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SYMBOLIC POWERS IN WEIGHTED ORIENTED GRAPHS

MOUSUMI MANDAL* AND DIPAK KUMAR PRADHAN

ABSTRACT. Let D be a weighted oriented graph with the underlying graph G when
vertices with non-trivial weights are sinks and I(D),I(G) be the edge ideals corre-
sponding to D and G, respectively. We give an explicit description of the symbolic
powers of I(D) using the concept of strong vertex covers. We show that the ordinary
and symbolic powers of I(D) and I(G) behave in a similar way. We provide a de-
scription for symbolic powers and Waldschmidt constant of I(D) for certain classes
of weighted oriented graphs. When D is a weighted oriented odd cycle, we compute
reg(I(D)®)/1(D)*) and prove reg I(D)) < reg I(D)* and show that equality holds

when there is only one vertex with non-trivial weight.

Keywords: Weighted oriented graph, edge ideal, symbolic power, Waldschmidt con-

stant, Castelnuovo-Mumford regularity.

1. INTRODUCTION

A directed graph or digraph D = (V(D),E(D)) consists of a finite set V(D) of vertices
together with a prescribed collection E (D) of ordered pairs of distinct vertices called
edges or arrows. If (u,v) € E(D), then we call it a directed edge where the direction is
from u to v and u (respectively v) is called the initial vertex (respectively the terminal
vertex). An oriented graph is a directed graph without multiple edges or loops. In
other words, an oriented graph D is a simple graph G together with an orientation of
its edges. An oriented graph D is called vertex weighted oriented if it is equipped with
a weight function w : V(D) — N. In fact, a vertex weighted oriented graph D is a
triplet D = (V(D), E(D),w) where V(D) and E(D) are the vertex set and edge set,
respectively, and the weight of a vertex x; € V(D) is w(x;) denoted by w; or w,,. We set
VH(D)={x e V(D) | w(x) #+1} and it is denoted by V*. If V(D) = {x1,...,z,}, we can
regard each vertex x; as a variable and consider the polynomial ring R = k[x1,...,z,]
over a field k. Then the edge ideal of D is defined as

I(D) = (ziz;” | (wi,25) € E(D)).
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The underlying graph of D is the simple graph G whose vertex set is V(G) = V(D)
and whose edge set is E(G) = {{u,v} | (u,v) € E(D)}. The edge ideal of G is I(G) =
(wv | {u,v} € E(G)) € R = k[x1,...,z,]. If a vertex x; of D is a source (i.e., has only
arrows leaving x;), we shall always assume w; = 1 because in this case, the definition of
I(D) does not depend on the weight of x;. If w(x) =1 for all x € V, then I(D) recovers
the usual edge ideal of the underlying graph G. Here, we shall always mean that a
weighted oriented graph is the same as a vertex weighted oriented graph. The interest
in edge ideals of weighted digraphs comes from coding theory, especially, in the study of
Reed-Muller types codes. The edge ideal of a vertex weighted digraph appears as initial
ideals of vanishing ideals of certain projective spaces over finite fields [15].

Algebraic invariants and properties like Cohen-Macaulayness and unmixedness of edge
ideals of weighted oriented graphs have been studied in [13] and [16]. Recently in [I] and
[20], regularity and projective dimension of the edge ideals of some classes of weighted
oriented graphs have been studied. In [16], Y. Pitones et al. studied some properties
of weighted oriented graphs when V(D) is a strong vertex cover and the elements of
V* are sinks. They described the irreducible decomposition of I(D) for any weighted
oriented graph D using the concept of strong vertex cover. In the geometrical context,
symbolic powers are important since they capture all the polynomials that vanish with a
given multiplicity. For any homogeneous ideal I c R, its m-th symbolic power is defined

as I™ = () (I"R,n R). In [19], a classical result of Zariski and Samuel states that
peAss T

IM) = ™ for all m > 1 if I is generated by a regular sequence, or equivalently, a
complete intersection. Ideals that have the property I (m) = 1™ for all m > 1 are called
normally torsion free because their Rees algebra is normal. In particular, in [7] Gitler
et al. showed that a squarefree monomial ideal is normally torsion free if and only if
the corresponding hypergraph satisfies the max-flow min-cut property. Symbolic powers
of codimension 2 Cohen-Macaulay ideals have been studied recently in [6]. In the last
decade the comparison between symbolic and regular powers of ideals is studied not only
for graphs but also for ideal defining a set of points both in projective and multiprojective
spaces [2, [, 0]. Recently symbolic powers and invariants of the edge ideals of simple
graphs have been studied in [4} 1T}, 14]. But nothing is known about the symbolic powers
of edge ideals of weighted oriented graphs.

In general, computing the symbolic powers of ideals is a difficult problem. Symbolic
powers of square free monomial ideals have been studied via the concept of minimal
vertex cover for edge ideals of graphs. Here we study the symbolic powers of some
classes of non square free monomial ideals through the edge ideals of weighted oriented
graphs using the concept of strong vertex cover. We also compare the regularity of the
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symbolic and ordinary powers of the edge ideals of weighted oriented odd cycles when
the elements of V* are sinks.

In Section 2, we recall all the definitions and results which will be required for the rest
of the paper. In Section 3, we provide a relation between ordinary and symbolic powers
of edge ideals of some classes of weighted naturally oriented graphs in Corollary In
Theorem [3.4], we show that the m-th symbolic power of edge ideal of a weighted oriented
graph, when the elements of V' are sinks, is the intersection of the m-th powers of
irreducible ideals associated to the strong vertex covers. In Theorem [B.7], we prove that
the ordinary and symbolic powers of edge ideal of a weighted oriented graph behaves in
the similar way as in the edge ideal of its underlying graph in case of elements of V' are
sinks.

