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ON SINGULAR EQUATIONS OVER TORSION-FREE
GROUPS

MARTIN EDJVET AND JAMES HOWIE

ABSTRACT. We prove a Freiheitssatz for one-relator products of
torsion-free groups, where the relator has syllable length at most 8.
This result has applications to equations over torsion-free groups:
in particular a singular equation of syllable length at most 18 over
a torsion-free group has a solution in some overgroup.

1. INTRODUCTION

An equation over a group A in an indeterminate t is just an expression
w(t) = 1, where w = w(t) is a word in the free product A * (t). This
equation has a solution in A (resp. in an overgroup G of A) if there
is an element h € A (resp. h € G) such that substituting h for ¢ in
w and evaluating in A (resp. G) gives the identity. It is well-known
that a solution for w(t) = 1 exists in some overgroup if and only if the
natural map from A to G := (A * (t))/N(w) is injective (where N(w)
denotes the normal closure of w in A x (t)) — in which case G may be
taken to be the overgroup in question, and the coset ¢.N(w) to be the
element h in the definition.

Thus there is a natural connection between the study of equations
over groups and that of one-relator products. A one-relator product of
groups A, (A € A) is the quotient G of the free product *ycp Ax by the
normal closure of a single element w. A one-relator product G of groups
A, is said to satisfy the Freiheitssatz if each A, embeds in G via the
natural map. This idea generalises the classical Freiheitssatz of Magnus
[16]. In the case where {Ax, A € A} = {A, (t)}, the Freiheitssatz says
that the equation w(¢) = 1 has a solution in G, and moreover the
solution element h = t.N(w) has infinite order in G.

Equations over groups and one-relator products have been studied
extensively by various authors over a long period. (See, for example,

[5], [6] and [9].)

2010 Mathematics Subject Classification. Primary 20F70, 20F05. Secondary
20E06, 20F06.
Key words and phrases. Equations over groups, One-relator products.
The second author was supported in part by Leverhulme Trust Emeritus Fellow-
ship EM-2018-023\9 .
1


http://arxiv.org/abs/2001.07634v1

2 MARTIN EDJVET AND JAMES HOWIE

In the present article we consider equations over torsion-free groups.
The most striking result here is that of Klyachko [I4], that any equa-
tion with exponent sum +1 in the indeterminate has a solution in an
overgroup. If we write

w = art™V g t™®) € Ax (1)

as a cyclically reduced word with a; € A and m(i) € Z for each 1,
then by definition the exponent sum is 3. m(i). An equation with
exponent sum 0 is called singular; one with non-zero exponent sum is
called non-singular. In general it seems to be easier to prove results for
non-singular equations than for singular ones. For example if K = 4 and
m(i) =1 (1 < i < 4) then there is always a solution [I5]; if m(j) =1
(1 < j < 3)and m(4) = —1 then there is always a solution [§]; if
m(1) = m(2) = 1 and m(3) = m(4) = —1 then there is a solution
provided one assumes that a? # 1, a3 # 1 and ajay # 1 [7]; or if
m(1) = m(3) = 1 and m(2) = m(4) = —1 the problem remains very
much open.

Our interest in the present article is more focussed on singular equa-
tions, in the spirit of [4] (see also [1], [12], [13] and [17]). Our principal
result is the following.

Theorem 1. Let A, B be torsion-free groups, and let
w = albl...akbk €c AxB

where a; € A and b; € B for each i = 1, ...,k and where the a; and the
b; are non-trivial. If k < 4 then each of A, B embeds in

G :=(Ax B)/N(w)
via the natural map.

This result has some obvious consequences for the study of equations
over torsion-free groups. The first of these is an extension of |4, Theo-
rem 2(iv)] from k < 3 to k < 4, and is obtained by putting B = (t) = Z
in Theorem [II

Corollary 2. Let G = (A (t))/N(w), where A is torsion-free and let
w = ayt™V . aqpt™®) € Ax (t)

where the a; are non-trivial elements of A,each m(i) # 0 and k < 4.
Then the natural maps A — G and (t) — G are injective.

The next result specifically addresses the solubility of certain singular
equations, that is equations w(¢) = 1 in which the exponent sum of the
variable ¢ in the word w is equal to 0.

Corollary 3. Let
w = ayt™V . aqpt™) € Ax (t)
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be a word where the a; are non-trivial elements of A and each m(i) # 0
such that Zle m(i) = 0 and such that the sequence of partial sums

i=1

( ] m(z))k attains its mazimum value at most four times and its
minimum value at most four times. Then the natural map
A= G:=(Ax(t))/N(w)
18 injective.
Recall that the syllable length of a cyclically reduced word w =

apt™W . qt™*®) € A x (t) where the a; are non-trivial elements of
A and each m(i) # 0 is defined to be 2k.

Corollary 4. Any singular equation of syllable-length at most 18 over
a torsion-free group has a solution in an overgroup.

This generalises [4, Corollary 4], which proves the same result for
equations of syllable length at most 14.

The remainder of the paper is structured as follows. In Section [2] we
prove Corollaries [2, [3] and [l assuming Theorem [II We then split the
proof of Theorem [I] into two cases: the case where one of the factor
groups A, B is cyclic is dealt with in Section Bl

In our proofs we rely heavily on the theory of pictures over one-
relator products and over relative presentations. For details of the basic
theory and terms used for one-relator products the reader is referred to
[T1]; and for relative presentations see [2] or [3, Section 3|. In particular
aspherical will mean aspherical in the sense of [2] and diagrammatically
reducible in the sense of [3].

2. PROOF OoF COROLLARIES

Proof of Corollary [2 As mentioned in the Introduction, the proof
follows immediately from Theorem [l by setting B := (t). O

Proof of Corollary Forn € Z, let A, = t"At™™ C Ax (t). The
normal closure of A in A x (t) is the free product of the A, for all
n € Z. Since w has exponent sum 0 in ¢, it belongs to this normal
closure, and hence can be uniquely written as a word wgy € *,c7A4,.
Let us denote by u, M the minimum and maximum respectively of

, k
the sequence of partial sums ( i m(z)) . Then it is routine to
=1

check that wy is a cyclically reduced word in **_ ,An that contains let-
ters from each of A, and Ay;. Write B_ := *ﬁ:}An, B, = *7]?:““14”
and
«M A,
H ==t _,
N(U}O)

Then H = (B_ x Ay)/N(wo) = (By * A,)/N(wp). By hypothesis
wp has a cyclically reduced conjugate in B_ x Aj; of syllable-length at
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most 8, so each of B_, Aj; embeds in H via the natural map. Similarly
each of B, A, embeds in H via the natural map.

Finally, note that G' can be written as an HNN extension of H with
stable letter ¢t and associated subgroups B_, B,. The result follows. [

Proof of Corollary[4l Using the same notation as in the proof of Corol-
lary 3], if w has syllable length 2k < 18 in A x (t), then wy has syllable
length at most £ < 9in B_ x Ay and in B} * A,. Hence w, involves
at most 4 letters from A, and at most 4 from A,;; equivalently, the
sequence of partial sums in Corollary [3 reaches its maximum and its
minimum at most 4 times each. The result follows from Corollary [l
OJ

3. THE CycLiCc FACTOR CASE

The proof of Theorem [l will be given in this and the next section.
As usual, we may reduce to the case when A is generated by the a; and
B by the b; (1 <i <4), so we assume this throughout without further
comment. Moreover if k& < 3 then the result follows from [4, Corollary
3], so assume from now on that k = 4.

The element a; is said to be isolated if no ap belongs to the cyclic
subgroup generated by a; for k # 7; and similarly for b;. If there is an
isolated pair a;, b; for some 1 <4, j < 4 then Theorem 1 follows from [4]
Theorem 1], and this fact will be used throughout what follows often
without explicit comment.

