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HOLONOMIC MODULES FOR RINGS OF INVARIANT

DIFFERENTIAL OPERATORS
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Abstract. We study holonomic modules for the rings of invariant differential
operators on affine commutative domains with finite Krull dimension with re-
spect to arbitrary actions of finite groups. We prove the Bernstein inequality
for these rings. Our main tool is the filter dimension introduced by Bavula.
We extend the results for the invariants of the Weyl algebra with respect to
the symplectic action of a finite group, for the rings of invariant differential
operators on quotient varieties, and invariants of certain generalized Weyl al-
gebras under the linear actions. We show that the filter dimension of all above
mentioned algebras equals 1.
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1. Introduction

Let k be the base field. All rings in the paper are k-algebras. All modules are
left modules, unless said otherwise.

In this paper we address representations of subrings of invariants of generalized
Weyl algebras. The later class of algebras was introduced and studied in [2]. Many
important algebras of small Gelfand-Kirillov dimension arising in noncommutative
geometry are generalized Weyl algebras, such as the first Weyl algebra and its
quantization; the quantum plane and the quantum sphere; U(sl2(k)) and its quan-
tization; the Heisenberg algebra and its quantizations; quantum 2 × 2 matrices;
Witten’s and Woronowic’s deformations; Noetherian down-up algebras (cf. [9]).
For the representation theory of generalized Weyl algebras we refer to [2], [4], [5],
[11], [12].

We will consider a category of holonomic modules for certain subrings of invari-
ants of generalized Weyl algebras under the action of finite groups.

For an arbitrary algebra A denote by GK(A) the Gelfand-Kirillov dimension of
A. Then a finitely generated A-module M is called holonomic (cf. [20], [24]) if

GK(M) =
1

2
GK(A/Ann(M)).

Assume char k = 0 and consider the n-th Weyl algebra An(k). Then An(k) is iso-
morphic to the ring of differential operators on the polynomial algebra k[x1, . . . , xn],
or equivalently on the affine space An. It has generators x1, . . . , xn, y1, . . . , yn and
defining relations

[xi, xj ] = [yi, yj ] = 0; [yi, xj ] = δij ,
1
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i, j = 1, . . . , n. Note that GK(An(k)) = 2n and for every finitely generated An(k)-
module M holds the Bernstein inequality: GK(M) ≥ n [15]. Holonomic An(k)-
modules are exactly the modules of the minimal Gelfand-Kirillov dimension, they
constitute an important abelian subcategory of modules for the Weyl algebra ([16]).
The Bernstein inequality holds also for the rings of differential operators on smooth
affine varieties ([16]; cf. Section 3 bellow).

Assume k algebraically closed of characteristic 0 and let g be an algebraic Lie
algebra of finite dimension. Then the Gabber’s inequality

GK (U(g)/Ann(M)) ≤ 2GK(M)

holds for any finitely generated g-module M (cf. [19]). The holonomic g-modules
are those modules with the minimal Gelfand-Kirillov dimension (cf. [20], Chapter
9). However, if g is not algebraic then it is known that the Gabber’s inequality
does not hold [23].

To study holonomic modules and analogues of the Bernstein inequality for infinite-
dimensional affine simple algebras over an arbitrary field, Bavula [4] introduced the
notion of the filter dimension, denoted here by fdim (see also [8] for details and
applications). Our first main result gives the filter dimension of certain algebras of
invariant differential operators with respect to finite groups action.

Theorem 1.1. The filter dimension equals 1 for the following algebras:

• D(A)G, where A is an affine regular commutative domain with the finite
Krull dimension and G is a finite group of automorphisms of A;

• An(k)
G, where G a finite group of symplectic automorphisms of the Weyl

algebra An(k);
• D(An/G), k is algebraically closed and G is a finite group of linear auto-
morphisms of the affine space An

k
.

We also extend the results of [10] for the invariants of generalized Weyl algebras
under suitable actions of complex reflection groups of type G(m, p, r). Namely, we
have

Theorem 1.2. Let D(a, σ) be a generalized Weyl algebra rank r of pure type and
G = G(m, p, r). Then fdimD(a, σ)G = 1.

With the idea of the filter dimension we have an alternative definition of holo-
nomic modules.

Definition 1.3. Let A be an affine infinite-dimensional simple algebra. The infi-
mum hA of the set

{GK(M)|M is finitely generatedA-module}

is called the holonomic number of A.

Suppose that A is simple, fdimA ≥ 1 and the infimum hA in Definition 1.3 is
actually the minimum. Then in this case the definition of a holonomic A-module
above can be replaced by the following: a finitely generated A-module M is holo-
nomic if GK(M) = hA (cf. Theorem 2.3). The situation though is unclear if
fdimA < 1.

It was shown in [10] that, given a finite Coxeter group W action on the Weyl
algebra An(k), the Bernstein inequality holds for An(k)

W : for every finitely gen-
erated An(k)

W -module M , GK(M) ≥ n. We generalize this result and prove the
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Bernstein inequality for An(k)
G with linear action of an arbitrary finite group G.

