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ABSTRACT. We begin a systematic study of finite semigroups that gen-
erate join irreducible members of the lattice of pseudovarieties of finite
semigroups, which are important for the spectral theory of this lattice.
Finite semigroups S that generate join irreducible pseudovarieties are
characterized as follows: whenever S divides a direct product A x B of
finite semigroups, then S divides either A™ or B™ for some n > 1. We
present a new operator V — V" that preserves the property of join ir-
reducibility, as does the dual operator, and show that iteration of these
operators on any nontrivial join irreducible pseudovariety leads to an
infinite hierarchy of join irreducible pseudovarieties. We also describe
all join irreducible pseudovarieties generated by a semigroup of order up
to five. It turns out that there are 30 such pseudovarieties, and there is
a relatively easy way to remember them. In addition, we survey most
results known about join irreducible pseudovarieties to date and general-
ize a number of results in Sec. 7.3 of [The g-theory of Finite Semigroups,
Springer Monographs in Mathematics (Springer, Berlin, 2009)].
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1. INTRODUCTION

In the 1970s, Eilenberg [4] highlighted the importance of PV, the al-
gebraic lattice of all pseudovarieties of finite semigroups, via his research
with Schiitzenberger, by providing a correspondence between PV and va-
rieties of regular languages. Specifically, they proved that the lattice PV
is isomorphic to the algebraic lattice of varieties of regular languages; see
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the monograph by the second and third authors |23, Introduction] and the
references therein.

The g-theory of finite semigroups focuses on PV, but in a different man-
ner, and can be viewed in analogy with the classical real analysis theory of
continuous and differentiable functions from [0, 1] into [0, 1]. The analogy is
given by replacing [0, 1] with PV continuous functions with Cnt(PV), and
differentiable functions with GMC(PV); see [23, Chapter 2].

From a number of points of view, PV is an important algebraic lattice
with many interesting properties, and several theories have been developed
for its investigation. For instance, the theorem of Reiterman [21] character-
ized pseudovarieties as exactly the classes defined by pseudoidentities. This
led to the syntactic approach—employed by Almeida in his work and mono-
graph [2]—that has became a fundamental tool in finite semigroup theory.
Some of these results and techniques will be employed in this paper. An-
other important approach is the abstract spectral theory of PV going back
to Stone with lattice theoretic foundations going back to Birkhoff; see [23|
Chapter 7].

Since PV is a lattice, it is natural to investigate its elements that satisfy
important lattice properties. For any element £ in a lattice %,

(1) ¢is compact if, for any 2" C &L,
Eg\/% — Eg\/ﬁforsomeﬁniteﬂgﬁ;
(2) ¢ is join irreducible (ji) if, for any 2" C 2,
€§\/5&” — (< x for some z € Z;
(3) £ is finite join irreducible (fji) if, for any finite % C .Z,
fﬁ\/ﬁ — (< g for some z € F;
(4) ¢ is meet irreducible (mi) if, for any set 2" C %,
62/\5&” — (> x for some z € Z;
(5) ¢ is finite meet irreducible (fmi) if, for any finite .# C .2,
fZ/\ﬁ = (> gz for some z € F;
(6) ¢ is strictly join irreducible (sji) if, for any set 2" C %,
t=\/2 = tex
(7) £ is strictly finite join irreducible (sfji) if, for any finite .# C &,
t=\/7 = tez
(8) ¢ is strictly meet irreducible (smi) if, for any 2" C &,
t=\N2 = tex
(9) ¢ is strictly finite meet irreducible (sfmi) if, for any finite # C .Z,

t=\F = tle7
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An algebraic lattice is a complete lattice that is join generated by its compact
elements. The compact elements of PV are the finitely generated pseudo-
varieties. The pseudovariety generated by a finite semigroup S is denoted
by (S). It is clear that for any V € PV,

V=\{(s)|seV}

The abstract spectral theory of a lattice is closely connected to the compu-
tation of its maximal distributive image, which is determined by the lattice’s
fji and fmi elements; see [23, Chapter 7] and the references therein. The fji
and fmi elements of PV are thus very important. The ji pseudovarieties are
just the compact fji pseudovarieties, as is easy to see, so we are interested in
finite semigroups that generate pseudovarieties that are fji or equivalently ji.

By abuse of terminology, we say that a finite semigroup S is join irre-
ducible (ji) if the pseudovariety (S) is ji; finite semigroups that satisfy the
properties in (3)—(9) are similarly defined. A finite semigroup S is ji if and
only if for all finite semigroups 77 and 15,

S<TyxTy = S<T{" orS<Ty for somen >1,

where A < B means that A is a homomorphic image of a subsemigroup
of B, and A" = A x A x --- x A is the direct product of n copies of A.
For finite semigroups, there are several properties stronger than being ji: a
finite semigroup S is x-prime [2, Section 9.3] if for all finite semigroups 7}
and T,

S<TyxTy = S<TjorS=<Ty;

a semigroup S is Kovdcs—Newman (KN) if whenever f: T — S is a surjec-
tive homomorphism where T is a subsemigroup of 77 x 75 for some finite
semigroups 77 and T5, subdirectly embedded, then f factors through one of
the projections. Semigroups that are KN have been completely classified [23),
Section 7.4].

The proper inclusions

{KN semigroups} G {x-prime semigroups} & {ji semigroups}

are known to hold. For example, while any simple non-abelian group is KN,
any cyclic group Zj, of prime order p is x-prime but not KN. The well-known
Brandt semigroup By of order five is ji but not x-prime [23, Example 7.4.3].
Since the lattice PV is algebraic, it follows from a well-known theorem
of Birkhoff that its smi elements constitute the unique minimal set of meet
generators [23], Section 7.1]. It easily follows from Reiterman’s theorem [23|
Section 3.2] that each smi pseudovariety is defined by a single pseudoidentity
but not conversely. Now the reverse of the lattice PV is not algebraic but
is locally dually algebraic, so the sji elements of PV constitute the unique
minimal set of join generators for PV [23, Section 7.2]. The sji pseudovarie-
ties are precisely those having a unique proper maximal subpseudovariety.
Every ji pseudovariety is sji, but the converse does not hold, as demon-
strated by several known examples [23, Proposition 7.3.22] and additional
examples in Propositions [B.1] and Hence ji pseudovarieties do not join
generate the lattice PV. This prompts the following tantalizing question.

Question 1.1. What do the ji elements in PV join generate?
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It is well known and not difficult to prove that the function

SH{1 if (S) is sji

0 otherwise

on the class of finite semigroups is computable; see, for example, Proposi-
tion [£1] and its proof. On the other hand, it is unknown if the function

o {1 if (S) is ji

0 otherwise
on the class of finite semigroups is decidable.
Question 1.2. Is ji decidable, that is, is the above function computable?

If ji is not decidable, then a systematic study of ji semigroups seems
doomed in general. But even if ji is decidable, then it is probably hopeless,
in practice, to find all ji semigroups. In any case, an important step is to
find methods to produce new ji semigroups and methods to identify and
eliminate finite semigroups that are not ji. This paper develops several
new methods. For semigroups of small order, in particular, the (Birkhoff)
equational theory is crucial and is often used.

A pleasant feature of a finite semigroup S being ji is the “five for one
phenomenon” related to the exclusion class Excl(S) of S, the class of all finite
semigroups 7" for which S ¢ (T"). Indeed, a finite semigroup S is ji if and only
if Excl(S) is a pseudovariety [23, Theorem 7.1.2]. In this case, Excl(S) is mi
and so is defined by a single pseudoidentity, and since Excl(S) is also smi, it
has Excl(S) v (S) as a unique cover. Further, {(S) N Excl(S) is the unique
maximal subpseudovariety of (S), and so Excl(S) determines (S); see [23|
Section 7.1]. For example, the Brandt semigroup Bj is ji, the exclusion class
Excl(B3) coincides with the pseudovariety

DS = [((zy)*(yz)”(zy)*)” ~ (zy)“]

of finite semigroups whose _#-classes are subsemigroups [23] Example 7.3.4],
and (B2) N DS = (By) is the unique maximal subpseudovariety of (Bs),
where By is a subsemigroup of By of order four [6]; see Subsection 3.4l More
examples of maximal subpseudovarieties can be found in Section [Bl

As mentioned earlier, a goal of this paper is to find new ji semigroups.
One approach—and a very important problem in its own right—is to find
new operators on PV that preserve the property of being ji. The following
are some known examples.

Example 1.3. For any semigroup S, the opposite semigroup S°P of S is
obtained by reversing the multiplication on S. Then the dual operator

Vi VP ={5%|S5ecV}
on PV preserves the property of being ji.

Example 1.4 (See Lemma [5.2)). For any semigroup S, let S’ denote the
monoid obtained by adjoining an external identity element [ to .S, and define

go _ S it S is a monoid,
|87 otherwise.
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Then the operator V +— V* = {5°| S € V} on PV preserves the property
of being ji.

Example [[L3] is not surprising; in fact, in many investigations, such as
the finite basis problem for small semigroups [14 [30], it is common to iden-
tify S°P with S. The situation for the operator V +— V* however, can be dif-
ferent because it is possible that no new ji pseudovariety is produced. Indeed,
if a pseudovariety V is generated by some monoid, then V* = V cannot
be a new example of ji pseudovariety. But if V = {S) is a ji pseudovariety
that is not generated by any monoid, then V* = (S') is a ji pseudovariety
properly containing V. Note that the operator V +— VI = {S7 | § ¢ V}
does not preserve the property of being ji. For example, the cyclic group
Z,, of any prime order p generates a ji pseudovariety, but the pseudovari-
ety (Zp)' = (ZI) is not ji because (ZI) = (Zp) v (Sl2), where Sly is the
semilattice of order two.

On the other hand, it is possible for V! to be ji even though V is not ji.
For example, if S = Sly X Ry, where Ry is the right zero semigroup of
order two, then the pseudovariety (S) = (Sl) Vv (Rz) is not ji but (S)! =
(S1E x REY = (R1L) is ji [23, Example 7.3.1].

Remark 1.5. It is clear that the operator V — V°P also preserves the
property of being sji, but the operator V +— V*® does not preserve this
property. For instance, the pseudovariety (Bo) is sji while (Bo)® = (B{)
is not sji; see Proposition B.11

Given a finite semigroup S, consider the right regular representation
(S®,S) of S acting on S® by right multiplication. Then S® is defined
by adding all constant maps on S*® to .S, where multiplication is composi-
tion with the variable written on the left. Note that if (S,S) is a faithful
transformation semigroup, then we shall see later that the semigroup ob-
tained from S by adjoining the constant mappings on S generates the same
pseudovariety as S and hence we sometimes (abusively) denote this latter
semigroup by S as well. Some small examples of S® can be found in
Section [3l

It turns out that the operator V + VP = (gbar | § ¢ V) on PV
preserves the property of being ji. This result, the details of which are given
in Subsection [4.3] is important: for any finite nontrivial ji semigroup S, the
pseudovarieties

(G B(Cad B (Cab Dt B ((Crad D id i) BPPS

where X = ((X°P)ba)°P_constitute an infinite increasing chain of ji pseudo-
varieties (Corollary [.11]) whose complete union is an fji pseudovariety that
is not compact [23, Chapter 7].

Unsurprisingly, irregularities do show up when the operator V — VP ig
applied. For instance, it is sometimes possible for {SP") = (S), so that no
new ji pseudovariety is obtained. Further, it is possible for {S") to be ji
even though (S) is not ji. An important class of examples will be given in
Subsection

A main result of this paper is the complete classification of all ji pseudo-
varieties generated by a semigroup of order up to five. We want to give the
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reader an easy way to remember their generators. First, we have the three
operators S — S°P, S — S and S — S and their iterations such as
(((S°P)baryoP and (((((Sbar)oP)®)baryoPybar If we have a list of ji semigroups,
applying the three operators and their iterations give ji semigroups that may
or may not generate new ji pseudovarieties.

A ji pseudovariety V is primitive if V # (S®) and V # (S") for any
finite semigroup .S that generates a ji proper subpseudovariety of V. Now we
are only interested in knowing the primitive ji pseudovarieties up to isomor-
phism and anti-isomorphism of members since the others can be obtained by
applying the operators. Therefore when describing ji pseudovarieties gener-
ated by a semigroup of order up to five, it suffices to list, up to isomorphism
and anti-isomorphism, only generators of those that are primitive; see Ta-
ble [l Presentations and multiplication tables of these semigroups can be
found in Section Bl The only new example of a semigroup of order five that
generates a primitive ji pseudovariety is £2%"; all the other semigroups were
previously known to be ji. Note that Egar is ji but £3 is not; see Subsection [4.5],
where this example is extended to an infinite family of examples.

Semigroups of order n that generate

n primitive ji pseudovarieties
2 Z2, NQ, L2

3 Zs, N3

4 Z4, N4, AO

5  Zs, Ns, Ag, Bo, (3%

TABLE 1. Some generators of primitive ji pseudovarieties

The statement of the above result regarding semigroups of order up to five
is straightforward, but its proof is not so; it requires knowledge of subpseu-
dovarieties of pseudovarieties generated by small semigroups [6}, 9}, 12} 13, 15,
16l 27, [31], B2] and of bases of pseudoidentities for many pseudovarieties of
the form \/le((Si)), and advanced algebraic theory of finite semigroups [23].

The following are all other ji semigroups known to us, except for some
well-known results on completely simple semigroups.

1.1. Groups. It is an easy observation that a finite group generates a ji
pseudovariety of semigroups if and only if it generates a ji pseudovariety of
groups; see [23 Chapter 7]. A pseudovariety V of groups is called saturated
if whenever ¢ : G — H is a homomorphism of finite groups with H € V,
there exists a subgroup K < G such that K € V and Ko = H. It is
observed in [24] Example 7.6.5] that any pseudovariety of groups closed
under extension is saturated. In particular, for any prime p, the pseudovari-
ety of p-groups is saturated. It is almost immediate from the definition that
if V is a saturated pseudovariety of groups, then a group G € V generates a
ji pseudovariety in the lattice of all semigroup pseudovarieties if and only if it
generates a ji member of the lattice of subpseudovarieties of V. In particular,
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a p-group G is ji if and only if whenever GG divides a direct product A x B
of p-groups, then G divides either A™ or B" for some n > 1.

Abelian groups. The following statements on any directly indecomposable
finite abelian group A are equivalent: A is ji, Ais x-prime, and A = Z,» for
some prime p and n > 1. This result follows from the Fundamental Theorem
of Finite Abelian Groups and that Z,» lifts in the sense that whenever Z,»
is a homomorphic image of some semigroup S, then Z,n+- embeds into S
for some r > 0.

Monolithic groups. A finite group G is monolithic if it contains a unique
minimal nontrivial normal subgroup /N; in this case, N is called the monolith
of G, and it is well known that N =2 H" for some simple group H and n > 1.

A finite group is monolithic if and only if it is subdirectly indecomposable;
recall that a semigroup S is a subdirect product of S and Sy, written S <
S1 X So, if S is a subsemigroup of S; x Sy mapping onto both S; and S
via the projections ;. A semigroup S is subdirectly indecomposable (sdi) if
S < S1 x S5 implies that at least one of the projections m; : S — S; is an
isomorphism. Therefore when locating ji groups from among finite groups,
it suffices to concentrate on those that are monolithic.

Groups with non-abelian monolith. Kovacs and Newman proved that any
monolithic group with non-abelian monolith is KN [23] Section 7.4] and so
also x-prime and ji. Therefore, all simple non-abelian groups are ji.

Groups with abelian monolith. An abelian monolith N of a finite group G
splits if there exists a subgroup K of G so that NN K = {1} and NK = G.
A finite subdirectly indecomposable group with an abelian monolith that
splits is ji; this result is due to G.M. Bergman and its proof is given in
Subsection Therefore, the symmetric group Syms over three symbols
is ji.

Groups of small order. The ji pseudovarieties generated by a group of order
seven or less are (Za), (Zs), (Z4), (Zs), {(Syms), and (Z7). Regarding
groups of order eight that generate other ji pseudovarieties, besides Zg, there
are two nontrivial cases: the dihedral group D, of the square and the quater-
nion group Qs. Let G € {Dy,Qg}. Then forming G x G and dividing out
the two centers identified, (G x G)/{(1,1), (a,a)} gives isomorphic groups,
denoted by G o G. Since G < G o G, it follows that (D4) = (Qs). There-
fore, the groups D4 and Qg are not x-prime and so also not KN. However,
the pseudovariety (D4) = (@s) is ji; see Subsection 7] This result is due
independently to Kearnes [5] and the anonymous reviewer.