In this section we prove the special case of Theorem 1 in which one of
the factor groups A, B is cyclic. If both are cyclic Theorem 1 follows
by the classical Freiheitssatz [16] so it can be assumed without any
loss that A is not cyclic and B = (t) is infinite cyclic generated by t.
Therefore each b; has the form t™9) for some m(j) € Z\{0}. The result
has been proved in [I3] except in the case where all the m(j) have the
same sign, so suppose without loss of generality that m(j) > 0 for each
j. The injectivity of A — G is then a result from [I5], so it suffices to
show that B — G is injective, that is, ¢ has infinite order in G.

If the relative 1-relator presentation

P: G2 (At ait™Dast™® agt™® g 0m@)

is aspherical then ¢ is known to have infinite order in G [2], so we may
assume that P is not aspherical. By [4, Theorem 2] the result holds
(that is, ¢ has infinite order in G) unless

(3.1) ajasasay = 1

in A so we assume that this equation holds. We separate the proof into
three cases.

Case 1: a; # as # a3 # a4 # a; in A. The star graph I" of P consists
of two vertices 1, and m(1) +m(2) + m(3) + m(4) edges from ¢~ to
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FIGURE 3.1. the region A

t. For a full discussion on star graphs and weight tests the reader is
referred to [2, Section 2], or [3, Section 3.2]. Four edges are labelled
ai, as, as, ay and the remainder are labelled by 1 € A. Define a weight
function by assigning weight 1 to the edges labelled 1 € A, and weight %
to the other four edges. If the four elements a; € A are pairwise distinct
then the weight function, and therefore P [2] Theorem 2.1], is aspherical
contrary to hypothesis. Hence two of the a; are equal, and by symmetry
we may assume that a; = az. Given this, cyclic permutation yields
the symmetry (m(1), m(2),m(3),m(4)) <> (m(3),m(4),m(1), m(2)); in
particular, we can work modulo as <> a4. Furthermore, using cyclic
permutation, inversion and x <+ x~! we can in addition use the second
symmetry (m(1),m(2),m(3),m(4)) <> (m(2),m(1), m(4),m(3)).

Now define a new weight function by assigning weight 1 to every
edge of T' except for the two edges labelled as and a4, which have
weight 0. Since P is not aspherical there must be an admissable closed
path in I" of weight less than 2. Up to cyclic reordering and inversion,
the label of such a path is one of: (i) (ay'as)™; (ii) 2~ as(a; 'ay)™; (iii)
ay ' x(ay tag)™; (iv) 17 ag(ay tag)™; or (v) ayt1(ay tay)™ for some m > 1
(where x denotes a; or az). Working modulo as < a4 it is sufficient to
consider only cases (i), (ii) and (iv).

In case (i), since A is torsion-free, we have as = a4. Using equation
B.1) we obtain 1 = ajasazay = (a1a2)* in A and so aja, = 1 in A,
contradicting A non-cyclic.

Consider now case (ii). If m(1) = m(3) and m(2) = m(4) then G =
(H,t|t"@aztm3) s~ = 1), where H = (A, s|saysas = 1) is obtained
from the torsion-free group A by adjunction of a square root, and hence
is also torsion-free. The result follows from [4, Theorem 2 (iv)]. It can
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be assumed then that either m(1) # m(3) or m(2) # m(4). Suppose
that S is a non-empty reduced spherical picture over P. Contract the
boundary of § to a point which is then deleted and let D be the dual of
S with labelling inherited from S§. In particular, since the natural map
from A to G is injective, each vertex label of D yields a word trivial
in A. Then D is a non-empty reduced spherical diagram over P whose
regions are given (up to cylic permutation and inversion) by A of Figure
3.1(i) and so the label of each region is read in a clockwise direction
whereas each vertex label is read anti-clockwise. For convenience we
depict A as shown in Figure 3.1(ii). Assign angles to the corners of
each region A of D as follows: each corner of a vertex in A of degree d
is given an angle 27 /d. This way the vertices each have zero curvature;
and if A has k vertices v; of degree d; > 2 (1 < ¢ < k), that is,
deg(A) = k, then the curvature ¢(A) of A is given by

(3.2) co(A) = (2—k)m+ 27 Z dli

which we sometimes denote by c¢(dy,...,d). It follows that the sum
of the curvatures of the regions of D is 47 (see [3, Section 3.3]) and it
is this we seek to contradict. Now the degree of each vertex v in D is
even since the label [(v) corresponds to a reduced closed path in the
star graph I' and so if ¢(A) > 0 then d(A) < 4; and indeed the fact
that m(1) = m(3) and m(2) = m(4) is together disallowed prevents
d(A) = 2 and so forces d(A) = 3. Assume that D is maximal with
respect to number of vertices of degree 2. Then the following labels
(up to cyclic permutation and inversion) for a vertex of degree 4 are
disallowed: ajaz;'117%; a;17 az'; ayaz 'ayaz’; and 1171117 where it
is understood that different edges are used for 117! or 17'1. This is
because in each case there is a bridge move that would create two ver-
tices of degree 2 but destroy at most one, contradicting maximality:.
Given this, the fact that A =< ay, a4 > is torsion-free and non-cylic,
each vertex label is a word trivial in A and that the relation for case
(i) implies a? = (a1a4)*™ ™!, an inspection of the closed paths of length
4 in I' shows that if d(v) = 4 then (up to cyclic permutation and inver-
sion) [(v) € {aia;tasa;’, asa; asa;’, ayaytasay?t, asay tagas '}, Now
ayaytagza;t = 1 implies @ = (a1a4)® = (agay)~>; and aja; 'agayt = 1
implies a? = (aya2)® = (asa;)™® so these labels cannot both occur.
Applying the symmetry as <> a4 it is enough to consider only [(v) €
{aja; asa;?!, asa; 'asa;}. Note also that, as shown in case (i), ay # ay
and so if d(v) = 2 then [(v) € {ajaz", 1171}, If my # mz and my # my
it is easily shown that if d(A) = 3 then A has no vertices of degree 4
and so ¢(A) < 0 (we omit the details). Applying the second symme-
try mentioned earlier it is sufficient therefore to consider the two cases
my = msg, my < my and my = ms, Mg > My.
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In what follows, in order to deal with regions of positive curvature we
use curvature distribution. Briefly, we locate all positive regions A and

-~

add ¢(A) > 0 to ¢(A) where A is some suitably chosen neighbouring

~ ~

region. Having done this for each A, let ¢*(A) denote ¢(A) plus all

~ ~

possible additions of ¢(A). If ¢*(A) < 0 for each region A then the
total 47 cannot be attained which is the contradiction we require.
First assume that m(1) = m(3) and m(2) < m(4). If d(uy) = 2
in Figure 3.1(i) then m(2) < m(4) forces a (uyg,uy)-split, that is, a
vertex of degree > 2 between uy and wuy; and so ¢(A) > 0 implies A
is given by Figure 3.2(i) in which m(2) < m(4) and no (ug,u3)-split
forces d(us) > 6 and m(2) < m(4) forces the (ugu;)-split in A at
some vertex u with d(u) > 6. Distribute ¢(A) < ¢(4,6,6) = 7/6 to
c(ﬁ) < ¢(4,4,6,6) = —/3 as indicated. If d(u;) > 6 and ¢(A) > 0
then A is given by Figure 3.2(ii) and again distribute ¢(A) < 7/6 to
c(ﬁ) < —7/3 as shown. If d(u;) = 4 and d(uys) > 6 then ¢(A) > 0
implies A is given by Figure 3.2(iii) in which m(2) < m(4) forces a split
in A at u with d(u) > 6. Distribute ¢(A) < 7/6 to c(ﬁ) < —7/3 as
shown. Finally if d(u1) = d(u4) = 4 then A is given by Figure 3.2(iv) in
which d(uy) = 4 forces d(v) > 6. Distribute 1¢(A) < 1¢(4,4,6) = /6
to each of c(ﬁl) < —m/3 where i = 1,2 as shown. This completes the
distribution rules from regions of D of positive curvature. But now
observe from the figures that if A receives any positive curvature then

¢(A) < —m/3 and A receives at most 7/6 from each of at most two

~

neighbouring regions. It follows that ¢*(A) < 0 as required.

