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Sandwich semigroups in diagram categories

Ivana Durdev? Igor Dolinka! James East?

Abstract

This paper concerns a number of diagram categories, namely the partition, planar partition,
Brauer, partial Brauer, Motzkin and Temperley-Lieb categories. If I denotes any of these cat-
egories, and if o € K, is a fixed morphism, then an associative operation x, may be defined
on Kpun by a*, 8 = acf. The resulting semigroup K9, = (KCpun, *o) is called a sandwich semi-
group. We conduct a thorough investigation of these sandwich semigroups, with an emphasis on
structural and combinatorial properties such as Green’s relations and preorders, regularity, stabil-
ity, mid-identities, ideal structure, (products of) idempotents, and minimal generation. It turns out
that the Brauer category has many remarkable properties not shared by any of the other diagram
categories we study. Because of these unique properties, we may completely classify isomorphism
classes of sandwich semigroups in the Brauer category, calculate the rank (smallest size of a gen-
erating set) of an arbitrary sandwich semigroup, enumerate Green’s classes and idempotents, and
calculate ranks (and idempotent ranks, where appropriate) of the regular subsemigroup and its
ideals, as well as the idempotent-generated subsemigroup. Several illustrative examples are con-
sidered throughout, partly to demonstrate the sometimes-subtle differences between the various
diagram categories.

Keywords: Diagram categories, partition categories, Brauer categories, Temperley-Lieb cate-
gories, Motzkin categories, sandwich semigroups.
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1 Introduction

Categories and algebras of diagrams (which are visual representations of set partitions) arise in many
branches of mathematics, including representation theory [24,19], statistical mechanics |34, 36,418, 61],
knot theory [32,33,37,38,60], classical groups [0], invariant theory [12,43], and more. An excellent
overview may be found in the survey [19], including a detailed discussion of the role played by diagram
categories in theoretical physics.

Sandwich semigroups were used in [11, 14, 15] to give algebraic structures to arbitrary hom-sets
in (locally small) categories, and indeed in more general structures called partial semigroups. If € is
a category, and if X and Y are fixed objects of &, then elements of the hom-set ¥xy can only be
directly composed if X =Y, in which case €xy = €x is an endomorphism monoid of 4. However, if
we fix a morphism a € %y x, then an associative operation x, can be defined on €xy by f x, g = fag,
and we obtain a sandwich semigroup €5y = (€xy,*q). This construction generalises many families

of examples previously only studied as isolated special cases [7,&,11,16,56,62]. For more background
and references, see the introductions to |10, 11, 11].

A general theory of sandwich semigroups in (locally small) categories has been developed in [11,14],
and this has been applied to several concrete categories of (linear) transformations in [11,15]. The

current article continues to develop the general theory, and moves towards applications to a number of
diagram categories, namely the partition category P [34,418], the planar partition category &P [24,34],
the Brauer category B [0, 13|, the partial Brauer category PB [50, 51|, the Temperley-Lieb cate-
gory TL [60,61] and the Motzkin category M [3]. While sandwich semigroups in these diagram
categories share some common properties with those in (linear) transformation categories, there are
some striking differences that will be emphasised during the article. There are also some intriguing
dichotomies between different diagram categories. For example, the behaviour of maximal elements in
the division order on sandwich semigroups in the planar categories ZP, TL and M is quite different
to that in their nonplanar counterparts P, B and PB.

Perhaps most surprising of all is the long list of neat structural and combinatorial features possessed
by the Brauer category, but by none of the other diagram categories studied here. An entire section of
the paper is devoted to this exceptional category. The kinds of problems we solve mostly involve the
computation of combinatorial invariants, related to Green’s classes, minimal sizes of generating sets,



isomorphism classes of sandwich semigroups, and so on. These take their inspiration from influential
works of Howie and others on combinatorial (transformation) semigroup theory; see for example [20—

,27,28,30], and in particular [13,17] for related studies of diagram monoids. The introduction to [17]
contains many more references.

The article is organised as follows. Section 2 contains preliminary material on (partial) semigroups
and categories. Section 3 provides some general framework for working with sandwich semigroups; as
well as revising some of the key results from [11, 1], we also develop a theory of Green’s preorders
in arbitrary sandwich semigroups, with a focus on maximal classes, and connections to mid-identities
and one-sided invertibility. Section 4 introduces the diagram categories that will be the focus of our
study, and proves a number of structural and combinatorial results concerning them. Section 5 proves
many results on sandwich semigroups in diagram categories, including characterisations of the regular
elements, determination of Green’s relations and preorders, classification of maximal classes, description
of the idempotent-generated subsemigroup, and criteria for idempotent-generation of certain ideals.
Section 6 exclusively concerns the Brauer category B. As noted above, B has many special properties
not shared by any of the other diagram categories. These allow us to solve several additional problems
for B; in particular, we completely classify isomorphism classes of sandwich semigroups, calculate
the rank (minimum size of a generating set) of an arbitrary sandwich semigroup, enumerate Green’s
classes and idempotents, and calculate ranks (and idempotent ranks, where appropriate) of the regular
subsemigroup and its ideals, as well as the idempotent-generated subsemigroup. We also explain why
many of these results do not hold in the other diagram categories.

2 Preliminaries on (partial) semigroups and regular *-categories

2.1 Basic definitions

We begin by recalling some ideas from |1 1,11]), slightly adapting notation to suit our present purposes.
A partial semigroup is a 5-tuple (S, 1,d,r,-), where S and I are sets, d,r : S — I are mappings, and
(z,y) — x -y is a partial binary operation (defined on a subset of S x S), such that for all z,y,z € S:

(i) @ -y is defined if and only if r(z) = d(y), in which case d(z - y) = d(z) and r(x - y) = r(y),
(i) if x -y and y - z are defined, then (z-y) -z =z (y - 2).

If the context is clear, we usually write xy for a well-defined product x-y. If the set I, the mappings d, r,
and the product - are all understood, we will often refer to “the partial semigroup S” instead of “the
partial semigroup (S, 1,d,r,-)”. By (ii), we may omit parentheses on products of length greater than
two. If |[I| = 1, then of course S is just a semigroup. For i,j € I, we define the set

Sij ={xeS:d(z) =1, r(z) =j}.

The sets S; = S;; are semigroups.

As in |15, page 21|, an element = € S is (von Neumann) regular if there exists a € S such that
x = xax; note then that d(a) = r(z) and r(a) = d(z). Following standard semigroup terminology,
we then call a a pre-inverse of x, and = a post-inverse of a. We write Pre(x) and Post(x) for the sets
of all pre- or post-inverses of x, respectively. Note that € Post(a) < a € Pre(z). As usual, the
elements of Pre(x) N Post(z) are called inverses of x; we denote this set by V(z). If a € Pre(x), then
axa € V(zx), so Pre(z) # @ < V(z) # @. It is possible to have Pre(x) = @ # Post(z). If every
element of S is regular, we say S is (von Neumann) regular. (Note that the term “regular” has another
meaning within category theory; here we always mean von Neumann regular.)

We call the partial semigroup S a (small) category if it additionally satisfies the following:
(iii) for all 7 € I there exists e; € S; such that for all x € S, zey () = eq)r = T.

In the usual meaning of the word “category”,



the objects of S = (S,1,d,r,-) are the elements of I,

the hom-sets (a.k.a. morphism sets) are the S;; (i,j € I),

the semigroups S; = Sj; (i € I) are monoids; the elements of S; are endomorphisms, and invertible
elements of 5; are automorphisms,

e d(x) and r(z) are the domain and range (or source and target) of the morphism = € S,

e - is the composition operation (and morphisms are composed left to right).
Even if a partial semigroup S is not a category, we will still usually refer to the S;; as hom-sets, the S;
as endomorphism semigroups, and so on.

By a partial x-semigroup, we mean a 6-tuple (S,I,d,r,-,*) such that (S,I,d,r,) is a partial
semigroup, and % : S — S : x — =¥ a mapping such that for all x,y € S,
(iv) d(z*) =r(x), r(z*) =d(x) and (z*)* =z,

(v) if zy is defined, then (zy)* = y*x*.

Analogously to [57], by a regular partial x-semigroup, we mean a partial x-semigroup S such that

(vi) x = zz*z for all x € S.

In particular, any regular partial x-semigroup is regular. If a regular partial *-semigroup happens to be
a category, we call it a reqular x-category. All of our motivating examples in Sections 4-6 are regular
«-categories. It follows from (vi) and (iv) that 2* = x*(z*)*2* = o*za* for all x € S.

2.2 Green’s relations and preorders

As in [11], for a partial semigroup S = (S,I,d,r,-), we denote by SU) the category obtained by
adjoining an identity morphism at each object that did not already have one. Green’s preorders on S
are defined, for x,y € S, by

e 1 <yy < x=uya for someaec SW),
ez <4y & z=ay for some ac SO,
e 2 <,y & x=ayb for some a,be SW,

e rx<yy o r<mgyandzr <gy.

Note that x <g y implies that d(z) = d(y); other such implications hold, but we will not state them
all. Note that S™) can be replaced by S in all of the above if S is regular and/or a category.

It is worth noting that z < » a for any a € Pre(z), that x > ; a for any a € Post(z), and that
xz ¢ afor any a € V(z).

If % is any of Z, £, ¥ or €, then Green’s J relation is defined by & = < N> 4. Green’s ¥
relation is defined to be ¥ = Z Vv £, the join of Z and £ in the lattice of equivalences on S: i.e.,

the least equivalence containing # U .Z. As with semigroups, we have ¥ = Z o ¥ = L o % C 7;
cf. [I1, Lemma 2.6].

The next result shows that the Z, . and ¢ relations and preorders in a regular partial x-semigroup
may be characterised equationally (instead of asserting the existence of further elements). Elements

of a regular partial x-semigroup of the form zz* are called projections; they may also be characterised
as the elements z for which 22 = z = z*; projections are always endomorphisms.



Lemma 2.1. If S is a reqular partial *-semigroup, and if T,y € S, then
(i) 2 <zy & zz* =yy*az*, (iii) x <gy & z*zx =z*xy*y,
(i) x Zy & xzx* = yy*, (iv) 2 Ly & x*z=y*y.
Proof. (i). If x <4 y, then x = ya for some a € S, in which case
zx* = yaa'y* = yy*yaaty* = yy*var*.

Conversely, if xx* = yy*za*, then x = xx*r = yy*ra*z <z y.
(il). If 2 Z y, then <5 y and y <z z, and so xa* = yy*zz* and yy* = xx*yy*, by (i), which gives

zz* = (za")" = (yy ra™)" = vatyy” = yy".
The converse is quickly checked.
(i) and (iv). These are dual to (i) and (ii). O

If 2 is any of Green’s relations Z, £, 7, # or ¥, then for any = € S;; we write
K, ={yeSy:xxy},

and we call these the J# -classes of S;;. For & # &, Green’s preorder <, on S induces a partial
order on J -classes; we generally denote these partial orders by the same symbol, so for z,y € S;;, we
write Ky <y K, < x <y y. The < s order on _#-classes is usually denoted simply by <.

The structure of a semigroup 7' can be visualised by means of eggbox diagrams. We draw the
elements of a Z-class so that all Z-related elements are in the same row, .Z-related elements in
the same column, and ##-related elements in the same cell. If an J#-class contains an idempotent
(r = z?), then that #-class is a group, and it is shaded grey; the group is usually labelled by a
standard representative of its isomorphism class (or sometimes we simply list the elements of 7" in the
appropriate cells). In the case that T is finite, we may draw all the ¢ = Z-classes like this, and
illustrate the < = < ; order by including an edge from J, up to J, for each cover J, < J,. Many
examples of eggbox diagrams are given in this paper; see Figures 1-5, 10 and 12.

2.3 Rectangular bands and groups

Recall that a left-zero semigroup is a semigroup U with multiplication ujus = uy. A left-group is
(isomorphic to) a direct product of a left-zero semigroup and a group; the degree of the left-group
is the size of the associated left-zero semigroup. Right-zero semigroups and right-groups are defined
analogously

A p x X rectangular band is (isomorphic to) a semigroup of the form U x V| where U is a left-zero
semigroup of size p, and V a right-zero semigroup of size A\. A p X X rectangular group over a group G is
(isomorphic to) a direct product of a p x A rectangular band with G. Note that a left-group of degree d
is a d x 1 rectangular group. The Z-classes of the rectangular band U x V" are the sets {u} xV (u € U),
and a similar statement holds for .Z-classes. Thus, a p x A rectangular band has p Z-classes and A
Z-classes.

An idempotent of a semigroup S is an element e of S such that e = e?. For any subset A of S,
we write E(A) for the set of all idempotents contained in A. An idempotent e of S is primitive if
ef = fe=f = e= f for all idempotents f of S. A semigroup is simple if it has a single ¢#-class,
and completely simple if it is simple and contains a primitive idempotent.

It is known that a semigroup S is a rectangular band if and only if x = xyx for all x,y € S;
see [29, page 7|. It is known that a semigroup is a rectangular group if and only if it is completely
simple, regular and its idempotents form a subsemigroup; see [29, Exercise 10, page 139]. The next
result is stated without proof in [2, Proposition 1.6]; we provide one for convenience.



Lemma 2.2. A semigroup S is a rectangular group if and only if it is reqular and E(S) is a rectangular

band.

Proof. The forwards implication being clear, suppose S is regular and that E(S) is a rectangular
band. As noted above, it suffices to show that S is completely simple. If e, f € E(S) are such that
ef = fe = f, then since e = efe (also noted above), we have e = efe = ef = f, so that in fact every
idempotent is primitive. So it remains to show that S is simple; we do this by showing that S is a
single Z-class (meaning that S is in fact bisimple).

To do so, let z,y € S. Since S is regular, we have x Z e and y £ f for some idempotents
e, f € E(S). Since E(S) is a rectangular band, e and f are Z-related in E(S), and hence also in S.
But then x Z ¢ 9 f £ y, which gives © Z y. O

Recall from [11] that a (partial) semigroup S is stable if for all x,u € S,
r f xu = v X ru and x Jur = x. 2L ux. (2.3)

Stability is an extremely useful property; for example, we have # = & in any stable (partial) semi-
group; see |11, Lemma 2.6]. It is possible to prove the next two results using the Rees Theorem
(cf. [29, Theorem 3.2.3]), but we prefer the more direct approach here.

Lemma 2.4. Let D be a regular P-class of a stable semigroup S. If E(D) is a subsemigroup of S,
then E(D) is a rectangular band, and D is a rectangular group.

Proof. We show that E(D) is a rectangular band by showing that xyz = x for all z,y € E(D). So
fix some x,y € E(D). Since xy € E(D) we have zy Z x, so xy % x by stability. Thus, x = zyu for
some u € S, Since xy € E(D), it follows that = = (zy)*u = zy(zyu) = zyz, as required.

By Lemma 2.2, and since D is regular, it remains to show that D is a semigroup. To do so,
let z,y € D. Fix inverses a € V(z) and b € V(y). Then zy = raryby < y aryb < y xy, so that
xy 7 axyb, whence vy € Jopyy = Dagyy (the latter since 7 = 2, as S is stable). But ax,yb € E(D),
so axyb € E(D) C D. It follows that Doy, = D, and so zy € D. O

Remark 2.5. Stability is a crucial assumption in Lemma 2.4. For example, the bicyclic semigroup is
a single regular Z-class, and its idempotents form a subsemigroup; but it is certainly not a rectangular
group.

Lemma 2.6. If a reqgular Z-class of a semigroup is an £ -class, then it is a left-group.

Proof. Let D be the Z-class in question. Since a semigroup is a left-group if and only if it is regular
and Z-universal |9, Section 1.11], it is enough to show that D is a semigroup. So let z,y € D. Since D
is regular, we have y Z e for some idempotent e € E(D). Since D is an .Z-class, we have z £ e.
Thus, L, N R, contains an idempotent, so [29, Proposition 2.3.7] tells us that zy € R, N L, C D. O

3 Sandwich semigroups

For the duration of Section 3, we fix a partial semigroup S = (S5, I,d,r, ). We also fix some element
a € Sji, where i,j € I. As in [11], an associative operation x, may be defined on S;; by x x4 y = zay
for x,y € S;j. The resulting semigroup (55, *,) is called a sandwich semigroup, and is denoted Sij-
When || =1, S is a semigroup, and any sandwich semigroup in S is a so-called variant S* = (S, *q4)

of S cf. [10,25,26,39]. In the case that S is a partial x-semigroup, it is easy to check that the map
Sij = Sji x> a*
determines an anti-isomorphism Sfj — S;-l;.
This section outlines some general machinery for working with arbitrary sandwich semigroups that
will be used when studying diagram categories in Sections 4-6. Sections 3.1 and 3.6 mostly revise results

we need from [11, 1], while Sections 3.2-3.5 develop a substantial new theory of Green’s preorders in
sandwich semigroups, with a focus on maximal elements and classes in these orderings.



3.1 Green’s relations and regularity

Let 2 be any of Z, £, ¢, 7 or 9. We denote Green’s % relation on the sandwich semigroup Sfj
by J£“. Note for example that if =,y € S;;, then

r A"y & x=yor [r=yau and y = zav for some u,v € ;.|
For x € S;;, we write
K,={yeSiy:xx y} and Ky ={yeSij:axx"y}

for the - and J#“-classes of x in S;j, respectively; note that K C K.

To understand the J£“ relations, a crucial role is played by the sets P, Py, P§ and P* = P{' N Py,
where

Pl ={z € Sij : xza Z z}, Py ={x € Sij:ax L x}, Py ={x € S;j:axa 7 x}.

Note that z € P{ if and only if # = zawv for some v € S in which case z = (zav)av = za(vav) with
vav € S (not just S(); note then that in fact vav € S;j. With similar reasoning for the other sets, it
follows that

Pla = {CE € Sij 1 xr e $(LS¢]’}, P2a = {$ S Sz‘j X e Sijax}, Pg = {x S Sij X e Sijaa:aSij}.

