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ABSTRACT KEY POLYNOMIALS AND MACLANE-VAQUIE
CHAINS

SNEHA MAVI AND ANUJ BISHNOT*

ABSTRACT. In this paper, for a valued field (K,v) of arbitrary rank and an
extension w of v to K(X), a relation between induced complete sequences of
abstract key polynomials and MacLane-Vaquié chains is given.

1. INTRODUCTION

Let (K,v) be a valued field. Starting with a valuation wg of K(X), extending
v, which admit key polynomials of degree one, Nart [6] introduced the notion of
MacLane-Vaquié chains

d1,71 b2,72 DnsYn
=0 =5

Wo = Wyl ——> Wy —> -+

consisting of a mixture of ordinary and limit augmentations satisfying some con-
ditions (see Definition [ZI8). The main result (Theorem 4.3 of [6]) says that all
extensions w of v to K (X) fall exactly in one of the following categories:

(i) Tt is the last valuation of a complete finite MacLane-Vaquié chain, i.e., after
a finite number r of augmentation steps, w, = w.

(ii) After a finite number r of augmentation steps, it is the stable limit of a con-
tinuous family of augmentations of w, defined by key polynomials of constant
degree.

(iii) It is the stable limit of a complete infinite MacLane-Vaquié chain.

It is known that [7, Theorem 1.1], every valuation w on K(X) admits a complete
sequence of abstract key polynomials. Moreover, in [3] Mahboub et al. described a
complete sequence of abstract key polynomials for w satisfying certain properties
(see Remark [25]) and we call this sequence an induced complete sequence of abstract
key polynomials for w. In this paper, we prove that the concepts of MacLane-
Vaquié chains and induced complete sequences of abstract key polynomials for w,
are intimately connected.

To state the main result of the paper, we first recall some notation, definitions,
and preliminary results.

2. NOTATION, DEFINITIONS, AND STATEMENTS OF MAIN RESULTS

Throughout the paper, (K,v) denote a valued field of arbitrary rank with value
group I'; and residue field k,, and by v we denote an extension of v to a fixed
algebraic closure K of K.
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An extension w of v to the simple transcendental extension K (X) of K such
that k,, is algebraic over k, is said to be valuation-algebraic if the quotient T, /T,
is a torsion group and is said to be value-transcendental if T, /T, is a torsion-free
group. The extension w of v to K(X) is called residually transcendental if the
corresponding residue field extension ky |k, is transcendental. We call w valuation-
transcendental if w is either value-transcendental or is residually transcendental.

An extension W of w to K (X ) which is also an extension of @ is called a common
extension of w and .

2.1. Abstract key polynomials.

Definition 2.1. Let w be a valuation of K(X) and @ a fixed common extension
of w and ¥ to K(X). For any polynomial f in K[X], we define

6(f) = max{w(X -a) | f(a) = 0}.
This value 6(f) does not depend upon the choice of w (see [8, Proposition 3.1]).

Definition 2.2 (Abstract key polynomials). A monic polynomial @ in K[X]
is said to be an abstract key polynomial (abbreviated as ABKP) for w if for each
polynomial f in K[X] with deg f < deg @ we have §(f) < §(Q).

It is immediate from the definition that all monic linear polynomials are ABKPs
for w. Also an ABKP for w is an irreducible polynomial (see [, Proposition 2.4]).

Definition 2.3. For a polynomial @ in K[X] the Q-truncation of w is a map
wq : K[X] — T, defined by

wo(f) =min{w(f;Q")},

where f =Y., fiQ", deg fi < deg @, is the Q-expansion of f.

The @Q-truncation wg of w need not be a valuation [7, Example 2.5]. However,
if @ is an ABKP for w, then wg is a valuation on K (X) (see [7, Proposition 2.6]).
Note that any ABKP, @ for w, is also an ABKP for the truncation valuation wg.

Definition 2.4. A family A = {Q;}ica of ABKPs for w is said to be a complete
sequence of ABKPs for w if the following conditions are satisfied:
(1) 6(Qi) #0(Q;) for every i # j € A.
(i) A is well-ordered with respect to the ordering given by @Q; < @, if and only if
5(Q;) <0(Q;) for every i < j e A.
(iii) For any f € K[X], there exists some @; € A such that deg@; < deg f and
wq, (f) =w(f).

It is known that [7, Theorem 1.1], every valuation w on K (X ) admits a complete
sequence of ABKPs. Moreover, there is a complete sequence A = {Q;};ea of ABKPs
for w having the following properties (see [3, Remark 4.6] and proof of [7, Theorem
1.1]).