Now assume that m(1) = m(3) and m(2) > m(4). Let d(u;) =
d(uz) = 2 in Figure 3.1(i). Then m(2) > m(4) forces a (uz,u3)-split and
so if ¢(A) > 0 then A is given by Figure 3.2(v) in which m(2) > m(4)
forces d(uy) > 6. If d(u) > 6 in Figure 3.2(v) then distribute ¢(A) <

~

7/6 to ¢(A;) < —m/3 as shown. On the other hand if d(u) = 4 then A
and A are given by Figure 3.2(vi) in which the labelling forces d(v) > 6

and again distribute ¢(A) < 7/6 to ¢(A;) < —x/3. If d(u;) > 2 and
d(uz) = 2 in Figure 3.1(i) then d(A) > 3. Finally let let d(u;) = 2
and d(uz) > 2. If any vertex other than wus,us, uy has degree > 2
then ¢(A) < 0, so assume otherwise. Then, as above, d(u;) = 2 forces
d(ug) > 6. If d(uz) = 4 then m(2) > m(4) forces a (uq,us)-split
so let d(ug) > 6. Thus if ¢(A) > 0 we must have d(us) = 4. But
then no (ug,us)-split forces m(3) > m(2) and no (ug,u4)-split forces
m(4) > m(3), a contradiction. This completes the distribution rules

~

and as in the previous subcase we have ¢*(A) < 0 as required.

In case (iv), the subgroup of A generated by ay and a4 is cyclic,
generated by a, 'ay. Using equation (B.1) we obtain a,'ay = (asas)?,
so the subgroup of A generated by asa, contains ay and a4, hence also
az and a, forcing A to be cyclic, a contradiction.
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(vi)

FIGURE 3.2. positive A and distribution of curvature

Case 2: a; = ap in A and by = by in B, that is, m(1) = m(2). If
az = a4 then a?a3 = 1 by (3.1). Thus A is a torsion-free homomorphic
image of the Klein bottle group, hence is locally indicable and the result
then follows [10]. So assume from now on that ag # ay.
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Assign weight 1 to each edge of the star graph I' of P except for
the edges labelled a3 and a4, which are given weight 0. Since P is
not aspherical there must be an admissable closed path in I' of weight
less than 2. Up to cyclic permutation and inversion the label of such a
path is one of: (i) (a3 as)™; (i) 7 ay(az "ay)™; (i) a3 *z(aztay)™; (iv)
1 Yay(az ay)™; or (v) az'l(az'ay)™ for some m > 1 where x denotes
aj; or ay. But in case (i), since A is torsion-free, we obtain az = ay,
a contradiction. The curvature arguments required for the remaining
four cases are similar to those of Case 1 and so we will omit some of
the detail.

As before, let D be a non-empty reduced spherical diagram over P
whose regions are given by Figure 3.1(i)-(ii); and the same assigna-
tion of curvature to the corners of each region A is used. We once
more make the assumption that D is maximal with respect to num-
ber of vertices of degree 2; and, subject to this, we make the addi-
tional assumption that the number of vertices of degree 4 with la-
bel 1171117! is minimal. With these assumptions an argument us-
ing bridge moves shows that in fact we may disallow the vertex la-
bels aja; taja; ' and 11711171, In order to check the possible labels
for a vertex of degree 4 we make use of the following observations
which appeal, in particular, to (3.1): if ajaz'ay = 1 then A = (a3) is
cyclic; if aja;'az' = 1 then (asas)® = 1 and it follows that a; = 1; if
ajaza;' = 1then A = (ay) is cyclic; if ajaz 'aja; ' = 1then A = (ay, a3)
where aza;a;’ = a;® and so A is a torsion-free homomorphic image of
the Baumslag-Solitar group BS(1, —3), hence is locally indicable and
the result follows [10]; or if ajaz'a;’ = 1 then A = (a;,as) where
azajaz' = a;? and so A is homomorphic image of the Baumslag-Solitar
group BS(1, —2) and similarly the result follows. Given these observa-
tions together with A torsion-free and non-cyclic it is readily verified
that if d(v) = 4 then (up to cyclic permutation and inversion) I(v) €
{a1a5' 117 zaz agast, zay tasayt za tas1™t 21 agas !, a 17 ag
asaytaz1™!, aza; la; '} where x = ay or ay.

Consider case (ii) and so aj'as(az'ay)™ = 1. If aya3'aga;’ = 1
then (az'ay)™? = 1 and so a3 = ay; if aja;'az = 1 then A = (a;)
is cyclic; if ajagaz’ = 1 then A = (a3'ay) is cyclic; or if a2a;' = 1
or aza;® = 1 then A is cyclic. Therefore if d(v) = 4 then I(v) €
{a1a5' 117 aray; tasa; (m = 1), apaytasa; ' (m = 1),a;17 1ay '}, Sup-
pose that m > 1. Then any vertex involving a3 or a4 has degree at least
6 and it is a routine check that ¢(A) < 0 for each region A. Let m = 1.
If m(1) = m(2) = m(3) = m(4) then since B = (t) = (b1, ba, b3, by) it
follows that m(i) = 1(1 <4 < 4). But then a; 'asaz'as = 1 implies
that the subgroup of A generated by loops in I is cyclic (indeed gener-
ated by aya;') and the result follows; so assume otherwise. Checking
then shows that if ¢(A) > 0 then either m(1) = m(4) > m(3) and A
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is given by Figure 3.3(i)-(iii); or m(1) = m(4) < m(3) and A is given
by Figure 3.3(iv); or m(3) = m(4) > m(1) and A is given by Figure
3.3(v). Distribute ¢(A) < 7/6 to c(ﬁ) < —7/6 as shown in Figure
3.3. If A receives positive curvature across exactly one edge we can
conclude that c*(ﬁ) < 0. This is certainly true for the last two cases
and if m(1) = m(4) > m(3) again we can see it holds since in Figure

3.3(i)-(iii) the curvature is distributed across the same (1, a3)-edge.

Consider case (iii) and so az'ai(az'as)™ = 1 and A = (as,a4).
If alazlagaf = 1 then az = ay; if alazlag =1 or a1a4a§1 =1
then A = (az'ay) is cyclic; or if a2a;' = 1 or aza;? = 1 then A is
cyclic. Therefore if d(v) = 4 then [(v) € {aya;' 1171 aya3 aga3' (m =
1), azaz 'agazt(m = 1),a;17 ay '}, If m > 1 then again ¢(A) < 0 for
each region A so let m = 1. If m(1) = m(2) = m(3) = m(4) then as in
case (ii) the subgroup of A generated by loops in I is cyclic (generated
by ajas'), so asume otherwise. The case m(1) = m(4) is symmetric to
case (ii). If m(1) < m(4) there is only one A for which ¢(A) > 0 and A
is given by Figure 3.4(i) in which ¢(A) < 7/6 is added to ¢(A) < —7/6
as shown, so ¢*(A) < 0. This leaves m(1) > m(4). Checking now
shows that if ¢(A) > 0 then A is given by Figure 3.4(ii)-(vi). In Figure
3.4(ii) and (iii) ¢(A) < 7/6 is added to c(ﬁ) < —m/6 as shown; and in
Figure 3.4(v) and (vi) ¢(A) < 7/3 is added to c(&) < —m/3 as shown.
In Figure 3.4(iv) however, ¢(A) < 7/6 is distributed to ¢(Ay) < —7/3
via c(ﬁl) < 0. The key point once again is that in Figure 3.4 curvature
is distributed across the same (1, ag)-edge each time and it follows that

c*(A) < 0.

