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ABSTRACT. We define the product of admissible abstract kernels of the form
oM — ’fgjég;
homomorphism. Identifying C-equivalent abstract kernels, where C is the
center of GG, we obtain that the set M(M, C) of C-equivalence classes of ad-
missible abstract kernels inducing the same action of M on C is a commu-
tative monoid. Considering the submonoid £(M, C) of abstract kernels that

are induced by special Schreier extensions, we prove that the factor monoid

where M is a monoid, G is a group, and ® is a monoid

A(M,C) = % is an abelian group. Moreover, we show that this abelian

group is isomorphic to the third cohomology group H3(M, C).

1. INTRODUCTION

It is well known that every group extension 0 G B II 1
induces, via the conjugation action of B on the normal subgroup G, a group ho-
momorphism ®: II — ?:igg;, which is called the abstract kernel of the extension.
A classical problem in group theory [20, 21] consists in determining what are the

abstract kernels @: IT — ﬁ:‘igg;
logical answer to this question was given by Eilenberg and Mac Lane in [7]: they
associated to any abstract kernel ® an element Obs(®) of the third cohomology
group H3(II, Z(@G)), where Z(G) is the center of G and the left Il-module structure
on Z(@G) is induced by ®. The element Obs(®) is called obstruction of the abstract
kernel. They showed that an abstract kernel ® is induced by an extension if and
only if Obs(®) is the zero element of H3(II, Z(G)). Moreover, if there is an exten-
sion inducing @, then the set of isomorphism classes of the extensions inducing ® is
in bijection with the second cohomology group H?(II, Z(G)). The same fact holds
in many other contexts, as shown by several authors. Examples of such contexts
are associative algebras [9] and Lie algebras [10] over a field, rings [11], categories
of interest [16], categorical groups [8, 4], semi-abelian action accessible categories
[3, 1, 6, 5].

that are induced by a group extension. A cohomo-

The situation is more complicated for abstract kernels of the form ®: M —
];J:g((g)), where M is a monoid, G is a group, and ® is a monoid homomorphism.
Every Schreier extension of a monoid M by a group G induces a monoid homomor-
phism &: M — End(G) [12]. Here, similarly to the classical case, arises the problem

Inn(G)
of describing the abstract kernels ®: M — ?:j((g))

extension. Since ® need not induce an action of M on Z(G), a cohomological solu-
tion of this problem, similar to the one described above, can be obtained only for

that are induced by a Schreier
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particular subclasses of abstract kernels [22, 23, 12].

Actually, in [7] Eilenberg and Mac Lane proved something more. They showed
that the third cohomology group H?(Il, Z(G)) is isomorphic to the group whose
elements are equivalence classes (w.r.t. a suitable equivalence relation) of abstract
kernels inducing the same IT-action on Z(G), modulo those abstract kernels that
are induced by a group extension. This gives a complete interpretation of the third
cohomology group in terms of abstract kernels.

The aim of the present paper is to get an interpretation of the third Eilen-
berg—Mac Lane cohomology group of a monoid M in terms of abstract kernels of
the form &: M — ?gg((g)) . In [22, 23], the monoid homomorphisms & were required
to satisfy the following condition: for all z € M and all p(x) € ®(z), the centralizer
of o(x)(G) in G coincides with Z(G). This gives an action of M on Z(G) and allows
the author of [22, 23] to involve cohomology groups of M with coefficients in Z(G)
in the study of Schreier type extensions of M by GG. The abstract kernels restricted
in this way, which we call admissible abstract kernels, are used in this paper to
get the desired interpretation. We define a product of admissible abstract kernels
@0 M — P20 and @0 M — F20E with Z(Gh) = Z(Ga) = C, inducing the
same action of M on C. Identifying abstract kernels that are C-equivalent (see
Section 3 for the definition of this equivalence relation), we obtain a commutative
monoid M(M,C). The subset L(M,C) of extendable abstract kernels, namely of
those abstract kernels that are induced by a special Schreier extension, is a sub-

monoid of M(M, C) and we show that the factor monoid A(M,C) = j‘g((]]\\jg)) is an

abelian group. Moreover, we prove that the abelian group A(M, C) is isomorphic
to the third cohomology group H?(M, C) of M with coefficients in the M-module C.

2. NOTATION AND TERMINOLOGY

We begin by fixing some notations we will use throughout the paper. Given
a group G, we will denote by Z(G) its center. More generally, if H is a sub-
group of G, we will denote by Cg(H) the centralizer of H in G. The monoid
End(G) is the monoid of endomorphisms of G, while Inn(G) is the subgroup of
inner automorphisms, namely automorphisms of G of the form p,, where g € G
and py(g') = g+ ¢ — g (we will use the additive notation for G, although G will
be not necessarily abelian). The identity automorphism of G' will be indicated by
idg.

Let M be a monoid (with the operation written multiplicatively). A subgroup
H of M (i.e. asubgroup H of the group U(M) of invertible elements of M) is right
normal if, for all m € M, mH C Hm, where

mH={mh|heH}, Hm={hm|hecH}.
If H is a right normal subgroup of a monoid M, the relation on M defined by
mi~me < mi;=hmy forsomehecH

is a congruence on M, called the right coset relation. The equivalence class of an
element m is cl(m) = Hm. Hence the operation

Hmy - Hmgy = Hmimo

is well defined. We denote by % the quotient monoid. For every group G, Inn(G) is
right normal in End(G) (indeed, ppg = pyp,, 0, 9 € G, p € End(G)), so we always
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End(G)
Inn(G) "
element in the quotient by cl(a).

have the factor monoid

Given a € End(G), we denote the corresponding

Definition 2.1. Given a monoid M (written multiplicatively) and a group G (writ-

ten additively), an abstract kernel is a monoid homomorphism ®: M — i?:gg)),

also written as (M, G, ®).

We will be interested, in particular, in a specific kind of abstract kernels, the
admissible ones:

Definition 2.2. An abstract kernel ®: M — ?:7?((2)) is admissible if, for allz € M

and all p(x) € ®(x), one has that Cq(p(x)(G)) = Z(G).

The notion of admissible abstract kernel first appeared in [22]. In the original
definition, another condition was required, namely that, for all z € M, there exists
p(x) € ®(x) such that p(z)(C) C C, where C = Z(G). But this condition actually
follows from the previous one. Furthermore, it follows that ¢(z)(C) C C for all
o(x) € ®(x). Indeed, if p(z) € ®(z) and ¢ € C, then for all g € G

p(@)(9) + p()(c) = p(z)(g + ¢) = (z)(c + g) = () (c) + (2)(9),
and so ¢(z)(c) € Calp(z)(G)) = Z(G) = C.

Admissible abstract kernels can be characterized also in the following, simpler
way:

Proposition 2.3. An abstract kernel ®: M — ?:g((g)) is admissible if and only if

for all x € M there exists p(x) € ®(x) such that Cq(p(x)(G)) = Z(G).

Proof. This is a corollary of the following lemma. O

Lemma 2.4. If « € End(G) is such that Cq(a(G)) = Z(G), then for all inner
automorphisms 1y one has that Ca(pgaa(G)) = Z(G).

Proof. Let r € Ca(pga(G)). Then, for all ¢’ € G, we have that
T+ pgalg’) = pgalg’) +r,
or, in other terms,
rtgtalg)—g=g+alg)—g+r
From this equality we get
—g+r+gtalg)=aly)—g+r+y,

and hence

—g+7+g€ Ce(a(@)).
Since, by assumption, Cq(a(G)) = Z(G), we get that —g +r +g = ¢ € Z(G).
Then, from r +g = g+ ¢ = ¢+ g we obtain r = ¢ € Z(G) by canceling g on the
right. O

Any action of a monoid M on an abelian group, i.e. a monoid homomorphism
v: M — End(C), where C' is an abelian group, is clearly an admissible abstract

kernel. It is also clear that any abstract kernel ®: M — ?gg((g)) which factors
through f:fl((g)), where Epi(G) is the monoid of epimorphisms of G on itself, is

admissible. Less trivial examples are provided, for instance, by using the fact that,
for a non-trivial subgroup of a free group F, the centralizer Cr(H) is different
from the trivial group if and only if H is a cyclic subgroup of F. As for concrete
examples, let us consider the following:
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Example 2.5. Let F = F(x,y,z) be the free group on three elements. Define
a € End(F) by putting o(z) = x, a(y) = a(z) = y, and consider the monoid

homomorphism ®: N — ?gg((g)) defined by ®(n) = cl(a™), where N is the monoid

of natural numbers with the usual sum. Since the subgroups o™ (F) are not cyclic,
Cr(a™(F)) ={1} = Z(F). Hence ® is an admissible abstract kernel.