Other ji pseudovarieties generated by a group of order up to 11 are (Zg),

(Ds), and (Z11).

1.2. _#Z-trivial semigroups. Presently, the only ji pseudovarieties of ¢-
trivial semigroups known in the literature are generated by the following:

N,=(@|a"=0),n>1;

); ;
K,=(ef|e?=e f2=f, (ef)"e=0),n>1;
Ny, Hy, Kj,n> 1.
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The pseudoidentity defining the pseudovariety Excl(N,,) is given in Subsec-
tion [5.4] while the pseudovarieties Excl(H,,) and Excl(K,,) are defined by the
pseudoidentities

(xwyou)ner ~ (xwyw)n and (xwyw)nerxw ~ (xwyou)nxw7

respectively [11 Propositions 2.3 and 3.3].

1.3. Commutative semigroups. The pseudovariety Com of finite com-
mutative semigroups can be decomposed as

Com = (ComNG)V (ComnA),

where G is the pseudovariety of finite groups and A is the pseudovariety of
finite aperiodic semigroups [2, Figure 9.1]. Therefore any ji pseudovariety
of commutative semigroups is contained in either Com N G or Com N A.
As noted in Subsection [[T] the ji subpseudovarieties of Com N G are each
generated by a cyclic group Z,» of prime power order. As for ComNA, each
of its finite semigroups satisfies the identity z"*! ~ z™ for all sufficiently
large n > 1 and so belongs to (N!); see Proposition EI0(i). A complete
description of ji subpseudovarieties of Com is thus dependent on the answer
to the following question.

Question 1.6. For each n > 1, what are the ji subpseudovarieties of (N/)?

Presently, the only known examples of ji subpseudovarieties of (N!) are
(Ng) and (N[), where 1 < k < n.

1.4. Bands. The pseudovariety B of finite bands is fji (Corollary ATI2).
Each proper subpseudovariety of B is compact and a complete description
of the lattice of subpseudovarieties of B is well known; see, for example,
Almeida [2], Section 5.5]. The atoms of this lattice are S1 = (Slo), LZ =
(L2), and RZ = (R5); see Subsection 3.3

Let LNB = S1V LZ. For any pseudovariety V, define the Mal’cev prod-
ucts aV =RZ @YV and BV = LZ @ V; see Subsection Then by [19],

the proper, nontrivial sji pseudovarieties of bands are as follows:

e LZ, RZ, and SI;
e (af)"Sl and B(aB)"S], n > 1, and their duals;
e (Ba)""'LNB and a(Ba)"LNB, n > 0, and their duals.

However, we observe that aLNB = aLZ. Since S — S preserves join
irreducibility, it follows that the pseudovariety generated by a finite band is
ji if and only if it is sji; see Theorem .14l As observed after Question [L.1],
it is decidable if a finite semigroup generates a sji pseudovariety. Therefore,
Question is affirmatively answered for bands.

1.5. Kovdcs—Newman semigroups. All KN semigroups are known [23,
Section 7). These are semigroups with kernel (minimal two-sided ideal) a
Rees matrix semigroup over a monolithic group with non-abelian monolith
that acts faithfully on the right and left of the kernel.
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1.6. The subdirectly indecomposable viewpoint. Since every finite
semigroup divides (in fact, is a subdirect product of) its sdi homomorphic
images, we can restrict our search for new ji semigroups to sdi semigroups,
just as in the case of groups, when we can restrict our search to monolithic
finite groups.

In more detail, to find the ji pseudovarieties, we clearly need only to find
finite semigroups S such that (S} is ji and there exist no semigroups 7" with
IT| < |S| and {(T) = (S). Such a semigroup S is called a minimal order
generator for the compact pseudovariety (5.

Now the minimal order generators of ji pseudovarieties, in fact of sji pseu-
dovarieties, must be sdi. To see this, suppose that S is any finite semigroup
that is not sdi. Then S < 51 xSy x---x S}, for some homomorphic images S;
of S such that |S;| < |S|. But since (S) = (S1) VvV (S2) V- -V (Sk) and (S)
is sji, it follows that (S) = (S;) for some j, whence S is not a minimal
order generator

If a finite semigroup S is x-prime (e.g. KN), then S is a minimal order
generator and any minimal order generator for (S) is isomorphic to S. The
proof is clear. However, minimal order generators for the same ji pseudova-
riety need not be isomorphic; for example, (Qg) = (Dy4)) is ji and Qg £ Dj.

It should be pointed out that a finite semigroup S being sdi does not
imply that the pseudovariety (S) is ji or even sji. For example, the Rees
matrix semigroup

S =.#°(Zs, {1,2},{1,2}; [ 49])
is sdi, but (S) = (Ba) V (Z2) is not sji; see [23, Section 4.7].

1.7. Organization. The article is organized as follows. In Section [2, the
operator V. — Vb is introduced in detail and some related results are
established. In Section[B] some important small semigroups that are required
for this paper are defined. In Section Ml some general results regarding ji
pseudovarieties are established. In Section [, some explicit pseudovarieties
are shown to be ji, and conditions sufficient for a finite semigroup to generate
one of them are established. In Section [6] some conditions sufficient for a
finite semigroup to generate a non-ji pseudovariety are established. Results
in Sections [@H6] are then employed in Section [7 to prove that among all
pseudovarieties generated by a semigroup of order up to five, only 30 are ji.

2. AUGMENTED SEMIGROUPS

All semigroups and transformation semigroups, with the exception of free
semigroups and free profinite semigroups, are assumed finite. Notation in
the monograph [23] will often be followed closely.

Let (X,S) be a transformation semigroup where S is a semigroup that
acts faithfully on the right of a set X. Then (X, S) = (X, SUX) where X is
the set of constant maps on X. The constant map to a fixed element x € X
is denoted by 7. If (X, S) and (Y, T) are transformation semigroups, then

(X,9) x (Y, T)=(X xY,SxT)
with the action (x,y)(s,t) = (zs, yt).
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Refer to Eilenberg [4] for the definition of division < of transformation
semigroups.

Lemma 2.1 (Eilenberg [4, Exercise 1.4.1, Propositions 1.5.4, and page 20]).
Let (X,S) and (Y,T) be any transformation semigroups. Then

(i) (X,S8) < (Y,T) implies that (X,S) < (Y, T);

(i) (X,S8) < (Y,T) implies that S < T}

(i) (X,8) % (V.T) < (X,8) x (V. 7).

Lemma [2.7ii) holds because the mappings involved are total.

Lemma 2.2 (D. Allen; see Eilenberg [4, Proposition 1.9.8]). If (X, S) is any
transformation semigroup, then (S*,S) < (X, S)¥XI.

Following [23, Chapter 4], write (S®,S) = (S°®,S"") and call S* the
augmentation of S. Note that if (X,S) < (S°*,S), then (X,S5) < (S°,S) <
(X, S)X| by Lemma 22 and hence

(X,9) < (5%.9) < x5

Thus if S’ = SUX, then S’ < S < (5")X!, yielding the following result.

Corollary 2.3. If (X, S) is a transformation semigroup such that (X, S) <
(S°,9), then (SUX) = (S*"). In particular, if S is any semigroup and .J
is any right ideal of S on which it acts faithfully, then (SP) = (S UJT).

The following are some elementary properties enjoyed by augmentation.

Proposition 2.4. Let S and T be any finite semigroups. Then

(i) S < T implies that SP> < TP
(ii) (S % T)bar = Sbar % Tbar.

Proof. (i) Suppose that S < T, so that (S°,S) < (T*,T) by Eilenberg [4,
Proposition 1.5.8]. Then by Lemma 2.11(i),

(§°, 5P = (S* ) < (T*,T) = (T, T°™).

Therefore, S* < T by Lemma 2I(ii).
(ii) First note that ((S x T)*, S xT) < (S®* x T*,S x T). Then

((S x T)*, (S x T)bn)

=((SxT),SxT)=<(S*xT*,SxT) by Lemma [2.T1(i)
=(S°,5) x (T*,T) < (S°,8) x (T*,T) by Lemma [2.T1(iii)
_ (So’sbar) % (T.,Tbar) — (So % To’Sbar % Tbar).

Therefore, (S x T)P2" < SP2" x T by Lemma BIN(ii). O

In the following, augmentation is viewed as a continuous operator on the
lattice PV of pseudovarieties. An operator is continuous if it preserves order
and directed joins [23]. For any pseudovariety V, define

Vhar = (S| 5 e V).
Recall that RZ = (Rs) is the pseudovariety of right zero semigroups.
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Proposition 2.5. The operator on PV defined by V — VP is continuous,
non-decreasing, and idempotent. Further,

(1) (S)bar = (SP) for any finite semigroup S;

(i) RZ C V" for any nontrivial pseudovariety V.
Consequently, if (S) = (T), then (SPar) = (Tb2r).

Proof. Clearly augmentation is order preserving. Let {Vs | § € D} be any
directed set of pseudovarieties, so that the complete join V = \/5., V5 is
a union. The inclusion Vgar C VP clearly holds for all § € D, so that
Vsep V?ar C VP2, Conversely, if S € VP say S < TP x THr x ... x T,?ar
for some T1,T5,...,T, € V, then due to directedness, there exists § € D
with T7,75,...,T € Vs, whence S € Vg’ar. Therefore, augmentation is
continuous.

Since S < Sb2r, it is obvious that augmentation is non-decreasing and
the inclusion VP2 C (VPa)bar holds. To establish the reverse inclusion,
it suffices to prove that (SP)Pr ¢ Vb for all S € V. But S acts
faithfully on the right of its minimal ideal S® and it contains all the constant
mappings. Thus (S*,SP) = (S°, Sbar) and (S*,SPa) < ((SPar)e, Sbar). It
follows from Corollary 23] that SP = §P" U'S® generates the same pseudo-
variety as (SP)P2". This shows that (SP2")Pa € Vb2 5o that augmentation
is idempotent.

It remains to establish parts (i) and (ii).

(i) The inclusion (SPa) C (S)P" holds trivially. To establish the reverse
inclusion, suppose that T' € (S)P", so that T < UP for some U € (S).
Then U < S™ for some n > 0 and so T < U < (S™)bar < (Shar)n by
Proposition 24(ii). Therefore, T' € (S®). Consequently, {(SP") = (S)br.

(i) If S is a nontrivial semigroup in V, then the right zero semigroup Ry
is a subsemigroup of SP*", whence RZ C V. U

Corollary 2.6. Let S be any finite semigroup whose minimal ideal J con-
sists of right zeroes. Suppose that S acts faithfully on the right of J. Then

{s)ber = (S)-

Proof. By Proposition 7] it suffices to prove that (S®") = (S). But since
(J,S) = (J,5), it follows that S = S U J. The desired conclusion then
follows from Corollary 23] O

3. SOME IMPORTANT SEMIGROUPS

In this section, semigroups that are required throughout the paper are
introduced. Semigroups are given by their presentations, and whenever
feasible, multiplication tables. In presentations, the symbols e and f are
exclusively reserved for idempotent elements.

3.1. Cyclic groups. The cyclic group of order n > 1 is

Zn=(glg"=1)={lg¢e, . ...g" '}
The augmentation of Zy = {1,g} is the semigroup Z5" = {1,g,1,g} given
in Table @l The semigroup Zgar is isomorphic to the semigroup of transfor-
mations of the set {1,2}. Information on identities satisfied by the semi-
groups Z, and Zgar is given in Subsections and [5.3] respectively.
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3.2. Nilpotent semigroups. The monogenic nilpotent semigroup of order
n>1is

N, =(a|a” =0)={0,a,a%,...,a" !}.
The augmentation of Ny = {0,a} is the semigroup N5 = {0,a,a, I} given
in Table Bl Information on identities satisfied by the semigroups N,,, N/,
N> “and (N®2)! is given in Subsections 5.4} [5.5] 5.6, and 5.7, respectively.

7511 g 1 g Nbar 10 a3 T
1 |1 g1g 0 |00 3T
g g1 1g§g a |0 0 a1
1 |Tg1cg 3 |00 3l
g lg11¢g I |03 al

TABLE 2. Multiplication tables of Z52" and N®

3.3. Bands. The smallest nontrivial bands are the semilattice Siy = {0, 1}
and the left zero and right zero semigroups of order two:

Ly =(e,f | &® =ef =e, 2 =fe =) = {e,f},

Ry = (e, f|e® =fe=¢e, 2 =ef =f) = {e,f};
see Table Bl Note that S, = N{ and Lgp =~ Ro. It is well known that Sis
generates the pseudovariety Sl of semilattices, Ly generates the pseudovari-

ety LZ of left zero semigroups, and Ro generates the pseudovariety RZ of
right zero semigroups.

Sty |01 Ly | e f Ry|e f
0 0 0 e | e e e e f
1 0 1 f | f f f |e f

TABLE 3. Multiplication tables of Sls, Lo, and Ro

The augmentation of Ly is the semigroup L5 = {e, f,&,f, T} given in Ta-
ble @l Information on identities satisfied by the semigroups Lo, L, and Lgar
is given in Subsections 0.8 5.9 and B.10] respectively.

3.4. Completely 0-simple semigroups. The smallest completely 0-simple
semigroups with zero divisors are the idempotent-generated semigroup

Ay = (a,e|a’ =0, aca=a, e’

=eae =e) = {0,a,¢,ae,ea}
and the Brandt semigroup
By = (a,b|a? =b% =0, aba = a, bab = b) = {0,a, b, ab, ba};
see Table[ll The Rees matrix representations of these semigroups are
Ay = ({1},{1,2},{1,2}; [ § {])
and By =.#"({1},{1,2},{1,2}; [ 9]).
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L le f & f 1
e |e ee f T
f |f fefT
g |leesef 1T
f |ffeflT
I | fefI

TABLE 4. Multiplication table of L5

The semigroups Ao and Bs contain subsemigroups isomorphic to
Ag= (e, f|e® =e f2=f ef =0) ={0,e,f,fe}
and By = (a,e,f|e® =e, {2 =f ef =fe=0, ea =af =a) = {0,a,e,f},
respectively; see Table [l The semigroup
(3= 1(a,e|ae=0ea=a, e’ =¢e) = {0,a,e}
and its augmentation ¢ = {0, a, e, 3,&} are given in Table[ll Note that
Ap = As\{e}, Bo=By\{b}, and /3= Ag\{e} = B\ {f}.

Information on identities satisfied by the semigroups Ag, A(I], Ay, Bs, and Kgar

is given in Subsections B.11], (.12 5.13] 5.14] and 5.15] respectively.

Aoy | 0O a ae e e By| 0 a ab ba b
0|0 0O 0O 0 O 0|0 0 0O 0 O
a |0 0 0 a ae a|0 0 0 a ab
ae | 0 a ae a ae ab| 0 a ab 0 0
ea| 0 0O 0 ea e ba|0O O 0 ba b
e |0 ea e ea e b |0 ba b 0 0

TABLE 5. Multiplication tables of Ay and By

Ag| 0 fe f e Byl 0 a e f

0|0 0 O 0/]0O0O0O

fe |0 0 0 fe a |0 0 0 a

f |0 fe f fe e |0 a e O

e |0 0 0 e f10 0 0 f
TABLE 6. Multiplication tables of Ay and By

It is shown in Subsection that the semigroup ¢3 belongs to an infinite
class of semigroups S with the property that (S) is not ji but (S) is ji.
The semigroup By serves as a counterexample to the implications

Sissji = Sisji and Sissji = S!issji
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/310 a e 10 a e a @
0]0 00 0|0 00 3 e
a0 00 a |0 00 a3 ce
e|0 a e e |0 a e 3 €
a |00 0 a3ace
e |0 a & 3 &€

TABLE 7. Multiplication tables of ¢3 and 5"

mentioned in the introduction.

Proposition 3.1. (i) The pseudovariety {By) is sji.
(ii) The pseudovariety {By) is not ji.
(ii) The pseudovariety (BL) is not sji.