We will use this fact frequently in what follows, usually without explicit reference.
The following is |11, Theorem 2.13].

Theorem 3.1. Let S = (S,1,d,r,-) be a partial semigroup, and let a € Sj; where i,j € I. If x € S;;,
then

i) Re = R,NP* ifxe Py D,NP* ifzeP®
T {JI} if$€Sij\P1‘l, (iV) Do — Lg Zf:L‘EP;\Pf
| Re f x € P\ Py
(i) Lo L,NPy ifzePy {x} %;xesl s(;aupa)
n) Ly = . x i T € Sij ,
{z} if x € S5\ Pg, J ! 2

H, ' pe NPy Pg
(i) H = e () Jp=q 0 Tr el
{z} if x € Si; \ P¢, De if © € Si; \ P§.
Further, if x € Si; \ P?, then Hy = {x} is a non-group J*-class of Sf;. O

The set P* = P{* N Py may also be used to describe the regular elements of the sandwich semi-
group Sfj For any semigroup 7', we denote by Reg(T') the set of regular elements; this need not be a
subsemigroup of T'. The next result is a special case of |14, Proposition 2.7]:

Proposition 3.2. Let a be an element of a regular partial semigroup S, say with a € Sj. Then
Reg(Sf;) = P? is a (regular) subsemigroup of Sf;. O

In the case of regular partial *-semigroups, the sets P{* and Ps may be described equationally as
follows.

Lemma 3.3. Let S be a regular partial x-semigroup, let 1,5 € I, and let a € Sj;. Then
(i) Pf ={x €S : 2*x € Post(aa*)} = {x € S;; : aa* € Pre(z*x)},

(i) Py ={x €S : xa* € Post(a*a)} = {x € Sj; : a*a € Pre(xzz*)}.

Proof. We just prove (i), as (ii) is dual. If z € P{, then * # za so by Lemma 2.1(ii) we have
za* = za(zra)* = zaa*x™; it follows that z*x = 2*(za*)r = x*raa*z*z, and so aa* € Pre(z*z). The
reverse containment is similar. O



Although it is not necessary for our purposes, the next result seems to be of independent interest.
Recall that an element a of a regular partial *-semigroup is a projection if a> = a = a*; such an element
must belong to an endomorphism semigroup 5;.

Corollary 3.4. If S is a reqular partial x-semigroup, and if a € S; is a projection, then Reg(S?) is a
reqular x-semigroup (with involution inherited from S).

Proof. Since S is regular, Proposition 3.2 tells us that Reg(S{) = P®. It remains to check that

o =z, (x*q )" = y* *q =7, T =T kg T %4 T for all z,y € P*.
The first is clear, and for the second we have (z %, y)* = (zay)* = y*a*z* = y*az™ = y* x4 x*. For
the third, let x € P® Since a is a projection, we have a = aa = aa*. Since x € Pf, it follows
from Lemma 3.3(i) that z*x = z*zaz*x, and so zz* = z(z*x)r* = z(x*rar*z)r* = zax*. A similar
calculation gives z*x = x*ax. Together these give x *x, * x4, ¢ = raxr*axr = xax*axr = za*z = x. O

Remark 3.5. A special case of |14, Proposition 5.1| says that if S is an inverse category (a more
restrictive class than regular partial *-semigroups [35]), then Reg(S7;) is an inverse semigroup for any
a € Sj;. We cannot similarly strengthen Corollary 3.4 to work for arbitrary a in a regular partial
x-semigroup. Indeed, consider the regular semigroup Reg(Bg;) in Remark 6.18 below. As can be seen
from Figure 12, any Z-class in this semigroup contains unequal numbers of #Z- and .Z-classes; it follows
from this that Reg(Bg;) does not even have an involution. (See also Remark 6.2 and Figure 10.)

3.2 Green’s preorders

We now prove two results concerning Green’s preorders in Sf; Both concern the case in which the
sandwich element a has a left- and right-identity in S: i.e., a = ea = af for some e, f € S. This
condition holds, for example, if a is regular, or if S is a category. The first result compares the
preorders < ya on Sj; to the preorders < on S.

Lemma 3.6. If a € Sj; has a left- and right-identity in S, and if x,y € S;j, then
(i) 2<gay & z=y orzx <z ya,

(i) t<gay & x=y orx <g ay.

(i) r< ygay & z=yorz<gpyaorz<gay orz <y aya.

Proof. We just prove (iii) as the others are similar. First note that z < s y if and only if one of the
following holds:

(a) z =1y, (c) @ = yav for some v € S;j,

(b) x = uay for some u € S;;, (d) @ = uayav for some u,v € Sjj.

Clearly (b) = z <g ay, while (c) = 2 <z ya and (d) = = < s aya. The converses of these are easily

established. For example, if z < ; aya, then x = sayat for some s,t € S if e, f € S are such that
a=ea=af, then x = s(ea)y(af)t, so that (d) holds (with u = se and v = ft, both from S;;). O

The next result is a generalisation of [15, Proposition 3.21], which concerns the special case of the
category of partial maps. It shows how the < s preorder on S7; simplifies when elements of Py, Py
or P{ are involved, under the same hypothesis on a having left- and right-identities. (Note that
P*= PN Py C Py



Proposition 3.7. Suppose a € Sj; has a left- and right-identity in S, and let x,y € S;;.

(i) If x € P, then v < goy < = < y aya or x <z ya.
(ii) Ifz € Py, thenx < oy & x < g aya orxz <g ay.
(iii) Ifz € Pg, thenx < yay & < 7 aya.

(iv) Ifye P, thenz < goy & o< yay orxz <zpy.
(v) Ifye Py, thenz < gay & < gyaorz <gy.
(vi) Ifye Pf, thenx < yay & o< 5 9.

Proof. Again note that z < ya y if and only if one of (a)-(d) holds, as in the proof of Lemma 3.6.
We just prove (i) and (iv), as the others are very similar.

(i). Suppose z € P, so that x = zaz for some z € S;;.
Suppose first that < sa y, so that one of (a)-(d) holds. If (c) holds, then z <z ya. If (d) holds,
then = < 4 aya. If (a) holds, then x = raz = yaz <z ya. Similarly, (b) implies z < ; aya.

The converse follows from Lemma 3.6(iii).

(iv). Suppose y € Pf, so that y = yaz for some z € Sj;.

If ¥ < ya y, then one of (a)-(d) holds. Clearly (a) and (c) each imply = <z y, while (b) and (d)
each imply = < 7 ay.

Conversely, if * < y ay, then x = sayt for some s,t € SM: if e € S is such that a = ea, then
z = s(ea)(yaz)t = (se)aya(zt), with se, 2zt € S;j, so that (d) holds. On the other hand, if z <z y,
then o = yt for some t € S| in which case 2 = (yaz)t = ya(zt), and (d) holds. O

Remark 3.8. In the proofs of Lemma 3.6 and Proposition 3.7, the forwards implications did not
require the assumption on a having identities.

One could also prove similar simplifying statements for the Z2%/% and £*/.Z relations: e.g.,

o [fxe Pl thenz <gpuy & z <y ya.

o lfyec Pl thenx <gpay & z<gzpvy.

3.3 Maximal ¢“-classes

As in Section 2.2, if /" is any of #Z, £, /# or #, then the <y« preorder on S, induces a partial
order also denoted <y« on the £ *-classes of Sfj: for z,y € Sij, we have K <y K & x <yay.
We will typically denote the < ya order on _#“-classes simply by <. By a mazimal #“-class in Siss
we mean a _# “-class that is maximal with respect to this order. These maximal ¢ “-classes will play
an important role in our investigation of diagram categories, and here we prove some general results

concerning them.

Our first result identifies a natural family of maximal ¢ “-classes.

Lemma 3.9. If z € Sj; is such that * £ 4 a in S, then {z} is a maximal #*-class in S§;; addition-

ij7
ally, {z} is a nonregular 2*-class.

Proof. Fix some such element z. To show that {z} is a maximal ¢ “-class, it suffices to show that
for any y € Sij, * < ga y implies z = y. To do so, suppose y € S;; and * < ga y. Then one
of (a)~(d) holds, as in the proof of Lemma 3.6. Any of (b)-(d) would imply z < » a (in S), contrary
to assumption, so in fact x = y.

Now {z} C D¢ C J¢ = {z}, so that {z} = D¢ is indeed a Z%class. If it was a regular Z°-class,
then it would contain an idempotent; but then @ = z %, = zax < y a, a contradiction. O



We will call a maximal _#“-class of Si; trivial it it is of the form described in Lemma 3.9. Any
other #“%-class will be called nontrivial. Nontrivial maximal _#“-classes do not always exist (cf. Ex-
ample 3.16). The next result concerns nontrivial maximal _#“-classes in the case that the sandwich
element a € Sj; is regular.

Lemma 3.10. Suppose a € Sj; is reqular.

(i) There is at most one nontrivial mazimal 7 “-class in S;.
(ii) If a nontrivial mazimal #*-class exists, then it contains Pre(a).

(ili) If a nontrivial maximal #*-class exists, and if it is a P*-class, then it is regular.

Proof. Since (i) clearly follows from (ii), it suffices to prove (ii) and (iii).

(ii). Suppose J is a nontrivial maximal _¢#“-class. So J = Jg for some z € S;; with z < » a. Let
b € Pre(a) be arbitrary: i.e., a = aba. Since z < s a, we have z = uav for some u,v € S But then
x = uabababav = (uab) x4 b x4 (bav), with uab, bav € S;j, so that J = J¢ < J¢. Maximality then gives
J=J ie,be J.

(iii). Suppose J is a nontrivial maximal _#“-class; it suffices to show that J contains an idempotent.
Let b € V(a). Then we have b € Pre(a), so J = J by (ii): i.e., b € J. But b= bab = b*, b. O

We now give necessary and sufficient conditions for a nontrivial maximal _#“-class to exist, again
in the case that the sandwich element a € Sj; is regular.

Proposition 3.11. Suppose a € Sj; is reqular. Then the following are equivalent:

(i) Si; has a nontrivial mazimal 7 “-class,
(ii) for all x € Sij, a < y aza = x < 4 a,

(ili) for allx € Sij, a 7 axa = x 7 a.

Proof. Since a is regular, we may fix some b € V(a). Write J = Jy, and note that if Sf; has a
nontrivial maximal _#“-class then it must be J (cf. Lemma 3.10(ii)). Since b € V'(a), we have a _# b.
Also, from b = b(aba)b we deduce that b € P§ (indeed, b € P} N Py = P%).

(i) = (ii). Aiming to prove the contrapositive, suppose (ii) does not hold. So there exists x € S;;
such that a < y ara and z £ s a. From z £ ; a, Lemma 3.9 tells us that Jg = {z} is a maximal
7 “~class, and that z is nonregular. From a < y aza and b / a, we have b < 5 aza, s0 b < ya x by
Lemma 3.6(iii). This means that J = J! < J¢. But J # J¢, since J contains the regular element b,
and since z is nonregular. It follows that J < JZ, and so J is not maximal.

(ii) = (iii). Suppose condition (ii) holds, and suppose = € S;; satisfies a _# axa. Then in particular,
a < y azra, SO (ii) gives x <sa. But also a < g ara < y x, SO it follows that = ¢ a.

(iii) = (i). Suppose condition (iii) holds. We will show that J is maximal (and it is nontrivial since
it contains the regular element b). To do so, suppose x € S;; is such that J < J¢. We must show
that J = J, and it suffices to show that Ji < J. Since J§ = J < Jg, we have b < ya z. Since
b € Pg, Proposition 3.7(iii) gives b < y awa. Together with a _# b, it follows that a < s axa, so that
a # axa. It follows from (iii) that z # a. In particular, + < s a, and so x < s b (as a # b). Since
b € P¢, Proposition 3.7(vi) then gives z < ya b, so that J < Ji! = J, as required. O]

A simple consequence worth noting is as follows:

Corollary 3.12. If a € Sj; has a pre-inverse that is not Z -related to a (in S), then Sfj has only
trivial mazimal ¢ *-classes.
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Proof. Suppose z is such a pre-inverse. Since a = axa, certainly a _# axa; since (a,z) ¢ Z, by
assumption, the implication (iii) in Proposition 3.11 does not hold. It follows by that proposition
that S¥, has no nontrivial maximal _# “-class. O

Although the converse of Corollary 3.12 does not hold in general (see Example 3.16(vii) below), it
does in a certain special case. To state this (see Proposition 3.15), we require the concept of stability, as
defined in (2.3). We have already noted that _# = 2 in any stable partial semigroup [/ |, Lemma 2.6|.
A special case of |11, Lemma 2.6] says that if the partial semigroup S is stable, then every sandwich
semigroup S is stable.

Lemma 3.13. If S is stable, and if a € Sj; and x € S;j, then

(i) a Z axa & a A axa,

(i) ifa Z x, then = xax < a = azxa.

Proof. (i). Since 5 C #, it suffices to prove the forwards implication, so suppose a ¢ azxa. From
a J a(xa), stability gives a Z a(xa); similarly, a .Z (azx)a, and so a € aza.

(ii). By symmetry it suffices to prove only the forwards implication, so suppose z = zax. Now,
ar < g a ¢ v =uzar < y az; it follows that ax _# a, so stability gives ax # a. Thus, a = azxv for
some v € S, But then aza = ax(azv) = a(raz)v = axv = a. O

Remark 3.14. Stability is necessary in both parts of Lemma 3.13. For example, suppose S is a
monoid with identity 1, and that there is a nonidentity idempotent e with e ¢ 1 (the bicyclic monoid
has this property). Then e = ele yet (1,1el) = (1,e) € # \ .

In the case that S is a semigroup, Lemma 3.13(i) is [58, Exercise A.2.2.1].

Proposition 3.15. If S is stable and J€-triwvial (i.e., J€ is the trivial relation), and if a € Sj; is
reqular, then the following are equivalent:

(i) Sf has a montrivial mazimal ¥ “-class,
(ii) every pre-inverse of a is ¢ -related to a (in S),
(iii) Pre(a) =V (a).

Proof. (i) & (ii). By Lemma 3.13(i) and Z-triviality, we have a ¢ azxa < a = aza, for x € Sj;.
Thus, condition (iii) of Proposition 3.11 is equivalent to:

o for all x € S;;, a =axa = x Z a: i.e., every pre-inverse of a is _Z-related to a.

(ii) = (iii). Clearly it suffices to show that Pre(a) C V(a). With this in mind, fix some z € Pre(a), so
that a = axza. By (ii) we have x ¢ a; it follows from Lemma 3.13(ii) that = zax, and so z € V (a).

(iii) = (ii). This is clear since every element of V' (a) is _#-related to a. O

We now consider a number of examples, illustrating the above results on maximal ¢ “-classes.
In each case, the partial semigroup S is in fact a semigroup, so the sandwich semigroups are all
variants S®. In particular, examples (iv) and (v) show that Lemma 3.10(i) is not true in general
when a is nonregular; example (vii) shows that Proposition 3.15 need not hold if S is not J#-trivial.

Example 3.16. (i) Consider the full transformation semigroup 7,, which consists of all functions
from {1,...,n} to itself, and let a € T, be a non-bijection. By |10, Proposition 4.4], all maximal
F ®-classes in T, are trivial. See also Proposition 5.9 below, which shows that this is true in some
diagram categories as well.
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(if)

(iii)

(iv)

(vi)

(vii)

If M is a finite monoid with group of units G, then G is the unique maximal _#-class of M. If
a € G, then M* = M, so in fact G is the unique maximal _#“-class of M?, and it is regular; thus,
M*? has no trivial maximal _¢“-classes. (Note that every element of M is < y-below a.)

Consider the semigroup S = {a,b,0} with multiplication table given in Figure 1. The multipli-
cation table for the variant S* is also given in Figure 1. Here {a} and {b} are both maximal
_JZ-classes of S, and they are both also maximal _#“-classes of S®. Here {b} is a trivial _# “-class,
and {a} is nontrivial; note that a is regular (indeed, an idempotent), and is its own unique inverse.
Figure 1 also gives eggbox diagrams of S and S¢.

Consider the semigroup S = {a,b,0} with multiplication table given in Figure 2; note that a is
nonregular. The multiplication table for the variant S is also given in Figure 2, as well as eggbox
diagrams for both S and S®. Here {a} is the unique maximal ¢#-class of S, and it is not regular.
The maximal ¢ %-classes of S® are {a} and {b}, and these are both nontrivial (as every element
of S is < y-below a), and they are both nonregular.

Let S be the subsemigroup of 73 generated by the transformations f = [2,1,2] and a = [3,1, 3].
(Here [x1, 9, z3] is the transformation mapping i — x; for i = 1,2,3.) GAP [53] tells us that S
has size 7, and it displays the eggbox diagrams of the semigroup S and its variant S as shown in
Figure 3. Here a is a nonregular element of S (it belongs to the middle Z-class). The variant S*
has two trivial maximal ¢ “-classes (corresponding to the two elements of the top Z-class of S,
which are not < s-below a) and also two non-trivial maximal _#“-classes (corresponding to the
two elements of the nonregular Z-class of 5).

Denote by 7L, the Temperley-Lieb monoid of degree 4 (which is stable, regular and .#-trivial),

<
as defined in Section 4.2, and consider the (regular) partitions o = I I “ and 7 = \\

from TL4. Figure 4 shows eggbox diagrams for TL4 (and TLs, though this can be ignored for
now), as well as the variants 7L and 7L}, again all generated by GAP. From this figure, it can
be seen that 7L} has a nontrivial maximal ¢ 7-class, but TL] does not have a nontrivial maximal
¥ ?-class; both have a single trivial maximal #7/ #7-class. Note that o ¢ 7 (in TL4), and that
the only element of 7Ly strictly < s-above o and 7 is the identity element; this is a pre-inverse
of o but not of 7 (since o is an idempotent and 7 is not); cf. Corollary 3.12 and Proposition 3.15.