Example 2.6. Let F(a,b) be the free monoid on two generators a and b, and let
F and « be as in the previous example. Define § € End(F) by putting 5(z) = x,
B(y) = B(z) = z, and consider the monoid homomorphism ®: F(a,b) — }Efﬁi((ﬁ))
defined by ®(a) = cl(a) and ®(b) = cl(B). It is straightforward to check that o™ =
a, B =B (forn > 1), and that a8 = o, Ba = B. Hence, for any w € F(a,b)\ {1},
we have ®(w) = cl(a) or ®(w) = cl(B). Since the subgroups a(F') and B(F) are not
cyclic, Cr(a(F)) = Cr(B(F)) = {1} = Z(F). Hence ® is an admissible abstract
kernel.

Remark 2.7. Note that, if Cq(a(G)) = Ca(B(G)) = Z(G) for o, B € End(G),
it is not true in general that Ca(af(G)) = Z(G) or Cq(Ba(G)) = Z(G). As
a counterexample, consider F and a as in Example 2.5, and § defined by B(x) =
B(y) =y, B(2) = 2. Then Co(a(F)) = Cp(8(F)) = {1} = Z(F), while Cr(aB(F))
and Cr(Ba(F)) coincide with the cyclic subgroup of F generated by y.

Proposition 2.8. Let o € End(G). Then Cq(a(G)) = Z(G) if and only if the
following condition is satisfied for any g € G: if pgo = v, then py = idg.

Proof. Suppose that Cq(a(G)) = Z(G) and that pga = a. Then pga(g’) = a(g’)
for all ¢’ € G; that is

g+alg)—g=a(g) forall ¢ € G.

This means that g € Cg(a(G)) = Z(G), and so p, = idg.
Conversely, suppose that, for all g € G, if pga = «, then py, = idg. If r €
Ca(a(@)), then for all ¢’ € G:

r+a(g) —r=a(g).
This means that p,.a = a; by assumption, we get u, = idg, and hence r € Z(G).
O

Corollary 2.9. Given g1,92 € G and a € End(G) such that Co(a(G)) = Z(G),
’Lf :U’g1a = Ngga; then N’gl = /”ng .

We complete this section with the following simple but crucial consequence of
Definition 2.2.

End(G)
Inn(G)

Proposition 2.10. Let &: M — be an admissible abstract kernel. Then

M acts on Z(G) as follows:
z-c=p(z)(c) forx e M, ce Z(GQ) and p(x) € O(x).

Proof. We have already seen that ¢(x)(c) € Z(G) for all x € M and ¢ € Z(G)
(see the paragraph after Definition 2.2). Now we show that the definition of the
action given above does not depend on the choice of p(z) € ®(x). If ¥(z) € O(x)
is another representative, then 9 (z) = ppp(x) for some h € G. Then

P(x)(c) = prp()(c) = h + @(x)(c) = h = p(z)(c),

where the last equality holds since ¢(x)(c) € Z(G). The fact that in this way an
action of the monoid M on the abelian group Z(G) is defined is a straightforward
verification. O
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3. THE PRODUCT OF ADMISSIBLE ABSTRACT KERNELS

Let &1: M — ?:g((gll)) and ®9: M — f:g((gj)) be admissible abstract kernels
such that Z(G1) = Z(G2) = C, inducing a fixed action ®g: M — End(C) of M on
C. We want to define a product of ®; and ®,, i.e. an admissible abstract kernel
o: M — If:s((g)) such that Z(G) = C and inducing the same action ®¢ of M on C.
In order to do that, consider, as in [7], the following subgroup of G; x Ga:

S={(¢,—c)|ceC}.

It is immediate to check that S is a normal subgroup of G; x G5. We then define
G = ©1X%  There is a monomorphism j: C — G defined by j(c) = cl(c,0) =
cl(0,¢). Moreover, for all cl(uy,us) € Z(G) and all g1 € G; we have

cl(uy,uz) + cl(g1,0) = cl(g1,0) + cl(u,us),

hence
c(uy 4+ g1,u2) = cl(g1 + u1, uz).
This means that
(u1 + g1,u2) — (g1 +u1,uz) €5,
i.e. there exists ¢ € C such that
(w1 +g1,u2) = (g1 + w1, u2) = (¢, —c).
From this we obtain
up+g1— (g1 +u)=c and Us — Uy = —C,
and so ¢ =0 and uy € Z(G1) = C. Similarly one can prove that us € Z(Gs3) = C.
Hence
J(uy + uz) = cl(ug + usg,0) = cl(uy, uz),
and this shows that j(C) = Z(G), so the center of G can be identified with C.
Now we can define ®: M — ?gg((g)) .
v1(z) € D1(x), pa(x) € Pa(x). We obtain an endomorphism ¢1 () X @a(z): Gy X
G2 = G1 x Go. For all c € C, (p1(x) x pa(x))(c, —¢) = (p1(x)(c), —p2(z)(c)) =
(x-¢,—z-c) € S since &1 and Py are admissible (see Proposition 2.10 and its proof).
Hence we have (¢1(z) x ¢2(2))(S) C S, giving an endomorphism ¢(z): G — G
defined by

For x € M, consider any representatives

e(x)(cl(g1,92)) = cl(1(2)(91), p2(2)(g2))-
If we choose different representatives ¢ (z) € ®1(x), 12(x) € Po(x), we get another
endomorphism ¢(z): G — G given by

() (cl(g1,92)) = cl(¥1(2)(g1), P2()(92))-

Observe that ¢;(z) and ;(x) differ by inner automorphisms, i.e. there are h; € G;
(i = 1,2) such that o;(x) = pp,i(x). Now we show that o(z) = prei(h, ) (2):
Hel(hy ha) () (cl(g1, g2)) = cl(h1, ha) + cl(¥1(x)(g1), Y2(x)(g2)) — cl(h1, ha) =
= cl(hy +¥1(2)(91) — ha, ha + ¥2(2)(92) — ha) = cl(pn, ¥1(x)(91), wn, ¥2(7)(92)) =
= cl(p1(2)(91), p2(7)(92)) = () (cl(91, 92))-
Thus we obtain a well-defined map ®: M — Z249D “oiven by & () = cl(p(x)). We

Inn(G)
have that ® is a monoid homomorphism. Indeed, for x,y € M, consider represen-

tatives p;(x) € ®;(x), vi(y) € ®;(y); we have

vi(@)pi(y) = pn, @i(xy) for some h; € G;.

p(@)e(y)(cl(g1,92)) = p(z)(cl(p1(y)(91), p2(y)(g2))) =
= cl(p1(z)p1(y)(91), p2(2)p2(y)(92)) = cl(pn, p1(xy)(91); knop2(2y)(92)) =
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= cl(h1 + ¢1(zy)(91) — h1, ha + w2(2y)(g92) — ha) =
= cl(hi, h2) + cl(p1(zy)(91), p2(2y)(g2)) — cl(ha, ha) = pre(hy na)P(2y)(cl(g1, g2))-
Hence ©(2)@(y) = fiei(hy hy)p(2y), and so
®(zy) = cl(p(xy)) = cl(e(@)p(y)) = cl(p(x))cl(p(y)) € (z)2(y),
and clearly ®(1) = cl(¢(1)) = cl(idg) = id%.

It remains to show that ® is admissible. Let cl(ry,r2) € Ca(p(z)(G)); for every
g1 € G we have

cl(ri,r2) + o(x)(cl(g1,0)) = o(x)(cl(g1,0)) + cl(r1,72),
hence
cl(ri,r2) + cl(p1(z)(91),0) = cl(p1(x)(91),0) + cl(r1,72),
which means that
c(ri + ¢1(x)(g1),r2) = cl(p1(x)(g1) +71,72),

or, in other terms,

(r1 +@1(x)(91),72) — (p1()(91) +71,72) = (€, —¢)

for some ¢ € C. Then ¢ = 0 and hence

1+ @1()(91) = 1(2)(91) + 71,
from which we get that r; € Cg, (p1(2)(G1)) = C. Similarly one proves that
ro € C. Hence
cl(ri,r2) = cl(ry +12,0) = j(r1 +1r2) € j(C) =C

and ® is admissible. Finally, the action of M on C induced by ® is the same as the
one induced by ®; and ®o, i.e Pg: M — End(C). Indeed:

z - j(c) = p(z)(cl(c,0)) = cl(pr(z)(c), p2(2)(0)) = cl(z - ¢,0) = j(z - ¢)
forallz € M and c € C.

Then, on the class of admissible abstract kernels inducing the action ®y of M
on C, we have a well-defined binary operation ®, given by

(M,G1,®1) ® (M,G2,®2) = (M,G,®).

We want this operation to give a monoid structure. In order to have this, we need to
identify admissible abstract kernels by means of the following equivalence relation:

Definition 3.1. Two admissible abstract kernels ®,: M — End(Gy) 0 d Py M —

Inn(G1)
1;;::((522)) inducing the same M-action on C = Z(G1) = Z(G2) are C-equivalent if

there exists a group isomorphism &: G1 — Go satisfying the following two condi-
tions:

(i) forallce C, &(c) = ¢;

(i) for all x € M and all p1(x) € ®1(x), Epr(x)EL € Py(x).

Condition (ii) can be expressed by the commutativity of the following triangle:

Dy End(G1)
M Inn(Gll)

RNy
Inn(G2)’

where &(cl(a)) = cl(€at™t).
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C
=

We will write (M,G1,®q) (M, G, ®5) to denote that ®; and Py are C-

c
equivalent. It is clear that & is an equivalence relation.