We note that our approach is different from the one in [10] (cf. Theorem 5.7 bel-
low). We also prove a similar result for more general actions of finite groups of
symplectic automorphisms on An(k). Moreover, we extend this result to the ring of
invariant differential operators D(A)G on an arbitrary affine regular commutative
domain A with finite Krull dimension and any finite group G. Our approach relies
on the computation of the filter dimension in order to illustrate its application. In
particular, all algebras mentioned in Theorem 1.1 and Theorem 1.2 have a ”good”
theory of holonomic modules:

Theorem 1.4. Let A be an affine regular commutative domain with finite Krull
dimension and GK(A) = n, and let B be one of the algebras from Theorem 1.1 or
Theorem 1.2. Then every finitely generated holonomic B-module is a cyclic torsion
module of finite length and their holonomic number is n.

We apply developed technique to compute the filtered dimension and the Krull
dimension of rational Cherednik algebras. In particular, we show

Theorem 1.5. The filtered dimension of generic rational Cherednik algebras and
their spherical subalgebras equals 1.

The structure of the paper is as follows. In Section 2, we recall the notion of
a filter dimension and its main properties. Section 3 is the technical core of the
paper: we prove a number of results on holonomic modules for simple somewhat
commutative algebras, and simple filtered semi-commutative algebras which are
Noetherian but not Artinian, with particular emphasis on certain generalized Weyl
algebras. All of these algebras are examples of so-called algebras with multiplicity.
Some of these results are probably known to specialists but we included them for
the clarity of exposition. In Section 4 we discuss the filter dimension of rings of
invariants under the action of a finite group. In Section 5 we consider the invariants
of Weyl algebras, rings of invariant differential operators on quotient varieties, and
invariants of generalized Weyl algebras. We show that these algebras have a nice
category of holonomic modules (cf. Theorems 5.7, 5.8, 5.11, 5.9). Finally, in
Section 6 we compute the filtered dimension and the Krull dimension of the rational
Cherednik algebras and its spherical subalgebras.

2. The filter dimension

Let A be an algebra over k. Every finite-dimensional subspace V ⊂ A containing
the identity will be called a frame of A. Let us recall the notion of the Gelfand-
Kirillov (GK) dimension of algebras and modules (cf. [20]).

Definition 2.1.

GK(A) = supV limsupn7→∞
log dimV n

log n
,

where V ranges through all frames of A. Let M be an A-module. Then

GK(M) = supV,F limsupn7→∞
log dimV nF

log n
,

where F runs through all finite dimensional subspaces of M and V runs through
all frames of A.
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Recall ([24, 8.1.9]) that a finite-dimensional filtration of an algebra A is a filtra-
tion F = {Ai}i≥0 such that A0 = k and dimAi < ∞, i > 0. If N is an A-module
with filtration {Ni}i≥0, then the filtration is finite-dimensional if dimNi < ∞,
i ≥ 0. Suppose that A is an infinite-dimensional affine algebra generated by
a1, . . . an. Define a finite-dimensional filtration F = {Ai}i≥0 in the following way:
A0 = k, A1 = span〈1, a1, . . . , an〉, Ai = Ai

1. Now let M = AM0 be a finitely gen-
erated A-module with finite-dimensional generating space M0. Then F induces a
natural filtration Ω = {Mi}i≥0 on M , where Mi = AiM0.

The return function fF ,M0
: N → N ∪ {∞} is defined as follows: fF ,M0

(i) =

min{j ∈ N ∪ {∞} : AjMi,g ⊃ M0 ∀Mi,g},

where Mi,g ⊂ Mi runs over the finite-dimensional subspaces which generate M as
a module.

For each function f : N → N ∪ {∞} define Γ(f) as

inf{r ∈ R|f(i) ≤ ir, i >> 0}.

Note that, if f(i) = p(i) for all sufficiently large i for some polynomial p ∈ Q[x],
then Γ(f) = deg p ([20], Chp. 2).

For a finitely generated A-module M , the filter dimension is defined as ([4])

fdim(M) = Γ(fF ,M0
).

It is independent of the choice of the generating set a1, . . . , an and the subspace
M0 ([4, Lemma 1.1]). The filter dimension of A, fdim(A), is its filter dimension as
an A⊗k A

op-module.

Example 2.2 ([6]). Let B be an affine regular commutative algebra with finite Krull
dimension. Then the filter dimension of the ring of differential operators D(B) on
B equals 1.

The following analog of the Bernstein inequality was shown in [4]:

Theorem 2.3. Let A be an infinite-dimensional affine simple algebra and M a
non-zero finitely generated module. Then

GK(M) ≥
GK(A)

1 +max(1 + fdim(A))
.

In view of Example 2.2, this reproves the usual Bernstein inequality for rings of
differential operators on smooth affine varieties (cf. [16]).

In general, a computation of the filter dimension of an algebra is a difficult
problem ([8], [20] 12.9). However, it has an important property to be Morita
invariant. Namely:

Theorem 2.4 ([10],Theorem 1.3, Theorem 1.6). Morita equivalent infinite-dimensional
affine simple algebras have the same filter dimension and the same holonomic num-
ber.

