair-V & STTHSW) @ I (Cha(V*))" = SYH(5'V) ® S*(S°V).
Therefore by Schur’s lemma
S(.6.41-2)V € Is(Cha V)™ = Iy oy (0, (Cha(V™)).
]

Remark 5.2. Consider r = 2 and dim V = 8. Since go(ChyC**)) is a proper subset P.S*(C**), by
inheritance (see [22]), the ideal of o2 (Chy(V ™)) contains modules with length 4. So S(6.6,4,.4,4,4,4,4)V
is not enough to cut out oo(Chy(V*)) set-theoretically. One can get a length 4 module
with high degree in the ideal of g9(Chy(V*)) by Koszul Young flattenings [14], but I still
do not know whether they are enough to define oo(Chs(V™)) set-theoretically. We know that
dim S(6.4,4,4.4,4.4)V = 336 and codim o9(Ch3(V*)) = 272, therefore o2(Chy(V™)) is far from
being a complete intersection. Obviously PS*(C™) with dimension 210 is in the zero set of
S(6,6,4,4,4,4,4,4)V, while the dimension of 02(ChyC*)) is 57, The next question is: what is the
difference between the dimension of o2(Chy(V™)) and the zero set of S(g6.4.4.4,4.4.4)V7?

6. GENERAL CASE FOR EVEN DEGREES

Let A\ be a partition of order kd, recall a semi-standard tableau of shape A and content k x d
is a semi-standard tableau associated to A and filled with {1,---,k} such that each i € {1, k}
appears d times.

Proposition 6.1. [3] Let A be a partition with order kd with d odd , then the multiplicity of
X in S¥(SV) is less than or equal to the number of semi-standard tableaux of shape \ and
content k x d with the additional property : for each pair (i,7),1 <1+ j <k, the set of columns
of i is not exactly the columns of j.

Proposition 6.2. [28] Let A be a partition with order kd and let u be even, then
mult(S\V, S*(S?V)) = mult(Sy, (r) V. S*(S7V)).

Theorem 6.3. S((2m+2)2m-1,2)V S2m(§2mHlyy with multiplicity 1, and S((@2ms2)2m-1,2yV s
the smallest module with respect to the lexicographic order among all the modules in the de-
composition of S*™(S?mH1V),

Proof. First, let A = (A1,-, Aoy ) be a partition with order 4m? + 2m and smaller than ((2m +
2)?m-1 9) with respect to the lexicographic order, then A\; < 2m + 2 and Mg, > 3. Consider
the semi-standard tableaux with content 2m x (2m + 1); the first 3 columns must be filled with
{1,---,2m}. Therefore there are (2)‘7}:;) < 2m -1 possible sets of columns, but there are 2m num-
bers to be filled in the semi-standard tableaux, so by Proposition B.I} mult(SyV, $?™(S?*™*1V)) =
0.
Second, consider the partition A = ((2m + 2)?™71,2), by Proposition 6.2

mult(S\V, $2m(S?my)) = mult (Sgmam-1)V, S§2m(§2m=1yy), By [20] formula (80),
mult(S(gp2m-1)V, S2m(§2m=1y)) = 1. The only filling is the following (I take m=3 as an exam-

ple).
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1(1]1(1]1]2
2121212133
3133|1414 \4
414155515
5/6|6|6|6|6

Let d = 2m >4 and dim V > 2myr, consider the variety o,.(Chagpn(V*)) c S2mV*.
Theorem 6.4. (restatement of Theorem [[5]) The isotypic component of
S((2m+2)7n7(2m)2mr'—7n)V is contained in Iny 41 (Chom (V) D) ¢ I 1 (0,(Chom(V))). More-
over any module with even partition and smaller than ((2m + 2)*"~1,2) (with respect to the
lexicographic order) is in Ismpi1(0p(Chom(V))).

Proof. By Theorem [63, S((2m+2)2m-1,2)V is the smallest module (with respect to the lexico-

graphic order) in the decomposition of S?7(S?™*1V). Therefore by Corollary 214 any module
smaller than S (am,12)2m-1 2V (with respect to the lexicographic order) is not in Io;;,+1(Cham (V7)) c

S2m+1 (S2mv)

Consider the polarization map
Pomr—am.ama1 : STTHL(S2MY) oy g2mr-2m(g2myry @ g2ml(g2myy
By Proposition 3.2
L1 (Cham (V) P = Byl o ama (S22 (SPV) @ Lt (Cham (V).
By the Littlewood-Richardson rule,
S(@me2ym (2myzmr-m)V & ST (SPV) @ Ingna1 (Cham (V)"
Moreover any module in $?™"*1(S$?™V) with even partition and smaller than ((2m +2)?™1 2)

is not contained in S?"" "2 (S2V) @ Ip.1(Cham(VF)))E.
Therefore by Schur’s lemma the isotypic component of S((gp+2ym (2m)2mr-m)V is contained in

Foromame1 [ST™ 72 (SV) ® L1 (Chom (V)] = ot (Chgy (V) Gmr=1)).