Remark 2.5. (i) A=Ujer Aj with 7={0,1,...,N} or Nu {0}, and for each j € I
we have A; = {j}ud,;, where ¥; is an ordered set without a last element or is
empty.

(i1) degQo = 1.
(iii) For all j e I~ {0} we have j—1<i<j, for all i €;_;.
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(iv) All polynomials @; with i € A; have the same degree and have degree strictly
less than the degree of the polynomials @, for every i’ € Aj,;.
(v) For each i <i' € A we have w(Q;) < w(Qy) and §(Q;) < §(Qw).

The complete sequences of ABKPs satisfying the properties of Remark will
be called induced complete sequences of ABKPs for w.

Even though the set {Q;}iea of ABKPs for w is not unique, the cardinality of
I and the degree of an abstract key polynomial @Q; for each i € I are uniquely
determined by w.

The ordered set A has a last element if and only if the following holds:

(2.1) I={0,1,...,N} is finite, and Ay = {N} (i.e., Iy = @).

2.2. MacLane-Vaquié chains. We first recall the notion of key polynomials which
was first introduced by MacLane in 1936 and later generalized by Vaquié in 2007
(see [210]).

Definition 2.6. For a valuation w on K(X) and polynomials f, g in K[X], we
say that
(i) f and g are w-equivalent and write f ~,, g if w(f - g) > w(f) = w(g).
(ii) f w-divides g (denoted by f |, g) if there exists some polynomial h € K[X]
such that g ~,, fh.
(i) f is w-irreducible if for any h, g € K[X], whenever f |, hq, then either f |, h
ot £ 4
(iv) f is w-minimal if for every nonzero polynomial h € K[X], whenever f |, h,
then degh > deg f.

Definition 2.7 (Key polynomials). A monic polynomial f in K[X] is called a
key polynomial for w, if f is w-irreducible and w-minimal.

In view of Proposition 2.10 of [I] any ABKP, @ for w is a key polynomial for
wg of minimal degree. Let KP(w) denote the set of all key polynomials for w.
Then for any ¢ € KP(w) we denote by [¢], the set of all key polynomials which
are w-equivalent to ¢. For any ¢, ¢’ € KP(w), we have

6w & if and only if ¢~y ¢
and in this case, deg ¢ = deg ¢’ (see [5 Proposition 6.6]).

Let w be a valuation on K(X) which admits key polynomials. If ¢ is a key
polynomial for w of minimal degree, then we define

deg(w) := deg ¢.
For any valuation w’ on K (X) taking values in a subgroup of I'y,, we say that
w' <w if and only if w'(f) <w(f), V fe K[X].
If w' < w, we denote by ®(w’,w) the set of all monic polynomials g € K[X] of
minimal degree (say) d such that w’(g) < w(g). We denote
deg(®(w',w)) = d.

Definition 2.8 (Ordinary augmentation). Let ¢ be a key polynomial for a
valuation w’ on K(X) and v > w'(¢) be an element of a totally ordered abelian
group I' containing T, as an ordered subgroup. The map w : K[X] — T'u {0}
defined by

w(f) = minfw' () + i},
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where f = ¥,50 fi¢", deg fi < deg ¢, is the ¢-expansion of f € K[X], gives a valuation
on K(X) (see [2 Theorem 4.2]) called the ordinary augmentation of w', and is
denoted by w = [w'; ¢, 7].

Note that w(¢) =, i.e., w'(¢) < w(¢) and the polynomial ¢ is a key polynomial
of minimal degree for the augmented valuation w (see [5, Corollary 7.3]).

Theorem 2.9 (Theorem 1.15, [I0]). Let w be a valuation on K(X) and w' < w.
Then any ¢ € (w',w) is a key polynomial for w' and

w' < [w'; ¢, w(p)] < w.
For any nonzero polynomial f € K[X], the equality w'(f) = w(f) holds if and only
if ¢ 4w f.
Corollary 2.10 (Corollary 2.5, [6]). Let w’ <w be as above. Then
(i) ®(w',w) = [Py for all ¢ € P(w',w).

(i) If w' <v <w is a chain of valuations, then ®(w',w) = ®(w',v). In particular,
w'(f) =w(f) = w'(f)=v(f), VfeK[X].

