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QUOTIENT AND BLOW-UP OF AUTOMORPHISMS OF

GRAPHS OF GROUPS

KAIDI YE

Abstract. In this paper we study the quotient and“blow-up”of graph-
of-groups G and of their automorphisms H : G → G. We show that the
existence of such a blow-up of any H : G → G, relative to a given family
of “local” graph-of-groups isomorphisms Hi : Gi → Gi depends crucially
on the H−1

i -conjugacy class of the correction term δ(Ei) for any edge Ei

of G, where H-conjugacy is a new but natural concept introduced here.
As an application we obtain a criterion as to whether a partial Dehn

twist can be blown up relative to local Dehn twists, to give an actual
Dehn twist. The results of this paper are also used crucially in the
follow-up papers [12, 21, 22].

1. Introduction

Graphs-of-groups and Bass-Serre theory have played a central role in
geometric group theory ever since this field came into existence in the 1980’s.
As a prime example we would like to mention its prominent role in the
understanding of automorphisms of a hyperbolic group G, see [11], which is
based on an essentially unique graph-of-groups decomposition of G, in case
that G is freely indecomposable.

If on the other hand the group G is a free group Fn of finite rank n ≥ 2,
then a special kind of graph-of-groups, called very small, plays an important
role in the definition of the boundary of Culler-Vogtmann’s Outer space
CVn, which is the analogue of Teichmüller space, for Out(Fn) in place of
the mapping class group. The work presented here is mainly motivated by
questions arising from this perspective, although we keep our set-up slightly
more general.

Given a graph-of-groups G based on a finite connected graph Γ = Γ(G), for
any connected subgraph Γ0 ⊂ Γ we denote by G0 the restriction of G to Γ0.
There is a natural way to define a quotient graph-of-groups G = G/G0 which
is obtained by “contracting” G0 into a single vertex V0 with vertex group
GV0

∼= π1(G0), thus giving rise to a canonical isomorphism Θ : π1(G) →
π1(G). By construction the quotient graph G is compatible with the local
graph-of-groups G0, in the sense that for any edge E of G with terminal
vertex V0 the canonical image of the edge group GE in the vertex group
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GV0
∼= π1(G0) is (up to conjugation) contained in one of the vertex groups

of G0.
This quotient concept extends naturally to an isomorphism H of G which

acts as identity on the underlying graph Γ: We can construct a quotient
graph-of-groups isomorphism H : G → G which induces on the fundamen-

tal group an outer automorphism Ĥ that is conjugate via Θ to the outer

automorphism Ĥ induced by H, as shown in the diagram below.

π1(G)
Ĥ

−−−−→ π1(G)

Θ

y Θ

y
π1(G) −−−−→

̂
H

π1(G)

The restriction H0 of H to G0 is called the local graph-of-groups isomorphism
at V0, and again certain natural compatibility conditions between the pairs
(H,G) and (H0,G0) are satisfied, which are stated precisely in Definition 6.1
below.

Of course, both, the quotient graph-of-groups G and the quotient iso-
morphism H, are also well-defined modulo more than one pairwise disjoint
connected sub-graph-of-groups Gi of G.

The main purpose of this paper is to study the converse of the above
described quotient procedure, which we call the “blow-up” of a graph-of-
groups isomorphism. We prove (see Theorem 6.3):

Theorem 1.1. Let H : G → G be a graph-of-groups isomorphism which
acts as identity on the graph Γ underlying G. Assume that for some vertices
Vi of Γ the group isomorphism HVi

is induced by a local graph-of-groups
automorphism Hi : Gi → Gi which also acts as identity on the underlying
graph Γ(Gi).

Then one can blow up (H,G) via the family of (Hi,Gi) to obtain a blow-up
graph-of-groups isomorphism H : G → G, with induced outer automorphism

Ĥ = Ĥ, if and only if each (Hi,Gi) is compatible (in the sense of Definition
6.1) with (H,G).

We are most interested in the special case where for any edge E of G
the edge group GE is trivial. In this case the compatibility conditions from
Definition 6.1 simplify to a property of the edge E which we call “locally
zero”. Since this is a new concept, we will try to explain it here briefly:

Recall first that if E terminates in the vertex Vi, then (as for any graph-
of-groups isomorphism, see Definition 2.8) the correction term δ(E) ∈ GVi

serves to make the edge and vertex isomorphisms HE and HV commute
with the injective edge homomorphism fE : GE → GVi

.
Now, we say that E is locally zero (see Definition 7.1) if the identification

GVi
∼= π1Gi maps δ(E) to an element which is“H−1

i -conjugate” to an element
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that has GVi
-length equal to zero. If the local automorphism Hi is equal to

the identity map, thenH−1
i -conjugation will simply be the usual conjugation

in GVi
; in general though it is a more involved and quite delicate new notion,

defined below in section 4.

In the last section of this paper we will apply Theorem 1.1 to the case
of Dehn twist automorphisms of a free group Fn. Classically, a Dehn twist
D = (G, (ze)e∈E(G)) on a graph-of-groups G is defined by a family of twistors
(ze)e∈E(G), where each ze is in the center of the edge group Ge of G. It
turns out (see Proposition 3.8 and Remark 3.12) that for free groups an
alternative, slightly more restrictive definition of a Dehn twist is given by
graph-of-groups isomorphisms H : G → G where all edge groups of G are
trivial and H acts as identity on the underlying graph and on every vertex
group of G.

Inspired by this alternative definition, we define (see Definition 3.13) a
partial Dehn twist D : G → G with π1(G) ∼= Fn, relative to some family
of vertices V1, . . . , Vm of the underlying graph Γ(G), which differs from the
above classical notion in that on these “exceptional vertices” Vi the local
automorphism DVi

: GVi
→ GVi

induced by D may be non-trivial.
Of particular interest is the case where these non-trivial local automor-

phisms are all Dehn twist automorphisms themselves. This occurs naturally
if one quotients a given Dehn twists modulo a family of pairwise disjoint sub-
graphs. The converse direction, however, is far less obvious, and the desired
blow-up Dehn twist doesn’t always exist. We prove here (see Corollary 7.2):

Corollary 1.2. (1) Let D : G → G be a partial Dehn twist, and assume that
for some family of vertices Vi of G the vertex group automorphisms DVi

are
induced by Dehn twists DVi

: GVi
→ GVi

.
Then D can be blown up via the given family of local Dehn twists DVi

to
give a graph-of-groups isomorphism D : G → G if and only if every edge Ei

of G with terminal endpoint in one of the Vi is locally zero.

(2) The blow-up automorphism D : G → G obtained in (1) is a Dehn twist,

and hence D̂ = D̂ is a Dehn twist automorphism.

It turns out that the last conclusion of the above corollary is more subtle
than it may appear at first sight. In order to explain this, we first consider
the following two examples:

Example 1.3. (1) We consider a graph-of-groups isomorphism H : G → G
defined as the follows:

(a) The graph Γ(G) underlying G consists of a single edge E and two
distinct vertices V = τ(E) 6= V1 = τ(E). The graph-of-groups G
has trivial edge group GE , hence trivial edge homomorphisms, and
vertex groups GV = 〈a, b〉, GV1 = 〈c〉.
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(b) The isomorphism H acts as the identiy on Γ(G) and induces trivial
group automorphisms on GE and on GV1 , while the local group au-
tomorphism HV : GV → GV is a Dehn twist automorphism which
acts on the generators by the map a 7→ a and b 7→ ba. The correction
terms are δ(E) = 1GV1

and δ(E) = aba−1b−1. In particular, H is a
partial Dehn twist relative to the vertex V .

(2) We now consider a local graph-of-groups isomorphism HV : GV → GV

which induces the same Dehn twist automorphism as HV . The isomorphism
HV is defined by the following data:

(a) The graph-of-groups GV consists of a single vertex v with Gv = 〈x〉
and a loop edge e with trivial edge group. The isomorphism HV is a
Dehn twist, in that it acts trivially on the underlying graph Γ(GV ),
the edge group Ge and vertex group Gv. We choose the correction
terms to be δ(e) = x and δ(e) = 1Gv

.
(b) Then HV induces on its fundamental group π1(GV ) ∼= 〈x, te〉 an

automorphism which sends x 7→ x and te 7→ tex. This is exactly the
same automorphism as HV , modulo the identification map θ given
by a 7→ x and b 7→ te.

