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Abstract

A polynomial automorphism of A" over a field of characteristic zero
is called co-tame if, together with the affine subgroup, it generates the
entire tame subgroup. We prove some new classes of automorphisms of A",
including 3-triangular automorphisms, are co-tame. Of particular interest,
if n = 3, we show that the statement “Every m-triangular automorphism
is co-tame” is true if and only if m < 3; this improves upon positive results
of Bodnarchuk (for m < 2, in any dimension n) and negative results of
the authors (for m > 6, n = 3). The main technical tool we introduce is
a class of maps we term translation degenerate automorphisms; we show
that all of these are co-tame, a result that may be of independent interest
in the further study of co-tame automorphisms.

1 Introduction

Throughout, we use K to denote a field of characteristic zero, and we denote by
GA,,(K) the group of polynomial automorphisms of A%. A fundamental question
in affine algebraic geometry is to understand the structure of this group and its
subgroups, most notably the tame subgroup TA,,(K), defined as the subgroup
generated by affine and triangular automorphisms. When n = 2, a classical
result of Jung [6] is that every automorphism is tame; however, Shestakov and
Umirbaev [9] showed that this is not true when n = 3.

In this paper, we are interested in the notion of co-tame automorphisms,
first defined in [3]. An automorphism is said to be co-tame if, together with
the affine subgroup Aff,,(K), it generates the entire tame subgroup. These
automorphisms are particularly interesting when trying to understand the sub-
group lattice of GA,(K), since any intermediate subgroup between Aff, (K)
and TA,,(K) must contain an automorphism which is not co-tame. In dimen-
sion one, all automorphisms are affine, and hence all automorphisms are trivially
co-tame. In dimension two, the amalgamated free product structure of TA»(K)
provides that no automorphisms are co-tame. However, in dimension three and
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higher, things become more interesting. The first example of a co-tame auto-
morphism for n > 3 was produced by Derksen in 1997 (unpublished), namely
(1 + 23,22, ..., 2,) € GA,(K).

In 2002, Bodnarchuk [I] showed that all triangular maps are either affine
or co-tame; further, he showed that all bitriangular maps (those of the form
TiaTe, where 7,72 are triangular and « is affine) are also either affine or co-
tame. He also showed [2] that all non-affine parabolic and biparabolic maps
are co-tame (see sections [Tl and for precise definitions, and section 2] for
proofs of these results). The first author [3] showed that even certain wild auto-
morphisms, including the famous Nagata map are co-tame. The first example
of an automorphism (in characteristic zero) which is tame but not co-tame was
produced by the authors in [4].

In this paper, we aim to improve upon the results of Bodnarchuk. We say
a (tame) automorphism is m-triangular if it can be written as agTiaq -« To Qi
where each 7; is triangular and each «; is affine. We remark that a m-triangular
map could also be k-triangular for some k& # m. Bodnarchuk’s results lead us
to ask, for which m are all m-triangular maps either affine or co-tame? While
the aforementioned results of Bodnarchuk give a positive answer for m < 2 in
all dimensions, the example of [4] is a 6-triangular automorphism in dimension
3 that is not co-tame. Our first main result is to improve Bodnarchuk’s positive
result.

Theorem 1. For any n > 3, every 3-triangular map is either affine or co-tame.

In the final section of this paper we improve the result of the authors in [4]
to produce a 4-triangular automorphism that is not co-tame, giving

Theorem 2. If n =3, the statement “Every m-triangular map is either affine
or co-tame” is true if and only if m < 3.

The basic technique we use to show that a certain class of automorphisms are
co-tame is quite simple. Consider the translation § = 0, . := (1,...,zr_1, T, +
CyTyg1, .-, Zy) for some ¢ € K; given ¢ € GA,,(K), we then consider the map
@ = ¢ '0p. By carefully choosing the variable x,, we ensure that ¢ remains
in the desired class of maps (e.g. triangular, parabolic, etc.) and set up an
induction on an appropriately chosen degree of . It is easy to see that if ¢ is
co-tame, then ¢ must be as well. If we can repeat this process and eventually
produce a known co-tame map (e.g. Derksen’s map, a triangular map, etc.),
then ¢ has to be co-tame.

The key obstacle is that this technique breaks down if ¢ € Aff,,(K). The
simple approach is to simply choose a different ¢ € K. However, for some maps,
for a fixed index 7, every choice of ¢ results in ¢ being affine. We term these
maps translation degenerate in x,, and study them in detail in section Bl In
fact, we show the following, which may be of independent interest.

Theorem 3. Letn > 3 and let ¢ € GA,(K). Fiz 1 <r <n, and for c € K, set
Ore = (T1,- -, Tr—1, Tp + € Trg1, .-y Tp). If go’lﬁmcp 1s affine for each ¢ € K,
then @ is either affine or co-tame.



This result allows us to prove in section [l that various classes of maps,
including 3-triangular maps, are co-tame. We first give proofs of Bodnarchuk’s
results in section [Z] (including a new proof of the biparabolic case), and prove
Theorem [I] in section We also show that any exponential of a multiple of
a triangular derivation is co-tame; this class of maps includes the Nagata map.
We reserve the final section for our construction of a 4-triangular map that is not
co-tame; the reader is advised to familiarize themselves with the notations and
techniques from [4] before reading this section, which can be read independently
of the rest of this paper.

1.1 Polynomial Automorphisms

In this section, n > 1 is an integer and R is an integral domain.

We denote by R* the group of units of R and we use RI") = R[z1,...,x,] for
the polynomial ring in n variables. We denote by GA,,(R) the group of poly-
nomial automorphisms of Spec R over Spec R. This group is anti-isomorphic
to the group of R-automorphisms of RI") (some authors define it as such). We
freely abuse this correspondence and, given ¢ € GA,(R) and P € RI" we
denote by (P)¢ the image of P by the automorphism of RI" corresponding to
¢. Given ¢,1 € GA,(R) and P € RI"| we thus have the natural composition
(P)(¢) = ((P)¢p)p. We refer the reader to [5] for a comprehensive reference
on polynomial automorphisms.