3. Holonomic modules for algebras with multiplicity

3.1. Algebras with multiplicity. From now on we assume that char k = 0. Let A
be a finitely generated infinite-dimensional simple Noetherian algebra, with a finite-
dimensional filtration F = {Ai}i≥0 such that grF A is finitely generated Noetherian.
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Let M be a finitely generated module over A with a filtration Ω = {Mi}i≥0. We
assume that Ω is a good filtration, that is grΩM is a finitely generated module over
grF A. Recall that every finitely generated module has a good filtration ([20], Ch.
6).

Consider a short exact sequence of modules 0 → M ′ → M → M ′′ → 0 and the
filtrations Ω′ = {M ′

i = Mi ∩M ′}i≥0 and Ω′′ = {M ′′
i = Mi +M/M}i≥0 of M ′ and

M ′′ respectively. This induces an exact sequence of grF A-modules:

0 → grΩ′M ′ → grΩM → grΩ′′M ′′ → 0.

Since grΩM is finitely generated and grF A is Noetherian then Ω′ and Ω′′ are
good filtrations.

Definition 3.1. [20, 12.6] We will say that A is an algebra with multiplicity if
for every finitely generated A-module 0 6= M , GK(M) is a non-negative integer,
and there is a function M 7→ e(M), where e(M) is a non-negative integer, called
the multiplicity of M such that: for a short exact sequence of finitely generated
A-modules

0 → M ′ → M → M ′′ → 0

we have GK(M) = max{GK(M ′), GK(M ′′)}, and if GK(M) = GK(M ′) =
GK(M ′′), then e(M) = e(M ′) + e(M ′′).

Since the Gelfand-Kirillov dimension of finitely generated modules are non-
negative integers, there exists a non-zero module whose Gelfand-Kirillov dimension
is precisely the holonomic number, which is a non-negative integer. Also note that
if M is any non-zero finitely generated module then GK(M) ≥ 1 and e(M) ≥ 1, as
A is simple infinite-dimensional.

3.2. Somewhat commutative algebras. A somewhat commutative algebra A is
an algebra with a finite-dimensional filtration F = {Ai}i≥0 such that the graded
associated algebra is finitely generated commutative ([24, 8.6.9]). Affine somewhat
commutative algebras are Noetherian. Then we have from [24, Corol. 8.6.20]:

Corollary 3.2. Any simple somewhat commutative algebra is an algebra with mul-
tiplicity.

Example 3.3. The Weyl algebra An(k) with the Bernstein filtration is a simple
somewhat commutative algebra.

Example 3.4. The ring of differential operators D(X) on an affine smooth al-
gebraic variety X is a simple somewhat commutative algebra; or, more generally,
D(B) the ring of differential operators on an affine regular commutative domain
(cf. [15.1.21, 15.3.7, 15.5.6][24], [8, Section 5]).

3.3. Filtered semi-commutative algebras. A filtered semi-commutative algebra
A is a finitely generated algebra with a finite-dimensional filtration F = {Ai}i≥0

such that the graded associated algebra is semi-commutative ([22]) i.e., generated
by elements x1, . . . , xn with relations xixj = λijxjxi, for some 0 6= λij ∈ k.

Example 3.5. Examples of such algebras include Oq(Mn(k)), Oq(GLn(k)),
Oq(SLn(k)) and Uq(sln), where 0 6= q is not a root of unity ([22]).

We have

Proposition 3.6. [22, Theorem 3.8] Any simple filtered semi-commutative algebra
is an algebra with multiplicity.
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3.4. Generalized Weyl algebras. We now introduce our main example of alge-
bras with multiplicities.

Let D be an algebra over k. Let a = (a1, . . . , an) be a n-uple of elements of Z(D).
Let σ = (σ1, . . . , σn) be a tuple of automorphisms of D such that σiσj = σjσi,
σi(aj) = aj , if j 6= i. The generalized Weyl algebra (GWA for short) of rank n ([2])
is the algebra with generators D,Xi, Yi, i = 1, . . . , n, and relations

Xiλ = σi(λ)Xi;Yiλ = σ−1
i (λ)Yi, λ ∈ D;

YiXi = ai, XiYi = σi(ai)

.
We will denote this algebra by D(a, σ) and call Xi, Yi’s the GWA generators,

D the defining algebra. We will assume that D is an affine commutative domain.
In this case every generalized Weyl algebra is a Noetherian domain and, hence, an
Ore domain. The tensor product over k of two generalized Weyl algebras D(a, σ)⊗
D(a′, σ′) ≃ (D ⊗D′)(a ∗ a′, σ ∗ σ′), is again a generalized Weyl algebra, where ∗ is
the tensor product of automorphisms, and the concatenation of a, a′. In particular
we have

Definition 3.7 ([2]). Let D(a, σ) be a GWA of rank 1, with automorphism σ of
infinite order. We define Dn(a, σ) to be D(a, σ)⊗n. It is itself a GWA D′(a =
(a1, . . . , an), σ = (σ1, . . . , σn)), where D′ = D⊗ . . .⊗D n times, ai = 1⊗ . . .⊗ a⊗
. . . 1, a in the i-th position, and σi = 1⊗ . . .⊗ σ ⊗ . . . 1, σ in the i-th position.