However, in this example H cannot be blown up via HV , since the correction
term δ(E) is mapped by θ to xtex

−1t−1
e which is not H−1

V -conjugate to any

element that has GV -length equal to zero: the edge E is not locally-zero.

Example 1.4. Let (H,G) be the partial Dehn twist defined in Example 1.3.
Instead of (HV ,GV ) we now consider a local Dehn twist (H ′

V ,G
′
V ) where G

′
V

consists of a single vertex v′ with G′
v = 〈x, y〉, a loop edge e′ with cyclic edge

group Ge′ = 〈z〉, and edge homomorphisms that maps z to fe′(z) = y and
fe′(z) = x. The correction terms are δ(e′) = x and δ(e′) = 1Gv′

.

Then the fundamental group of G′
V is π1(G

′
V )

∼= 〈x, y, te′ |y = te′xt
−1
e′ 〉

∼=
〈x, te′〉, and H ′

V induces HV via the identification θ′ : a 7→ x; b 7→ te′ .

Contrary to the previous example, one can indeed blow up (H,G) via
(H ′

V ,G
′
V ) since the identification θ′ maps δ(E) to xte′x

−1t−1
e′ = xy−1 ∈ Gv′ :

in this example the edge E is locally-zero.

It is easy to see that both examples represent the same outer automor-
phisms of F3. This shows that the last conclusion of Corollary 1.2, namely
that the given partial Dehn twist D induces on π1G a Dehn twist automor-

phism D̂, is not equivalent to the fact that the blow-up automorphism exists
and is a Dehn twist. However, using the terminology of [9], it is shown in
[21] that, when all the local Dehn twists DVi

are “efficient” (as is the case in
Example 1.4), then the condition that all edges Ei are locally zero is not just
sufficient but also necessary for the last conclusion of Corollary 1.2. This
is used in [22] as an important ingredient of the proof that every linearly
growing outer automorphism of a finitely generated free group Fn is (up to
taking powers) a Dehn twist automorphism.
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Since this paper has been made public first, its results have already been
used crucially in two applications:

(1) Corollary 1.2 is a vital ingredient in our algorithmic solution in [22]
to the question which polynomially growing automorphisms of Fn are
(up to passing to a power) induced by a surface homeomorphism.

(2) In [12] a normal form (based on graph-of-groups and Dehn twists)
for quadratically growing automorphisms is given, together with a
method how to derive this normal form. One of the crucial steps
in this procedure is to quotient subgraphs and to blow up vertices
relative to local Dehn twists, as studied here.

Acknowledgements.
I would like to thank my thesis advisors, Arnoud Hilion and Martin Lustig,

for all their guidance and encouragement on this paper, and for all the helpful
discussions and suggestions.

2. Basics of Graphs of groups and their Isomorphisms

In this section we recall some basic knowledge about graph-of-groups as
well as their isomorphisms. Most of our notations are taken from [9]; we refer
the readers to [19], [18] and [1] for more detailed information and discussions.

2.1. Basic Conventions.

Unless otherwise stated, a graph refers to a finite, non-empty, connected
graph in the sense of Serre (cf. [19]).

We recall the notations here. For a graph Γ, we denote by V (Γ), E(Γ) its
vertex set and edge set respectively. An edge e ∈ E(Γ) is oriented, and we
denote by e the edge with inverse orientation, τ(e) its terminal vertex and
τ(e) = ι(e) its initial vertex.

Notice in particular that our graph Γ is non-oriented. An orientation of

Γ refers to a subset E+(Γ) ⊂ E(Γ) such that E+(Γ) ∪ E
+
(Γ) = E(Γ) and

E+(Γ) ∩ E
+
(Γ) = ∅, where E

+
(Γ) = {e | e ∈ E+(Γ)}.

For an arbitrary group G, we denote by adx : G → G the inner automor-
phism defined by element x ∈ G, namely adx(g) = xgx−1 for all g ∈ G.

2.2. Graphs of Groups.

Definition 2.1. A graph-of-groups G is defined by

G = (Γ, (Gv)v∈V (Γ), (Ge)e∈E(Γ), (fe)e∈E(Γ))

where:

(1) Γ is a graph, called the underlying graph;
(2) each Gv is a group, called the vertex group of v;
(3) each Ge is a group, called the edge group of e, and we requireGe = Ge

for every e ∈ E(Γ);
(4) for each e ∈ E(Γ), the map fe : Ge → Gτ(e) is an injective edge

homomorphism.
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For a graph-of-groups G, we usually denote by Γ(G) the graph underlying
it. The vertex set of Γ(G) is denoted by V (G) while the edge set is denoted
by E(G).

Definition 2.2. For a graph-of-groups G, its word group W (G) is the free
product of all vertex groups and of the free group generated by the stable
letter te for every e ∈ E(Γ), i.e.

W (G) = ∗
v∈V (Γ)

Gv ∗ F ({te | e ∈ E(Γ)}) .

The path group (sometimes also called Bass group) of G is defined by

Π(G) = W (G)/R ,

where R is the normal subgroup determined by the following relations:

⋄ te = t−1
e , for every e ∈ E(Γ);

⋄ fe(g) = tefe(g)t
−1
e , for every e ∈ E(Γ) and every g ∈ Ge.

Remark 2.3. A word w ∈ W (G) can always be written in the form

w = r0t1r1...rq−1tqrq (q ≥ 0) ,

where each ti ∈ {te | e ∈ E(Γ)} and each ri ∈ ∗
v∈V (Γ)

Gv.

The sequence (t1, t2, ..., tq) is called the path type of w, the number q is
called the path length, or sometimes the G-length of w, denoted by |w|G = q.
In this case, we say that e1e2...eq is the path underlying w. Two path types
(t1, t2, ..., tq) and (t′1, t

′
2, ..., t

′
s) are said to be same if and only if q = s and

ti = t′i for each 1 ≤ i ≤ q.

Definition 2.4. Let w ∈ W (G) be a word of the form w = r0t1r1...rq−1tqrq.
The word w is said to be connected if r0 ∈ Gτ(e1), rq ∈ Gτ(eq), and τ(ei) =
τ(ei+1) with ri ∈ Gτ(ei), for i = 1, 2, ..., q − 1. We sometimes call such w a
connecting word from τ(e1) to τ(eq), or a word from τ(e1) to τ(eq).

Moreover, if w is connected and τ(eq) = τ(e1), we say that w is a closed
connected word issued at the vertex τ(eq).

Definition 2.5. Let w = r0t1r1...rq−1tqrq ∈ W (G), w is said to be reduced
if it satisfies:

⋄ if q = 0, then w = r0 isn’t equal to the unit element;
⋄ if q > 0, then whenever ti = t−1

i+1 for some 1 ≤ i ≤ q − 1 we have
ri 6∈ fei(Gei).

Moreover the word w is said to be cyclically reduced if it is reduced and
if q > 0 and t1 = t−1

q , then rqr0 6∈ feq(Geq ).

We recall the following well known facts.

Proposition 2.6. For any graph-of-groups G, the following holds:

(1) Every non-trivial element of Π(G) can be represented as a reduced
word.

(2) Every reduced word is a non-trivial element in Π(G).



QUOTIENT AND BLOW-UP OF AUTOMORPHISMS OF GRAPHS OF GROUPS 7

(3) If w1, w2 ∈ W (G) are two reduced words representing the same ele-
ment in Π(G), then w1 and w2 are of the same path type. In partic-
ular, w2 is connected if and only if w1 is connected.

In fact, suppose w1 = r0t1r1...rq−1tqrq and w2 = r′0t1r
′
1...r

′
q−1tqr

′
q,

then there exist elements hi ∈ Gei (i = 1, 2, ..., q) such that:
r′0 = r0fe1(h1); r′i = fei(hi)rifei+1(h

−1
i+1) for (i = 1, 2, ..., q − 1);

and r′q = feq(hq)rq.