We also give an explicit description of symbolic powers and Waldschmidt constants of
edge ideals of weighted oriented graphs when the elements of V* are sinks and underlying
graphs are unicyclic graph with a unique odd cycle, complete graph and clique sum of two
odd cycles of same length joining at a common vertex (see Proposition 3.9 Proposition
B.10] and Proposition [3.12] respectively). In Section 4, in Theorem 3] we provide an
inequality between the regularity of ordinary and symbolic powers of edge ideal of a
weighted oriented odd cycle when the elements of V™ are sinks and in Corollary [£.5] we
prove the equality when V* contains a single element.

2. PRELIMINARIES

In this section, we recall some definitions and results regarding a weighted oriented graph
D and its underlying graph G. A vertex cover of G is a subset V' ¢ V(G) such that for
all ee E(G), enV' # ¢. A minimal vertex cover is a vertex cover which is minimal with
respect to inclusion.

The next two lemmas describe the symbolic powers of the edge ideals in terms of minimal

vertex covers.

Lemma 2.1. [2, Lemma 2.5] Let G be a graph on vertices {x1,...,x,}, I = I(G) <
k[z1,...,z,] be the edge ideal of G and Vi,...,V, be the minimal vertex covers of G. Let
P; be the monomial prime ideal generated by the variables in V;. Then

[=Pin-nP,
and
1M = pma..q pm,

Lemma 2.2. [2, Lemma 2.6] Let I € S be a squarefree monomial ideal with minimal
primary decomposition I = Py n -0 P, with Pj = (zj,,...,%js;) for j=1,...,r. Then
xtxin € I if and only if aj, + - +ag, 2m forg=1,...,r.
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Below we recall some definitions and results for the weighted oriented graph D.

Definition 2.3. A vertex cover C of D is a subset of V(D) such that if (z,y) € E(D),
then z € C or y € C. A vertex cover C' of D is minimal if each proper subset of C' is not
a vertex cover of D. We set (C) to be the ideal generated by the variables in C.

Remark 2.4. [10, Remark 2| C' is a minimal vertex cover of D if and only if C is a

minimal vertex cover of G.

Definition 2.5. Let x be a vertex of a weighted oriented graph D, then the sets N}, (x) =
{y: (z,y) e E(D)} and Ny (z) ={y: (y,x) € E(D)} are called the out-neighbourhood
and the in-neighbourhood of x, respectively. Moreover, the neighbourhood of x is the set
Np(z) = Njj(z) u Ny (z). Define degp(z) = [Np(z)| for € V(D). A vertex z € V(D)
is called a source vertex if Np(x) = Nj)(x). A vertex x € V(D) is called a sink vertex if
Np(z) = Np(z).

Definition 2.6. [16, Definition 4] Let C be a vertex cover of a weighted oriented graph
D, we define

Li(C) ={x < C | Nj(a)nC*# 6},

Ly(C)={xeC |z ¢ L1 (C) and Ny(z)nC®+ ¢} and

L3(C) = C~ (L1 (C) u L2(C))
where C° is the complement of C, i.e., C°=V (D)~ C.

Lemma 2.7. [16 Proposition 6] Let C' be a vertex cover of D. Then L3(C) = ¢ if and
only if C is a minimal vertex cover of D.

Definition 2.8. [I16l, Definition 7] A vertex cover C of D is strong if for each x € L3(C')
there is (y,x) € E(D) such that y € Lo(C)u L3(C) with y e V" (i.e., w(y) #1).

Definition 2.9. [16, Definition 32] A weighted oriented graph D has the minimal-strong

property if each strong vertex cover is a minimal vertex cover.

The following lemma gives a class of weighted oriented graphs which satisfy the minimal-
strong property.

Lemma 2.10. [16, Lemma 47] If the elements of V* are sinks, then D has the minimal-
strong property.

The next lemma describes the irreducible decomposition of the edge ideal of weighted

oriented graph D in terms of irreducible ideals associated with the strong vertex covers
of D.
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Lemma 2.11. [16l Theorem 25, Remark 26] Let D be a weighted oriented graph and
C4,...,Cs are the strong vertex covers of D, then the irredundant irreducible decompo-
sition of I(D) is

I(D)=1I¢, n--nlg,
where each Ic, = (L1(C;) U {w?(mj) | zj € Lo(Cy) u L3(Cy)}), rad(Ic,) = Py = (Cy).

Corollary 2.12. [16, Remark 26] Let D be a weighted oriented graph. Then P is an
associated prime of I1(D) if and only if P =(C) for some strong vertex cover C' of D.

Notation 2.13. The degree of a monomial m € k[x1,...,x,] is denoted by deg(m).

Now we recall the definition of Castelnuovo-Mumford regularity using local cohomology.
Let M be a non zero module over the polynomial ring R. If H: (M) denotes the i-th
local cohomology module of the R-module M with support on the maximal ideal m, we
set

a;(M) =max{j € Z: [H.(M)]; # 0}

(or a;(M) = —oo if H, (M) =0) where [H{ (M)]; denotes the j-th graded component of
the i-th local cohomology module of M. Then the Castelnuovo-Mumford regularity of
M is defined as

M = (M) +1}.
ree M = o (00 +1)

One of the important asymptotic invariants for symbolic powers is resgurence which
was introduced by Bocci and Harbourne [3] to answer the ideal containment problem.
In general, computation of resurgence of an ideal is difficult. In [3], one lower bound
of resurgence of an ideal is given in terms of another invariant known as Waldschmidt
constant of I. Let a(I) = min{d | Iy # 0}, i.e., a(I) is the smallest degree of a nonzero
element in /. Then the Waldschmidt constant of I is defined as

a(l) = lim @.

