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PROPERTIES OF SYMBOLIC POWERS OF EDGE IDEALS OF
WEIGHTED ORIENTED GRAPHS

MOUSUMI MANDAL* AND DIPAK KUMAR PRADHAN

ABSTRACT. Let D be a weighted oriented graph and I (D) be its edge ideal. We provide
one method to find all the minimal generators of Icc, where C' is a maximal strong
vertex cover of D and Icc is the intersections of irreducible ideals associated to the
strong vertex covers contained in C. If D’ is an induced digraph of D, under a certain
condition on the strong vertex covers of D’ and D, we show that I(D')® # I(D')* for
some s > 2 implies 1(D)* # I(D)*. We provide the necessary and sufficient condition
for the equality of ordinary and symbolic powers of edge ideal of the union of two
naturally oriented paths with a common sink vertex. We characterize all the maximal
strong vertex covers of D such that at most one edge is oriented into each of its vertices
and w(z) > 2 if degp(x) > 2 for all € V(D). Finally, if D is a weighted rooted tree
with the degree of root is 1 and w(z) > 2 when deg(z) > 2 for all z € V(D), we show
that I(D) = I(D)* for all s> 2.

Keywords: Weighted oriented graph, induced digraph, edge ideal, symbolic power, tree,
path.

1. INTRODUCTION

Let k be a field and R = k[x1,...,2,] be a polynomial ring in n variables. Let I be
a homogeneous ideal of R. Then for s > 1, the s-th symbolic power of I is defined

as I®) = () (I*Rpn R). We refer [5] to the reader to survey some known results of
PeAssI
symbolic powers of ideals.

A weighted oriented graph D with underlying graph G, is a triplet (V(D), E(D),w)
whose vertex set is V(D) = V(G), edge set is E(D) = {(xi,z;) | {zi,z;} € E(G)} and
the weight function w: V(D) — N. If e = (x,y) € E(D), then z is the initial vertex
and y is the terminal vertex of the directed edge e. The weight of a vertex x; € V(D)
is w(z;) denoted by w; or wy,. If a vertex x; of D is a source (i.e., has only arrows
leaving x;), we fix w; = 1. The edge ideal of D is denoted by I(D) and is defined as
I(D) = (332$;UJ|(332,$J) € F(D)). This ideal was first studied in [0l 12]. Recently in [7],
the authors give the classification of some normally torsion-free edge ideals of weighted
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oriented graphs, where the s—th symbolic power of I defined using the associated minimal
primes of I.

The difficulty in the study of symbolic powers of edge ideals of weighted oriented graphs
depends upon the structures of irreducible ideals associated to the strong vertex covers
and the number of strong vertex covers. In general, the number of strong vertex covers
of a weighted oriented graph is greater than the number of minimal vertex covers of
its underlying graph and it occurs due to the weights on its vertices and orientation of
its edges. So the study of symbolic powers of edge ideals of weighted oriented graphs
is harder than simple graphs. In this paper, we provide some methods to study the
symbolic powers of their edge ideals. In [9], we see that, if the set of all vertices of
a weighted oriented graph forms a strong vertex cover, all the ordinary and symbolic
powers of its edge ideal coincide. Comparision of ordinary and symbolic powers has been
done for several classes of weighted oriented graphs in [1], [2] and [10]. In all those papers,
to compute the symbolic powers, the authors always find the minimal generators of the
intersections of irreducible ideals associated to the strong vertex covers contained in a
maximal strong vertex cover. In this paper, we give a direct formula for that in Theorem
and it works for any weighted oriented graph. We compare the ordinary and symbolic
powers of edge ideals of weighted oriented graphs by studying the ordinary and symbolic
powers of edge ideals of their induced digraphs. In [11], if H is an induced subgraph of
G, it is known that I(H)™) = I(H)® for some s > 2 implies I(G)* % I(G)®. We extend
this result to weighted oriented graphs. If D’ is an induced digraph of D, under a certain
condition on the strong vertex covers of D' and D, we show that I (D’)(s) + [(D')® for
some s > 2 implies [ (D)(s) # [(D)® (see Theorem [4.3)). We apply this result to compare
the ordinary and symbolic powers of edge ideals of weighted oriented paths (see Theorem
45). In Theorem [(.12] we give the necessary and sufficient condition for the equality
of ordinary and symbolic powers of edge ideal of union of two naturally oriented paths
with a common sink.

The main problem in the computation of symbolic power is to find all the maximal strong

vertex covers. In [I2] Lemma 47|, Pitones et al. proved that {z;,,...,x; } is a vertex
cover of D if I(D) ¢ (zj!,...,zj*). We identify that, if a; = w(z;;) and s is the least
possible value, then {z;,,...,x;, } is a maximal strong vertex cover of D (see Lemmal[6.2]).

In Theorem [6.5] we prove the converse of Lemma is also true under the assumption
“ at most one edge is oriented into each vertex of D and w(z) > 2 if degp(x) > 2 for all
x € V(D)”. Recently in [I], Banerjee et al. prove the equality of ordinary and symbolic
powers of a certain class of weighted rooted trees. In Theorem [6.6], we extend this result
to prove that “ if D is a weighted rooted tree with degree of root is 1 and w(x) > 2
whenever degp(z) > 2 for all z € V(D), then I(D)®) = I(D)* for all s> 2.
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2. PRELIMINARIES

In this section, we provide some definitions and results for the weighted oriented graphs.
By the result of Ha, Nguyen, Trung, and Trung in [8], we may assume that the underlying
graph G of the weighted oriented graph D is connected.

Definition 2.1. A vertex cover C of D is a subset of V(D) such that if (z,y) € E(D),
then z € C or y € C. A vertex cover C' of D is minimal if each proper subset of C' is not
a vertex cover of D. We set (C') to be the ideal generated by the vertices of C.

Definition 2.2. Let x be a vertex of a weighted oriented graph D, then the sets N}, (x) =
{y| (z,y) e E(D)} and N,(z) ={y | (y,x) € E(D)} are called the out-neighbourhood
and the in-neighbourhood of x, respectively. Moreover, the neighbourhood of z is the set
Np(z) = N,(z)uNp(x) and denote Np[x] = Np(x)u{x}. Define degp(x) = [Np(x)| for
x € V(D) and degp(x) is known as the degree of the vertex x in D. A vertex x € V(D)
is called a source vertex if Np(z) = Nj)(x). A vertex z € V(D) is called a sink vertex
if Np(z) = Np(z). We assume that the weights of source vertices are trivial. We set
V*(D) as the set of vertices of D with non-trivial weights.

Definition 2.3. For T c V (D), we define the induced digraph Dp = (V(Dr), E(Dr),w)
of D on T to be the weighted oriented graph such that V(Dr) = T and for any u,v €
V(Dr), (u,v) € E(Dr) if and only if (u,v) € E(D). Here Dy = (V(Dr), E(Dr),wr) is
a weighted oriented graph with the same orientation as in D and for any u € V(Dr), if
u is not a source in D7, then its weight equals to the weight of u in D, otherwise, its
weight in Dy is 1. For a subset W c V(D), we define D x W to be the induced digraph
of Don V(D)\W.

Definition 2.4. [12, Definition 4] Let C be a vertex cover of a weighted oriented graph
D. We define the following three sets that form a partition of C

LY(C) ={z e C | Nj(z) nC # ¢},

LP(C)={zeC |2 ¢ LP(C) and Ny(x) nC® % ¢} and

LY(C) =C~ (LY (C) u L7 (0)),
where C¢ is the complement of C, i.e., C°=V (D) \ C.

Lemma 2.5. [12, Proposition 5] If C' is a vertex cover of D, then LgD(C’) ={z €
C | Np(z)cC}.

Definition 2.6. [IZ, Definition 7] A vertex cover C of D is strong if for each = € LY (C)
there is (y,x) € E(D) such that y e LY (C) u LY (C) with y e V(D) (i.e., w(y) # 1).
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Remark 2.7. [12] Remark 8, Proposition 5] A vertex cover C of D is strong if and only
if for each x € LY (C), we have Np(z) n V(D) n[C ~ LP(C)] # ¢.

Definition 2.8. A strong vertex cover C' of D is said to be a maximal strong vertex
cover of D if it is not contained in any other strong vertex cover of D.

Definition 2.9. [12] Definition 19] Let C' be a vertex cover of D. The irreducible ideal
associated to C'is the ideal I := (LP(C)u {x;f)(xj)h:j e LP(C)uvLP(O)}).

Lemma 2.10. [12] Lemma 20] Let D be a weighted oriented graph. Then I(D) ¢ I¢,
for each vertex cover C' of D.

The next lemma gives us the irreducible decomposition of the edge ideal of a weighted
oriented graph D in terms of irreducible ideals associated with the strong vertex covers
of D.