Following [11] we introduce generalized Weyl algebras of classical and of quantum
types. Let A = k[h](a, σ) be a generalized Weyl algebra of rank 1 with σ(h) = h−1.
Assume that there is no irreducible polynomial p ∈ k[x] such that both p, σi(p) are
multiples of a for any i ≥ 0. Then A is a generalized Weyl algebra of rank 1 of
simple classical type. Examples of such algebras are the Weyl algebras, certain
subalgebras of their invariants, and certain primitive quotients of U(sl2), among
others (cf. [11, Section 2]).

If A = k[h±](a, σ) is a generalized Weyl algebra of rank 1 with σ(h) = λh,
0, 1 6= λ ∈ k, a ∈ k[h], λ is not a root of unity and there are no irreducible
polynomials p ∈ k[x] such that both p, σi(p) are multiples of a for any i ≥ 0, then A
is of simple quantum type. Examples of such algebras are certain primitive quotients
of Uq(sl2), the quantum torus (cf. [11, Section 2]).

Both kinds of algebras are simple.
Let A be a generalized Weyl algebra of rank 1 of simple classical or quan-

tum type, X,Y the GWA generators, i.e., XY = h. Let m = deg a and α
its leading coefficient. Define a finite-dimensional filtration by BA = {Bi}i≥0,
Bn = span〈Hivj〉, 2|i|+m|j| ≤ n, where vj = Xj if j > 0, vj = Y j if j < 0, v0 = 1.
Let A = ⊗s

j=0Aj be a generalized Weyl algebra of rank s, where Aj are generalized
Weyl algebras of simple classical or quantum types. Consider the tensor product
of the filtrations BA = ⊗s

j=0BAj
. Then BA is a finite-dimensional filtration.

Definition 3.8. A generalized Weyl algebra A of rank s which is the tensor prod-
uct of generalized Weyl algebras of simple quantum and classical type is called a
generalized Weyl algebra of mixed type. If all factors of the tensor product are of
the same simple type then the algebra A is called a generalized Weyl algebra of pure
type. They are simple algebras.
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We have

Theorem 3.9. Let A be a generalized Weyl algebra of rank s.

• If A if mixed type then GK(A) = 2s. In this case for each finitely generated
A-module M we have GK(M) ≥ s.

• If A is of pure type then A is algebra with multiplicity.

Proof. The claim about generalized Weyl algebras of mixed type follows from [11,
Theorem 2.1]. For generalized Weyl algebras of pure type, the filtration above
shows that it is either somewhat commutative (the case of all tensor factors of
simple classical type); or else filtered semi-commutative after taking a quotient by
normal elements in the graded associated algebra (the case of all tensor factors of
simple quantum type), as shown in [11, Section 2] (cf. [3, Theorem 2.2, 3.2]). �

3.5. Category H. For an algebra with multiplicity A, denote by H = H(A) the
category of finitely generated holonomic modules, that is for anyM ∈ H, GK(M) =
hA.

Theorem 3.10. The category H is abelian and every module M ∈ H has finite
length bounded by e(M). Finally, if A is not Artinian, every holonomic module is
cyclic.

Proof. First statement is clear. Let M ∈ H, M = M0 ⊃ M1 . . . ⊃ Ms be a
strictly descending chain of submodules. Hence Mi ∈ H and Mi/Mi+1 ∈ H. As
e(Mi/Mi+1) ≥ 1, then we have

s ≤

s−1∑

j=0

e(Mj/Mj+1) = e(M/Ms) ≤ e(M).

Hence, every module M ∈ H is Artinian, and since M is finitely generated then
M is also Noetherian. Finally, if A is not Artinian, M is cyclic by [17, Theorem
2.5]. �

We immediately have

Corollary 3.11. Every module M ∈ H with e(M) = 1 is irreducible.

We also have

Corollary 3.12. If GK(A) > hA, then every module in H has torsion.

Proof. Let M ∈ H, 0 6= m ∈ M . Consider the map φ : A → M , a 7→ am.
Then Imφ is a non-null submodule of M , and hence by Theorem 3.10, belongs to
H. Consider the short exact sequence 0 → ker φ → A → Imφ → 0. GK(A) =
max{GK(ker φ), GK(Imφ)}, so GK(ker φ) = GK(A) > 0 as GK ker(φ) = hA ;
this implies that the kernel is nonzero and hence M has a torsion. �

On the other hand the following is valid.

Proposition 3.13. Let A be a domain with multiplicity and I a non-zero left ideal
of A. Then GK(A/I) ≤ GK(A)− 1.

Proof. Suppose first that I = Aa, 0 6= a ∈ A. Consider a short exact sequence

0 → A → A → A/Aa → 0,
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where the first map is a multiplication by a. If GK(A/Aa) = GK(A), then m(A) =
m(A) +m(A/Aa) > m(A) which is clearly absurd. Hence, GK(A/Aa) < GK(A).
In the general case, I contains a principal left ideal Aa, and A/I is a quotient of
A/Aa. Hence GK(A/I) < GK(A). �

Theorem 3.14. Let A be a domain with multiplicity such that GK(A) = 2 and
hA = 1. Then a finitely generated A-module M belongs to H if and only if it has a
torsion.