The proofs of the following facts are analogous to the corresponding ones in [7]
for the case of the classical abstract kernels, that is, for the case of abstract kernels
of the form ®: IT — Amgg;, where IT and G are groups. We give them in details

for the sake of completeness.

Proposition 3.2. The definition of the binary operation ® is compatible with the
C'-equivalence.

Proof. Suppose that (M,G1,P1) @ (M,G2,P3) = (M,G,®) and (M,G},P)) ®

c
(M, GL, @) = (M,G’,®") and that ®; = ®,. Then there are isomorphisms &;: G; —
G/, satisfying the conditions (i) and (ii) above. They induce an isomorphism &; x
& G1 x Gy — G x G, and since (&1 X &) (¢, —¢) = (¢, —¢), we get an isomorphism
G xG Gy x Gy .
6= 5 G === given by £(cl(g1,92)) = cl(€1(91), €a(02)),
and clearly £(c) = &(cl(¢,0)) = cl(&1(e),0) = cl(e,0) = e. It remains to show that
the triangle

®  End(GQ)
M I:n(G)

N,

End(G)
Inn(G’)

commutes, where ¢ is defined as in Definition 3.1. For x € M and ¢p(z) € ®(z), we

have
p(x)(cl(g1,92)) = ( 1(7)(91), p2(7)(g2))  with @;(x) € ®i(x),
and, by assumption, ¢’ (z) = &p;(2)¢; 1 € ®!(z). Hence, defining ¢'(z) € ®'(z) by
(c

¢ (x) ( 92)) = cl(@1(x)(91), ¥2(2)(92)),

we have that
Ep(x)E ™ (cl(g1, g5)) = cl(&rp1 ()61 (gh), Eapa ()65 (gh)) =
= (¢ (x)(g1), ¥(2)(92)) = ¢ (x)(cl(g1, 95)),
and so Ep(2)E71 = ¢/ (z) € /(). O

Proposition 3.3. The neutral element of ® is ®q: M — End(C), the fived M-
action on C.

Proof. Given an admissible abstract kernel ®: M — ]f:j((g)) inducing the action

Dy of M on C, we want to show that (M,G,®) ®@ (M,C,®y) is C-equivalent to
(M,G,®). Let us consider the map &: G — GLSC defined by £(g) = cl(g,0). It is
clearly a group homomorphism, and moreover £(c¢) = cl(c,0) = ¢ (identifying j(C)
with C). Its inverse £~ given by £-1(cl(g,c)) = g + c is well defined. Indeed,
cl(g,c) =cl(g’, ) if and only if

(g,¢) — (¢',c) = (c1,—c1) for some ¢; € C,
i.e. if and only if
g—g':cl7 cfc’:—cl = g—g':c'fc =4 g+c:g’+c'.
The fact that £ 1€ is the identity is obvious. Concerning the other composition:
€67 (cl(g,0) = &(g +¢) = cl(g +¢,0) = cl(g, c).
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It remains to show that the following triangle commutes:

P End(G)
M Inn(G)

RN

End(S%9)
Inn(iGéc) ’

where ¢ is defined as in Definition 3.1 and W is given, for z € M and o(z) € ®(z),
by

P(z)(cl(g, 0) = cl(p(x )(9) - )-
We have to show that, if ¢(x) € ®(z), then Ep(x)¢~ € U(x). We have that

P(x)(cl(g, ) = cl(p()(g), ©-¢) = cl(p(z )(9)+I'67 0) =

= &(p(2)(g9) + 2 - ¢) = E(p(x)(9) + p(2)(c)) = Ep(@)(g + ¢) = Ep(x)E (cl(g, c)),
and so {p(2)¢7" = ¥(z) € ¥(x). U

So we proved that the set M(M, C) of C-equivalence classes [M, G, ®] of admis-
sible abstract kernels, inducing the fixed M-action ®q: M — End(C) on the group
C, is a unitary magma w.r.t. the product defined above. Our aim now is to show
that it is actually a commutative monoid. In order to prove associativity, we start
with some preliminary lemmas.

Lemma 3.4. Given two admissible abstract kernels ®1: M — End(Gh) nq Dy M —

Inn(G1)
1;3:3((52) , inducing the same M-action on C = Z(G1) = Z(G2), and their product

o M — }E:ff((g)), in G we have that

c(gi,92) =c€ C if and only if g; = ¢; for some c1,co € C with ¢1 + co = c.
Proof. If cl(g1, g2) = cl(c,0) = ¢, then there exists ¢’ € C such that
(91,92) — (c,0) = (', =¢');
then
p—c=d, ga=-c,

so, putting ¢; = ¢+ ¢ and ca = —¢ we get the thesis. Conversely,

cl(g1,g2) = cl(cr,c2) = cl(cq + ¢2,0) = cl(c,0) =

O
Lemma 3.5. Given three admissible abstract kernels ®;: M — ?ss((gz)) ,1=1,2,3,
inducing the same M-action on C = Z(G;), consider the product ®: M — 1;:7:15((3))

of ®1 and Oy and the product ®f: M — Ifs:(m of ® and ®3, so that

(M,G*, ®%) = ((M, G, D) @ (M, Gy, ®3)) @ (M, Gs, Bs3).

Then, in Gt = w, we have that cl(cl(g1,g2), 93) = cl(cl(g], 95), 95) if
and only if

G—gi=c1, g2—gh=c2 gs—g5=—(c1+c2), with c1,c2 €C.
Proof. If cl(cl(g1, 92), g3) = cl(cl(g}, %), g5), then there exists ¢ € C' such that
(0l(91792)7g3) - (Cl(gimgé)mgé) = (Ca —C),
hence
(g —g1:92 —ga) = ¢, gs— g5 =—c.
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Thanks to the previous lemma, we know that there exist ¢y, co € C such that
9179/1:613 92795:027 1+ c2=c,
and so
gI—g1r=c1, ga—gy=cC2, gz—gy=—c=—(c1+ca).

Conversely,
(cl(g1,92),93) — (cl(d1, 95), 95) = (cl(g1, 92) — (g1, 95), 93 — 93) =
= (cl(g1 — 91,92 — 93), 93 — 93) = (cl(c1,¢2), —(c1 + c2)) =
= (cl(e1 + ¢2,0), —(c1 + ¢2)) = (c1 + c2, —(c1 + ¢2)),
and so cl(cl(g1, 92), g3) = cl(cl(g1, 95), 95)- 0

In the same way one can prove the following

Lemma 3.6. Given three admissible abstract kernels ®;: M — ?:s((g’)) ,1=1,2,3,
inducing the same M -action on C = Z(G;), consider the product ¥: M — I;J:s((g))

of ®y and O3 and the product Ui: M — %(g:)) of ®1 and ¥, so that

(M, H®, U¥) = (M, Gy, ®1) ® (M, G2, ®3) @ (M, G3, ®3)).
Then, in H* = w, we have that cl(g1,cl(g2,93)) = cl(g1, cl(gh, g5)) if
and only if
92— gy =C2, g3 —g5=c3, g1 — g =—(c2+c3), with cz,c3 € C.
Proposition 3.7. The unitary magma M(M,C) is a monoid.

Proof. Using the notation of the previous lemmas, we have to show that ®#: M —
];3::((2:)) and W¥: M — ?sg((g;)) are C-equivalent. To do that, first we have to build
a group isomorphism
C((G1 xGy)/S) x Gz G1 x ((G2 x G3)/95)
3 S - S

Define & by &(cl(cl(g1,92),93)) = cl(g1,cl(g2,g3)). Tt is well defined, indeed, if

cl(cl(g1, 92), g3) = cl(cl(g1. 93), 95)

then, thanks to Lemma 3.5, there exist ¢y, co € C such that
gI—gir=c, ga—gp=C2 g3—g3=—(c1+c2).
Putting ¢} = ¢ and ¢ = —(¢1 + ¢2), we get that
g2— gy =¢h gz—gz=c¢3, g1—gy=c1=—(ca— (a1 +c2)) =—(cy+ ),

and then, by Lemma 3.6, we conclude that

cl(g1, cl(ga, g3)) = cl(g1, cl(gs, g5))-
The fact that ¢ is a group homomorphism is obvious. Its inverse £~ is defined by

§H(cl(g1, cl(g2, 93))) = (cl(cl(g1,92), g3))-

The proof that £~ is a well-defined map is similar to the one for &, and it is obvious
that these two maps are inverse to each other. Moreover, for all ¢ € C:

&(e) = &(el(c,0)) = cl(e, cl(0,0)) = cl(c,0) = c.
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It remains to show that the following triangle commutes:

M o End(GY)

Inn(GY)
Nk
End(H*")
Inn(H?)>

where £(cl(a)) = cl(éa&™!). Consider the representatives f(x) € ®¥(z), ¢ (x) €
Uh(z), where
() (cl(cl(g1, 92), 93)) = (cl(cl(pr(x)(g1), p2(2)(g2)), @3(2)(g3)),
WF(@)(cllgr, cllg2, 93))) = cllpa(2)(91), cl(w2(2)(g2), w3(2)(93))),
with ¢;(z) € ®;(z). Then
EpF ()€ (cl(g1, cl(g2, 93))) = EpP () (cl(cl(91, 92). 93)) =
= &((cl(cl(pr(2)(91), p2(2)(92)), p3(2)(93)))) =

(91); cllpa(@)(92), w3(2)(g3))) = ¥ (2)(cl(g1, cl(g2, 93))),
b= yf(z) € Ti(a). O

Proposition 3.8. The monoid M(M, C) is commutative.