Lemma 2.11. [12] Theorem 25, Remark 26] Let D be a weighted oriented graph and
Ci,...,Cs are the strong vertex covers of D, then the irredundant irreducible decompo-
sition of I(D) is

I(D)=1I¢, n--nlg,
where each Ic, = (LP(C;) u {azz-u(xj) | ;€ LY (Ci) u LY (Cy)}), rad(Ic,) = P; = (C).

Corollary 2.12. [12) Remark 26] Let D be a weighted oriented graph. Then P is an
associated prime of I1(D) if and only if P =(C) for some strong vertex cover C' of D.

Let I c Rand I = Q1n--NnQ,, be a primary decomposition of ideal I. For P € Ass(R/I),
we denote Qcp to be the intersection of all Q; with \/Q; ¢ P. If C is a strong vertex cover
of a weighted oriented graph D, then (C') € Ass(R/I(D)). We denote Icc as Ic(c). In
the following lemma, we express the [4, Theorem 3.7] for edge ideals of weighted oriented
graphs.

Lemma 2.13. [4, Theorem 3.7] Let I be the edge ideal of a weighted oriented graph D
and C1,...,C, be the mazximal strong vertex covers of D. Then

1) = (Ice,)* n-n (Iee,)®.

The following three lemmas are useful to get the necessary and sufficient condition for
the equality of ordinary and symbolic powers of edge ideals of weighted oriented paths.

Definition 2.14. A path is said to be naturally oriented, if all of its edges are oriented

in one direction.
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Lemma 2.15. [10, Lemma 3.8] Let D be a weighted oriented graph such that at most one
edge is oriented into each vertex. Let D' be an induced weighted naturally oriented path
of length 3 of D with V(D'") ={xi_1,%i, Tis1, Tiva}, E(D") ={(xj,zj:1) | i-1<j<i+1},
w(x;) >2 and w(xiy1) =1. Then I(D)(?’) +1(D)®.

Theorem 2.16. [I, Theorem 3.6] Let D be a weighted naturally oriented path with
V(D) = {z1,22,23,...,2,} and E(D) = {(x;,zi41) | 1<i<n-1}. Then I(D)®) = I(D)*
for all s > 2 if and only if it satisfies the condition “if w(x;)>2 for some 1< j<n then
w(x;) =22 for some j<i<n—1".

Lemma 2.17. [10, Corollary 4.6] Let D be a weighted oriented graph. Let D' be the
weighted oriented graph obtained from D after replacing the non-trivial weights of sink
vertices by trivial weights. Then I(D)® = I(D)® if and only if I(D") = I(D")* for
each s > 1.

Notation 2.18. Let I c k[x1,...,z,] be a monomial ideal. We set G(I) be the set of
minimal generators of the ideal I. If J is a set of some elements of I, then (J) denoted
as the ideal generated by the elements of J.

Notation 2.19. Let g € k[z1,...,2,] be a monomial. We define support of g = {z; : z;
g} and we denote it by supp(g).

3. SYMBOLIC POWERS OF WEIGHTED ORIENTED GRAPHS

In this section, we give one method to find all the minimal generators of Ico, where C
is any maximal strong vertex cover of a weighted oriented graph D.

Let C be a vertex cover of D. We call that a vertex x € LY (C) satisfies the SVC condition
on C' if and only if N, (z) nV*(D)n[LY(C)u LY (C)] # ¢. By Remark 27, C is strong
if and only if each x € LY (C) satisfies the SVC condition on C.

Next we give some lemmas, which are useful to prove our main results.

Lemma 3.1. Let D be a weighted oriented graph. Let Cq and Cy be two vertex covers of
D such that C1c Cy. If v € L?’?(C'l) satisfies the SVC condition on C1, then x € L??(C’g)
and it satisfies the SVC condition on Cs.

Proof. Since z € LY (Cy), by Lemma 25, we have z € LY (Cy). Given that z € LY (Cy)
satisfies the SVC condition on ). That means there exists y € Ny(z) n V(D) n
[LP(C1) u LP(C1)]. Here y ¢ LY (C1) implies Nj,(y) n Cf = ¢. Since C; c Cy, we have
Ni(y)nCS = ¢ and so y ¢ LY (Cy). Then y € Np(z) n V(D) n [LD(Cy) u LY (Cy)].
Hence x satisfies the SVC condition on Cs. O
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Lemma 3.2. Let D be a weighted oriented graph. Let C be a vertex cover of D. Then
there ewists a strong vertex cover C' ¢ C' of D such that there is no strong vertex cover

C"cC of D with ' ¢ C".

Proof. Let C be a vertex cover of D. Let J ¢ LY (C) be the set of vertices which does not
satisfy the SVC condition on C. If .J = ¢, then we take C' = C'. Now we assume .J # ¢. Let
J={xy,...,7,}. Choose one element z;, € JNLY(C) and set C; = C~{z;,}. By Remark
25, Np[zj,] <€ C and so C} is a vertex cover of D. Now, we suppose that there are vertex
covers Cp, ..., Cy such that C; = Ci_1 ~{z;,} and zj; € JNLP(Ciq) fori=1,... k, where
Cp = C and we give the following recursively process: If J n L?j? (Ci-1) = ¢, then we take
C' = C;_;. Since |V (D)| is finite, the process is finite. Hence there exists m < r such that
JnLY(Cy,) = ¢. Then we take C' = Cyy, = C' \ {zj,, ..., 7}, }, where {zj,,...,z, } CJ.

Now we claim that C” is strong. Let z, € LY (C"). By Lemma A z, € LY (C) because
O’ c C. Since Jn LY (C") = ¢, we have x, ¢ J. Then z, satisfies the SVC condition on
C. Thus there is some y, € Ny (z,) " V(D) n[LY(C)u LY (C)]. Note that y, ¢ LY (C).
Suppose y, € L (C”). That means x;, € N}, (y,)nC’ for some i € [m]. Now y, € Np(x;,)n
VH(D)n[LY(C)uLP(C)] and so zj, € LY (C) satisfies the SVC condition on C, which is
a contradiction. Therefore y, ¢ LY (C") and y, € Np(z,) n V(D) n[LE(C) v LY (CN)],
i.e., z, € LY (C") satisfies the SVC condition on C’. Hence C’ is strong.

Suppose there exists a strong vertex cover C” ¢ C such that C’" ¢ C”. This implies
z;, € C" for some i € [m]. Since zj, ¢ C’, we have Np(zj) c C'. By Lemma 23]
zj, € LP(C") and it satisfies the SVC condition on C” because C" is strong. By Lemma
BI zj, € LP(C) and it satisfies the SVC condition on C, which is a contradiction. Hence
the proof follows. O

Lemma 3.3. Let D be a weighted oriented graph. Let C' be a vertex cover of D . Then
there exists a strong vertex cover C' € C of D, where x ¢ LY (C) with w(z) # 1 implies
z¢ LP(C).

Proof. By Lemma [3.2] there exists a strong vertex cover C’ c¢ C of D whose each element
of C'~ C' does not satisfy the SVC condition on C. We may assume that C' = C' ~
{x1,...,2m} of D. Let x ¢ LP(C) with w(z) # 1. Suppose x € LP(C’). That means
zj € Nj)(z) nC’® for some j € [m]. Then x € Npy(z;) n V(D) n[LP(C)u LY (C)]
and so x; € L2(C) satisfies the SVC condition on C, which is a contradiction. Hence
x¢ LP(C. O

Corollary 3.4. Let D be a weighted oriented graph. Let C be a vertex cover of D with
z; ¢ LP(C). Then there exists a strong vertex cover C' € C' of D such that z; € C".
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Proof. By Lemma [3.2] there exists a strong vertex cover C' ¢ C' of D. By Lemma 2.5]
Np(z;) ¢ C and so Np(z;) ¢ C’. Since C' is a vertex cover of D, we have x; € C"'. O

We are now ready for the main result of this section which describes the minimal gener-
ators of Icc for a maximal strong vertex cover C.

Theorem 3.5. Let D be a weighted oriented graph on the vertex set {x1,...,x,}. Let
I = I(D) and w; = w(x;) for all x; € V(D). Let C be a mazimal strong vertexr cover
of D. Then Icc = (LP(C)) + (2" | @ € LY(C)) + (wix]” | (wi,35) € BE(D), x; €
L2(C)Yu LP(C) and zj € LY (C)).

Proof. Suppose x; € LP(C). Then for any strong vertex cover C’ ¢ C, N} (z;) nC' # ¢
and so z; € LP(C"). Thus LY (C) ¢ LP(C") and hence (LP(C)) ¢ Icc. Note that each
element of LY (C) is a minimal generator of Icc.