Proof. The pseudovariety (Bp) is sji since it has a unique maximal proper
subpseudovariety [8, Lemma 5(b)]. The pseudovariety (BZ) is not sji since it
has two maximal proper subpseudovarieties [8, Lemma 6(b)]. In particular,
the pseudovariety (Bg) is not ji, whence the pseudovariety (Bo) is also not
ji; see Lemma O

4. SOME GENERAL RESULTS ON JOIN IRREDUCIBILITY

The pseudovariety defined by a class ¥ of pseudoidentities is denoted
by [X], while the pseudovariety generated by a class £ of finite semigroups
is denoted by (. ). A pseudovariety is compact if it is generated by a single
finite semigroup.

Proposition 4.1. Fvery compact pseudovariety contains positively and only
finitely many mazximal subpseudovarieties.

Proof. Let S = {s1, S2,...,5,} be any finite semigroup and let V denote the
variety generated by S. Since the lattice of subvarieties of V is isomorphic to
the lattice of subpseudovarieties of (S), it suffices to show that V contains
positively and only finitely many maximal subvarieties. Given any identity
u ~ v such that S &£ u ~ v, there exists some substitution ¢ into S
such that up # vp. Then ¢ induces a substitution ¢’ into the set 2, =
{x1,22,...,2,} given by z¢' = z; if zp = s;. Therefore uy’ ~ vy’ is an
identity over 2, such that u & v F uy’ = v¢' and S (£ up’ ~ vy'. It
follows that every proper subvariety of V satisfies some identity over 27,.
Modulo the equational theory of the semigroup .S, there can only be finitely
many identities over %, that are violated by S; these identities form a finite
preordered set P under equational deduction . Each greatest element of
(P,F) defines within V a maximal subvariety. O

The exclusion class Excl(S) of a finite semigroup S is the class of all finite
semigroups 7" for which S ¢ (T"). Recall that a finite semigroup S is ji if
and only if Excl(S) is a pseudovariety [23, Theorem 7.1.2].
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In this section, some results on the property of being ji are established.
There are seven subsections. The main result of Subsection [£I]demonstrates
that many exclusion classes of ji semigroups in this paper are not definable
by a certain type of pseudoidentities. In Subsection [£2] the notion of a
“large” pseudovariety is introduced. It turns out that the exclusion class
of a ji semigroup that is right letter mapping, left letter mapping, or group
mapping satisfies this largeness condition. In Subsection 3] it is shown
that the operator V — VP on PV preserves the property of being ji. More
specifically, if u ~ v is a pseudoidentity that defines the exclusion class
Excl(S) of a ji semigroup S, then it is shown how a pseudoidentity that
defines Excl(SP") can be obtained from u =~ v.

In Subsection A4, it is shown that alternately performing the operators
V = VP and V — V? = (((S°P)*")°P | S € V) on a nontrivial pseudo-
variety (S) results in an infinite increasing chain of pseudovarieties; if the
semigroup S is ji to begin with, then the pseudovarieties are all ji. In Subsec-
tion L5 an infinite class {Oy | k > 2} of finite semigroups is introduced and
shown to satisfy the following property: for each k£ > 2, the pseudovariety
(Oy) is not ji, while the pseudovariety {O)°" is ji.

In Subsection 6] a sufficient condition, due to G.M. Bergman, is pre-
sented under which a finite sdi group is ji. In Subsection 7, the pseudo-
variety (Qs) = (D4) is shown to be ji; this result is due independently to
Kearnes [5] and the anonymous reviewer.

4.1. Non-definability by simple pseudoidentities. For this subsection,
the assumption that all semigroups are finite is tempcg_zgily abandoned. The
free profinite semigroup on a set .« is denoted by &/+. A pseudoidentity
u ~ v is simple if u and v belong to the smallest subsemigroup F'(<) of o7+
containing &7 that is closed under product and unary implicit operations;
the latter condition means that {w}t+ C F(</) for all w € F'(«).

The following theorem was essentially proved by Almeida and Volkov [3],
based on an earlier variant of Rhodes [22].

Theorem 4.2. Suppose that V is any proper pseudovariety of semigroups
containing all semigroups with abelian mazimal subgroups. Then V cannot
be defined by simple pseudoidentities.

Proof. Let &/ be a fixed countably infinite set and for any m,n > 1, let
Bm.n be the variety of semigroups defined by the identity z™ =~ 2™*™.
Then the free semigroup B(1,m,n) on one-generator in B,, ,, is finite and if

AUNS {;}\‘L, then there exists an integer n, < m +n — 1 such that 27 = 2™
in B(1,m,n). Thus each implicit operation in F'(<7) has a natural interpre-
tation on any semigroup in B,, , which agrees with its usual interpretation
in finite semigroups (namely interpret w” as w™ for every element w of a
semigroup S € By, p).

Suppose that V is defined by a set X of simple pseudoidentities. Let W be
the variety of universal algebras defined by ¥ in the signature 7 consisting
of multiplication and all unary implicit operations and let T" be a finite
semigroup. Then there exist m > 6 and n > 1 such that 7" belongs to B, ,,.
As discussed above, B, , can be viewed as a variety in the signature 7 such
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that the unary implicit operations have their usual interpretations in all
finite semigroups in B, ;.

Now McCammond [I7] has shown that for each integer k£ > 1, the semi-
group B(k,m,n) has cyclic maximal subgroups and that there is a system of
cofinite ideals for B(k,m,n) with empty intersection. Therefore, B(k, m,n)
is an infinite subdirect product of finite semigroups with abelian maximal
subgroups. Since W contains all finite semigroups with abelian maximal
subgroups, it follows that B(k,m,n) € W, whence B,,, ,, C W. Therefore, T
belongs to W and so satisfies the pseudoidentities 3. Consequently, T' € V
and hence V is the pseudovariety of all finite semigroups. O

In this paper, pseudoidentities involving idempotents from the minimal
ideal of a free profinite semigroup are often used to define the exclusion
pseudovarieties of ji semigroups. Since many of these exclusion pseudovarie-
ties contain all semigroups with abelian maximal subgroups, Theorem
implies that, in general, simple pseudoidentities cannot be used in their
definition. It is presently unknown if one must use idempotents from the
minimal ideal.

4.2. Large exclusion pseudovarieties. If V and W are pseudovarieties
of semigroups, then their Mal’cev product V @ W is the pseudovariety gen-
erated by all semigroups S with a homomorphism ¢: S — T such that
T € W and ep~! € V for all idempotents e € T. A remarkable property of
the Mal’cev product is that

( N va> AW = (V. ®W); (4.1
acA a€cA
see [23] for details.
Let 1 denote the pseudovariety of trivial semigroups. For any ji semi-
group S, we say that Excl(S) is large if

1@ Excl(S) = Excl(95).

If Excl(S) is large and {V, | @ € A} is a collection of pseudovarieties such
that (yea Va = 1, then it follows from (&I]) and the fact that Excl(S) is
mi that V, @ Excl(S) = Excl(S) for some a € A. In particular, either

A @ Excl(S) = Excl(S) or G@ Excl(S) = Excl(5),

where A is the pseudovariety of finite aperiodic semigroups and G is the
pseudovariety of finite groups. For more examples of pseudovarieties with
trivial intersection, see [23].

If S is a finite subdirectly indecomposable semigroup, then S has a unique
O-minimal ideal I (where if S has no zero, then we consider the minimal ideal
as 0-minimal). Moreover, one of the following cases holds:

I? = 0 (the null case);

S acts faithfully on the right of the set of .Z-classes of I (the left letter
mapping case);

S acts faithfully on the left of the set of .Z-classes of I (the right letter
mapping case);

I contains a nontrivial maximal subgroup and S acts faithfully on both
the left and right of I (the group mapping case).
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In the last three cases we say that S is of semisimple type; see [23, Sec. 4.7].

Theorem 4.3. Let S be any subdirectly indecomposable ji semigroup of semi-
simple type (left letter mapping, right letter mapping, or group mapping).
Then Excl(S) is large.

Proof. Obviously, Excl(S) C 1@ Excl(S). As Excl(S) is the largest pseu-
dovariety that fails to contain S, it suffices to show that S ¢ 1 @ Excl(S).
But [23, Theorem 4.6.50] immediately implies that in any of the three cases,
S € 1@V if and only if S € V for any pseudovariety V. Thus S ¢
1@ Excl(S) and so 1 @) Excl(S) = Excl(S5). O

The proof of Theorem [£3]is in fact valid if S is left letter mapping, right
letter mapping, or group mapping even if it is not sdi.

4.3. Augmentation preserves join irreducibility. In this subsection,
augmentation is shown to preserve join irreducibility. Some special cases
were previously considered in [23] Section 7.3].

Theorem 4.4. The operator V — VP preserves the property of being ji.
In particular, if a pseudovariety (S) is ji, then the pseudovariety (S®) is

also ji. Further, if Excl(S) = [u =~ v] where u,v € &/ T, then
Excl(SP) = [(ezu)” ~ (ezv)“]
where z ¢ </ and e is an idempotent in the minimal ideal of (%ﬁ{\z}ﬁ

Proof. First note that since S ¢ Excl(S), there exists some homomorphism
p: o+t — S such that up # vp. Let 1 denote the identity element of S*,

and extend ¢ to a homomorphism (& U {z})* — S by sending z to 1.
Then (ezu)¥¢ = up # v = (ezv)?yp and so SP" ¢ [(ezu)” ~ (ezv)~].

To complete the proof, it suffices to assume that 7' ¢ [(ezu)* ~ (ezv)“],
and show that S® € (T). Replacing T by a subsemigroup if necessary,
generality is Et\lost by assuming the existence of a surjective homomor-
phism ¢: (&7 U{z})* — T such that (ezu)“y # (ezv)“1). Now the semi-
group 1" acts on the right of the set B of Z-classes of its minimal ideal J; let
(B,RLM(T)) denote the resulting faithful transformation semigroup. Note
that (B,RLM(T)) = (B,RLM(T)) because if b € B, then any element
of T in the Z-class of b acts on B as a constant map to b by the struc-
ture of completely simple semigroups. It follows from Corollary that
(RLM(T))b2r = (RLM(T)), since the constant mappings form the minimal
ideal of RLM(T).

Since (ez)® is in the minimal ideal J of T, the elements ((ez)y)(uy) and
((ez)y)(ve)) are Z-equivalent. However, they are not .Z-equivalent because
otherwise they would be J#-equivalent and hence have the same idempotent
power, as J is completely simple. Thus ut and vi) have distinct images un-
der the quotient map 7" — RLM(T"). Consequently, there is a homomorphism
P: AR RLM(T) such that up # v, that is, RLM(T") ¢ Excl(S). There-
fore, S € (RLM(T)), whence SP € (RLM(T))b> = (RLM(T)) C (T) as
required. O
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Corollary 4.5. Let (X,S) be any transformation semigroup with (X,S) <
(S*,S). Suppose that the pseudovariety (S) is ji. Then the pseudovariety
(SUX) is also ji.

Proof. This follows from Corollary 23] and Theorem [Z4] O

Note that if S is ji, then Excl(S2") will be large by Theorem B3] (and the
remark following it).

4.4. Iterating augmentation and its dual to bands. For any semi-
group S, define

Sb _ ((Sop)bar)op.
In other words, S” is obtained by considering the left action of S on S® and
adjoining constant maps. For any pseudovariety V, define

V= (S"|SeV).
By symmetry, V — V? is a continuous idempotent operator that preserves
join irreducibility; see [23, Chapter 2]. Define the operators o, 5: PV — PV

by oV = VP and BV = V°. The aim of this subsection is to show that for
any nontrivial finite semigroup S, the hierarchy

Vo = (Ba)*(S), n=>0 (4.2)

is strict, as is the dual hierarchy obtained by interchanging the roles of «
and §. An important observation is that Sa(S) is a compact pseudovari-
ety containing Sls that is generated by (Sbar)l’, which is left mapping with
respect to its minimal ideal. Thus it suffices to handle the case that S1 C (.S)
and S is left mapping with respect to its minimal ideal.

Proposition 4.6. For any finite semigroup S,
Sshr e RZ@ ((S)VSl) and S e LZ@ ((S) V SI).

Proof. Clearly, SP /S® divides the ‘semigroup SY obtained by adjoining an
external zero element 0 to S. Since S*® is a right zero semigroup and (S°) C
(S) Vv Sl, the inclusion S** € RZ @) ((S) Vv SI) holds. The second inclusion
is dual. U

Define the operators &,E: PV —» PV by aV = RZ@V and gV =
LZ @ V. These operators are idempotent. For any finite semigroup S that
contains Sl as a subsemigroup, define the hierarchy

U, = (Ba)"(S), n>0. (4.3)
Observe that V,, C U, for all n > 0 as a consequence of Proposition

Proposition 4.7. Suppose that S is any nontrivial band that is left mapping
with respect to its minimal ideal and that 'V is any pseudovariety such that
SIC V. Then S c RZ@V if and only if S € V.

Proof. If S € V, then S® € RZ @ V by Proposition Conversely, since
5P is a band, S* € RZ@V if and only if SP € D@V, where D is
the pseudovariety of semigroups whose idempotents are right zeroes; this
occurs if and only if the quotient of SP by the intersection LM of all its left
mapping congruences belongs to V [23, Theorem 4.6.50]. Note that since S
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is a left mapping band with respect to its minimal ideal, its minimal ideal
consists of at least two left zeroes. Therefore, the minimal ideal of SP
contains no elements of S. Then SPr/LM = SO because SP2" acts trivially
on the left of its minimal ideal and acts as S does on the left of its other
F -classes. Since Sl € V by assumption, it follows that Shar/LM € V if
and only if S € V. O

Corollary 4.8. Suppose that S is any nontrivial band that is left mapping
with respect to its minimal ideal and that V is any pseudovariety such that
SI C V. Then (S*")’ € BaV if and only if S € V.

Proof. Since SP is a nontrivial band that is right mapping with respect
to its minimal ideal, the dual of Proposition E7 implies that (S’ e
LZ @ (RZ @ V) if and only if S €¢ RZ@ V. An application of Proposi-
tion -7 then yields that (SP*)’ € LZ@ (RZ @ V) if and only if S € V. O

The hierarchies (£2)) and ([@3]) for the case S = Sly are now analyzed.
Recall that B denotes the pseudovariety of finite bands.

Lemma 4.9. Consider the hierarchies (£2) and (L3) with S = Sla. Then
(i) Vo, € Up_q for alln > 1;

(ii) the hierarchies ([A2) and ([A3) are strict;

(i) Unzo Un =Upzo Vo = B.

Proof. (i) This is established by induction on n. The exclusion Vi ¢ Uy
holds since SP* € V; while SP* ¢ SI = Uj due to Ry C SP". Suppose
that V,, Q U,,_1 for some n > 2. Note that V,, is generated by a band of
the form T'= R’ and so T is left mapping with respect to its minimal ideal.
Since T' ¢ U,,_1, it follows from Corollary B8 that (7>)" ¢ U,,. Therefore,
(TP’ € V41 \ Uy, whence V,, 11 € U,.

(ii) Since V,, € U,,_1 by part (i) and V,,_y C U,,_1, the hierarchy (£2)
is strict. Similarly, V,, C U,, and V,, € U,,_1 imply that the hierarchy (Z.3)
is strict.

(iii) This result holds because the lattice of band pseudovarieties is well
known not to contain any strictly increasing infinite chain of subpseudova-
rieties whose union is not B. (]

Theorem 4.10. The hierarchy (&2 is strict for any nontrivial finite semi-
group S.

Proof. Since the hierarchy stabilizes as soon as two consecutive pseudova-
rieties are identical, replacing S by (Sbar)" if necessary, S can be assumed
to contain Sly as a subsemigroup. It then follows from Lemma that
Un>0 V. contains the pseudovariety B. But since B is not contained in any
compact pseudovariety [25], the union (J,~, Vo, is not compact. Since each
pseudovariety V,, is compact, the hierarchy is strict. O

Corollary 4.11. If (S) is ji, then the pseudovarieties
{S), €55, (8D, (8P, ...

are ji; these pseudovarieties are all distinct except possibly for (S) = (SP2r).
A dual result holds when ® is first applied before P
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Corollary 4.12. The pseudovariety B is fji.