= cl(¢1(x)
and hence &@f (7)¢~

Proof. Given two admissible abstract kernels ®;: M — ?:g((g?)), i = 1,2, in-

ducing the same M-action on C' = Z(G;), consider the products (M,G1,P1) ®
(M,Gs,®5) = (M,G,®) and (M, Gy, P3) ® (M,Gq,®1) = (M,G',¥), where G =
% and G/ = % It is clear that the twisting isomorphism G; x G2 —
G2 X Gy gives an isomorphism ¢: G — G’ defined by £(cl(g1,92)) = cl(ge, g1), such
that £(c) = ¢ for all ¢ € C. To conclude the proof, consider the representatives
o(x) € ®(x), Y(x) € ¥(zx), where

p(a)(clg1,92)) = cl(pr(x)(91), p2(2)(92)), (@) (clg2, 91)) = el(w2()(g2), p1(x) (91

with ¢;(z) € ®;(z). Then
Ep(2)€ (l(g2, 1)) = Ep(x)(cl(g1, 92)) = &(cl(pr1(2)(g1), p2(2)(92))) =
= cl(p2(7)(g2), p1(7)(91)) = () (cl(g2,91)),
hence £p(z)¢~1 = (x) € U(x). O

Our aim, now, is to introduce a suitable submonoid L£(M,C') of M(M, C) such
that the quotient monoid becomes an abelian group. In order to do that, in the
next section we will consider the notion of an extendable admissible abstract kernel.

4. EXTENDABLE ADMISSIBLE ABSTRACT KERNELS
We recall from [2, 13, 14] the following
Definition 4.1. Let
(1) E:0 G—"+B—7= M 1

be a sequence of monoids and monoid homomorphisms such that o is a surjection,
K is an injection and k(G) = {b € Blo(b) = 1} (i.e. & is the kernel of o). The
sequence E is a special Schreier extension of M by G (some authors would say “G
by M7 ) if, for every by, ba € B such that o(by) = o(bs), there exists a unique g € G
such that

by = g+ blv
where we treat k just as an inclusion (again, we use the multiplicative notation for
M and the additive one for the other monoids involved).

)
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The word “special” is motivated by the fact that these extensions are special
cases of the Schreier extensions in the sense of [19] (see also [17, 18]). It is eas-
ily seen that, in a special Schreier extension (1), the monoid G is necessarily a group.

Let us now show how to associate an abstract kernel to a special Schreier exten-
sion (1). First note that o is the cokernel of k. Indeed, suppose that f: B — M’ is
a monoid homomorphism such that f(g) = 15 for all g € G. Define f': M — M’
by putting f'(x) = f(b), b € o= (x). If 0(by) = x = o(by), then by = g+by, whence
f(ba) = f(b1). Hence f’ is well defined. Clearly, f" is a monoid homomorphism and
f'c = f. The uniqueness of such a homomorphism f’ is also clear. Furthermore,
for every b € B and every g € G, there is a unique ¢’ € G such that b+ g = ¢’ + b.
This defines an endomorphism 6(b): G — G sending g to ¢’ (b+ g1 + g2 =
0(b)(g1)+b+g2 = 0(b)(91)+0(b)(92) +b, whence 0(b)(g1+g2) = 0(b)(91)+0(b)(g2))-
Moreover, we get a monoid homomorphism 6: B — End(G), which sends b to 6(b)
(0(0) = 1g and by + by + g = b1 + 0(b2)(g) + b2 = 6(b1)(0(b2)(g)) + b1 + b2,
whence 6(by + b2)(g) = (0(b1)8(b2))(g)). For g € G, it is immediate to see that
8(9) = pg € Inn(G). Hence, since o is the cokernel of k, we get the abstract kernel
® via the universal property of the cokernel, as in the following diagram:

(2) G ~ > B Z M

| ]

[
End(G
End(G) —— zm<(a))~

More explicitly, ®(z) = pf(b) = cl(6(b)) for any b such that o(b) = x.

Given a special Schreier extension (1), for every b € B one always has that
b+ G C G+b (and so G is right normal in B), but the other inclusion is false, in
general. The set

G,={geG|g+b=b+gforsome ge G}

measures the difference between the two cosets (in other words, the sets Gy, measure
how far G is from being a normal subgroup of B).

Lemma 4.2. G} is a subgroup of G.
Proof. 1f g1,72 € Gy, then
gi+b=b+g1, G2+b=b+ge forsome g1,92 € G.
Then
G+g+b=g1+b+go=b+4g1 + g2,
and so g1 + g2 € Gp. Furthermore, if § € Gy, then g+ b = b + g for some g € G.
Hence —g+b=>b+ (—g), and —g € Gp. O
Definition 4.3. A special Schreier extension (1) is admissible if, for all b € B,
Ca(Gy) = Z(G).
Lemma 4.4. In the notation of diagram (2), for all b € B one has 6(b)(G) = Gj.
Proof. If g € 8(b)(G), then g = 6(b)(g1) for some ¢g; € G. Hence
b+g1=00)(g1) +b=g+0

and g € Gy. Conversely, if g € Gy, then there exists g; € G such that g+b =0+ g¢;.
Thus, we have

b+gi=g+b and b+g1 =6(b)(g1)+ b,
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whence, by the uniqueness in the Schreier condition, we get that g = 6(b)(¢1), and
so g € 6(b)(G). O

Proposition 4.5. If an abstract kernel ®: M — ]IESS((S)) s induced by a special

Schreier extension E, then ® is admissible if and only if E is admissible.

Proof. Suppose E is admissible. Then, for all b € B, Ce(Gy) = Z(G). By the
previous lemma, this means that Cg(0(b)(G)) = Z(G). Let z = o(b). Then
0(b) € ®(z), and hence ® is admissible (see Proposition 2.3). Conversely, suppose
® is admissible. If b € B, then ®(o(b)) = cl(0(b)). By admissibility of ®, we know
that Cq(0(b)(G)) = Z(G). Since 0(b)(G) = Gy, thanks to the previous lemma, we
get that E is admissible. O

Definition 4.6. We say that an admissible abstract kernel ®: M — ?gg((g)) i

extendable if it is induced by a special Schreier extension (which is necessarily
admissible because of the previous proposition).

Suppose that admissible abstract kernels (M,G,®) and (M,G’,®’) inducing
the same M-action on C' = Z(G) = Z(G') are C-equivalent. Then, (M, G, ®) is
extendable if and only if so is (M, G’, ®’). Indeed, if (M, G, ®) is induced by a special
Schreier extension (1), then (M,G’, ®') is induced by a special Schreier extension

keT o
E': 0 - B M 1, where £: G — G’ is an isomorphism
c

realizing the C-equivalence (M, G, ®) = (M,G’, ®') (see Definition 3.1). The set of
C-equivalence classes of extendable admissible abstract kernels inducing the same
M-action on C will be denoted by £(M, C).

Proposition 4.7. If (M,G1,®1) and (M,Ga,®2) are extendable admissible ab-
stract kernels inducing the same action on C, then their product

(M,G,@) = (MaGla(pl) ® (MaGQa(I)Q)

is extendable as well.

Proof. If ®; and ®5 are extendable, then they are induced by admissible special
Schreier extensions F; and FEjs, as in the following diagrams:

K1 o1 K2

E1 : Gl B1 M Eg : G2 32 M
Hll l@l Ozl l‘bz
nd(G nd(G
End(G1) —5> Ta(c) End(G2) —= Tiics-

Consider the pullback

RL>B2

Bl T>M7

ie. the monoid R = {(b1,b2) € By x By | 01(b1) = 03(b2)}. Clearly S =
{(¢,—¢) | ¢ € C} is a submonoid of R. Moreover, S is right normal in R, i.e.
(b, b)) +S C S+ (by, by) for all (by, by) € R. Indeed, if (by, bs) € R and (c, —c) € S,
using the admissibility of ®; and ®5 we get that

91([)1)(6) = 92(()2)(0) =x-C,

where = 01(b1) = 02(ba). Then we have

(bl, bg) + (C7 —C) = (bl + ¢, by — C) = (91(()1)(6) + by, 92(()2)(—6) + bg) =
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=(x-c+b,—x-c+by)=(x-¢c,—x-c)+ (b1,bs),

and (z-¢,—xz-c) € S. Let us then put B = % and consider the following sequence:

E: 0 G—"s>B—2> M 1,

where

G:G1XG2

S y Ii(Cl(gth)) :Cl(gl,gz), and O'(Cl(bhbz)) :Jl(bl) :O'Q(bz).
We want to show that F is a special Schreier extension which induces the product
® of &, and P5. It is immediate to see that  is a well-defined injective homo-
morphism. o is well defined, too. Indeed, if cl(by,ba) = cl(b], b)), then there exists
¢ € C such that
(b/la b/2) - (Ca *C) + (blv bZ)

Then b} = ¢+ b1, by, = —c + b, and so 0;(b;) = o;(b;), i = 1,2. Clearly o is
a monoid homomorphism. It is surjective, since for all x € M there exist b; €
B;, i = 1,2, with 0;(b;) = x; then o(cl(b1,b3)) = z. Moreover ok = 0, indeed
ok(cl(g1,92)) = o1(g1) = 1. So, k(G) C Ker(c). To show the other inclusion,
suppose that o(cl(by,b2)) = 1. Then o1(b1) = o2(b2) = 1. Since «; is the kernel of
o;, we know that b; = k;(g;) for some g; € G;. Hence (cl(g1, g2)) = cl(b1, b2).