Denote by Ps the partition monoid of degree 3 (which is stable and regular), as defined in Sec-

tion 4.1, and consider the (regular) partition o = VA € Ps3. Figure 5 shows egghox diagrams
for P3 (and P, though this can be ignored for now), as well as the variant Pg, again all gen-
erated by GAP. From this figure, it is immediate that P has only trivial maximal _#?-classes.
However, one may easily check (by hand, or using GAP) that each pre-inverse of o is _#-related
to 0. This shows that the converse of Corollary 3.12 is not true in general. Comparing this to
Proposition 3.15, note that while Ps is stable (as it is finite, but see also Proposition 4.5), it is not
JC-trivial. See also Remark 5.10, which puts this example into a more general context.

Figure 1: Multiplication table and eggbox diagram for S (left) and S (right), as in Example 3.16(iii).
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Figure 2: Multiplication table and eggbox diagram for S (left) and S* (right), as in Example 3.16(iv).

C2

B 0.0 0.0
| N\ /7
oon

Figure 3: Eggbox diagrams of the semigroup S (left) and variant S* (right) from Example 3.16(v).

3.4 Mid-identities and regularity-preserving elements

In Section 3.3 we identified a natural family of maximal _#“-classes of S5, called the trivial ones,
namely those of the form J¢ = {z}, where x € S;j and £ ; a. In the case that a is regular, there is at
most one nontrivial maximal _# “-class, and this contains Pre(a), so is of the form J for any b € V (a).
Even in the case that S only has trivial maximal _#“-classes, it is easy to see that V(a) is contained
in a single _#“-class of Si5; we will see in this section that this ¥ ®-class is still very important, even if
it is not maximal. (But note that if Sfj only has trivial maximal _# “-classes, then Pre(a) may or may
not be contained in a single #“-class of Sf;.) The main result of this section (Proposition 3.17) shows
that under certain stability and regularity assumptions, the ¢ “-class containing V'(a) has a very nice
structure. Before we state this result, we must first gather some notions from [25,64].

Let T be a regular semigroup. Recall [64] that an element u of T is a mid-identity if xy = xuy
for all z,y € T'; for such a mid-identity u, the variant semigroup T" = (T, %,,) is precisely the original
semigroup 7T'. Recall [25] that an element u of T' is regularity-preserving if the variant T" is regular. We
denote by MI(T) and RP(T") the (possibly empty) sets of all mid-identities and regularity-preserving
elements of T. Clearly MI(T') C RP(T). If T is a monoid, then RP(T) is the group of units [39,
Proposition 1|, and MI(T') contains only the identity element. It was argued in [39] that RP(T) is a
good “substitute” for the group of units in a non-monoid.

The next result involves rectangular bands and groups; cf. Section 2.3. Recall that E(T") denotes
the set of idempotents of a semigroup 7'

Proposition 3.17. Suppose S is stable, and a € Sj; is reqular. Fiz some b € V(a). Then
(i
(ii

) Jy =Dy,
)

(iii) Jg is a rectangular group (under x,),
)

E(J¢) = V(a) is a rectangular band (under x4),

(iv) if S is regular, then J = RP(P*) and E(Jg) = MI(P?).

Proof. (i). Since S is stable, [I], Lemma 2.6] gives # = & (in S). It then follows from [I4,
Corollary 2.5] that 2% = _#¢ (in S;). The result is now clear.
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Figure 4: Eggbox diagrams of the Temperley-Lieb monoids 7L, (left) and 7Ly (right), and the vari-
ants TL4 (middle-left) and 7L} (middle-right) from Example 3.16(vi).

(ii) and (iii). Suppose z € E(J{). Then x = z x, = zax, and also x € J' C Jp; the latter gives
x b _# a. It then follows from Lemma 3.13 that a = aza, and so z € V(a).
Conversely, suppose z € V(a). Then z = zazr and a = azxa. Then z = xar = xabax and
b = bab = baxab, which gives x #* b: i.e., x € J?. Since x = wax = x x, x, it follows that x € E(J).
Since Ji is a regular Z%-class, the proof will be complete if we can show that E(J) is a subsemi-
group of Sf; (cf. Lemma 2.4). But for any z,y € E(Jy) = V(a), it is easy to verify that xx, y € V(a).

(iv). It was proved in |14, Proposition 4.5] that MI(P?®) = V(a) holds under the weaker assumption
that every element of {a} U aS;j;a is regular (and without assuming stability of .S); this condition on a
was called sandwich regularity in [11]. Combined with part (ii), this completes the proof of the second
assertion.

It was shown in |4, Theorem 1.2] that if 7" is a regular semigroup with a mid-identity, then RP(T")
consists of all elements of T' that are 7 -related to a mid-identity. Thus, since P* = Reg(Si“j) is regular,
and since MI(P%) = V(a) # @, it follows that

RP(P) = |J Hi= |J HI=Dj=J O
zeMI(P2) z€E(DY)

Remark 3.18. One may readily locate the #“-class containing V'(a) in Figures 4 and 5; see also
Figures 10 and 12. The rectangular group structure of this _#“-class is evident from the figures.

3.5 Right-invertibility

As in [14, Section 2.2|, we say a € Sj; is right-invertible if there exists b € S;; such that ab is a right-
identity for S;;: i.e., x = xab for all x € S;;. Such an element b is called a right-inverse of a, and it
is then apparent that b is right-identity for S;. Note that ab need not be a right-identity for every z
with r(z) = j; see Remark 3.20 for an example. We write RI(a) for the set of all right-inverses of a.

Left-invertibility and left-inverses are defined analogously. Every result in this section has a dual
statement, but we will omit these.

Lemma 3.19. (i) If a € Sj; is right-invertible, then V(a) = Pre(a) C Rl(a) C Post(a).

(ii) If a € Sj; is right-invertible and regular, then V(a) = Pre(a) = Rl(a) C Post(a).
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Figure 5: Eggbox diagrams of the partition monoids Pz (left) and P (right), and the variant Pg
(middle), from Example 3.16(vii).

Proof. (i). Let € Pre(a), so that € S;; and a = aza. Since a is right-invertible, we may fix some
b € Rl(a). Since ab is a right-identity for S;;, we have x = x(ab). But then ax = ax(ab) = (axa)b = ab
is a right-identity for Sj;, so that z € RI(a).

Let € Rl(a). Since az is a right-identity for S;;, and since x € S;;, we have z = z(ax): i.e.,
x € Post(a).

We have proved that Pre(a) C RI(a) C Post(a), and so also V(a) = Pre(a) N Post(a) = Pre(a).

(ii). In light of (i), it is enough to show that RI(a) C Pre(a), so let z € RI(a). Since a is regular, we
have a = aya for some y € S;;. Since ax is a right-identity for S, it follows that a = aya = a(yax)a =
(aya)xa = axa, so that x € Pre(a). O

Remark 3.20. It is possible for an element of a partial semigroup to be right-invertible but not
regular. For example, let X and Y be distinct nonempty sets. Let I = {X,Y}, and consider the
partial semigroup

S=SxxUSxyUSyyUSyx,

where Sy, x consists of all partial maps Y — X, Sy y consists of all partial maps Y — Y, and where each
other Sy contains only the empty map @y : U — V. If a € Sy x is nonempty, then a@xy = Oy y
is a right-identity for Sxy = {@x y}, so that a is right-invertible; however, a is nonregular. Note also
that @y y is not a right-identity for Sy y.

On the other hand, if we wished to study some sandwich semigroup 57’ with a right-invertible, then
we could assume without loss of generality that a is regular. Indeed, fix some right-inverse b € RI(a),
and define ¢ = aba € Sj;. Then since RI(a) C Post(a), we have bab = b, so cbc = abababa = aba = ¢, so
that c is regular; also, c is still right-invertible (b is a right-inverse). Since zay = xzcy for all z,y € Sy},
it follows that the sandwich semigroups Sf”j and Sfj are precisely the same semigroup.

Next we wish to prove a result on maximal ¢ “-classes in the case that a is right-invertible (Propo-
sition 3.22 below). To do this, we need the following simple lemma.

Lemma 3.21. If T is a stable partial semigroup, and if u,v € T salisfy u <y v < 7 u, then u £ v.
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Proof. Fromu <y v < s uwehaveu # v, and also u = xv for some z € TM . But then v F u=zxv,
so stability gives v .Z zv = u. O

The next result concerns left-groups, which were defined in Section 2.3.

Proposition 3.22. Suppose a € Sj; is right invertible.

(i) The sandwich semigroup Sf; has a mazimum _#“-class, and this contains RI(a).

(i) If SZ‘-’]- is stable, then the mazimum _¢ *-class of Sfj is in fact an L*-class, and is a left-group with
set of idempotents Rl(a).

Proof. (i). Let b € Rl(a) be arbitrary. It is enough to show that every element z € S;; is < ya-below b;
but this is clear because ¥ = z(ab) = %, b < g« b, whence z < ya b.

(ii). Again, let b € RI(a), so that the maximum _#“-class of S}, is Ji. By definition we have Lj C J;'.
Conversely, let z € Ji. As above, x < ga b; since also b #“ z, we have ¥ < ga b < yo x. Lemma 3.21
(applied in the semigroup 7' = SZ“]) then gives x £ b: i.e., x € L.

Since Ji is an Z-class, it is certainly a Z%-class. Since it is regular (as b € J}! is an idempotent),
it follows from Lemma 2.6 that it is a left-group.

Finally, we prove that E(J{) = Rl(a). First, if € Rl(a), then part (i) gives x € J; since ax
is a right identity for z € S;j, * = x(ax) = = x4 x, so that in fact z € E(JJ). Conversely, suppose
x € E(J). So x = zax, and since x £* b (as ¢ € J? = L), we have b = uax for some u € S;;.
But then for any z € S;; we have z = zab = zauazr = zauavar = zabaxr = zaz, so that ax is a
right-identity for S;;: i.e., z € Rl(a). O

Remark 3.23. Stability is essential in Proposition 3.22(ii). For example, let S = PT be the category
of partial transformations, as studied in |15, Section 3|. Let X be an infinite set, let a« € PTx = PTxx
be an injective mapping with domain X that is not surjective. Then a is right-invertible, so we may
fix some right-inverse b € RI(a). Now, J is the maximum _#“%-class of PT¢ (by Proposition 3.22(i)),
but J{ is not even a Z%-class, let alone an £“-class. (This all follows from |15, Lemma 3.7] and the
proof of [15, Proposition 3.17|.)

The next result is analogous to Proposition 3.22, but concerns % -classes of the hom-set \S;; rather
than J£“-classes of the semigroup S7;. The proof is virtually identical.

Lemma 3.24. Suppose a € Sj; is right-invertible.

(i) The hom-set S;j has a maximum _Z -class, and this contains Rl(a).

(ii) If S is stable, then the maximum ¢ -class of S;j is in fact an £L-class. O

The final result of this section is somewhat technical, but it will be used in Section 6.2 when
studying sandwich semigroups in the Brauer category. To give the statement, we first introduce some
notation.

Suppose S is stable, and that a € Sj; is right-invertible; fix some right-inverse b € RI(a). By |11,
Proposition 2.14], Si; is stable. By Lemma 3.24, J, = L; is the maximum J -class of the hom-set S;;.
By Proposition 3.22, Ji! = Ly is the maximum _# “-class of the sandwich semigroup S7;; moreover, J;'
is a left-group over Hy'. Let X be a cross-section of the #-classes contained in .J;, by which we mean
that J, = U,ex He, with H, N Hy = @ for x # y.

Now, Ji = Lj is a regular 2%-class (since it is a left-group), so it follows from Theorem 3.1
that HY = H, for all x € JJ. Thus, we have J = UxeXl H, = U:cEX1 H? for some X; C X.
Put Xo = X \ X;. Note that for x € Xy, H, is an J-class of S, but is not an .#%-class of Sfj
(unless |Hz| = 1); cf. Theorem 3.1(iii).

Recall that the rank of a semigroup 7', denoted rank(7’), is the minimum size of a generating set
for T'. In the next statement and proof, if Q C S;;, we write (€2) for the subsemigroup of S generated
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by €: i.e., the set of all (nonempty) products of the form yj xq Y2 *q - - * *q Yk, With y1,y2,...,yx € Q.
It follows from results of Ruskuc [59] (see also |14, Proposition 4.11|) that the rank of a left-group of
degree X over a group G is equal to max(\, rank(G)). In particular, since Ji' (as above) is a left-group
of degree |X1| = |J/H#*| over H{, we have

rank(J;') = max(|Ji' /|, rank(H')). (3.25)

(Here, if € is an equivalence relation on a set A, and if B C A is a union of e-classes, we write B/e for
the set of all such e-classes.)

Proposition 3.26. Suppose S is stable, and that a € Sj; is right-invertible. Keep the above notation
(the right-inverse b, the set X = X1 U Xy, etc.). Let T = (Jp) be the subsemigroup of Si; generated
by Jp.

(i) We have T' = (J§ U Xo).
(ii) If rank(Hy) < |Jg/2€%, then rank(T) = |Jy/ .

Proof. (i). Since JU Xy C Jy, it suffices to show that J, C (J U X2), so let y € J, be arbitrary. Let
z € X be such that y € H,. In particular, y Z z, and so y = zu for some u € SU. Since z € Sij, and
since ab is a right-identity for S;;, we have y = zu = x(ab)u = = %, (bu). Since z € X C J U X», the
proof of (i) will be complete if we can show that bu € Ji'. First note that b ¢ y = zabu < y bu < 4 b,
so that all these elements are _#-related; in particular, bu _# b, so that bu € J, = Lj. Since also
bu = b(ab)u = b- a(bu) we have bu .Z a(bu): i.e., bu € Pgy. But then it follows (using Theorem 3.1(ii))
that bu € Ly, N Py = Ly = Jy!, as required.

(ii). By (3.25), and by assumption, we have rank(J") = |J{/°| = | X1|. Fix a generating set 2 of
Ji with |Q = |X1]. By (i), we have T' = (J U Xo) = (QU X>), so it follows that

rank(T) < |QU Xs| = Q] + | Xa| = |X| = | /).

On the other hand, since Jj is a maximal (indeed, maximum) _#-class in S;;, |14, Lemma 6.1(ii)] tells
us that any generating set for Sf; has size at least |J, /%], so that rank(Sf;) > [J/Z|. But since Jp is
an .Z-class, every Z-class contained in Jj, is in fact an J¢-class, so |Jp/Z| = |Jp/ . O

3.6 Structure of the regular subsemigroup, and connections to nonsandwich semi-
groups

Throughout Section 3.6 we assume the partial semigroup S = (S5,I,d,r,-) is regular. We also
fix a € Sji, and an inverse b € V(a). (If S was a regular partial *-semigroup, we could take b = a*
throughout.) As in |14, Section 3],

e (Sjja,-) is a subsemigroup of the (ordinary) semigroup Sj,
e (aS;j,-) is a subsemigroup of the (ordinary) semigroup Sj;,
e (aS;ja,*p) is a subsemigroup of the sandwich semigroup S;’Z-.

In fact, |14, Proposition 3.5] tells us that (aS;;a, ) is a regular monoid with identity a, and that we
have commutative diagrams of semigroup surmorphisms (i.e., surjective homomorphisms):

(Sijs*a) Reg(Si;,%a)
Tr—xa r—rax Tr—xa r—axr
(Sija,) (aSij, ) Reg(Si;a,-) Reg(aSi;, )
y’% Aa y’% Aa
(aSija,*b) (aSija,*b)

(3.27)
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From Sjja = Sijaba C S;ba C S;ja, it follows that Sj;a = S;ba is in fact the principal left ideal of S;
generated by the idempotent ba. Similarly, aS;; = abS; is the principal right ideal of S; generated by
the idempotent ab.

Of particular importance is the surmorphism
¢ : Reg(Sf;) — (aSija, %) : v+ axa (3.28)

induced by the second diagram in (3.27). This map was a key ingredient in many results of [11]
that demonstrate close structural relationships between the regular semigroup P¢ = Reg(Sfj) and the
regular monoid (aS;ja,xp).

If # denotes any of Green’s relations, then we define a relation A" on P° by
x A" y < x¢ X ydin (aSija, *p).

Then 2° = 2° and/ BAS Whlle%/"Cji/ C 2%if ¥ isany of Z, £ or A; cf. |11, Lemma 3.11].
For x € P we write K @ for the 7 “-class of z. The following is [11, Theorem 3.14]. (Rectangular
bands and groups were deﬁned in Section 2.3.)

Theorem 3.29. Let x € P* = Reg(S5,), and put p = |H® /%% and X\ = |H%).%°|. Then

(i) the restriction to HY of the map ¢ : P* — (aSija,%p) is a bijection ¢|pa : HY — Hiw
(ii) HZ is a group if and only if Hb¢ is a group, in which case these groups are isomorphic,
(i) if HY is a group, then fAIg s a p X A rectangular group over HE,

(iv) if H® is a group, then E,(H®) is a p x X rectangular band. O

Remark 3.30. One of the most important consequences of Theorem 3.29 is that a Z%-class Dg of

= Reg(S57;) can be thought of as a kind of “inflation” of the P-class Dzd) of (aS;ja,*p). This is
explained at length in |11, Remark 3.15|, so we will not repeat the full details here. But one may get
an idea of this kind of “inflation” by examining Figures 4, 5 and 12.

As in [, Remark 3.6], the maps
aSija — aS;jab = abSjab : x — xb and aSija — baS;ja = baS;ba : x — bx (3.31)

induce isomorphisms (aS;j;a, *,) — (abS;ab,-) and (aS;ja,*p) — (baS;ba,-). In particular, (a.S;;ja, p)
is isomorphic to both

e abS;ab, the local submonoid of S; with identity ab, and

e baS;ba, the local submonoid of 5; with identity ba.

In the diagram categories studied in Sections 4-6, the monoid abS;ab will always be naturally isomor-
phic to an ordinary diagram monoid.