Suppose x; € LY (C). Then for any strong vertex cover C’ ¢ C, Np,(z;) nC'® # ¢ and so
z;e LY(C"YuLP(C"). Thus LY (C) c LP(C") u LY (C’) and hence (x}" | z; € LY(C)) ¢
Icc. Notice that that each element of the set {z" | z; € LY (C)} is a minimal generator
Of IEC

Suppose (z;,7;) € E(D) where z; € LY(C). By Lemma 235, Np[z;] € C and so C; =
O\ {x;} is a vertex cover of D. By Lemma 27, z; ¢ LY (C1) and hence by Corollary
B:4] there exists a strong vertex cover C' ¢ C such that z; € C'. Here x; € Nj,(z;) n c'e.

Thus z; € LID(C') and so z; € G(Ior). Note that x; ¢ I, x;.uj €eG(Il¢) and a:;."j ¢ Ioo.

Then xlx;U’ € G(Icnler). By LemmalZI0, for any strong vertex cover C” ¢ C, a:,x;U] e Ion

and hence xzx;U] €G(Icc). If wj # 1, we have z;x; ¢ Icc and so a:,a:;l)

7 is the only minimal

generator of Icc, which involves both x; and z;. If w; = 1, ;2; is the only minimal
generator of Icc, which involves both z; and z;.

Suppose z; € LY(C). Suppose (z;,7;) € E(D) where z; ¢ LY(C). By the previous
argument, C1 = C' \ {z;} and Cy = C ~\ {z;} are vertex covers of D. By Lemma 2.5]
;¢ L3D (C7). Thus by Corollary B4 there exists a strong vertex cover C' ¢ C such that
z; € C'. Here zj € Nj(2;) nC' and so x; € LY (C"). Thus z; € G(Icr). By Lemma 23]
Np(zj) c C. Since (z;,z;) € E(D), we have N},(z;) nCy° = ¢ and z; € Np(x;) n Co°.
Then z; € LY (Cy). Here z; ¢ LP(C2) u LY (Cy). By Corollary 3.4 there exists a strong
vertex cover C" ¢ Cy such that z; € C”. If w; = 1, then z; € G(Icw). If w; # 1, by Lemma
B3, we get z; ¢ LY(C") and so x;uj € G(Icr). In both cases x;uj € G(Ign). Note that
x; € G(Ior),x; ¢ Ion and x;uj ¢ Icr. Then xlx;% € G(Ior n Ior). By Lemma 210, for any

wj

strong vertex cover C""' ¢ C, $Z$;UJ € Icw and hence z;z; G(Icc). Note that there is

no other minimal generator of Icc, which involves both z; and ;.
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Hence (LY (C))+(z}" | z; € L2D(C’))+(:Ei$;ﬂj | (z4,2) € B(D), v; e LY(C)uLP (C) and z; €
LY (C)) < Icc.

To complete the proof, it is enough to prove the following two statements:

(1) There is no minimal generator of Icc, which involves more than two vertices.

(2) There is no minimal generator of Icc, which involves two non-adjacent vertices.

(1) Suppose there exists a minimal generator f of Icc, which involves more than two
vertices. Since f is minimal, we can assume that no element of supp(f) € LY (C) and no
element of supp(f) with trivial weight € LY (C). Let f = a:‘l“---a:?’"yll’l---ygszfl---zft where
{x1,..., 2.y S L2(C), {y1,---,ys,21,-- -, 2} S LE(C), a; =1 or wy, for 1 <i<r, b;=1or
wy, for 1 <i<s,¢;=1orw,, for 1 <i<tandr+s+t>3. Without loss of generality we can
assume that b; = 1 with w,, # 1 for 1 <i < s and ¢; = w, for 1 <i <t. By our assumption
wg, * 1 and so xzuzl € G(Ico) for 1 <i<r. Since f is minimal, a; =1 for 1 <7 <r. Hence
f= xl...xryl...yszfﬁ...z;"z
t #0. If two z;’s (say zi and z;) are adjacent, zkzlwzl or zlz;:zk € G(Ic¢) and so f is not

. Ift =0, f ¢ Ic, which is a contradiction. Now we assume

minimal. Therefore no two z;’s are adjacent. By Lemma 2.5 Np[z;] c C for 1 <i < t.
Thus C; = C'~ {21,...,2} is a vertex cover of D. If z; € LP(C) for some i € [r], that
means there exists some z; € Nj(z;) n C1¢. Since (z;,2;) € E(D), miz;vj € G(Icc) and
it contradicts the fact that, f is minimal. By the similar argument, if y; € LP(C) for
some i € [s], we get a contradiction. Therefore each of z; and y; ¢ LY (Cy). By Lemma
B3 there exists a strong vertex cover C’ ¢ C;, where each of x; and y; ¢ LlD (C"). So
Ior = (mlluzl,...,xiuzr,y;v“,...,yéﬂys,...). Note that f ¢ Ics, which is a contradiction.
Hence there does not exist any minimal generator of Ic¢, which involves more than two
vertices.

(2) By the similar argument as in (1), we can show that there is no minimal generator

of Icc, which involves two non-adjacent vertices of D. O
Next we see some applications of the above theorem.

Definition 3.6. A rooted tree is an oriented tree in which all edges are oriented away
from the root.

Example 3.7. Consider the weighted rooted tree D with degree of root is 1, as in
Figure [l Let I = I(D). Note that C' = V(D) \ {z1} is a vertex cover of D. Here
LP(C) = {xo}, LY(C) = {29, 23} and LY(C) = V(D) {xo, 1,72, 23}. By the definition
of D, we can see that each element of LY (C) satisfies the SVC condition on C' and so C
is strong in D. Notice that V(D) is a vertex cover of D and LY (V (D)) = V(D). Since
Np(xo) = ¢, zo does not satisfy the SVC condition on V(D). Therefore V(D) is not
strong in D. Hence C is maximal. Let Dy = D \ {xg,x1}. Then by Theorem B.5 we
have Ico = (zo, 52, 23°) + I(D1).
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FIGURE 1. A weighted rooted tree D

Remark 3.8. In a weighted oriented graph, if we know all the maximal strong vertex
covers, then by the Theorem and Lemma 23] we can find the symbolic powers of
its edge ideal.

4. SYMBOLIC POWERS OF INDUCED WEIGHTED ORIENTED GRAPHS

In this section, we see that, by studying the symbolic powers of edge ideal of an induced
digraph of a weighted oriented graph D, we can get information about the symbolic
powers of edge ideal of D.

By [11, Corollary 2.7], if H be an induced subgraph of a simple graph G, then I(H )(S) +
I(H)?® for some s > 2, implies I(G)(s) # I(G)®. In general, this property may not hold
for weighted oriented graphs. But under certain condition on the strong vertex covers,
we extend this result for weighted oriented graphs in Theorem [£.3l

Remark 4.1. Let D’ is an induced digraph of D. If one source vertex of D’ is not
source in D, then I(D')*®) % I(D')* for some s > 2, may not imply I(D)®) # I(D)®.
For example consider the weighted oriented paths D and D’ as in Figure 2l Then
I(D) = (w123, mow3, 2324, 7525) and I(D') = (w123, x973,7324). Note that D’ is an
induced path of D. Here w(z4) =1 in D' but w(x4) =3 in D. Using Macaulay 2, we see
that I(D")? 2 1(D")?, but I(D)® = I1(D)?.

I xIo I3 T4 Is5 I xI9 I3 Ty
— ¢ ——
1 3 1 3 1 1 3 1 1

D D’

FIGURE 2. A weighted oriented path D containing an induced weighted
oriented path D’.
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If all source vertices of D’ are source in D, we may have I(D')(S) # I(D')®, but
I(D)® = I(D)* for some s > 1. For example consider the weighted oriented paths
D and D’ as in Figure Bl Then I(D) = (123,273, 7373, 525, 262%) and I(D') =
(mlxg,azga:g,xga;i). Note that D’ is an induced path of D. Using Macaulay 2, we see
that I(D")® + 1(D")? and I(D)® = I(D)?.

I xIo I3 T4 Is Te I X9 I3 Ty
—_ ¢ —_——
1 2 1 2 2 1 1 2 1 2

D D’

FIGURE 3. A weighted naturally oriented path D containing an induced
weighted oriented path D’.

If D" is an induced digraph of D and C is a maximal strong vertex cover of D, we see
that C' n V(D’) may not contain any maximal strong vertex cover of D’ in the next
example.