Let us now check the Schreier condition. Suppose that o(cl(b},b5)) = o(cl(by,b2)).
Then

o1(by) = o1(b1) = 02(b2) = 02(b3).
E, and Es are special Schreier extensions, so there are unique g; € G; such that
b, = g; + b;. Hence
(b}, b)) = cl(g1, g2) + cl(by, ba).

To prove the uniqueness of the element cl(gi,g2) satisfying the last equality, it
suffices to show that, if cl(g1, g2) + cl(b1,b2) = cl(b1,b2), then cl(g1,92) = 0. So,
suppose that cl(g1,92) + cl(b1,b2) = cl(b1,b2). Then

(g1 +b1,92 + b2) = (¢, —c) + (by,b2) for some c € C.

Then g1 +b; = c¢+b1, go+bs = —c+by. Being E7 and Es special Schreier extensions,
this gives that (g1, g92) = (¢, —¢), and so cl(g1, g2) = 0.

It remains to show that E induces the admissible abstract kernel ®. Let us call
¥ the abstract kernel induced by F, as in the following diagram:

G—- sB— 7% s M

Tt

End(G)
End(G) — I:n(G) )

Then, for z € M, ¥(x) = cl(0(cl(b1,b2))), where o(cl(b1,b2)) = o1(b1) = g2(bs) =
. By construction of #; and 65, we have that
bi+g1=01(b1)(g1) + b1, ba+ g2 = 02(b2)(g2) + ba.
Hence, on one hand
cl(by,ba) + cl(gr, g2) = cl(01(b1)(g1), 02(b2)(g2)) + cl(b1, b2);
on the other hand, since FE is a special Schreier extension, we have that
cl(by, b2) + cl(g1,92) = 0(cl(b1,b2))(cl(g1, g2)) + cl(b1,b2),

by construction of §. Thanks to the uniqueness in the Schreier condition, we obtain
that

0(cl(b1,b2))(cl(g1,92)) = cl(01(b1)(g1), O2(b2)(g2))-
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Moreover, we know that ® is defined by ®(z) = cl(p(x)), where

o(x)(cl(g1,92)) = cl(01(b1)(g1), 02(b2)(g2))-
Hence 0(cl(b1,b2)) = ¢(z), and consequently ¥(x) = ®(z) for all z € M. O

Since the “zero” abstract kernel ®: M — End(C) is clearly extendable (it is
induced by the special Schreier extension given by the semidirect product of M and
(), we get the following

Corollary 4.8. The set L(M,C) of C-equivalence classes of extendable admissible
abstract kernels inducing the same action of M on C' is a submonoid of the monoid
M(M,C).

Using the fact that the monoid M(M,C') is commutative, in the next section
we will observe that we can consider a suitable factor monoid A(M,C) = J‘L/E((Aj\jg)) ,
and we will prove that this factor monoid is actually an abelian group, following

essentially the same idea of [7] for the case of abstract kernels of the form &: IT —

?:ﬁég; with II and G being groups.

5. THE GROUP STRUCTURE OF ADMISSIBLE ABSTRACT KERNELS

We begin this section by recalling a general fact. If A is a commutative monoid,
and B C A is a submonoid, the relation ~ on A defined by

ap ~ay <= dby,by € Bsuch that a; +b; = as + by

is a congruence on A. We denote the factor monoid % by %. It is easy to check
that % is a group as soon as the following condition is satisfied: for all a € A there
exists a’ € A such that a +a’ € B. We will use this fact, together with the results
of the previous sections, to show that the factor monoid A(M,C) = M(M.C)

Z(M.0) is an
abelian group.

Given an admissible abstract kernel ®: M — ?:j((g)), let us denote by G* the

opposite group of G: as a set, G* = GG, but we will denote the elements of G* with
g*, for g € G. Then the group operation in G* is defined by g* + h* = (h+¢g)*, and
so the inverse of an element ¢g* is (—g)*. We will simply write ¢ for the elements
¢ of C* = Z(G*) = Z(G) = C. Given an endomorphism a: G — G, we get an
endomorphism a*: G* — G* simply by putting a*(¢*) = (a(g))*. In this way, it
is obvious that (Ba)* = f*a* and that (ug)* = p_g+ for g € G.

Hence we can define an abstract kernel ®*: M — ?gg((g )) by putting, for x € M,

" (2) = cl(p*(2)), where ¢*(2) = (p(x))", with @(z) € D(a).
Lemma 5.1. The abstract kernel ®* is admissible.

Proof. Let r* € Cg»(¢*(x)(G*)). Then, for all g € G,
e ()(g") = ¢ (2)(g") + 7"

This means that
r+ (e(x)(9)" = (p(2)(9))" + ",
hence
(p(x)(g) +r)" = (r+ o(z)(9))",
i.e.
e(@)(g) +r=r+p(x)(9)
But the abstract kernel ® is admissible, so r = r* € C, giving that ®* is admissible,
too. O
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We also observe that the action of M on C induced by ®* is the same that ¢

induces, since
" (@)(c) = (p(@)(c)" = (z-¢)" =z -c
for all z € M and all ¢ € C.

Our goal now is to show that, for any admissible abstract kernel (M, G, ®), the
product (M, G, ®) @ (M,G*, ®*) is extendable. In order to do that, we first build
an admissible special Schreier extension, and then we will show that the abstract
kernel induced by it is C-equivalent to (M, G, ®) @ (M, G*, d*).

Let B be the set
B={(g,a,z) | g€ G,x € M,a € ®(x)}.
We define on B the following binary operation:
(9, ,2) + (h, B,y) = (9 + a(h), af, zy).

It is easy to see that (B, +) is a monoid, with neutral element (0,idg,1). Consider
then the following sequence:

E: 0 K—"sB—% M 1,

where o (g, , z) = x, K is the kernel of o and & is the canonical inclusion. Explicitly
K ={(g.a1) | g € G,a € ®(1)} = {(g. 1) | g,k € GY.

Moreover, K is a group. Indeed, for all g,h € G we have that

(9> pn 1) + (=h =g+ h, pop, 1) = (g + pn(=h =g +h), pap—n,1) =

=(g+h—h—g+h—"h, p-n,1)=(0,p0,1) = (0,idg,1) = 1.
Lemma 5.2. Z(K) = {(c,idg,1) | ¢ € C} and so can be identified with C.
Proof. If (s, un,1) € Z(K), then for all » € G we have
(8, iy 1) + (0, gy 1) = (0, o, 1) + (s, i, 1);

hence

(87 Hh+r, 1) = (/JT(S), Hr+hs 1)a
and from this we get that s +r =r + s for all » € G, i.e. s € C. Furthermore, for
all g € G we have that

(s,pn,1) + (9,ide, 1) = (g9, 1de, 1) + (s, ptn, 1),
and so
(s +pn(9), un, 1) = (g + 5, pn, 1)
From this, using that C' = Z(G) is a group, we get that, for all g € G
stun(g)=g9+s = s+tmlg=s+g = mlg) =y,
so that pp, = idg and (s, un, 1) € { (¢,idg,1) | ¢ € C }. The converse inclusion is
obvious. O

Lemma 5.3. E is a special Schreier extension.

Proof. Given x € M and (g,a,x),(h,B8,z) € 0~ (z), we have that there exists
s € G such that @ = usf (because a and S both belong to ®(x)). Hence

(g+8_h_8,us71)+(h,ﬂ,fl}):(g+8_h—8+us(h),/,bsﬁ7$):
=(g+s—h—s+s+h—sa,z)=(g9,a,2).