Combining (3.27) with the first isomorphism in (3.31), we obtain the following diagrams, with all
maps surmorphisms, and with all semigroups other than Sfj and Reg(S{-’j) having - as their operation:

se, Reg(S?,)
xH:c/ Wm x&—)y Xaw
Siba abs; Reg(S;ba) Reg(abS;) (3.32)
y—ayb Ayab yH% Ayab
abSjab abSjab
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The map
® : Reg(S5;;) — abSjab : x — axab (3.33)

induced by the second diagram in (3.32) is the composition of ¢ (as in (3.28)) with the first map
in (3.31). As such, the results from |14, Section 3| may be rephrased in terms of the ® map, including
Theorem 3.29 above.

A final result from [14] that will be important to note concerns idempotents, and the idempotent-
generated subsemigroup. For a semigroup T, recall that E(T) = {x € T : z = 2%} is the set of all
idempotents from T; we will also write E(T') = (E(T)) for the subsemigroup of T' generated by the
idempotents. Note that E(Sf;) = {z € Sj; : ¢ = waz} is precisely the set Post(a) of all post-inverses
of a. It was shown in |14, Lemma 3.13 and Theorem 3.17| that

E(Sf;) = E(P*) = E(aSija,%)¢"" and  E(Sf) = E(P*) = E(aSia, )¢ .

(If ¢ : U — V is a semigroup surmorphism, then E(U) C E(V)y~! and E(U) C E(V)y~! always hold,
but the reverse inclusions do not in general.) Combining these with the first isomorphism from (3.31),
it of course quickly follows that

E(Sf;) = E(P*) = E(abS;ab)®™" and  E(S) = E(P*) = E(abS;ab)®". (3.34)

4 Diagram categories

We now wish to apply the results of Sections 2 and 3 to a number of diagram categories. In this section
we recall the definitions of these categories, and then prove a number of structural results concerning
them. Section 5 treats sandwich semigroups in these categories; Section 6 concerns the particular case
of the Brauer category, which turns out to be especially amenable to analysis.

4.1 The partition category

The diagram categories we wish to study are all subcategories of the partition categories, so we define
these first. We write N = {0,1,2,...} for the set of all natural numbers. For n € N, we write
[n] ={1,...,n}, interpreting [0] = @. For A C N, we write A’ ={a’ :a € A} and A" = {a" : a € A}.
For m,n € N, we denote by P, the set of all set partitions of [m] U [n]’, and we write

for the set of all such set partitions. For m,n € N and a € Py, we write d(a) = m and r(a) = n.
Then as in [19],
P = (P,N,d,l‘,',*)

is a regular x-category, under operations - and * to be defined shortly.

First we recall some terminology. We say a nonempty subset X C NUN’ is
e a transversal if X NN and X NN are both nonempty,
e an upper nontransversal if X C N,

e a lower nontransversal if X C N'.

_(Ar]-|Ar|Ch O
o= <31 BT}—‘—le e (4.1)
to indicate that « has transversals A; UB] (1 < i < r), upper nontransversals C; (1 < ¢ < s) and lower
nontransversals D! (1 < ¢ < t). This notation uniquely determines d(«) and r(«), since

If a € P, we will write

[d(a)] = U A; U U C; and  [r(e)]=|JBiU U D;.
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Note that any of ¢,r, s could be zero in (4.1); they could even all be zero, in which case « = @ is the
unique element of Py g.

As usual, we identify a partition o € Py, with any graph on vertex set [m] U [n]" whose connected
components are the blocks of . When depicting such a graph in the plane R?, we always draw

e vertex x at (z,1) for each 1 <z < m,
e vertex 2’ at (z,0) for each 1 <z < n,

e all edges in the rectangle {(z,y) € R? : 1 <z < max(m,n), 0 <y < 1}.
For example, graphs corresponding to the partitions

o = {{17 4}) {2a 3a 4/7 5,}7 {57 6}> {1/7 2,a 6/}> {3/}7 {7/7 8/}} € PG,Ba (42)
B = {{L 2}7 {3a 45 1/}? {5a 4/7 5,}7 {6}7 {7}7 {8, 6/7 7/}7 {2/}7 {3/}} € 7)8,7
are pictured in Figure 6.

Now let o € Ppyy, and 5 € Ppi. We define o to be the graph on vertex set [m] U [n]” obtained
by changing each lower vertex z’ of (a graph representing) a to z”; similarly, we define 87 to be the
graph on vertex set [n]” U [k]" obtained by changing each upper vertex x of 8 to . The product graph
II(a, B) is the graph on vertex set [m] U [n]” U [k]" whose edge set is the union of the edge sets of a|
and BT. The product a8 € P, is the partition such that z,y € [m] U [k]’ belong to the same block of
af if and only if z,y are in the same connected component of II(«, 5). As an example, Figure 6 shows
how to calculate the product

O‘B = {{17 4}7 {27 3, 1/7 4/7 5/}7 {57 6}7 {2/}a {3/}a {6/7 7/}} € PG,?»

where a € Pgg and 8 € Pg 7 are as in (4.2) and (4.3).

LS
o Eﬁjﬁ\ -
° ¢ o )
E P
) o o {‘? o o "R
5 = /L/:/l (/ o o
o o
Figure 6: Left to right: partitions o € Pgg and 5 € Pg 7, the product graph II(«, 3), and the product

af € P6,7.

The involution * : P — P is easier to describe. For av € P as in (4.1), we define

a — By Br|Di|---| Dy
- Ap|Cr|---|Cs) "

Ay
is the result of reflecting (a graph representing) « in a horizontal axis.

Diagrammatically, o*

The endomorphism monoids in P are the partition monoids Py, = Pp, (n € N). The identity of P,
is the partition id, = {{z, 2’} : € [n]}, with respect to which the invertible elements of P, are those
of the form {{z, (z7)'} : € [n]}, for some permutation 7 € S,. Such a partition will be identified
with 7 itself, so that the automorphism groups in P are (identified with) the symmetric groups S,,.
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4.2 Subcategories
A partition « € P,,, is called

e a Brauer partition if each block of « has size 2,

e a partial Brauer partition if each block of a has size 1 or 2.

We denote by B and PB the sets of all Brauer and partial Brauer partitions, respectively. These are
both subcategories of P, and are both closed under the % map; in particular, they are both regular
x-categories, and they are called the Brauer and partial Brauer categories |13, 50].

As in [34], a partition o € P,y is planar if (some graph representing) « can be drawn in the
plane R?, with vertices in the locations specified above, edges in the specified rectangle, and with no
edge crossings in the interior of this rectangle. For example, with o, 8 as in (4.2) and (4.3), § is planar
but « is not; cf. Figure 6. To each planar partition «, we may associate a canonical (planar) graph,
as shown by example in Figure 8 (see the black edges, and ignore the grey edges for now); for a more
explicit definition, see |18, Section 7].

If  and S are planar, and satisfy r(a) = d(5), then the product af is planar as well (consider the
product graph II(c, 8)). It follows that the set

PP ={ae€P:aisplanar}

is a subcategory of P. We also have corresponding planar subcategories of B and PB. These are the
Temperley-Lieb and Motzkin categories:

TL=BNIPP and M =PBNPP.

Again, the categories P, TL and M are all regular x-categories. Figure 7 shows the relative inclusions
of the above subcategories of P, as well as representative elements of each. Endomorphism monoids in
these categories are Brauer monoids B,,, partial Brauer monoids PB,,, planar partition monoids &P,
Motzkin monoids M,,, and Temperley-Lieb monoids 7L, (also known as Jones monoids 7). Au-
tomorphism groups in B and PB are (identified with) symmetric groups S,; automorphism groups
in P, M and TL are trivial.

(72)

Figure 7: Subcategories of P (left) and representative elements from each (right).

Before moving on, we note that the planar partition category P is isomorphic to the “even
subcategory” TLY"™ of TL defined by

TLeven — U T['Qm,2n-

m,neN

21



Indeed, an isomorphism PP — TLY™ : a +— & may be constructed as follows. Given o« € PP, we

represent « by its canonical graph (as in [18, Section 7]), and then construct & € TLap 2, by “tracing
around” the edges of a, as shown in Figure 8. This observation is inspired by similar facts about planar
partition and Temperley-Lieb monoids; see for example |21, Section 1].

° e >

i e .

Figure 8: A planar partition a from &Pg¢ (black), with its corresponding Temperley-Lieb partition &
from TLi6,12 (grey).

Next we wish to give formulae for the sizes of hom-sets in our diagram categories. To do so, and for
later use, we fix some notation for certain well-known number sequences. More information about these
numbers (including the combinatorial descriptions given below) can be found at the quoted entries on
the Online Encyclopedia of Integer Sequences [1].

The Stirling numbers of the second kind, S(n,k), are defined by S(n,1) = S(n,n) = 1 and
S(n,k)=Sn—-1,k—1)+kS(n—1,k) for 1 <k < mn;cf. [I, AO08277]. Note that S(n, k) is the
number of partitions of an n-element set into k blocks. We also define S(0,0) = 1.

The nth Bell number is B(n) = Y ,_, S(n,k); cf. [I, A000110]. Note that B(n) is the number
of partitions of an n-element set. We also define B(0) = 1.

The double factorial, n!!, is defined to be 0 if n is even, or n - (n — 2)---3 -1 if n is odd;
cf. [1, A123023]. By convention, we define (—1)!! = 1. Note that number of partitions of an
n-element set into blocks of size 2 is (n — 1)!l.

The numbers a(n) are defined by a(0) = a(1) = 1 and a(n) = a(n—1)+ (n—1)a(n—2) for n > 2;
cf. [1, A000085|. Note that a(n) is the number of partitions of an n-element set into blocks of
size < 2 (and also the number of involutions of an n-element set).

The nth Catalan number is C(n) = %H(QS), cf. |1, A000108]. Note that C(n) is the number
of non-crossing partitions of an n-element set, and also the number of non-crossing partitions of
a 2n-element set into blocks of size 2. By convention, we define C(x) = 0 if x is not a natural
number.

The Motzkin triangle numbers, u(n, k), are defined by 1(0,0) =1, u(n,k) =0if n < k or k < 0,
and pu(n, k) = pn—1,k—1)+un—1,k)+pn—1,k+1)ifn > 1and 0 < k < n; cf. [1, A064189].
(It is not as easy to give a succinct combinatorial description of this sequence, but the above
OEIS entry gives a few.)

The nth Motzkin number is u(n) = p(n,0); cf. [1, A001006|. Note that p(n) is the number of
non-crossing partitions of an n-element set into blocks of size < 2.

The next result follows quickly from the combinatorial descriptions of the above number sequences.
Note that elements of the planar categories correspond to non-crossing partitions in the way shown in
Figure 9.

Proposition 4.4. If m,n € N, then
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5 ® 25
6\'\7 ~ 6

8 7

=

Figure 9: A planar partition a from &Pg g, with its corresponding non-crossing partition of [8] U [6]'.

o @

4.3 Green’s relations and stability

Before we even describe Green’s relations in our diagram categories, we may quickly establish stability
(see (2.3) for the definition) using results of [I1]. First, we recall that an element u € S is stable if
the implications in (2.3) hold for all z € S. Next, we recall that a semigroup T is periodic if for all
x € T, some power of x is an idempotent; for example, it is well known that every finite semigroup is
periodic; see |29, Proposition 1.2.3].

Proposition 4.5. The categories P, PB, B, P, M and TL are all stable. In particular, ¢ = 9
i each of these categories.

Proof. Let K denote any of the stated categories. Let a € K, say with a € Ky, Since allnm
and Kpy,a are finite semigroups (they are subsemigroups of the finite monoids K, and IC,,, respec-

tively), they are periodic. It then follows from [I4, Lemma 2.3] that « is stable. Since a@ € K was
arbitrary, it follows that K is itself stable. The second assertion follows from |11, Lemma 2.6], which
states that # = & in any stable partial semigroup. O

Green’s relations on our diagram categories may be described in terms of a number of parameters,
defined as follows. The (co)domain and (co)kernel of a partition a € Py, are

dom(a) = {x € [m] : x belongs to a transversal of a},
codom(a) = {z € [n] : 2’ belongs to a transversal of a},
ker(a) = {(x,y) € [m] x [m] : z,y belong to the same block of a},
coker(a) = {(z,y) € [n] x [n] : 2’4/ belong to the same block of a}.
The rank of «, denoted rank(«), is the number of transversals of a. Note that dom(«) and codom(«)
are subsets of [m] and [n], while ker(«) and coker(a) are equivalences on [m] and [n], and rank(«) is
an integer between 0 and min(m,n). Following [19], we write Ny («) for the set of upper nontransver-
sals of o, and Np(«a) for the set of lower nontransversals. For a = (gi g:}g—i‘%‘%, we have

rank(a) = r, and

dom(« UA“ Ny(a)={C;:1<i<s}, [m]/ker(a)={A4;:1<i<r}u{C;:1<1i<s},
i=1
codom(« UB“ Np(a)={D; : 1 <i<t}, [n]/coker(a) ={B;:1<i<r}U{D;:1<i<t}.

We have a number of obvious identities such as the following (and their duals), which are valid
whenever the stated products are defined:

dom(af) C dom(«), dom(a*) = codom(a), Ny (ap) 2 Ny(a), (4.6)
ker(af) 2 ker(a), ker(a™) = coker(a), rank(afy) < rank(p). (4.7)
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Before we give the characterisation of Green’s relations and preorders on our diagram categories
(Theorem 4.9), we first note a property of planarity from |[18]. Let A = {a1,...,ar} and B = {b1,...,b;}
be nonempty finite subsets of N with a; < --- < a; and by < --- < b;. We say that A and B are
separated if ap < by or by < aq; in these cases, we write A < B or B < A, respectively. We say that A

is nested by B if there exists some 1 < ¢ < [ such that b; < a1 and ay < b;11; we say that A and B are
nested if A is nested by B or vice versa.

Aql---
Bl
and only if the following hold:

g:}g—i’%‘% € P, with min(A;) < --- < min(A4,). Then « is planar if

Lemma 4.8. Let o =

e A1 < <A and By < - < By,

o foralll <i < j<s, C;and C; are either nested or separated,

o foralll <i<j<t, D;and D; are either nested or separated,

o foralll <i<randl<j<s, either A; and C; are separated or else C; is nested by A;,

o foralll <i<r andl <j<t, either B; and D; are separated or else D; is nested by B;.
Proof. The forwards implication is essentially |18, Lemma 7.1]; the converse is clear. O

We also note an obvious parity issue involving elements of B (and TL), which follows from the fact
that all blocks of Brauer partitions have size 2. If m,n € N, then

Bon #9 & TLypn #9 < m=n (mod 2),

in which case any « € By, satisfies rank(a) = m =n (mod 2).

Here is the result describing Green’s relations and preorders on our diagram categories. For the
corresponding statements on diagram monoids, see [13,19,41,63].

Theorem 4.9. Let K denote any of the categories P, PB, B, P, M or TL. If a, 8 € K, then in
the category KC we have

(i) a <z B & d(a) =d(B), ker(a) 2 ker(8) and Ny(a) 2 Ny (),

(i) a <g B < r(a) =r(pH), coker(a) D coker(f) and Nr(a) 2 N5(B),

rank(a) < rank(j) if KK is not B or TL
(i) a< s B & ‘ :
rank(a) < rank(8) and rank(a) = rank(g) (mod 2) if K is one of B or TL,

(iv) a Z 8 < ker(a) = ker(8) and Ny(a) = Ny(B)

< dom(a) = dom(B) and ker(a) = ker(3),
(v) a £ B < coker(a) = coker(8) and Ni(«) = N(B)

< codom(a) = codom(f) and coker(a) = coker(3),
(Vi) o B & a2 p & rank(a)=rank(s).
ol o e) and 6= (R R R where
min(A4;) < --- < min(4,) and min(E;) < --- < min(E,), and we also assume that o € P, and
B € Py

Proof. Throughout the proof we write o = (

(). Suppose first that « <g 3, so that a = B~y for some v € P. Then d(a) = d(B7y) = d(5). By (4.6)
and (4.7), we also have ker(a) = ker(8v) D ker(8) and Ny (a) = Ny(8v) 2 Ny (B).

Conversely, suppose d(a) = d(3), ker(a) D ker(8) and Ny(a) 2 Ny(B8). From the latter we
have u < s, and we may assume that G; = C; for 1 < ¢ < u. Together with d(a) = d(8) and
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ker(a) 2 ker(f3), it follows that each A; (1 <i <) and each C; (u < j < s) is a union of E}’s. Since
BB* = (g gﬂg—j—’%, it quickly follows that a = 38*a <z B.

(iv). This follows quickly from (i), or alternatively from Lemma 2.1(ii), as aa™* = ( f‘:}g—”—%
and 65° = (][5 G16):

(ii) and (v). These are dual to (i) and (iv).

Ay
A

(iii). If « < y B, then a = v for some v € Ky and § € Kyp; (4.7) then gives rank(a) < rank(S).
If K is one of B or TL, then also rank(a) = m = k = rank(/) (mod 2), using the facts noted before
the statement.

Conversely, suppose r < ¢, and also that » = ¢ (mod 2) if K is either B or TL. Then a = v3§ with

..Ar‘ Cl ‘ ............ ‘Cs\ B (Fl
| BBt | Eq[Gi] | Gu) and y = B

Fr|Frga| | Fq|Hi| - | Ho)
B[ Dy | creereeens D)

This clearly completes the proof (of (iii)) if £ = P. If «, 5 belong to PB, then ~,d do as well, so the
proof is also complete for K = PB. If «, 8 are planar, then the above assumption about the ordering
of the transversals, combined with Lemma 4.8, ensures that -, § are planar, so the proof is complete
for the categories 2P and M as well. Finally, suppose K is one of B or TL. Note that here we have
|E;| = |F;| = 1 and |G| = |Hy| = 2 for appropriate i, j, k; we write E; = {e;} and F; = {f;} for all i.