Corollary 2.11. If w = [w';¢,v] is an ordinary augmentation, then ®(w',w) =
[¢]w’-

Consider a totally ordered family of valuations on K(X), taking values in a
common ordered group
W = (pi)ica,
and indexed by a totally ordered set A. We shall always assume that the assignment

i+~ p; is an isomorphism between totally ordered sets A and W.
A polynomial f in K[X] is said to be W-stable if

pl(f) = pio(f)u Vix iOu

for some index ig € A. This stable value is denoted by pw (f). We obtain in this
way a stability function pyy defined only on the set of stable polynomials which is
a multiplicatively closed subset of K[X].

In view of Corollary 210 (ii), a polynomial f € K[X] is W-unstable if and only
if

pi(f)<pj(f)7 v i<jEA'
We denote
Mo =min{deg f | f € K[X], f is W-unstable}.

If all polynomials are W-stable, then we set mo, = co. We say that W has a stable

limgt if all polynomials in K[X] are W-stable. In this case, pyy is a valuation on
K[X], and is called the stable limit of W.

Definition 2.12. Let w’ be a valuation on K (X) admitting key polynomials. Then
a continuous family of augmentations of w' is a family of ordinary augmentations
of w'
W = (pi = [w'; X, 7i])ieA,

indexed by a totally ordered set A such that «; < ~; for all ¢ < j in A, satisfying
the following conditions:

(i) The set A has no last element.

(ii) All key polynomials x; € KP(w') have the same degree.

(iii) For alli<jin A, x; is a key polynomial for p;, x; 4,, Xi and p; = [pi; xj,75]-



ABSTRACT KEY POLYNOMIALS AND MACLANE-VAQUIE CHAINS 5

The common degree deg x;, for all i, is called the stable degree of the family W
and is denoted by deg(W).

Remark 2.13. The following properties hold for any continuous family W = (p; )ica
of augmentations (see p. 9, [6]):
(i) The mapping defined by i ~ ~; and i — p; are isomorphisms of ordered sets
between A and {v; |i€ A}, {p;|ie A}, respectively.
) For all i € A, x; is a key polynomial for p; of minimal degree.

) Foralli,j €A, pi(x;) =min{~,;,v;}. Hence, all the polynomials x; are stable.
v) ®(pi,ps) = [Xjlpir Vi<jeA.
)
)

—~
—
jar
=

All valuations p; are residually transcendental.
All the value groups I', coincide and the common value group is denoted by
Tw.

Remark 2.14. Since a totally ordered set admits a well-ordered cofinal subset, so
without loss of generality we can assume that A is well-ordered.

Definition 2.15 (MacLane-Vaquié limit key polynomials). Let W be a con-
tinuous family of augmentations of a valuation w’. Then a monic W-unstable poly-
nomial of minimal degree is called a MacLane-Vaquié limit key polynomial (abbre-
viated as MLV) for W.

The set of all MLV limit key polynomials is denoted by KP (V). Since the prod-
uct of stable polynomials is stable, so all MLV limit key polynomials are irreducible
in K[X].

Any continuous family W of augmentations of w’ fall in one of the following
three cases:

(i) Tt has a stable limit, i.e., pyy is a valuation on K[X], if me, = co.
(ii) It is in-essential if me = deg(W) (stable degree).
(iii) It is essential if deg(W) < Mmoo < 0.
Let W be an essential continuous family of augmentations of a valuation w'.
Then W admit MLV limit key polynomials. If @ is an MLV limit key polynomial,
then any polynomial f in K[X] with deg f < deg @ is W-stable.

Definition 2.16 (Limit augmentation). Let Q be any MLV limit key polynomial
for an essential continuous family W = (p; );ea of augmentations of w’ and v > p;(Q),
for all i € A, be an element of a totally ordered abelian group I' containing I'yy as
an ordered subgroup. Then the map w: K[X] — T'u{oco} defined by

w(f):= Iggl{Pw(fi) +iv},

where f = ¥,50 fiQ°, deg f; < deg@, is the Q-expansion of f € K[X], gives a
valuation on K(X) and is called the limit augmentation of W, denoted by w =
W = (pi)iea; Q,7]-

Note that w(Q) =~ and p; < w for all i € A. Also, @ is a key polynomial for w
of minimal degree [5, Corollary 7.13].

We now recall the definition of MacLane-Vaquié chains given by Nart in [6]. For
this, we first consider a finite, or countably infinite, chain of mixed augmentations

$1,71 2,72 Pn+1,Yn+1
(2.2) Wy ——> W] ———> + —> Wy, ———————> Wy —> =

in which every valuation is an augmentation of the previous one and is of one of
the following type:
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e Ordinary augmentation: wp+1 = [Wn; Gn+1, Yn+1], for some ¢p41 € KP(wy,).
e Limit augmentation: wp1 = [Wha; @ns1,Yn+1], for some ¢p11 € KPoo (W,,),
where W, is an essential continuous family of augmentations of w;,.