S§—>00 S

3. SYMBOLIC POWERS IN ORIENTED (GRAPHS

We provide an explicit description of the symbolic powers for edge ideals of weighted
oriented graphs when the elements of V* are sinks. In the next lemma, we give a sufficient
condition for the equality of the symbolic and ordinary powers of the edge ideals for some
classes of weighted oriented graphs.

Lemma 3.1. Let I = I(D) be the edge ideal of a weighted oriented graph D. If V(D) is
a strong vertez cover of D, then I®) = I¥ for all k.
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Proof. Since V(D) is the strong vertex cover of D, by Corollary 2121 P = (V(D)) is
an associated prime of I(D). Here P is the unique maximal associated prime in Ass(I).
Thus by [5, Lemma 3.3], we have I*) = I* for all k. O

A cycle is naturally oriented if all edges of cycle are oriented in clockwise direction. In
a naturally oriented unicyclic graph, the cycle is naturally oriented and each edge of the
tree connected with the cycle is oriented away from the cycle.

Corollary 3.2. Let I = I(D) be the edge ideal of a weighted oriented graph D. If there are
weighted naturally oriented unicyclic graphs D1, ..., Ds of D such that V(Dy),...,V(Ds)
is a partition of V(D) and w(x) # 1 if degp,(x) > 1 for each i, then I®) = 1% for all k.

Proof. Since there are weighted naturally oriented unicyclic graphs D1, ..., Dy of D such
that V(Dy),...,V(Ds) is a partition of V(D) and w(x) # 1 if degp, (x) > 1 for each 4,
by [16, Proposition 15], V(D) is a strong vertex cover of D. Therefore by Lemma B.1]
we have I®) = T* for all k. O

Corollary 3.3. Let I = I(D) be the edge ideal of a weighted oriented complete graph D
on the vertez set {x1,...,x,} where the cycle Cy, = (x1,...,xy,) is naturally oriented and

the diagonals are oriented in any direction such that w(x) # 1 for any vertex x. Then
I® = 1% for all k.

Proof. Let Dy be the weighted naturally oriented cycle whose underlying graph is the
cycle Cy, = (x1,...,2,). Here V(D) = V(D) and w(x) # 1 for all x € V(D;). Then by
Corollary B2, we have IF) = I* for all k. O

In the next theorem, we describe the symbolic powers for edge ideals of weighted oriented
graphs when the elements of V* are sinks, in terms of irreducible ideals associated to
the strong vertex covers. For the remainder of this section, we set V* # ¢.

Theorem 3.4. Let I = I(D) be the edge ideal of a weighted oriented graph D where the
elements of V* are sinks and C1,...,Cs be the strong vertex covers of D. Let w;j = w(x;)
if xj € V*. Then the irredundant irreducible decomposition of I is

[2[01 ﬂ---ﬂ[gs

and
1™ = [o™AenIp™

where each Ic, = ({z; | zj e C;NV*}uU {m;U] | 2; € C;nV*Y}), rad(Ic,) = P = (C;) and
P;’s are minimal primes of 1.

Proof. Here the elements of V' are sinks. By Lemma 21}, I = I, n---n I, be the
irredundant irreducible decomposition of I where each I, = (Ll(Ci)u{m;.Uj | zj € La(Cy)u
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L3(Cy)}), rad(Ie;) = P = (C;) and P,’s are associated primes of I. By Lemma [2.10]
C4,...,Cs are minimal vertex covers of D. Thus by Lemma 277, we have L3(C;) = ¢ for
i=1,...,s. For a fixed i, if z € C; is a sink vertex, then N/ (z) n Cf = ¢, which implies
x ¢ L1(C;). Thus Ly(C;) = C;n' V' and Li(C;) = C; ~ V', Therefore I, = ({z; | z; €
CiNVT}u {:E;UJ | z; € C;nV™}). Since Cy’s are minimal vertex covers of D, the P;’s are

minimal primes of I. Hence by [5, Lemma 3.7], we have I(™ = I, ™ n .0 I, ™. O

Proposition 3.5. Let I be the edge ideal of a weighted oriented graph D where the
elements of V* are sinks with irredundant irreducible decomposition I = Ic, n--n I¢,
where rad(Ic;) = P = (C;) = (i, ..., xi,,) fori=1,...,s and C;’s are the strong vertex
covers of D. Let w; = w(x;) if x; € V. Then every minimal generator of IM) s of
the form (I1 x;j|xj ¢ VI(II a:?)jaj|xj € V*) for some a;’s where a;, + - +a;, 2 m for

1=1,...,s.

Proof. Here each I¢, is of the form I, = ({z; | z; e C;N VU {m;U] | z; € C;nV*}) and
rad(Ic;) = P = (Cy) = (@i, -, 4, ). By Theorem B.4] we have I = [o ™ nIp,™.
Let t = (T] :L'?j|$j ¢ VI(TT x;ujaj|xj e V(I :L'?—jll‘j e V', b; <wj) for some a;’s and b;’s.
Then ¢ € I(™) if and only if t € I, for i = 1,...,s. This is possible if and only if there
exists at least one generator f; € I¢," such that f; divides ¢t for ¢ = 1,...,s which is
equivalent to the condition a;, + - +a;, 2m fori=1,...,s.