Proof. Since the pseudovariety Sl is ji, each step in the hierarchy (42) is
ji with S = Sl;. As the union of a chain of ji pseudovarieties is fji [23]
Lemma 6.1.13], it follows from Lemma [£.9] that B is fji. O

Using the known structure of the lattice of band pseudovarieties [19]
(which coincides with the lattice of all band varieties), we can say more.
Namely, we will show that any sji band is ji. Recall that LNB = S1V LZ.

Proposition 4.13. The pseudovariety RZ @ LNB is generated by Lgar.

Proof. Tt follows from Pastijn [19, Figure 3] and the description of the lat-
tice of pseudovarieties of bands (see, for example, Almeida [2, Figure 5.1])
that the pseudovariety (Lo, RL) = [2* ~ z, zyz ~ zzyz] is the unique
maximal subpseudovariety of RZ @ LNB = [[3:2 T, TYz N xzxyz]]. It is
then routinely checked that L € RZ @ LNB \ (Lz, RL). Consequently,
(L5r) = RZ@ LNB. a

By Proposition [£.13] and results from Pastijn [19], a description of proper
sji pseudovarieties of bands can be given as follows. Let S = L5 and
T = Rg. Then the proper nontrivial sji pseudovarieties of bands are LZ, RZ,
and those pseudovarieties that can be obtained by applying an alternating
word w(a, ) over {a, S} to the pseudovarieties generated by S, T, or Sly
(where the last letter of w should be 3 when starting from (S} and should be
a when starting from (T")). Further, there are no sji pseudovarieties strictly
in between any successive iterations of these operators. Since aV < aV
and SV < BV for any pseudovariety V containing Sl, and each successive
iteration of a and 8 starting from the pseudovariety generated by one of S,
T, or Sly (where the rightmost operator applied must be § for S and «
for T') results in a new ji pseudovariety, it follows that if w(z,y) is any
alternating word over {z,y}, then w(a,3)V = w(@, 5)V whenever V is
one of the pseudovarieties generated by S, T, or Sls. Consequently, each sji
proper pseudovariety of bands is, in fact, ji by Corollary 4111 The following
result is thus established.

Theorem 4.14. Any sji band is ji, that is, a proper pseudovariety of bands
1s sji if and only if it is ji.

In particular, since sji is a decidable property, ji is also decidable for finite
bands. The answer to Question is thus affirmative for bands.

4.5. From non-ji pseudovarieties to ji pseudovarieties. For each k > 2,
define the semigroup

k—1 2

Or=(z,e|af =2 le=0ex =2 e =e¢).

The main goal of this subsection is to show that the pseudovariety (Oy)
is not ji whereas the pseudovariety (Oy)P" is ji. It is also shown that the
pseudovarieties (O)P", (O3)P2", (O4)P", ... are all distinct.

It is easily seen that the semigroups Oo and ¢35 are isomorphic by refer-
ring to their presentations. Since the semigroup Egar is of order five (Sub-
section [34]), the ji pseudovariety (¢5) = (O2)P" is required later in the
paper (Theorem [(5.29).
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Lemma 4.15. For each k > 2, the semigroup Oy consists precisely of the
following 2k — 1 distinct elements:

0, z, 2%,..., 2" e, ze, 2%, ..., 2F 2. (4.4)

Proof. 1t is routinely checked that (£.4]) are all the elements of Oy. Therefore,
it remains to verify that the elements in (44 are distinct. Recall that the
right zero semigroup of order two is R = {e,f} and that the monogenic
nilpotent semigroup of order k is

N =(a|a*=0)={0,a,a%...,a" 1}

Consider the subsemigroup T' = (N} x R2)\{(I,e)} of NI x Ry and the ideal
J = {(0,e),(0,f), (a*"1,f)} of T. Define ¢: {z,e}* — T/J by zp = (a,e)
and ep = (I,f). Then

Fo=(0e) e, (Fle)p=@G"1eld (ex)p=xp, €Xp=ep.

It follows that ¢ induces a homomorphism Oy — T'/J that separates the
elements in (4.4). O

Proposition 4.16. The pseudovariety (Oy) is not ji.

Proof. Since Oy, < T/J < N, ,g X Ry by the proof of Lemma [L.T5] (where we
retain the notation of that proof), the inclusion (O) C (N}) v RZ holds.
But (N[) consists of commutative semigroups while RZ consists of bands.

Therefore, (Ox) € (N{) and (Oy) ¢ RZ. O

It remains to prove that the pseudovariety (O )" is ji.

Lemma 4.17. Suppose that U is any semigroup generated by two elements f
and y such that f2 = f, fy =y, and y*~1 ¢ {y" | n > k}. Then

() v, 9%, ..., y* 1 are distinct and not in {y" | n > k};

(i) f,uf, y2f, o, y*72f are distinct and not in {y™f | m >k —1};
(iii) y* = y? f implies that either i =j ori,j >k — 1.

Proof. (i) This follows from the structure of monogenic semigroups.

(i) Suppose that y* f = y/ f for some 7, j > 0. Then Yyt =yl fy =9 fy =
y/ 1. Therefore, by part (i), eithert=jo0r¢,5 > k—1. ‘ '

' (iii) Suppose that y* =/ f for some i > 1 and j > 0. Then y*t! = ¢/ fy =
y/T1. Therefore, by part (i), either i = j or 4,7 > k — 1. O

Recall that the inclusion (O ) € (N/) Vv RZ was established in the proof
of Proposition TG} this result is generalized in the following.

Lemma 4.18. Suppose that T is any finite semigroup generated by two
elements d and z such that d*> = d, dz = z, and 2*71 ¢ {2" | n > k}. Then
(Or) < (T) v RZ.

Proof. Consider the semigroup 7' x R and its subsemigroup U = (y, f)
generated by y = (z,e) and f = (d,f). Then it is routinely checked that
(a) fP=F, fy=y,

(b) y™ = (z",e) for all n > 1,

(¢) y"f = (z"d,f) for all n > 1.
It follows from (b) and the assumption z*~! ¢ {2 | n > k} that
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(d) ¥t ¢ {y" [n >k}
It is clear from (a) that U = {y*, %/ f | i > 1,5 > 0}. In fact, it follows from
(a)—(d) and Lemma [£I7] that

(e) the elements y,y2, 43, ..., 9", f,yf,y>f, ...,y "1 f of U are distinct.
Now it is routinely checked that the set

J={y"y"fln=k m>k-1}
is an ideal of U. By (e), the set U \ J consists of the elements
AT PP PR VL S F Tl SOOI Tl B

Therefore, Oy = U/J by Lemma T35 whence (Ox) C (T) V RZ. O
Theorem 4.19. (i) For each k > 2, the pseudovariety (O )®?" is ji and
Excl(Op*") = [(ec(a“b)* 1) ~ (ec((a“b)F )= T1)~], (4.5)

where e is an idempotent in the minimal ideal of {aﬁ,\c}ﬁ
(ii) The pseudovarieties (O2)®", (O3)®, (O4)", ... are all distinct.

Proof. (i) Let ¢ denote the substitution into O,Ba' given by a — e, b — x, and
¢ — 1. Then (ec(a®b)* 1)y = k=1 and (ec((a¥b)*1)wTh¥y = zk and
these are different elements of O,Sar. Therefore, the semigroup O,Sar violates
the pseudoidentity in (.5]).

It remains to assume that a semigroup 7' violates the pseudoidentity
in (ZF), and then show that O € (T). Replacing T’ by a subsemigroup
if necessary, generality/iﬂlot lost by assuming the existence of a surjective

homomorphism : {a,b,c}*t — T such that

(ec(a®b)*1)¥ # (ec((ab)*~ 1) 1)y,
Put f = a¥y and y = (a“b)y) and note that f2 = f and fy = y.

The semigroup 7T acts on the right of the set B of Z-classes of its
minimal ideal J; denote the corresponding faithful transformation semi-
group by (B,RLM(T")). Note that (B,RLM(T)) = (B,RLM(T")) because if
b € B, then any element of T" in the .Z-class of b acts on B as a constant
map to b by the structure of completely simple semigroups. Consequently,
(RLM(T))P2 = (RLM(T)) by Corollary since the constant mappings
form the minimal ideal of RLM(T).

Since (ec)t is in the minimal ideal J of T, it follows that the elements
((ec)y)y* 1 and ((ec)y)(y*~1)“+! are Z-equivalent. However, they are not
Z-equivalent because otherwise they would be J#-equivalent and hence
have the same idempotent power, as J is completely simple. Consequently,
RLM(T) is nontrivial and so it follows from Proposition 25 that (RLM(T")) =
(RLM(T")) v RZ. Also, if z denotes the image of y under the quotient
map T — RLM(T) and d denotes the image of f under this map, then
d?> = d, dz = z, and zF7! is not a group element (as z*~! and (zF~1)»*!
act differently on the Z-class of (ec)y). Thus Lemma I8 implies that
Ok, € (RLM(T)) V RZ = (RLM(T')). Consequently, OP" € (RLM(T))Pr =
(RLM(T)) < (T).

(ii) This holds because for each k > 2, the semigroup OP®" satisfies the
k+1 ~ zF but violates the identity zF ~ zF~1. O

identity x
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4.6. A sufficient condition for the join irreducibility of groups. Re-
call that a normal subgroup N of a group G splits if there exists a sub-
group K of G so that NN K = {1} and NK = G.

Theorem 4.20 (G.M. Bergman, private communication, 2014). Suppose
that G is any finite sdi group with an abelian monolith N that splits. Then G
18 Ji.
Proof. By assumption, there exists a subgroup K of G with N N K = {1}
and NK = G. Seeking a contradiction, suppose there exist finite groups G
and G2 and some surjective homomorphism f from a subgroup H of G1 X G2
onto G such that G ¢ (G1) and G ¢ (G2). Clearly we can assume that
Hm; = G; for the projection maps m; : G1 x Go — Gy, that is, H is a
subdirect product of G; and G5. Further, we may assume that G, G,
and H are chosen so that the order of H is minimal.

Let Hy = {ha € G2 | (1,h2) € H} = ker(m) N H. If Hy is trivial, then
m1 is injective on H, so that H = Gy, whence the contradiction G < G is
obtained. Hence Hs is nontrivial. Observe that

(t) if L is a subgroup of Hj such that {1} x L < H, then L < Go;

in particular, Hy < G5. Indeed, if £ € L and go € G9, then choosing any
g1 € G with (g1, 92) € H, we have

(1, 92095 ") = (91,92)(1,0) (g1, 92) " € {1} x L

by normality of {1} x L in H, whence gofg,* € L.

Suppose that ker(f) has nontrivial intersection with the subgroup {1} x Hy
of H, say ker(f)N ({1} N Hy) = {1} x L for some L C G5. Then L is normal
in Hj and so also normal in G9 by (t). By dividing G5 by this intersection, we
could contradictorily decrease the order of H. Therefore, ker(f) intersects
{1} x Hj trivially.

Similarly, defining Hy = {hy € G1 | (h1,1) € H}, we have {1} # H; <G,
and ker(f) intersects Hy x {1} trivially. Then Hy x {1}, {1} x Ha, and ker(f)
are all normal in H and have pairwise trivial intersections.

Note that the centralizer of N in G is N. Indeed, since N is the unique
minimal normal subgroup of G, the action of K on N by conjugation is faith-
ful (otherwise, the kernel would be a normal subgroup of G not containing
N). If kn centralizes N with k € K and n € N, then since N is abelian, we
have that k centralizes NV and hence k£ = 1 by the previous observation.

From now on, identify Hy with Hy x {1} and Hs with {1} x Hy. Then H;
and Hs are normal in H and commute elementwise. We claim now that
H{f = N = Hsf. Indeed, since f is injective on each of these subgroups
and these subgroups are normal in H, we conclude that N is contained
in Hif N Hof. Since Hy and H, commute elementwise, both Hif and
Hyf are contained in the centralizer of N, which is N. We conclude that
H{f =N = Hyf and f restricts to an isomorphism of H; and Hs with NNV.

Let H* = Kf~!. Then since N N K = {1}, it follows that H* N Hj is
a subgroup of ker(f). But ker(f) N H; is trivial, so that H* N H; = {1}.
Similarly, H* N Hy = {1}. Note that H*H; and H*Hs are subgroups of H
because H; and Hy are normal. Also (H*Hy)f = KN = G = (H*Hs)f
and so by minimality of H, we have H*Hy = H = H*H,. In particular,
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Gy ¥ Hmy = (H*Hy)my = H*m9 and so, since H* N Hy = {1}, we deduce
that Go = H*. Similarly, G; = H*. Therefore, G < G; x G; and so
G € {(G1), a contradiction. O

4.7. Join irreducibility of the pseudovariety (D) = (Qs).

Proposition 4.21. The pseudovariety (D4) = (Qs) is ji. Further, the
pseudovariety Excl(Qg) is the class of all finite semigroups whose 2-subgroups
are abelian, that is, finite semigroups whose mazimal subgroups have abelian
2-Sylow subgroups.

Proof. Since the variety of 2-groups is saturated, it follows that the finite
semigroups whose 2-subgroups are abelian form a pseudovariety. To com-
plete the proof, it suffices to observe that the pseudovariety generated by
any finite non-abelian 2-group contains (Qs). A proof can be found in
Almeida [, Theorem 4.5], based on the classification of finite 2-groups whose
proper subgroups are abelian, going back to Miller and Moreno [I§]; we are
indebted to the anonymous reviewer for pointing this out. Kearnes [5] gave
a direct proof that any finite non-abelian 2-group generates a variety con-
taining (Qs) via a general description of identity bases for finite nilpotent
groups of class 2. O

Since the group Qg is 2-generated as a semigroup, the pseudovariety
Excl(Qg) can be defined by a pseudoidentity over two variables [23], Proposi-

tion 7.1.9]. We proceed to describe such a pseudoidentity. Let F' = {z,y}*
be the free profinite semlgroup over {z,y} and let n be an idempotent in
the minimal ideal of . Then 77F 7 is a profinite group and maps onto the
free profinite group on two generators under the natural projection. The
elements 2’ = nan and 3y = nyn map onto the free generators and thus
freely topologically generate a free profinite subgroup of F, which is a re-
tract. This observation was first made by Almeida and Volkov [B]. If u(zx,y)
and v(z,y) are elements of the free profinite group Fg({z,y}) over {z,y},
then u(2’,y), v(2',y') € nFn and it is easy to see that the pseudoidentity
u(2’,y) = v(2',y’) defines the pseudovariety of all semigroups whose max-
imal subgroups belong to the pseudovariety defined by u(z,y) ~ v(z,y);
see [3] for details. Thus, it suffices to find a two-variable group pseudo-
identity u(z,y) ~ v(z,y) defining the pseudovariety of groups with abelian
2-Sylow subgroups (or, equivalently, 2-subgroups).

Let Fa,({z,y}) be the free pro-2 group over {z,y}. We have a natural
continuous surjection m: Fg({z,y}) — Fag,({z,y}). The pseudovariety of
2-groups is saturated and so by Ribes and Zalesskii [24] Proposition 7.6.7],
the group ﬁGQ({x, y}) is a projective profinite group. Therefore, there is a
continuous splitting of 7, that is, we can find wq(z,y), wa(z,y) € ﬁ(;({x, y})
which freely topologically generate a free pro-2 subgroup with m(w1(z,y)) =
m(z) and w(wa(x,y)) = 7(y); in other words, wi(x,y) and wy(z,y) topo-
logically generate a free pro-2 retract of ﬁ(;({x,y}) Then the pseudova-
riety of groups with abelian 2-subgroups is defined by the pseudoidentity
wi(z,y)we(x,y) =~ wa(z,y)wi(z,y). Thus the pseudovariety Excl(Qsg) is
defined by wy(2/, ¢ )wa(2',y") =~ wo(z', v/ )w1(2', '), where 2/ and ¢ are as
given in the previous paragraph.
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5. JOIN IRREDUCIBLE PSEUDOVARIETIES

The present section contains 15 subsections. Some background results are
recorded in the first subsection, while the latter 14 subsections are devoted
to the pseudovarieties generated by the following 14 semigroups:

bar I bar bar\ 7
Zp"a ZQ ) Nn, Nn’ N2 ) (NQ )’

5.1
L25 Lé, Lgara AO’ A(I]a A2, B2’ Egar' ( )

Each subsection that is concerned with a semigroup S from (5.I]) begins with
a theorem that establishes the ji property of (S) by exhibiting a pseudo-
identity that defines the pseudovariety Excl(S). A basis Xg of identities for
the pseudovariety (S) and an identity g that defines its maximal subpseu-
dovariety (S) N Excl(S) are then given in a proposition. The pair (Xg,eg)
can be used to easily test if a finite semigroup generates the ji pseudovariety
(S). Indeed, for any finite semigroup T,

TEXs and Tleg <= (T) C(S) and (T) £ (S) NExcl(S)
= (T) = (S)-

The pairs (Xg,eg), where S ranges over the semigroups from (5.1I), will be
used in Section [7 to locate all ji pseudovarieties generated by a semigroup
of order up to five.