Since r = ¢ (mod 2), the sets {e;11,...,eq} and {fr41,..., fq} have even size, so we may replace 7, d
as above with

/ Al A Gy | o [ Cs\ ’ (Fl | P | frats fraa ][ fam1, fo | Ha |- | Ho

v = <E1 B oo emela e, amd O ={g | |5 D [ D)

Then +/,8 € B, and we still have a = +/86’. Moreover, if o, 3 € TL, then by Lemma 4.8, the ¢;
(respectively, f;) are unnested by the upper (respectively, lower) nontransversals of 3, so it quickly
follows that v/, ¢" € TL.

(vi). The equivalence o # [ <« rank(a) = rank(f) clearly follows from (iii), and the equivalence
a g B & o B from Proposition 4.5. O

We immediately obtain the following description of the ¢ = Z-classes in each diagram category,
along with their ordering.

Corollary 4.10. Let K denote any of the categories P, PB, B, P, M or TL. Let m,n € N, and
suppose m =n (mod 2) if IC is B or TL. Then the ¢ = PD-classes of the hom-set KCpy, are the sets

D, = D, (Kpn) = {a € K s rank(a) =7} for each 0 < r < min(m,n),
and where r = m =n (mod 2) if K =B or TL.

These form a chain under the usual ordering of # -classes: Dy < D, & q<r. O

The next result gives formulae for the number of Z-classes contained in the Z-classes of our
diagram categories, as well as the sizes of 77-classes. The statement uses the number sequences
defined in Section 4.2.
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Proposition 4.11. Let K denote any of the categories P, PB, B, P, M or TL. Let m,n € N, fix
some 0 < r < min(m,n), and suppose r =m =n (mod 2) if K is B or TL.

(i) The number of %-classes contained in D, = Dy (Kyy) is given by
>ger ()S(miq) K =P
(Ma(m —r) if K =PB

(m)(m—r—l)!! ifK=8

r

|Dr /| = 2r+1 (2m+1 -
2m+1 ( m—r) if K= 2P
w(m,r) if K =M
7:1111 ((mnzt)l /2) if K=TL.

(ii) The size of any F-class H in D, is given by

H| = rl if IC is one of P, PB or B
|1 ifK is one of 2P, M or TL.

Proof. Part (ii) is clear, and part (i) follows from arguments given elsewhere, specifically:
e Theorems 7.5, 8.4 and 9.5 from [17] for P, B and TL, respectively, and
e Propositions 2.7 and 2.8 from [13]| for PB and M, respectively.

The result for P follows from that for 7L, and the isomorphism PP = TLYV" keeping in mind
that rank(a) = 2rank(«) for a« € ZP; cf. Figure 8. O

Remark 4.12. By symmetry, we may obtain formulae for | D, /.Z| in each of our diagram categories; we
simply replace all m’s in the above formulae for |D,/Z| by n’s. Then also |D, /5| = |D,/%|-|D,/Z];
multiplying this by the size of an arbitrary J#-class in D, gives a formula for |D,|; summing over
appropriate r gives a formula for |KC,,,|, although simpler such formulae are given in Proposition 4.4.

For example, in the Brauer category B, we have

D/ %| = (") (m —r — 1)1, D/ = (T)(7)(m —r — 1) (n—r— 1),

T
D/ 2| = (1) (n—r—1)1, 1Dr| = (") () (m—r —D(n—r— 1)l
Summing over r, and using |B,,,| = (m +n — 1)!!, we obtain the identity

(m+n—D= > (M) m—r—1n—r—1)lr,

0<r<min(m,n)
r=n (mod 2)

5 Sandwich semigroups in diagram categories

Throughout this section I denotes any of the categories P, PB, B, P, M or TL. We fix some o € K,
say with o € K, with the aim of studying the sandwich semigroup K72, = (Kpn, *5); note that if
is either B or TL, then we have m = n (mod 2). Since K%,, = K2 we may assume by symmetry that
m > n. Note then that »r < n <m. We will assume that

[ X1] | X | UL |Us
o~ G ) o
In the case that K is one of 2P, M or TL, we will additionally assume that min(X;) < --- < min(X,).

(When K is one of P, PB or B, we will make no assumption on the ordering of any of the blocks of ¢.)
It will also be convenient to define the partition

1|
T = <X1 XT}U—J—@ S ’Crn. (52)

The assumption on the ordering of the X; ensures that 7 is planar if ¢ is; cf. Lemma 4.8.
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5.1 Commutative diagrams and connections to nonsandwich diagram monoids

We begin with some brief comments on the commutative diagrams in (3.32) when applied to diagram

categories. First note that o* € V(0), and that
Y Vi|---|Va
Y%Hﬁ € K.

w _ (Xa| | Xe|Un|---|Us ¥« __ (N

oo —(lexr}a’ﬁ‘ﬁ ek, and UO‘—(Yl

Any partition a € 00*K,00* contains the nontransversals U; and U] for each 1 < i < s; any other
block of o (whether a transversal or nontransversal) is of the form B = (J;c; X; U U, c; X} for some

j€J
subsets I,.J C [r], with at least one of I,.J nonempty. We write of for the partition of [r] U [r]’ with
each such block B C [n] U [n) replaced by I U.J" C [r]U[r]. Note that in fact af = ra7* for any
o € 00*K,o0*, where 7 is defined in (5.2); in particular, since 7 € K, this shows that af € K, for any
such a. Since 77 = oo™, it quickly follows that the map

00" Knoo* — K, : a— of (5.3)

is an isomorphism. Combining (3.32) and (5.3), we obtain the following commutative diagrams of
semigroup surmorphisms:

Ko, Reg(K7n)
a—ao a—oQ ai—y X‘b—ma
Kmo*o oo kK, Reg(Kpo*o) Reg(oo*K,,)
Bﬁm %’—WUU* B'—)Oh %’—)600*
oo*Ko0* oco*Kpoo*
ek ek
K. K,
(5.4)
We will use the symbol ¥ to denote the surmorphism

U : Reg(KS,,) = K, : a— (caoo™)" (5.5)

induced from the second diagram in (5.4); in fact, since oo* = 7*7, we have a¥ = roaoo** = Toat*
for all o € Reg(K?,,,). It is useful to note here that

rank(«) = rank(aW) for all « € P°. (5.6)
Indeed, from
a f oao =oc*caoc’o =T Toar o <z Toat* = Toar* T = Toaoot T < yoao J a,

it follows that o ¢ Toar* = a¥, and so rank(«) = rank(aW) by Theorem 4.9(vi).
By Theorem 3.29(i), the restriction

\I/|Hg :Hg — Ha\p

of ¥ to any .#%-class HJ of Reg(K?,,) is a bijection, and such a restriction maps (non)group #7-
classes of Reg(K7,,,) to (non)group .7-classes of KC;, respectively; in the case that HY is a group, ¥|qs
is an isomorphism. In particular, if a € ICy,y, is a x,-idempotent of rank ¢, then the group HJ is trivial
if I is one of 2P, M or TL; otherwise, HY is isomorphic to the symmetric group S,.
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5.2 Green’s relations and regularity in X7 ,

As discussed in Section 3.1, Green’s relations and regularity in the sandwich semigroups K¢, are
governed by the sets P, Py, P§ and P? = P{ NPy . Because of stability (cf. Proposition 4.5), it follows
from [11, Proposition 2.4] that P{ = P?. Since K is regular, Proposition 3.2 gives P? = Reg(KZ,,,).
Combining all of this with Theorem 4.9(vi), and again using stability, we obtain the following:

Proposition 5.7. We have

Py = {«a € Ky : rank )
Py = {«a € Ky, : rank(oa) = rank(a)},
Reg(K7,,) = P° = P§ = {a € Ky : rank(ao)

= {a € Ky, : rank(cao) = rank(a)}. O

It is possible to give combinatorial criteria for membership of these sets, but it does not give a great
deal of additional insight (e.g., it does not allow us to readily compute the size of P7 = Reg(K?,,,) in
general). For example, if rank(a) = ¢, then the product ao will have rank ¢ if and only if ¢ of the
coker(a) V ker(o)-classes contain elements of codom(a), and each of these classes also contain elements
of dom(o). In the case that K = B is the Brauer category, however, cleaner descriptions can be
made (cf. Proposition 6.15), and these do lead to useful consequences (see for example Theorems 6.17
and 6.21 and Corollary 6.19).

Together with the above description of the sets Py, Py and P?, characterisations of Green’s
relations and preorders in K, follow from Theorem 3.1 and Proposition 3.7. Note that ¢ = 27
since K7, is finite. It will be convenient to describe the regular #7 = %7-classes.

Proposition 5.8. (i) The reqular #° = 27-classes of K¢, are precisely the sets

mn
D7 = Dg(K7,,) = DgN P? = {a € P? :rank(a) = q} for each 0 < q <,
and where ¢ =r (mod 2) if K =8B or TL.
These form a chain under the usual ordering of #7-classes: Dy < D7 < p <q.
(ii) The group H°-classes in Dy are

e isomorphic to the symmetric group Sy if K is one of P, PB or B,
o trivial if I is one of P, M or TL.

Proof. (i). This follows immediately from Theorem 3.1(iv), Proposition 3.7(vi) and Theorem 4.9(iii)
and (vi).

(i1). We observed this at the end of Section 5.1. O

In general, K¢, has many more 77 = 97-classes than just these regular ones; cf. Figures 4 and 5.

Next we describe the maximal ¢ “-classes in a sandwich semigroup K¢,,,. Note that if r = n, then
o= (;1 }Z }71’—@ is right-invertible; indeed, in this case co* = id,,.

Proposition 5.9. Suppose K is one of P, PB or B, and that m > n.

(i) If r < n, then the maximal #7-classes of K3, are the singleton sets {a} for a € Ky with
rank(a) > 7.

(ii) If r = n, then the set DY = {a € P? : rank(a) = r} is the mazimum ¢ °-class of K,,; it is a
left-group over S,.
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Proof. We begin with (ii). As noted above, if r = n then o is right-invertible. It then follows from
Proposition 3.22(i) that K, has a maximum _#7-class, and that this is JZ.. Since ¢* € P? and
rank(c*) = r, it follows from Proposition 5.8(i) that JZ. = DZ. It follows from Proposition 3.22(ii)
that D? is a left-group over HZ.. Since HZ. = S, (cf. Proposition 5.8(ii)), the proof is complete.

(i). For any o with rank(a) > r, Theorem 4.9(iii) gives a £ ; o; it follows from Lemma 3.9 that
JG = {a} is a (trivial) maximal _¢#“-class. It remains to show that there is no nontrivial maximal #“-
class. By Proposition 3.11, it suffices to show that there exists o € Ky, such that in K, (0, 000) € 7
but (a,0) ¢ #: ie., that rank(cao) = r < rank(a). To construct such an o we must consider a
number of cases.

Case 1. First suppose s and t are both nonzero (and note that this must be the case if K is one of PB

or B,asr <n<m). Put
VilVil---| Vi1
Us|Uy|--- Us—l )

Then cao = o, so certainly rank(cao) = r. We also have rank(a) = 7 + 1 > r. This completes the
proof (in this case) if K = P. If K is one of PB or B, then « as above may not belong to K, so we may
have to modify the definition of a to ensure that it does.

Y,
X

o If |Uy| = |V;| = 2 (the only possibility for L = B), then we write Us = {u1,u2} and V; = {v1,v2},
and we replace the transversal V; U U] of « by the pair of transversals {vi,u}} and {ve,u}}.
Again we have 0 = oo, but this time rank(a) = r + 2.

o If [Us| = 2 and |Vi| = 1, say with Us = {uj,u2} and V; = {v}, then we replace the transversal
V, U U] of a by the pair of blocks {v,u}} and {u}}. Here 0 = cao and rank(a) = r + 1.

e The case in which |Ug| =1 and |V;| = 2 is dual.

e The case in which |Us| = |V;| = 1 poses no problems, as then « (as above) belongs to D;41(PB)
X1

provided that o does.
Case 2. Next suppose s = 0 but £ > 0, so that ¢ = (Y1 );,TW As noted above, this case
(and all remaining ones) only applies to X = P. Since r < n, we may assume without loss of generality
that | X, | > 2. Fix some x € X,, write Z = X, \ {z}, and define

o= Y VilVal [V
T \Xy Z '

Then we have 0 = cao and rank(a) = r + 1.

Y1
X’,«71

Y,
x

Case 3. The case in which t =0 and s > 0 is dual.

Xq|---| X
il vy
|Y;| > 2 for some 4, j € [r]. Renaming if necessary, we may assume that ¢ = r, and that j =7 or r — 1.
Fix some € X, and y € Y}, and write U = X, \ {z} and V =Y} \ {y}.

Case 4. Finally suppose s =t = 0, so that o0 = ( ) Since r < n < m we have |X;| > 2 and

. . _ Yl"'Y'rflyV — —
o If j =r, then with a = (X1 x e U) we have 0 = oao and rank(a) = r + 1.

. . (Y] Ye2| Ve |y|V (X X2 | X | X L
o If j =r —1, then with o = <X1 O O e e U) we have cao = (Y1 Ay v Yr_1)’ in

particular, rank(cao) = r < r 4+ 1 = rank(«).

Remark 5.10. In the proof of Proposition 5.9(i), every case except for the j = r — 1 subcase of
Case 4 involved showing that ¢ has a pre-inverse not _Z-related to o (in K); cf. Corollary 3.12. In the
exceptional (sub)case, the a constructed did not satisfy o = oo, but one may check that o = caoac;
in general, there may or may not be any « satisfying 0 = cao and rank(«) > r; this depends on the
sizes of the other blocks (if any) of o; cf. Example 3.16(vii).
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We now give the characterisation for the planar diagram categories. For the statement, recall that
Pre(o) = {a € Ky : 0 = oo}, and that D, (Kpy) = {a € Ky, : rank(a) = r}.

Proposition 5.11. Suppose K is one of P, M or TL, and that m > n.

(i) Ifr < n, then the trivial mazimal #°-classes of K3, are the singleton sets {a} for a € Ky, with

mn
rank(«) > r. Moreover, the following are equivalent:

o K7, has a nontrivial mazimal 77 -class,
e Pre(o) C D, (Kpn),
e Pre(o) =V (o),

in which case the nontrivial mazimal #7-class is the set DY = {a € P? : rank(a) =1},

(ii) If r = n, then the set DY = {a € P? : rank(a) = r} is the mazimum ¢ %-class of K,,; it is a
left-zero semigroup.

Proof. (i). The statement concerning trivial maximal _#“-classes again follows from Lemma 3.9 and
Theorem 4.9(iii). The assertion regarding the existence of a nontrivial maximal _#“-class (which would
have to be JZ. = DZ, by Lemma 3.10(ii)) follows from Proposition 3.15, since K is regular, stable and
% -trivial.

(ii). This is proved in the same way as Proposition 5.9(ii), but keeping in mind that group .7-classes
of IC, are all trivial if K is any of 2P, M or TL (cf. Proposition 5.8(ii)). O

Remark 5.12. Sometimes the containment Pre(o) C D, (K,5) holds, and sometimes it does not; it
depends on the structure of o. Example 3.16(vi) gives examples in both cases when K = TL; it is easy
to construct examples for the categories P and M (by hand or with GAP [53]).

It will also be convenient to describe the minimum _#“-class of a sandwich semigroup K7 . Note
that every finite semigroup has a minimum _#-class, and this coincides with the minimal ideal of the
semigroup.

Proposition 5.13. If z is the smallest possible rank of partitions from Ky, then the minimal ideal
of K2, is D, = D?. Further, we have D,/%#° = D,/%# and D,/ £° = D,/ %Z.

mn

Proof. For any o € D,, we have rank(cac) < rank(a) = z, so that rank(cao) = z (as z is the
smallest possible rank). It follows that D, C P? (cf. Proposition 5.7), and so D = D, N P? = D,.
By Proposition 3.7(iii) and Theorem 4.9(iii), D, is the minimum _#“-class.

For the last assertion, suppose a € D,. Since o € P?, Theorem 3.1(i) gives RZ = R, N Pg. Since
R, € D, C P? C Py, it follows that R}, = R, N P§ = R,. The statement for .#?-classes is dual. [

5.3 The idempotent-generated subsemigroup

We write E(K2,,) = {a € K : @ = a %, a} for the set of all x,-idempotents from K7, and

E(K?,,) = (E(KZ,,)) for the idempotent-generated subsemigroup of K2, . Using (3.34) and the iso-
morphism (5.3), it follows that

E(KS,)=EK,)¥™' and  E(K9,,)=E(K,)¥ (5.14)

where ¥ : P? = Reg(K?,,) — K, is the surmorphism from (5.5). Since the idempotent-generated
subsemigroups E(/C,) are well understood for each IC [5,13,16,24,47], (5.14) is in principal enough to
completely describe E(K7, ). However, in most cases we can give a more precise statement. Note that
E(KS,,) = E(K,)¥~! C P?. The next result shows that we have equality when K is TL or ZP.

Theorem 5.15. If K is one of TL or &P, then E(K?,,) = P? = Reg(KZ,,)-
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Proof. Since K, is idempotent-generated [5, 21], we have E(K,) = K,. The result then follows
from (5.14), and the fact that ¥ : Reg(K2,,) — K, is surjective. O

For the other categories, we first prove a simple lemma:

Lemma 5.16. Suppose 0 < g <7, and that ¢ = r (mod 2) if K is B or TL. Then
B(D,(c,)u ! = B(DY).