⊔⊓

Definition 2.7. For any v0 ∈ V (Γ) the fundamental group based at v0,
denoted by π1(G, v0), consists of the elements in Π(G) that are represented
by closed connected words issued at v0.

For a vertex w0 ∈ V (Γ) different from v0, we have π1(G, v0) ∼= π1(G, w0).
In fact, let W ∈ Π(G) be represented by a a connected word with underlying
path from v0 to w0. The restriction of adW : Π(G) → Π(G) to π1(G, w0)
induces an isomorphism from π1(G, w0) to π1(G, v0). Sometimes we write
π1(G) when the choice of basepoint doesn’t make a difference.

2.3. Graph-of-Groups Isomorphism.

Definition 2.8. Let G1, G2 be two graphs of groups. Denote Γ1 = Γ(G1)
and Γ2 = Γ(G2). An isomorphism H : G1 → G2 is a tuple of the form

H = (HΓ, (Hv)v∈V (Γ1), (He)e∈E(Γ1), (δ(e))e∈E(Γ1)) ,

where

(1) HΓ : Γ1 → Γ2 is a graph isomorphism;
(2) Hv : Gv → GHΓ(v) is a group isomorphism, for any v ∈ V (Γ1);
(3) He = He : Ge → GHΓ(e) is a group isomorphism, for any e ∈ E(Γ1);
(4) for every e ∈ E(Γ1), the correction term δ(e) ∈ Gτ(HΓ(e)) is an

element such that

Hτ(e)fe = adδ(e)fHΓ(e)He.

Remark 2.9. A graph-of-groups isomorphism H : G1 → G2 induces an
isomorphism H∗ : Π(G1) → Π(G2) defined on the generators by:

H∗(g) = Hv(g), for g ∈ Gv, v ∈ V (Γ1);
H∗(te) = δ(e)tHΓ(e)δ(e)

−1, for e ∈ E(Γ1).

It is easy to verify thatH∗ preserves the relations tete = 1 for any e ∈ E(G)
and fe(g) = tefe(g)t

−1
e , for any e ∈ E(G) and g ∈ Ge.

Furthermore, the restriction of H∗ to π1(G1, v), where v ∈ V (Γ1), defines
an isomorphism H∗v : π1(G1, v) → π1(G2,HΓ(v)).

As in [9], we define the outer isomorphism induced by a group isomor-
phism f : G1 → G2 as the equivalence class

f̂ = {adgf : G1 → G2 | g ∈ G2}.

Hence H∗v induces an outer isomorphism Ĥ∗v : π1(G1, v) → π1(G2,HΓ(v)).
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Observe that when choosing a different vertex v1 as basepoint, we may
choose a word W ∈ Π(G1) with underlying path from v1 to v to obtain the
following commutative diagram:

π1(G1, v)
H∗v−−−−→ π1(G2,HΓ(v))

adW

y adH∗(W )

y
π1(G1, v1) −−−−→

H∗v1

π1(G2,HΓ(v1))

By Lemma 2.2 and Lemma 3.10 in [9], the map Ĥ∗v determines an outer

isomorphism Ĥ∗v1 : π1(G1, v1) → π1(G2,HΓ(v1)) which is independent of the
choice of W . Hence the isomorphism H : G1 → G2 induces a well-defined

outer isomorphism Ĥ : π1(G1) → π1(G2) which doesn’t depend on the choice
of basepoint.

Remark 2.10 (Composition, Inverse). For two graph-of-groups isomor-
phisms H ′ : G1 → G2, H ′′ : G2 → G3, the composition of H ′ and H ′′

is an isomorphism H ′′H ′ = H : G1 → G3 given (for any v ∈ V (Γ1),
e ∈ E(Γ1)) precisely by: HΓ = H ′′

ΓH
′
Γ; Hv = H ′′

H′

Γ(v)
H ′

v; He = H ′′
H′

Γ(e)
H ′

e;

δ(e) = H ′′
τ(H′

Γ(e))
(δ′(e))δ′′(H ′

Γ(e)). Moreover, H satisfies H∗ = H ′′
∗H

′
∗ and

Ĥ = Ĥ ′′Ĥ ′.
For any graph-of-groups isomorphism H : G1 → G2 the inverse isomor-

phism is H−1 : G2 → G1, which satisfies H−1
∗ = (H−1)∗ and Ĥ−1 = Ĥ−1,

is defined (for all v ∈ V (Γ2), e ∈ E(Γ2)) by: (H−1)Γ = (HΓ)
−1; (H−1)v =

(HH−1
Γ (v))

−1; (H−1)e = (HH−1
Γ (e))

−1; δ−1(e) = H−1
H−1(τ(e))

(δ(H−1
Γ (e))−1).

2.4. A Natural Equivalence Between Graphs Of Groups.

Suppose that G, G′ are two graphs-of-groups, and that G′ equals to G
everywhere except that for some edge e0 ∈ E(G) one has f ′

e0
= adw−1

e0
◦ fe0 ,

where we0 is an element in Gτ(e0). Then there is a natural isomorphism

between G and G′.
More concretely, define H0 : G → G′ by the rules:

(1) H0,Γ = idΓ(G);
(2) H0,v = idGv

for any v ∈ V (G); H0,e = idGe
for any e ∈ E(G);

(3) δ0(e0) = we0 , and δ0(e) = 1 when e 6= e0.

Then it’s easy to verify that H0 is a well-defined graph-of-groups isomor-
phism, since the additional compatibility requirement holds automatically
for all edges e0 6= e ∈ Γ0, and for e0 we have

H0,τ(e0) ◦ fe0 = fe0 = adwe0
◦ f ′

e0
= adδ0(e0) ◦ f

′
e0

= adδ0(e0) ◦ f
′
e0

◦H0,e0 .

The above isomorphism gives rise to a natural notion of “equivalent”
graphs-of-groups, where the equivalence relation is generated by isomor-
phisms of the above type H0 as elementary equivalence. This notion of
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“equivalent” graph-of-groups, although not really established in the litera-
ture, is natural, in that it preserves (up to canonical isomorphisms) the fun-
damental group. It also shows up in the prime feature of graph-of-groups,
meaning Bass-Serre theory: Given a group G that acts on a (simplicial) tree
T , for the associated graph-of-groups decomposition G ∼= π1(GT ) the “quo-
tient” graph-of-groups GT of T modulo G is only well defined up to precisely
this equivalence relation.

Lemma 2.11. Let G, G′, H0, e0 and w0 be as defined as above.
Let H : G → G be a graph-of-groups automorphism, and let H ′ = (H ′

Γ,
(H ′

v)v∈V (G′), (H
′
e)e∈E(G′), (δ

′(e))e∈E(G′)) be equal to H everywhere except that

δ′(e0) = Hτ(e0)(we0)
−1δ(e0)we0 .

Then H ′ determines a well-defined graph-of-groups automorphism which
is conjugate to H via H0. More precisely, we have H ′ = H0 ◦H ◦H−1

0 , and

hence in particular Ĥ ′ = Ĥ0 ◦ Ĥ ◦ Ĥ−1
0 .

Proof. In order to show that H ′ is a well-defined graph-of-groups isomor-
phism, it is sufficient to verify that Hτ(e0) ◦ f

′
e0

= adδ′(e0) ◦ f
′
e0

◦He0 .
For every g ∈ Ge0 we have

adδ′(e0) ◦ f
′
e0

◦He0(g) = Hτ(e0)(we0)
−1δ(e0)we0f

′
e0
(He0(g))w

−1
e0

δ(e0)
−1Hτ(e0)(we0)

= Hτ(e0)(we0)
−1δ(e0)fe0(He0(g))δ(e0)

−1Hτ(e0)(we0)

= Hτ(e0)(we0)
−1Hτ(e0)(fe0(g))Hτ(e0)(we0)

= Hτ(e0)(w
−1
e0

fe0(g)we0)

= Hτ(e0) ◦ f
′
e0
(g)

Moreover, we have the following diagram commutes:

G
H

−−−−→ G

H0

y
yH0

G′ −−−−→
H′

G′

The only non-trivial part here is to verify that the following equation
holds for all edges:

H0,HΓ0
(τ(e))(δ(e))δ0(HΓ(e)) = H ′

HΓ0
(τ(e))(δ0(e))δ

′(HΓ0(e))

When e 6= e0, this equation follows from δ(e) = δ′(e) which holds auto-
matically by definition.