The general automorphism group GA,,(R) has several important subgroups;
the following definitions are fairly standard (cf. [I1]), but reproduced here for
clarity and the convenience of the reader.

o Aff, (R) is the affine subgroup, consisting of all automorphisms whose com-
ponents all have degree one and GL,,(R) C Aff,,(R) is the linear subgroup,
consisting of affine automorphisms whose components have constant term
equal to zero.

e BA, (R) is the subgroup of (lower) triangular automorphisms; that is,
those of the form

(ulxl + Pl,’lLQIQ —+ PQ(Il), e, UnTy + Pn(.Il, . ,.In,l))
for some u; € R* and P, € R[z1,...,%i—1].

e TA,(R) = (Aff,,(R),BA,(R)) is the tame subgroup. It is a classical
theorem of Jung [6] that TA2(K) = GA2(K), while a very deep result of
Shestakov and Umirbaev [9] is that TA3(K) # GA3(K). The so-called

tame generators problem remains open in higher dimensions.

e &, is the symmetric group on the n symbols z1,...,z,. Given two in-
tegers 1 < r,s < n such that r # s, we denote by (z, + z;) € &,, the
transposition exchanging z, and x.



o Tr, 1(R) is the subgroup of translations on the first component, that is
the subgroup of automorphisms of the form 6; . := (z1 + ¢, 22, ..., 2,) for
some c € R.

e Tr,,(R) (where 1 < r < n) is the subgroup of translations the r-th
component, that is the subgroup of automorphisms of the form 6, . :=
70y om for some ¢ € R where m = (21 <> x,). In particular, Tr,, ,(R) is the
subgroup of translations on the last component, that is the subgroup of
automorphisms of the form 6, . := (z1,...,Zn—1, 2y + ¢) for some ¢ € R.

e Tr,(R) is the subgroup of all translations, that is the subgroup of auto-
morphisms of the form 61 ., -0y, = (v1 + c1,...,2, + ¢,) for some
C1,..-,Cn € R.

For an R-algebra A, we use LNDg A to denote the set of locally nilpotent
R-derivations of A.

e If D e LNDgr A and f € ker D, then fD € LNDg A as well.

e Given D € LNDy R™, we denote the exponential of D by exp(D) €
GA,(R), given by (z,)(exp(D)) =>",_, %DZ(IT).

e D € LNDg R is called triangular if D(z;) € R, If D is triangular,
then exp(D) € BA,, (R).

1.2 Parabolic Automorphisms

In this section n > 1 is an integer.

Definition 1. The parabolic subgroup of GA, (K) is the normalizer of Try, ,,(K)
in GA,(K):

PA,(K) = {¢ € GAL(K) | ¢ Trp n(K) = Trpy n(K) ¢}
The elements of PA,,(K) are called parabolic automorphisms.

In order to prove a characterization of parabolic automorphisms in Lemma
Bl we make the following definition.

Definition 2. Given 1 < r < n, we denote by A, : K" — K[ the finite
partial derivative defined by A,(P) = (P)f,, — P for all P € KI",

The following lemma is classical and easy to prove via Taylor’s theorem
(using that K is a field of characteristic zero).

Lemma 4. Given1 <r<n,a€K and P € K["], we have:
1)A(P)=a< P—ax, €K[x1,...,Tr 1, Trpl,y---, Tnl,
2) if deg, (P)=d >1 then

d—1

il Oz
i=0 T

In particular, deg, (A(P))=d—1.



Lemma 5. Let ¢ € GA,,(K) be an automorphism. The three following proper-
ties are equivalent:

(1) ¢ € PAL(K),

(i) ¢Trpn (K)ot C Try (K),

(ii) there exist a € K* and Pi,..., P, € K" such that

¢:(Pla-'-apnflaaxn‘kpn):(Plv'-'vpnflv-rn)(xla-'-axnflaaxn‘kpn)-

Proof.

(7) = (i7): This is obvious.

(11) = (ii7): Let ¢ = (Q1,...,Qn) € GA,(K) satisfying (i¢). Then there exists
a € K* such that ¢ 0,1 ¢~% = 0,, o. This implies A,,(Q;) =0foralll <i<n-1
and A, (Qn) = a. We deduce that Qq,...,Qn-1,Qn — ax, € K1) using
Lemma @]

(iii) = (i): If ¢ is as in (éii) then ¢ 0, ™" = Op 4 and ¢~ 0, . = On.c/a for
all ¢ € K and we deduce that ¢ is a parabolic automorphism. o

Remark 1. Lemma [ implies that PA,,(K) is the semi-direct product of the
subgroup

{(P1,...,Po_1,2,) € GAL(K) | Py ..., P,y e KIP7H}
which we identify with GA,,_;(K), and
{(x1,..., 20 1,0z, + P,) € GA,(K) |a € K*, P, € KI"71},

which is a subgroup of BA,,(K) that we identify with BA; (K1),

Remark 2. When 1 < n < 3, we have PA, (K) C TA, (K). Nevertheless, we
don’t know if all parabolic automorphisms are tame when n > 4.

2 Families of cotame automorphisms

Throughout this section, n > 3 is an integer.

In this section, we prove that various classes of maps are co-tame, including
3-triangular maps in section Some of these proofs rely on Theorem 2]
which we prove in section [3]

Definition 3.

1) An automorphism ¢ € GA,,(K) is said to be co-tame if TA,,(K) C (f, Aff,,(K)).
2) Given ¢, € GA,(K), we write ¢ ~ 1) when ¢ and 1) are affinely equivalent,
i.e., if there exist a1, ag € Aff,,(K) such that ¢ = ai9as. It follows immediately
that if ¢ ~ ¢, then ¢ is co-tame if and only if ¥ is co-tame.



2.1 Known results

In this section, we briefly discuss the known results on families of automorphisms
that are co-tame (the reader familiar with this history may skip ahead to section
22). The first example of a co-tame automorphism was produced by Derksen
(unpublished, but see [5] Theorem 5.2.1 for a proof).

Theorem 6 (Derksen, 1997). The automorphism (143, 2, ..., T,) € BA,(K)
18 co-tame.

Subsequently, Bodnarchuk showed that all triangular and parabolic auto-
morphisms are either affine or co-tame; we are unaware of proofs appearing in
English in the literature, so we include proofs of these two statements here.

Theorem 7 (Bodnarchuk, 2002). A triangular automorphism T € BA, (K) is
either affine or co-tame.

Proof. Note that without loss of generality, we may assume that the affine part
of 7 is the identity (because 7 is affinely equivalent to an automorphism of this
form). We assume that 7 is not affine and we write (z;)7 = x; + Pi(21,...,2;-1)
with P, € K[ for each 1 < i < n. First, suppose deg P, > 2 for some
1 <r <n—1. Then we consider @ = (z1,...,2Zn—1, %y + ;) € Aff,(K) and we
observe that 77 tar = (z1,...,Tn_1,2Tn + P).

So we may now assume that 7 = (z1,...,Z,_1, 2z, + P) for some P € K[*~1
with deg P > 2 (since 7~ 'ar being co-tame implies 7 is co-tame). Now, let
1 < s < n—1 be such that P € KbBI <\ KB, We assume s > 1, and
will return to the s = 1 case (i.e., P € K[z1] ~ K) momentarily. Set § =
(X1, Ts—1,Ts + X1, Ts41,- -, Zn) € Aff,,(K). Then one easily computes that
6161 = (21,...,%p_1,2n+Py) where Py € K*~1 with deg Py = deg P > 2,
and deg, Iy < deg, P. Inducting downwards on deg, P, we may assume
P e K= with deg P > 2. Inducting downwards on s, we may assume further
that P € K[z1] N K.