As for uniqueness, if
(97 Hs, 1) + (ha «, LU) = (h7 «, 'T)a
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then

(g + ps(h), pso, z) = (h, o, ),
and so

g+ ps(h) =h and psa = a.
From the first equality we get g + s + h — s = h, while from the second, using
the admissibility of ®, we obtain that us = idg (see Proposition 2.8). Hence
s € C, and consequently g +h = h. But h is cancellable, so we get g = 0, whence

(9, 1s,1) = (0,idg, 1) = 1p. O
Consider now the abstract kernel ¥ induced by the special Schreier extension E:
K - B 7 M
1

End(K)

Given * € M and choosing (0,a,z) € o~ !(x), we know that ¥ is defined by
U(x) = c(0(0,,x)). Given (g, pun,1) € K, on one hand, since F is a special
Schreier extension, we have

(0,a,2) + (g, un, 1) = 0(0, o, ) (g, 1, 1) + (0, o, )

by construction of 8, and on the other hand
(0, Q, 1') + (ga Hh, 1) = (Ol(g), Qlhh, x) = (a(g), Ha(h) s CU) =
= (O((g), Ha(h)s 1) + (07 «, Ji)
Thanks to the uniqueness in the Schreier condition, we get that 8(0, v, ) (g, p, 1) =
(a(g)vﬂa(h)a 1)
Lemma 5.4. The abstract kernel ¥ is admissible.
Proof. We have to show that, for (0,«,z) € B, Ck(0(0,a,2)(K)) = C. If (r, up, 1) €
Ck(0(0,a,7)(K)) and g € G, then
(’/‘, Hh, 1) + 0(07 a, x)(oa Hg, 1) = G(Oa «, x)(O, Hg, 1) + (Tv Hhs 1)

Using the previous expression for 6, this is the same as

(r7 Kh, 1) + (07 Ha(g)s 1) = (07 Ha(g)s 1) + (7’7 Hhs 1)7
ie.
(7'7 Hhta(g), 1) = (Ma(g) (T)a Ha(g)Hh, 1)
Hence, for all g € G:
r=pag(r) = r=alg)+r—alg),
which means that r € Cg(a(G)) = C (because ¢ was admissible). Moreover, for
all g e G
(T7 by 1) + 6(07 «, 1.)(97 Ho, 1) = 6(07 «, :I;)(ga Ho, 1) + (7’7 Hhy 1)7

which is the same as

(r, pn, 1) + (alg), po, 1) = (alg), po, 1) + (r, s, 1),
ie.
(r+ pn(a(9)), pn, 1) = (alg) + 7, pas 1).
From this we get
r+ pn(e(g)) = alg) +r =1+ alyg),
so that
h+a(g) —h=alg).
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Hence h € Cg(a(G)) = C since @ is admissible. Thus pp, = idg and (r, pp, 1) =
(r,ide,1) € C. 0

So we conclude that the admissible abstract kernel (M, K, ¥) is extendable.
Furthermore, the action of M on C induced by ¥ is the same as the one induced
by (M, G, ®), indeed:

0(0, o, x)(c) = 0(0, v, ) (e, idg, 1) = 0(0, o, ) (e, pro, 1) =
= (a(z)(c), fa(z)(0), 1) = (v - ¢c,idg,1) =z - c.
Proposition 5.5. The product (M, G, ®)@(M,G*, ®*) is C-equivalent to (M, K, V).

Proof. Let us denote by (M, GXSG*AIJ’) the product (M,G,®) ® (M,G*,®*). In

order to show that it is C-equivalent to (M, K, ¥), we consider the map &: % —
K defined by

g(Cl(gv h*)) = (g + h,/i*ha 1)
This definition makes sense. Indeed, if cl(g1,h}) = cl(ga, h3), then
(91,h7) — (g2, h3) = (¢,—¢) for some ¢ € C.
Hence
g1—g2=c¢, (“ha+h)" =hi—hy=—c=—c" =(=c),
and from this we get
g1=g2+¢, hi=hs—gc
whence
g1t+hi=g2+c+hs—c=gos+ ha.
Moreover, from the equality —h; = ¢ — ha we get that pu_pn, = pi—_n,, and so
(gl + hlvufhm 1) = (92 + h2u H—ho, 1)
The map £ is a group homomorphism:
&(cl(g1,h7) + cl(g2, h3)) = &(cl(gr + g2, (h2 + h1)™)) =
= (91 +9g2+ha+hi, p_(hyin), 1) = (g1 +h1+ pron, (92 + h2), popn,fi—n,,1) =
= (gl + hla:u—hu 1) + (92 + hQa H—hg s 1) = f(Cl(glv h’;)) + g(Cl(g% h;))
The inverse of € is the map £~ 1: K — GXTG* defined by
£1(g, in, 1) = cl(g + h, —h*).

It is well defined. Indeed, if (g, pp,,1) = (g, n,, 1), then pp, = pp,, and so
hi — hy = c € C. We need to check that

cl(g+ h1,—hy) = cl(g + ha, —h3),
i.e. that
(g9 +h1,=h7) — (g + ha, —h3) € S.
We have that
(9 + 1, =h1) = (g + ha, —hs) = (¢ + b1 = (g + ha), —hy + 3) =
=(g+h—hy—g, ()" +h3) = (g+c—g,(ha — 1)) =
= (¢, (=¢)") = (¢, —0),
and so cl(g + h1,—h}) = cl(g + ha, —h%). The maps £ and {1 are inverse to each
other:
55_1(971%7 1) = g(CZ(g =+ h’7 (_h’)*)) = (g +h— h’a H—(=h)> 1) = (97Mh7 1)a

and
§1e(cllg, h*) =€ (g + hop—n, 1) = cl(g + h — h,—(=h)*) = cl(g, h*).
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Moreover, for all c € C:

&(e) =&(cl(c,0%) = (¢ + 0, o, 1) = (¢,idg, 1) = c.

To conclude the proof, it remains to show that the following triangle commutes:

@' End(SX50)
GXG*)

Inn(=>3
x I

End(K)
Inn(K)’

M

where £(cl(a)) = cl(éa&™). If cp(x) € ®'(x), then
p()(cl(g, h")) = cl(a(z)(g), " (x)(h7)),
where a(z) € ®(x) and o*(x) € &*(z) is given by o*(x) = (a(x))*. Then
Ep(2)67 (g, 1, 1) = Ep() (clg + b, —h"))
= &(cl(a(z)(g + h),a* () (=h"))) = E(cl(a(z)(g + ), (a(x)(=h))")) =
= (a(z)(g+h)+a(z)(=h); p-a(@)(-n);1) = (a(z)(g)+alz)(h)+a(@)(=h), pa@)n),1) =

= ((2)(9); Ha(e)(n),1) = 0(0,a(x),1)(g, pn, 1),
hence Ep(x)¢~1 = 0(0, a(x),1) € ¥(x). O

We know that the definition of extendability of an admissible abstract kernel is
compatible with the C-equivalence (see the paragraph after Definition 4.6). Hence,
since the admissible abstract kernel (M, K, ¥) is extendable, the previous proposi-
tion gives

Corollary 5.6. For any admissible abstract kernel (M, G, ®), the product (M, G, ®)®
(M,G*,®*) is extendable.

This corollary, Proposition 3.8 and Corollary 4.8, according to the first paragraph
of this section, imply the following

Theorem 5.7. The factor monoid A(M,C) = JZ[((AAjg)) 18 an abelian group.

6. THE ISOMORPHISM OF A(M,C') WITH THE THIRD COHOMOLOGY GROUP

The aim of this section is to prove that the abelian group A(M,C) = %

described above is isomorphic to the third cohomology group H3(M,C). In or-
der to do that, the first step is to associate with every admissible abstract kernel
o: M — i?g((g)) an element Obs(®) of H3(M,Z(G)). Due to the admissibility
condition, the construction of Obs(®) is, as shown in [23], analogous to the one
described in [7] for the case of the classical abstract kernels. A very detailed con-
struction of Obs(®) is given in [12, Section 5], in a slightly different context. Here
we just give a brief sketch of the construction, stressing the difference with the one

n [12].

Given an admissible abstract kernel ®: M — i:‘g((g)) , we choose a representative

o(x) € ®(x) for any x € M, with ¢(1) = idg. We have that
P(2)p(y) = 1y P(2Y)

for some f(z,y) € G, with f(z,1) = f(1,y) = 0. Now, given z,y, z € M, we have,
on the one hand

o(x)p(y)e(2) = () s (y,2)P(YZ) = () (fy,2) P(T)P(Yz) =
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= Hep () (f(,2)) P (2,52) P(TYZ) = Lho(@) (f(y,2)+f (,y2) P(@YZ),
and, on the other hand
()W) (2) = 15w, P@Y)P(2) = bf (o) (wy,2) P(TYZ) = Pif(2,0) 4+ (wy,2) P (XYZ)-

Comparing the two expressions, and using Corollary 2.9, we get the equality

Ho(z)(f(y,2)+f(zyz) = Hf(zy)+f(zy,2)
namely

P (@) (f(y,2)+ f (@,y2)— (F(2)+ f (2y,2)) = da,
which tells us that

p(@)(f(y;2)) + f(2,y2) = (f(z,9) + f(2y, 2)) € Z(G).
This means that there exists a unique element k(z,y, 2) € Z(G) such that

e(@)(f(y,2) + f(x,yz) = k(z,y,2) + f(z,y) + f(zy, 2).
Clearly, k(z,y,1) = k(x,1,2) = k(1,y,2) = 0.