Let ¢9 € KP(wg) be a key polynomial of minimal degree and let vy = wo(¢o)-
Then, in view of Theorem [Z9] Proposition 6.3 of [5], Proposition 2.1, 3.5 of [6] and
Corollary 210, a chain ([2.2)) of augmentations have the following properties:

Remark 2.17. (i) Yn = Wn(@n) < Yn+1-
(ii) For all n > 0, the polynomial ¢,, is a key polynomial for w,, of minimal degree
and therefore

deg(wy)(= deg ¢n) divides deg(P(wy, wn+1)).
(iii)

(I)(wna Wn+1 ) = {
(iv)

deg(P(wp, wn+1)) = {

[Dn+1]w, if wy, = w41 is an ordinary augmentation

Do W, = [Xilwn, if wn > Wy is a limit augmentation.

deg ¢n+1, if wy = Wyt is an ordinary augmentation

deg(Wh), if w, = wper is a limit augmentation.

A valuation w on K(X) is called a depth zero valuation if w = wg s, for some
ae K and ¢ €T, where w, s is a valuation on K[X | defined by

W5 (;) ci(X - oz)z) = r?ziél{v(ci) +i0}, ¢ € K.
Definition 2.18 (MacLane-Vaquié chains). A finite, or countably infinite chain
of mixed augmentations as in ([2.2)) is called a MacLane-Vaquié chain (abbreviated
as MLV chain), if every augmentation step satisfies:
(i) if w, = wp41 is an ordinary augmentation, then deg(wy,) < deg(P(wy, wp1))-
(ii) if wy, = wp41 is a limit augmentation, then deg(w,,) = deg(®(wy,,w,+1)) and
¢n ¢ @(wn,wml).
A MacLane-Vaquié chain is said to be complete if wy is a depth zero valuation.

Remark 2.19. Every infinite MLV chain (22]) has a stable limit. Since for any
polynomial f € K[X], there exist some n > 0 such that deg f < deg¢, and as
deg ¢y, = deg(wy,) < deg(P(wy, wn+1)), so by Theorem 29 wy, (f) = wp+1(f). There-
fore pyy is the stable limit of the ordered family of valuations W = (wy, )ner, where
I=Nu{0}.

In Theorem 3.1 of [], given an induced complete sequence of ABKPs, {Q;}iea
for w such that A has a last element a precise complete finite MLV chain of w is
obtained, and conversely if w has a complete finite MLV chain, then Theorem 3.2
of [] gives a construction of an induced complete sequence of ABKPs of the above
type. Suppose now that w has an induced complete sequence of ABKPs such that
A has no last element. In the following result, using such a complete sequence we
give an explicit construction of an MLV chain of w.

Theorem 2.20. Let (K,v) be a valued field and let w be an extension of v to
K(X). If {Qi}iea is an induced complete sequence of ABKPs for w such that A
has no last element, then w falls in exactly one of the following two cases.
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(i) After a finite number, say, r of augmentation steps, it is the stable limit of a
continuous family W, of augmentations of w,

Q1,7 Q2,72 Qr,Yr
Wy —— W ——> -

W,
T Wel > W — P, T W,

such that deg(®(w,,w)) = deg(w,) and Q, ¢ ®(w,,w).
(i) It is the stable limit of a complete infinite MLV chain.

Q1,7 Q2,72 Qn+1,Yn+1
Wy ———> W] ——> -+ —> Wy~ Wy — -

In both cases, v; = w(Q;) for all j € I. Also, an augmentation w; — wj.1 s
ordinary if and only if ¥; = @.
The converse of the above result also holds.

Theorem 2.21. Let (K,v) be a valued field and let w be an extension of v to
K(X) such that w falls in ezxactly one of the following two cases.

(i) After a finite number, say, r of augmentation steps, it is the stable limit of a

continuous family W, = (p; )iea,. of augmentations of w,

d1,71 d2,72 DryYr (pi)iea,
(2.3) Wy ——> W] ———> +++ —> Wy_1 Wy Pw, =W

such that deg(®(w,,w)) = deg(w,.) and ¢, ¢ D(w,,w).