Now, let § = 611 = (v1+1, 29, ...,7,) € Tr, 1(K), and note that 6~ 177107 =
(1, .y Tp1,Zn + Po) with Py = —A1(P) € K[z1] and deg Py = deg P — 1. In-
ducting downwards again on deg P, we may assume deg P = 2, in which case

7 is affinely equivalent to Derksen’s map (1 + 23, 22, ..., ), and is therefore
co-tame by Theorem O

Theorem 8 (Bodnarchuk, 2002). A parabolic automorphism ¢ € PA, (K) is
either affine or co-tame.

Proof. Using Lemma B we write ¢ = (P1,..., Py_1,ax, + P,) with a € K*
and Py,...,P, € KU, If (P,...,P,_1) € Aff,_1(K), then ¢ is affinely
equivalent to (z1,...,2n—1,ax, + P,) € BA,(K), so 1 is either affine or co-
tame by Theorem [[l Otherwise, there exists 1 < r < n — 1 with deg(P,) > 2.
We consider o = (1, ..., 2n—1, %y + az,) € Aff,,(K) and we have:

Vv ray = (21, 21,20 + Pr) € BA,L(K) \ AfF,(K).
Again Theorem [7 implies 1)~ ') and then v are co-tame. o



Remark 3. This immediately implies that every automorphism is stably co-tame,
as the addition of a variable makes the map parabolic. The question of stable
co-tameness is more intricate over a field of positive characteristic; see [7].

Bodnarchuk later showed that all biparabolic maps are co-tame; we present
a new proof using the fact that translation degenerate maps (see Definition B
are either affine or co-tame (Theorem [2T]).

Theorem 9 (Bodnarchuk, 2005). Let 11,192 € PA,(K) and let o € Aff,(K).
Then v¥1aaps is either affine or co-tame.

Proof. If ¥at), is translation degenerate in x, then ¥;aips is either affine or
co-tame by Theorem Il Suppose 1a)s is not translation degenerate in .
Thus we may choose ¢ € K such that, setting 0 = 0, ., (Y1) ~10(1ap) is
not affine. We compute

(Yrap) ' O(hrando) = 1/’510_19n,c/a01/12

where a € K* is such that (z,,)¢1 — az, € KU, Note that a=10,, ./, €
Tr,(K), and therefore @b;la_lﬁnyc/aawg € PA,(K). Since it is nonaffine, it
must be co-tame by Theorem [§, and thus 11 ) is co-tame. O

2.2 3-triangular maps are co-tame

In this section we prove Theorem [II Suppose ¢ is a 3-triangular map, i.e.,
¢ = apriareagTsas for some 7; € BA,(K), and «; € Aff,,(K). First, since
Aff,,(K) = GL,(K) x Tr,(K), it suffices to assume a; € GL,(K). Next, ob-
serve that we can can assume ag = ag = id (since ¢ is affinely equivalent to
oy 1¢a§ 1). If ¢ is translation degenerate in z,, then ¢ is either affine or co-tame
by Theorem [ZI] so we suppose ¢ is not translation degenerate in x,,. Thus we
may choose ¢ € K such that, setting 6 = 60,, ., $~10¢ is not affine. Then it
suffices to show ¢~10¢ is co-tame; we compute

¢ g = 7'3_1042_1 (7'2_1041_17'1_197'1a17'2) QaT3.

However, note that Tf197'1 =0, and thus af17f1971a1 = af19a1 € Tr, (K),
which implies T{l (aflelﬁTloq) 72 € BA,(K). Thus, Theorem [ is a conse-
quence of the following theorem.

Theorem 10. Let ¢ € PA, (K), let 7 € BA,(K), and let « € GL,,(K). Then
Yo bran) is either affine or co-tame.

Before proving this, we require a definition and a lemma that will provide
the crucical inductive step in the proof of Theorem

Definition 4. For 1 < r < n, we define the map d, : BA,,(K) — N" by

d.(1) = (deng((:vl)T), . ,deng((xn)T)) )



We will use e, to denote the r-th standard basis vector of N, and <jcx to
denote the lexicographic ordering on N™. Note that for any 7 € BA,,(K), if we
write (x;)7 = u;x; + P; for some u; € K* and P; € K[=1, then we have

dy (1) = (0,...,0,1,deg, (Pr41),...,deg, (Pn)) Zlex €.

Lemma 11. Let 7 € BA,(K) and let 0 = 0, ...0pc, = (1,...,Zr_1, 20 +
CryyevyTn + Cp) € Trp(K) for some ¢, € K* and ¢ry1,...,¢n € K. Set 7 =
77107 € BA,(K). If d.(T) >1ex €r, then d.(7) <iex dr(T).

Proof. Write 7 =11 - -+ 7, where 7; = (21,...,%i—1,u;%; + Pi,xi41,...,2,) for
some u; € K* and P; € Kli—1 (1<i<n).
Observe that

~ - —1
F=r bt T,

:7'71-

—1
T 0T Ty

Write 7 = (21, -« -, Tr—1, o+ Qr, . . ., T+ Qy) for some Q; € K[z, ..., 2-1].
It is easy to see that, for each r < i < n,

—1 —
T; T 197‘7—7‘"'7—1' = (:Elu"wx’r—lax’r+Q7‘7"'7$i+Qi7xi+17-"7xn)7
which immediately implies that Q, = u, 'c, and for r + 1 <i < n,

Qi - F)’i(xlv" ';Iifl) _F)’i(xlv" s Lp—1,Tp +Q’r‘7" o Li—1 +Qi71)-

Since d,(T) >1ex €r, we may let [ > r+1 be minimal such that deg, (P;) > 0.

Note that this implies @; € K[z1,...,2Zr—1,Try1,...,2—1] for r < i < I; then
one easily sees from Taylor’s formula that deg, (Q;) = deg, (P;)— 1, and thus
dr (T) <iex dr(T). O

Proof of Theorem[I0. Set ¢ = 1~ ta~'ranp. Without loss of generality, we may
assume that ¢ is not translation degenerate. Then there exists ¢ € K such that
(letting @ = 6,, .) ¢$~10¢ is not affine. Set

0 = afa " and 7 =717107,
and note # € Tr,(K). In particular, writing
a=(a1,121 ++ + A1 pln, .., G121 + 0+ Gnptn) € GLn(K),

we have é = (.’L'l +aint ..., Tn+ a’nﬂlc)'
We compute
d 00 = ta v taly o tra
=y ta v taba  ran)
= 1/;_104_17'_197'041/)

=y o Fanp.