When e = e0, we Compute both, the left and the right hand side:

Left: H0,HΓ0
(τ(e))(δ(e))δ0(HΓ(e)) = δ(e0)δ0(e0) = δ(e0)we0

Right: H ′
HΓ0

(τ(e))(δ0(e))δ
′(HΓ0(e)) = H ′

τ(e0)
(δ0(e0))δ

′(e0)

= H ′
τ(e0)

(we0)δ
′(e0)

= Hτ(e0)(we0)δ
′(e0) = δ(e0)we0
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Hence we have shown that the equation holds for all edges, and that

H ′ = H0 ◦H ◦H−1
0 , which implies Ĥ ′ = Ĥ0 ◦ Ĥ ◦ Ĥ−1

0 . ⊔⊓

Remark 2.12. Similar to the equivalence between G and G′ discussed above,
Lemma 2.11 gives rise to an equivalence between graph-of-groups automor-
phisms, which is natural in the following sense:

Assume that some group G acts on a simplicial tree T , and let GT be
the “quotient graph-of-groups” of T modulo G mentioned above. Assume
furthermore that for some outer automorphism ϕ of G the tree T is “ϕ-
invariant”, by which one means that the translation length function ‖ · ‖T ,
defined on the conjugacy classes of G by setting all edge lengths equal to 1,
is preserved by ϕ:

‖ϕ[g]‖T = ‖[g]‖T for all g ∈ G

Now Bass-Serre theory is set up in such a way that this ϕ-invariance of T is
equivalent to the existence of a graph-of-groups automorphism H : GT → GT

which induces the given automorphism ϕ.
However, in this situation the automorphism H is determined only up to

an equivalence which is generated by the elementary equivalence H ∼ H ′,
where H and H ′ are precisely as given in Lemma 2.11 above.

A statement analogous to Lemma 2.11 with e0 replaced by a family of
edges can be derived by applying Lemma 2.11 iteratively.

3. Dehn Twists

3.1. Classical Dehn Twists.

We first recall the classical definition of a Dehn twist as given in [8].

Definition 3.1 (Classical Dehn twist). An automorphism D : G → G of a
graph-of-groups G is called a (classical) Dehn twist if it satisfies:

(1) DΓ = idΓ;
(2) Dv = idGv

, for all v ∈ V (Γ);
(3) De = idGe

, for all e ∈ E(Γ);
(4) for each Ge, there is an element γe ∈ Z(Ge) such that δ(e) = fe(γe),

where Z(Ge) denotes the center of Ge.

We denote a Dehn twist defined as above by D = D(G, (γe)e∈E(G)).

Definition 3.2 (Twistor). Given a Dehn twist D = D(G, (γe)e∈E(G)), we

define the twistor of an edge e ∈ E(Γ) by setting ze = γeγ
−1
e . Then for any

edge e we have ze ∈ Z(Ge) and ze = γeγ
−1
e = z−1

e .

Remark 3.3. The induced automorphism D∗ : Π(G) → Π(G) is defined on
generators as follows:

D∗(g) = g, for g ∈ Gv , v ∈ V (Γ);
D∗(te) = tefe(ze), for every e ∈ E(Γ).

In particular, the induced automorphism on the fundamental group, D∗v :
π1(G, v) → π1(G, v), where v ∈ V (Γ), is called a Dehn twist automorphism.
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Remark 3.4. It follows from Proposition 5.4 in [9] that in many situations a
Dehn twist on a given graph-of-groups is uniquely determined by its twistors.
Thus sometimes we may define a Dehn twist by its twistors (ze)e∈E(Γ) (With

ze ∈ Z(Ge) and ze = z−1
e , for each e ∈ E(Γ)). In this case, we may conversely

define:

γe =

{
z−1
e , e ∈ E+(Γ)

1, e ∈ E−(Γ).

Definition 3.5. A group automorphism ϕ : G → G is said to be a Dehn
twist automorphism if it is represented by a graph-of-groups Dehn twist. In
other words, there exists a graph-of-groups G, a Dehn twist D : G → G, and
an isomorphism θ : G → π1(G, v) such that ϕ = θ−1 ◦D∗v ◦ θ.

In this case the induced outer automorphism ϕ̂ ∈ Out(G) is called a Dehn
twist outer automorphism.

Remark 3.6. Notice that, for a given Dehn twist automorphism ϕ : G → G,
its Dehn twist representative is in general not unique.

In the special case where G is a free group, such “unique” Dehn twist
representatives are given by efficient Dehn twists. For details see [8] or
Section 3.3 in [21].

Remark 3.7. It is easy to see that every multiple Dehn twist homeomor-
phism h on a compact surface S (possibly with finitely many boundary
components), as defined in [10], gives rise to a graph-of-groups Dehn twist
D : G → G. Here G is a graph-of-groups decomposition of the surface group
π1(S) modeled the decomposition of S by the twistor curves, and the Dehn
twist D on G defines the same outer automorphism on π1(G) ∼= π1(S) as the
given multiple Dehn twist homeomorphism h. See [23] and section 6 of [22]
for a more detailed explanation.

3.2. General Dehn Twists. There are several places in the literature
(e.g. see [7, 11, 15]) where the notion of a “Dehn twist” by means of graph-
of-groups automorphisms have been defined; these definitions all agree in
essence, but are slightly distinct in their technical specifications. Thus sub-
section is meant as contribution to a unification of these concepts.

Among the various alternatives to classical Dehn twists as presented in
the previous subsection, the idea to simplify the concept of twists on non-
trivial edge group elements through keeping the edge groups trivial and
working with “interesting” correction terms has its strong merits, but also
some defaults (see the opening paragraph of subsection 3.3). It leads to
graph-of-groups automorphisms as considered in the next proposition; these
are particularly important as they occur naturally in the context of Bestvina-
Handel’s train track maps in [4].

Proposition 3.8. Let G be a graph-of-groups such that the edge groups Ge

are trivial for all e ∈ E(G). Let H : G → G be an automorphism such that

⋄ HΓ acts on Γ(G) as identity;
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⋄ Hv : Gv → Gv is the identity map, for all v ∈ V (G).

Then the induced automorphism Ĥ ∈ Out(π1G) is a Dehn twist automor-
phism.

The proof of this proposition is postponed (see Remark 3.11); we first
want to enlarge our concept of a “Dehn wist automorphism”to include other
notions mentioned above. Our Definition 3.9 below includes in particular
also the concept set up in [11], which to our knowledge is the most general
among the ones presently in the literature. Be aware, however, that in [11]
Levitt’s terminology for “Dehn twist” corresponds to what is called here
“Dehn twist outer automorphism” (see Definition 3.5).

In any case, it will be shown in Proposition 3.10 below that all these
generalizations differ from the original “classical” Dehn twist concept only
in their presentation and not really in substance.

Definition 3.9 (General Dehn twist). Let G be a graph-of-groups. An
automorphism D : G → G is called a general Dehn twist if

⋄ DΓ = idΓ;
⋄ Dv = idGv

, for any vertex v ∈ V (G);
⋄ De = idGe

, for any edge e ∈ E(G);
⋄ δ(e) ∈ C(fe(Ge)), where C(fe(Ge)) denotes the centeralizer of fe(Ge)
in Gτ(e), for any e ∈ E(Γ).

Proposition 3.10. The notions of a “classical Dehn” twist and of a “general
Dehn” twist are equivalent in the following sense:

(1) Every classical Dehn twist is a general Dehn twist.
(2) To every general Dehn twist D : G → G we can canonically as-

sociate a classical Dehn twist D′ : G′ → G′ and an isomorphism
θv : π1(G, v) → π1(G

′, v′) (for any vertex v of G and a corresponding
vertex v′ of G′) such that D′

∗v′ ◦ θv = θv ◦D∗v.