From the structure of 10 = Ip,™n---n I, ™, it is clear that every minimal generator of
1) s of the form (] a:?j|a:j ¢ V(I x?)jaj|mj € V™) for some a;’s where a;, +++a;,. 2m
fori=1,...,s. O

Now we relate the symbolic powers of edge ideals of weighted oriented graphs with the
edge ideals of underlying graphs and show that both of them behave in a similar way
when the elements of V* are sinks.

Notation 3.6. Let D be a weighted oriented graph where the elements of V* are sinks

and wj = w(xz;) if x;j € V*. Here R = k[z1,...,2,] = @Ry is the standard graded
d=0
polynomial ring. Consider the map

®:R— R where xj — xj if xj ¢ V' and v; — x;uj ifcj eV,
Here ® is an injective homomorphism of k-algebras. We use this definition of ® for the
following theorem.

Theorem 3.7. Let D be a weighted oriented graph where the elements of V™ are sinks
and G be the underlying graph of D. Let I and I be the edge ideals of G and D, respec-
tively. Then ®(I*) = I* and ®(I®)) = I*) for all k> 1.
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Proof. Let V(G) =V(D) ={x1,...,x,}. Let C1,...,Cy are the strong vertex covers of D
and by Lemma 210, they are minimal vertex covers of D. By Remark24] C,...,C; are
also minimal vertex covers of G. Thus by Lemma[2] the minimal primary decomposition
of I 'is I = PLn--n Py where P, = (C;) = (mil,...,miw) for i = 1,...,s. By Lemma
210 I = Ic, n--n g, be the irredundant irreducible decomposition of I where each
Ic, = (x| = € C’Z-\V+}u{:17;1)j |z € CinV*Y), wy = w(x;) if zj e V*, rad(Ie,) = P; = (C;)
and Py’s are minimal primes of I. Here ®(I) = I. Then ®(I*) = [®(I)]* = I* for all k > 1.
Next we want to prove that ®(I*)) = I®) By Lemma 21} 1) = PFn--nPF and by
Theorem B.4], we have I(F) = jz’a Mo ﬂjlés. Here ®(P;) = 1:01- fori=1,...,s.

Let ¢ be a minimal generator of ®(I*)). Then there exists p € I¥) such that ¢ = ®(p).
Since p € IF) = Plk n--nPF then pe Pf for each i = 1,...,s which implies that ®(p) €
d(PF) =[o(P)])F = fa Thus g = ®(p) € jz’a N ﬂjlés = [(F) Therefore ®(I1*)) ¢ 1),

Let ¢ be a minimal generator of 1), Then by Proposition 3.5, we have ¢ = (] m;j |z; ¢
V*)(H:E;”jaﬂxj € V') for some n-tuple (ay,...,a,) where a;, + - +a; >k fori=

iy +-+aj, 2kfori=1,...,s. Thus g=®(p) € & (1)), Therefore I*) ¢ ®(1)). Hence
S(I®)Y) = 1) for all k> 1. O

1,...,s. By letting p:= z{'---z", we see that ®(p) = ¢ and by Lemma [22] p e I since

Next, we apply the above theorem to some specific classes of weighted oriented graphs
and give an explicit description of the symbolic powers of their edge ideals. Then we
compute the Waldschmidt constant.

Corollary 3.8. Let I be the edge ideal of a weighted oriented bipartite graph D where
the elements of V* are sinks and let G be the underlying graph of D which is a bipartite
graph. Then I®) = I% for all k> 1.

Proof. Let I be the edge ideal of G and @ is same as defined in Notation Since G is
a bipartite graph, we have I (B) = 1% for all k > 1 by [17, Theorem 5.9]. Thus by Theorem
B, we have (1)) = ®(1*), ie., I = [* for all k > 1. O

In [2 Theorem 6.7], C. Bocci et al. found that the Waldschmidt constant of edge ideal of
n+1

an odd cycle Co,41 is . In the next Proposition, we observe that the Waldschmidt
constant of edge ideal of a weighted oriented unicyclic graph depends on the position of

the elements of V™.

Proposition 3.9. Let I be the edge ideal of a weighted oriented unicyclic graph D where

the elements of V* are sinks and let G be the underlying graph of D with a unicycle

Const = (21, @2011). Let ¢ = (Tazlaj € V(Coni) N VO (ITa ) ;€ V(Coni) 0 V).
(1) Then I®™ =T* for 1 <k<n and I = "1 4 (¢).
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(2) Let s € N and write s =k(n+1) +r for some k€Z and 0 <r <n. Then
k
j(s) _ jsft(nvtl)(c)t‘

(3) If none of the vertices of V(Capni1) is in V' and some vertex of V(G)\NV (Capt1)
is in V*, then a(I()) :23—[ > for s e N.
n+1 _
In particular, the Waldschmidt constant of I is given by

a\(I~):2n+1

n+l’

(4) If at least one of the vertices of V(Caps1) is in V*, then a(I¢)) = 2s for s e N.
In particular, the Waldschmidt constant of I is given by

a(l) =2.

Proof. Let I be the edge ideal of G and ® is same as defined in Notation

(1) Since G is a unicyclic graph with a unique odd cycle Copy1 = (21,...,%2n41),
by [1I, Lemma 3.3] , we have I®) = I* for 1 < k < n and 1D = 1 4
(x1-T2p41). Thus, by Theorem B, ®(I*)) = &(1%), ie., I®) =TF for 1<k <n
and ®(I(D)Y) = S(I™) + D (21 2ans1), L€, T = [ 4 (o).

k
(2) By [1I, Lemma 3.4], we have I6) = Elsft(ml)(a:lm:ngml)t. Then by Theorem
t=0
~ k ~
B applying ® on both sides, we get (%) = Elsft("”)(c)t.