First, let us suppose that 7 € Aff,,(K). Then a~'7a € Aff,(K), in which
case ¢ 10 = ! (ofl%a) 1) is nonaffine and biparabolic, and thus co-tame by
Theorem

Next, we suppose instead that there exist some 1 < r < n with a,, # 0
and d,-(7) >1ex €r; we claim that if no such r exists, then 7 € Aff,,(K). Indeed,
write (z;)7 = w;z; + P; for some u; € K and P; € K[zy,...,z;_1] for each
1 < ¢ < n. Then (PZ)6‘~ = P, for each i, and a simple computation shows
(x;)T =m; + ui_lal-ﬁnc for each 1 < ¢ < n, in which case 7 € Tr, (K).

So we let 7 be minimal such that a,, # 0 and d,(7) >lx €. By Lemma
1 we have d,.(7) <jex dr-(7). We can thus repeat the process until we obtain
d,(7) = ey, allowing us to induct upwards on r. This process must eventually
terminate by producing either a translation degenerate map (which is co-tame
by Theorem 21]), or a map of the form 1~ !a7a in which 7 is affine, which we
showed above must be co-tame. o

2.3 Some results on exponentials

In [3], the first author showed that the Nagata map, shown to be wild by
Shestakov and Umirbaev [9], is co-tame. Since it is well known that the Nagata
map can be given as the exponential of a multiple of triangular locally nilpotent
derivation, we can view the following as a generalization of this result (and also
as a generalization of Bodnarchuk’s result that triangular automorphisms are
co-tame).

Theorem 12. Let D € LNDg K™ be triangular, and let F € ker D. Then
exp(F D) is either affine or co-tame.

Before proving this, we remark that this is in striking parallel to the well
known result of Smith [I0] that all such maps are stably tame.

Theorem 13 (M. Smith). Let D € LNDg K"l be triangular, and let F € ker D.
Then exp(F D) is stably tame.

In fact, rather than prove Theorem [I[2] we generalize to the following.

Theorem 14. Let D € LNDg K™ be triangular and let F € ker D. Let 11,9 €
PA,(K). Then ¢ =11 exp(F D)o is either affine or cotame.

Proof. First, observe that if ' € K[*~U, then exp(FD) and then ¢ is parabolic
and thus either affine or co-tame. We therefore induct downward on deg, F’;
assume deg, F > 0. By Theorem 2I, we may assume that exp(FD) is not
translation degenerate. Then there exists ¢ € K such that, letting 8 = 6, ., we
have =1 exp(—F D) exp(FD) ¢ Aff,,(K). But observe that

6~ exp(=F D)0 exp(FD) = exp((F — (F)§)D),
and deg, (F'— (F)f) < deg, F by Taylor’s theorem. Finally, compute
0~ (1 exp(FD)b2) "' 0(31 exp(FD)ipo) = b3 ' (07" exp(—F D)0 exp(FD)) s
=ty exp ((F = (F)0) D) v».

Induction completes the proof. o



3 Translation degenerate automorphisms

In this section, n > 3 is an integer.

We now aim to understand the key technical hurdle appearing in the proofs
of the results in the previous section, which we term translation degenerate
automorphisms. The goal of this section is to prove that they, too, are either
affine or co-tame (Theorem [2T]).

Definition 5. Given 1 < r < n, an automorphism ¢ € GA,(K) is called
translation degenerate in x, if p~* Tr,, .(K) ¢ C Aff,,(K). For the sake of brevity,
we will say ¢ is translation degenerate if it is translation degenerate in at least
one T.

Ezample 1. If ¢ € PA,,(K), then ¢ is translation degenerate in x,,.

Remark 4. Fix 1 <r <n. Let ¢ € GA,,(K) be an automorphism.

a) For all « € Aff,,(K), ¢ is translation degenerate in z, if and only if ¢« is.
b) ¢ is translation degenerate in x, if and only if w¢ is translation degenerate
in x1, where m = (21 <> ). So we focus on the case r = 1.

Remark 5. Let 7 € BA3(K) be a triangular automorphism. If 7 is translation
degenerate in xq, then it need not be the case that 7=! is also translation
degenerate in 7 (as one can see from Example 2] below).

Ezample 2. Let 7 = (1,22 — 323,23 — 3122 + 327) € BA3(K). We have

7t = (21, %2 + 323, 23 + z122 + §2}). For any ¢ € K*, one easily computes

1 1 1
7716‘1707 = (:vl +c, 9 +cxy + 502,903 + cxo + 502.%'1 + 603) € Aff3(K) and

1 1 1
791707_1 = (:vl +c,x0 —cx1 — 502,903 —cxo + §c:v% + Py + 503) ¢ Aff3(K).

Therefore 7 is translation degenerate in 7 but 7~ is not.

As is often the case, it is useful to think of the group Try, ,(K) in Definition
as an element of Aff, (K[¢]), and specialize by substituting ¢ € K in for t. We
first check that this technique behaves well with respect to our definition.

Lemma 15. Let o € GA,(K[t]). Let o, € GA,(K) denote the image of a under
the specialization map GA, (K[t]) = GA,(K) given by t — c. If a, € Aff,(K)
for every ¢ € K, then o € Aff,,(K[t]).

Proof. For each 1 <i < n, write a(x;) = >, cyn @i (t)2? for some a;,, € K[t].
If @;.(t) is nonzero for some monomial ¥ of degree greater than 1, we can
choose ¢ € K such that a;,(c) # 0, contradicting that a, € Aff,,(K). Thus we
must have a € Aff,, (K[t]). O

Corollary 16. Let ¢ € GA,(K). Then ¢ is translation degenerate in x1 if and
only if =010 € Aff,(K[t]).
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Now, we proceed with trying to describe translation degenerate maps in
sufficient detail. Our goal is to prove a factorization theorem, Theorem 20
which will allow us to prove in Theorem 2]] that all translation degenerate maps
are either affine or co-tame. We begin with two lemmas. The first idea is to use
Taylor’s theorem to interpret the assumption ¢ is translation degenerate in 1
as a differential equation and then solve this equation.

Lemma 17. Let ¢ € GA,(K) be translation degenerate in x1. Then, writing
¢~1 = (Hy,...,H,), there exist a; j 1, bir € K such that

O Hi ¢
Gk = 2 Gur o+ bu
1

Jj=1

for each 1 < i < n and k > 0. Moreover, letting A = (a; ;1) € Mp(K) and
B = (bj1) € My1(K), A is nilpotent; and for each k > 1, we have

aijr = (A
bi,k = (AkilB)iyl.