Proof. This follows from E(KZ,,) = E(K,)¥~1, and the fact that rank(a¥) = rank(a) for a € P;
cf. (5.14) and (5.6). O

Next we consider the categories P and B. If K denotes either of these, then by [16, Proposition 16]
and [17, Proposition 2| we have E(K,) = {id,} U (K, \ S;). (The papers [16] and [17] were concerned
with presentations for the singular ideal I, \ S,.) It follows that

E(Kg,,) = E(K,) ¥ " =id, ¥ 'u | ] DY
q<r

Note that the union is over {¢ : 0 < g < r} for K =P orover {¢:0<¢g <r, ¢ =r (mod 2)} for
IKC = B. In both cases it follows that

E(K,,) = id, $~' U (P \ D?).
Theorem 5.17. If K is one of P or B, then E(K?,,) = V(o) U (P?\ D?).
Proof. It remains to observe, using Lemma 5.16 and Proposition 3.17(ii), that
id, O~ = E(D,(K,))¥~! = BE(D?) = E(JZ.) = V(o). O

It was shown in [13, Theorem 3.18| that the idempotent-generated subsemigroup of the partial
Brauer monoid PB, is given by

r—2
E(PB,) = E(Dy(PB,) U D,_1(PB,)) U | ] Dy(PB,).
q=0

As above, and using Lemma 5.16, we quickly obtain the following:

r—2
Theorem 5.18. We have E(PBY,,) = E(Df UDJ_)u | ] Dy. O
q=0

The situation for the Motzkin category M is more complicated, due to the far more complex
structure of the idempotent-generated subsemigroup of M,; see |13, Theorem 4.17]. Thus, we leave
our description of E(MY7, ) at (5.14).

5.4 Ideals of Reg(K?,)

In this section we study the ideals of the regular subsemigroup P° = Reg(K?,,,). The ideals of the
monoids K, are often (but not always) idempotent-generated, and it turns out that there is a close
parallel with idempotent-generation in ideals of P°.

Throughout Section 5.4, it will be convenient to define the indexing set

{¢g:0<q<r} if K is one of P, PB, P or M

= k . GPU —
Q = {rank(a) : a 1 {{qzogqgr,qzr(mod@} if K is one of B or TL.
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By Proposition 5.8, the 77 = Z7-classes D7 (¢ € Q) of P? form a chain: Dy < D7 & p<gq. It
follows quickly from this that the ideals of P? are precisely the sets

I, = I,( UD” for each q € Q.
P=q

This mirrors the situation with the ideals of the monoid ., which are all of the form

r) = U D,(K,) for each ¢ € Q.
P<q
Keeping in mind that 2P,, = TLsy, (cf. [24, Section 1]), it was shown in [13,17] that
r it K=PPorTL
-1 if K=
I,(K,) is idempotent-generated < ¢ < p, where p = p(K) = " ' P (5.19)

r—2 if K =PBorB
5] -1 if K=M.

In fact, it was shown in [17, Theorems 7.5, 8.4 and 9.5| that if K is any of P, B, P or TL, then a proper
ideal I,(K,), ¢ < r, is generated by the idempotents in its top P-class: i.e., I;(K;) = (E(Dq(K,)).
This is true of approximately half the ideals of PB,., but only of the minimal ideal of M, [13].

In the following proof, it will be convenient to write o = aW¥ for o € P?. If 2 is any of Green’s
relations, we will also write K" for the A -class of a € P°. (As in Section 3.6, and using the
isomorphism (0,0, *0+) = K., the #° relation is defined on P° by « N B < aX Bin K,.)
Throughout the proof, we make frequent use of (5.6), which says that rank(«) = rank(@) for all « € P?.

Theorem 5.20. Let K be one of P, PB, B, P, M or TL, and let p = p(K) be as in (5.19). Then
for any q € Q, the ideal I, = I,(P?) is idempotent-generated if and only if ¢ < .

Proof. Since ¥ : P7 — K, preserves ranks and is surjective, it follows that I,(K,) = I,(P?)¥ for all
q € Q. Thus, if I, = I,(P?) is idempotent-generated, then so too is I,(k;); it then follows from (5.19)
that ¢ < pu.

Conversely, suppose ¢ < p, and let o € I;,. To complete the proof, we must show that a is a
product of idempotents from I.

Write rank(a) = p, and note that & € D,(K,) C I,(K,). Since p < g < p, it follows from (5.19)
that I,(KC,) is idempotent-generated. Thus, @ = f - - - B, for some idempotents f1, ..., B € E(I,(K,)).
Since p > rank(f;) > rank(f; - -- B;) = pforall 1 < i <k, it follows in fact that 51, ..., B € E(Dp(K,)).
For each i, fix some ; € P? such that 7; = 8, noting that v; € E(D;) C E(I;) by Lemma 5.16.

Since rank(@) = p = rank(p1), we have 81 # @ = B1(B2--- Bk), so it follows from stability that
=B R B1(BaB) =@ ie., y1 #° «, which gives RS = Ral. Since rank(a) = rank(y;), we have
a 97 71, so we may fix some § € Ry N L7, . Note then that

§ € RGNILS CRGNIg =Ry NLg, =AY,

Since 7; is an idempotent of /., it follows from Theorem 3.29(iii) that H 7, 1s a rectangular group, and
hence H{ is a group. Thus without loss of generality, we may assume that § is the identity element
of this group. Since § € H7 , we have § # 7;; but 6 and 7, are idempotents of /., so it follows
that 6 = 7.

The key conclusion of the previous paragraph is that there exists an idempotent § such that § Z7 «
and § =7%,. By a symmetrical argument, there exists an idempotent ¢ such that ¢ £ o and & = 7.

O'
Y12

Now consider the element p = § %5 (71 *¢ *** *¢ V&) *» €. Then since 6 = 7, and € = 7, are
idempotents,

=01 AE=T1 T = O
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Consequently, rank(p) = rank(p) = rank(a) = p = rank(d), so that p _#7 6. But then

5/Upzé*o('yl*o"'*a'yk)*aea

so that § Z7 dxo (V1 %0+ * %0 Vi) *o €, Dy stability: i.e., d Z7 p. Since 6 Z° «, it follows that p Z7 a. A
symmetrical argument shows that p £ ¢ £ a, so it follows that p J#7 a. Thus, since p = @ (shown
above), and since V¥ is injective when restricted to any #-class (cf. Theorem 3.29(i)), it follows that
a = p. But p is a product of idempotents, so the proof is complete. O

Remark 5.21. It follows from the above proof that if ¢ < u, then any element of D7 is a product
of idempotents from E(Dg7). We will see in Section 6.6 that a stronger statement holds when K = B,
namely that any element of I7 is a product of idempotents from E(D7). This mirrors the situation
with the monoids P, B,, ZP, and TL,, as noted just after (5.19).

However, this is not the case for the other diagram categories. For example, consider the partition
o= I I I:I from Py = Py4. The regular subsemigroup P? = Reg(Py7) has four #7 = Z7-classes:
D§ < DY < D§ < Dg. The proper ideal I = D§UD{UD{ is idempotent-generated (by Theorem 5.20),
but it is not generated by E(DJ). Indeed, GAP [53] shows that I3 has size 2476, while the subsemigroup
generated by E(DF) has size 2332.

6 The Brauer category

It turns out that the Brauer category B has many properties not shared by any of the other diagram
categories studied in this paper, many of which make B more amenable to further analysis. For
example:

e Sandwich elements o, 7 € B, give rise to isomorphic variants B,,, = By if rank(o) = rank(7);
this leads to a neat classification of the isomorphisms between sandwich semigroups in B; see
Section 6.1.

e Every sandwich semigroup B, with rank(c) < min(m,n) is generated by its trivial maximal

F 7-classes, a fact that leads to neat formulae for the rank of By, ; see Section 6.2.

e The sets P/ and Py may be readily described in a way that yields convenient description of
the regular subsemigroup of a sandwich semigroup; see Section 6.4. Among other things, this
means that Green’s classes and idempotents in the regular subsemigroup P’ = Reg(B7,,,) may
be enumerated by analysing joins of certain equivalence relations, as described in Section 6.3.

e The regular subsemigroup P’ = Reg(B7,,,) has the so-called MI-domination property, as defined
in [14, Section 4]. We show this in Section 6.5, and then apply this to calculate the (idempotent)
ranks of P? and the idempotent-generated subsemigroup E(B7,,,).

e The proper ideals of P? = Reg(BY7,,,) are all generated by the idempotents in their top Z7-class,
and simple formulae exist for their rank and idempotent rank (which are equal); see Section 6.6.

We believe it would be interesting (but challenging) to investigate the corresponding problems for the
other diagram categories.
6.1 Isomorphism of sandwich semigroups in B

In this section, we give necessary and sufficient conditions for two sandwich semigroups By, and Bj;
to be isomorphic; see Theorem 6.4. We begin with a simple lemma; as well as being a key ingredient
in the proof of Theorem 6.4, it will also be used to simplify some calculations in Sections 6.2—6.6.

Lemma 6.1. If m,n € N, and if 0,7 € By, are such that rank(o) = rank(r), then B, = B],,.
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Proof. Since rank(c) = rank(7), we have o = m7my for some permutations m; € S,, and w9 € S;,. It
is then easy to check that the map a — myam determines an isomorphism Bg,,, — B,,,. O

Remark 6.2. Lemma 6.1 does not hold in any of the categories P, PB, ZP, M or TL. Ex-
ample 3.16(vi) gives two elements o,7 from TLy = TL44 with rank(c) = rank(r) = 2 for which
TL] % TLY; cf. Figure 4. There are nine partitions from 7Ly of rank 2, and Figure 10 gives eggbox
diagrams of the corrsponding nine variants of 7L, all produced using GAP [53]. Up to isomorphism,
there are five such variants; up to isomorphism and anti-isomorphism, there are four. It would be
interesting to attempt to classify the isomorphism classes of sandwich semigroups in 7L, and indeed
in all the other diagram categories.

—[]
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! |
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|

— L2~

B
—]
—=E
=]

\
[]
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Figure 10: The variants TL] for each o € Dy(TL4).

The next result gives another situation in which distinct sandwich semigroups can be isomorphic.
There is an obvious dual, but we will not state it. Here Z*T = {1,2,3,...} is the set of positive integers.

Lemma 6.3. If ¢ € Z™, then
(i) B, is a left-zero semigroup of size (2q — 1)!! for any o € Boaq,
(ii) BS, 11 is a left-zero semigroup of size (2 — 1)!! for any o € Bi,2g-1.

Proof. We just prove (i), as (ii) is virtually identical. If o, 8 € Bag 0, then a %, f = aoff = aidg = «a,
SO ng,o is a left-zero semigroup. The size follows from Proposition 4.4. O

We are now ready to prove the classification result.

Theorem 6.4. Let m,n,k,l € N with m = n (mod 2) and k = | (mod 2), and let o € By, and
T € By, with r = rank(o) and s = rank(r). Then By, = B], if and only if one of the following holds:

(i) (m,n,r)=(k,l,s),
(i) m+n<2andk+1<2,
(iii) renaming if necessary, (m,n,r) = (2¢,0,0) and (k,l,s) = (2¢ — 1,1,1) for some q € Z™,
(iv) renaming if necessary, (m,n,r) = (0,2q,0) and (k,1,s) = (1,2q — 1,1) for some q € Z*.
Proof. For the forwards implication,

o (i) = B, = Bj, by Lemma 6.1,

e (ii) = BY,, = Bj,, because both semigroups have size 1,

e ((iii) or (iv)) = Bg,, = B}, by Lemma 6.3 and its dual.
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Conversely, suppose By, = B, and suppose further that (ii) does not hold. By Proposition 4.4, we
have (m+mn — 1)1 = (k+1—1)!l. Since m + n and k + [ are not both < 2, and since z!! is strictly
increasing for odd x > 1, it follows that m +n = k 4 [. We consider two cases.

Case 1. Suppose first that (m,n) = (k,l). Then r = s (mod 2). The largest group .#-classes in
By, and Bj, are isomorphic to S, and Sy (cf. Proposition 5.8(ii)), and these have sizes r! and s!,
respectively. Thus, r! = s!. Since z! is strictly increasing for even x > 0, and also for odd = > 1, it

follows that r = s, so that (i) holds in this case.

Case 2. Now suppose (m,n) # (k,l), say with m > k (and n < ). Let z € {0,1} be such that
z = m (mod 2). By Proposition 5.13, D,(By,,) is the minimal ideal of BZ,,. By Propositions 5.13
and 4.11(i) (and the dual of the latter),

|D2(Bmn) /%7 | = |D2(Bimn) /%] = f(m) and |D2(Bimn) /L7 = |D2(Bun)/Z| = f(n),
where f: N — N is defined by
f(z) =

(x — D! if z is even.

{x!! if z is odd

Similarly, if w € {0, 1} is such that w = k (mod 2), then the minimal ideal of B}, is D.,(Bj), and we
have

|D=(Br)/ 27| = f(k)  and  [D.(Bu)/Z7| = f(1).
f

Since By, = Bj,, it follows that f(m) = f(k) and f(n) = f(I). For x,y € N with < y, we have
f(z) = f(y) if and only if (z,y) = (0,1) or (2q — 1,2q) for some ¢ € ZT. Since m > k and n < [, it
follows that

e (m,k)=(1,0) or (2¢,2¢ — 1) for some q € Z*, and

e (n,l) =(0,1) or (2p — 1,2p) for some p € Z™.
Since m = n (mod 2) and k =1 (mod 2), it follows that

e (m,k)=(1,0) and (n,l) = (2p — 1, 2p) for some p € Z*, or

e (m,k)=(29,2¢ — 1) and (n,l) = (0,1) for some q € Z™.
Thus, one of (iii) or (iv) holds in this case. O
Remark 6.5. One could readily deduce a classification up to isomorphism and anti-isomorphism using

the fact that B%,, and BZ,, are anti-isomorphic.

6.2 The rank of B,

Recall that the rank of a semigroup S, denoted rank(S), is the smallest cardinality of a generating
set for S. In this section we calculate the rank of an arbitrary sandwich semigroup in the Brauer
category B. To this end, we fix m,n € N with m = n (mod 2), and some o € B,,,. We may assume
by symmetry that m > n, and we write r = rank(o). Further, by Lemma 6.1, we may assume without
loss of generality that

o= ([

The value of rank(B7,,,) depends on whether » < n or r = n; see Theorems 6.8 and 6.9. Note that if
r =n =m, then o = id,,, so that B, = B, is the Brauer monoid of degree n. Since the rank of ,, is
known to be 3 for n > 3 (cf. [52, Lemma 2.1]), we will exclude the case of r = n = m.

rlr+1L,r+2|---|n—1,n)
r‘r+1,r+2‘~--‘m—l,m}' (66)

We begin with a lemma that will be of use in both cases. Throughout Section 6.2, we write
Dy = Dy(Bpy,) for each 0 < ¢ < n with ¢ =n (mod 2).

Lemma 6.7. If o € Dy, where g <1 and g <n, then a = 3 %5 7y for some B,y € Dgio.
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Proof. Write o« = (le

dy|--- s»ds : i
aqlec1, d c . Since ¢ < n, we have s,t > 1. Then with
bg e, f1| | et, ft

_ (a1 +|aq| e |ds| er,di || csm1,ds—1 . (1 clg|m—1|m|g+1,q+2]---|m —3,m— 2\
’8_ (1 ol gn—1 n‘q+1,q+2‘~~-‘n—3,n—2} and v= bi|---|bg| et ft‘ e1, f1 “ et—1, ft—1 }’
one may easily check (with separate diagrams for the r = n < m and r < n < m cases) that
a = Boy. O

Theorem 6.8. If r < n < m, then BY,, = (), where Q = {a € By, : rank(a) > r}. Furthermore,
every generating set for BY,,, contains (), and so

rank(B7,,) =2/ = > (M) (m—g—1)(n—q—1)g.

r<g<n
r=n (mod 2)

Proof. Note that Q = D, 9UD,;4U---UD,, so the formula for || follows from the formulae for |D,|
given in Remark 4.12. By Proposition 5.9(i), © is the union of all the maximal #?-classes of B,

mn?
and all of these are singletons; it follows immediately that every generating set for BY,,, contains (2.

It remains to show that B, = (©2). To do this, we must show that (Q) contains D, for each
0 < ¢ < n with ¢ =n (mod 2). We do this by descending induction on ¢, noting that D, C Q C ()
for ¢ > r + 2. Now suppose ¢ < r, and fix some a € D,. By Lemma 6.7, we have o = 8 %, 7y for some
B,7 € Dg42. By induction we have 3,7 € (), so it follows that o = x5 v € (), as required. O

i and
n‘n+1,n+2‘---‘mfl,m/’

1]---
1|---

We now treat the case in which r = n < m. Here we have ¢ = <

we note that o is right-invertible; indeed, oo* = id,,.

Theorem 6.9. If r =n < m, then rank(Bg,,) = (7')(m —n — 1)L

Proof. We first claim that BY,, = (D,). Indeed, it may be proved by descending induction that
Dy € (Dy,) for all 0 < ¢ < n with ¢ = n (mod 2). The ¢ = n case is obvious, and the inductive step
again follows from Lemma 6.7.

Next we note that D,, = Jy« is the maximum _#-class in the hom-set B,,, (cf. Lemma 3.24 and
Corollary 4.10). Since o* is a right-inverse of o, Df, = JZ. is the maximum ¢ “-class in BY,,,, and this
is a left-group over HZ. = S,, (cf. Propositions 3.22 and 5.9(ii)). Now,

mln,n+1[---|m—2,m—1)

1]...
8= (bl )
is a right-inverse of o, and hence an idempotent of DZ. Since 8 # o* (as n < m), it follows that
|DZ /77| > 2 > rank(S,,). It follows from Proposition 3.26(ii) and Proposition 4.11(i) that

n—1

n—1

rank(By,,) = rank((Dy)) = |Dy /5| = |Dp /%) = () (m —n — 1. O

Remark 6.10. Although there is not generally a unique generating set for 57, of minimum cardinality
for r = n < m, it is possible to classify the generating sets of minimum cardinality (modulo a classifica-
tion of the generating sets of the symmetric group S,,). Indeed, following the proof of Proposition 3.26,
these are all of the form X7 U X5, where:

e X is a cross-section of the J#-classes of By, contained in D such that D7 = (X;), and

e X, is an arbitrary cross-section of the J#-classes of B, contained in D,, \ D.