Example 4.2. Consider the weighted oriented paths D and D’ as in Figure [4 Note
that D’ is an induced path of D. Using Macaulay 2, the strong vertex covers of D are
{z1,23,25}, {2, 23,25}, {x2, 24,75}, {x2, 24,26}, {X1, 73,24, 26}, {T2, 23,24, 76} and the
strong vertex covers of D" are {x2}, {x1,23}, {x2,23}. Note that C = {zo, 24,25} is a
maximal strong vertex cover of D, but C'nV(D") = {z2} does not contain any maximal
strong vertex cover of D’.
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FIGURE 4. A weighted naturally oriented path D containing an induced
weighted oriented path D’.

Theorem 4.3. Let D be a weighted oriented graph. Let D' be an induced digraph of D
and it satisfies the condition “if C' is a maximal strong vertex cover of D, then every

strong vertex cover of D' contained in C, is subset of at most one mazximal strong vertex
cover of D' contained in C”. If I(D')®) + I(D')* for some s> 2, then I(D)® # I(D)®.

Proof. Let I = I(D) and I = I(D'"). Since I(D')* is the restriction of I(D)® to D', it
suffices to show that I(®) c I(5) Equivalently, by Lemma 213} it suffices to show that
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“if f is a minimal generator of 1), then f e I for each maximal strong vertex cover
C of D

Let C be a maximal strong vertex cover of D. If C' contains two maximal strong vertex
covers of D’, then those two maximal strong vertex covers can not be subset of one
maximal strong vertex cover of D’ contained in C, by our assumption. Therefore the
proof follows from the following two cases.

Case-I: C contains exactly one maximal strong vertex cover of D’.

Let C be the maximal strong vertex cover of D’ contained in C. First we claim that
jgé clcc.

Case (1) Let z; € LY (C).

Case (1.a) Assume that w; =1 in D’.

Case (1.a.i) Assume w; = 1 in D. We claim 2; € LP(C)u LY (C). Suppose z; € LY (C).
Since z; € LY'(C), Np(x;) n C® + ¢ and so Npi(x;) nC® # ¢. Let Npi(z;) nC® =
{xj,,2j,,...,2;,}. Note that Np/(x;) € Np(x;) and by Lemma 25 Np(z;) c C. Then
{2j1,%jys...,xj,} © C. Let C1 = C U {xj,,xj,,...,7j,}. Since Np/[x;] c C1, Cy ~ {z;}
is a vertex cover of D’. Observe that z;, ¢ L% "(Cy ~ {z;}) and hence by Corollary [3.4]
there exists a strong vertex cover C' ¢ [Cy \ {x;}] of D’ such that z;, € C. Here C c C,
2, €C, zi ¢ C, xj, € C and xj, ¢ C. Since C is maximal, C' and C can not be subsets
of at most one maximal strong vertex cover of D’ contained in C. So it contradicts our
assumption. Thus the claim follows.

Case (1.a.ii) Assume w; # 1 in D. That means N,(z;) # ¢. Since w; = 1 in D,
Npi(z;) = ¢. We claim z; € LP(C). Suppose z; € LP(C) u LY (C). Here N}, (z;) n
C® # ¢. Let Nj)(z;) nC° = {xj,,xj,,...,2;5 } and we know Np,(x;) = ¢. Note that
Np(z;) € Nj(xi), and Nj(z;) ¢ C because z; ¢ LY (C). Then {z;,,x,,...,7;} c C.
Let C1 = Cu{xj,,zjy,..., 25 }. Since Np/[x;] c C1, C1~{x;} is a vertex cover of D'. By
the similar argument as in Case (1.a.i), every strong vertex cover of D’ contained in C,
is not subset of at most one maximal strong vertex cover of D’ contained in C, which
contradicts our assumption. Thus the claim follows.

Case (1.b) Assume that w; # 1 in D’. We claim z; € LP(C). Suppose z; € LP(C) u
LY(C). Here N}, (z;) n C® # ¢. Let Nj(z;) nC® = {xj,2),,...,xj.}. Note that
{2, %jps- 25} € C because z; ¢ LP(C). Let C = C u{xj,zj,...,x;}. Then
z; ¢ LP'(C1) and by Lemma 25, we have LY (C) u {xj,,j,,...,x;.} € LY (Cy). Let
x; e LY ,(é) Then z; satisfies SVC condition on C' because C' is strong. By Lemma
B ;€ LY (C)) and z; satisfies SVC condition on Cj. Since z; € Np(z5,) nVH(D)n
[LY'(Cy) u L?(C’l)], xj, satisfies SVC condition on Cy for 1 <t < r. If L?(C’) U
{2),,Tjps-- 25} = LY (Cy), then each element of L' (C}) satisfies SVC condition on

(4. So (1 is a strong vertex cover of D’. But it contradicts the fact that C is one maximal
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strong vertex cover of D'. Now we assume that LY (C) u {zj,,xj,,...,zj } ¢ LY (C1).
Let xp € LY (C1) ~ [LY'(C) U {xj,%j,,...,zj.}]. That means z;, lies in the neighbour-
hood of z;, for some t € [r]. Without loss of generality let x;, € Np/(z;, ). By Lemma
25, C) N {x4} is a vertex cover of D'. Then z;, ¢ LY (Cy ~ {x}}) and so by Corollary
B4, there exists a strong vertex cover C' € [Cy ~ {z}}] of D’ such that x;, € C. Here
xpeC,ap¢C, T, € C and Tj ¢ C. Then by the same argument as in Case (1.a.i), it
contradicts our assumption. Thus the claim follows.

Case (2) Let z; € LY (0).

We claim z; € LP(C) u LY (C). Suppose x; € LY(C). Since z; € LY (C), we have
Np(z:) nC¢ = ¢ and N5, (2;) nC® # ¢. Let Np, (i) nC¢ = {xj,,xjp,...,xj.}. Note
that {2;,,2,,...,7;.} ¢ C because x; € LY(C). Let Cy = C U {x;,,2j,,...,7; }. Since
Npi[x;] c Cy, C1~{x;} is a vertex cover of D’. By the similar argument as in Case (1.a.i),
we get a contradiction. Thus z; € LP(C)u LY (C).

Case (3) Let z; € LY (C). Then z; € LP(C)u LY (C)u LY ().

Here jgé = (LP'(O)) + (x| € LY'(O)) + (xzx;U] | (zi,2;) € E(D'),z; € LY (C)u
LY(C) and zj € LY (C)) and Icc = (LP(C)) + (2 | ; € LY (C)) + (:vza:;"J | (zi,xj) €
E(D), z;€ L2(C)u LP(C) and z; € LY (C)). Hence jgé clcc.

If feG(I®)), by Lemma I3, we have f € iﬁé’ and so fel:..

Case-II: C contains no maximal strong vertex cover of D’.

Since D’ is an induced digraph of D, C nV(D') is a vertex cover of D’. By Lemma [3.2]
there exists a strong vertex cover C' ¢ [CnV(D")] of D'. By our assumption, C’ is not
a maximal strong vertex cover of D’. Thus there exists a maximal strong vertex cover
C of D' such that C’ ¢ C. Again by our assumption, C' ¢ C. We claim fgé clec.
Consider one element z € C'\ C. Since z ¢ C, we have x ¢ C’. This implies Np:(z) c C’
and so Npi(z) ¢ C because ¢’ ¢ C. Thus by Lemma 23, = ¢ LY (C). Hence if
ze LP'(CYu LY (C), then z € C.

Case (1) Let z; € LP'(C). Then z; € C.

Case (1.a) Assume that w; =1 in D’.

Case (1.a.i) Assume w; = 1 in D. We claim z; € LP(C) u LY (C). Suppose z; €
LP(C). Since €' ¢ C, z; € LP'(C) implies x; € LY'(C"). Note that Np/(z;) n C¢ # ¢
and Nps(z;) n C® € Npi(z;) n C*. Let Npi(2;) n C" = {xj,,2j,,...,7j,}. Without
loss of generality we can assume that x; € Np/(z;) N C°. Since z; € L2(C), we have
{zj,2jy,...,25,} ¢ C. Let C1 = C'u{xj,xj,...,2;,}. Since Np[z;] c C1, C1 ~ {z;}
is a vertex cover of D’. Observe that z;, ¢ LY "(Cy ~ {z;}) and hence by Corollary B4
there exists a strong vertex cover C ¢ [Cy \ {x;}] of D’ such that 2, € C. Here C' c C,

é cC,zeC z;¢C, xj, € C and zj ¢ C'. If C' and C are subset of one maximal
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strong vertex cover C" of D’ contained in C, then C’ ¢ C” and it is a contradiction by
Lemma Thus the claim follows.

Case (1.a.ii) Assume w; # 1 in D. We claim z; € LY (C). Suppose z; € LY (C)uLY(C).
Note that z; € LY"(C"). Then by the similar argument as in (1.a.i) of Case-IT and Case
(1.a.ii) of Case-I, our claim follows.