5.1. Preliminaries. The free semigroup and free monoid over a countably
infinite alphabet .« are denoted by &/ and &/*, respectively. Elements
of o/ are called variables while elements of &7* are called words. For any
word w € &/ T,

e the number of times a variable x occurs in w is denoted by occ(z, w);

e the content of w, denoted by con(w), is the set of variables occurring
in w, that is, con(w) = {z € & | occ(z,w) > 1};

e the initial part of w, denoted by ini(w), is the word obtained by retaining
the first occurrence of each variable in w;

e the final part of w, denoted by fin(w), is the word obtained by retaining
the last occurrence of each variable in w.

Lemma 5.1. Let u~ v be any semigroup identity. Then

(i) Zn E u= v ifand only if occ(x,u) = occ(z,v) (mod n) for allx € o7
(ii) NI ==~ v if and only if for all x € <7, either occ(x,u) = occ(z, V)
or occ(x,u),occ(z,v) > n;
(iii) L = u~ v if and only if ini(u) = ini(v);
(iv) R = u = v if and only if fin(u) = fin(v).

Proof. These results are well known and easily established. For instance,
parts (i) and (ii) follow from Almeida [2, Lemma 6.1.4] while parts (iii)
and (iv) can be found in Petrich and Reilly [20, Theorem V.1.9, parts (viii)
and (ix)]. O

The local of a pseudovariety V, denoted by LV, is the pseudovariety of
all finite semigroups S such that eSe € V for any idempotent e € S.
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Lemma 5.2 (Almeida [2, Exercise 10.10.1]). Let S be any finite semigroup
that is not a monoid. If the pseudovariety {S) is ji, then the pseudovariety
(ST) is also ji and Excl(ST) = L Excl(S).

5.2. The pseudovariety (Z,). For any set m = {p1,p2,p3, ...} of primes,
let 7’ denote the set of primes complementary to w. If p is a prime, then
simply write p’ instead of {p}’. For example, 2’ denotes the set of odd
primes. Retaining the above notation, recall that in {;}\‘F , the sequence
g (Prp2-pn)™ converges to an element (independent of the enumeration of ),
denoted by ™, with the following property: if s is an element of a finite
semigroup S, then s™ is a generator of the 7’-primary component of the
finite cyclic group generated by s**1. Here we recall that for a finite abelian
group A, the ’'-primary component of A is the direct product of the p-Sylow
subgroups of A with p ¢ 7. In this case, s(™)* will then be a generator of
the m-primary component of (s“*1); see [23, Proposition 7.1.16].

Theorem 5.3. For any prime p with n > 1, the pseudovariety (Zyn) is ji
and )
Excl(Zpn) = [[(x(p A z“]. (5.2)

Proof. The cyclic group Z,» = (g | g?" = 1) violates the pseudoidentity
in (52) because (g®))P"" = g""" 1 = g¥. Therefore, if Z,n belongs to
some pseudovariety V, then V violates the pseudoidentity in (5.2]).
Conversely, suppose that the pseudoidentity in (5.2]) is violated by V,
say it is violated by S € V. Generality is not lost by assuming that S is
generated by an element s such that (s(p/)w )1”"_1 # s¥. Replacing s by s“t1,
we may assume that S is, in fact, a cyclic group generated by s such that
(s(p/)w )pn_1 # 1. But then the p-primary component of S is a cyclic group
of order p" with m > n. Therefore, Z,» divides S, whence Z,» € V. O

Proposition 5.4. Let n > 1.
(i) The identities satisfied by the group Z,, are axiomatized by
ry = yxr, y=uy.

(ii) The maximal subpseudovarieties of (Z,) are precisely (Zq), where d
ranges over all mazximal proper divisors of n. Consequently, for any
prime p with k > 1, the subpseudovariety of (Z,.) defined by

k—1
Pt

~ T

is the unique mazimal subpseudovariety of (Zx).

Proof. These results are well known and easily established. For instance,
part (i) follows from Almeida [2, Corollary 6.1.5] while part (ii) follows from
Petrich and Reilly [20, Lemma VIII.6.14]. O

5.3. The pseudovariety (Z5).
Theorem 5.5. The pseudovariety (Z5") is ji and
Excl(Z8™) = [(eya®)")* ~ (eya*)“],

where e is an idempotent in the minimal ideal of {z,y}+.
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Proof. This follows from Theorems [£.4] and B3l O
Alternately, Rhodes and Steinberg [23 Example 7.3.20] have shown that
Excl(Z5) = [[((xwex“)“x(y)w)w ~ (z¥ex”)’],
where e is an idempotent in the minimal ideal of {er

Proposition 5.6.

i) The identities satisfied by the semigroup 75 are axiomatized b
Y group Zug Y

B, zyry ~ yrly.

(ii) The subpseudovariety of (Z5") defined by the identity
YT ~ yr’
is the unique mazimal subpseudovariety of (Z5").

Proof. This follows from the dual of Tishchenko [27, Proposition 3.16], where
the variety generated by (Z52")°P is denoted by Wa. O

5.4. The pseudovariety (N,).
Theorem 5.7. For each n > 2, the pseudovariety {N,) is ji and
Excl(N,) = [z &~ 2" 1. (5.3)

Proof. The semigroup N,, = (a | a” = 0) violates the pseudoidentity in (5.3])
because a®*T" 1 = 0 # a”~!. Therefore, if N,, belongs to some pseudovari-
ety V, then V violates the pseudoidentity in (5.3]).

Conversely, suppose that the pseudoidentity in (5.3]) is violated by the
pseudovariety V, say it is violated by S € V. Then there exists some a € S
such that a“+7=1 £ ¢"~1. If there exist some i < n — 1 and some j > i such
that a’ = a?, then "' = a" ¢’ = " 170! = a" 'a/ ™, so that

av = g = an71a2(]72) . anflaw(jfz) — gt e

which is a contradiction. Hence the sets {a},{a?},...,{a" '}, {a’ | i > n}
are pairwise disjoint. It follows that J = {a’ | i > n} is an ideal of the
monogenic subsemigroup (a) of S such that (a)/J = N,. Consequently,
N, € {(S) C V. O

For each nonnegative real number z, let || denote the greatest integer
bounded from above by x.
Proposition 5.8. Let n > 2.
(i) The identities satisfied by the semigroup N,, are axiomatized by
Ty R yz, TR YY2 - Yn,
R T T SRR M VIO T TR TE RER AN

where k =0,1,...,[(n —1)/3].
(ii) The subpseudovariety of (N, ) defined by the identity
" xnfl
is the unique mazimal subpseudovariety of (Ny).

Proof. (i) This follows from Shevrin and Volkov |26, Proposition 21.3].
(ii) This follows from Theorem [B.7] and part (i). O
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5.5. The pseudovariety (N]).
Theorem 5.9. For any n > 1, the pseudovariety (NLY) is ji and
Excl(N)) = LExcl(N,,) = [h¥(zh )T~ b (xh®)"1].
Proof. For n = 1, the result follows from [23] Table 7.2] because N{ = Sl,.
For n > 2, the result follows from Lemma and Theorem (.71 O

Proposition 5.10. Letn > 1.
(i) The identities satisfied by the semigroup N/ are aziomatized by
"M zy =~y
(ii) The subpseudovariety of (N1) defined by the identity
2yt e Ty
is the unique mazimal subpseudovariety of (NL).

Proof. (i) This easily established result is well known; see, for example,
Almeida [2, Corollary 6.1.5].
(ii) This follows from Theorem 5.9 and part (i). O

5.6. The pseudovariety (N>).
Theorem 5.11. The pseudovariety (N2 is ji and
Excl(N5) = [(eza“th)” ~ (ezz)“],
where e is an idempotent from the minimal ideal of {ZE‘F
Proof. This follows from Theorems (4] and [5.7) O

Proposition 5.12.
(i) The identities satisfied by the semigroup N are axiomatized by

TYz R Yz.

(ii) The subpseudovariety of (N52") defined by the identity

vy =y’
is the unique mazimal subpseudovariety of (N5T).

Proof. (i) This follows from Tishchenko [27, Corollary 2.5(c) and Proposi-
tion 4.4].
(i) This follows from Tishchenko [27, Proposition 3.4]. O

5.7. The pseudovariety ((N5r)!).
Theorem 5.13. The pseudovariety ((N$")1) is ji and
Excl((N$2")!) = L Excl(N$*") = L[[(ez2*™)* ~ (e22)“],
where e is an idempotent from the minimal ideal of {ﬁ+
Proof. This follows from Lemma and Theorem B.171 O
Proposition 5.14 (Lee and Li [12] Corollary 6.6 and Lemma 6.7]).
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(i) The identities satisfied by the semigroup (N2 are axiomatized by
3~ 22, 2’hx ~ zhx, zha®~ ha?,
ryxy ~ yxly, ayhzy ~ychey, cyxty =~ yxity, zyhsty ~ ychaty.
(i) The subpseudovariety of ((N£)) defined by the identity
zyzyh® ~ z2y?h?
is the unique mazimal subpseudovariety of {((N2a)T).
5.8. The pseudovariety (L2).
Theorem 5.15. The pseudovariety (Ls2) is ji and
Excl(L2) = [2“(ya*)” ~ (ya*)“].

Proof. This result is dual to [2, Proposition 10.10.2(b)]. O

Proposition 5.16 (Rhodes and Steinberg [23], Table 7.1]).
(i) The identities satisfied by the semigroup Lo are axiomatized by

Ty = T
(ii) The pseudovariety (La) is an atom in the lattice P'V.
5.9. The pseudovariety (L1).
Theorem 5.17. The pseudovariety (LL) is ji and
Excl(LL) = L Excl(Ly) = [n (@h®)* (yh (xh*)*)” =~ B (yh (zh*)“)“].
Proof. This follows from Lemma [5.2] and Theorem O

Proposition 5.18.
(i) The identities satisfied by the semigroup Li are aziomatized by

P xrx, ryr =Ty
(ii) The subpseudovariety of (LL) defined by the identity
TYz N T2Y
is the unique mazimal subpseudovariety of (LL).

Proof. This can be found in Almeida [2, Figure 5.1], where the pseudovariety
(L1) is denoted by MKj. O

5.10. The pseudovariety (L5").
Theorem 5.19. The pseudovariety (L) is ji and
Excl(I8) = [(exa® (y*)*)* ~ (ex(ya®)*)*],
where e is an idempotent in the minimal ideal of {xE,\z}ﬂL
Proof. This follows from Theorems 4] and O
Alternately, Rhodes and Steinberg [23] Example 7.3.16] have shown that
Excl(L8™) = [((e2)*a®(ya)*)* =~ ((e2)* (yz*)*)“],

where e is an idempotent in the minimal ideal of {z,y, z} .
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Proposition 5.20.
(i) The identities satisfied by the semigroup L5 are aziomatized by

P rx, ayz = rzyz.
(i) The subpseudovariety of (L5") defined by the identity
TYZ N X2YZ
is the unique mazimal subpseudovariety of (L5").
Proof. This can be found in Almeida [2, Figure 5.1], where the pseudovariety
(L5r) is denoted by [Rs = Q4]s. O
5.11. The pseudovariety (Ap).

Theorem 5.21 (Lee [11l Proposition 2.3]). The pseudovariety {Ao) is ji
and
Excl(Ao) = [(z¥y*)“ ™ ~ 24y~].

Proposition 5.22 (Lee [6 Section 4], Lee and Volkov [15, Theorem 4.1]).

(i) The identities satisfied by the semigroup Ay are aziomatized by

2} ot Py = yry.
(ii) The subpseudovariety of (Ag) defined by the identity
222 ~ 22
is the unique mazimal subpseudovariety of (Ag).
5.12. The pseudovariety (Al).
Theorem 5.23. The pseudovariety (ALY is ji and
Excl(A}) = LExcl(4g) = [[h‘”((:r:h“’)‘”(yh‘”)“’)‘”‘H ~ b (xh®)* (yh)“].

Proof. This follows from Lemma and Theorem [(.271 O
Proposition 5.24 (Lee [9, Propositions 1.1 and 1.5(ii)]).

(i) The identities satisfied by the semigroup Al are ariomatized by
3 2

et 2yt ~oayx,  ayry ~yryr, cyrze ~ xyzc.
(ii) The subpseudovariety of (ALY defined by the identity
hzy?h ~ hy’zh
is the unique mazimal subpseudovariety of (A}).
5.13. The pseudovariety (As).
Theorem 5.25 (Lee [7]). The pseudovariety (As) is ji and
Excl(Ay) = [((#9) (ya)*)¥ > (2a)”].
Proposition 5.26 (Lee [6l Theorem 2.7], Trahtman [31]).

(i) The identities satisfied by the semigroup As are axiomatized by

3~ a?, zyryr A cyr,  TyrIc X 2Tyl

(ii) The subpseudovariety of (As) defined by the identity
2222 ~ 2 tya?

is the unique mazimal subpseudovariety of (As).
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5.14. The pseudovariety (B>).

Theorem 5.27 (Rhodes and Steinberg [23, Example 7.3.4]). The pseudo-
variety (Ba) is ji and

Excl(Bz) = [((zy)” (y2)* (zy)*)* ~ (xy)“].

Proposition 5.28 (Lee [6l Theorem 3.6], Trahtman [29]).

(i) The identities satisfied by the semigroup By are axiomatized by

B a? ryryr = ayr,  2%y? ~yicd
(i) The subpseudovariety of (Ba) defined by the identity
ry’z ~ zyx
is the unique mazimal subpseudovariety of (Ba).

5.15. The pseudovariety ((32).
Theorem 5.29. The pseudovariety (€3°7) is ji and

Excl(fgar) = [[(eza:”y)” ~ (ez(:v”y)”“)”]],
where e is an idempotent in the minimal ideal of {x,y, z}+.
Proof. This is a special case of Theorem (.19l since Kga' >~ O, O

The remainder of this subsection is devoted to establishing a basis for
the identities satisfied by Egar. It turns out that it is notationally simpler to
consider the dual semigroup (¢52")°P = {a,b, ¢, d, e} given in Table 8l

(08P | a b ¢ d e
ala a a a a
bla a b a d
cla a ¢ a e
d|ld d d d d
ele e e e e

TABLE 8. Multiplication table of (£52)°P

Proposition 5.30.
(i) The identities satisfied by the semigroup ((537)°P are aziomatized by

zy? ~zy, xyz A Tyzy. (5.4)
(ii) The subpseudovariety of ((£5%)°P) defined by the identity
TYZT R TYTZ (5.5)

is the unique mazimal subpseudovariety of ((£52)°P).

Remark 5.31. It is routinely shown that the semigroup (¢52)°P satisfies
the identities (5.4]) but violates the identity (5.5]).

In this subsection, a word w is said to be in canonical form if either
(CF1) w = zoxy -+ - Ty OF
(CF2) W = 2021+ Tf - L0 - Thp1Tht2 - Ty
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where g, 1, ..., T, are distinct variables with 0 < k& < m.

Remark 5.32. Note the extreme cases for the word w in (CF2):

(i) if 0 = k = m, then w = 3;
(ii) if 0 = k < m, then w = 221 - - 2y
(iii) if 0 < k = m, then w = xox122 - - - Ty xo.

Lemma 5.33. Given any word w, the identities (5.4]) can be used to con-
vert w into some word w' in canonical form with ini(w) = ini(w’).