It is shown in [23] that the map k: M x M x M — C obtained from an admissible
abstract kernel ® as above is a 3-cocycle of the cohomology of M with coefficients
in the M-module Z(G), and that the cohomology class of k does not depend on the
choices made in the construction. Note that the same conclusion can be drawn from
[12, Section 5] using Corollary 2.9 instead of the surjectivity of the homomorphisms
p(x), for x € M.

Let us now show that C-equivalent admissible abstract kernels determine coho-

mologous 3-cocycles. Given two abstract kernels ®: M — ]}J”d((g)) and ®: M —

st:((g,/)), suppose that (M, G, <I>) (M,G',®"). That is, there exists a group iso-
morphism ¢: G — G’ such that £(c) = ¢ for all ¢ € C and &p(z)E71 € ®'(x) for all
x € M and all p(x) € ®(x) (see Definition 3.1). Suppose that k is the 3-cocycle
associated with (M, G, ®) as above. If we choose ¢'(z) € ®'(z) and f'(z,y) € G’

by putting

¢'(x) = Ep(x)¢™! and  f'(z,y) = &(f(2,y)),
then the 3-cocycle we get from (M, G’, ®') by means of this choice is precisely k.
Indeed, for all z,y,z € M, we have that

o' ()¢ (y) = Ep(x)E Ep(y)E ™ = Ep(x)p(y)s " =

= &l p (o P@Y)E" = Be(p ey EP@Y)E T = ppr o9 (2Y),
and
o' (@) (f'(y,2) + f(z,y2) = Ep(2)EE(f(y, 2)) + £(f (m,y2)) =
= Ep(x)(f(y, 2)) + E(f(x,y2)) = E(p(@)(f(y, 2)) + flz,y2)) =
= k’(x,y, Z) + f/(:c,y) + f’(my,z).

Hence we get a well-defined map
¢ M(M,C) = H(M,C), (M, G, ®]) = Obs(®) = (k).
Proposition 6.1. The map ¢: M(M,C) — H3(M,C) is a monoid homomorphism.
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Proof. Let (([M,G1,®1]) = cl(k1) and (([M, G2, ®3]) = cl(k2). According to the
beginning of this section, there are ¢;(z) € ®;(z) and f;(x,y) € Gy, i = 1,2, for
x,y € M, with ¢;(1) = 1¢ and f;(z,1) = fi(1,y) = 0, such that

i(2)pi(y) = ppi(aa) pi(zy)
and

forall z,y,z € M. Let now ®: M — ?:g((g)) be the product of ®; and ®5. Consider

the representatives p(z) € ®(x) defined by
p()(cl(g1,92)) = cl(p1(x)(g1), p2(7)(g2))
(see Section 3) and the map f: M x M — G defined by

f(xay) = Cl(fl(x’y)a f2($7y))

Clearly, ¢(1) = 1 and f(z,1) = f(1,y) = 0. Furthermore, for all z,y,z € M, we
have

p()p(y)(cl(g1,92)) = cl(p1()1(y)(91), pa(@)p2(y)(g2)) =

= Cl(#fl(x,y)sﬁl( ry)(g1), :u“fQ(l,y)SO2(xy)(g2))
= cl(fi(x,y), fa(z,y)) + cl(p1(zy)(91), p2(zy)(g2)) — cl(fi(2,v), fa(z,y)) =
= f(z,y) + e(xy)(cl(g1, 92)) = f(x,9) = py@ye(zy)(clgr, 92)),

and
(@) (f(y, 2)) + [z, y2) = @(@)(cl(f1(y, 2), f2(y, 2)) + cl(fi(z, y2), fa(w,yz)) =
= cl(p1(x)(f1(y, 2)) + fi(z,y2), @2(x)(f2(y, 2)) + f2(z,y2)) =
= cl(k1(z,y,2) + fi(z,y) + fi(zy, 2), k2(z,y,2) + f2(2,9) + fo(zy, 2)) =
=d(ki(z,y,2), k2 (z,y,2)) + cl(fi(z,y), fol@,y)) + cl(fr(zy, 2), fo(2y, 2)) =
= cl(k1(z,y,2),0) +cl(0, kz(z, y, 2)) + f(2,y) + flay, 2) =
= k1(z,y,2) + k2(x, 9, 2) + f(z,y) + f(2y, 2)
(recall that cl(c,0) = cl(0,¢) = ¢ for all ¢ € C). So, for all z,y,z € M, we get
(x)@(y) = pp(,y) P(y)

and
90(33)<f(ya2)) + f(w7y2) = k‘1(w,y,z) + kg(x,y,z) + f(a?,y) + f(xy7z)
Thus we have
C([M, G, ®]) = cl(ky + k2) = cl(k1) + cl(kz) = C([M, Gy, P1]) + (([M, G2, D2]).
[l

Proposition 6.2. The monoid homomorphism (: M(M,C) — H3(M,C) is sur-
jective.

Proof. Let cl(k) € H3*(M,C). We have to show that there exists an admissible

abstract kernel ®: M — ];J;L:((g)) with Z(G) = C, inducing the given action on C,
and such that (([M, G, ®]) = cl(k) (cf. [7, Lemma 9.1]). First consider the case in
which the monoid M has at least 3 elements. Let F' be the free group on the set of

symbols

{le.y] |2,y € M,z y # 1}
and let G be the direct product C x F. Define a map f: M x M — G by

f(xay>: [Cll‘,y] ifz,y#1 and f(.’lﬁ,l):f(l,y>:0,
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where we identify 0 x F with F. Next, we identify Z(G) with C' and define an
endomorphism ¢(x) € End(G) by putting, on the generators of G:

p@)e)=a-c
where the action of M on C' is the given one, and

Then, for all z,y, z,t € M, we have
e(@)e(y)([2,t]) = e(@)(k(y, 2, t) + f(y, 2) + f(yz,t) — f(y, 2t)) =
=z-k(y,z,t) + k(z,y,2) + f(2,y) + f(zy, 2) — f(2,92) + k(z,y2,1) + f(2,y2)
= f(xay) +x- k(y7 2, t) + k(ﬂ]‘,y, Z) + k(xayz7t) - k(a:,y, Zt) + f(Iy, Z) - f(x,yz)
+f(2,y2) + Fayz,t) — fla,yzt) + f(@,yat) — f(ay, 2t) — f(@,y).
Since k is a 3-cocycle, this last expression is equal to
= f(z,y) + o(@2y)([z,t]) — f(2,9) = sy eley)([z 1)
Hence
e(@)p(Y) = tf(ey)P(zY)
for all x,y € M. So we obtain an abstract kernel

d: M — ?::((g)) () = cl(p(x))-

Let us show that ® is admissible. Suppose that x and y are two distinct non-trivial
elements of M. If xy = 1 then 2% # 1 (since otherwise = y) and o(z)([z, z])
does not commute with o(z)([z,y]). If zy # 1 then o(z)([z,z]) and p(z)([y, z])
do not commute. Hence ¢(z)(C x F) is a non-abelian subgroup of C x F' for all
x € M. Next, denoting Cox r(p(z)(C x F)) by H and using elementary properties
of centralizers, we have

0(2)(C x F) C Coxp(H) =) Coxrle,u) =

(c,u)eH

= ((Cc(e) x Cr(u)) = ((C x Cr(u)) = C x () Cr(u).

(c,u)eH (c,u)eH (c,u)eH
Now, if we let H # C, then [, , e Cr(u) is a cyclic subgroup of I (since the
centralizer of any non-trivial element of a free group is a cyclic subgroup of that
group) and hence ¢(z)(C x F) is an abelian subgroup of C' x F, a contradiction
which shows that Coxp(p(2)(C x F)) = C for all z € M. So ® is an admissible
abstract kernel, inducing the given action on C. The fact that (([M, G, ®]) = cl(k)
is an immediate consequence of (3).

It remains to consider the cases in which M has less than 3 elements. If M
has only one element, then clearly H3(M,C) = 0, and so the result is obvious.
If M is the two element group, then the abstract kernels involved, as well as the
cohomology group H?(M,C), lie inside groups. Hence one can apply to this case
the proof of [7, Lemma 9.1]. If M = M, = {1,z} is the two element monoid
that is not a group, then x is an absorbing element. It is known that if a monoid
possesses an absorbing element, then all its cohomology groups of order greater
than zero are trivial (see e.g. [15]), but for the sake of the reader’s convenience,
let us check here that H3(Ms,C) = 0. Suppose that k: My x My x My — C'is
a 3-cocycle. Then z - k(z,z,z) = 0. Define a 2-cochain g: My x My — C by
g(z,2) = —k(x,z,2). Then for the coboundary d,: My x My x My — C of g, one
has 6g(z,z,2) = z - g(z,x) — g(z,x) + g(z,2) — g(z,z) = x - g(z,2) — g(z,z) =
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—x - k(z,2,7) + k(z,7,2) = k(z,2,7). Thus, the cohomology group H?(M,,C)
vanishes. This clearly implies the result. t

End(G)

Ton(c)» we have that

Proposition 6.3. For an admissible abstract kernel ®: M —
C([M,G,®]) =0 if and only if ® is extendable.