Case (1.b) Assume that w; # 1 in D’. We claim z; € LP(C). Suppose z; € LY (C) u
LP(C). Note that z; € LP'(C"). Then by the similar argument as in (1.a.i) of Case-II
and Case (1.b) of Case-I, our claim follows.

Case (2) Let z; € LY (C). Then z; € C.

We claim z; € LP(C) u LY(C). Suppose z; € LY(C). Since €' ¢ C, z; € LY (C") U
LY'(C"). Tf 2y € LP'(C"), by the similar argument as in Case (1.a.i) of Case-II, we get a
contradiction. If 2; € LY (C"), by the similar argument as in Case (1.a.i) of Case-II and
Case (2) of Case-I, we get a contradiction. Thus the claim follows.

Case (3) Let ;€ LY (C). Then z; € LP(C)u LY (C)u LY ().

By the similar argument as in Case-I, we have I;é clc.

If f € G(I*)), by Lemma T3} we have f € I* ., and so f € I O

Remark 4.4. The above theorem may not be true if we remove the given condition.
For example consider the weighted oriented paths D and D’ as in Figure [ Here
I(D) = (w123, mow3, 324, 7325) and I(D') = (z123, m2x3, v374). Using Macaulay 2, the
strong vertex covers of D are {zo, x4}, {x1,23,24}, {x1,23, 25}, {x2, 23,24}, {x2, 23,25}
and the strong vertex covers of D’ are {x1, 23}, {x2, 23}, {x2,24}. Let C = {xo,x3,24}.
Note that C' contains the two maximal strong vertex covers {za,z3} and {x2,24} of D’.
Those two maximal strong vertex covers are not subset of one strong vertex cover of D’
contained in C. Using Macaulay 2, we see that I(D')?) # I(D")? but I(D)®) = I(D)>.

Next we see some applications of Theorem for induced weighted oriented paths.

Theorem 4.5. Let D be a weighted oriented path with V(D) = {x1,x2,...,Zpn,y1,Y2,
.oy Ym}- Let D" be the induced weighted oriented path of D with V(D') = {x1,x2,...,2,}
and N5y (zn-1) N V(D) = ¢. If I(D)®) # I(D")* for some s > 2, then 1(D)*) = I(D)*.

Proof. Let C be a maximal strong vertex cover of D. We claim every strong vertex
cover of D’ contained in C, is subset of at most one maximal strong vertex cover of D’
contained in C. Since Np(x,-1) N V(D) = ¢, by Remark 277, we have z,,_1 ¢ LY (O).
Then by Lemma 23] one of z,,_o, ,_1 and xz,, ¢ C. Therefore we consider the following
three cases.

Case (1) Assume that z, ¢ C. We claim C; = C nV(D’) is a strong vertex cover of
D'. Note that C is a vertex cover of D'. Since z,, ¢ C1, x,.1 € C1. Let x; € L?)D’(C’l).
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Then by Lemma 25 x; € {x1,22,...,2,2} and x; € LY(C). Since C is strong in D,
there exists some x; € Np(x;) n V(D) n [LY(C)u LY(C)]. Note that orientations of
edges from x7 to x, and weights of vertices from x1 to x,_1 are same in both the paths
D and D'. Here z; ¢ LP(C) implies N},(z;) nC® = ¢ and z; € {x1,29,...,7,-1}. Since
C1 = CnV(D"), we have N}, (z;) nC1° = Nj(z;) nC® = ¢. Thus z; ¢ LP'(¢y). So
zj € Np,(2;) n V(D) n[LY (Cy) u LY (Cy)]. Hence C is a strong vertex cover of D’
and it contains each strong vertex cover of D’ contained in C. Therefore every strong
vertex cover of D’ contained in C, is subset of one strong vertex cover of D’ contained
in C.

Case (2) Assume that x,,_1 ¢ C. We claim C; = C nV(D’) is a strong vertex cover of
D'. Note that C is a vertex cover of D’. Here x,,_1 ¢ C1. This implies x,,_2 and z,, € Cy.
Let z; € Lng(Cl). By Lemma 25 x; € {z1,22,...,2,-3}. Then by the same argument
as in Case (1), our claim follows and every strong vertex cover of D’ contained in C, is
subset of one strong vertex cover of D’ contained in C.

Case (3) Assume that z,,_o ¢ C. If x,, ¢ C, then by Case (1), every strong vertex cover
of D' contained in C is subset of one strong vertex cover of D’ contained in C. Now we
assume ., € C.

Case (3.a) Suppose Np, (z,) n V(D) n [LY'(Cy) u L' (C))] # ¢. We claim C) =
Cn V(D) is a strong vertex cover of D’. Note that Cy is a vertex cover of D'. Here
Tp—o ¢ C1. This implies z,-3 and z,-1 € C1. Let z; € Lng(C'l). By Lemma 23] z; €
{z1,22,.. ., Tp_g,xn}. Ha;e{x1,29,..., 244}, then by the similar argument as in Case
(1), x; satisfies SVC condition on C;. Also x, € L?f) ’(C’l) satisfies SVC condition on
C1, by our assumption. Hence C is strong in D’ and every strong vertex cover of D’
contained in C, is subset of one strong vertex cover of D’ contained in C.

Case (3.b) Suppose Ny, (z,) nV*(D')n (LY (C1) U LY (C1)] = ¢. Let C” is a strong
vertex cover of D’ contained in C. Suppose z, € C'. Since z,_o ¢ C’, we have z,_1 € O’
and so by Lemma 25, =z, € LY "(C"). Since C' is strong, x,, satisfies SVC condition on
C'. By Lemma 31l z, € L3D,(C1) and it satisfies SVC condition on C1, i.e., Np, (zy) N
VH(D)N[LY (C1)uL® (C1)] # ¢. But it contradicts our assumption. Therefore ,, ¢ C".
Hence we can say that x,, does not belong to any strong vertex cover of D’ contained in
C. Let Cy =[CnV(D")] N {z,}. We claim that C5 is a strong vertex cover of D’. Since
[CnV(D")] is a vertex cover of D" and x,,_9 ¢ [CnV(D')], we have x,,_; € [CnV(D")]
and so Oy is a vertex cover of D’. Here z,_o ¢ Co implies z,_3 and x,,_1 € Cy. Let
T; € L??’(Cg). By Lemma 25l z; € {x1,x2,...,2y-4}. By the similar argument as in Case
(1), we can show C5 is strong and every strong vertex cover of D’ contained in C, is
subset of one strong vertex cover of D’ contained in C.

In all the cases, our claim follows and the proof follows from Theorem [4£.31 O
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Corollary 4.6. Let D be a weighted oriented path with V(D) = {x1,Z2, ..., Tn,Y1,Y2,- - -,
Ym}. Let D" be the induced weighted oriented path of D with V(D') = {y1,y2,---,Ym}
and Np,(y2) V(D) = ¢. If I(D")®) = I(D")* for some s> 2, then I(D)*) = I(D)®.

Proof. Tt follows by the similar argument as in Theorem O

Corollary 4.7. Let D be a weighted oriented path with V(D) = {x1,Z2,. .., Tn,Y1,Y2,- - -,
Yms 21,22, ---,21}. Let D' be the induced weighted oriented path of D with V(D")
(1,92 ym}. where Np(y2) n V(D) = ¢ and Np(ym-r) n V(D) = ¢. If I(D")")
I(D")* for some s> 2, then I(D)® + I(D)*.

+

Proof. Let D; be the induced weighted oriented path of D with V(Dy) = {x1, 29, ..., 2y,
Y1,Y2,---,Ym . Here D’ is an induced weighted oriented path of D;. Assume that
I(D’)(s) + I(D')? for some s > 2. Since N, (y2)nV*(D) = ¢, by Corollary E.0], I(Dl)(s) *
I(Dy)*. Note that N5 (ym-1) 0 V*(D) = ¢. Then by Theorem B3, I(D;)™) # I(Dy)*
implies (D)) # I(D)*. O

Remark 4.8. When we try to find the necessary and sufficient condition for the equality
of ordinary and symbolic powers of edge ideals of weighted oriented paths, using the
above results, we can show the inequality of ordinary and symbolic powers of edge ideals
of a larger class of weighted oriented paths by studying the inequality of ordinary and
symbolic powers of edge ideals of a smaller class of weighted oriented paths.