Proof. Suppose that ini(w) = zoxq - - - £, Then w can be written as

m
w = H(HJZW@) = TOWQTIW1 * * * T Wi,
0

7

where w; € {xg,x1,...,2;}* for all i. The identities (5.4]) can be used to

eliminate all occurrences of x1,xo,...,x, from each w;, resulting in the
word
m
w = H(m,xgl) = zox T12G! - T (™
=0
where eg,e1,...,e, > 0. If g = €1 = --- = e, = 0, then the word w’ is in
canonical form (CF1) such that ini(w) = ini(w’). If £ > 0 is the least index
such that e > 1, then eg =e; =--- =e,_1 = 0, so that
k—1 m ) k—1 m
w' = <H xl>xkx8‘“< H (w,xS’)) ~ (sz>xka¢0< H x,) )
=0 i=k+1 1=0 i=k+1
w//
The word w” is in canonical form (CF2) with ini(w) = ini(w"). O

Proof of Proposition [5.30(ii). As observed in Remark (31l the semigroup
(£52)°P violates the identity (5.5). Hence ((¢527)°P) N [(EH)] is a proper
subpseudovariety of ((£527)°P). It remains to show that each proper subpseu-
dovariety V of ((¢527)°P) satisfies the identity (5.5]). Since V # ((£5327)°P)),
there exists an identity u ~ v of V that is violated by (¢52")°P. Further,
since the identities (5.4 are satisfied by (£22)° and so also by V, it follows
from Lemma [£.33] that the words u and v can be chosen to be in canonical
form. There are two cases.

CASE 1. ini(u) # ini(v). Then by Theorem [5.17] the pseudovariety V satis-
fies the pseudoidentity that defines Excl(L1). Since

h¥ (xh®)? (yh® (zh®)“)” (Egjb R*zy and h*(yh®(zh®)*) (]55) Ry,

the pseudovariety V satisfies the identity « : h?zy ~ h?yz. Since

(03
ryrz ~ xylzz~oyzr ~ ayzo,

the pseudovariety V satisfies the identity (5.5).
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CASE 2. ini(u) = ini(v) and u # v. If the words u and v are both of the
form (CF1), then they are contradictorily equal. Hence either u or v is of
the form (CF2). By symmetry, there are two subcases.

2.1. u and v are both of the form (CF2). Then
and VvV =x9T1 Tk TQ - Tht1Tht2 " T,

where 0 < 5,k < m. Since j # k, it suffices to assume by symmetry
that 0 < 7 < k < m. Let ¢ denote the substitution given by xg — xy,
x;—y forallie{1,2,...,5}, and z; — z otherwise. Then

up = zop - (21 25)@  Top - (Tj41Tj42 T )
=y xy- 2" (I%D xyxrz and
vip = x0p - (T1 )P - (Tj1Tj41 - Tr)P - To@ - (Tpp1Tjr2 - Tm)@
k

=ay-y -2y (I%D TYZT.

Therefore, the identity (5.5]) is deducible from (5.4]) and u ~ v. The
pseudovariety V thus satisfies the identity (B.5]).
2.2. u is of the form (CF1) while v is of the form (CF2). Then

u =291 " Tm and V:,I()xl"-xj-$0-$j+1$j+2---$m.

Since

ul

UZm4120 = L1 " * TmnTm+120

and VT 1T0 R TT1ccTj T Tj41Ti42 0 TmTmgls

Vl

the pseudovariety V satisfies the identity u’ =~ v/. Now u’ and v’ are
distinct words in canonical form (CF2) such that ini(u’) = ini(v’). Thus
the arguments in Subcase 2.1 can be repeated to show that V satisfies

the identity (5.5)). O

Proof of Proposition [5.30(i). As noted in Remark [5.31] the identities (5.4])
are satisfied by the semigroup (¢52")°P. Conversely, suppose that u ~ v is
any identity satisfied by (/3°)°P. By Lemmal[5.33] the identities (5.4 can be
used to convert u and v into words u’ and v’ in canonical form. Since the
subsemigroup {a, ¢, e} of (£22")°P and the semigroup L are isomorphic, it fol-
lows from Lemma [5.I)iii) that ini(u’) = ini(v’). Suppose that u’ # v'. Then
by repeating the arguments in Case 2 of the proof of Proposition [(.30ii),
the identity (5.5) is deducible from (G.4]) and u’ ~ v/. Since the semi-
group (¢£527)°P satisfies the identities (5.4]) and u’ ~ v/, it also satisfies (5.5));
but this is impossible by Remark [5.31l Therefore, u’ = v/. Since

/ /
uru=v = v,

the identity u =~ v is deducible from (5.4]). O
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6. NON-ji PSEUDOVARIETIES

This section contains nine subsections, each of which establishes one or
more sufficient conditions for a finite semigroup to generate a non-ji pseu-
dovariety. Each of these sufficient conditions, given as a corollary of some
general result, presents some finite set ¥ of identities and some identities
€1,€9,...,E With the property that for any finite semigroup S,

SEY and Slte foralli = (S) is not ji.

In most cases, ¥ will be a basis of identities for some join V = \/f:1 V;
of compact pseudovarieties V1, Va,..., V. that satisfy the pseudoidentities
€1,€9,...,Ek, respectively.

Sufficient conditions developed in this section will be used in Section [7]
to locate all non-ji pseudovarieties generated by a semigroup of order up to
five.

6.1. The pseudovariety (Zs, Z4, 75, (Z52")°P, NI). In this subsection, it
is convenient to write
H = {Zs3, 74, 75, (Z5")°P, N1 }.
Proposition 6.1 (Lee and Li [13]). The identities satisfied by the semigroup
Zz x Ty x 75 x (Z5)°P x NI are aziomatized by
P 23, 2Yha ~ 2?he,  2Bha? ~ zha?,  2Bhate ~ zhatz,
23hae ~ zha®,  zha’tz ~ 2>htz, (6.1)
zhay?ty ~ zhy’a’ty,
chykxytrdy ~ rhykyxtzdy, zchykzytydr ~ chykyxtydx.
Corollary 6.2. Suppose that S is any finite semigroup that satisfies the
identities (G]) but violates all of the identities
B, oy~ oy (6.2)
Then (S) is a subpseudovariety of () that is not ji.
Proof. By Proposition [6.1], the inclusion
(S) C () = (253, (Z3")P) V (Z3, Za, N3)
holds. But the two identities in (G.2)) are satisfied by Z5" x (Z52)°P and
Zs x Zy x Ni, respectively. Therefore, (S) ¢ (Z5, (Z5")°P) and (S) ¢
(Z3,Z4, N5). O

Corollary 6.3. Suppose that S is any finite semigroup that satisfies the
identities (6.1)) but violates all of the identities

Ty ~yr,  Tyrd ~ay,  riyr Ay (6.3)
Then (S) is a subpseudovariety of () that is not ji.
Proof. By Proposition [6.1], the inclusion
(S) C (A7) = (Zs,Za, Ng) v ((Z5)P) v (Z5™)
holds. Since the three identities in (6.3]) are satisfied by Zs x Z4 >< Ni

(752)°P and 752", respectively, the exclusions (S) ¢ (Z3,7.4, N1y, (S) ¢
((z8r)°P), and (S) € (Z5") follow. 0
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Corollary 6.4. Suppose that S is any finite semigroup that satisfies the
identities (G.1)) but violates all of the identities

st dtyry, Pyry, aylrzy, 2Py~ oy (6.4)

Then {S) is a subpseudovariety of () that is not ji.

Proof. The inclusion (S) C \/{(T') | T € 2} holds by Proposition
But the five identities in (6.4) are satisfied by Ni, Z, Zs, (Z52")°P, and
75, respectively. Therefore, (S) ¢ (T') for all T € X . O

6.2. The pseudovariety (Z,, NI, L1 RI Al). In this subsection, it is
convenient to write

T = {Lm, Ny, Ly, Ry, A}
and Ty = Zm x NI x LI x RL x Al

Proposition 6.5. Let m > 1 and n > 2. Then the identities satisfied by
the semigroup T), ,, are axiomatized by

m-+n

T ~ xn’ mernfl n—1

yr~ 2" Yyx, 2lyr ~zyx®,  ayrze ~ 2Pyer.

(6.5)

Remark 6.6. (i) Since N is isomorphic to the subsemigroup {0, fe} of
Ap, the monoid N{ belongs to (A}Y). Therefore, (Tn1) = (Tin2)-
This is the reason for the assumption n > 2 in Proposition

(ii) The basic case (m,n) = (1,2) for Proposition [6.5] was first established
in Lee [10, Proposition 2.3(i)].

Suppose that a word w can be written in the form
T
W = Wy H(meiwi) = worlwiz?we - - W,
i=1

where z € &7, wo,w, € &*, and wi,Wa,...,W,_1 € &1 are such that
x ¢ con(w;) for all 4, and ej,es,...,e, € {1,2,3,...}. Then the factors
xf, xe2, ..., 2% are call x-stacks, or simply stacks, of w. The weight of the
z-stack z¢ is e;.

It is easily shown that the identities (6.5]) can be used to convert any word
into a word w such that for each z € &7,

(I) the number of z-stacks in w is at most two;
(IT) if w has one z-stack, then its weight is at most m +n — 1;
(III) if w has two z-stacks, then the weight of the first z-stack is at most
m +n — 2 while the weight of the second x-stack is one.

In this subsection, a word w that satisfies (I)—(III) is said to be in canonical
form. Note that if w is a word in canonical form, then occ(z,w) < m+n—1
for any = € /.

Lemma 6.7. Let u and v be any words in canonical form such that the
identity u = v is satisfied by the semigroup T,y ,. Then for any x € <,

(i) occ(z,u) = occ(x,v) (mod m);

(ii) either occ(z,u) = occ(z,v) < n orn < occ(z,u),occ(z,v) < m+n—1.

Proof. This follows from Lemma 5] parts (i) and (ii). O
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For any word w and distinct variables x1,z2,..., 2, let Wiz, o o1 de-
note the word obtained from w by retaining only the variables x1, zo, ..., z;.
Any monoid that satisfies an identity u ~ v also satisfies Uy, 4, . 2} ~
Vizy,za,..,z,} fOT any distinct variables x1, o, ..., z,.

Lemma 6.8. Let u and v be any words in canonical form such that the
identity u =~ v is satisfied by the semigroup Ty, . Then
(i) for any distinct x,y € &, the identity ug, ,\ ~ Vi, 1 cannot be any of
xelyfl ~ eryfgxes’ xelyfl ~ yfzxegyfa, xelyﬁ ~ eryf2x63yf3, (6.6)
where 617f1,625f25635f3 > 1’

(ii) u has two x-stacks if and only if v has two x-stacks;
(iii) x¢ is the first x-stack of u if and only if x° is the first xz-stack of v.

Proof. (i) The three identities in (G.6]) are violated by the semigroups R1,
Li, and Al respectively.
(ii) Suppose that u has two z-stacks. Then by (III),

u = w2 tuyzug

for some uj,us € &* and uy € & with ¢ con(ujugus) and 2 < e <
m + n — 1. Seeking a contradiction, suppose that v has only one z-stack.
Then by (II) and part (i),
VvV = Vl.%'fVQ

for some vi,vy € &* with x ¢ con(vive) and 1 < f < m +n — 1. Since
the word up is nonempty, it contains some y-stack. Since con(u) = con(v)
by Lemma [(.I(ii), it follows that y € con(vivs). By symmetry, it suf-
fices to assume that y € con(vy), so that ini(v) = ---y---2---. Since
ini(u) = ini(v) by Lemma B.1[iii), it follows that y € con(u;). Hence the
word u contains two y-stacks, the first of which occurs in u; while the
second occurs in uy. Thus fin(u) = ---y---x---. Since fin(u) = fin(v)
by Lemma [BIfiv), it follows that y ¢ con(vy). Therefore, the identity
Ufp ) R Vg IS y x¢ yx ~ ysz! for some r,s > 1, but this contradicts
part (i).

(iii) Let 2¢ be a first z-stack of u. By part (ii), there are two cases.
CASE 1. u and v each has only one z-stack. Then by (II),

u=uwz‘u and v=vizlvy

for some uy,uy, vy, vy € &* with z ¢ con(ujugvivy) and 1 < e, f < m+
n — 1. Since e = occ(x,u) and f = occ(zx,v), it follows from part (ii) that
eithere=f<norn<e f<m+n—-1 Ifn<e f<m+n—1, then
e = f by part (i).

CASE 2. u and v each has two z-stacks. Then by (III),

u= ulxeflugxug and v = Vlmfflvyvv?,

for some uy,us, vi,vs € &* and uy, vo € &/ with x ¢ con(ujusuzvivavs)
and 2 <e, f <m+n—1. Since e = occ(x,u) and f = occ(zx, v), it follows
from the same argument in Case 1 that e = f. O

Lemma 6.9. Let u and v be any words in canonical form such that the
identity u =~ v is satisfied by the semigroup Tp, . Then the following are
equivalent:
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(a) u € o *xfyfa* where ¢ and yf are stacks of u;
(b) v € @*x°yl &* where ¢ and y/ are stacks of v.

Further, x¢ is the first x-stack of u if and only if x¢ is the first x-stack of v,
and y! is the first y-stack of w if and only if y! is the first y-stack of v.

Proof. First, note that ini(u) = ini(v) and fin(u) = fin(v) by Lemma [5.11
Suppose that (a) holds. Then

u=1u xeyqu

for some uy,uy € &7* such that u; does not end with z while us does not
begin with y. There are four cases depending on which of z¢ and y/ are first
stacks in u.

CASE 1. z¢ is the first z-stack in u and g/ is the first y-stack in u. Then
clearly x,y ¢ con(uy), so that ini(u) = ---zy---. By Lemma [G.8[iii), 2¢ is
the first z-stack of v and y/ is the first y-stack of v. Since ini(v) = ini(u) =
gy,

v = leevzyfv;;

for some vi,ve, vy € &* such that z ¢ con(vy) and y ¢ con(vivsy), and
that any stack of v that occurs in vo cannot be a first stack. Suppose that
vy # (). Then the first variable z of vo constitutes the second z-stack of v.
Hence

vV = ...ZT... l'e I ARE yfv3’
—_—— T

Vi Vo
where 2" is the first z-stack of v, and ini(v) = ---z---zy---. By Lemma
[6.8(ii), the word u contains two z-stacks; by part (iii) of the same lemma, the
first z-stack of u is 2. Since ini(u) =ini(v) =---z---zy---, the z-stack 2"
of u occurs in uy:

u= ---z"-.. xeyqu.
—
u;

The second z-stack of u occurs in either u; or us. There are two subcases.

1.1. The second z-stack of u occurs in uy. Then fin(v) =fin(u) =---2z---2---
so that v must contain a second z-stack occurring in either vs or vjs.
The identity ug, .} & vy, .y is thus 2 gt 2 2722, which is impos-
sible by Lemma [6.8](i).

1.2. The second z-stack of u occurs in ug. Then fin(u) =fin(v) =---2z---y---
so that u must contain a second y-stack occurring after the second z-
stack:

- T, eyl oy
u z xy Zeeeyoe.
up us

The identity ug, .y & vy, -} is thus 2yl zy &~ 2"ty *1 which is impos-
sible by Lemma [6.8](i).
Since both subcases are impossible, vy = (). Hence (b) holds.
CASE 2. € is the first z-stack in u and 37 is the second y-stack in u. Then
f=1Dby (IIT) and
u= ...yr... xeyu2,

——
ui
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where y" is the first y-stack of u. Since ini(v) = ini(u) = ---y---x---, it
follows from Lemma [6.8 parts (i) and (iii) that

v = V1Y vorvayvy
for some vi,vs, vy, vy € &*, where y" is the first y-stack of v and z€ is the

first z-stack of v. Suppose that v3 # (). Then v3 contains some z-stack z°:

f— r € .. s ...
v =viy vor z Yvy.
v3
There are two subcases depending on whether z° is the first or second z-stack
in v.
2.1. 2% is the first z-stack in v. Then ini(u) =ini(v) =---y---z---2---, 50
that every z of u occurs in u. Hence uy, .y € y" ' {z}* and

y"z%yz  if v has a second z-stack occurring in vy,
Viyz} = y" 251y if v has a second z-stack occurring in vs,
y 2%y if v has no second z-stack.
But this is impossible by Lemma [6.8](i).
2.2. 2*® is the second z-stack in v. Then fin(u) = fin(v) =---2z---y---, so
that every z of u occurs in u;. Hence ug, .y € {z}*{z}* and

c {z}T{z}T2%{x}* if the first z-stack of v occurs in v or vy,
v
(=2} {z}T{z}T{x}*  if the first z-stack of v occurs in vs.