End(G)
Inn(G)

Proof. Suppose that ®: M — is extendable. That is, there exists a diagram

E: G = B 4 M

|

End(G
End(G) —— ,nn((G; ,

where F is a special Schreier extension, the monoid homomorphism 6 is defined
thanks to the uniqueness in the Schreier condition,
b+g=20(b)(g) +b for every b € B and every g € G,

and ®(x) = pd(b) = cl(6(b)) for any b such that o(b) = z (see the beginning of
Section 4). Let us choose, for every z € M, an element u, € o~ (x) with u; = 0,
and denote 0(u,) by ¢(z). Clearly, ¢(z) € ®(z) and ¢(1) = 1. Since F is a special
Schreier extension, for all z,y € M, there exists a unique element f(x,y) € G such
that u, + uy = f(x,y) + uzy. This defines a map f: M x M — G such that
f(z,1) = f(1,y) = 0, and implies

Indeed,

p(x)p(y) = 0(us)0(uy) = 0(uz + uy) =
= 0(f(2,y) + uay) = 0(f(2,9))0(uay) = () P(y)

(clearly, 6(g) = pg for every g € G). Then, thanks to Corollary 2.9, we get, as in
the beginning of this section, that

4) e(@)(f(y,2)) + f(@,y2) = k(z,y,2) + f(z,9) + f(zy,2)  forallz,y,z €M,

where k: M x M x M — C is a 3-cocycle. Hence, by definition of {, we have
C([M,G,®]) = cl(k). Next, on the one hand

Uy +uy +u, = f(xvy) + Ugy +u, = f(1'7y) —i—f(xy,z) +uzym
and, on the other hand
Up + ty + Uz = up + f(Y, 2) + uyz = 0(2)(f (Y, 2) + ta + uy> =
= (x)(f(y,2)) + f(z,yz) + Ugyz,
whence
o(@)(f(y; 2)) + fz,y2) = f(z,y) + f(zy,z)  forall z,y,z € M.
Comparing the last equality with (4), we obtain that &k = 0. Thus (([M, G, ®]) = 0.
Conversely, suppose that (([M,G,®]) = 0. Then there are p(z) € ®(z) and
f(z,y) € G for z,y € M, with ¢(1) = 1¢ and f(z,1) = f(1,y) = 0, such that
e(@)o(y) = pif gy P(ey)
and, in addition, f(x,y) can be chosen so that
e(@)(f(y,2)) + flx,yz) = f(z,y) + flzy,2z)  forallz,y,z € M
(cf. [12, Proposition 5.6]). Then the set [G, ¢, f, M] of all pairs (g,2) € G x M
with the operation defined by

(91,7) + (92,9) = (91 + ¢(x)(g92) + f(x,y), zy)
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is a monoid, and the sequence
G>$ [G7@afaM]i»'Ma Z(g):(gal)a p(g,x):x,

is a special Schreier extension of M by G inducing the given admissible abstract
nd(G
kernel @: M — 2248 ((0,2) + (9,1) = (p(x)(9), 2) = (#(2)(9),1) + (0,2)). O

Now, as an immediate consequence of Propositions 6.2 and 6.3, we have the
following
Theorem 6.4. The map
M(M,C
¢ AM,C) = M — H3(M,C), {'(c(M,G,®])) =<(([M,G,d]),

is a group isomorphism.

and Theorem

If M =11 is a group then ®: I — ?:s((g)) factors through ?;;Egg

6.4 turns into the classical interpretation of the third cohomology group of II in

terms of the abstract kernels of the form ®: IT — ﬁ;ﬁgg; [7, Theorem 10.1].

ACKNOWLEDGEMENTS

This work was partially supported by the Centre for Mathematics of the Univer-
sity of Coimbra — UID/MAT/00324/2020, by ESTG and CDRSP from the Poly-
technical Institute of Leiria — UID/Multi/04044,/2020, funded by the Portuguese
Government through FCT/MCTES and co-funded by the European Regional De-
velopment Fund through the Partnership Agreement PT2020.

The third author was supported by the Shota Rustaveli National Science Founda-
tion of Georgia (SRNSFG), grant FR-18-10849, “Stable Structures in Homological
Algebra”.

REFERENCES

(1] D. Bourn, Internal profunctors and commutator theory; applications to extensions classifi-
cation and categorical Galois theory, Theory Appl. Categ. 24 (2010), 451-488.
[2] D. Bourn, N. Martins-Ferreira, A. Montoli, M. Sobral, Schreier split epimorphisms in
monoids and in semirings, Textos de Matemdtica (Série B), Departamento de Matemadtica
da Universidade de Coimbra, vol. 45 (2013).
[3] D. Bourn, A. Montoli, Intrinsic Schreier-Mac Lane extension theorem II: the case of action
accessible categories, J. Pure Appl. Algebra 216 (2012), 1757-1767.
[4] P. Carrasco, A.R. Garzén, Obstruction theory for extensions of categorical groups, Appl.
Categ. Structures 12 (2004), 35-61.
[5] A.S. Cigoli, G. Metere, Extension theory and the calculus of butterflies, J. Algebra 458 (2016),
87-119.
[6] A.S. Cigoli, G. Metere, A. Montoli, Obstruction theory in action accessible categories, J.
Algebra 385 (2013), 27—46.
[7] S. Eilenberg, S. Mac Lane, Cohomology theory in abstract groups II. Group extensions with
a non-abelian kernel, Ann. of Math. (2) 48 (1947), 326-341.
[8] A.R. Garzén, H. Inassaridze, Semidirect products of categorical groups. Obstruction theory,
Homol. Homot. Appl. 3 (2001), 111-138.
[9] G. Hochschild, Cohomology and representation of associative algebras, Duke Math. J. 14
(1947), 921-948.
[10] G. Hochschild, Lie algebra kernels and cohomology, Amer. J. Math. 76 (1954), 698-716.
[11] S. Mac Lane, Eztensions and obstructions for rings, Illinois J. Math. 2 (1958), 316—345.
[12] N. Martins-Ferreira, A. Montoli, A. Patchkoria, M. Sobral, On the classification of Schreier
extensions of monoids with non-abelian kernel, Forum Mathematicum 32 n.3 (2020), 607-623.
[13] N. Martins-Ferreira, A. Montoli, M. Sobral, Baer sums of special Schreier extensions of
monoids, Semigroup Forum 93 (2016), 403-415.
[14] N. Martins-Ferreira, A. Montoli, M. Sobral, The Nine Lemma and the push forward con-
struction for special Schreier extensions of monoids with operations, Semigroup Forum 97
(2018), 325-352.



24

[15]
[16]

(17]
(18]
(19]

20]
(21]

(22]

23]

N. MARTINS-FERREIRA, A. MONTOLI, A. PATCHKORIA, AND M. SOBRAL

B.V. Novikov, Semigroup cohomology and applications, arXiv:0803.0463v1, 2008.

G. Orzech, Obstruction theory in algebraic categories, I, J. Pure Appl. Algebra 2 (1972),
287-314.

A. Patchkoria, Ezxtensions of semimodules by monoids and their cohomological characteriza-
tion, Bull. Georgian Acad. Sci. 86 (1977), 21-24 (in Russian).

A. Patchkoria, On Schreier extensions of semimodules, PhD thesis, Thilisi State University,
1979 (in Russian).

L. Rédei, Die Verallgemeinerung der Schreierischen Erweiterungstheorie, Acta Sci. Math.
Szeged 14 (1952), 252-273.

O. Schreier, Uber die Erweiterung von Gruppen I, Monathsh. Math. 34 (1926), 165-180.

O. Schreier, Uber die Erweiterung von Gruppen II, Abh. Math. Sem. Univ. Hamburg 4 (1926),
276—280.

N. X. Tuyen, Non-abelian extensions of monoids, Bull. Georgian Acad. Sci. 84 (1976), 37-39
(in Russian).

N. X. Tuyen, On cohomology and extensions of monoids, PhD thesis, Thbilisi State University,
1977 (in Russian).

(Nelson Martins-Ferreira) ESTG, CDRSP, INSTITUTO POLITECNICO DE LEIRIA, LEIRIA, POR-

TUGAL

Email address: martins.ferreira@ipleiria.pt

(Andrea Montoli) DIPARTIMENTO DI MATEMATICA “FEDERIGO ENRIQUES”, UNIVERSITA DEGLI

STUDI DI MILANO, VIA SALDINI 50, 20133 MILANO, ITALY

Email address: andrea.montoli@unimi.it

(Alex Patchkoria) A.RAZMADZE MATHEMATICAL INSTITUTE, IVANE JAVAKHISHVILI TBILISI STATE

UNIVERSITY, TAMARASHVILI STR. 6, TBILISI 0177, GEORGIA

Email address: alex.patchkoria@tsu.ge

(Manuela Sobral) CMUC AND DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE COIMBRA,

3001-501 COIMBRA, PORTUGAL

Email address: sobral@mat.uc.pt