Consider case(iv). Then ay(az'as)™ = 1 and so, in particular,
(as,as) = (az'a,) is cyclic. It quickly follows that if d(v) = 4 then
I(v) € {a1a5"117 Y aza; "la;*(m = 1),a;17  1ay '}, If m > 1 then, as
before, there are no regions having positive curvature, so let m = 1.
Note also that if m(1) = m(2) = m(3) = m(4) = 1 there are no ver-
tices of degree 4 which implies ¢(A) < 0, so we can assume otherwise.
Checking then shows that if ¢(A) > 0 then A is given by Figure 3.5(i)

o~

or (ii) and in each case ¢(A) < 7/6 is added to ¢(A) < —x/6 as shown

~

across the same (1, ay)-edge and it follows that ¢*(A) < 0.

Finally consider case (v). Then az'(az'as)™ = 1 and (as,as) =
(az'ay) is cyclic. Therefore if d(v) = 4 then I(v) € {aja; 1171,
asaytaz1™ (m =1),a;1 ' 1a;'}. As in case (iv) it can be assumed that
m = 1 and that m(1) = m(2) = m(3) = m(4) = 1 does not hold. But
checking now shows that ¢(A) < 0 for each region A and we are done.
Case 3: a1 = asin A and by # by # by in B. We need a few preliminary
results.

Lemma 5. If none of the a; is isolated then t has infinite order.
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FIGURE 3.3. positive A and distribution of curvature

Proof. If a3 is not isolated, then either a; = ay is a power of ag, or
a4 is a power of az. In the first case A is cyclic by (B.1), contrary to
hypothesis. Hence a4 = af' for some m. Similarly a3 = ajj for some n.
Hence a3 ' = 1 which forces m = +1. But if m = —1 then ([B.I)) gives
a? = 1, a contradiction. Hence m = 1 and ([B]) gives aaZ = 1. Asin
Case 2 above, A is then locally indicable and the result follows. O
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V) (vi)

FIGURE 3.4. positive A and distribution of curvature
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(if)

FIGURE 3.5. positive A and distribution of curvature

Lemma 6. Ift does not have infinite order, then one of the following
holds: (i) the subgroup of A generated by as,ay is cyclic; or (ii) az'a;
is a power of az ay.

Proof. As in the proof of Case 1 we construct a putative weight function
on the star graph I' of P. Assign weight 0 to the two edges labelled ag
and a4, and weight 1 to every other edge. Since P is not aspherical,
there is an admissable path of weight less than 2 and the possible labels
are of the form (i) (a3'as)™; (i) v as(az "as)™; (i) a3 'z(az as)™; (iv)
1 Yay(az tay)™; and (v) a3 '1(az as)™ for some m € Z, where z denotes
ay or as.

In case (i), since A is torsion-free, a3 = a4. Then a?a3 = 1 by (B.)
and as before A is a homomorphic image of the Klein bottle group so
is locally indicable hence the result. The other four cases each give one
of the two conclusions in the statement of the lemma. U

The next lemma is well-known, but we include a proof for complete-
ness.

Lemma 7. Let F be a field, G a torsion-free group, and o € FG
an element of the form ag + bh, where g, h are distinct elements of G
and a,b are non-zero elements of F'. Then « s neither a unit nor a
zero-divisor in F'G.

Proof. Suppose not. Then there exists § € F'G with support S of size
n < oo, such that af € F. The Boolean sum (¢S XOR hS) has an
even number of elements, but is contained in the support of a3, which
is either {1} or (). Hence ¢S = hS. For each s € S, it follows that
hg~'s € S. Tterating, (hg~!)"s € S for all n € Z,. But S is finite,
so the sequence {(hg~1)"s} has repetitions, and (hg~!)¥ = 1 for some
k > 0. Since G is torsion-free and g # h, this is a contradiction. U
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Corollary 8. If there exists a permutation o € Sy such that
m(o(1)) = m(a(2)) >m(a(3)) = m(o(4)),
then t has infinite order.

Proof. Since the b; generate (t), we can deduce that m(o(1)) and
m(o(3)) are coprime. Let p be a prime factor of m(o(1)). Now by
[4, Theorem 2], if ¢ has finite order then the element

a:=m(l) +m(2)a; +m(3)ajas + m(4)aiasas

is a unit in QB. Thus there exists § € ZB with setwise-coprime
coefficients such that aff € Z. Reducing modulo p, « is either a unit
or a zero-divisor in Z,B (depending on whether or not p|af). But
precisely two of the coefficients of o are coprime to p, so this contradicts
Lemma [7] O

Now let us return to the proof of the theorem in Case 3 (in which it
is more convenient to work with pictures over one-relator products).

Since P is not aspherical, there is a non-empty reduced spherical
picture S over the one-relator product (A * B | ajbjasbsazbzasby) [11].
The vertices of S have label a;b;asbsaszbsasby (up to cyclic permutation
and inversion) and the regions of S are either A-regions or B-regions
whose label equals 1 in A or B except possibly for the distinguished
region Ay if it is a B-region. This time assign angles to the corners of
S as follows: each corner of an n-gon is assgned an angle (n — 2)7/n.
This way the curvature of each region is 0 and, since the total curvature
is 47, there exists at least one vertex, v say, having positive curvature,
that is, the sum of the incident angles is less than 2. (See [L1], Section
3].)

Assume until otherwise stated that none of the regions incident at
v is Ay. Since there are eight edges incident at v some of the inci-
dent regions must be 2-gons. Indeed if there are at most two 2-gons
then clearly v does not have positive curvature, so assume otherwise.
Observe that no 2-gons at v can share an edge for otherwise one of
these is an A-region and by Lemma [fland A non-cyclic must have label
(ayay*)*. Hence one of the labels of the adjacent 2-gonal B-region
is b', while the other label is either b3' or b7' which contradicts
by # by # by. We may also assume that no four of the corners at
v belong to 2-gons. For otherwise, since no two of the 2-gons share an
edge, all four 2-gons belong to the same free factor A or B. But as
and a4 cannot be labels of 2-gonal regions, so our four 2-gons are all
B-regions. But by # b; # by then forces the b; to be equal in pairs, and
the result follows by Corollary Bl

It follows that v must have exactly three 2-gonal corners, four 3-
gonal corners and the eighth corner belonging to a 3-, 4- or 5-gon. (For
example, if there are two 4-gonal corners then v has curvature at most
2r — [3(w/3) +2(n/4)] = 0.)
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FIGURE 3.6. neighbourhood of vertex v

Now the corner at v labelled b; cannot be 2-gonal. For otherwise, by
hypothesis, it yields b; = bs. Since the b; cannot be equal in pairs, we
then have by # by. But also by # by # b, so the corners at v labelled
bs, by are not 2-gonal. Moreover, the corners labelled a;, as are then not
2-gonal since they are adjacent to the corner labelled b;, while those
labelled a3 and a4 are not 2-gonal since neither as nor ay4 is involved in
a relation of length 2 among the a;. But all of this contradicts the fact
that v has three incident 2-gonal corners. Observe also that at most
one of the corners labelled by, a; can be 2-gonal, and the same holds for
the corners labelled as, by. Hence the three 2-gonal corners at v consist
of: bs; one of by, ai; and one of as, by.

At least one A-region incident at v is 3-gonal, so there is a relator of
length 3 among the a;. Suppose first of all that such a relator involves
ay or ap. Letting z denote a; = ay, we have one of (i) 23, (i) 22z 1,
(iil) 2%a3?, (iv) 22a7’, (v) zai?, (vi) zai?, (vil) 2t lasay, (viii) 2*layas,
(ix) wasa; ', (x) waz'ay, (xi) 17 a3 ay, or (xii) v 'aza;'. Any one of
the relators (i)-(vii), together with the relator z?aszay from (B.I]) and
the fact that A is torsion-free, implies that A is cyclic, contrary to
hypothesis. Relator (viii) can be rewritten as a3 = a;'z* so 1 =
r?azay = v2a;'v*ay and A is the homomorphic image of the soluble
Baumslag—Solitar group BS(1, £2), so locally indicable. Relator (ix)
gives 1 = z%aszay = x%azxas, so A is cyclic and a similar contradiction
is obtained from (x). Relator (xi) can be rewritten as z = a3 'ay. By
Lemma [f either the subgroup of A generated by as, a4 is cyclic, or az '
is a power of az'ay = = and in either case A is then cyclic. A similar
argument applies to (xii), noting that the second possibility in Lemma
6l can be conjugated to: zaz ' is a power of ayas ' (= z). Thus no 3-gonal
relation among the a; involves a; or as.