Proof. Write ¢~! = (Hy, ..., Hy,), and let § = 6, ; € Aff,,(K[t]), so we have

th OF H;
Ok! 8I’f '

($i)¢719 = Hi(xl +t,2o,... ,,Tn) =
k=

By Corollary [[6, we may write ¢~10 = a¢~ for some o € Aff,(K][t]). For each

1 < < n, write (z;)o = 377, a;5(t)x; + bi(t) for some a; (1), bi(t) € K[t].
Then we have foreach 1 <i<mn

n

th ok H;
= a;j()/Hj + bi(t).
j=1

T ALk
= k! Oxf
Write a; ;(t) =3, _, am—,k% and bi(t) =3, blk‘;—’j Then we see
tk 9% H; th [ &
W aeE = 2o T | 2o s + b
k=0 " 771 k=0 \j=1

So in particular, we have for each k > 0,

O H; &
ok = 2 asantl + b
1

J=1

11



We prove the formula for a; ; and 3; , by induction on k. We compute

OH; 0 [
oaF ~ on, Zai,j,quj*-bi,k
1
j

1

n n
= aijr-1 | > aj1Hi+bja
j= =1

n

H [ Y (A Yiga500 | + Y (A ibia

1 j=1 j=1

I
<
[
I

l

Hy(A®); 4+ (AF1B); 1.

I
M=

~

1

Finally, we observe that this formula immediately implies that A = (a; ;1) is
nilpotent, as a; 1% = -+ = ajnr = 0 whenever k > deg,, H;. O

Lemma 18. Let ¢ € GA,(K) be translation degenerate in x1. There exists A €
GL,(K) such that writing (pN)~* = (Hy, ..., H,) and Ot >y aigrHj +

Bw’f
bix as in Lemma[I7, we have (a; ;1) € Mn(K) is a nilpotent lower triangular

Jordan matriz with by 1 # 0.

Proof. As in Lemma [T let § = 0;; € Aff,,(K[t]), and write =10 = a¢p~!
for some o € Aff,,(K[t]). Note that for any A\ € GL,(K) we have (¢p\)~10 =
AtaA(¢A)~t. Thus, simply choose A € GL,(K) such that A™'(a; ;1) is in
lower triangular Jordan form.

To see that we can also take b;; # 0, note that by expanding along the

r-th column, we see that the the unital Jacobian determinant J(Hq,..., H,) is
contained in the ideal (b11,b1,2 + a211H1,...,b1,n + ann-1,1Hn—1). Choose a
point (c1,...,¢,) € K™ such that H;(cq,...,cn) = —% whenever a; 41, #
0. Going modulo the ideal (x1 — ¢1,..., 2, — ¢,), we have J(Hy,...,H,) €
(big.1s---,bip,1) where 1 =dg < i1 < --- < i) are the indices of the first row in
each Jordan block (i.e., a; ;—1 = 0). Therefore, not all bi; 1 are zero, so simply
permute the Jordan blocks to obtain by,; # 0. O

We next define a special type of translation degenerate automorphism that
appears in our factorization theorem. These can be thought of as a generaliza-
tion of Derksen’s map (see Example Bl below).

Definition 6. A triangular automorphism 7 € BA,,(K) is said to be in #ri-
angular translation degenerate form (TTD form) if there exist ba,...,b, € K
(by = 1) and da,...,d, € {0,1} (d1 = 0) such that (x1)7 = 1 and for each
2<1<n:

(—1)¥dg g}

k—1
3
()7 = a2 + Zl (r% (di—rt1, Thier + dk—ry2.k b—ry1) + o

12



where (for 2 < k,j < n):

k . .
1 if2<k<
dn=I1d=0, 4 2'<j'

Ezample 3. The triangular automorphism (x1,z9 — %x%,x;;, ..., Tp), which is
affinely equivalent to Derksen’s map, is in TTD form with do =1, d3 = --- =
dn:O(dle),andbgz:bn:()(blzl)

Ezample 4. The triangular automorphism in Example 2] is in TTD form with
b2:b3:0(b1:1) andd2:d3:1 (d120)

Remark 6. We make few remarks about this definition:

Theorem 19. Let ¢ € GA,,(K) be an automorphism such that ¢~ = (Hy, ...

gHi = ijl a; ;H; + b; for some nilpotent lower triangular Jordan matriz

and
(aij)

form

Given a triangular automorphism 7 € BA,,(K) is in TTD we always con-
sider the parameters by,...,b, € K (by = 1) and da,...,d, € {0,1}
(d1 = 0) as in Definition [6] without explicitly mentioning it.

A triangular automorphism 7 € BA,,(K) is in TTD form if and only if
there exist bo,...,b, € K (by = 1) and da,...,d, € {0,1} (d1 = 0)
such that 7 = vexp(—x1 D), where D € LNDg (] KM is the triangular
derivation given by D(zp) = drzr—1 + bx and v € BA,(K) is given by

(x1)v =21 and (z)v = a, + (_kl!)kdg);C ¥ forall 2 < k < n.

Given an integer 1 < k < n and a triangular automorphism 7 € BA,,(K),
(zx)7 is affine if and only if di, = 0 and in this case (zx)7 = xp — bra1.
Thus 7 is affine if and only if d =0 for all 1 < k < n.

As the name suggests, every triangular automorphism in TTD form is
translation degenerate in x1. We don’t actually require this fact, so we
omit the proof which consists of a straightforward but somewhat tedious
calculation.

, Hy)

n

X

GIMH(K) and b; € K with by = 1. Then there exists T € BA,,(K) in TTD
such that 7o~ = (Hy,Ga,...,Gy) for some G; € Klza,. .., z,].

Proof. We consider ¢ € GA,,(K) as in Theorem T3 We set d; = a;,;—1 € {0,1}
for 2 <7 <mn and d; = 0. Then by assumption, we have:

0
—Hyp = dipHp 1 + by,
8$1

for all 1 < k < n. By induction, we deduce

0

. (di—r1, 6 Ho—r + di—ryokbk—rs1) = do—rp Ho—r—1 + dg—ry1.6bk—r (1)
1

foralll<k<nand1<r<k-1.

13



We remark that the convention d; = 0 gives a%lH 1 = 1. We consider 7 €
BA,(K) in TTD form with parameters bg,...,b, € K (by =1) and do,...,d, €
{0,1} (d1 = 0). For any 1 < k < n, we set G = (x)7¢ 1. Since (z1)7 = 21,
we have (r1)7¢~! = Hy. For each 2 < k < n, we have:

(—1)*do 1 HY
Gk—Hk+Z dk r1 e Hg—r + di—r 12 kb — r+1)+T.
Let 2 < k < n. We compute a%le'k, first using the derivative of a product and
the formula (l) and then changing the variable r to s = — 1 in the first sum:

1

k—1
oG 1 H
(= ) (dk—r+1, o Hi—r + di—ry2 kbp—r+1) +

! (=1)"H{
=diH b E
83:1 kHE—1 + 0 + 1)

el
I

\ (—1)THY (—1)¥dg p HY ™!