(i) It is the stable limit of a complete infinite MLV chain,

b1,71 P2,72 Pr+1,Yn+1
(2-4) Wo — W1 — > > Wy ———— > Wnpyl —>

Then, there is a totally ordered set A containing no last element and an induced
complete sequence A = {Q; }ien of ABKPs for w, constructed as follows:

(a) A =Ujer Aj, with I={0,1,...,7} in case (i) and I =NuU{0} in case (ii).

(b) Aj={j}udy, forall j eI, and ¥; = & if and only if the augmentation w; —
wj+1 15 ordinary. Moreover, Q; = ¢; for all jel.

(c) Suppose that w; — w1 is a limit augmentation, or (in case (i)) j =r and
wj — w is a stable limit step. Let Wj = (pi)iea, be the underlying totally
ordered family. Then ¥; = A; and Q; = x; for all i € Aj, where x; is the key
polynomial for w; such that p; = [w;;xi, w(x:)]-

It is known that if {Q;}iea is a complete sequence of ABKPs for w, then w is a
valuation-transcendental extension of v to K (X) if and only if A has a last element,
say, N, and then w = wg, (see [3, Theorem 5.6]). Therefore, as an immediate
consequence of Theorems and 2.2T] we have the following result.

Corollary 2.22. Let (K,v) and (K(X),w) be as above. Then the following are
equivalent:

(i) The extension w is valuation-algebraic.
(i) There exists an induced complete sequence {Q;}ien of ABKPs for w such that
A has no last element.

(i1i) The extension w has an MLV chain of type (2.3) or (24).
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3. PRELIMINARIES

Let (K,v) be a valued field and (K, ) be as before. Let w be an extension of v
to K(X) and @ a common extension of w and © to K (X). In this section we give
some preliminary results which will be used to prove the main results.

We first recall some basic properties of ABKPs for w (see Lemma 2.11 of [7] and
Proposition 3.8, Corollary 3.11, Theorem 6.1 of [9]).

Proposition 3.1. For ABKPs, Q and Q' for w the following holds:
(1) If 6(Q) < 6(Q"), then wo(Q') <w(Q').
(i1) Suppose that §(Q) < 6(Q"). For any polynomial f € K[X], we have
wo(f) =w(f) = we (f) =w(f),
we (f) <w(f) = wo(f) <we (f).
(i1i) If Q" € ®(wq,w), then Q and Q' are key polynomials for wg. Moreover,
wg = [we; Q" w(Q")].
(iv) Every F' e ®(wg,w) is an ABKP for w and §(Q) < §(F).
The next two results gives a comparison between key polynomials and ABKPs.

Theorem 3.2 (Theorem 2.17, [I]). Suppose that w' < w be valuations on K(X)
and ¢ a key polynomial for w'. Then ¢ is an ABKP polynomial for w if and only
if it satisfies one of the following two conditions:

(i) ¢ € P(w, w).

(i1) ¢ ¢ P(w',w) and deg ¢ = deg(w’).
In the first case wy = [w'; ,w(P)]. In the second case wy = w'.

Theorem 3.3 (Theorem 2.18, [I]). Let ¢ € KP(w). Then ¢ is an ABKP for w if
and only if deg ¢ = deg(w). In this case, wy = w.

As an application of the above two theorems, we have the following two results.

Lemma 3.4. Let w = [w'; ¢,7] be an ordinary augmentation of a valuation w' of
K(X). If ¢ is a minimal degree key polynomial for w', then both ¢' and ¢ are
ABKPs for w. Moreover, if ¢ 4w @', then 6(¢") < §(¢).

Proof. Since ¢' is a minimal degree key polynomial for w’, Theorem [3.2] shows that
¢' is an ABKP for w and as ¢ is a minimal degree key polynomial for w, so by
Theorem B3] ¢ is an ABKP for w.

Now, suppose that ¢ 4, ¢'. By Corollary ZTT], ¢’ ¢ ®(w',w) = [¢]wr. Assume
first that deg ¢’ = deg ¢. Then by Theorem[3.2], we have w’ = wy . Hence, Proposition
[B11 (iv) shows that 6(¢") < d(¢). Finally, if deg ¢’ < deg ¢, then §(¢") < 6(¢) because
¢ is an ABKP for w. (|

Lemma 3.5. Let w’' < w be valuations of K(X). If W = (p; = [W';X4,7i])ica s a
continuous family of augmentations of w' such that p; <w for all i € A, then each
Xi s an ABKP for w, p; = wy, and 6(x;) <0(x;) for all i < je A. Moreover, if ¢
is a minimal degree key polynomial for w', then ¢ is also an ABKP for w, and if
Xi fuw @, then 8(¢") < 6(xz) for all i e A.