Now consider the 2-gon with label b3 at v. We cannot have b; = b3
by the argument given above, so the other label of this 2-gon is either
by or by'. It follows that one of the neighbouring regions has a;* or

ay ' corner label, so cannot be 3-gonal. Thus every other corner of v
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is 2-gonal or 3-gonal. In particular, the a;- and as-corners are 2-gonal
and the by-, by- and by-corners are 3-gonal. Now the other label of the
2-gon at the a;-corner of v is ay ', and vice versa. Hence the other two
corners of the 3-gon at the b;-corner are labelled b, and b;'. Hence
we have a relation m(1) = m(2) + m(4) in B. The two cases for the
vertex v are shown in Figure 3.6(i), (ii).

Now recall from Lemma [b] that one of the a; is isolated in A and so
we may assume that none of the b; is isolated in B. If the m(j) consist
of two equal pairs, then the result follows from Corollary [§. There are
only two other possibilities: either three of the m(j) are equal, and
the fourth divides them (and hence is equal to 1 since the m(j) are
setwise coprime), or two of the m(j) are equal, and each of the other
two divide them (and are coprime to one another). In the first case
the only possibility is that m(2) = m(3) = m(4) > 1 and m(1) = 1,
in which case m(1) = m(2) + m(4) is clearly false. In the second case
m(3) is equal to either m(2) or m(4), and m(1) divides m(3). But then
m(2) + m(4) > m(3) > m(1), so the equation m(1) = m(2) + m(4)
again fails.

In conclusion, v does not have positive curvature.

To complete the proof suppose that A, is incident at v and that
Ay is a B-region of degree ky. It follows from the above that there
are at most three 2-gons distinct from Ay incident at v and so v has
curvature at most 27 — [4(7/3) + (ko — 2)7/ko| which implies that the
total curvature of S is at most (2 — k¢/3)7 < 4, a contradiction and
Theorem 1 follows for this case.

4. THE CASE OF No Cycric FACTORS

In this section we prove Theorem 1 under the assumption that neither
A mnor B is cyclic. The statement of the theorem will hold if the relative
presentation

Px: (A% B, X | a1 X1 X 'aoXbo X taz Xbs X 1ay Xby X 1)

is aspherical [I3]. The star graph I'x of Px consists of two disjoint
bouquets of circles, with 4 circles in each. One of these corresponds to
A and has edge labels ay, as, as, as; and the other to B and has edge
labels bl, bg, bg, b4.

Suppose by way of contradiction that S is a reduced spherical picture
over Px. As in Case 1(ii) of Section 3 contract the boundary of S to a
point which is then deleted and let D denote the dual, whose labelling is
inherited from S. The regions of D are A*! where A is given by Figure
4.1(i). The vertices of D are either A-vertices or B-vertices whose label
equals 1 in A or B except possibly for the label of the distinguished (A
or B) vertex vy of degree k.

The region A is called inner if vy is not a vertex of A, otherwise A
is a boundary region. The degree of A, denoted d(A), is defined to be
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(iv) (v)

FIGURE 4.1. region A, distribution of curvature and
star graphs

the number of vertices of A of degree > 2 except possibly vy if A is
a boundary region. Give each corner of D at a vertex of degree d the
angle 27 /d as before. Therefore the curvature of a region A of D is
again given by ([B.2) and the total curvature of the regions is 4.

If ¢(A) < 0 and d(A) > 4 for each inner region A of D then the
total curvature is at most > ¢(A’) where the sum is taken over all the
boundary regions A" of D. But then c¢(A’) < ¢(ko,3,3,3) = 275 < i—g,
so the total curvature is less than 47 from which we conclude that Py
is aspherical. We use curvature distribution as described in Section
3. Again let ¢*(A) denote ¢(A) plus all possible additions of ¢(A)
according to the distribution rules. If c*(ﬁ) < 0 for each inner A and
¢*(A) < 47 /ky for each boundary region A then the total 47 cannot
be attained and Py is aspherical.

Put

S RN S LT S
Sy = {aa3t, arait, arai’, azai’, agay', azay'} and

Sp = {b1bgt, bt bibrt, bobst, bobi !t bsbit )

It can be assumed without any loss that ng < n4 where n4, ng denotes
the number of admissable paths in 'y contained in S 4, Sp respectively.
If ny > 3 then A is cyclic (a contradiction); or if ng =ng =0or ny =
1, ng = 0 then d(A) > 6, and so ¢(A) < 0, for each inner region of D
therefore Py is aspherical by the above comments, so assume otherwise.
Given this, up to symmetry (obtained from cyclic permutation and
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inversion of the relator), the cases to be considered are the following.

na=1: alzag;alzagl;alzag;alzagl.

na=2: a; = as, a3 = G4, G = Ao, A3 :agl; aq :agl, agzagl;
a] = as, Qg = Q4; A1 = a3, A9 :azl; a1 :agl, a9 :all.

nag=3: alzagzag;alzaz_lzag;alzagzagl.

The following assumption will be made throughout.
(A) The number of A vertices v # vy of D of degree 2 is maximal.

First consider ny = nB = 1. Up to symmetry the subcases to be
considered are: a1 = a b1 = 62 ; 1 = (12 , by = b3 DA = a;ﬂ,
by = b3 =gy = (12 , by = b4 ;and ap = a3 , b = bil Checking vertex
labels shows that d(A) > 6 when a; = ay, by = by'; a; = a, by = bF';
a; = a2 , by = bil, a, = a;l, by = by; a1 = ag, by = bgl; or a; = agl,
by = bjEl and so we are left with eleven subcases.

Throughout the following A will be an inner region unless stated

otherwise.

Let a; = ay and by = by. If ¢(A) > 0 then A is given by Figure
4.1(ii), (iii). Add c¢(A) < ¢(3,3,3,3,5) = 7T/15 to c(&) as indicated.
Observe that A receives 7/15 across the (a;', b;')-edge each time,
that d(ﬁ) > 6 and that A contains a vertex of degree > 5. It follows
that ¢*(A) < ¢(3,3,3,3,3,5) + /15 = —n/5 if A is inner. If A is
a boundary region then either o(A) < e(ko,3,3,3,3) = 2m/ko — /3
or ¢*(A) < c(ko,3,3,3,3,3) 4+ /15 = 27 ko — 37/5, s0 ¢(A), c*(A) <
47 /ko and the result follows

Let a1y = ay Land by = b;l. Then the relative presentation Py is
equivalent to the relative presentation

Pxi: (A« B, X,V | Y ' X 0, Xa, X1, Y Y az X 03X ay)

whose star graph I'; is given by Figure 4.1(iv) in which the labels
e; = es = 1. (We will use e, e; or e; to denote 1 in A or B.) Assign the
Welght to all the edges of I';. Then we obtain an aspherical weight
functlon unless at least one of b2b3* =1, b2b5"' = 1, asasa;’ = 1 holds.
If ajazaf’ = 1, b2bs' # 1, b2b3' # 1 then assign weight 0 to (the
edge labelled — for ease of presentation we will often identify an edge
with its label) ey, 1 to a; and 1 to all other edges; if asasai # 1,
b2t =1, beil # 1 then ass1gn 0 to by, 1 to bs and 1 to all other
edges; 1f ajazait # 1, b2by' # 1, b2b3' = 1 then assign 0 to e, 1 to
by and 1 5 to all other edges if (14(13(1{E =1, b2b3' = 1 then assign 0 to
b; and ey, 1 to by and a;, and % 5 to all other edges; or if asasait = 1,
b§b2il = 1 then assign 0 to e; and es, 1 to by and a; and ; to all other
edges. The fact that A and B are non-cyclic ensures that each of these
weight functions is aspherical and the result follows. (For the reader’s
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FIGURE 4.2. regions A such that d(A) < 6

benefit we note here that if ¢ is one of the weight functions defined
above then in each case one confirms that

(1 = ¢(e2)) + (1 = ¢(b2)) + (1 — ¢(a1)) + (1 — @(e1)) > 2 and that
(1 —¢(by)) + (1 —p(as)) + (1 — o(bs)) + (1 — p(aq)) > 2. Calculations
such as these are made implicitly throughout what follows.)