=0
(3) Assume that none of the vertices of V(Cons1) is in V*. Thus by (1), 1D =

I+l 4 (e) = Ity (x1---won+1). Since all the edges of cycle are without any
element of V*, a(I®) = a(I®) = 2s for all s. Here a(c) = 2n + 1, thus we have
(I D) = (1)) = 2n + 1. Since I®) is generated by I and 1+ [(5) ig

generated by I and I(™*Y) which implies a(1®)) = a(1(®)). Therefore by [I1}

~ ~ 1 2 1

Theorem 3.6], we have a(1(®)) = 2s - [LJ Hence (1) =2 - -yl
n+1 n+l n+1l

(4) Assume that at least one of the vertices of V(Cap41) is in V. By (1), we have

~ ~ k ~

I6) = s 4 Elsft(”ﬂ)(c)t. Since GG contains a unique odd cycle, there is an
t=1

edge of odd cycle without any element of V*. Thus a(1®) = a(I®) = 2s for all

s. Since the cycle Cy,.1 contains at least one element of V', a(c) > 2(n + 1)
and a(c) > 2t(n +1). Also a(I*1 "D = 25 — 2t(n + 1) and a(I* "D (c)!) >
25— 2t(n+1)+2t(n+1) = 2s for 1 <t < k. Since a(I®) = 2s, a(I*)) = a(I°) = 2s.
Hence @(]) = 2.

U
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Proposition 3.10. Let I be the edge ideal of a weighted oriented complete graph D

where the elements of V' are sinks and let G be the underlying graph of D on the

vertices {x1,...,x,}. Then

(1) For any s >n, we have I®) = > @ fe-nt

(r1,..srn-1) and
s=r1+2ra+-+(n-1)rn-1

(2) For any s €N, a(I®) :s+[ > 2].
n_

In particular, the Waldschmidt constant of I is given by

~ n-1
a(l)=——.
a(l) p—

Proof. Let I be the edge ideal of G and ® is same as defined in Notation

(1)

By [4, Theorem 4.2] for any s >n, we have

JQ Z @ -yt
(r1,..0s7n-1) and
s=r1+2ra+-+(n—1)rn-1

By Theorem B.7] applying ® on both sides we get
76 = 3 @ jn-1)mt

(r1,..srn—-1) and
s=r14+2r2+-+(n—1)rp_1

Since D is a weighted oriented complete graph and all the elements of V* are
sinks, there is only one element in V*. Without loss of generality, we may assume
that the only element in V™' is z, where w,, := w(z,). For 1 < s <n -1 by the
definition of I®), no monomial of degree s is in I®). Note that for 1 < s <
n—1, z129xes1 € I8, Then by Theorem B7, ® (129 s11) = T1X2Tss1 €
I®) for 1 < s <n-2 and O(z129:y) = XXy € I™=1) Since degree of
any monomial can not be reduced under the map ®, x1xo---xs11 is one of the
least degree generator in both I(®) and I®) for 1 < s < n— 2. Hence a(I®®) =
a(I®)) = s+1 for 1 < s <n-2. Since -z, is the only minimal generator
of degree n in I" 1| there is no minimal generator of degree n in I as
deg(x129x,") > n + 1. By the definition of I(s), :E%x%---xn,l e I Then by
Theorem BT, ® (22232, 1) = 22032, 1 € ™D, Since deg(a2a3--2,_1) = n+1,
23231, 1 is one of the least degree generator of 1"V and hence a(1("1)) =
n+ 1. Here :E%:E%---xn,l = (x129-xp-1)(T122) € I D where z1292y_1 and 2179
are one of the least degree generators of ("2 and T respectively. Therefore
one of the least degree generator of (") can be generated by the least degree

generators of ("2 and I.

By the above argument, one of the least degree generators of I(*) can be generated
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by the least degree generators of I, I®, ... 12 Now from (1), by assuming
ot = 0, it follows that for s> n, a(I®)) = min{2ry +3rg +--+(n—1)rp_2| s=
r1+2ro+--+(n=2)rp_2}. Now 2r1 +3rg+---+(n—1)r,_o = s+r1+ra+---+r,_o. Then
it is equivalent to find the minimum of r =ry +ro---+ r,_o with the condition
s=r1+2ro+---+(n—2)ry_2. Write s = k(n—2)+p for some k € Z and 0 < p <n-3.
Here the minimum value of r will occur for maximum value of r,_9 and the

maximum value of r,_o is k. So the minimal generating degree term will come
from (2" f(®) Thus

a(I®) :{ k(n-1)+(p+1) ifp=0,

k(n-1) itp=0
s+1+l i J if p+0,
B n-2
a(I(s)):
S .
s+ln_2J ifp=0
Therefore a(f(s))=s+[ > ].Also i S[ i ]S ° _ 41. Hence
n-2 n-2 In-21" " n-2
- 7(s) _
a(f) = tim 2 g, L _nol
5—00 S n-—2 n-—2

O

Remark 3.11. In Corollaries and [3.3] we proved the equality of ordinary and sym-
bolic powers for weighted oriented unicyclic graphs and complete graphs under certain
orientations and weights. If we change the orientation and weights, we may lose the
equality of ordinary and symbolic powers as it was shown in Propositions B.9 and B.10l

9 T3 xs3
x2 X4 Z2 T4
2 2 2 2
2 2 1
1 D, T5 €1 Do €5

FiGURE 1. Two weighted oriented odd cycle’s of length 5.