Writing k = |DZ /|, sets X1 of the above form are in one-one correspondence with the ordered lists
(71, ...,m) where S, is generated by {1, ..., m}; see the proof of [14, Proposition 4.11].
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Remark 6.11. Theorems 6.8 and 6.9 do not have direct analogues for the other diagram categories.
In general:

o If r < n < m, then K7, is not generated by its maximal ¢ ?-classes (regardless of whether there
is a nontrivial maximal _#“-class or not).

o If r =n < m, then K7, is not generated by D,,.

All of this may be verified with GAP [53]. Calculating the ranks of sandwich semigroups in other
diagram categories appears to be an interesting (and challenging) problem.

6.3 A combinatorial digression

In this section we introduce certain numbers that will play an important role in all that follows.

Let € be an equivalence on a set X. We say ¢ is a 2-equivalence if every e-class has size 2. If
| X'| = m, then there are (m — 1)!! 2-equivalences on X; recall that we define (—1)!! =1, and k!l =0 if &k
is even. We say ¢ is a 1-2-equivalence if each e-class has size 1 or 2. The rank of a 1-2-equivalence ¢,
denoted rank(e), is defined to be the number of singleton e-classes; note that rank(e) = |X| (mod 2)
if | X| is finite. (Of course the 1-2-equivalences on [m] are simply the kernels of elements of B,,,; for
a € By, the rank of the 1-2-equivalence ker(a) is just rank(«).)

For m,q € N with ¢ < m and ¢ = m (mod 2), let x(m,q) be the number of 1-2-equivalences ¢ of
an m-element set with rank(e) = ¢. Then

k(m,q) = (73) (m—q— 1) (6.12)

Indeed, to specify such an &, we first choose the ¢ singletons in (7;) ways, and then pair the remaining
m — q elements of X in (m — g — 1)!! ways (cf. Proposition 4.11(1).)

Suppose m,r,q € N are such ¢ <r <m and ¢ =r =m (mod 2). Fix a set X with |X|=m, and a
1-2-equivalence 1 on X with rank(n) = r. We define x(m,r, q) to be the number of 1-2-equivalences &
on X such that:

e rank(e) = ¢, and

e the join € V ) has precisely ¢ classes of odd size.

Clearly the definition of x(m,r,q) depends only on the cardinality of the set X and the rank of 7.
(Note that if € is an arbitrary 1-2-equivalence on X, then every e V n-class is a union of e-classes, at
most two of which can be singletons.)

When working with 1-2-equivalences below, one can visualise a join € V 7 as follows. We draw the
vertices from X on a horizontal row, and indicate the nontrivial e-classes (or n-classes) by drawing
edges below (or above) the vertices, respectively; the e V n-classes are then the connected components
of this graph.

Lemma 6.13. If m,r € N are such that r < m and r = m (mod 2), then k(m,r,r) = %
Proof. Without loss of generality we may assume that X = {1,...,m}, and that the n-classes are

{1},....{r} and {r + 1,7+ 2},...,{m — 1,m}. Define the numbers \(m,r), for m,r € N with r <m
and 7 = m (mod 2), as follows:

(i) A(m,r)=(m—1)Ilif r =0,
(ii)) A(m,r) =1if r =m,

(iii) A(m,r)=A(m—1,r=1)+ (m—r)A(m—2,r) if 0 <r < m.
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We may prove the lemma by showing that x(m, r,r) and % both satisfy the recurrence for A(m, ).

The latter is easily checked.

For the former, first note that (i) holds because x(m,0,0) is simply the number of 2-equivalences
on X. Item (ii) is clear. For (iii), suppose 0 < r < m. Consider a 1-2-equivalence € of the desired
form, and let A be the e-class of 1. Then one of the following holds:

A={1} or  A={1,a} for some r < a <m.

There are k(m—1,r—1,r—1) and (m—r)k(m—2,r,r) possibilities for £ in these two cases, respectively.
Adding these gives (iii). To see why there are (m — r)k(m — 2,r,7) possibilities for ¢ in the second
case, we argue as follows. We first draw the edges from n above the vertices 1,...,m as indicated in
the top diagram from Figure 11. Once a € {r+1,...,m} is chosen, we draw the edge {1, a} below the
vertices, as also indicated in Figure 11. The number of ways to complete this picture to obtain a graph
with r odd-sized components is the same as the number of ways to complete the bottom diagram from
Figure 11 to obtain a graph with r odd-sized components. By definition, there are k(m — 2,7, 1) ways
to do the latter. O

QR OO

O 0O OO

Figure 11: Graphs constructed during the proof of Lemma 6.13.

Lemma 6.14. If m,r,q € N are such ¢ <r <m and ¢ =r =m (mod 2), then

_(r\(r—q—DN(m+q— 1)
wlm.r,4) = <q> (r+q—1) '

Proof. Again we will assume that X = {1,...,m}, and that the n-classes are {1},...,{r} and
{r+1,r+2},...,{m—1,m}. Define the numbers A(m,r,q), for m,r,q € N with ¢ < r < m and
g=r=m (mod 2), as follows:

(i) A(m,r,q) =(m—1Nif ¢g=0,
(i1) A(m,r,q) = (Tg)(m— g—DNifm=r,
(iii) A(m,r,q) = % if r =gq,
(iv) Am,r,q) =AX(m—1,r—1,q—1)+(r—D)A(m—2,7=2,9)+(m—r)A\(m—2,r,q) for 0 < g <r < m.

! Hoth satisfy the recurrence for A\(m,r,q). Again

We will show that x(m,r,q) and (2) (quf(jr!q(inl;?il)

the latter is easily checked, though the calculation is somewhat involved for (iv). The rest of the proof
is devoted to the former.

(i) and (ii). If » = m or if ¢ = 0, then € V n has ¢ odd-sized blocks for every 1-2-equivalence ¢ with
rank(e) = ¢; thus, k(m,r,q) = k(m,q), and we then apply (6.12).

(iii). This was proved in Lemma 6.13.
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(iv). Suppose 0 < ¢ < r < m, consider a 1-2-equivalence ¢ of the desired form, and let A be the e-class
of 1. Then one of the following holds:

A={1} or A={l,a} forsome 1 <a<r or A ={1,a} for some r < a <m.

As in the proof of Lemma 6.13, there are k(m — 1,7 — 1, — 1), (r — 1)k(m — 2,7 — 2,q) and
(m — r)k(m — 2,r,q) possibilities for ¢ in these three cases, respectively. Adding these gives (iv). O

6.4 The structure of the regular subsemigroup of 57,

Throughout Section 6.4 we fix m,n € N with m = n (mod 2), and some o € B, of rank r. Our
goal is to give a structural description of the regular subsemigroup P? = Reg(B7,,) of the sandwich
semigroup B7,,,. It is of no advantage to assume that m > n holds, or that m = n = r does not hold,
so we make no such assumption during this section.

Let o € By, and consider the product graph II(«, o); this graph is defined in Section 4.1, and it is
used in the construction of the product ao. Because of the form of Brauer partitions, every component
in the graph II(a, o) is a path or a loop, and these can be of the following types:

Cl) z % 2 for some z, z € [m],

(C1)

(C2) 2’ 2= 2 for some z,z € [m)],

(C3) o o Loyl = - Tyt = 2 for some z,z € [m], k € ZT and y1, v, . .., y2x € [0],
(C4) o' T oY = yy 2 LN Yo 2 2 for some x,z € [m], k € ZT and 1,9, ...,k € [n],
(C5) yf 2ol Lo 2 Yhy 25 o for some k € ZF and y1,y2, ..., Y2k € [1],

(C6) v 2 oyl T gl 2. 2 Yo 1 2 2 for some x, z € [m], k € Zt and y1, 92, . . ., Yor—1 € [n].

Components of types (C1) and (C3) lead to upper nontransversals {x, z} in the product awo; components
of types (C2) and (C4) lead to lower nontransversals {2/, 2’} of ao; components of type (C5) are closed
loops lying in the middle row of II(«, o), and these are discarded when forming ao; finally, components
of type (C6) lead to transversals {x,z'} of ao. Also note that every equivalence class of the join
coker(a) V ker(o) is of the form

e {y1,...,yox} for some component of II(«, o) of type (C3), (C4) or (C5), or

e {y1,...,Yy2k—1} for some component of II(«, o) of type (C6).
In particular, keeping Proposition 5.7 in mind, and writing ¢ = rank(«),

a € P{ & rank(ao) =q < II(a,0) has no components of type (C3)
< II(«a, o) has g components of type (C6)
< coker(a) V ker(o) has ¢ classes of odd size
< coker(a) V ker(o) separates codom(a).
(Recall that an equivalence € on a set X separates a subset A of X if each e-class contains at most one

element of A.) Combining this with the dual statement concerning products of the form o, we have
proved the following:

Proposition 6.15. We have

P = {a € By, : coker(a) V ker(o) separates codom(a) },
P§ = {a € By, : ker(a) V coker(o)
Reg(By,,) = P7 = P§ = {a € By, : coker(a) V ker(o) separates codom(c)
and ker(a) V coker(c) separates dom(a)}. O

o) separates dom(c)},
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Remark 6.16. Of course Proposition 6.15 holds for the Temperley-Lieb category TL as well. However,
. <
it does not hold for any of the other categories. For example, with o = and o = - both from Mo

(and hence both from PBa, 2Py and Ps), we have rank(ao) = rank(aa.) = 0 < rank(a), even though
coker(a) V ker(o) = ker(a) V coker(o) separates dom(a) = codom(c).

Recall from Section 5.1 that we have an surmorphism
U : P7 = Reg(B%,,) = By : o — (caoc®)? = roat*.

Here 7 € B, is as defined in (5.2). In what follows, it will be convenient to write @ = a¥ for o € P°.

As in Section 3.6, for each of Green’s relations £~ we have a relation 7 on P defined so that
a7 Bin B2, if and only if @ # 3 in K, and we recall that 2° = 27. In particular, the 27-classes
D7 = Dy(P?) of P7 map onto the Z-classes D,(B;) of B, for each g.

The next result uses the % relations to give a finer description of the internal structure of the 27-
classes of P?. In the statement and proof, we denote the #“-class of a« € P° by K2. By Lemma 6.1,

]
r‘r,r—&-l"u‘n—l,n}'

it suffices to assume that o has the form in (6.6), in which case 7 = G‘

Theorem 6.17. Let 0 < g < r with ¢ =r (mod 2).

(i) Dg contains (2) (r — q— 1)1 %’ -classes, each of which contains % K -classes.

(ii) Dg contains (2) (r —q— 1)1 Z7-classes, each of which contains (n+g— 1),',' Z7-classes.

g
q (r+q-1)!

(ii) Dg contains (;)2(7“ —q— V)12 7 -classes, each of which contains (m+q( ié”(?)tg DY w0 -classes.

(iv) Each 7 -class in D7 has size q!, and group 77 -classes in Dy are isomorphic to the symmetric
group Sg.

(v) An 77 -class H C Dy is a group if and only if Hx C Dy(B;) is a group J-class of By, in which
(m+q—1)! (ntq—1)!
(r+q—1)1 (r+q—1)1

case ﬁg 8 a r rectangular group over S;.
Proof. (i). By definition, the %’ -classes in DY are in one-one correspondence with the %-classes in
Dy(B,); by Proposition 4.11(i), there are (2) (r —q— 1)!! of these.

An #?-class in Dy is uniquely determined by the common kernel of all its elements. Such a kernel
is a 1-2-equivalence on [m| of rank ¢ (as defined in Section 6.3) whose join with coker(c) has ¢ classes

of odd size (cf. Proposition 6.15 and the discussion before it). By definition, and using Lemma 6.14,
(r) (r—q—1)!!{(m+q—1)!
q (r+q—DM!

there are k(m,r,q) = such equivalences.

Dividing k(m,r, q) by the number of H° -classes gives %, so the proof of (i) will be complete

if we can show that each %’ -class contains the same number of #7-classes. To do so, consider two
H° -classes R" and Rﬂ, where a, f € D7. Since RU and R” are unions of #Z7-classes, it is enough to
show that these %°-classes have the same size.

Since a 77 B, we have o £7 v £° [ for some v € D7. Since v € Rf, C Rg, we have fzg = ]?Eg, SO
we may in fact assume without loss of generality that oo .Z° 3. It follows that & . § in B,, so that
coker(@) = coker(3), whence 8 = @ for some permutation 7 € S,. Define the permutations

p:<117T T+1"“‘m>€5’m and Q:<11 Z)ESH.

r+1|---Im T e
It is easily checked that 7o - p =770 and op = go.

T T

T r4+1|---

T+1‘...

We claim that there is a well-defined map
G:EZ%E%:'V'—)p’y.

To prove this, we must show that 6 does indeed map fzg into Eg To do so, let v € Eg, we must show
that
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(a) v0 € P?, and (b) v0 %° B: ic., 70 % 3.

Since v € RZ, it follows in particular that 4 € P?, so that rank(o~yo) = rank(y). Since p € S,, and

(03]
0 € S, and using op = go, we have

rank(o(v0)o) = rank(opyo) = rank(gpoyo) = rank(oyo) = rank(y) = rank(py) = rank(y6),

which verifies (a). For (b), using the facts that 7o - p = 7 - 7o, that 7 Z @ (as v € RY), and that 2 is
a left-congruence, we see that

V0 =y = to(py)T* = w(ToyT) = Ty Z 7a = .

This completes the proof that 6 is well defined. Since p is a permutation, 6 is injective, so it follows
that |R| < |R%|. The reverse inequality follows by symmetry, and so |R7| = [Rj]. As noted above,
this completes the proof of (i).

ii). This is dual to (i).
iii). This follows immediately from (i) and (ii).

iv). This was proved in Proposition 5.8(ii).

(
(
(
(v). This follows from Theorem 3.29(ii) and (iii), and parts (i), (ii) and (iv). O

Remark 6.18. Figure 12 gives eggbox diagrams for the regular semigroups Reg(Bgg) and Reg(Bg;),
where o1 € Bgg and o9 € Byg both have rank 4; also pictured is the Brauer monoid By; all were
produced using GAP [53]. These illustrate the relationships between A7 -classes of Reg(Bg,,,) and
A -classes of B, as described in Theorem 6.17. (See also Figures 4 and 5 for similar comparisons
between Reg(K7,,) and K, in the categories 7L and P. Note that in diagram categories other than B
it is possible for #-classes in the same 27-class to contain different numbers of %7-classes.)

One may also compare Figure 12 with the combinatorial formulae given in Theorem 6.17. For
example, the 27'-classes DJ', D5 and DJ' of Reg(Bg}) contain x(6,4,4) = 9, k(6,4,2) = 42 and
k(6,4,0) = 15 Z'-classes, respectively.

Multiplying the two numbers from Theorem 6.17(iii) gives the number of J#“-classes in Dg; mul-
tiplying this by ¢! gives the size of D7; summing over appropriate g gives the size of P7:

Corollary 6.19. The size of the regular subsemigroup P’ = Reg(B%,,) is given by
2 2
rN (r—q—1"(m+q—-1)(n+qg—-1!
P7l= > w(mrqk(n g = Y < > ( A 2 2o

—1\n2
0<g<r 0<q<r q (r+g—1
g=r (mod 2) g=r (mod 2)

O

As another application of Theorem 6.17, we may calculate the number of idempotents in the
sandwich semigroup BY,,. As usual, for a subset A of a semigroup T, we write E(A) for the set of all
idempotents of T' contained in A; we also write e(A) = |E(A)| for the number of such idempotents.
Several formulae were given in [12] for the number e(Dgy(B;)) of rank-¢ idempotents from the Brauer
monoid B,. Specifically, |12, Theorem 30| says that e(Dy(B;)) = (Z) (r—g—1)!a,q, where a,q is defined
by the recurrence

aq =1 for all r, aro = (r — 1)!! for even r, Qrg = Gr—1g-1+ (r —q)ar_gq4 for 1 < g <r.
In fact, by comparing this with the proof of Lemma 6.13, we see that a,q, = £(r,q,q) = (ZZJ;(]:S?!“’ SO
that in fact ( 1 o
r\(r—q—1)l(r+q—1)"
D,(B,)) = . 6.20
oy = (1) I (6:20)
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Figure 12: Left to right: eggbox diagrams of Reg(Bg4), Reg(Bg;) and By; cf. Remark 6.18.

Now, each idempotent of Dy(B,) corresponds to a group s#-class in Dy(B,); by Theorem 6.17(v),
(m+4q—1)!! (n4q—1)!
(r+g—1)1 (r+g—1)1

This rectangular group of course has (m“(;j;”ff;g*”” idempotents. Mutiplying this by e(Dy(B;))

(cf. (6.20)) gives the size of E(Dg), and summing over appropriate g gives the size of E(P?) = E(

the preimage of this group J#-class is a X rectangular group contained in Dg.

mn)
mn/:

(e

Theorem 6.21. The number of idempotents of the sandwich semigroup BS,,

s given by

G- Y (7)o Dim it D tg 1)
e p—
" o<gzr N (r+q—1!2q -1

g=r (mod 2)

The qth term in the above sum gives the number of idempotents from Dy. O

Remark 6.22. Since the idempotents of 7, are precisely the post-inverses of o, Theorem 6.21 also
gives the size of Post (o).
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Remark 6.23. Using (6.20), we may give a simpler expression for the number of idempotents in a

Brauer monoid B, than that given in [12, Theorem 30]:
™\ (r—q—1(r+q—1)!
e(B,) = .
(&) ogzq;r (Q> (2¢ — D!

g=r (mod 2)

This formula is also the m = n = r case of Theorem 6.21. An alternative formula for e(B,) may be
found in [10, Proposition 4.10].