For example consider the weighted oriented path D’ as in Figure B Then I(D') =
(x125?, x2w3, X324, 45). By Lemma 2.15] I(D")®) £ I(D")?. Now consider the follow-
ing three class of paths:

Class (1): Set of all weighted oriented paths on the vertex set {z1,2z2,...,%5,Y1,Y2, -, Ym }
containing the induced weighted oriented path D’ (as in Figure [l),

Class (2): Set of all weighted oriented paths on the vertex set {z,. .., 22,21,21,22,...,25}

containing the induced weighted oriented path D’ (as in Figure [),

Class (3): Set of all weighted oriented paths on the vertex set {z, ..., 22, 21,21, 22,...,Ts5,

Y1,Y2,-- -, Ym | containing the induced weighted oriented path D’ (as in Figure (),

and in Figure Bl where the directions are not mentioned, it can be any direction.

Let D1, Dy and D3 be any weighted oriented paths of class (1), (2) and (3), respectively.

By Theorem (5], Corollary and Corollary (7] I(D’)(S) + I(D')* implies I(Dl)(3) *
I(D1)?, I(D2)® # I(Dy)? and I(D3)® # I(D3)?, respectively.



16 M. MANDAL AND D.K. PRADHAN
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FIGURE 5. Three classes of weighted oriented paths with common in-
duced weighted oriented path D’.

5. SYMBOLIC POWERS OF UNION OF TWO NATURALLY ORIENTED PATHS WITH A
COMMON SINK VERTEX

In this section, we give the necessary and sufficient condition for the equality of ordinary
and symbolic powers of edge ideal of union of two naturally oriented paths with a common
sink vertex.

Notation 5.1. Let D be a weighted oriented path with V(D) = {y1,Y2, -+, Ym, 21, Tny-- -

xo,21}, E(D) ={(yi,yi+1) | 1 i <m—=1}U{(ym,21), (¥n,21) } U{(zi,zi41) | 1 <i<n-1}
and w(z1) =1 (see Figureld).

Y1 Y2 Y1 Y+1  Ym-1 Ym 21 Tn Tp-1  Tk+l Tk Z2 X1

v
N
N
v
-~
-
-
VN

FIGURE 6. An oriented path which is union of two naturally oriented
paths joined at a sink vertex.

The following lemma is useful for the proof of Theorem (.31

Lemma 5.2. Let D be the weighted oriented path same as defined in Notation [5.1.
Assume that there exist two indices 1 <l <m and 1 <k <n such that the set of vertices
with non-trivial weights are precisely {yi,...,Ym} U {Zk,...,xn}. Let Dy be the induced
path of D with V(Dy) = {z1,22,...,2,} and E(D1) = {(z;,241) | 1 <i<n-1}. If C
is a mazimal strong vertex cover of D, then prove that C n'V(D1) is a maximal strong
vertex cover of Di.
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Proof. Let C' be a maximal strong vertex cover of D.

Suppose 21 ¢ C. We claim C' = Cu{z} is strong. Since z1 ¢ C, Np(z1) ¢ C. So by
Lemmal[ZH 21 € LY (C"). Here y,, € Np(21)n VT (D)n[LY(C"YULE(C")]. So 2; satisfies
the SVC condition on C’. If y,, € LY(C"), then ym,-1 € Np(ym) n V(D) n [LY(C") U
L2(C"]. So yy, satisfies the SVC condition on C’. If z, € LY(C"), by the similar
argument, z,, satisfies the SVC condition on C’. If v € LY(C"), where v ¢ {ym, 21,70},
then by Lemma [2.5] v € L?)D (C). Since C is strong, v satisfies the SVC condition on C'
and so by Lemma 3] v satisfies the SVC condition on C’. Hence C’ is strong. It’s a
contradiction because C' is maximal. Therefore z; € C.

Let C; = Cn V(D). Since 21 € C, by Lemma 5 v € LY (Cy) implies v € LY (C). By
the similar argument as in Case (1) of Theorem 5], we can show that C is strong in
Ds.

Suppose (7 is not maximal in ;. That means there exists a strong vertex cover Cy
of Dy such that Cy = Cy u{z;,,..., =z, }, where {z; ,...,z;, } c V(D7) for some m > 1.
Now we claim C" = Cu{x;,,...,x;, } is strong. By the similar argument as in Case (1)
of Theorem L5, we can show that C" is strong in D. It’s a contradiction because C is
maximal. Hence (' is a maximal strong vertex cover of D;. O

Theorem 5.3. Let D be the weighted oriented path same as defined in Notation [51.
Assume that there exist two indices 1 <l <m and 1 <k <n such that the set of vertices
with non-trivial weights are precisely {yi, ..., Ym} VU {Tk,...,xn}. Then I(D)(s) =I1(D)®
for all s > 2.

Proof. Let Dy and D3 be the induced paths of D with V/(Dy) = {z1,x9,...,2,}, E(D1) =
{(wi7xi+1) | I<i< n_1}7 V(DQ) = {y17y27 s 7ym} and E(DQ) = {(yi7yi+l) | I<i< m_l}
By [1, Theorem 3.6], let {C,},{Cs} and {C,} be the collections of all maximal strong
vertex covers of D1, where

Ca :{C('I|C(; is a minimal vertex cover of the induced path D(x1,... ,Jka)}
UH{@h-1, Tho1, Tha2, Tha3, -+ T,

Cp :{Cé|Cé is a minimal vertex cover of the induced path D(xq,... ,.Z'kg)}
U{@k-2, Ths Thr1s Thes - 0},

and C, :{C’;|C’; is a minimal vertex cover of the induced path D(x1,... ,$k_4)}

U{xkf37xk*l7xk7xk+27xk+37 e 7xn}-

By [I, Theorem 3.6], let {Cs},{C¢} and {C,} be the collections of all maximal strong
vertex covers of Do, where
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Cs ={C’(§|C’(§ is a minimal vertex cover of the induced path D(y,... ,yl_g)}

U{yl—la Y41, Y142, Y1435 - - - 7ym},

Ce¢ ={C’é|C’é is a minimal vertex cover of the induced path D(y1,... ,yl_g)}

U{yl72ayl7yl+layl+27 v 7ym}7

and C, :{Cl',|Cl', is a minimal vertex cover of the induced path D(y,... ,yl4)}

U{yl—37yl—17ylvyl+27yl+37 s 7ym}

Let C be a maximal strong vertex cover of D. Then by Lemma 5.2, CnV(D;) is a
maximal strong vertex cover of D; and similarly, CnV (D) is a maximal strong vertex
cover of Dy. From the proof of Lemma [5.2, we know z; € C. Therefore we can say that
{C; ;} be the collection of all the maximal strong vertex covers of D, where i € {9,(, v},
je{a,B,7} and each C; j = C;u {2z} uCj. By Theorem 13| we get

I(S) = ﬂ (IECi,j)s'
1€{6,¢,v}
and je{a,B,7v}

By Theorem BAl we know that
ISC(;’J- = IEC(S + (ymzlyxnzl) + ISC]‘ = (Cg) + J{ + (ymzlyxnzl) + Jk‘ + (O_;) for J = O[,ﬁ,’)/
when k =1,2, 3, respectively,

Iec. ; = Iec, + (Ymz1,2n21) + Iecy = (CF) + J5 + (Ymz1,2n21) + Ji + (CF) for j = a, B,y
when k =1,2,3, respectively,

Iec,; = Icc, + (Ym21,2n21) + Iec; = (C)) + J3 + (Ym21,7n21) + Jip + (CF) for j = o, B,y
when k =1,2, 3, respectively,
’ w w m _ Wi w n
where J{ = (Yi—1, Y5 Yie1Yyns - Ym-1¥m™ )y J1 = (Tp1, T 17 a1 T g2 s oy T 1 "),
! _ w w w m _ w W w
J2 = (yl—27yl l7ylyl+lf17yl+lyl+l2+27 s 7ym71y71;)l )7 Jo = ($k—27$kk7$kxkffl7xk+l$kf§27 B
/ w, w e _ w
xnflxgn)a J3 = (yl—37yl—l7yl7yl+l527yl+2yl+l§37 s 7ym71yrur}Ln)7 J3 = (xk—37xk—lv$k7$kf527
W43 Wn
TpeoZy 150, T 1Ty ).
The rest of the proof follows with similar argument as in [I, Theorem 3.6]. 0

Lemma 5.4. Let D be the weighted oriented path same as defined in Notation [5.1.
Assume that w(ym) > 2 and w(zy) > 2. If w(y) > 2 for some 1 <1 < m -2 such
that w(y;41) = 1 or w(xg) > 2 for some 1 < k < n—2 such that w(xg,1) = 1, then
I(D)®)  I(D)* for some s> 2.

Proof. Suppose w(y;) > 2 for some 1 <1 <m -2 such that w(y;+1) = 1.
Case (1) Assume that 1 <[ <m - 3.
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Let D’ be a weighted naturally oriented path with V(D') = {y1,y2, .-, Y1, Yi+1, Yi+2, Y143}
and E(D') = {(vi,yi+1) | 1 < <1 +2}. Then by Theorem [2.16] I(D')(s) # I(D")* for
some s > 2 and so by Theorem EB] we have I(D)() = I(D)?.