Moreover any module in $?™"*1(S?™V) with even partition and smaller than ((2m +2)?™1 2)
(with respect to the lexicographic order) is in 12m+1(Ch2m(V*))(2m(T*1))'
By Corollary B.9] Igm+1(Ch2m(V*))(2m(r’1)) c Inprs1(0-(Chom (V))), the results follow. [

7. A PROPERTY ABOUT PLETHYSM
Lemma 7.1. 27, [5, 28] mult(SyV, S¥(S%V)) = mult(S,rV, S*(A%V)), and mult(S,\V,
SF(SPIV)) = mult(Syr V, AF(AV)).
Theorem 7.2. Let d be even, if S(g, ..q,) C S*(S4V) and Sby,bg) © SY(SUV) with a, > by,
then

(a1 apbr by €SSV

as long asdim V > k + 1.
Proof. Let A = (a1, a,) and p = (by,-+b,). By Lemma [l mult(S,rV,S*(A%V)) > 0 and
mult(S,rV, SHA%Y)) >0, so mult(Syr,,rV, SkL(A?V)) > 0. By Lemma [Z.1] again,

mult(S(y )V, " (SV)) > 0.
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0

Remark 7.3. This is false when d is odd: C.Ikenmeyer gave a counter-example for d = 3. There
exists ko such that Sgr, V' c S%0(S3V) but Sgrg V & SZF0+2(S3V).

8. APPENDIX

8.1. P versus NP problem. Informally speaking, the P versus NP problem (see e.g.[32]) asks
whether every problem whose solution can be quickly verified by a computer can also be quickly
solved by a computer. An early mention of it was a 1956 letter written by Kurt Godel to John
von Neumann. Godel asked whether a certain problem could be solved in quadratic or linear
time [I8]. The precise statement of the P versus NP problem was introduced in 1971 by Stephen
Cook in [7] and is considered to be the most important open problem in theoretical computer
science [§].

In computational complexity theory, a decision problem is a question in some formal system
with a yes-or-no answer, depending on the values of input parameters. The class P consists of
all those decision problems that can be solved in an amount of time that is polynomial in the
size of the input; the class NP consists of all those decision problems whose positive solutions
can be verified in polynomial time given the right information. For example, given a set A of
n integers and a subset B of A, the statement that “B adds up to zero”can be quickly verified
with at most (n —1) additions. However, there is no known algorithm to find a subset of A
adding up to zero in polynomial time.

8.2. Valiant’s conjecture.

Definition 8.1. An arithmetic circuit C over C and the set of variables {z1,...,zx} is a directed
acyclic graph with vertices of in-degree 0 and exactly one vertex of out-degree 0. Every vertex in
it with in degree zero is called an input gate and is labeled by either a variable x; or an element
in C. Every other gate is labeled by either + or x, exactly one vertex of out-degree 0.

A circuit has two complexity measures associated with it: size and depth. The size of a circuit
is the number of gates in it, and the depth of a circuit is the length of the longest directed path
in it.

Proposition 8.2. On an arithmetic circuit C, each gate computes a polynomial. The polynomial
computed by the output gate is denoted by Py and called the polynomial defined by the circuit.

Definition 8.3. The class VP consists of sequences of polynomials (p,,) of polynomial of degree
d(n) and variables v(n), where d(n) and v(n) are bounded by polynomials in n and such that
there exists a sequence of arithmetic circuits C,, of polynomially bounded size such that C,
defines p,,.

Example 8.4. The sequence (det,,) € VP, where det,, denotes the determinant of a nxn matrix.

Definition 8.5. Consider a sequence h = (h,,) of polynomials in variables 1, -, x,, of the form
hn = Z gn(e);ljilxi”’
ec{0,1}m
where (g,,) € VP. The class VNP is defined to be the set of all sequences the form h.

Definition 8.6. A problem P is hard for a complexity class C if all problems in C can be
reduced to P (i.e. there is an algorithm to translate any instance of a problem in C to an
instance of P with comparable input size). A problem P is complete for C if it is hard for C
and P € C.
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Proposition 8.7. [33] The sequence (perm,,) is VNP-complete.

Therefore to prove Valiant’s Conjecture VP # VNP [34], we only need to prove there does

not exist a polynomial size circuit computing the permanent.
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