Let a; = a3 and b; = b3. Then the presentation Px is equivalent to
the relative presentation

Pxo: (Ax B, XY | Y ' Xa; X 01 X, Ya, X 'Y ays X 'by)

whose star graph T, is given by Figure 4.1(v). Assigning weight 1
to all edges of I'y defines an aspherical weight function unless either
ai'(ay'ag)*! = 1, in which case a4 is isolated; or bf'(byb; 1) = 1, in
which case by is isolated. If a3 (a5 'as)*! = 1 then assign weight 0 to
e1, 1 to a; and L to all other edges; or if by (bob; ") = 1 then assign
0 to ey, 1 to by and % to all other edges. The fact that A and B are
non-cyclic ensures that both weight functions are aspherical.

The regions A such that d(A) < 6 for the remaining 8 subcases
are given by Figure 4.2(i)-(xii). In Figure 4.2(i), if d(vy) = d(ve) =
d(us) = 3 then I(vy) = by *byby and [(us) = asaj ‘a4 forcing the isolated
pair ay and by; or if d(vy) = d(us) = d(vs) = 3 then I(ug) = a; asas
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(vi)

FIGURE 4.3. regions with four degree 3 vertices and star graphs

and [(vy) = b4bf162 again forcing ay, by isolated, so it can be assumed
that d(vy) > 3. In Figure 4.2(ii), if d(v;) = d(v2) = d(u3) = 3 then
I(vg) = b 'byby and I(us) = asagay forcing ay, by isolated; or if d(v;) =
d(uy) = d(vs) = 3 then l(uy) = ayasas and [(vy) = byb] 'y forcing ay, by
isolated, so let d(vy) > 3. In Figure 4.2(iii), if d(v1) = d(v2) = d(u3) = 3
then I(vy) = by 'boby and I(u3) = asa; ‘a4 forcing ay, by isolated; or if
d(v)) = d(us) = d(vs) = 3 then l(vy) = byb; b3 and [(uy) = a3 aay
forcing ag, by isolated, so let d(vy) > 3. In Figure 4.2(iv), if d(u3) =
d(v1) = d(uy) = 3 then I(uy) = asaz‘ay and I(vy) = by byby forcing
ay, by isolated; or if d(uz) = d(us) = d(vs) = 3 then I(uy) = a3 asa
and [(vy) = byb; by forcing ay, by isolated, so let d(uz) > 3. In Figure
4.2(v), if d(v1) = d(vy) = d(u3) = 3 then [(vy) = b} *byby and I(u3) =
asaszay forcing ag, by isolated; or if d(vy) = d(us) = d(vy) = 3 then
either 1(vy) = byby by and l(uy) = azasaz or l(vy) = byb; b3 and
l(ug) = a2a4a§1 forcing a4, by isolated each time, so let d(vy) > 3.
In Figure 4.2(vi), d(uz) > 3. In Figure 4.2(vii)-(ix), d(u;) > 3. In
Figure 4.2(x), if d(us) = d(v;) = d(u) = 3 then I(uy) = asaz'ay and
[(v1) = bibyby forcing ay, by isolated; or if d(uz) = d(us) = d(vy) = 3
then either I(us) = a3 asaz and [(vy) = byboby or l(ug) = a3 'asa;’ and
I(vy) = bybob;* forcing ay, by isolated each time, so let d(us) > 3. In
Figure 4.2(xi), d(v;) > 3; and in (xii), d(u3) > 3. In each of the above
Figures 4.2(i)-(xii), the assumption that the remaining four vertices of
degree > 2 each has degree 3 forces either A or B to be cyclic or an
isolated pair except for the five regions shown in Figure 4.3 for each of
which there is an aspherical weight function on I'x as follows.



ON SINGULAR EQUATIONS OVER TORSION-FREE GROUPS 21

FIGURE 4.4. positive regions and curvature distribution

If Ais Ay of Figure 4.3(i) or is A of (iii) then b4 is isolated so in
each case assign weight 1 in I'x to each of a1, as, by, by and b3, assign
0 to by and assign % to each of as and ay;

if Ais A of (ii) then by is isolated so assign weight 1 to ay, ag, by, b3
and by, assign 0 to by and assign % to each of az and a4; or if A is A
of (iv) or Ay of (v) then a4 is isolated so assign the weight 1 to ay, as,
as, by and bs, assign 0 to a, and assign % to each of b; and by.

In conclusion we can assume that ¢(A) < 0 for each inner region A.
But from Figure 4.2 we conclude also that d(A) > 5 for any region and
so Px is aspherical.

We consider now the six cases for ny = 2.

First let a; = as and a3 = a4. Then Px is equivalent to
Pxs: (Ax B, X, Y | Y ' Xa; X by, Y20, ' be Xaz X 'b3 Xaz X 'by)

whose star graph I's is given by Figure 4.3(vi). Assume that at least
one of by = by, by = b3, b3 = by or by = b; holds and so by symmetry
we can take by = by. Assigning in I's weight 1 to both the a3 edges and
to eq, the weight % to bl_lbg, b1, eo and by, and the weight 0 to a; and
bs yields an aspherical weight function (6, say) unless b; = by € (b3)
or by € (b3). Suppose that by = by € (b3). Then assign weight 1 to
both the ag edges and ey, weight % to by 'by, by, s and bz, and weight
0 to a; and by. Any admissable path of weight less than 2 forces A or
B cyclic or blb?jfl = 1 which implies ng > 3, a contradiction, so the
weight function is aspherical. Now suppose that by € (bs). Assigning
weight 1 to both ag edges and e;, weight % to b, 'b, ey, by and bz, and
weight 0 to by and a; yields an aspherical weight function except when
by = b?, so assume this holds. Then, in particular, b; # by', by # bg—Ll,
by # b3t by # b7, by # b7t and bybs' ¢ {b7': 1 < i < 4}. Moreover,
a; = az and az = a4 implies d(u;) # 3 (1 < i < 4). Any attempt at
labelling now shows that d(A) > 4 and ¢(A) < 0 for any inner region
A and the result follows.

Now assume that by # by, by # b3, by # by and by # b;. The same
weight function 6 as defined above again forces either by € (b3) or



22 MARTIN EDJVET AND JAMES HOWIE

FIGURE 4.5. star graphs and curvature distribution

by € (bs). Let by € (b3) and note that this is symmetric to the case
by € (bs).