For example consider D7 and Dy be the weighted oriented odd cycles as in Figure [1I
Then I(D1) = (z123, 2022, 2323, w422, v50%) and 1(D3) = (z123, ¥373, 1373, 325, T125).
In D1, edges are naturally oriented and w(x;) = 2 for each vertex z;. In Dy, vertices of
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V*(Dy) = {x3,24} are sinks. By Corollary B2, I(D;)®) = I(D;)* for all 5 >2 where as
by Proposition B3, 1(D3)®) # I(Dy)* for all s> 3.

Proposition 3.12. Let I be the edge ideal of a weighted oriented graph D where the

elements of V* are sinks and let G be the underlying graph of D which is a clique sum

of two odd cycles Capi1 = (%1,...,Ton+1) and Ch, 1 = (1,Y2,...,Y2n+1) of same length
with a common vertex x1. Let ¢ = ([Tv|v € V(Capns1) N V(T v“’(”)|v e V(Cops1)NVT)
and ¢ = (TTelo € V(Clhy) N VE(IT0" o € V(Chyyy) 1V).

(1) Then I =I° for 1< s<n and I = "1 4 (¢) + ().

(2) Let s €N and write s =k(n+1)+r for some ke€Z and 0 <r <n. Then

k
j(s) - Z js—t(n-%—l)(c)p(cl)q.

p+q=t=0

only one o. € TWo CcYycles aoes not conrain any ewement o. y en jor s € y
3) If onl f the t les d t contai lement of V*, then for s € N

a(f(s)) =2s— l%lJ In particular, the Waldschmidt constant of I is given by
n

(4) If both cycles contain some element of V*, then for s € N, a(I®)) = 2s. In

particular, the Waldschmidt constant of I is given by Zi(j: )=2.

Proof. Let I be the edge ideal of G and ® is same as defined in Notation

(1)

Since G is the clique sum of two odd cycles of same length with a common
vertex, by [4, Corollary 3.15], we have I®) = 1% for 1 < k < n and 1D =
I 4 (21-29n41) + (2192-Y2ns1). Thus by Theorem [3.7 @(I(k)) = (1%, ie.,
I®) = 1% for 1 <k <n and <I>(I("+1)) = O(I") + B(21Tons1) + P(T1Y2Yons1)s
e, IHD = [y () + ().

Let s € N and write s = k(n + 1) + 7 for some k € Z and 0 < r < n. By [4

k
Theorem 3.16], we have I(%) = > 1571 D) (1991 )P (212 Yans1)?. Thus
p+q=t=0

~ k ~
by Theorem 377, applying ® on both sides we get 1(*) = > 171D ()P ().
p+q=t=0
Assume only one of the both cycles does not contain any element of V*. Without

loss of generality let Cs,,1 be the one without any element of V*. Thus by
(1), 1D = [ 4 (e) + () = I + (@1-@9p41) + (¢]). Since all the edges of
cycle Copy1 are without any element of V*, a(I®) = a(I®) = 2s for all s. Here
a(c) = 2n+1and a(c') 2 2n+2. Thus we have a(I1(™*1) = o(1"*1)) = 2n+1. Since
I is generated by I and I("*1D | T(5) is generated by I and I™*1) which implies
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a(I®)) = a(I)). Therefore by [, Theorem 3.12], we have (1)) = 25 — l i 1J.
n
1 2n+1

n+l n+1’ _ B
(4) Assume both cycles contain some element of V*. By (1), we have I(®) = I* +

Hence @(1) =2 -

k ~
oI s=#(n+1) ()P ()2, Since G contains odd cycles, there exists an edge in each
p+q=t=1

odd cycle without any element of V*. Thus a((I*) = a(I®) = 2s for all 5. Since each
of the both cycles contain some element of V*, a(c) >2(n+1), a(c) >2(n+1),
a(c?) > 2p(n+1) and a(c?) > 2g(n +1). Also a(I7H"*1)) = 25 - 2t(n + 1) and
(I ) ()P()) > 25 -2t(n+1) +2p(n+1) +2¢(n+1) = 2s for 1 <t < k. Since
a(I°) = 25, a(I®)) = a(I*) = 2s. Hence a([) = 2.

O

4. REGULARITY IN WEIGHTED ORIENTED ODD CYCLE

In this section, we focus on weighted oriented odd cycles where the elements of V' are
sinks and we set V* # ¢. We first show that regl () < reg I* and then we explicitly
compute reg(I¢)/I*). As a Corollary, we conclude that the equality regI(®) = regI®
occurs if V* has only one element.

Lemma 4.1. Let I be the edge ideal of a weighted oriented cycle D where the ele-
ments of V* are sinks and let G be the underlying graph of D which is the cycle
Con+1 = (21,...,@ons1). Let w; = w(x;) where x; € V', w, = max{w; | z; € V*} and
w= Y (w;-1). For s €N, let s = k(n+1) +r for some k € Z and 0 < r < n. Then

:Ei€V+

m-Dwerw eyt ¢ [+l for 1 <t < k where ¢ = (ITxjle; ¢ V(I m;.uj|a:j e V') and
m=(21,...,Ton41) 18 the mazimal homogeneous ideal.

Proof. Here ¢ = ([Tzjlxz; ¢ V*)(IT w;)j|xj € V*) and x, be an element of V* with maxi-

mum weight. Here
I-= (a:,x;U” if ;€ V" or zuy if @, ¢ V' | {wi 25} € E(Contt)).