Proof. Assume that the module M has a torsion. Let us show that M is holonomic.
Suppose that M is generated by elements m1, . . . ,ms. Since M has a torsion, Ami

is a quotient of A/Ji for certain left ideals 0 6= Ji ⊂ A, i = 1, . . . , s. Each A/Ji is
holonomic by the proposition above with the Gelfand-Kirillov dimension 1. Hence
all modules Ami and M =

∑s
i=0 Ami are holonomic by Theorem 3.10. �

As a consequence we immediately obtain the following well-known result

Corollary 3.15. Let k be algebraically closed. Every finitely generated weight mod-
ule for An(k) is holonomic.

Proof. Every finitely generated weight An(k)-module M has finite length. Since
An(k) is an algebra with multiplicity, it suffices to consider the case when M is
a simple module. In this case we have that M is the tensor product of n-simple
weight modules for A1(k) (cf. [7]). But every such A1(k)-module has a torsion.
Hence, the result follows from Theorem 3.14. �

4. Filter dimension of invariants

Assume that char k = 0 and A is a simple finitely generated Noetherian algebra.
Let a1, . . . an be the generated of A.

Define a filtration F = {Ai}i≥0: A0 = k, A1 = span〈1, a1, . . . , an〉, Ai = Ai
1,

i = 1, . . . , n. Set

νF (i) = inf{j ∈ N ∪ {∞}|1 ∈ AjaAj , ∀a ∈ Ai}.

Proposition 4.1 ([11], Lemma 1.1). Γ(νF) = fdimA.

We recall some facts on the invariants of noncommutative rings that will be used
in what follows (cf. [25, Theorem 2.5, Corollary 2.6], [26] and [24, 8.2.9]).

Theorem 4.2. Let G be a finite group of outer automorphisms of A and A ∗G the
skew group ring.

(1) AG is a simple ring Morita equivalent to A ∗G and GK(AG) = GK(A).
(2) AG is finitely generated and Noetherian; if A is not Artinian then neither

is AG.

We are now going to explore the connection between the filter dimensions of A
and AG. Suppose that G acts by outer automorphisms. We can assume without loss
of generality that G stabilizes A1: just consider the set {g(ai)|g ∈ G, i = 1, . . . , n}
as generators for A. Then the algebra A∗G is simple by Theorem 4.2, and posseses
a filtration F ′ = {Bi}i≥0, with B0 = k and B1 = span〈a1, . . . , an, g ∈ G〉.

Lemma 4.3. For every i, νF ′(i) ≤ νF (i).
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Proof. Let b ∈ Bi. If νF (i) = ∞ then the claim is clear. Otherwise, consider
the idempotent e = 1

|G|

∑
g∈G g. Then e ∈ Bj , j ≥ 1. We also have Aj ⊂ Bj .

Symmetrizing we have ebe ∈ AG ⊂ A; in fact ebe ∈ Aj . Hence, if νF(i) = k then
1 ∈ AkebeAk, and hence 1 ∈ BkbBk. So we are done. �

Proposition 4.4. We have fdimAG ≤ fdimA. Moreover, if fdimA = 1 and
there exists a finitely generated AG-module M such that GK(M) ≤ 1

2GK(AG),

then fdimA = fdimAG.

Proof. Since AG and A ∗ G are Morita equivalent by Theorem 4.2 (2), then the
first claim follows from the above lemma and Theorem 2.4. If fdimA = 1 then
fdimAG ≤ 1. If there exists a module M which satisfying the hypothesis then
fdimAG ≥ 1 by [8, Corollary 1.7(i)]. The statement follows. �

5. Holonomic modules for invariant subalgebras

This section contains our main results. We assume that k has characteristic 0
and use the theory developed in previous sections to show that A(k)G and D(An/G)
have a good theory of holonomic modules for suitable actions of G (Theorems 5.7,
5.8, 5.9). The same holds for adequate invariant subrings of generalized Weyl
algebras of pure type (Theorems 5.11, 5.12).

5.1. Invariant differential operators. Let A be a commutative k-algebra. The
algebra of differential operators on A is defined as follows. Set D(A)0 = A, D(A)n =
{d ∈ Endk A|[d, a] ∈ D(A)n−1, ∀a ∈ A}, and D(A) =

⋃∞
i=0 D(A)i. This way we

obtain a natural structure of filtered associative k-algebra.
We recall

Proposition 5.1. [24, Chapter 15] If A is affine and regular then D(A) coincides
with the subring of Endk A generated by A and the module Derk A of k-derivations.
D(A) is a simple affine Noetherian domain, and GK(D(A)) = 2GK(A).