Proof. Since W = (p;)iea is a continuous family of augmentations of w’, so for all
i<jeA, we have that x; 4,, xi and p; = [ps; X;,7;] is an ordinary augmentation
of p;. Therefore, by Remark 213 (iv) and Corollary [ZT0l (ii) we have that

Xi ¢ ©(pi, p5) = [X51p: = P(pi,w),
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ie., pi(xi) = pj(xi), which in view of Corollary 210l (ii), implies that p; (x:) = w(x:),
and as deg x; = deg p;, so by Theorem B.2] x; is an ABKP for w and

(3.1) pi =Wy, for all i e A.
Again from Corollary (ii) and Remark (iv), it follows that

X; € [Xjloi = @(pi, p;) = P(pi,w) for all i< je A,

ie., pi(x;) < w(x;), which on using [BI), together with the fact that degyx; =
degy;, implies that x; € ®(w,,,w). Hence from Proposition Bl (iv), x; is an
ABKP for w and

d(xi) <d(x;) foralli<jeA.

Since w' < w, so w'(¢') < w(¢"). Now on using Theorem B2 together with the
hypothesis that ¢’ is a minimal degree key polynomial for w’, i.e., deg ¢’ = deg(w’),
we get that ¢’ is an ABKP for w. Keeping in mind that y; 4. ¢', it immediately
follows from Lemma B4l that 6(¢") < §(x;) for all 1 € A. O

Remark 3.6. In the above lemma, if w = [W);¢,~] is a limit augmentation of an
essential continuous family W = (p; = [w’; 4,7 ])iea of augmentations of w’, then
by Theorem 3.3 ¢ is an ABKP for w, and as ¢ is an MLV limit key polynomial for
W, so deg x; < deg ¢. Consequently,

0(x:) <0(p), VieA.

In the next result we give some properties of an induced complete sequence of
ABKPs.

Lemma 3.7. Let {Q;}iea be an induced complete sequence of ABKPs for w such
that ¥; # @ for some j € A. Then the following holds:

(1) Qi € D(wg,,w) for everyi<i' e A;={j}ud;.
(ii) Wj = (wq, )ico, is a continuous family of augmentations of wg, .

Proof. (i) Follows from Remark 2.8 and Proposition B (i).

(ii) Since for each i € A, Q; is an ABKP for w, so wg, is a valuation on K(X). By
hypothesis, as 9; # @, so by (i), for each i € ¥; we have that Q; € ®(wq,,w) and
deg Q; = deg @, where Q; is the ABKP corresponding to {j}. From Proposition
[B.1 (iii), it follows that each @Q; is a key polynomial for wgq, and

wq, = [w,; Qi w(Q:)].
Similarly, for each i < i’ € ¥;, we get that Q; is a key polynomial for w¢, and
wq, = [wq;; Q, w(Qw)].
Now by Corollary 2210 (ii), ®(wq,,w) = ®(wg,,wq, ), and as Q; ¢ P(wg,,w), so
wQ; (QZ) =W, (Q’L)a Vi< i, € 19]7

which in view of Theorem 2.9] implies that Q;/ %in Q;. Hence W; = (wq, ey, is a
continuous family of augmentations of wg, . O
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4. PROOF OF MAIN RESULTS

Proof of Theorem[2.20. Since {Q;}iea is an induced complete sequence of ABKPs
for w, so by Remark 23] (i), A = U,e; Aj, where I ={0,1,...,N} or I = Nu{0} and
for each j € I, Aj = {j} u¥;, where ¥; is either empty or an ordered set without
a last element. In view of hypothesis as A has no last element, so by (1), either
I=Nu{0}orI={0,1,...,N} and Ay = {N}udy, with ¥y # @. Since for each
ieA, @; is an ABKP for w, so wg, is a valuation on K(X) and we denote it by
W; .

Arguing as in the proof of [4, Theorem 3.1], we get that each @;, i € A is a key
polynomial for wg, of minimal degree and
(1) if ¥; = @, then w; — wj41 is an ordinary augmentation.
(2) if ¥; # @, then w; — wj,1 is a limit augmentation of an essential continuous

family W; = (pi = wq, )iev, of augmentations of w.