Case (2) Assume that [ =m - 2.

Here w(ym,-1) = 1. Let D" be a weighted naturally oriented path with V(D') = {y1, s, ...,
Ym-2:Ym-1,Ym, 21} and E(D") = {(yi, yi+1) [ 1 <1 <m-1}U{(ym,21)}. Then by Theorem
2161 I(D')(s) + I[(D")® for some s > 2 and thus by Theorem EH, we get I(D))  I(D)®.
Similarly if w(zy) > 2 for some 1 < k < n — 2 such that w(xgs1) = 1, we can show that
I(D)®) # I(D)? for some s> 2. O

Theorem 5.5. Let D be the weighted oriented path same as defined in Notation [5.1.
Assume that w(ym) > 2 and w(zx,) > 2. Then I(D)®) = I(D)* for all s > 2 if and only
if D satisfies the condition “there exist two indices 1 <l <m and 1 < k <n such that the

”

set of vertices with non-trivial weights are precisely {y;,...,ym} VU {xk,...,Tn}
Proof. It follows from Theorem [5.3] and Lemma [5.4] O

Remark 5.6. Let D be the weighted oriented path same as defined in Notation B.11
If w(x;) =1 for 2 <i < n, then by changing the orientations of edges of the edge set
{(s,mi41) | 1 <i<n -1} u{(zp,21)}, we can think D as a weighted naturally oriented
path. Similarly if w(y;) = 1 for 2 < ¢ < m, we can think D as a weighted naturally
oriented path.

Notation 5.7. Let D be a weighted oriented path with V(D) = {y1,Y2,- - Ym, 21, 22, Tn,

oywz,x1}, B(D) = {(yiyyin) | 1< <m =130 {(ym, 21), (21, 22), (@, 22) } U {(@s, Ti41) |
1<i<n—-1}, w(z1) =1 and w(z2) =1 (see Figure[7).

Y1 Y2 Y Y+1 Ym-1  Ym Z1 %) Tn Tp-1 Tk+l Tk Z2 T

FIGURE 7. An oriented path which is union of two naturally oriented
paths joined at a sink vertex.

Theorem 5.8. Let D be the weighted oriented path same as defined in Notation [5.77.
Assume that there exist two indices 1 <l <m and 1 <k <n such that the set of vertices
with non-trivial weights are precisely {yi, ..., Ym} U {Tk,...,xn}. Then I(D)(s) =I(D)?
for all s > 2.

Proof. This proof follows by the similar argument as in Theorem [(5.3] O

Lemma 5.9. Let D be the weighted oriented path same as defined in Notation [5.7. If
w(yy) =2 for some 1 <l <m—1 such that w(y;41) =1 or w(zg) >2 for some 1 <k<n-1
such that w(zpe) = 1, then I(D)) £ I(D)* for some s > 2.
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Proof. Suppose w(y;) > 2 for some 1 <1 <m -1 such that w(y;+1) = 1.

Case (1) Assume that 1 <l <m - 2.

By the same argument as in Lemma [5.4] we can show that I(D)®) # I(D)* for some
5> 2.

Case (2) Assume that [ =m - 1.

Here w(y,,) = 1. Let D’ be a weighted naturally oriented path with V(D') = {y1, s, ..,
Ym-1,Ym, 21, 22} and E(D') = {Wiryiv1) | 1 < i <m =1} U{(ym,21),(21,22)}. Then
by Theorem [2.16] I(D’)(S) # [(D")’ for some s > 2 and thus by Theorem [L5, we get
I(D)® + I(D)*.

Suppose w(zg) > 2 for some 1 < k < n—1 such that w(xg) = 1. Since w(z) =
w(z2) = 1, we can assume (29,21) € E(D). Let D" be a weighted naturally oriented
path with V/(D") = {z1,22,...,%n-1,%n, 22,21} and E(D") = {(z;,z;41) | 1 <i<n-1}u
{(2n,22), (22,21)}. By the similar argument as for D', we can show that I(D)®) = I(D)?,
for some s > 2. O

Theorem 5.10. Let D be the weighted oriented path same as defined in Notation [5.77.
Assume that w(x;) > 2 and w(y;) > 2 for some i and j. Then I(D)®) = I(D)* for
all s > 2 if and only if D satisfies the condition “there exist two indices 1 <1 < m and

1 < k <n such that the set of vertices with non-trivial weights are precisely {yi,...,Yym U
{:Ek, ce ,:En} 7.
Proof. Tt follows from Theorem [5.8 and Lemma [5.91 O

Theorem 5.11. Let D be the weighted oriented path same as defined in Notation [5.1.
Assume that w(x;) > 2 and w(y;) > 2 for some i and j. Then I(D)®) = I(D)* for all
s> 2 if and only if
(1) When w(x,) = 1, D satisfies the condition “there exist two indices 1 <1 < m
and 1 < k <n such that the set of vertices with non-trivial weights are precisely
Wi} U {2 T}
(2) When w(ym) = 1, D satisfies the condition “there exist two indices 1 <1 < m
and 1 < k < n such that the set of vertices with non-trivial weights are precisely
W 1} U {2 0}
(8) When w(yy,) #1 and w(xz,) # 1, D satisfies the condition “there exist two indices

1<l<m and 1<k <n such that the set of vertices with non-trivial weights are
precisely {yi, ..., Ym} U{Tk, ..., Tn}

”

Proof. (1) Since w(zy,) = 1, we can assume (z1,x,) € E(D). If we rename the vertex x,
by 2z, then the proof follows from Theorem .10l

(2) Note that w(y,,) = 1. If we rename the vertices y,, and z; by z; and zs, respectively,
then the proof follows from Theorem [5.10
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(3) It follows from Theorem O

Theorem 5.12. Let D be a weighted oriented path with V(D) = {y1,Y2,- - s Yms 21, Tns - - -
xo,x1} and E(D) = {(yi,yi+1) | 1 <i<m =1} U{(Ym,21), (Tn,21) } U{(2s,241) | 1 <0 <
n-1}. Assume that w(z;) > 2 and w(y;) > 2 for some i and j. Then I(D)®) = I(D)?
for all s > 2 if and only if

(1) When w(x,) = 1, D satisfies the condition “there exist two indices 1 <1 < m
and 1 < k <n such that the set of vertices except z1 with non-trivial weights are
precisely {yi, ..., Ym} U{Tk, .., Tn-1}""

(2) When w(yn) = 1, D satisfies the condition “there exist two indices 1 <1 <m
and 1 < k <n such that the set of vertices except z1 with non-trivial weights are
precisely {yi, .., Ym-1} V{Tk, ..., Tn}

(8) When w(yy,) #1 and w(xzy,) # 1, D satisfies the condition “there exist two indices
1<l<m and 1< k <n such that the set of vertices except z1 with non-trivial

”

weights are precisely {y;, ..., ym} U{Tk,...,xn}".

Proof. Here z; is the only sink vertex in D. If w(z1) = 1, the proof follows from Theorem
BIT] and if w(z1) > 2, then the proof follows from Lemma 217 and Theorem G111 O

6. SYMBOLIC POWERS OF WEIGHTED ROOTED TREES

In the computation of symbolic powers of edge ideals of weighted oriented graphs, we
always need to know all the maximal strong vertex covers. In this section, we give a new
technique to find all the maximal strong vertex covers of a particular class of weighted
oriented graphs. Finally, we show the equality of ordinary and symbolic powers of edge
ideals of certain class of weighted rooted trees.

Lemma 6.1. [12, Lemma 47] Let D be a weighted oriented graph such that I(D) <

(w3, . @), Then {x,..., 3} is a vertex cover of D.

After fixing the value of each a; with its corresponding weight, we get strong vertex cover

in the following result.

Lemma 6.2. Let D be a weighted oriented graph such that I(D) ¢ (:EZ“,...,xZiS),
where s is the least possible value. Then {x;,,...,x;,} is a mazimal strong vertex cover
of D.