Through the rest of this subsection we assume that A is an affine regular commu-
tative domain with finite Krull dimension, i.e. the algebra of regular functions on
a smooth affine irreducible variety. Then the algebra D(A) has a finite-dimensional
filtration F such that grFD(A) is affine commutative by [24, 15.1.21, 15.3.7,15.5.6],
that is D(A) is a somewhat commutative algebra (cf. Example 3.4). In particular,
D(A) is a simple algebra with multiplicity and fdimD(A) = 1 (cf. Example 2.2).
Note that D(A) is not an Artinian ring.

Let G be a finite group of algebra automorphisms of A. Then G acts on D(A)
by conjugation: if g ∈ G and d ∈ D(A) then g.d = gdg−1. The subalgebra D(A)G

of G-invariant differential operators inherits a finite-dimensional filtration F ′ =
{A′

i := AG ∩ Ai}i≥0.

Proposition 5.2. D(A)G is a somewhat commutative algebra with the filtration
F ′.

Proof. Since A and Derk A are G-stable then without loss of generality one can
assume that for each Ai, i ≥ 0 in the filtration F holds G(Ai) ⊂ Ai, i ≥ 0.
This is due to [24, Proposition 8.6.7, 8.6.9] and to the fact that D(A) is an al-
most centralizing extension of A [24, Theorem 15.1.20(i)]. Then we have that
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grF ′D(A)G ≃ (grFD(A))G by [18, 3.2.3]. By the Noether’s Theorem, the right
hand side of this isomorphism is an affine algebra and the statement follows. �

Proposition 5.3. The units of D(A) are the units of A.

Proof. Let y1, . . . , yt be a transcendence basis of the field of fractions of A. Suppose
that x ∈ D(A) is a unit. A localization D(A)c of D(A) by a certain non-zero regular
element c is isomorphic to an iterated Ore extension A[x1;−∂y1

], . . . , [xt;−∂yt
] of

A, by [24, 15.1.25, 15.2.6, 15.3.2]. Since D(A) embeds into D(A)c, then x is a unit
of A[x1;−∂y1

], . . . , [xt;−∂yt
], and hence of A. �

From Proposition 5.3 we immediately have

Corollary 5.4. Let G be a non-trivial finite group of automorphisms of A with
induced action on D(A) by conjugation. Then the action of G is outer.

Theorem 5.5. Let G be a finite group of automorphisms of A with induced action
on D(A) by conjugation. Set n = GK(A). Then

(1) D(A)G is a simple ring Morita equivalent to D(A) ∗ G, both have the
Gelfand-Kirillov dimension 2n.

(2) D(A)G is finitely generated Noetherian but not Artinian.
(3) fdimD(A)G = 1, hD(A)G = n, and every finitely generated D(A)G module

M satisfies the Bernstein inequality GK(M) ≥ n.
(4) Let M ∈ H(D(A)G) be a holonomic D(A)G-module. Then M is cyclic

torsion module with finite length bounded by e(M). Moreover, M is simple
if e(M) = 1.

Proof. Applying Theorem 4.2, Proposition 5.1 and Corollary 5.4 we obtain first
two statements. Recall that fdimD(A) = 1. We have that AG is a D(A)G-module
of the Gelfand-Kirillov dimension n. Hence, by Proposition 4.4, fdimD(A)G = 1.
The Bernstein inequality then follows from Theorem 2.3. Since we have explicitly
constructed a module with the minimal possible Gelfand-Kirillov dimension, then
hD(A)G = n. �

5.2. Invariants of the Weyl algebra. Let x1, . . . , xn, y1, . . . , yn be the standard
generators of the Weyl algebra An(k), identified with the algebra of D(k[x1, . . . , xn])
of differential operators on the polynomial ring. The linear actions of finite groups
of automorphisms on An(k) by conjugation are induced from the linear actions
on k[x1, . . . , xn]. Recall that an automorphism of An(k) that fixes the subspace
span〈x1, . . . , xn, y1, . . . , yn〉 is called a symplectic automorphism. In particular, ev-
ery linear automorphism of An(k) is a symplectic automorphism [18].

Corollary 5.6. Let G be a finite group of symplectic automorphisms of An(k). We
have:

(1) An(k)
G is a simple ring Morita equivalent to An(k) ∗ G, both have the

Gelfand-Kirillov dimension 2n.
(2) An(k)

G is finitely generated Noetherian but not Artinian.
(3) An(k)

G is a somewhat commutative algebra.

Proof. Statements (1) and (2) follow immediately from Theorem 4.2. Introduce
a filtration E = {Ei}i≥0 on An(k)

G induced from the Bernstein filtration B =
{Bi}i≥0: Ei = Bi ∩ An(k)

G. Then grEAn(k)
G ≃ (grB An(k))

G ([18]), which is a
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finitely generated commutative algebra by the Noether’s theorem. Statement (3)
follows. �

Theorem 5.7. Let G be a finite group of symplectic automorphisms of An(k).

• fdimAn(k)
G = 1, hAn(k)G = n, and every finitely generated An(k)

G module
M satisfies the Bernstein inequality GK(M) ≥ n.

• If M is a holonomic An(k)-module then M is a cyclic torsion module of
finite length bounded by e(M). In particular, M is simple if e(M) = 1.