In particular, the outer automorphism D̂ defined by a general Dehn twist is
a Dehn twist automorphism.

Proof. (1) This follows immediately from fe(Z(Ge)) ⊂ C(fe(Ge)).

(2) We first consider a special case:
Let D : G → G be a general Dehn twist, with all correction terms as

defined in the classical case except for a single edge e: we suppose δ(e) ∈
C(fe(Ge)) ⊂ Gτ(e) but δ(e) /∈ fe(Z(Ge)).

Then we define a classical Dehn twist D′ : G′ → G′ which is obtained as
follows:

⋄ The graph-of-groups G′ is obtained from G by introducing a new
vertex v0 which subdivides the edge e into e′ and e′′, with ι(e′) = ι(e),
τ(e′) = v0 = ι(e′′) and τ(e′′) = τ(e), by setting

Ge′ = Ge and Ge′′ = Gv0 = 〈fe(Ge), δ(e)〉,
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and by defining the edge homomorphisms through

fe′(x) = fe(x), fe′(x) = fe(x) for all x ∈ Ge′ = Ge ,

and fe′′ = idGe′′
, fe′′ = idGe′′

.

⋄ The Dehn twist D′ is defined by setting

D′
e′ = idGe′

, D′
e′′ = idGe′′

, D′
v0

= idGv0
,

and by choosing

δ′(e′) = δ(e), δ′(e′) = 1Gv0
, δ′(e′′) = 1Gv0

, δ′(e′′) = δ(e).

The data for D′ are equal to those for D everywhere else.

Since δ(e) is assumed to lie in C(fe(Ge)), any element in fe(Ge) com-
mutes with δ(e). As δ(e) also commutes with itself, we derive immediately
that δ′(e′′) = δ(e) commutes with all elements contained in 〈fe(Ge), δ(e)〉 =
fe′′(Ge′′), i.e. δ′(e′′) ∈ Z(fe′′(Ge′′)) = fe′′(Z(Ge′′)). Thus D′ is a classical
Dehn twist as given in Definition 3.5.

The Dehn twist D′ is “equal” to D in the following sense: for every vertex
v 6= v0 from G′ there is a corresponding vertex for G which we also call v.

Consider the homomorphism θ : Π(G) → Π(G′) defined on generators by
te 7→ te′te′′ and by g 7→ g otherwise. Then we claim that, for every vertex
v 6= v0, the restriction of θ to π1(G, v) defines an isomorphism θv : π1(G, v) →
π1(G

′, v).
To see this, we first observe that because of Gv0 = fe′′(Ge′′) a reduced

word in Π(G′) can not contain as subword any word of type te′′gte′′ with
g ∈ Gv0 . Since furthermore e′′ and e′ are the only edges issuing from v0, it
follows for any reduced word W ∈ π1(G

′, v) with v 6= v0, after appropriately
applying the relation fe′(g) = t−1

e′ fe′(g)te′ from Definition 2.2, that any
occurrence of te′′ in W is preceded by te′ and any te′′ is succeeded by te′ .
This proves the surjectivity of the map θv, since by Proposition 2.6 (1) it
suffices to consider reduced words. The injectivity is a direct consequence
of part (3) of the same proposition.

To conclude the proof in the special case we now observe that θ gives rise
to the following diagram:

π1(G, v)
D∗v−−−−→ π1(G, v)

θv

y
yθv

π1(G
′, v) −−−−→

D′

∗v

π1(G
′, v)

It follows directly from the definition of the maps involved that this diagram
is commutative; the only non-trivial argument needed is given by:
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θ ◦D∗(te) = θ(δ(e)teδ(e)
−1) = δ(e)te′te′′δ(e)

−1

= D′
∗(te′)D

′
∗(te′′) = D′

∗(te′te′′)

= D′
∗ ◦ θ(te).

In the general case, where D is a general Dehn twist which may have
more than one correction term defined in the “non-classical way”, we may
apply the above treated special case repeatedly to each of the “non-classical”
correction terms, to eventually obtain a classical Dehn twist. ⊔⊓

Remark 3.11. One obtains now the statement of Proposition 3.8 as direct
consequence of Proposition 3.10 (2), since the graph-of-group automorphism
H from Proposition 3.8 is clearly a general Dehn twist.

3.3. Partial Dehn twists.

The type of Dehn twists as considered in Proposition 3.8 has a strong
appeal, due to its simplicity. It is furthermore of natural interest because it
is used in relative train track theory (see [4]). However, it should be noted
that not every outer Dehn twist automorphism, even for a free group of finite
rank, can be represented by such simple graph-of-groups automorphisms, as
illustrated by the following example:

Remark 3.12. We consider F3 = F (a, b, c) and the automorphism ϕ ∈
Out(F3) which acts on the generators by sending a 7→ a, b 7→ ba and c 7→
(aba−1b−1)c(aba−1b−1)−1. This is the Dehn twist automorphism induced by
the partial Dehn twist given in Example 1.3.

In order to see that this Dehn twist automorphism can not be realized by a
Dehn twist D : G → G as in Proposition 3.8, i.e. based on a graph-of-groups
G with all edge groups trivial, we observe that for such a graph-of-groups
every vertex group is a free factor of π1G ∼= F (a, b, c). From the algebraic
prescriptions a 7→ a, b 7→ ba, c 7→ (aba−1b−1) c (aba−1b−1)−1 we derive that
there must be two edges in G, with precisely one of them a loop edge. As
a consequence that there must also be precisely two vertices in G, and none
of the vertex groups can be trivial. It follows that both vertex groups must
have rank 1. Since the conjugacy class of the two twisters are prescribed by
the action on π1G, it follows that one of the edges at one of its endpoints
must have as correction term an element conjugate to aba−1b−1. Such a
commutator, however, can not be contained in any of the vertex groups, if
the latter is a free factor of F (a, b, c) of rank 1. Hence a graph-of-groups G
as required for the Dehn twist in question does not exist.

In order to make up for this defect, we now introduce the following notion
of partial Dehn twist, which is more thoroughly studied in [21], [22], as well
as Section 7 of this article .

Definition 3.13 (Partial Dehn twist). Let G be a graph-of-groups, and let
V0 ⊂ V (G) be a set of vertices which has the property that any edge e with
τ(e) = v ∈ V0 has trivial edge group Ge.
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A partial Dehn twist relative to V0 is a graph-of-groups isomorphism H :
G → G such that

⋄ HΓ : Γ(G) → Γ(G) is the identity;
⋄ He = idGe

for all edges e ∈ E(G);
⋄ Hv = idGv

for all vertices v /∈ V0 (whileHv is any group isomorphism
for all v ∈ V0);

⋄ δ(e) ∈ C(fe(Ge)) for all edges e ∈ E(G).

The case which is of most interest to us is that of a partial Dehn twist
where all non-trivial vertex group automorphisms are Dehn twist automor-
phisms themselves. In order to simplify the notation, we include the identity
map as trivial Dehn twist defined by a degenerate graph-of-groups that is
based on the graph which consists of a single vertex only. We define:

Definition 3.14. A graph-of-groups automorphism H : G → G is a partial
Dehn twist relative to a family of Dehn twist automorphisms if H is a partial
Dehn twist as in Definition 3.13, with the specification that for every vertex
v ∈ V (G) the map Hv is a (possibly trivial) Dehn twist automorphism.

4. H-conjugation

Recall from Proposition 2.6 that for any element W in the Bass group
Π(G), represented by some reduced word w ∈ W (G), then any other reduced
w′ ∈ W (G) which also represents W is connected if and only if w is con-
nected. We hence call W in this case a connected element of Π(G). Similarly,
the initial and terminal vertices ι(W ) and τ(W ) are well defined.

Definition 4.1. Let H : G → G be an isomorphism of a graph-of-groups.
Let W1,W2 be non-trivial connected elements in the Bass group Π(G). Then
W1 is said to be H-conjugate to W2 if there exists a connected element
W ∈ Π(G) such that W1 = WW2H∗(W )−1. This connected element W is
called H-conjugator.

Lemma 4.2. H-conjugacy is an equivalence relation on the set of non-trivial
connected elements in Π(G).