Let f= J] $§wj_l). Then deg(f) = w and f is a minimal generator of m*. Let g =

eVt
2, ("D fet for some ¢t where 1 < ¢ < k. Then g € mt=Dwvm® ()t = mE-Dworw ()t e
want to prove that g ¢ I*("*1).
Note that ¢ can be expressed as the product of n minimal generators of I and any z;
where z; ¢ V* or the product of n minimal generators of I and any x;" where z; € V7.
So the product of ¢ only with any x;.uj for some x; € V* or x; for some x; ¢ V7 is exactly

the product of n+1 minimal generators of I. Hence the product of ¢! only with ¢ number
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of x;-uj for some x; € V' or x; for some x; ¢ V™ is exactly the product of ¢(n+1) minimal

7 oQ: _ (wji-1)
generators of I. Since f= [] z;

. +
zjeV

. . . w4
is neither a multiple of x ; ? for some z; € V' nor

x; for some z; ¢ V¥, a:v(t’l)“’”f can not be a multiple of product of ¢ number of x;.uj
for some z; € V" or x; for some z; ¢ V. Note that 2, D% £ i a multiple of product

(t=Dwo £t s not a multiple

of only ¢ — 1 number of x;.uj for z; = x, € V*. Therefore z,
of product of any ¢(n + 1) minimal generators of I. So ¢ = z, (Do et ¢ THD) | Hence

mt-Dwerw eyt ¢ fin+l) for 1 <t < k. =

Lemma 4.2. Let I be the edge ideal of a weighted oriented cycle D where the ele-
ments of V' are sinks and let G be the underlying graph of D which is the cycle

Con+1 = (21,...,@ons1). Let w; = w(x;) where x; € V', w, = max{w; | z; € V*} and

w= Y (w;-1). For s €N, let s = k(n+1) +r for some k € Z and 0 < r < n. Then
:Ei€V+

mk-Dwotwtl 7(s) ¢ s yhere m = (x1,...,%on41) s the mazimal homogeneous ideal.

Proof. Let ¢ = (ITxjlxz; ¢ V)(TT w;)j|xj € V). Let x, be a vertex of V* with maximum
weight. Here

I-= (a:,x;U] if ;€ V" or wuy if @, ¢ V' | {wi, 25} € E(Contr)).

~ ~ k ~
By Proposition 3, we have I(*) = I+ > I D () Since w + 1 = > (w; —1)+1, any
t=1 zieV*

. . w4 .
w+l can be viewed as a multiple of = J ? for some x; € V' or a multiple of x;

element of m
for some z; ¢ V. Note that the product of ¢ only with any a:;."j for some z; € V" or x; for
some x; ¢ V' is exactly the product of n + 1 minimal generators of I. Thus any element
of m“*!(¢) can be represented as a multiple of product of n + 1 minimal generators of I
and hence m“*!(¢) ¢ I"*!. First we want to show that m“*m®*!(¢) ¢ m»*1 "1,

Let t; e m“»m®*!(c) such that t; = tot3 where t; e m** and t3 € m**1(¢). Since m¥*!(c) ¢
I™1 tg is a multiple of product of n+1 minimal generators of I. Let the product of those
n+ 1 minimal generators of Iis ty, i.e., ty € ™1 Then tj = t3 /t4 is a monomial of degree

at least Z (w; —1). Here tot5 € m**! because w, + Z (wi-1) =w+1. So
zi€VHi{zy} zieVi{zy}
ty = totz = totyts = (tots)ty e MW" Thus m¥»m¥*(c) c m@* "+ Hence

mEDworwrl ()t - (t=Dw (=Tl oy
= mE2we ()t e ul ()
c m{t-Dws (pyt-Lpw+l sl
= m )W ()2 utl (o o+l

c m(t73)wv (C)tf2mw+1j2(n+1)
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c mw+1(c)[~(t71)(n+1)
c jn+1l~(t—1)(n+1)

_ [Nt(nJrl) )

Therefore
mE=Dws L f—t(nal) oyt g (b=t Fs—t(ns1) g (= Dwyswsd ()1
c mk—tywy Fs—t(n+1) j(n+1)
c m{E-two s

cI®for1<t<k.
k
Hence m(kfl)wu+w+1[~(s) _ m(kfl)wv+w+1(js + Z jsft(nJrl)(c)t) c [Ns' O
t=1

Theorem 4.3. Let I be the edge ideal of a weighted oriented cycle D where the el-
ements of V' are sinks and let G be the underlying graph of D which is the cycle
Con+1 = (21,...,@ons1). Let w; = w(x;) where x; € V', w, = max{w; | z; € V} and
w= Y (w;-1). For s €N, let s = k(n+1) +r for some k € Z and 0 < r < n. Then

:Ei€V+

reg 1) <reg I®.

Proof. Let m = (x1,...,%2,+1) 18 the maximal homogeneous ideal. By Lemma (4.2l we
have m(k~Dworw+l11(s) ¢ s Thus I¢*)/I* is an Artinian module. Therefore dim(1(*)/®) =
0 and hence H%(I()/I°) =0 for i > 0. Consider the following short exact sequence

0-I®/I* - R/I* - R/I® - 0.