Proof. If the action of G is linear then the statements follow from Theorem 5.5. We
now consider an arbitrary action of G. First note that G preserves the Bernstein
filtration of An(k). Since G is finite then we have hAn(k)∗G = hAn(k) = n. Hence

hAG = n by Theorem 2.4. Since the algebra An(k)
G is somewhat commutative,

there exists a module 0 6= M with the minimal Gelfand-Kirillov dimension. Hence,
fdimAn(k)

G = 1 by Proposition 4.4. �

5.3. Differential operators on quotient varieties. From now on we assume
that k is algebraically closed. Consider the quotient of An = Spec k[x1, . . . , xn] by
G, and the ring of differential operators on An/G. Note that in general An/G is
a singular variety, except when G is a pseudo-reflection group by the Chevalley-
Shephard-Todd theorem ([14, Theorem 7.2.1]).

Let W be a finite group of linear automorphisms of k[x1, . . . , xn], N ⊂ W a
subgroup generated by the pseudoreflections. Then N is normal in W (cf. [28, pp.
259]). Further on, we have natural isomorphisms

k[x1, . . . , xn]
W ≃ (k[x1, . . . , xn]

N )W/N ≃ k[x1, . . . , xn]
W/N ,

where the second isomorphism follows from the Chevalley-Shephard-Todd theorem.
Moreover, the induced action of W/N on the polynomial algebra is linear. Now we
have

Lemma 5.8. Let W be any finite group of linear automorphisms of the polynomial
ring k[x1, . . . , xn] (and hence of the affine space An). Then D(An/W ) is isomor-
phic to the ring of invariants of An(k) under the action of a finite group of linear
automorphisms.

Proof. Since W/N does not contain pseudoreflections then using the isomorphisms
above and [21, Theorem 5] we have an isomorphism of algebras of invariant differ-
ential operators

D(k[x1, . . . , xn]
N )W/N ≃ D(k[x1, . . . , xn]

W ).

Since W/N acts linearly on

k[x1, . . . , xn]
N ≃ k[x1, . . . , xn],

we have D(An/W ) ≃ D(An)W
′

with linear action of W ′ ≃ W/N . �

From Lemma 5.8 and Theorem 5.7 we immediately have

Theorem 5.9. Let W be a finite group of linear automorphisms of An.

• The ring D(An/W ) has the filter dimension 1;
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• If M is a holonomic D(An/W )-module then M is cyclic torsion module
with finite length bounded by e(M). In particular, if e(M) = 1 then M is
simple.

5.4. Invariants of generalized Weyl algebras of pure type. We keep the
hypothesis that k is algebraically closed. Let us recall the definition of the Shephard-
Todd groups of type G(m, p, n). Let Gm ⊂ k be the cyclic group in m elements,
generated by the m-th roots of unity. Let A(m, p, n) be the subgroup of G⊗n

m

consisting of (h1, . . . , hn) such that (
∏

hi)
m/p = 1. SetG(m, p, n) = A(m, p, n)⋊Sn.

It is always a normal subgroup of G(m, 1, n), and the quotient group is isomorphic
to Gp. The groups of type G(m, p, n) are the non-exceptional irreducible complex
reflection groups in the classification of Shephard-Todd.

The following is clear.

Proposition 5.10. Let A = D(a, σ) be a generalized Weyl algebra of rank n of
pure type, so that D = k[h1, . . . , hn] or k[h±

1 , . . . , h
±
n ]. Then A is equipped with

the following natural action of G(m, p, n): if ξ = (g, π) ∈ A(m, p, n) ⋊ Sn, g =
(g1, . . . , gn), then ξ(hi) = hπ(i), ξXi = giXπ(i), ξYi = g−1

i Yπ(i).

We have

Theorem 5.11. Let A = D(a, σ) be a generalized Weyl algebra of rank n of pure
type, and G = G(m, p, n). Then we have:

• AG is a finitely generated simple Noetherian ring which is not Artinian;
AG is Morita equivalent to A ∗G.

• For every finitely generated AG-module M , GK(M) ≥ n.
• fdimAG = 1.

Proof. Since G = G(m, p, n) acts by outer automorphisms on A, we are in the
position to apply Theorem 4.2 and Proposition 4.4. Item (1) follows by the same
proof as of Corollary 5.6. Since G preserves the filtration BA, it is clear that
hA∗G = hA = n. Hence the statement (2) follows from Theorem 2.4. Finally,
Statement (3) follows from Proposition 4.4. �

Finally, consider the category of holonomic modulesH(A) forA = D(a, σ)G(m,p,n).

Theorem 5.12. Let A = D(a, σ)G(m,p,n) be the invariant subalgebra of a general-
ized Weyl algebra of rank n of pure type. If M ∈ H(A) then M is a cyclic torsion
module with finite length bounded by e(M). If e(M) = 1 then M is simple.

Let us now revisit Theorem 3.14. We have

Theorem 5.13. Let A be one of the following algebras:

(1) Any subalgebra of invariants of A1(C) under the action of a finite group;
(2) The ring of differential operators D(X), where X is an smooth affine curve;
(3) A generalized Weyl algebra of rank 1 of simple classical or quantum type.