But this is impossible by Lemma [6.8(i).

Since both subcases are impossible, v3 = (). Hence (b) holds.
CASE 3. ¢ is the second z-stack in u and 7 is the first y-stack in u. Then
e =1 by (III) and

u: ---xr--- xny2,
uy
where z" is the first z-stack of u with and y ¢ con(u;) and = ¢ con(uy).
Since ini(v) = ini(u) =---x---y---, it follows from Lemma [6.8] that

vV = leTV2$V3yfV4

for some vi,vy,vs, vy € &* with z ¢ con(vivavsvy) and y ¢ con(vivavs).
Suppose that vs # (). Then v3 contains some z-stack z°:

v=vizg"vox - 2° - ylvy.
—
V3

There are two subcases depending on whether or not z° is the first z-stack
of v.

3.1. z° is the first z-stack of v. Since ini(u) =ini(v) =---z---y---, the first
z-stack z° of u occurs in u;. But since fin(u) =fin(v) =z 2.+,
the word u must contain a second z-stack in us, whence v must also
contain a second z-stack by Lemma B.(ii). Hence vy, .3 = 2"zt
and

252"z if 2% in u occurs before the first a-stack,
Uiy ) = . .
(w2} z"2%xz  if 2% in u occurs between the two x-stacks.
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But this is impossible by Lemma [6.8(i).

3.2. 2% is the second z-stack of v. Then the identity uyg, .1 &~ vy, .} ob-
tained by an argument symmetrical to the one in Subcase 3.1 produces
a similar contradiction.

Since both subcases are impossible, v3 = (). Hence (b) holds.
CASE 4. z¢ is the second z-stack in u and y/ is the second y-stack in u.
Then (b) holds by an argument symmetrical to Case 1.

Therefore, (b) holds in all four cases. By symmetry, (b) implies (a). O

Proof of Proposition [6.4. It is routinely verified that the semigroup T}, ,
satisfies the identities (6.5]). Conversely, suppose that u & v is any identity
satisfied by the semigroup T}, . As observed earlier, the identities (G.5]) can
be used to convert u and v into words u’ and v’ in canonical form. By
Lemma parts (ii) and (iii), the words u’ and v’ share the same set of
stacks. By Lemma [6.9] two stacks are adjacent in u’ if and only if they are
adjacent in v/. Therefore, u’ = v’/. Since

u~r u=v = v,
the identity u ~ v is deducible from (6.5)). O

Corollary 6.10. Suppose that S is any finite semigroup that satisfies the
identities
a2’ 2Oz~ atyr, 2%yr ~ xya®, zyzzz ~ 2lyzo (6.7)

but violates all of the identities
P~ zyry N YTy, (6.8)
Then {S) is a subpseudovariety of (T5) that is not ji.

Proof. By Proposition with m = 6 and n = 5, the identities satisfied
by Ts,5 are axiomatized by (6.7)). Hence the inclusion

(S) S {To5) = (L3, R3) V (Ze, N3, Ag)

holds. But the two identities in (6.8) are satisfied by L x R] and Zg x Nf x
Ab, respectively. Therefore, (S) ¢ (L, RL) and (S) ¢ (Ze¢, Ni, ALY, O

Corollary 6.11. Suppose that S is any finite semigroup that satisfies the
identities (6.7 but violates all of the identities

S ~a2d 2Py~ (6.9)
Then (S) is a subpseudovariety of (T5) that is not ji.
Proof. The argument in the proof of Corollary implies the inclusion
(S) € (Fo5) = (N3, L3, B3, AG) V (Ze).

The two identities in (6.9) are satisfied by N x LI x Rl x Al and Zg,
respectively. Therefore, (S) ¢ (NI, LL, RS, Al) and (S) € (Ze). O
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6.3. Pseudovarieties of noncommutative nilpotent semigroups.

Proposition 6.12. Any ji pseudovariety of nilpotent semigroups is commu-
tative.

Proof. Let V be any ji pseudovariety of nilpotent semigroups. Then the
inclusion V C Com V G holds [2, Figure 9.1]. Since V is jiand V ¢ G, the
inclusion V C Com follows. O

Corollary 6.13. Suppose that S is any finite semigroup that satisfies the
identity
2% & Y1y23Yas Y
but violates the identity
TY R Y.
Then {S) is a pseudovariety of nilpotent semigroups that is not ji.

Proof. By assumption, the semigroup S is nilpotent and noncommutative.
The result then holds by Proposition [6.12] (]

6.4. The pseudovariety (N,.,, N.).

Proposition 6.14. Let n,r > 1. Then the identities satisfied by the semi-
group Ny x NI are aziomatized by

Yy A yr, (6.10a)
" yrys -y = 2 yrys -z, (6.10b)
e a? - & x{%? copfm (6.10c)

forallm>1 and ey, ea,...,em, f1, fo, .., fm = 1 such that
(a) e=f<n+r, wheree=> " ¢ and f =>."1 fi;
(b) for each k € {1,2,...,m}, either

e e = fi or

ecp, fr=>nande+ey, f+ fr =n+r.

Proof. Tt is straightforwardly verified that the semigroup N,y x NI satisfies
the identities ([G.I0). Conversely, let u &~ v be any identity satisfied by the
semigroup Ny, X NI, In view of Lemma [BI(ii), the identity (G.I0a) can
be used to convert u and v into

I _ 1,2 . em r_ i e fm
u =z zyr and v o= 27 @y Ty,

respectively, where e; = occ(z;,u) and f; = occ(x;, v) are such that either
e; = fiore,fi >n Lete=3 " e and f =3 ", f;. Generality is not
lost by assuming that e < f. There are four cases to consider.

CASE 1. n+7r <e < f. Choose any i € {1,2,...,m}. Suppose that e; # f;.
Then as observed earlier, e;, f; > n. Hence

e —n > r variables

(G.10a) e] _.eo €i—1_e;i—m_€it+1l e

1Y o pEm

u = T T Ty Ti1 Ty Ty T
—~ n+fi _e1 _ea €i—1 _e;—n _€it+1l em
~oTy Ty Ty Ti1 T i+l T,

er.e2 €i—1_e€i+fi €i+1  _em
L1 Ty L1 Ty " Ly

Q
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Similarly, v’ (]E..;EID x{lx; e x{i’fz{ﬁeix{_ﬁl -.xlm. Therefore, the iden-
tities (6.I0) can be used to convert u’ into v'. It follows that u ~ v is
deducible from (G.10).

CASE 2. e <n+r < f. Let ¢ : & — N, 4, be the substitution that maps all
variables to a. Then u'¢ = a® # 0 and v/ = af = 0 imply the contradiction
u'p # v'p. The present case is thus impossible.

CASE 3. e < f < n+r. Then the contradiction w'¢ = a® # af = v/p is
obtained. Hence the present case is impossible.

CASE 4. e = f < n +r. Suppose that e, # fi for some k so that e 4+ e #
f + fr- Then as observed earlier, eg, fr > n. Let ¢ : &/ — N,1, be the
substitution that maps z, to a? and all other variables to a. Then u’y) = v/¢
in N,, where

k—1 m
ulw _ (H aei> (a2)ek< H aei> _ aeJrek
i=1 i=k+1
and v/t = a/*/x similarly. Thus a®T% = a/*/x. But e + e, # f + fi implies
that e + ek, f + fr > n. Hence the identity u’ &~ v’ also satisfies (ii) and is
deducible from (6.10c). The identity u ~ v is thus deducible from (6.10). O

Corollary 6.15. Suppose that S is any finite semigroup that satisfies the
identities

ry ~yz,  ryiys ~ Ty (6.11)
but violates all of the identities
B a?, 2Py~ xyl (6.12)

Then (SY) is a subpseudovariety of (N, NI} that is not ji.

Proof. By Proposition [6.14] with n = r = 2, the identities satisfied by N4 X
N are axiomatized by (6.I1). Hence the inclusion

(S) € (Na, N3 ) = (Na) v (N3)

holds. But the two identities in (6.12)) are satisfied by N4 and Ny, respec-
tively. Therefore, (S) ¢ (N4) and (S) € (NI). O

Corollary 6.16. Suppose that S is any finite semigroup that satisfies the
identities

vy~ yr, aPyz~ay’z, Byiyaysys X Ty1yaysya (6.13)
but violates all of the identities
?rx, 2 xyf (6.14)

Then (S) is a subpseudovariety of (N5, Ni) that is not ji.

Proof. By Proposition [6.14] with n = 1 and r = 4, the identities satisfied by
N5 x N{ are axiomatized by (6.I3). Hence the inclusion

(S) S (N5, N{) = (Ns) v (N{)

holds. But the two identities in (6.14]) are satisfied by N{ and N, respec-
tively. Therefore, (S) € (Ns) and (S) € (N{). O
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6.5. The pseudovariety (N/, N5). It turns out to be notationally sim-
pler to find a basis of identities for N/ x (N5")°P instead of NI x Nbar.

Proposition 6.17. Letn > 2. Then the identities satisfied by the semigroup
NI x (N)°P are axiomatized by

"M zya™ ~ ooyl (6.15a)

xyzt = xytz. (6.15b)
In this subsection, a word of length at least two is said to be in canonical
form if it is either
(CF1) 22 x%{l ,252 e z,{’“ or
(CF2) zy - xc1y*2 z{l 252 e z,{’“,

where
(I) z,y, 21, 22,..., 2 are distinct variables with k& > 0;
(IT) 21, 22,..., 2 are in alphabetical order;

(IlI) e € {0,1,...,n —2}, ¢; € {0,1,...,n— 1}, and f; € {1,2,...,n}.

Lemma 6.18. The identities ([6.I5) can be used to convert any word of
length at least two into a word in canonical form.

Proof. Let w be any word of length at least two. Then w = z?u or w = zyu

for some distinct z,y € & and u € &7*. The identity (6.15D]) can first be
used to rearrange the variables of the suffix u until w becomes a word of the
form (CF1) or (CF2) with (I) and (II) satisfied. The identities (6.I5al) can
then be used to reduce the exponents e, e;, f; so that (III) is satisfied. O

Lemma 6.19. The semigroup Né’ar satisfies an identity u = v if and only
if the words u and v share the same suffiz of length two.

Proof. This is routinely established and its dual result for (NP was ob-
served by Lee and Li [12] Remark 6.2(i)]. O

Proof of Proposition [6.17. 1t is easily verified, either directly or by Lem-
mas [0.II(ii) and [6.19] that the identities (6.15]) are satisfied by the semigroup
NI x (N»)°P. Hence it remains to show that any identity u &~ v satisfied
by the semigroup N x (N£)°P is deducible from the identities (G.I5). It
is easily shown that if either u or v is a single variable, then the identity
u ~ v is trivial by Lemma [5.I[(ii) and so is vacuously deducible from the
identities (6.I5). Therefore, assume that u and v are words of length at
least two. By Lemma [6.I8] the identities (6.15]) can be used to convert u
and v into words u’ and v’ in canonical form. By Lemma[6.19] the words u’
and v’ share the same prefix of length two. Therefore, u’ and v’ are both
of the form (CF1) or both of the form (CF2). In any case, it is routinely
verified by Lemma [B.[(ii) that u’ = v’. Since

@1m , ,@I5
u~ u=v = v,
the identity u =~ v is deducible from (6.15]). O

Corollary 6.20. Suppose that S is any finite semigroup that satisfies the
identities
2~ b, 2Pyr~atyr, zyst ~yzat (6.16)
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but violates all of the identities
TY R YT, TYZ X Y. (6.17)
Then (S) is a subpseudovariety of (N, N») that is not ji.

Proof. By Proposition [6.17] with n = 5, the identities satisfied by N5I x Nbar
are axiomatized by (6.16). Hence the inclusion

(S) S (Ng, N3™) = (Ng) v (N3™)

holds. But the two identities in (6I7) are satisfied by N and NH", respec-
tively. Therefore, (S) ¢ (N{) and (S) ¢ (N5r). O

6.6. The pseudovariety (NJ, (L5ar)°P).

Proposition 6.21. The identities satisfied by the semigroup NJ x (L5)°P
are axiomatized by

3. .2

T 22, 2%yx? ~ zyx, zhytry ~ 2’hyty, zhytyz ~ chy’tx. (6.18)

Proof. Let Ty = {a,b,c,d,e, f} be the semigroup given in Table @ The
identities satisfied by T are axiomatized by (6.I8) [16, Proposition 26.1].
It is easily deduced from the proof of this result that any identity violated
by T§ is also violated by one of the following subsemigroups of Tg:
{a7d7e} gL£7 {a7bae} g‘7\[217 {eaf}gR%
and (c,e, f) ={a,c,d,e, f} = (Lgar)c’p.

Since LL, Ry € ((L5")°P), any identity violated by Tg is violated by N
or (L52r)°P. Therefore, the semigroup NJ x (L52")°P does not generate any

proper subpseudovariety of (Tg), whence (N4 x (L5)°P) = (Tg). O
Ts |a b ¢ d e f
ala a a a a a
bla a a a b b
clc c c ¢ ¢ ¢
d|{d d d d d d
ela b a d e f
fla b d d e f

TABLE 9. Multiplication table of Ty

Corollary 6.22. Suppose that S is any finite semigroup that satisfies the
identities (GI8)) but violates all of the identities

2~z a2y~ oy (6.19)

Then (S) is a subpseudovariety of (NI, (L52")°P) that is not ji.
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Proof. By Proposition [6.21], the inclusion
(S) € (NVz, (LE")°P) = (N3) v ((LE™)°P)
holds. But the two identities in (G.I9) are satisfied by (L52")°P and NI,
respectively. Therefore, (S) ¢ (N{) and (S) € ((L52)°P). O
6.7. The pseudovariety (L1, ¢3,057).

Proposition 6.23 (Zhang and Luo [32, Proposition 3.2(3) and Figure 5]).
The identities satisfied by the semigroup L x f3 x (3P are aziomatized by

3~ 2?, zyr~ 2yt wyiz xaye. (6.20)

Corollary 6.24. Suppose that S is any finite semigroup that satisfies the
identities (6.20)) but violates all of the identities

2y~ azy, zy? A oay. (6.21)
Then (S) is a subpseudovariety of (L%, 05, (37) that is not ji.
Proof. By Proposition [6.23] the inclusion
(S) C (L3, €5,65°) = (L, L3) v (£€57)
holds. But the two identities in (G.2I)) are satisfied by Ll x f5 and /3P,
respectively. Therefore, (S) ¢ (L%, ¢3) and (S) € (£3P). O
6.8. The pseudovariety (Ao, 44, (7).

Proposition 6.25 (Lee [9, Proposition 2.8]). The identities satisfied by the
semigroup Ao x 5 x (63P)! are aziomatized by

2~ 2?22y~ ayr,  zyry ~ yzyc,

) (6.22)

ryzar & xyzr,  xytzir ~ rziyic.

Proof. The identities satisfied by the semigroup Ag X Bé are axiomatized
by the identities ([6.22)) [0, Proposition 2.8]. Since (BL) = (¢4, (¢3P)1) [0,
Figure 4], the result follows. O

Corollary 6.26. Suppose that S is any finite semigroup that satisfies the
identities (6.22)) but violates all of the identities

TYT R Yyry, ITYr ~ xzy, TYT ~ wa. (6.23)
Then (S) is a subpseudovariety of (Ao, €%, ((3°)1) that is not ji.
Proof. By Proposition [6.25] the inclusion
(S) € (Ao, 64, (57)T) = (Ao) v (e5) v ((657)T)

holds. But the three identities in (6.23]) are satisfied by Ag, (¢5°)!, and £,
respectively. Therefore, (S) € {Ao), (S) & (¢5), and (S) € ((&57)7). O
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Q@ 2 2 &«
[STRESHERS TSR ESH

o a0 oS

Q2 2 2 |
Q0 Q|0
o o o o 0 Q)

d d
TABLE 10. Multiplication table of W

6.9. The pseudovariety ((N2)! L5ar). The semigroup W = {a,b, ¢, d, e}
given in Table [I0is required in this subsection.

Proposition 6.27.
(i) The identities satisfied by the semigroup W are axiomatized by

B~ 2?, ayr =yt (6.24)
(ii) The subpseudovariety of (W) defined by the identity
22?22 ~ aty2? (6.25)

is the unique maximal proper subpseudovariety of (W).