Proof. Reflexivity and symmetry are obvious. In order to show transitiv-
ity we observe that from W1 = WW2H∗(W )−1 and W2 = W ′W3H∗(W

′)−1,
whereW andW ′ are connected elements, one deducesW1 = WW ′W3H∗(WW ′)−1.
Here WW ′ is connected since W1 and W2 are non-trivial and connected,
which implies that W terminates at ι(W2) while W ′ initiates at ι(W2). ⊔⊓

Remark 4.3. Let H be an isomorphism of a graph-of-groups G. Two non-
trivial connected elements W1,W2 ∈ Π(G) are H-conjugate to each other if
and only if W−1

1 and W−1
2 are H−1-conjugate to each other.

Definition 4.4. Let H : G → G be an isomorphism of a graph-of-groups,
and let W ∈ Π(G) be a non-trivial connected element.
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ThenW is said to be H-zero if there exists a connected elementW ′ ∈ Π(G)
such that the (possibly trivial) element W ′WH∗(W

′)−1 is contained in a
single vertex group of G.

Remark 4.5. There is an important particular reason why the trivial
element of Π(G) is not contained in any of the H-conjugacy classes as they
are defined in the above set-up. It is a rather tricky issue, which has been
dealt with in detail in Section 3 of [12].

This leads, however, to the following “unexpected” situation, due to the
fact (obtained directly from Definitions 4.1 and 4.4) that an element W ∈
Π(G) is H-zero if and only if any H-conjugate W ′ ∈ Π(G) is also H-zero: It
could well be that all elements in the H-conjugacy class of W are H-zero,
but none of them is actually contained in some vertex group of G, since the
only such which is H-conjugate to W is the trivial element.

Remark 4.6. It is also important noting that in the special case, where π1G
is a free group of finite rank and H : G → G is based on the identity map
HΓ = idΓ(G), one can decide algorithmically whether a non-trivial connected
element W ∈ Π(G) is H-zero or not.

Indeed, by Definition 4.4, W is H-zero if and only if one can write W as
product

W = W1gH∗(W1)
−1 ,

where W1 ∈ Π(G) is also connected, and g is contained in some vertex group
Gv of G. By properly chosing W1 we can assume here that W1 is written
as reduced word, and that there is no cancellation (other than within Gv)
in the above product, which is hence reduced and of even G-length 2r, for
r = |W1|G .

Thus, if W is H-zero, it can be written as product W = W ′W ′′, with W ′

and W ′′ of G-length r. The element W ′ is not quite determined by W , but
for all possible choices we always have W ′−1W1 ∈ Gv . We conclude that W
is H-zero if and only if for any W ′ as above we have that

W ′−1WH∗(W
′)

has G-length 0 (which is equivalent to being contained in some vertex group).
For a formal proof of the last conclusion we observe that g′ := W ′−1W1 ∈

Gv implies W ′′ = W ′−1W = W ′−1W1gH∗(W1)
−1 = g′gH∗(W1)

−1 and hence
W ′′H∗(W

′) = g′gH∗(W1)
−1H∗(W

′) = g′gH∗(W
−1
1 W ′) = g′gH∗(W

−1
1 W ′) =

g′gH∗(g
′−1), whereH∗(g

′−1) ∈ Gv follows from our assumption HΓ = idΓ(G).

5. Quotient graph-of-groups isomorphism

5.1. Quotient graph-of-groups.

Let G be a graph-of-groups and G0 be a sub-graph-of-groups of G. By
sub-graph-of-groups we simply mean the restriction of G to a connected
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subgraph1. Denote Γ = Γ(G) and Γ0 = Γ(G0); by definition Γ0 is a connected
subgraph of Γ.

We will denote by G = G/G0 the quotient graph-of-groups of G by G0,
which we define now in detail:

The graph underlying G, denoted by Γ = Γ/Γ0 with V (Γ) = (V (Γ) r
V (Γ0))∪{V0} and E(Γ) = E(Γ)rE(Γ0), is obtained precisely by contracting
Γ0 into a vertex V0 through the map:

q : Γ → Γ

x 7→ V0 if x ∈ E(Γ0) or V (Γ0)

x 7→ X otherwise

Thus on Γ r Γ0 the map q sends x, by which we mean either an edge or a
vertex, to its natural correspondence in Γ. We denote q(x) by the same but
capitalized letter X ∈ Γ, to avoid confusion.

We choose a vertex

(5.1) p0 ∈ V (Γ0)

as basepoint and set GV0 = π1(G0, p0).
For every v ∈ V (Γ) and V = q(v) 6= V0, we set GV = Gv. For every

e ∈ E(Γ) and E = q(e) ∈ E(Γ), let GE = Ge, and fE = fe if τ(E) 6= V0. If
τ(E) = V0, we choose a word

(5.2) γE ∈ Π(G0) ⊂ Π(G)

from p0 to τ(e) ∈ V (Γ0) and define the edge homomorphism of E to be
fE := adγE ◦ fe.

We define a group homomorphism θ from Π(G) to Π(G) via:

θ : Π(G) → Π(G)

tE 7→ teγ
−1
E if τ(E) = V0, τ(E) 6= V0

tE 7→ γEteγ
−1
E if τ(E) = τ(E) = V0

θ acts as identity elsewhere

Through the identification GV0 = π1(G0, p0) we see immediately that
the restriction of θ to π1(G, V0) defines an isomorphism from π1(G, V0) to
π1(G, p0) which we denote by θ0:

The inverse map θ−1
0 is given through introducing a cancelling pair γ−1

E γE
after the stable letter te for any edge e with τ(e) ∈ V (Γ0), and γ−1

E
γE before

the stable letter te for any edge e with τ(e) ∈ V (Γ0). One then maps te
to γ−1

E
tEγE if both τ(e), τ(e) ∈ V (Γ0), and one maps te to tEγE if only

τ(e) ∈ V (Γ0).

1 Be aware that this definition of sub-graph-of-groups is different from the one in [1].
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Remark 5.1. For later purposes the reader should note here that for any
edge E = q(e) of Γ(G) with τ(E) = V0 there exist a vertex v(E) := τ(e) ∈
V (G0) such that for the “connecting word” γE ∈ Π(G0) from p0 to v(E) one
has θ ◦ fE(GE) ⊂ γEGv(E)γ

−1
E .

5.2. Quotient graph-of-groups isomorphism.

In this subsection we define the notion of a quotient graph-of-groups iso-
morphism.

The graphs-of-groups G, G0, G and the group homomorphisms θ and θ0
are defined as in the previous subsection. In particular, let V0, γE and p0 be
as given there.

Let H : G → G be a graph-of-groups isomorphism which acts as identity
on the graph Γ. The map H0 : G0 → G0, obtained by restricting H to G0, is
called the local graph-of-groups isomorphism.

In order to define H : G → G we set:

(1) HV0 = H0,∗p0 : π1(G0, p0) → π1(G0, p0);

(2) δ(E) = H∗(γE)δ(e)γ
−1
E , for all E such that τ(E) = V0;

(3) H “equals”H on the rest of G (modulo replacing x by X as explained
in the previous subsection). In particular, HΓ is the identity on the

quotient graph Γ.

Proposition 5.2. The above conditions (1) - (3) give a well defined graph-

of-groups isomorphism H : G → G. It induces an outer automorphism Ĥ

which is conjugate to Ĥ via the isomorphism θ0 : π1(G, V0) → π1(G, p0).

Proof. In order to show that the above data (1) - (3) give a well defined
graph-of-groups isomorphism, the only non-trivial step to verify is the con-
dition that HV0 ◦ fE = adδ(E) ◦ fE ◦HE for all E = q(e) with τ(E) = V0.
Denote v = τ(e) ∈ V (Γ0).