(dk—r s Hi—r—1 + di—rq1,kbr—r) +

= (k—=1)!
k-2
—1)sHS
=dpHp—1 + by — Z (S# (dk—s  Hi—s—1 + dk—st1,kbk—s) +
s=0 '
— (-1)7H] (—1)*dy  HF !
L (dy g Hy dp—, br_y 4 7 ekl
2 ] (dk—rxHi—r—1 + di—rq1,kbr—r) + k1)
(—DF My HY ™ (1) Fdy e HY !
=dpHj_ b, —dipHp_1 — b ’ ’
k-1 + 0 kilk—1 k + 1) + (= 1)
=0.
We deduce that Gy € K[z, ..., z,]. O

We are finally ready to fully describe translation degenerate maps.

Theorem 20. Let ¢ € GA,(K) be translation degenerate. Then there exist
A € GL,(K), p € 6,, 7 € BA,(K), and G,Gs,...,G, € K|zg,...,x,] such
that setting

w=(x1+Gxa,...,Tn), T2y .., Tp)
Y= (@1, G, . Tn)..., Gl )

we have ¢~ = M~ Yyup. Moreover, T is in TTD form.

Proof. First, note that an appropriate choice of p € &,, allows us to assume
without loss of generality that ¢ is translation degenerate in z;. By Lemma
08 there exists A € GL,(K) such that (¢pA)~! = (Hy,...,H,) and ‘gff =
> iy @i Hj+b; where (a;,;) € M, (K) is a nilpotent Jordan matrix with by # 0.
Moreover, by altering A by a diagonal matrix, we may assume by = 1.

By Theorem [T, there exists 7 € BA,,(K) in TTD form such that 7(¢pA) ™! =
(H1,Ga,...,G,) for some G; € Klza,...,2,].. Note that Hl =1,s0 H =

14



x1 + P(x2,...,2,). Then letting u = (z1 + P(x2,...,2Zn), T2,...,2,) and vy =
(z1,Ga,...,Gn) € GAL(K), we have T(¢N)™F = yu, or ¢~ = A~ lypu as
required. O

With this classification in hand, we can now show that translation degenerate
maps are either affine or co-tame.

Theorem 21. Let ¢ € GA,(K) be translation degenerate. Then ¢ is either
affine or co-tame.

Remark 7. The alert reader will note that Theorem 20 shows that every transla-
tion degenerate map is affinely equivalent to a biparabolic automorphism, and
therefore is either affine or co-tame by a result of Bodnarchuk (Theorem [)).
However, by giving a direct proof of Theorem [21] here, we are able to use this
in our new proof of Bodnarchuk’s theorem in section 2.1}

Proof of Theorem [21l. By Theorem[20and an affine equivalence, we may assume
¢! = 771mp where 7 is in TTD form, 7 = (21 > x,,) € &, and ¥ € PA,,(K).
Let a = (21,...,%n_1,2n + Zn_1) € Aff,,(K) N BA;(K™~1). Then

o tad = oyt = 7 manT

where & = Yayy™t = (x1,...,Tn_1,%n + (Tp_1)" ) € BA (K1), Since
showing that ¢~ is co-tame suffices to show ¢ is co-tame, we are thus reduced
to showing that maps of the form 7~ '7manT are nonaffine (Lemma[22)) and thus
co-tame (Lemma [23)). O

Lemma 22. Let 7 € BA,(K) be a nonaffine triangular automorphism in TTD
form and let p = (x1 + G, z2,...,Zp_1, Ty +a) for some G € Klza,...,z,] K
and a € K. Then 7=yt is nonaffine.

Proof. Since 70,, o = 8,7, we can assume a = 0. For contradiction, we suppose
7= ur is affine. Set G = (G)7, and note that G’ must be linear as ()7~ pur =
T+ G.

We distinguish two cases: first suppose that do = 1, in which case (z2)7 =

To9 — boxq — %x% (we remind the reader the parameters b; and d; are from

Definition [6). Then
. -1
(;62)7_71/”_ =x2 + boG 4+ 2:G + §G2

Since we assumed 7!y is affine, we must have G = —2z1 + ¢ for some ¢ € K,
and thus G' = (G)7~ = =221 + ¢, contradicting G € K[za, ..., z,].

Now, we suppose instead that do = 0. Since 7 is nonaffine, we must have
d, =0 and d, 1 =1 for some 2 <r <n — 1. Then we have

()T = @) — b1y

by
($T+1)T =Tp41 — 1 ($T + br—i—l) + E!T%

15



Then
by
(,TT_H)T_luT = (wr-i-l + (.%'1 + G)(CL'T + br+1) + 5(:101 + G)2> T

- ~ by ~
=Try1 T+ G(xr — by + br—i—l) +b,21G + 5G2

Thus we must have b, # 0 and G = —blxr + ¢ for some ¢ € K, and thus
G=(G)r!= —Zx, — 2z1 + c. Again, this contradicts G € K[za, ..., z,],
completing the proof. O

Lemma 23. Let 7 € BA,(K) be triangular automorphism in TTD form and
let w = (x1+G,22,...,2n—1,2, + a) for some G € Klza,...,2z,] and a € K.
Then ¢ = 71t is either affine or co-tame.

Proof. Since 76, , = 0, ,7, we can assume a = 0. We first observe that if 7
is affine then ¢ ~ p ~ wumr € PA, (K) where 7 = (x1 > x,); and similarly, if
G € K|xg, ..., xn_1] then p € PA,(K) and thus ¢ € PA,(K). In both cases, ¢
is affine or co-tame by Theorem [8l

So we now assume that 7 is nonaffine and deg, G > 1. We prove that ¢
is co-tame by induction on deg, G. If deg, G > 2 then we set § = 6,1 and
compute