Applying local cohomology functor we get HZ (R/I®)) = HL(R/I®) for i > 1 and the
following short exact sequence

0~ Hy(I®)/I°) > Hy(R/I°) - Ho(R/I®)) > 0. (1)

Now by the exact sequence (), we have ag(R/I®)) < ag(R/I®). Thus we can conclude
that reg(R/I®)) = max{a;(R/I®) +i | i > 0} < max{a;(R/I®) +i|i>0} = reg(R/I*).
Hence reg I®) <regI°. O

Theorem 4.4. Let I be the edge ideal of a weighted oriented cycle D where the el-
ements of V* are sinks and let G be the underlying graph of D which is the cycle
Cons1 = (21, .., Tons1). Let w; = w(x;) where x; € V) w, = max{w; | z; € V*} and
w= Y (w;-1). For s €N, let s = k(n+1) +r for some k € Z and 0 < r < n. Then

xiEV*

reg(I®)/1%) = (s —=n—1)(1 + wy) + 2w +2n+ 1 for s >n + 1.
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Proof. We fix s >n+ 1. Let ¢ = ([Txjlz; ¢ V)(IT x;-ujlxj e V*) and m = (z1,...,Z2041)
be the maximal homogeneous ideal. Let x,, be an element of V* with maximum weight.
By Lemma E3Z, we have m(F~Dwerw+1(s) ¢ 15 Thus I(9)/I° is an Artinian module.
Therefore dim(I*)/I°) = 0, HY(I®)/I*) = I9)/I° and HL(I®)/I*) = 0 for i > 0. So
reg(1)/I°) = ag(I¢) /I*). We want to prove that one of the maximum degree element
of I*) which does not lie in I* will come from the ideal 15" (¢)!

k

By Proposition B0, we have 1(®) = I* + ZIS%("”)(c)t. Here deg(c) = 2n+ 1+ w and
t=1

deg(c') = t(2n +1+w). Without loss of generality we can assume that z, # x2,,1. Then

Ty Tys1 1S @ maximum degree minimal generator of I which implies that one maximum
degree minimal generator of IS 1) ig (%o, )57 and its degree is (s - t(n +
1))(w, +1). From the proof of Lemma 2, we observe that m(t-Dwetwslicyt ¢ ftn+l)
for 1 <t < k. Thus by Lemma E1] the maximum value of u such that m*(c)* ¢ I*("+1)
is (t - 1)w, +w for 1 <t < k. So the maximum degree of an element of the ideal (c)
which does not lie in I*"™*1) is (t = 1)w, + w + t(2n + 1 + w) for 1 < ¢ < k. Hence the
maximum degree of an element of 7*7*("*1)(¢)* which does not lie in I°~(?+1) JH(n+1) _ s
is(s—tn+1)(wy,+ 1)+ (t—Dwy, +w+t(2n+1+w) for 1 <t <k. Let d(t) = (s—t(n+
D) (wy +1)+ (- 1Dwy +w+t(2n+1+w) for 1 <t <k. If t; < t9, then

d(t1) —d(te) =(s—t1(n+1))(wy +1) + (t1 - Dwy +w+t1(2n + 1 + w)
—(s—ta(n+1))(wy +1) = (t2 - Dwy —w —t2(2n + 1 + w)
=(ta—t1)(n+1)(wy + 1) = (ta —t1)wy, — (t2 —t1)(2n + 1 + w)
=(te—t1)((n+ 1) (wy +1) —wy, — (2n + 1 +w))
= (ta—t1)(n(wy, + 1) = (2n + w))
= (ta —t1)(n(w, — 1) +2n - 2n - w)
= (ta —t1)(n(wy, — 1) —w).
Since |E(D)| = 2n+1, there are at most n elements of V*. So n(w,-1) > > (w;j—-1)=w

xiEV*

which implies that d(t;) —d(t2) > 0. Thus d(1) > d(2) > --- > d(k). Therefore one of the
maximum degree elements of 1(*) which does not lie in I° will come from I°~(**1 (¢) for
t =1 and its degree is d(1) = (s—n-1)(wy+1)+w+(2n+1+w) = (s—n-1)(wy+1)+2w+2n+1.
Hence reg(1®) /I°) = ag(I®)/I°) = (s =n—1)(wy + 1) + 2w+ 2n+ 1 for s >n + 1. O

Corollary 4.5. Let I be the edge ideal of a weighted oriented cycle D where the elements
of V* are sinks and let G be the underlying graph of D which is the cycle Capiq =
(1,...,x9n41). Let V' ={x,} and w, = w(zy) for some x, € V(Copy1). For s € N, let
s=k(n+1)+r for some keZ and 0<r <n. Then reg I®) = reg I* for all s.
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Proof. Let I be the edge ideal of G and ® is same as defined in Notation First we
fix s > n+ 1. Consider the following short exact sequence

0- I/ > R/I* - R/T®) - 0. (2)

Without loss of generality we can assume that V* = {x;}. Thus by Theorem [£.4], we have
reg(I®)/1%) = (s =n— 1) (w1 + 1) + 2(w; — 1) + 2n + 1. Here zox; € I and by definition of
I®) | we have (xox1)® € I¢). Observe that (z221)° is a minimal generator of I(*). Then
by Theorem B, ®((x2x1)?) = (wozy™)" € 1) and (zox]")® is a minimal generator of
degree s(w; +1) in I¢®). Since there exist a minimal generator of degree s(w; +1) in 1%,
we have

reg(1®)) > s(wy + 1)
=(s—-n-1)(wi+1)+(n+1)(w; -1+2)
=(s—n-1)(wr+1)+(n+1)(w;-1)+2(n+1)
> reg(7)/ %)

as n > 1. So reg(R/I*)) > reg(I(*)/I°). Thus by the exact sequence (2) and [12, Lemma
1.2], we have reg(R/I®) < reg(R/I®*)). Also by Theorem E3] we have reg(R/I()) <
reg(R/I®). Therefore reg(R/I®)) = reg(R/I®), i.e., regI®) = regI® for s > n + 1. By
Proposition 3.9, we have reg I = reg I° for 1 < s <n. Hence reg I6) = reg I° for all s.
(]
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