Observe first that for any h ∈ Gv , since H0 induces an isomorphism on
Π(G0), we have:

HV0(γEhγ
−1
E ) = H0∗(γE)Hv(h)H0∗(γ

−1
E ) = H∗(γE)Hv(h)H∗(γ

−1
E )

For any g ∈ GE we compute, where the fourth equality uses the previous
observation, for h = fe(g):

adδ(E) ◦ fE ◦HE(g) = H∗(γE)δ(e)γ
−1
E fE(HE(g))γEδ(e)

−1H∗(γ
−1
E )

= H∗(γE)δ(e)fe(He(g))δ(e)
−1H∗(γ

−1
E )

= H∗(γE)Hv(fe(g))H∗(γ
−1
E )

= HV0(γEfe(g)γ
−1
E )

= HV0 ◦ fE(g)

In order to illustrate the previous proof we propose the diagram below:
every face of the“cube”pictured there commutes, up to inner automorphisms
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on the front and back faces, defined by the correction terms δ(E) and δ(e)
respectively.

Ge Gv

GE GV0

Ge Gv

GE GV0

Here the map Ge → GE is the identity, while the map Gv → GV0 is adγE .

After having thus proved the first sentence of the proposition, we now
turn to the second: we want to show that the following diagram commutes.

π1(G, V0)
H∗V0−−−−→ π1(G, V0)

θ0

y
yθ0

π1(G, p0) −−−−→
H∗p0

π1(G, p0)

Notice that the group homomorphism θ acts on all vertex groups other
than GV0 as identity. On the other hand, for E ∈ E(G) with τ(E) = V0 but
τ(E) 6= V0 we have:

θ ◦H∗(tE) = θ(δ(E)tEδ(E)−1) = δ(E)teγ
−1
E δ(E)−1

= δ(e)teδ(e)
−1H∗(γE)

−1

= H∗(teγ
−1
E )

= H∗ ◦ θ(tE)

A similar computation applies to E ∈ E(G) with τ(E) = τ(E) = V0.

Therefore we obtain θ0 ◦ H∗V0 = H∗p0 ◦ θ0, and hence Ĥ and Ĥ are

conjugate to each other through the outer isomorphism θ̂0. ⊔⊓

Remark 5.3. Note in particular, for all E with τ(E) = V0, we have by
definition that δ(E) is H−1

0 -conjugate to an element with G0-length equal to

zero, and hence is H−1
0 -zero: The word γE satisfies

H0∗(γ
−1
E )θ(δ(E))γE ∈ Gv(E) .
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Remark 5.4. Our formal construction of quotient graph-of-group isomor-
phism H, constructed as above, depends on the choice of base point p0 in
Γ0 and of “connecting words” γE for all edges E with τ(E) = V0, as set up
in (5.2) in order to define θ and θ0.

However, the outer automorphism Ĥ induced by H : G → G depends
neither on the choice of the γE nor on the choice of p0, up to conjugation by
the natural isomorphism θ−1

0 θ′0, where θ
′
0 is the map analogous to θ0 defined

through an alternative choice of p0 and and the γE .

This is a direct consequence of the statement in Proposition 5.2 that Ĥ

is conjugate to Ĥ via θ0.

Alternatively, a direct proof, without passing through Ĥ, can be given by
applying Lemma 2.11; this yields the slightly stronger result that a second

quotient automorphism H
′
: G

′
→ G

′
is conjugated to H by a graph-of-

groups isomorphism F : G → G
′
.

Remark 5.5. We may apply this quotient procedure above on several dis-
joint connected subgraphs-of-groups of G and obtain the analoguous conclu-
sion that the quotient graph-of-groups isomorphism H is well defined and

induces an outer automorphism conjugate to Ĥ.

Remark 5.6. For simplicity of notations, we sometimes represent the si-
multaneous quotienting of the graph-of-groups G and of the isomorphism H
by referring to the quotient pair (H,G), obtained from (H,G) modulo the
pair (H0,G0).

6. Blowing up graph-of-groups automorphism

In this section, we will reverse the quotient construction in the previous
section; we emphasize this reversal by the choice of our notation.

For simplicity of the presentation, we only give the blow-up construction
at a single vertex. However (for example through iterating this procedure),
one can generalize the technique described in this section directly to a blow-
up construction at several vertices simultaneously to obtain Theorem 1.1 in
the Introduction.

6.1. Assumptions.

Let H : G → G and H0 : G0 → G0 be graph-of-groups automorphisms
which act as the identity on their underlying graphs Γ and Γ0 respectively.
Let V0 be a vertex of Γ. We consider the following assumptions:

(A1) There exist a vertex p0 ∈ V (G0) and a group isomorphism θ0 : GV0 →
π1(G0, p0) such that

θ0 ◦HV0 = H0∗,p0 ◦ θ0;

(A2) Compatibility requirement for graph-of-groups:
For any edge E of Γ(G) with τ(E) = V0 there exist some vertex

v(E) ∈ V (G0) and a “connecting word” γE ∈ Π(G0) from p0 to v(E)
such that θ0 ◦ fE(GE) ⊂ γEGv(E)γ

−1
E ;
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(A3) Compatibility requirement for isomorphism:
The word γE also satisfies H0∗(γ

−1
E )θ0(δ(E))γE ∈ Gv(E).

Definition 6.1. Assume that condition (A1) is satisfied. Then the pair
(H0,G0), which is called the local graph-of-groups isomorphism associated to
V0, is said to be compatible with (H,G) if both compatibility requirements
(A2) and (A3) are satisfied.

Remark 6.2. We’d like to note:

(1) The compatibility requirement for isomorphism implies, for any δ(E)
with τ(E) = V0, that the element θ0(δ(E)) is H−1

0 -zero.
Conversely, in order to derive the compatibility requirement for

isomorphism for any correction term δ(E) such that θ0(δ(E)) isH−1
0 -

zero, one needs the additional hypothesis that δ(E) isGE-compatible:
by this we mean that there is a connected word γE ∈ Π(G) which
satisfies both assumptions (A2) and (A3) above.

(2) For each E with τ(E) = V0, there may exist more then one pair of
(v(E), γE) such that the above conditions hold.

6.2. Existence of the blow-up.

Theorem 6.3. Let H : G → G and H0 : G0 → G0 be graph-of-groups
isomorphisms which act as the identity on their underlying graphs, and let
V0 ∈ V (G) be a vertex for which condition (A1) is satisfied.

Then there exists a “blow-up” graph-of-groups G and a “blow-up” graph-of-
groups isomorphism H : G → G, which contains H0 as local graph-of-groups
isomorphism and yields modulo (H0,G0) the quotient pair (H,G), if and only
if the conditions (A2) and (A3) are satisfied.

In particular, H and H induce outer automorphisms which are conjugate.

Proof. For the convenience of the reader we divide this proof in 6 steps;
in the first two we present the data which will serve to define G and H
respectively.

(1) The graph Γ(G), with vertex set V (G) = V (G)\{V0}∪V (G0), is obtained
from Γ(G) and Γ(G0) by replacing every edge E with terminal vertex τ(E) =
V0 by an edge e with terminal vertex v(E). The analogous replacement is
done for E. If E has both endpoints distinct from V0 we leave them as they
are, but rename E by the corresponding small letter e.

We set Ge = GE and define, if τ(e) = v(E), the edge injection by fe(g) =
γ−1
E θ0(fE(g))γE , for every g ∈ Ge. For τ(e) = τ(E) we define fe = fE.

(2) The isomorphism H : G → G is equal to H0 or to H when restricted to
G0 or to G\{V0} respectively, except that in the case τ(e) = v(E) we modify
the correction term to δ(e) = H0∗(γ

−1
E )θ0(δ(E))γE .

(3) In order to show that the data defined above in (1) give a well defined
graph-of-groups one only needs to verify that for any edge e of G the edge
injection fe has its image in the vertex group Gτ(e). If τ(e) is not contained
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in V (G0), then this is immediate from the definition. If τ(e) ∈ V (G0), then
we use the compatibility requirement for graph-of-groups, which gives (A2),
fe(Ge) = γ−1

E θ0(fE(GE))γE ⊂ Gv(E).