Remark 6.28. Proposition [6.27)(i) was first established in Tishchenko and
Volkov [28, Theorem 2|. But since its proof is not long and an under-
standing of the identities satisfied by W is fundamental to the proof of
Proposition [6.27|(ii), it is given below for the sake of completeness.

In this subsection, a word of the form

€1 .62 e
1-1 x2 e xn;n7
where z1, 3, ..., x,, are distinct variables and ey, e, ..., e, € {1,2}, is said

to be in canonical form.

Remark 6.29. It is easily shown that the identities ([6.24]) can be used to
convert any word into one in canonical form.

Proof of Proposition [6-27. (i) It is routinely shown that the semigroup W
satisfies the identities (6.24]). Conversely, suppose that u ~ v is any identity
satisfied by W. By Remark [6.29] the identities (6.24]) can be used to con-
vert u and v into some words u’ and v’ in canonical form. Since the subsemi-
group {a,c,d} of W and the semigroup R} are isomorphic, fin(u’) = fin(v’)
by Lemma [(.I(iv). Hence

=202 28 and v =zl oafe
for some distinct x1,29,...,2, € & and ey, ea,...,em, f1,fo,- s fm €

{1,2}. If ey # fr, then by making the substitution ¢ given by xj +— b,
x; +— e for any i < k, and z; — ¢ for any ¢ > k, the contradiction u’¢ # v/
is obtained. Therefore, e; = f; for all i, so that u’ = v/. Consequently, the
identity u = v is deducible from the identities (6.24]).

(ii) The semigroup W violates the identity (6.25) because e2b%c? # e?bc?.
Therefore, (W) N [(625)] is a proper subpseudovariety of (). It remains
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to verify that every proper subpseudovariety V of (W) satisfies the iden-
tity ([@25]). Since V # (W), there exists an identity u ~ v of V that is
violated by W. Further, since the identities (6.24]) are satisfied by V, it
follows from Remark that the words u and v can be chosen to be in
canonical form. There are two cases.
Cask 1. fin(u) # fin(v). Then by Lemma B.|(iv) and the dual of Theo-
rem [B.17] the pseudovariety V satisfies the pseudoidentity
Since
he (xh®)? (yh® (zh®)“)* (@ y*2’h? and  Rh¥(zh®(yh?)* ) (@ z2y?h?,
the pseudovariety V satisfies the identity

22y?h? ~ y?2?h?. (6.26)
Since

x2yz2 (@ x2(ﬂ:2y)2z2 (IB:E{D (m2y)2x2z2 (Ewm y2x2z2 @ x2y2z2,

the pseudovariety V satisfies the identity (6.25]).
CASE 2. fin(u) = fin(v) and u # v. Then

u=a02 -2t and v=aaf2.. zfm
for some distinct x1,x2,...,2, € & and ey, es, ..., em, f1, o, fm €

{1,2} such that ex # fi for some k, say (ex, fx) = (2,1). Let ¢ denote
the substitution given by xj, — vy, z; — 22 for any i < k, and z; — 22 for
any ¢ > k. Then

22(up)2? ~ 2%y?2% and 2i(ve)® x 2?y2?

so that the pseudovariety V satisfies the identity (6.25]). O
Proposition 6.30. The pseudovariety (W) is sji but not ji.
Proof. The pseudovariety (W) is sji by Proposition [6.27(ii). To show that

(W) is not ji, the semigroups N$" = {0,a,3,I} and Ly = {e f,& f, I}
from Subsections and [3.3] are required. Let 717 denote the subsemigroup

of (N2 x L5 generated by E = (1,e), X = (a,f), and Y = (I,1). Tt is
routinely checked that

EZ=E, XE=X, X*=X? and EY=XY=Y?=Y,
so that the semigroup 777 consists of the following 11 elements:
a=E, b=EX, c¢=EX? d=X, e = X2, =Y,
g=YX, h=YX% i=YE, j=YEX, k=YEX?%

see Table [[1l Identifying the elements {b,c, e, h,i,j,k} in T results in a
semigroup that is isomorphic to W. Therefore,

(W) € (Tun) S (N)T) v (L5).
But the semigroup W violates the identities

zyx? ~yx?, 2’ =~z (6.27)
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and these identities are satisfied by (NQbar)I and Lgar, respectively. Conse-

quently, (W) € ((N3*)") and (W) & (L&*). U
Tihila b ¢ d e f g h i j k
a |la b ¢c b c f g h i j k
b |b c¢c ¢c ¢c ¢ f g h i j k
c|lc ¢c ¢c ¢c ¢ f g h i j k
d|d e e e e f g hiyjk
e le e e e e f g h i j k
fli Jj k gh f ghiyjk
glg hh hh fghoidiok
h|h h h h h f g h i j k
i |i j k jk fghijk
i lj kk kk fghidiock
kK |k kE kK kK k f g h i j k

TABLE 11. Multiplication table of 171

Corollary 6.31. Suppose that S is any finite semigroup that satisfies the
identities ([624]) but violates all the identities in (627). Then {S) is a
subpseudovariety of ((N$")!, L52") that is not ji.

Proof. The inclusions

(S) < (W) € ((N3>)") v (L3*)
hold by Proposition [6.27(i) and the proof of Proposition But the
identities in (6.27)) are satisfied by (N®")! and L52", respectively. Therefore,

(S) & ((Ng)T) and (S) & (L5*). 0

7. PSEUDOVARIETIES GENERATED BY A SEMIGROUP OF ORDER UP TO
FIVE

Theorem 7.1. Let S be any nontrivial semigroup of order up to five. Sup-
pose that the pseudovariety (S) is ji. Then {S) coincides with one of the
following 30 pseudovarieties:

(Z2),  (Zs), (Za),  ( { {
Ns),  (Na),  (Ns), (N3, { ,
{ { <<

(Z5)°P),

{ (N2*)°P)

(NT),  (NV2), (N3), (N3*)1)°P),
{ (L

(

bar) p >

L3y,  (L3), (L), (@a)®), (L3P,
(Ao}, (40),  (42),  (B2), (&™), {(ezryee).

Proof. The 30 pseudovarieties are ji by results in Sec. B} see Table Up to
isomorphism and anti-isomorphism, there exist 1308 nontrivial semigroups
of order up to five. With the aid of a computer, it is routinely determined, us-
ing the sufficient conditions given in Subsections[.I] and below, which of
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these semigroups generate ji pseudovarieties. Specifically, by Conditions A1—
A23 and their dual conditions, 241 of the 1308 semigroups generate the 30
ji pseudovarieties, while by Conditions B1-B13 and their dual conditions,
the remaining 1067 semigroups generate pseudovarieties that are not ji; see

Table I3l The proof of Theorem [7.1]is thus complete. O
Pseudovarieties Join irreducible by
(Z2), (Z3), (Za), (Zs) Theorem £.3]
(Z5r), ((z5)°P) Theorem
(N2}, (N3), {Na), (N5)  Theorem 5.7
(NT), (NT), (N5), (Ni)  Theorem 53l
(N3, ((IN§2r)oP) Theorem [5.11]
(NZEOT), (((NF2)T)oP) Theorem [5.13]
(L2), (L3") Theorem
(L3), ((L3)°P) Theorem B.17]
(L5r), ((L8)°P) Theorem B.I9]
(Ao) Theorem .21
{AG) Theorem [5.23]
(A2) Theorem
(B2) Theorem
o5y, ((e)er) Theorem

TABLE 12. Results for join irreducibility of pseudovarieties
in Theorem [7.1]

Number of ji

semigroups of order n 4 8 33 196 241

Number of non-ji

semigroups of order n 0 10 93 964 1067

Number of

. 4 18 126 1160 1308
semigroups of order n

TABLE 13. Number of ji semigroups of order up to five
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7.1. Conditions sufficient for join irreducibility. The following con-
ditions and their dual conditions are sufficient for a finite semigroup S to
generate a ji pseudovariety in Theorem [.11

Condition A1l (Proposition 5.4]). The equality {S) = (Z2) holds if

o S {xy ~yx, 2%y ~y},
o SExrY.

Condition A2 (Proposition 5.4]). The equality {S) = (Z3) holds if

o S {ay~yz, 23y ~ y},
o SExrY.

Condition A3 (Proposition 5.4)). The equality {S) = (Z4) holds if

o Sk {zy~yx, z'y =y},
o S~

Condition A4 (Proposition B.4)). The equality {S) = (Zs) holds if

o S {ay ~ yx, 2°y =y},
o SExrY.

Condition A5 (Proposition B.6). The equality (S) = (Z52") holds if

o S {2’ ~ x, zyzy ~ ya’y},
o S W xyr ~ yz.

Condition A6 (Proposition B.8]). The equality {S) = (N2) holds if

b SFCUQ%Z/LW,
o S~

Condition A7 (Proposition B5.8]). The equality {S)

o5 ’: {xy ~yx, x3 ~ y1y2y3}’
o S W ad~

Condition A8 (Proposition B.8]). The equality {S) = (N4) holds if

oS ’: {xy ~yx, CCQy ~ nya $4 ~ y1y293y4},
o S Wt~

Condition A9 (Proposition 5.8)). The equality {S) = (Ns) holds if

o S E {zy~yz, 2%yz = zy’z, 2° & y1y2y3y1Y5 },
o S W ad~at

Condition A10 (Proposition [5.10). The equality (S) = (N{) holds if

o SE{2?~ux, vy~ yz},
o SExrY.

Condition A1l (Proposition B.I0). The equality {S)
o S {2®~ 22 2y~ yx},
o S W 2y~ xy’.

Condition A12 (Proposition B.I0). The equality {S)

o S {2t~ a3, 2y ~ ya},
o S W ady? ~ a2yl

Condition A13 (Proposition 5.10). The equality (S) = (N}) holds if

(N3) holds if

(NIY holds if

(NIY holds if
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o S {2°~at 2y~ yx},
o S W atyd ~ oyt
Condition A14 (Proposition 5.12). The equality (S) = (N5} holds if
o S xyz~uyz,

o S W ay~y?
Condition A15 (Proposition 5.14). The equality {S) = ((N2)) holds if
.« SE 2® ~ 22, 2’ha ~ che, zha? ~ ha?, zyzy ~ ya’y,

xyhay ~ yxhay, ryrty ~ yr’ty, xyhxty ~ yxhxty

o S £ zyryh? ~ 2%y*h2.
Condition A16 (Proposition 516). The equality {S) = (Lz2) holds if
o SExy=~ux,

o SHExrY.

Condition A17 (Proposition 5.I8]). The equality {S)

o S {2?~ux, zyr ~ zy},
o S|~ xyz = xzy.

Condition A18 (Proposition 5.20). The equality {S)
o S {2?~ux, zyz ~ xzayz},

o S|~ xyz ~ xzyz.

Condition A19 (Proposition 5:22)). The equality {S) = (Ao) holds if
o S {2~ a2, 2%yz? ~ yay},

o S W a?y? ~ g2

Condition A20 (Proposition 5.24). The equality (S) = (AL) holds if

o S {2®~ 22, 2%yx? =~ wyx, xyry ~ yryr, ryrzr ~ ryzx),
o S £ ha?yh =~ hy’z?h.
Condition A21 (Proposition 5.26). The equality {S) = (A2) holds if

o S {a®~a? xyacyx R TYT, TYLZT R TZTYT},

o S W 22y?a? ~ 2%ya?.

Condition A22 (Proposition m The equality (S) = (Ba) holds if
oSlz{x3~x TYyTYT ~ TYT, T2 y2a?},

o S W xy’r =~ xyx.

Condition A23 (Proposition 530). The equality (S) = (£5*) holds if

o S {a?y =y, xyz = yryz},
o S~ xyza ~ yrzu.

(L) holds if

(L5 holds if

7.2. Conditions sufficient for non-join irreducibility. The following
conditions and their dual conditions are sufficient for a finite semigroup S
to generate a pseudovariety that is not ji.

Condition B1 (Corollary 6.2]). A pseudovariety (S) is a non-ji subpseu-
dovariety of (Zs, Za, 75", (Z52r)°P, NI if
2~ 23, 2Mhe ~ 2?he, 2Bha? ~ zha?, 2Bhate ~ chate,
o S =1 23hx =~ xhad, rha’te ~ 23htx, vha’y?ty =~ rhy’a’ty, ,
chykxytxdy ~ xhykyxtxdy, xhykrytydr ~ xhykyrtydr
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o SEP~x, S ry~yr.

Condition B2 (Corollary 6.3]). A pseudovariety (S) is a non-ji subpseu-

dovariety of (Zs, 74, 75", (Z52r)°P, NI if

2~ 23, 2Mhe ~ 2?he, 2Bha? ~ zha?, 2Bhate ~ chate,

o SE={ 23hx =~ xhad, rha’te ~ 23htx, vha’y?ty =~ rhy’s’ty, ,
chykxytxdy ~ xhykyxtxdy, xhykrytydr ~ xhykyrtydr

o SHEay~yxr, SFEayr?~zy, S¥2lyr~yz.

Condition B3 (Corollary [6.4]). A pseudovariety {S) is a non-ji subpseu-

dovariety of (Zs, 74, 75", (Z52")°P, NI if

2~ 23, 2Mhe ~ 2?he, 2Bha? ~ zha?, 2Bhate ~ chate,

o S =1 23hx = xhad, rha’te ~ 23htx, vha’y?ty =~ rhy’s’ty, ,

zhykxytzdy ~ zhykyztzdy, chykxytydx ~ chykyxtydx

e St~ SHElyxy SKEDBy~xy S oy = oy,
S W 22yx ~ yr.

Condition B4 (Corollary [6.10). A pseudovariety {(S) is a non-ji subpseu-

dovariety of (Ze¢, Ni, LL, RL, ALY if

o S {2 = ab 2y ~ 2tyx, 2yr =~ wy2?, zyrer ~ 2y},

o S~z S ayry~yryr.

Condition B5 (Corollary [6.11]). A pseudovariety {(S) is a non-ji subpseu-

dovariety of (Ze¢, Ni, LY, R, ALY if

o SE{z" ~a® 2% ~ atyx, 2%yx ~ xya?, ryrze ~ p2yza},

o S0 ~a® S aSyx~y.

Condition B6 (Corollary [6.13). A pseudovariety (S) is a non-ji pseudo-

variety of nilpotent semigroups if

o S k=% = y1y2y3y4Y5Y6,

o S} xy =~ yz.

Condition B7 (Corollary [6.15). A pseudovariety {(S) is a non-ji subpseu-

dovariety of (Ny, N1y if

o Sk {zy ~yz, 2Py1ys = 2?y1yp},

o S~ S 2y~ ayt

Condition B8 (Corollary [6.16]). A pseudovariety {(S) is a non-ji subpseu-

dovariety of (N5, N{) if

o S {zy = yz, 2%yz = xy’2, TY1y2y3y0 X TY1Y2Y3Y4},

o S, SIS

Condition B9 (Corollary [6.20). A pseudovariety {(S) is a non-ji subpseu-

dovariety of (NI, N2y if

o S {28~ a®, 2Pyr ~ ztyx, xyzt ~ yazt),

o SHry~yxr, SWKFryz=yz.

Condition B10 (Corollary [6.22]). A pseudovariety {(S) is a non-ji subpseu-

dovariety of (NI, (L52")°P) if

o S = {2~ a2, 2%yx? ~ wyx, xhytzy ~ x’hyty, chytyxr ~ chy’tx},

o S ~z, S ry~yr.
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Condition B11 (Corollary [6.24). A pseudovariety {S) is a non-ji subpseu-
dovariety of (L3, t3,05") if

o S {a®~ a2 ayr ~ 2%y?, xy?z ~ xyz},

o SHEy~ay, S ay~ay.

Condition B12 (Corollary [6.26]). A pseudovariety {S) is a non-ji subpseu-
dovariety of (Ao, €4, ((5°)1) if

.Sk { 2? ~ 22, 2?yr? & xyx, vyry = yryc, }’

ryrzr ~ xyze, rylle ~ vty
o S ayr ~yry, SWFaryr=a®y, S ayr~yr’.

Condition B13 (Corollary [6.31]). A pseudovariety {S) is a non-ji subpseu-
dovariety of (NS, L5") if

o S {2®~ 22, zyr ~ 9%z},

o Sz, S ayr?~yr
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