60 =7t 0 = 7y =

where i = p='0u = (z1 + G, xa, ..., Tpn1,Tn + 1) and G = -A,(G) €
Kz, ..., 2], so deg, G = deg, G —1 by Lemma [l Since ¢ 0,10 is co-
tame implies ¢ is co-tame, we may assume we are in one of the subsequent cases
with deg, G = 1.
Case 1: Suppose G = Px, + @ for some P,Q € K[za,...,z,-1] with P ¢ K.
As previously, (with again 6 = 6,,1) we have ¢~10¢ = 771 it where i = (71 +
G, Tay .. Tyt Tn + 1), where G = —A,(G) = =P € K|xa,...,2p-1] N K.
Hence i € PA,(K) and thus ¢~ '0¢ = 771ir € PA,,(K). Since 7 is nonaffine
and —P ¢ K, Lemma P2 implies that ¢~ '0¢ = 7~ !fiT is nonaffine. Therefore
¢~ '0¢ and thus ¢ are co-tame by Theorem Bl
Case 2: Suppose G = cx, + Q for some Q € Klza,...,2,-1] and ¢ € K*. In
the following three subcases we consider a particular A € Aff,,(K) N BA,(K)
and set A := 7Ar~! € Aff,(K). We prove that i := p~'Au € PA,(K) and
thus ¢!\ = 771 jir € PA,,(K). We also prove that ¢~ \¢ ¢ Aff,,(K). Using
Theorem B, we deduce that ¢~ 'A¢ and thus ¢ is co-tame. In the first two
subcases, the choice of \ is easy; however, for the last case we require Lemma [24]
stated and proved below.
Case 2.1: Suppose d; = 0 (hence (x;)7 = x; — b;x1) for some 2 < i <n —1.
We consider A = (z1,...,Tp—1,%n + 2; — bjx1) € Aff,,(K) N BA,(K). Then
A= (1, ., Tpn—1,Tn +x;) and G = (z1 — cxi, T2, ..., Tn + ;) € PAL(K). To
check that ¢~ \¢ is nonaffine, note that ¢~ ApA™1 = 77 (w1 —cxy, 22, . . ., Tp)T
which is nonaffine by Lemma
Case 2.2: Suppose do,—1 = 1 (equivalently do = --- =d,—1 =1) and d,, =0
(hence (z,)T =z, — byx1). We consider A = (21, ..., Tp—1,2%, — (% + by)x1).
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Then 5‘ = (xlu' -~7xn—172$n_%$1)7 a'ndﬂ = (2«/1;1 +Q,CE2,-. -,J;n_l,{L’n—%{El —
1Q). Since Q € Klzs,...,z,-1], we have i € PA,(K). Since dp = 1, to
check that ¢~1'\¢ is nonaffine, we proceed as in the proof of Lemma By
contradiction, we suppose 7' fiT is affine. We set @ = (Q)7 and note that @
must be linear as (x1)7 i = 221 + Q. We have (22)7 = 3 — bowy — %x%
Then

1~ 3 b J—
(x2)T Lir = a9 + bozy + 5:10% + (221 + 52 +Q)Q

is affine. Thus Q = —2x1 + ¢ for some ¢ € K, and thus Q = (Q)T‘l = —-2x1+c,
contradicting @ € K[xa, ..., Tn_1]

Case 2.3: Suppose da, = 1 (equivalently dy = --- = d,, = 1). Let a € K* be
any non-root of unity, and set g = ¢~(a — a™) # 0. Let A € Aff,,(K) N BA,,(K)
be as in Lemma 24] and set A = 7A7~!. We compute

(@1)fi = (z1)p~ A= (21 — ez — Q) Apt
n—1
— (axl —c (a”xn +gx1 + (a" —a™h) Z wk_Txr> — (Q)X) I
r=2
n—1
— (a”xl —c (a"wn + (a" —a" ) Z wk_rxr> — (Q)X) I
r=2

n—1

= a’n(xl + cxp + Q) —cC (anxn + (an - anil) Z wk—rxr> - (Q))‘
r=2

=a"r1 + R,

where R = a"Q — c(a™ — a"™ 1) Zf;; wy_r iy — (QA € K[z, ..., Ty 1].

Note that, for each 2 < k < n—1, we have (xk):\ € K[za, ..., x|, so we have
(z1)fi = (zx)A. We deduce fi € PA,,(K) and thus ¢~ 'A\op = 7 1jir € PA,,(K).
So we are left to check that 7! fi7 is not affine.

First, suppose R ¢ K, in which case (R)7 must have degree at least 2. Since
(x1)77 1 iT = az1 + (R)T we deduce 71 it is not affine, as required.

We may now assume that R € K. We compute

_ 1 _
(zo)T L jir = (xz + EI% + ngl) QaT

1
= <a2$2 + (a® = 1)bz + i(a”xl + R)? + by(a™zy + R)> T

1 ~
=a’zy + §(a2" —a®)at + (b2(a™ —a®) + a"R) z1 + R
for some R € K. Since a is not a root of unity, we see 7~ 17 is not affine, as
required.
O
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Lemma 24. Let 7 € BA,(K) be a triangular automorphism in TTD form with
don =1, and let g € K and a € K*. There exists A € Aff,,(K) NBA,,(K) and

Wi, ..., Wy_o € K such that, setting A=T7Ar L,
ary k=1
(zp)A = < aFap + (aF — Dby + (0¥ — aF71) Zf;; Wh—yrTyr 2<k<n-—1.
ar, + gry + (a” — a7 1) Z:};; Wy—r Ty k=n

Moreover, the w; satisfy the recursive definition

w0 if j=1 @)
T - E-z];ll wibj,iJrl if 2 S j S n '

Proof. Let A1 € GL,,(K) N BA,(K) be given by

k—1
a—1
(xp)M =z + - E Wh—r Ty
r=1

where w; are defined as in (2)). The proof is a straightforward but moderately
unpleasant computation; for each 2 < k < n, we have

k-1 o
—1)t -1 k..k
(fﬂk)T)\lT_l = <£Ck + Z %(xk—i + br—iy1) + %) A7t
i=1 : :

(by definition of 7)
k—i—1

B a—1% = (—=1)izt a—1 b
= |2k + 0 ; Wh—r Ty + ; i Tp—i+ o Z Wk—i—sTs + Dg—it1

s=1
(_1]2'k$lf ) 1

+

(by definition of A1)

k!

1=

k-1 ;o
—1)igt -1 kwk

= <£Ck + Z %(iﬂk—i + bp—ig1) + (it
1

1
f—

a—1 = (1)t [a—1 P! .
+ a Wk —r Ty + El T T Zl Wk —ij—sTs T

r=1

(because the sum Z;:;_l is equal to 0 when i = k — 1)

a_1 (=2 k—2 (1) k—i—1

_ _ _ .

=z + p E Wh—r Ty + E i xy E Wg_i—sTs | T
r=1 i=1 ' s=1
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(by definition of 7)

r— 1 1)1
_Ik+— (Zwk TxT—I—Zwk TZ ] xlxr 1) 7'*1

=1

(in the sum Ek e changed the variable s to r = s 4+ ¢ and then permuted
k=1 r—1
the two sums: Z Zr 1= 2ar—2 1)

a 1 k—1 rfl . ( 1)r
_ — by i+ - — r
=Tk + —a (wk_lxl + E Wh—p <ZCT E T o x1>>

r=2 i=1

(we separed the first term of the first sum, factor Zf;; wy—, and then used the

definition of 7)

1 k-1 (1) k—2 = k—1
=X+ T Wg—1T1 + Zwkfr <$r B 177{) - Z il 4 Z W—prbr_iy1

r=2 =1 r=i+1

(we permuted the two sums: Zf;zl Zi: Z ZT ;+1> note that this is the

converse as previously)

k—1
_ a—1 DMty gy
=T + T (7‘22 Wl —p Ty — Wzl .