6.5 MI-domination and the ranks of Reg(BY7,,) and E(BY7,,)

The concept of MI-domination (see below for the definition) was introduced in [14]. Among other
things, it was shown in [I14, Theorems 4.16 and 4.17| that if the regular subsemigroup P* = Reg(S;;)
of a sandwich semigroup Sfj in a regular category S is MI-dominated, then convenient formulae exist
for the rank of P?, and also for the rank and idempotent rank for the idempotent-generated subsemi-
group E(P?%) = E(Sf;) In this section we show that sandwich semigroups in the Brauer category B are
MI-dominated, and then use this to deduce the values of the various (idempotent) ranks mentioned
above.

Recall that the set E(T') of idempotents of a semigroup T is partially ordered under the relation <
defined by e X f & e=c¢ef = fe & e = fef. We have already implicitly referred to this partial
order in Section 2.3 when discussing primitive idempotents. (This order extends in a natural way to
the whole semigroup 7', but we do not need to give the definition [54]. We also note that < is simply
the restriction of the <, = <4 N <y preorder to E(S).) It is easy to check that every mid-identity
u € MI(T) is maximal in the < order: i.e., u <e = e=wu forall e € E(T). Asin [l1], we say the
semigroup 1" is MI-dominated if it is regular and if every idempotent of T is =<-below a mid-identity
of T.

If S is a partial semigroup, and if a € Sj; is regular, then any preinverse b € Pre(a) is clearly
a mid-identity of the regular semigroup P* = Reg(Sf‘j), and indeed of Sj itself. We have already
noted (cf. Proposition 3.17) that if S is stable and regular, then MI(P*) = V(a); it also follows
from |14, Proposition 4.5] that MI(P%) = }AIZ for any b € V(a), where the latter denotes the /#%-class
of b.

We now work towards showing that the regular subsemigroup P? = Reg(B?,,) of a sandwich
semigroup BY,,, is MI-dominated. For the rest of Section 6.5, we fix m,n € N with m = n (mod 2),
and some o € B, with r = rank(c). As usual, by Lemma 6.1, we may assume that o has the form
given in (6.6).

Here is the main technical result we need; there is an obvious dual, but we will not state it.

Lemma 6.24. If o € P§, then a = X %, « for some X\ € MI(P7).

Proof. Writea = (al

ZZ}%‘%’%. Since a £ oa, we have codom(ca) = codom(a) = {b1,...,bq}.

by
Since also dom(ca) € dom(o) = [r], it follows that the transversals of oo are {x1,b}},. .., {zq, b},
for some z1,...,24 € [r]. There are three kinds of nontransversals of oo

e The lower nontransversals D, ..., D} of « are still nontransversals of oa; in fact, these are all

the lower nontransversals of ca.
e The upper nontransversals {r + 1,7+ 2},...,{n — 1,n} of o are still nontransversals of ca.

e Any other upper nontransversal of oo is contained in [r], and there are k = 5% of these. Suppose
these are {y1,21},..., {yk, 2 }-

Thus, we have

zg|yn, 21|y 2|+ 1, 2] |0 — 1) (6.25)

bi|---|bg| D1 | oo D )

1
o=

We will construct the element A in stages. First:
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(i) {a1,21}, ..., {ag, z} will all be transversals of A, and

(i) {r+ 1,7 +2},...,{n — 1,n} will all be lower nontransversals of \. In fact, these will be all the
lower nontransversals.

We still have to construct r — ¢ = 2k further transversals, and all the upper nontransversals of X. To
do the former, consider some 1 < ¢ < k. Since {y;, z;} is a nontransversal of o, and since {y;, vy, } and
{zi, 2!'} are both edges in the product graph II(o, ), there is a path in II(o, ) from y! to z’. The
first edge in this path is of the form y; — w/ for some upper nontransversal {y;, w;} of ¢; renaming if
necessary, we may assume that C; = {y;, w;}. Now we stipulate that

(i) {y1,v1}, - {uk, v} and {w1, 21}, ..., {wg, 2.} will all be transversals of .

The elements from [m] U [n])" involved in the blocks listed in (i)—(iii) are precisely the elements of

{a1,...,;aq} U{y1, ...,y U{wi,...,wi} U[n]’. The remaining elements of [m] are precisely the
elements of Cyi1,...,Cs, so we may complete the definition of A by specifying that
(iv) Ck41,...,Cs will all be upper nontransversals of A.

To summarise, we have defined

e

To complete the proof, we must show that a = Aoa, and that A € MI(P?). The first of these is clear,
in light of (6.25) and (6.26). Since MI(P?) = V (o), as noted before the statement of the lemma, it
remains to show that A = Ao\ and ¢ = oo, in fact, since ¢ _# X (as rank(\) = r) it suffices to do
the latter, by Lemma 3.13(ii). We begin by identifying the transversals of o \.

coelag|yr |- .

el

Yk
Yk

wi |-

we|  Crr || Cs
a |r+ Lr+2) - [n—1n)" (6.26)

Tq z1

First note that since {y1,91}, .., {yk, )} are all transversals of both o and A, these are all transver-
sals of oA as well.

Next consider some 1 < i < ¢. Since {x;,b,} is a transversal of oa, there is a path in the product
graph II(o, ) of the form

g

z; 2 al Lol Tl 2o T uly =al 25 b, for some I € N and some ug, ..., uy € [m).
(6.27)
Note that we could have [ = 0, in which case the above path is simply z; — =/ = a/ > b,. Now,
all the edges in (6.27) coming from ¢ are also of course in the product graph II(o, \). Next note that
the only upper nontransversals of « that are not blocks of A are C1, ..., C, and these are all involved
in components of II(o,a) of type (C3), as enumerated at the beginning of Section 6.4. Since the
path (6.27) is of type (C6), it follows that every edge in (6.27) coming from «, apart from a? — b/,
is also in the product graph II(o, A). Since X contains the transversal {a;, z}}, it follows that II(o, \)
contains the path
wi Tl Al Tl 2 Tl =d 2 2l

In particular, oA contains the transversals {x1,2},..., {zg, zq}.

Now consider some 1 < i < k. We know that {y;, 2} is an upper nontransversal of oca, with
Vi, % € [r], and that the component of the product graph II(c,«) containing y;, z; begins with the
edges y; — vy —= w!. Let the full component be

yi =yl Sl Tl Sl T 2l =2 75 2 wherel € Nand vy, ..., vy € [m].
(6.28)
See Figure 13. All edges in (6.28) but 37 — w! belong to the product graph II(o, \) as well; since A
contains the transversal {wj, 2/}, it follows that II(o, A) contains the path

;A noo._ g XN_ oy o X _on oo
Zi—>w7;—>U1—>U2—>"'—>U2l—zi—>21.

In particular, oA contains the transversals {z1, 21}, ..., {2k, 2. }-
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The previous three paragraphs show that o\ contains the transversals {1,1'},...,{r,7’}. Since o
contains these transversals, so too therefore does oAo. Since oAo contains all the (upper and lower)
nontransversals of o, it follows that o = o Ao. As noted above, this completes the proof. O

Yi

Figure 13: Left: a component of type (6.28) in the product graph II(o, ). Right: the corresponding
two components of II(a, \).

We may now deduce the following;:

Proposition 6.29. The semigroup P° = Reg(B9,,,) is MI-dominated.

Proof. Let a € E(P?). Since a € P = PY NPy, Lemma 6.24 and its dual tell us that a = A%, a*,p
for some A\, p € MI(P?). Put € = A %, p, noting that e € MI(P?), since MI(P?) is a subsemigroup.
Since A, p are mid-identities, we have o = A x5 @ %5 p = A x5 P *o QA *g A %5 p = € %5 A %, €, which shows
that o < e. O

Remark 6.30. If K is any of the other diagram categories studied in this paper, then the regular
subsemigroup Reg(K?,,,) is not MI-dominated in general, as may be verified by GAP [53]. For example,

consider the partition o = I A from Ps = P3 3. Using Proposition 3.17(ii) and (iv), GAP calculates:

wen =vie = [N NI DKL TA TH R TN

It also tells us that E(PJ) has size 99, but the set {e ¥, a xo ¢ : ¢ € MI(P]), o € E(PJ)} has
size 83. From this, it quickly follows that Reg(Pg) is not MI-dominated. As an explicit example,

<
consider o = “ I € P3. Then one may check that a = aca, so that o € E(PJ). But « is not <g-

below any of the above mid-identities (cf. Theorem 4.9(i)), so it follows that « is not =<-below any
mid-identity.

Armed with Proposition 6.29, we may quickly deduce information about the ranks of the regular
subsemigroup P? = Reg(BY,,) and the idempotent-generated subsemigroup E(B7,,,), as well as the
idempotent rank of the latter. (Recall that the idempotent rank of an idempotent-generated semi-
group 7', denoted idrank(7"), is the smallest size of a generating set for 7" consisting of idempotents.)

For the next proof, we also need the concept of relative rank [31]. If T' is a semigroup, and if A C T,

then the relative rank of T modulo A, denoted rank(7": A), is the smallest size of a subset B C T' such
that T is generated by AU B. It follows immediately from [52, Lemma 2.1] that

1 ifr>2
rank(B,:S,) = {0 1f: ; ) (6.31)

We will also need to refer to H"*7 the #"-class of o*. Note that the ¢ = r case of Theorem 6.17(iii)
says that D is a single A -class; since o* € Dy, it follovvs in fact that HZ. = D7. It follows from
the same theorem that
DR 73 -
Hy. 27 = USEEsE and |HS. 27| = U (6.32)
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The next result gives the rank of the regular semigroup P° = Reg(B%,,). If r = m = n, then
P? = B,,. We have already noted that rank(5,) = 3 for n > 3, so we will exclude the r = m = n case

from the statement. Also, since B, is anti-isomorphic to BY, , it suffices to assume that m > n.

Theorem 6.33. If m > n, and if r = m = n does not hold, then the rank of the regular semi-
group P? = Reg(BY,,) is given by

rank(PU):(m—f-r—l)!! {1 ifr>2

(2r — 1! 0 ifr<1.

Proof. By |!4, Theorem 4.16|, and since P? is MI-dominated (cf. Proposition 6.29), we have
rank(P%) = rank(B,:S,) + max (|HS. /%° |, |HS. | £, rank(S,)).

The result now follows quickly from (6.31) and (6.32), along with the fact [55] that

i >
rank(S,) = {i li " ; g O
if r <2.

In the next statement we again assume by symmetry that m > n, but we do not need to exclude
the possibility that r = m = n.

Theorem 6.34. If m > n, then the rank and idempotent rank of the idempotent-generated semi-

group E(BZ,,,) are given by

ronk(B(57,,)) = idrank((55,,)) = 5 o+ ()

Proof. By |14, Theorem 4.17|, and since P? is MI-dominated (cf. Proposition 6.29), we have
rank(E(BS,,)) = rank(E(B,)) + max (|H. /%°|, |HS. | £°|) — 1,
idrank(E(B%,,)) = idrank(E(B,)) + max (|HS. /%°|,|HS. | £°]) — 1.
The result now follows from (6.32), along with the fact |17, Proposition 2| that

rank(E(B,)) = idrank(E(B,)) =1+ (}). O

6.6 Ideals of Reg(BY,,)

We now turn our attention to the ideals of the regular subsemigroup P? = Reg(B7,,,). These are of the
form I, = I,(P7), for each 0 < ¢ < r with ¢ = r (mod 2), in the notation of Section 5.4. Theorem 5.20
shows that any proper ideal I, (¢ < r) is idempotent-generated. In this section we wish to improve this
result, and show that I, is generated by the idempotents from E (Dg). We will also calculate the rank
and idempotent rank of each proper ideal I,. Before we state the result (Theorem 6.41), we require
two results from [14]:

Lemma 6.35 (cf. [14, Proposition 4.3]). If T is a regular semigroup, then T is MI-dominated if and
only if T = U eTe. O
eeMI(T)

The next result makes use of the surmorphism
@ : P* = Reg(5;j;) — abSjab : x — azab,
defined for a regular partial semigroup S, and for a € Sj; and b € V(a); cf. (3.33).

Lemma 6.36 (cf. [11, Proposition 4.8|). For any e € V(a), the restriction of ® to e x4 P* x4 € is an
isomorphism onto abS;ab. O
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Remark 6.37. In the case that S = B, and using the isomorphism oco*B,o0* — B, : a — af
from (5.3), it follows that for any € € V' (o), the map

Exg PP xge — By v~ (aoma*)h =roar”
is an isomorphism.

We also require the following basic fact about generating sets of stable semigroups (as usual, we
omit the dual statement):

Lemma 6.38. If J is a maximal ¢ -class of a semigroup T', and if every element of J is stable, then
rank(T") > |J/Z).

Proof. Suppose T' = (X). The proof will be complete if we can show that X contains at least
one element from each Z%-class of J. To do so, let z € J be arbitrary. Then z = x1---x for
some x1,...,x € X. Since z = x1--- T <z 1, maximality of J = J, gives z _# x1. But then
x1 f z=uwx1(x2- - xy1), so it follows from stability that 1 Z z1(z2- - z1) = 2. a

Remark 6.39. Lemma 6.38 could also be proved using the Rees Theorem |29, Theorem 3.2.3] and
results about generating sets for completely O-simple semigroups; see for example |23, Theorem 7]
or [59, Lemma 3.1].

We now return our attention to the ideals of P?.

Lemma 6.40. For any 0 <p <r —4 with p=r (mod 2), we have D C (Dy ).

Proof. Let a € D. Since @ € Dy(B,) C Ipy2(B,) = (Dpi2(Br)), using [17, Theorem 8.4] in the last
step, we have @ = [ --- (3 for some f1,...,Bk € Dpi2(B,). For each i, we have f5; = 7, for some
vi € Dg+2.

Since P? is MI-dominated (cf. Proposition 6.29), it follows from Lemma 6.35 that o € € %, P? %, €
for some ¢ € MI(P?). Now put 0 = € %5 (V1 %o -+ *o Vi) *o €. Since MI(P?) = E(JZ.) = E(D?), by
Proposition 3.17(iv), it follows that € € E(D,(B,)) = {id,}, and so ¢ = id,(7; - - -¥}) id, = @. But «
and § both belong to € x, P? x, €, so by Lemma 6.36 (cf. Remark 6.37), it follows that o = 6. Thus,

a = (€ %6 V1) *¢ V2 %0 * *o Vh—1 *o (Vk *o €).

Since y9, ..., VE_1 € D;‘,H, the proof will be complete if we can show that e x, 1 and i x, € also belong
to D7 .,. But this follows from p + 2 = rank(¥;) = rank(id, 7;) = rank(e %, 71) = rank(e x, 71), and
the analogous calculation for vx *, €. O

We are now ready to prove our final main result. As usual, we may assume that m > n.

Theorem 6.41. If m > n, then for any 0 < g < r with ¢ = r (mod 2), we have I, = <E(Dg)>

Moreover,
r\ (r—q—D(m+q— 1!
q (r+q—1" ’

rank(I;) = idrank(l,) = (

Proof. We first note that I, = (D7). Indeed, it follows from Lemma 6.40 and a simple descending
induction that D7 C (D7) for all 0 < p < ¢ with p = ¢ (mod 2).

Next note that the top #7-class of I, is Dy, and this has x(m,r,q) = (2) (qu(:j:;(_m&?*l)” R -
classes; cf. Theorem 6.17(i). Since I, is stable, it follows from Lemma 6.38 that

r—q—1)Mm+q—1)!
(r+q—1

rank(I,) > |DJ /%°| = <;> (

Thus, since idrank(7") > rank(7’) for any idempotent-generated semigroup 7', it remains to construct
a generating set of the desired size, consisting of idempotents.
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By [17, Theorem 8.4], we have I,(B,) = (E(Dy(B,))) and idrank(I,(B,)) = (2) (r—q—1!, so we
may fix some Q C E(Dgy(B,)) such that I,(B,) = () and |Q] = (2) (r—q— 1. Let T'= QU1 First
we claim that I, = ().

To prove this claim, since we already know that I, = (D7), it suffices to show that D7 C (T'). With
this in mind, let @ € D7 be arbitrary. Since @ € Dy(B,), we have @ = 3 - - - B, for some Sy, ..., B € €L

We then follow the proof of Theorem 5.20, and conclude that

= 0% (V1 %0 " %o Vi) *o €,

where 7, = ; for each 4, and where § € H 5, and € € H %, are both idempotents. By definition, we
have 7; € QU~! =T for all i (since each 3; € ). Since 6 € ﬁgl, we have 0 . 7,; but since § and 7,
are both idempotents, it follows that in fact § = 7, = 1 € €, which means that § € QU~! = T.

Similarly, € € T". It follows that « € (I"). This completes the proof of the claim that I, = (I").

For each a € Q, let 'y = a¥™!, so that I' = {J,cq ['a- By Theorem 6.17(v) and (5.14), it follows
that Ty = E(H, ¥~ 1) is a ((T :5:11))!!!! X ((;LIZ:})):: rectangular band. It follows from results of Ruskuc [59]
(see also |11, Proposition 4.11]) that the rank of a p x A rectangular band is equal to max(p, A). Thus,
for each a € 2, we may fix a subset =, of I', such that

Ty = (Ea) and = ‘:max<(m+q_1>” (n+q—1)!!>_(m+q—1)!!

(r+q—1D"" (r+q-—1")  (r4+qg—1)1"

Then with Z = (J,cq Ea, Wwe have I' = [, co T'a = Uncn(Ea) € (E), so that I, = (I') C (Z), whence
I, = (E). But Z consists of idempotents, and has the desired size, so the proof is complete. O

Remark 6.42. We have already noted that while ideals of P7 = Reg(K,,,) in other diagram categories
are often generated by their idempotents, they are generally not generated by the idempotents in their
top Z7-class; cf. Theorem 5.20 and Remark 5.21. It would therefore be a very interesting problem to
try and calculate the (idempotent) ranks of these ideals in general.
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