(4) We now want to show that the data defined above in (2) give a well-
defined graph-of-groups isomorphism. This is equivalent to showing for every
edge e of G the equality stated in condition (4) of Definition 2.8. Again, for
τ(e) /∈ V (G0) this is a direct consequence of our set-up. For τ(e) ∈ V (G0) we
compute (where the third equality uses the definition of fe from (2) above,
and the fifth equality uses condition (A1)):

adδ(e) ◦ fe ◦He(g) = δ(e)fe(He(g))δ(e)
−1

= H0∗(γ
−1
E )θ0(δ(E))γEfe(He(g))γ

−1
E θ0(δ(E)−1)H0∗(γE)

= H0∗(γ
−1
E )θ0(δ(E)fE(HE(g))δ(E)−1)H0∗(γE)

= H0∗(γ
−1
E )θ0(HV0(fE(g)))H0∗(γE)

= H0∗(γ
−1
E )H0∗,P0(θ0(fE(g)))H0∗(γE)

= H0∗(γ
−1
E θ0(fE(g))γE) = H0∗(fe(g)) = Hv(E) ◦ fe(g)

(5) We now observe from our construction above that the blow-up graph-of-
groups isomorphism H contains H0 as local graph-of-groups isomorphism.
We furthermore have already a base point p0 as well as connecting words γE
from p0 to τ(e) for each edge e with terminal vertex τ(e) ∈ V (G0) specified,
so that one can readily apply Proposition 5.2 to obtain a quotient graph-of-
groups isomorphism, which, since p0 and all γE are as chosen before, must
agree with the isomorphism H : G → G.

In particular it follows that the induced outer automorphisms Ĥ and Ĥ
are conjugate.

(6) Finally, it follows from Remarks 5.1 and 5.3 that any blow-up pair (H,G)
which quotients modulo (H0,G0) to the given pair (H,G) must necessarily
satisfy the conditions (A2) and (A3). ⊔⊓

7. Partial Dehn Twist case

In this section we will apply Theorem 6.3 to the special case where all
edges E with terminal vertex V0 have trivial edge group:

GE = {1} if τ(E) = V0

In this case the compatibility conditions from Definition 6.1 simplify con-
siderably, as condition (A2) is trivially satisfied. Regarding the other com-
patibility condition, we observe that a connecting word γE which satisfies
condition (A3) exists, if and only if the θ0-image of the correction term δ(E)
is H−1

0 -zero, in the terminology of section 4. Hence we define:

Definition 7.1. Let H : G → G and H0 : G0 → G0 be graph-of-groups
isomorphisms which act as the identity on their underlying graphs, and let
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V0 ∈ V (G) be a vertex with an isomorphism θ0 : GV0 → π1(G0, p0) as in
condition (A1).

Then an edge E of G is said to be locally zero if the correction term of
E has image θ0(δ(E)) which is H−1

0 -zero. In other words, there exists a

connected word γE ∈ Π(G0) such that H0∗(γ
−1
E )θ0(δ(E))γE ∈ Gv for some

vertex v of G0.

We will now specialize further to the case of partial Dehn twistsH : G → G
as defined in Definition 3.13, which have trivial vertex group isomorphisms
HV except at vertices Vi that belong to a subset V0 ⊂ V (G). At those
“special” vertices we want to assume furthermore that HVi

is a Dehn twist
automorphism, given via an isomorphism θi : GVi

→ π1(Gi, pi) as in condi-
tion (A1) by some local Dehn twist Di : Gi → Gi (see Definition 3.9), so that
H is a partial Dehn twist relative to a family of local Dehn twists.

Corollary 7.2. Let H : G → G be a partial Dehn twist relative to V0 ⊂ V (G),
and assume that for each Vi ∈ V0 the vertex group isomorphism HVi

is a
Dehn twist automorphism represented by a “local” Dehn twist Di : Gi → Gi.

Then one can blow up (H,G) via (Di,Gi) to obtain a Dehn twist D : G → G
if and only if every edge E of G with τ(E) ∈ V0 is locally zero.

In this case the induced outer automorphism Ĥ : π1(G) → π1(G) is a Dehn
twist automorphism.

Proof. Let Vi be a vertex contained in V0. Since any edge E terminating
at Vi has trivial edge group, the compatibility requirement for graph-of-
groups (A2) holds automatically. On the other hand, the assumption that
any edge E with τ(E) ∈ V0 is locally zero is equivalent to the compatibility
requirement for isomorphism (A3). We can hence apply Theorem 6.3 to
directly obtain the desired “if and only if” statement.

Since H is a partial Dehn twist and the Di are Dehn twists, it follows
directly from the construction of the blow-up isomorphism in the proof of
Theorem 6.3 that D satisfies the first three properties of Definition 3.9.

In order to see that the fourth condition of Definition 3.9 is also satisfied,
we consider three cases: If an edge E from G has endpoint outside of V0,
then all relevant data for E and the corresponding edge e in G coincide, so
that we can simply use the last condition of Definition 3.13. If τ(E) ∈ V0,
then GE = {1} follows from Definition 3.13, so that the fourth condition
of Definition 3.9 is automatically satisfied. Finally, if the edge e from G in
question is an edge of some of the local graph-of-groups Gi, then we use that
Di : Gi → Gi itself is assumed to satisfy Definition 3.9, so that in particular
its fourth condition of this definition holds for e.

As a consequence we obtain from Proposition 3.10 that D̂ is a Dehn twist
automorphism. But Theorem 6.3 also states that the outer automorphisms

induced by H and by D are conjugate, which shows that Ĥ is also a Dehn
twist automorphism. ⊔⊓
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Corollary 7.2 gives the possibility to decide the existence of a blow-up
Dehn twist relative to particular given local Dehn twist representatives. A
harder but more interesting question is whether one can blow up the given
partial Dehn twist H : G → G to a global Dehn twist with respect to some
family of local Dehn twists that induce the vertex automorphisms of H. In
other words (using the terminology of Definition 3.14):

“When does a partial Dehn twist with Dehn twist automorphism on the
vertices induce a Dehn twist automorphism ?”

The subtlety of this question is illustrated by the Examples 1.3 and 1.4
in the Introduction. A complete answer is given in [21].

Remark 7.3. Assume that in the situation of Corollary 7.2 the following
data are given:

(a) The graph-of-groups G and Gi have free groups of finite rank as vertex
and edge groups, with chosen bases for each of them, and that the
edge maps are given in the usual fashion by specifying the images of
the edge groups basis elements as words in the basis of the adjacent
vertex group.

(b) The graph-of-groups automorphisms H and Hi are similarly given
by specifying the images of the given basis elements as word in those
bases, and by specifying for every edge E of G with terminal vertex
Vi ∈ V0 the θi-image of the correction term δ(E) as word W (δ(E)) ∈
Π(Gi).

(c) For every edge E with τ(E) = Vi ∈ V0, a vertex vE of Gi and
connecting words γE ∈ Π(Gi) are specified which satisfy

Hi∗(γ
−1
E )W (δ(E))γE ∈ GvE .

Then from these data one derives directly (in an algorithmic way) the anal-
ogous data needed to define the blow-up graph G and the blow-up isomor-
phism H. Indeed, the precise instructions for this procedure are given in
the parts (1) and (2) of proof of Theorem 6.3.
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[23] K. Ye, Automorphismes géométriques des groupes libres : croissance polynomiale

et algorithmes. PhD Thesis,2016

http://www.maths.ed.ac.uk/~aar/papers/farbmarg.pdf
http://www2.warwick.ac.uk/fac/sci/maths/people/staff/rodenhausen/phdthesis.pdf

	1. Introduction
	Acknowledgements

	2. Basics of Graphs of groups and their Isomorphisms
	2.1. Basic Conventions
	2.2. Graphs of Groups
	2.3. Graph-of-Groups Isomorphism
	2.4. A Natural Equivalence Between Graphs Of Groups

	3. Dehn Twists
	3.1. Classical Dehn Twists
	3.2. General Dehn Twists
	3.3. Partial Dehn twists

	4. H-conjugation
	5. Quotient graph-of-groups isomorphism
	5.1. Quotient graph-of-groups
	5.2. Quotient graph-of-groups isomorphism

	6. Blowing up graph-of-groups automorphism
	6.1. Assumptions
	6.2. Existence of the blow-up

	7. Partial Dehn Twist case
	References