In either case, denote

(41) ”inM(Qi), VieA.
Suppose first that 7 ={0,1,..., N} and ¢5 # @. Then from above
(4'2) wo Q1,7 wy Q2,72 > Wy QNYN wy <w,

is a finite MLV chain of wy, and this chain is complete because wy = wg,, where
deg Qo =1, is a depth zero valuation. Since ¥y # &, so by Lemma [B1 (ii), we have
that Wy = (p; = wg, )icoy 18 & continuous family of augmentations of wy. We now
claim the following;:

(a) w is the stable limit of Wy,

(b) deg(®(wn,w)) =deg(wy) and Qn ¢ P(wn,w).

Let f in K[X] be any polynomial. As A is complete, so there exists some jo € A
such that

(4.3) wio () = w(f).
Take i € 9 such that jo < i. Then, §(Qj,) < 6(Q;) and, in view of (@3)), Proposition
[B11 (ii) shows that w;(f) = w(f). Therefore,

pwn (f) = wjo (f) = wi(f) = w(f) for every i e Jy.
Thus, every polynomial in K[X] is Wy-stable, i.e., pyy, is a valuation on K(X)
and hence is a stable limit of Wy . From the above argument it also follows that

pwy (f) =w(f), V fe K[X]

and this proves (a).

Since dn # @, so by Lemma B (i) Q; € ®(wg,,w) for every i € ¥y, which
implies that

deg(®(wn,w)) = deg(wn)

and Qn ¢ ®(wn,w) because wg, (Qn) = w(Qn), proving (b). Thus in view of
([#2) and the claim, after N augmentation steps, we have that w is the stable limit
of a continuous family Wy = (pi)ico,, of augmentations of wy:

Q1,71 Q2,72 QNN (pi)iev 5
o — > W1 —> - —> WN-1 wWN PWy = W,

w,

where w; = wq,, 7; = w(Qj) for every 0 < j < N, such that deg(®(wn,w)) =
deg(wn) and Qn ¢ P(wn, w).
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Assume now that I = Nu {0}. Then keeping in mind (1), (2) and I, we have
that

Q1M Q2,72 Qj+1,75+1
wy —> W, ———> -

e wy T g — e
is a complete infinite MLV chain of w. Since {Q;}iea is an induced complete se-
quence of ABKPs for w, so W = (w; = wg, )iea is a totally ordered family of valua-
tions, taking values in a common value group, such that the bijection ¢ - wg,, is an
isomorphism between A and W. It only remains to prove that w is the stable limit
of W. For this it is enough to show that every polynomial in K[X ] is W-stable. Let
f be any polynomial in K[X]. Since A is an induced complete sequence of ABKPs
for w, so there exist some jp € A such that

wj, (f) = w(f).
For all ¢ > jo in A, we have §(Qj,) < §(Q;), which together with the above equality,
on using Proposition BI (ii) implies that w;(f) = w(f). Therefore,
wi(f) =w;,(f), Vi>joeA,
so every polynomial in K[X] is W-stable, i.e., pyy is a valuation on K(X), and

pW(f) =Wy, (f)

It also follows from the above argument that

pw(f) =w(f), V feK[X].

Thus w is the stable limit of W. ([l

Proof of Theorem[2ZZ]] Since w has an MLV chain of type 23] or (24]), so by

Lemmas [3.4] and Remark we have that

(1) if w; — wj41 is an ordinary augmentation, i.e., wjz1 = [Wj; Pjr1,7j+1] for some
¢j+1 € KP(’LUJ), then gf)j and ¢j+1 are ABKPs for Wi41-

(2) if w; — wj41 is a limit augmentation, i.e., w1 = [Wj; @j41,7;+1] for some
$ji1 € KPoo(w;), where W; = (pi = [wi; Xi,7i])ica, is an essential continuous
family of augmentations of w;, then ¢;, ¢;+1 and x; for all i € A; are ABKPs
for wjyq.

Now by Remark [2.17 and the definition of an MLV chain of w, if w; — wj.1 is an
ordinary augmentation, then
¢j ¢ P(wj,wjs1) = [Pj+1]w;, 1€, @jr1 fw; G5y
and if w; — wj;1 is a limit augmentation, then
@5 ¢ P(wj,wj1) = [Xilw,;» 1€y Xi tw, ¢, VieAjy
Since, w; < wj+1 <w and p; < py <w, so by Corollary 210 (ii), we have that
P(wj,wjs1) = P(wj,w) and ®(p;, pir) = P(pi,w), for all i <i’' € A;.
Therefore, keeping in mind the definition of an MLV chain of w together with
Theorem 3.2] Lemmas [3.4] and Remark it immediately follows that
(a) ¢j, dj+1, Qi = xi, i € A; are ABKPs for w, and
Wi =Wy, Pi = WQ;, Wjtl = We,,,, for all 1€ Aj.
(b) deg¢; =deg@Q; <deg ;s for all i e A
(c) 0(¢;) <d(Q:) <0(Qir) <0(pjs1) for all i <i' e Aj.