Checking shows that d(A) > 4 for each region of D and so if ¢(A) < 0
for each inner A the result follows. In fact if ¢(A) > 0 then A is
given by Figure 4.4(i) or (ii). Let A be as in Figure 4.4(i). Then
byb'byt = bbb, =1 and so by = by . Given this, assigning weight
1 in I's to both the as edges, b;'by, by and by, and weight 0 to the
remaining edges yields an aspherical weight function. Let A be as in
Figure 4.4(ii). Then c¢(A) > 0 forces at least one of byb;'by! = 1,
biby oyt =1, bobytoyt =1 or baby 'bt = 1. If by b3t = bbbyt =1
we are back in the previous case and any other pair forces B cyclic.
Since byb;'byt = 1, bib;'by;' = 1 is symmetric with bgby b7 = 1,
bsby 'b;' = 1 (respectively), we consider only the first two subcases.
Consider first byb; 'b3' = 1. Then add c¢(A) < ¢(3,4,4,4) = 7/6 to
c(ﬁ) as shown in Figure 4.4(iii) where it is assumed that A is inner
and that d(us) = d(uy) = 2 in A If d(v3) = 3 in A then B is cyclic
SO c(ﬁ) < ¢(3,3,4,4,4) = —m/6. On the other hand if at least one of
d(u3), d(u4) does not equal 2 then (as noted above) it must be at least 4
and then again ¢(A) < ¢(3,3,4,4,4). Thus if A is inner then ¢*(A) < 0,
otherwise c*(ﬁ) < c(ko,3,3,4,4) < 47 /ko. A similar argument applies
to A of Figure 4.4(iv) for the subcase byb; b, = 1.

Let a; = ay and a3 = a;'. Then Py is equivalent to
PX,4 . <A * B, X, Y|Y71XCL1X71b1, Y2bf1b2XCL3X71b3XCL51X71b4>

whose star graph Iy is again given by Figure 4.3(vi). Assigning in I'y
weight 1 to both the a3 edges and e, weight % to bl_lbg, b1, ex and by,
and weight 0 to a; and b3 yields an aspherical weight function unless
by € (b3) or by € (b3). If by = beby and by € (bs3) then assigning weight
1 to both the as edges, b 'by, by and by, and weight 0 to the remaining
edges yields an aspherical weight function; or if b; = byby and by € (b3)
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then an aspherical weight function is obtained by assigning weight 1
to both the as edges, by by, €5 and by, and weight 0 to the remaining
edges. It can be assumed therefore that by # byby.

Let by = bZl. Then Py is equivalent to
Pxs: (Ax B, XY | Y ' Xaz' X0, X, Ya, X 16y Xa Y 1b3)

whose star graph I's is given by Figure 4.5(i). If by ¢ (bs) then an
aspherical weight function is obtained by assigning in I's weight 1 to
edges ey and by, weight % to both the a; edges, e; and a3, and weight
0 to by and bs; or if by € (bg) then assigning weight 1 to by, weight 0
to b and weight % to the remaining edges yields an aspherical weight
function on noting that b, = b3' would imply np > 3. It can be
assumed then that by # b, '.

We are left to consider when by # byby, by # by ' and either by € (bs)
or by € (bs). If by = by and by = by then np > 3; or if by # by and
by # by then checking the possible labels shows that d(A) > 4 and
¢(A) < 0 for each inner region A and the result follows. (We remark
that assumption (A) is used here.) Since by = by, by # by is symmetric
to by # by, by = by we consider only the latter case and then Py is
equivalent to

Pxo: (Ax B, X,V | Y ' Xa; X 1 Y20, Xaz X b3 Xaz ' X1

whose star graph I'g is given by Figure 4.5(ii). If by € (bs) then as-
signing in ['s weight 1 to both a3 edges and e;, weight % to ey, by,
es and b3, and weight 0 to a; yields an aspherical weight function
on noting that b, = bgﬂ implies ng > 3; so let by € (b3). Assign-
ing weight 1 to both az edges and ey, weight % to ey, by, es and
bs, and weight 0 to b; yields an aspherical weight function unless
by = b}, so assume this holds. Then by # bgﬂ for otherwise B is
cyclic; by # bi' and by # bf' for otherwise ng > 3; and [(v) = bybyw
forces d(v) > 4. All of this implies d(A) > 4 and ¢(A) < 0 unless A is
given by Figure 4.5(iii) in which d(vy) > 5. Add ¢(A) < ¢(3,4,4,5) =
7/15 to ¢(A) as shown. If d(us) > 4 in A then, assuming A inner,
(D) < ¢(3,4,4,4,4) +7/15 = —471/15; or if d(us) = 2 as shown then
¢*(A) < ¢(3,3,4,4,4) + 7/15 = —x/10. On the other hand if A is
a boundary region then c*(ﬁ) < c(ko,3,3,4,4) + /15 < i—g and the
result follows.

Let a; = a;' and a3 = a;'. Then Px is equivalent to
Pxr: (Ax B, XY | Y ' Xay X'y, Y0 Y 'y Xazg X 03 Xaz ' X 'by)

whose star graph I'; is given by Figure 4.5(iv) in which the labels
bi1 = b1 = by. Assigning in I'; weight 1 to b3 and both the a3 edges,
weight % to e, by1, by and by, and weight O to a; and by, yields an
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aspherical weight function unless byby = 1, so assume this holds. Then
Px is equivalent to

Pxs: (Ax B, X,Y | Y ' Xa7' X 0y Xas X, b, YbY 1)

whose star graph I'g is given by Figure 4.6(i). Assigning in I's weight
1 to ey, es and az and weight 0 to all other edges yields an aspherical
weight function.

Let a; = a3 and as = a4. Then Px is equivalent to
Pxo: (Ax B, X, Y | Y ' Xa; X b1, Y Xag X by Vb, 'h3 X as X 'by)

whose star graph I'g is given by Figure 4.6(ii). Assigning in I'g weight
1 to both the ay edges, weight 0 to a; and weight % to the remaining
edges yields an aspherical weight function unless by = b3 or by = by.
If by = b3 and by = by then Py is aspherical because (A * B, X |
Xa; X 1by Xay X 1by) is aspherical [2, Theorem 2.3]. The case by = by
is symmetric to b; = b3 so it is enough to consider b; = bz, in which
case Px is equivalent to

Pxio: (A B, X, Y | Y ' Xa; X 10, Xaps X1, YbYby)

whose star graph I' is given by Figure 4.6(iii). Assigning in I';o weight
1 to ey, e5 and a; and weight 0 to the remaining edges yields an as-
pherical weight function.

Let a; = a3 and ay = a;'. Then Px is equivalent to
Pxi: (Ax B, X, Y | Y ' Xa, X 0y, Y Xao X 'Y b, 'h3 X ay ' X 1by)

whose star graph I'y; is also given by Figure 4.6(ii). Assigning in I'yy
weight 1 to both the ay edges, weight 0 to the b; edge and weight % to
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the remaining edges yields an aspherical weight function unless b; = b3
or by = by. Now by = by is symmetric to by = b so is enough to consider
b1 = bs in which case Px is equivalent to

Pxio: (A B, X,Y | Y ' Xy X 10, X, Yao X 'bYay ' X 1by)

whose star graph I'15 is given by Figure 4.6(iv). Assigning in I'15 weight
% to each edge yields an aspherical weight function unless byb3' = 1,
bibs! = 1, bobyt = 1 or bbbyt = 1. But bibf' = 1 or bibf' = 1
implies ng > 3, so let bgbzl = 1 in which case Px is equivalent to

Pxaz: (A B, X,V | Y ' X ', Xa; X ', X, YayYay')

whose star graph I'j3 is given in Figure 4.6(v). Assigning in '3 weight 1
to e, eo and b; and weight 0 to the remaining edges yields an aspherical
weight function. This leaves blﬂbeZl = 1 in which case assign in I'{5
weight 1 to b, weight 0 to e; and weight % to the remaining edges.
A routine check shows that any admissable path of weight less than 2
involving the edges by, by, by or ey forces B cyclic and it follows that
this yields an aspherical weight function.