. . k—1 k—i—1
(changing the variable r to s = k—r, we have: > '/ | Wk _rbr—it1 = Sy webp—i—s1 =

—Wg—; )
Now we set b,4+1 = 0 for convenience, and let Ay € Aff,,(K) N BA,(K) be

given by
ary ifk=1

(:I:k))\O = k k . .

azg + (a® — Dbgyr if2<k<n

Then we have (z1)7A\g7 ! = ax; and, for 2 < k < n, we observe

k—2 (_
=1

(we separated the term k — 1 in the sum)

()M af T, (Dt

i
(Tp—i + br—it1) + 1) 7 (1—-k)




(by definition of A, two by_; 41 terms canceled)

— 1 (=11
(zr)TAor " =a” (zk - a—((k)_il)fxlfl> + (0" = 1)bgya,
Finally, define Ay € Aff,,(K)NBA;(K) by A2 = (21,...,2%n1,7n + %21). Then
since A\ and 7 commute and w; = —bg, it follows that setting A = AgAi1 A2
satisfies the lemma. O

4 A 4-triangular automorphism that is not co-
tame

In this section, we improve the authors’ result of [4] to produce an example
of a 4-triangular automorphism that is not co-tame. This section can be read
independently of the previous sections, but the reader will want to be familiar
with the techniques used in [4]; for the sake of brevity, we adopt all the notations
therein for the remainder of this paper, and restrict our attention to n = 3. In
particular, we set 8 = (z + y*(y + 2%)%,y + 22, 2) € BA3(K), 7 = (y,2,2) €
Aff3(K) and Oy = (738)N7w(78)~N. The goal of this section is to prove:

Theorem 25 (cf. [4] Theorem B). The automorphism 05 is not co-tame.

The idea in [4] is to track the growth of particular sets of polynomials sat-
isfying certain degree constraints after repeated applications of the maps w0,
71, and affine maps. The crucial technical theorem is

Theorem 26 ([4] Theorem 3). If N > 3, then the set P* is stable under the
action of the automorphisms 73, n3~1, and (wf~HNan(xB)N for any a €

A\.A4.

However, this fails for NV = 2. We thus modify the argument by considering
the sets

Pi= |J Ph.cP and Qi= ) 9,.cQ"
m>4,n>0 m>4,n>0
Note that for all integers m > 1 and n > 0, Py, ,, C Qj,, ,,, so we have P* C Qj.
We prove an analagous theorem that holds for all N > 2.

Theorem 27. If N > 2, then the set Q} is stable under the action of the
automorphisms 73, w1 and (7B~ HNar(xB)N for any o € AN Aj.

Before giving the proof, we note that we immediately obtain the following
corollaries analagous to [4].

Corollary 28 (cf. [4] Corollary 4). Let r > 1 be an integer. Let ag,...,a, € A,
and set ¢ = aghaay -+ - Oscv.. Ifaq, ..., ap_1 € ANAy, then there exist a, o € A
such that (y)aga' € Q.
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Corollary 29 (cf. [] Corollary 5). Let ¢ € (A,02) ~ A. Then there exist
a,a’ € A such that (y)agpa’ € Qf.

Corollary 30 (cf. [4] Corollary 6). We have: C = Ay. In particular, C is a
finite cyclic group of order 1,2,3 or 6.

If f € Qf then ldeg,(f) = (0,m,n) and deg( ; 1)(f) > 4, so we obtain the
following version of Corollary 7.

Corollary 31 (cf. [4] Corollary 7). Let ¢ € TA3(K) be a tame automorphism
with degy 11)((f)¢) < 4 for all f € K[x| with deg(y 11)(f) =1. If ¢ ¢ A, then
o & (A, 05). In particular, (A, 0) is a proper subgroup of T.

We observe that this, together with Theorem [1 gives Theorem

Corollary 32 (cf. [4] Corollary 8). The group (A, 82) is the amalgamated free
product of A and (C,02) along their intersection C.

Remark 8. Using that that C is a finite group, one can easily check that the group
(A, 0n) (for all N > 2) shares with TA2(K) the property of being acylindrically
hyperbolic (see [§] for the definition).

We conclude the paper by proving Theorem
Proof of Theorem[26. 1f v € {3,371} then (Q})my C Q; by Lemma 9 of [4]. If
a € AN Aj; then (QF)(mB871)2apnB C Q by Propositions 12, 14 and 15 of [4].
It remains to prove that (Q})(r3~1)?aBrS C Q} in the case a € Az \ Ay. In
this case, we can write a = (u8x+cz+d, u?y, uz) for some u € K* and ¢, d € K).
Set v = B~ 'rB taBmrB and compute

v= (e + Yy + 2% = WPy + 20 (uPy + Z2)? 0ty + Za,uz)

where Z; = u®2% + cz + d and Z; = (u® — u?)2? + cz + d are polynomials in z
of degree < 2. Moreover the degree of Z5 is < 1 when u® = 1.

We set X = (z)y, Y = (y)v, and Z = (z)7, and examine their degrees.
Expanding X we have:

X =222+ u?(1 — 3yt + 202 (1 — u?*(2u® — 1))22 — u?2cz — u®d)y?

+(2* —ulS(ZF + 42,79+ Z2))WP — 221 Z3 + 23 20)y — Z3 73,

To compute the relevant degrees of X, we must consider 4 individual cases.

Case A Case B(2) Case B(1) Case B(0)
w0 1| u¥ =1landu® #1|ul=1landc#0|uS=1,c=0andc#0

In each of these cases, we summarize the relevant degrees of XY, and Z.
In the table, I € {0,1, 2} distinguishes between cases B(0), B(1), and B(2).
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deg(l,l,o) deg(3,3,1) ldeg,
X (Case A) 4 12 (0,4,0)
X (Case B(l)) 3 9+1 (0,3,1)
Y 1 3 (0,1,0)
Z 0 1 (0,0,1)

Now, we prove that (Q})my C Qjf with the same technique as in Lemma 9
of [4]. Let m > 4 and let n > 0 be integers, and let P € QF . For all
v = (i,j,k) € supp (P), we have i +j < m, 3i +3j + k < 3m + n and
(x")my = YiXIZF,

First, in case A we compute
deg1,1,0)((x")my) =i + 45 < 4(i +j) < 4m,
deg(37371)((xv)7r”y) =3i+12j+k<9(i+j)+3i+3j+k
<9m+3m+n=234m)+n,
ldeg, ((x”)my) = (0,7 + 45, k) <2 (0,4m,n).
We check that the last inequality is an equality if and only if (¢, 5, k) = (0, m,n)
which belongs to supp (P); thus (Q, )™y C Qi p-

Now in cases B(l) we compute
deg(y1,0)((x")my) =i+ 3j < 3(i + ) < 3m,
deg(s 31)((x")my) =3i+ O+ 1)j+k < 6+ +7)+3i+3j+k
< (64 1)m+3m+n=33m)+Im+n,
ldeg, ((x*)my) = (0,4 + 34,15 + k) <2 (0,3m,Im + n).

We check that the last inequality is an equality if and only if (¢, 5, k) = (0, m,n)
which belongs to supp (P); thus (Qy, )™y C 93, 1 n- O
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