(d) If wj — wjy1 is an ordinary augmentation, then ¢, € ®(wgy,, w).
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Suppose first that w is the stable limit of a continuous family of augmentations
W, = (pi = [wr; Xi, Vi iea, of w,

b1,71 b2,72 (pi)iea,
Wy —> W —> = —> W ——> Py, = W.

Then from Lemma 3.5 we have that Q; := x;, for all i € A,., is an ABKP for w,
(4.4) pi = wg,, and
(45) 5(¢7‘)<5(Q1) <6(Qi’) Vi<i,€Ar.

Let I ={0,1,...,r} and for every j eI, let A; ={j}UA;, where in view of (1), (2)
A ; is either empty or an ordered set without a last element, for 0 < j <r —1. Let
A =UjgAj, keeping in mind (1), (2) and the continuous family W, consider the
set A = {Qi}ien, where Q; := ¢; for every j € I. Then in view of (¢) and [@H) we
have that
5(@1) < 5(@17) Vi<i eA.

Moreover, the set A satisfies the properties of Remark Let f in K[X] be any
polynomial. Since w is the stable limit of W,, so f is W,-stable. Therefore, there
exists some ig € A, c A such that

w(f) = pio (f)
=wq,, (f) (by @.4)).
If deg @, = deg @, < deg f, then A fulfills the condition to be a complete sequence of
ABKPs for w. Otherwise, deg Q); < deg f < degQ;.1 for all i € A; and some minimal
j <. Since 6(c'f) = 6(f), where c € K is the leading coefficient of f, so we can
assume without loss of generality that f is monic. If §(f) < §(Q;) for some i € A,
then clearly wq,(f) = w(f). We now show that the case 6(f) > §(Q;) for every
i € Aj, does not occur. If A; = @, then f € ®(wgq,,w) and from (d) we also have
that Q;1 € ®(wg,,w), which implies that deg f = deg@Q;;1. Therefore A; # @.
If deg f = deg Q;, then f is an ABKP for w and by Remark 217 and Corollary
210, f belongs to the set {Q; | i € A;}, which contradicts the definition of A ;. So
deg Q; < deg f < deg Q1. Since for every i € A, §(Qi) < (f), so we, (f) <w(f).
In particular, wg, (f) < w(f) for every i € A;, which in view of Proposition B (i),
implies that wq,(f) < wq, (f) for every i < i’ € A;. By definition of MLV chain,
it now follows that deg f > deg 41, which is not the case. Hence A is an induced
complete sequence of ABKPs for w such that A has no last element.
Assume now that w is the stable limit of a complete infinite MLV chain,

1,71 b2,72 i1+l
Wo ——> Wy ———> -+ —> W,

i.e., w is the stable limit of W = (w;)er, where I = Nu {0} (see Remark 219). For
every j eI, let Aj ={j}UA;, where A; is an ordered set without a last element,
whenever w; — wj,1 is a limit augmentation, or is an empty set, if w; — w;
is an ordinary augmentation. Let A = U e; Aj, and, we denote Q; := ¢; for every
j € I. Keeping in mind (1), (2) consider the set A = {Q;}iea. For any i <i’ € A by
(c) we have that

wj+1 —_ e

6(Qi) <0(Qy),
and therefore the set A satisfies the properties of Remark Now for any poly-
nomial f € K[X], on using the fact that w is the stable limit of W, we get

w(f) =wq,, (f) for some ig € A.
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Now, arguing similarly as in the previous case, we have that for every polynomial

f

w

A

w

€ K[X] there exists a polynomial Q; € A such that deg@; < deg f and wg,(f) =
(f). Hence, {Q;}ica is an induced complete sequence of ABKPs for w such that
has no last element.
Thus, in either case A = {Q;}ica is an induced complete sequence of ABKPs for
such that
e A=UjerAj, with I={0,1,...,7} or Nu{0} and A; = {j}UA; for all jel.
Moreover, QQ; = ¢; for all j e I.
e w; — wj is an ordinary augmentation if and only if ¥; = @.
o if w; — wj1 is a limit augmentation (or w; — w is a stable limit step)
with respect to an essential continuous family (or continuous family) W; =
(pi)iea, of augmentations of w;, then ¥; = A; and Q; = x; for all i € A;.

O
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