If M is a finitely generated A-module then GK(M) = 1 if and only if M has a
torsion.

Proof. Let G be any finite group of automorphisms of A1(C). Then G is conjugated
in AutCA1(C) to a group of symplectic automorphisms [1] (cf. [18]). Now the
statement in the case of the first Weyl algebra follows from Theorem 3.14 and
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Theorem 5.7. The case of differential operators on curves follows from Theorem
3.14 and Example 3.4. The case of generalized Weyl algebras follows from Theorem
3.14 and Theorem 3.9. �

6. Rational Cherednik algebras

6.0.1. Generalized somewhat commutative algebras. Let W be a complex reflection
group acting on a complex vector space H , S the set of reflections. For each s ∈ S,
take αs ∈ H∗ and α∨

s ∈ H such that αs is an eigenvector of λs (the non-trivial
eigenvalue of s in h∗); and α∨

s is an eigenvector of λ−1
s (the non-trivial eigenvalue

of s in H). Normalize them in such a way that (αs, α
∨
s ) = 2 with respect to the

natural pairing H∗ ×H → C. Finally, let c : S → C be the invariant conjugation
function.

The rational Cherednik algebra Hc,t(W,H), t ∈ C is the quotient of CW ⋉T (H⊕
H∗) by the relations:

[x, x′] = [y, y′] = 0; [y, x] = tx(y)−
∑

s∈S

c(s)(y, αs)(x, α
∨
s )s,

with x, x′ ∈ H∗, y, y′ ∈ H .
We also consider the spherical subalgebra Uc,t(W,H) := eHc,t(W,H)e ofHc,t(W,H),

where e := 1
|W |

∑
w∈W w.

Without loss of generality we assume t = 1 and for simplicity just write Hc

and Uc for the algebras above, and n for dimH . Recall that for a generic c, both
algebras are Morita equivalent, simple Noetherian but not Artinian rings (cf. [27]).

Let us call an algebra A generalized somewhat commutative algebra if it has
a finite filtration F = {Ai}i≥0 with k ⊂ A0 and dimAi < ∞, i ≥ 0, such that
the associated graded algebra is affine commutative. The difference between this
definition and the definition of somewhat commutative algebra is that we do not
impose a condition A0 = k. Nonetheless, we have:

Theorem 6.1. Let A is an affine simple generalized somewhat commutative alge-
bra. Then A is an algebra with multiplicity.

Proof. It follows from [3, Theorem 3.2, Proposition 3.3], using the fact the dimen-
sion defined there equals to the Gelfand-Kirillov dimension by [20, Lemma 2.1,
Proposition 6.6]. �

Corollary 6.2. For a generic c, the spherical subalgebra Uc is a generalized some-
what commutative algebra with multiplicity. Moreover, GK(Hc) = GK(Uc) = 2n.

Proof. The first statement follows from [13, 1.6], as it shows that for an adequate
finite filtration, gr Uc ≃ C[h⊕ h∗]W . Then the second statement follows from [20,
Proposition 6.6] and [24, Propostion 8.2.9(iii)]. �

6.1. Filter and Krull dimensions of rational Cherednik algebras. We as-
sume that c is a generic parameter.

Lemma 6.3. fdimHc = fdimUc ≥ 1.
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Proof. The Gelfand-Kirillov dimension the polynomial representation of Hc equals
1
2GK(Hc). Hence, fdimHc ≥ 1 by [8, Corollary 1.7(i)]. Since fdim is Morita
invariant, we conclude that fdimUc ≥ 1. �

Corollary 6.4. If M ∈ H(Uc) then M is a cyclic torsion module with finite length
bounded by e(M). Moreover, if e(M) = 1 then M is simple.

Proof. Follows from Lemma 6.3, Theorem 2.3 and Theorem 6.5. �

We have

Theorem 6.5. fdimHc = fdimUc = 1.

Proof. The algebra Uc is an algebra with multiplicity by Corollary 6.2. Let h be
the holonomic number of Uc. Then there exists a finitely generated Uc-module M
such that GK(M) = h. Since the Bernstein’s inequality holds for M (cf. [27,
Proposition 3.7]), h = 1

2GK(Uc). Hence fdimUc ≤ 1 by Theorem 2.3. Since fdim
is a Morita invariant by Theorem 2.4, then we have fdimUc = fdimHc = 1 by
Lemma 6.3. �

Next we compute the Krull dimension K (in the sense of Gabriel-Rentschler, cf.
[24, Chapter 6]) of these algebras.

Theorem 6.6. K(Hc) = K(Uc) = n.

Proof. Since the Krull dimension is a Morita invariant ([24, Proposition 6.5.1]), it
suffices to show it for Uc. By the Dunkl embedding we have that a localization
of the spherical subalgebra is isomorphic to D(hreg/W ) ([13, Proposition 4.4.1]).
By [24, Lemma 6.5.3(iib)], K(Uc) ≥ K(D(hreg/W )), and the later equals n by [24,
Theorem 15.3.7]. Since fdimUc = 1 and GK(Uc) = 2n, by [6, Theorem 1.3], then
we have K(Uc) ≤ n. Hence the equality follows. �
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