Let a; = agl and as = a;l. Then Py is equivalent to
Pxaa: (A B, X,Y | Y ' Xa, X 10y, Y Xap X 1hoby Y b3 X ag X 'by)

whose star graph I'14 is given by Figure 4.6(vi). Assigning in I'14 weight
1 to both the ay edges, weight 0 to a; and weight % to the remaining
edges yields an aspherical weight function unless b1b, = 1 or b3by = 1.
Now b3by = 1 is symmetric to bibs = 1 so it is enough to consider
bibs = 1 in which case Py is equivalent to

Pxis: (A B, X, Y | Y ' Xa, X 10, X, YayY 'b3 Xay ' X 'by)

whose star graph I'j5 is given by Figure 4.6(vii) in which ag; = ags =
ay. Assigning in I'y5 weight 1 to ag» and ey, weight 0 to a; and as;, and
weight % to the remaining edges yields an aspherical weight function
unless blbgﬂ =1, blbffl =1, bsby =1 or b?lb4b3 = 1. But blbgﬂ =1or
by bfl = 1 implies ng > 3, so let b3b, = 1 in which case Py is equivalent
to

Pxis: (A B, X, Y | Y ' X' Xay X710, X, Ya, Y tayt)

whose star graph 'y is given by Figure 4.6(viii). Assigning in I'j4
weight 1 to e, es and b3 and weight 0 to the remaining edges yields
an aspherical weight function. This leaves bf'bybs = 1 in which case
assigning in I'y5 weight 1 to the edges e, as 2 and by, weight % to b3 and
by, and weight 0 to ey, as; and a; yields an aspherical weight function.

We turn now to the case ny = 3.

Let a1 = ay = as, in which case a4 is then isolated. Then Py is
equivalent to

Pxar: (A* B, X, Y | Y ' Xay X by, Y20, ' bV by 13 X ay X 1by)
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FIGURE 4.7. star graphs and curvature distribution

whose star graph I'y7 is given by Figure 4.7(i). Assigning in I';7 weight
1 to by, weight 0 to e5 and weight % to the remaining six edges gives an
aspherical weight function unless either b; = by or by = b3 or by = bs.
If by = by then assigning weight 1 to ay, bfle and e;, weight % to
by 'bs and by and weight O to a4, by and e, gives an aspherical weight
function except when bs = bi! since all other paths in the b; of weight
less than 2 forces b3 or by isolated; if by = b3 then assigning weight 1
to a4 and eq, weight 0 to a; and b; and weight % to the remaining four
edges similarly yields an aspherical weight function unless b, = by; or
if by = b3 then assigning weight 1 to b 'bs, weight 0 to b; and weight %
to the remaining six edges yields an aspherical weight function unless

by = by.

Let by = by and by = b7'. Then d(u;) # 3 (1 < i < 4), d(uy) > 4
and d(v;) # 3 (1 < i < 4). Moreover d(u;) = 2 forces l(vy) = bsyb'w
or byby'w and so d(vy) > 4; d(ug) = 2 forces either d(v;) = bib; 'w
and d(vy) > 4 or (vy) = bz *byw and d(vy) > 4; and d(us3) = 2 forces
I(vg) = b 'bsw or by 'bsw and d(vs) > 4. It follows that d(A) > 4 and
¢(A) <0 for each interior region A hence the result.

Let by = b3 and by = by. Then Py is equivalent to
Pxas: (A* B, X, Y | Y ' X0, Xa, X 10 X1, Ya,Yay)

whose star graph I'tg is given by Figure 4.7(ii). Assigning in I';g weight
1 to ey, es and b; and weight 0 to the remaining four edges gives an
aspherical weight function.

This leaves by = by and by = b3. Using d(u;) = 3 and d(v;) # 3
(1 <4 < 4) together with assumption (A) in particular, we find that
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if ¢(A) > 0 then A is given by Figure 4.7(iii). Note that there are
two possible regions A according to l(us) = aza; " or azaz' as shown.
Note also that assumption (A) forces d(vs) > 4 in A; and d(vs) > 4
in &2. Assume until otherwise stated that 31 and 32 are interior
regions in Figure 4.7(iii). If either d(us) > 4 or d(vs) > 4 in A,
then (A1) < ¢(4,4,4,4,4) = —7% so add c¢(A) < ¢(4,4,4) = § to
A; across the (a2 ,by1)-edge as indicated; or if either d(u;) > 4 or

d(vg) > 4 in A, then add c(A) to c(ﬁg) < —T across the (ay’ ,b -

2
edge of Ay as indicated. Assume otherwise so that A; and Az are

given by Figure 4.7(iv). Then d(v;) > 6 and d(v3) > 6 in A so add
sc(A) < (4,6, 6) = 15 to each of C(A ) <c¢(4,4,4,6) = —% as shown.

2
We then have c ( < 0 if A is interior or if A is a boundary region

)
either ¢ (A) c(A) = c(ko,4,4) or ¢*(A) < c(ko,4,4,4,4) + T or
c*(ﬁ) < c(ko,4,4,4) + {5, in which case c (A) < i—g and the result
follows.

Let a1 = a5 1 — 43 in which case a4 is isolated. Then Py is equivalent
to

PX,IQ : <A * B, X, Y | Y’lXalelbl, YblyileYblilb3XCL4X71b4>

whose star graph I'yg is given by Figure 4.8(i) in which by = by 5 = b;.
Assigning in I'yg weight 1 to a4, weight 0 to a; and weight % to the
remaining edges yields an aspherical weight function unless byby* = 1 or
bsbf' = 1. Since these cases are symmetric we consider only bsbi' = 1.
Assigning weight 1 to a4 and by 2, weight 0 to a; and e; and weight
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1 .. . . . .
3 ti)lthe remaining edges yields an aspherical weight function unless

Let b; = bgl and b4b§El = 1. Then Py is equivalent to
Pxao: (A B, X,Y | Y ' X' Xa ' X VY tay X 105! Xay)

whose star graph I'yg is given by Figure 4.8(ii) in which a11 = a1 2 = a3.
Assigning in I'yy weight 1 to e, a1 2 and both the by edges, and weight
0 to the remaining edges yields an aspherical weight function.

Let by = b3 and bybs = 1. Then Px is equivalent to
Pxor: (Ax B, X, Y | Y "o Xay X '0, X, 0,°Ya; ' X 'Way, X71)

whose star graph I'y; is given by Figure 4.8(iii) in which a; 1 = a1 2 = a;.
Assigning in T'y; weight 1 to ey, aj2, €3 and b3 and weight 0 to the
remaining edges yields an aspherical weight function.

This leaves b; = by and by = by. Then Px is equivalent to
Pxao: (A B, X,Y | Y ' X 0, Xa, X ' X, a,Ya;'Y)

whose star graph I'ys is given by Figure 4.8(iv). Assigning in I'ys weight
1 to ey, eo and b; and weight 0 to the remaining edges yields an as-
pherical weight function.

Finally let a; = ay = ay U'in which case a4 is isolated. Then Py is
equivalent to

PX,23: <A * B, X, Y ‘ Y’lXalelbl, Y2b171b2b1y71b3X014X71b4>

whose star graph I'y3 is given by Figure 4.8(v). Assigning in o3 weight
1 to e; and ay, weight 0 to a; and bflbgbl and weight % to the remaining
four edges yields an aspherical weight function unless b3by = 1, in
which case assigning weight 1 to bs and by, weight 0 to by 'bob; and e,
and weight % to the remaining four edges yields an aspherical weight
function unless by (b; 'byby)™ = 1 for some m. But |m| > 1 forces b; to
be isolated so it remains to consider bleﬂ = 1. If b3by = b1by = 1 then
Px is equivalent to

Pxos: (Ax B, X, Y | Y ' X0 ' Xay X710, X, Ya, Y tay)

whose star graph I'y4 is given by Figure 4.8(vi). Assigning in I'yy weight
1 to ey, eo and b; and weight 0 to the remaining edges yields an as-
pherical weight function. Or if bs3by = b1y 1'— 1 then Py is equivalent
to

Pxos: (A B, X,Y | Y ' Xa; ' X 03X, YaY 16 Xa; X 'by)

whose star graph I'y; is given by Figure 4.8(vii) in which by 1 = by 5 = b;.
Assigning a I'o5 weight 1 to each a; edge and b, 1, weight % to ey and
bs and weight 0 to a4, e; and b; 2 yields an aspherical weight function.

This completes the proof of Theorem 1.
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