Proof. Let C = {x;,,...,z;,}. By Lemmal[6.I], C is a vertex cover of D. Let z;, € L2(0).
By Lemma 2.5, Np(z;;) c C. If Njy(zi;) = ¢, then I(D) ¢ (lelj” I A AR

. i 9P
x?:s ). Since s is the least possible value, its a contradiction. Therefore N (z;;) # ¢. Let

. Wi, wj .
Np(xi;) = {xgy, ...z, . I wyy = =wy, =1, then I(D) ¢ (xzzl,...,:nl.jjl ', Z.j:l,...,
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les) and its a contradiction by the previous argument. Thus at least one of z,, ..., zy,
has non-trivial weight. Without loss of generality let wy, # 1. Suppose a3, € LP(C).
That means there is some x;, € Nj(zg, ) N C°. Here (xy,,2;,) € E(D). Since zy, ¢
Wi is w Wi is wy
(xiill,...,azx ) and z;, ¢ C, we have xkla:llll ¢ (will,...,xz ). Thus I(D) ¢ (z; ...,
les), which is a contradiction. Therefore z, € LP(C) u LY(C). Note that zy, €
Np(zi;)nVH(D)n [LP(C)uLP ()], ie., z;; satisfies SVC condition on C'. Hence C is
strong. Suppose C is not maximal. That means, there exists a strong vertex cover C’ of D
such that C' ¢ C'. Let x4 € C'\C. Since z, ¢ C and C is a vertex cover of D, Np(z,) c C.
Here Np(z,) c O’ and so by Lemma[23 z, € LY (C"). Since C’ is strong, there is some
z, € Np(zg) nVH(D) n[LY(C") u LY(C")]. Note that z,, € C, w(zp) > 2, 24 ¢ C and
(2p,x4) € E(D). Then z,zq? ¢ (z, " ,z;*) and so I(D) ¢ (1 ,;*), which is
a contradiction. Hence C' is maximal. (]

i oo il geee

Remark 6.3. Converse of the above lemma need not be true in general.

For example consider the weighted oriented path D as in Figure 8l Then I(D) =
(v123, 2923, 2324). Using Macaulay 2, the strong vertex covers of D are {z1,73}, {72, 73}
and {x9,24}. Note that {xy,z4} is a maximal strong vertex cover, but I(D) ¢ (27, 24)
because zox3 ¢ (25, 24).

I T2 T3 T4

FIGURE 8. A weighted oriented path D of length 3.

We see that the converse of Lemma is true under certain condition on weights of
vertices and orientation of edges of D. To prove the converse part, the following lemma

is important.

Lemma 6.4. Let D be a weighted oriented graph such that at most one edge is oriented
into each vertex and w(x) > 2 if degp(x) >2 for all x e V(D). Let C be a strong vertex
cover of D with z; € LP(C) and w(x;) # 1. Then there exists a strong vertex cover C'
of D such that C ¢ C'.

Proof. Let L ={z | x € LP(C)nV*(D)} = {xi,,%iy,--.,2;,}. By our assumption L # ¢.
Let J = [N},(2i,) nClu - U [N} (z;,) nC°] = {xj,,xjy,..., 25 }. Let C'=CuJ. Then
z;,. ¢ LP(C") because N}, (x;,)nC'“=¢ for 1 <m <. Since J c C¢ and C is a vertex
cover of D, Np(x;,) € C c C' for each x;, € J. By Lemma[2H, J c LY (C"). We claim
C’ is a strong vertex cover of D. Note that LY (C)u {zj,,2j,,...,7;} € LY(C"). Let
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z; € LP(C). Then z; satisfies SVC condition on C because C is strong. By Lemma
B 2; € LP(C") and a; satisfies SVC condition on C’. Without loss of generality let
zj, € Nh(w;,). Since x;, € Np(x;,) n V(D) n [LD(C") u LY(C")], x;, satisfies SVC
condition on C’. By the similar argument, we can show x;, satisfies SVC condition
on C' for 2 <t <r. If LP?(C)u{zj,2j,,...,25,} = LY(C’), then each element of
L2(C") satisfies SVC condition on C’ and hence C' is strong. Now we assume that
L2(C)u{zj,zjy,.. . x5} € LP(C"). Let x € LY(C") N [LE(C) U {zj),2jy, - 25, 1]
Then xy, lies in the neighbourhood of z;, for some ¢ € [r]. Without loss of generality we
can assume that x;, € Nj,(x;, ). By definition of D, Np(xj,) = {zs, }.

Case (1) Suppose xj, € Np(xj,). Then xp = 24,

Since w(x;,) > 2, there is (zp,z;,) € E(D) for some z, € V(D). If degp(x,) = 1, then
Np(zp) = {x;,}. Since x;, € LY(C"), by Lemma 25, Np(x;,) ¢ C’ and so z, € C".
Here z, ¢ J because N(zp) = ¢. This implies z, € C. We know z;, € C. Then by
Lemma 25 z, € LY(C). Since Ny(zp) = ¢, 7, does not satisfy the SVC condition
on C. Its a contradiction because C is strong. Therefore degp(x,) > 2 and by the
definition of D, w(z,) > 2. Suppose x, € LP(C’). That means there exists some
x4 € Nj(x,) nC'. Since C ¢ ', z, € Nj(x,) nC¢. Thus x, € LP(C) and so z, € L,
which is a contradiction because each element of L ¢ LY(C’). Therefore z, ¢ LY (C").
Then x, € N (zi,) nVH(D) n [LY(C") u LY (C")], i.e., x;, = x}, satisfies SVC condition
on C'.

Case (2) Suppose zj € Nj)(xj,). Then xp # x4,

Note that (z;,,zj,) and (xj,,2;) € E(D). Since degp(xj,) > 2, by the definition of D,
w(zxj,) > 2. This implies zj, € Np(z) n V(D) n LY (C"), i.e., 2y, satisfies SVC condition
on C'.

Therefore each element of LY (C") satisfies SVC condition on C’. Hence C' is strong. [

Theorem 6.5. Let D be a weighted oriented graph such that at most one edge is ori-
ented into each vertex and w(x) > 2 if degp(x) > 2 for all x € V(D). Then I(D) c

(xwil wl.s

i e Ty ), where s is the least possible value if and only if {x;,,...,z;,} is a maz-

imal strong vertex cover of D.

wll

Proof. If I(D) ¢ (a: Yo ,xzi“’ ), where s is the least possible value, then by Lemma [6.2]
{Zi,,...,z;,} is a max1mal strong vertex cover of D.

Now we assume that C' = {z;,,...,2;,} is a maximal strong vertex cover of D. We
claim I(D) ¢ (:EZ”, wls) where s is the least possible value. Let x-ij e I(D).
If z; € C, then xixjj € (a:Zl b T z;"*). Suppose z; ¢ C. Since (z;,7;) € E(D) xj €
Nj(z;) nC¢ and it implies x; € LP(C). If w(z;) # 1, by Lemma [64] there exists a
strong vertex cover C’ of D such that C' ¢ C’, which is a contradiction because C' is

maximal. So w(x;) =1 and z; jj € (le e ZU“) Therefore I(D) ¢ (le - ,a:i“)
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w
3’") for some

Suppose s is not the least possible value. That means, I(D) ¢ (x;Ul] o
{xj,... 2.} ¢ {xi,..., 2.}, where r < s and r is the least possible Value Then by
Lemmal62], {z;,,...,z; } is a maximal strong vertex cover of D, which is a contradiction

because C' is maxmal. O

Next we prove the equality of ordinary and symbolic powers of edge ideals of some class
of weighted rooted trees.

Theorem 6.6. Let D be a weighted rooted tree with root xg, degp(zg) =1 and w(zx) > 2
if degpy(x) > 2 for all x € V(D). Then I(D)® = I(D)* for all s > 2.

Proof. Let Np(zo) = {z1} and by definition of D, (zg,z1) € E(D). Here Ny (x1) = {zo}.
Let Nj)(x1) = {x2,23,...,2,}. Note that I(D) ¢ ({z;” | ; € V(D) \ {xo}}) and I(D) ¢
({z}" | z; e V(D) ~{zo,2p}}) for any x, € V(D) N {xo}. Thus by Theorem .5 V(D) ~
{xo} is a maximal strong vertex cover of D. Also I(D) ¢ ({z{" | x; € V(D) ~{z1}}) and
I(D) ¢ ({z;" | z; e V(D) N {x1,24}}) for any x4 € V(D) \ {z1}. Thus by Theorem [6.5]
V(D) ~ {x1} is a maximal strong vertex cover of D. Let C; = V(D) \ {z} and C; =
V(D)~{x1}. Suppose there exists a maximal strong vertex cover C' of D, which contains
both z¢ and 1. Then we can write C' = {xo,z1,;,,..., 2, ,}, where {z;,,...,z; ,} C
[V(D)~{zo,z1}] is some vertex set. By Theorem [6.5, I(D) ¢ (zo,z}" ,a:ll” e Z’SZ ),

where |C| = s is the least possible value. Since zgz}" is the only minimal generator of
I(D), which involves the vertex xg, we have I(D) ¢ (z}" Z”, xw’S 2). That means

s is not the least possible value and by Theorem [6.5], its a contradlctlon. Hence C' is not

w1

a maximal strong vertex cover of D. Thus C; and (5 are the only maximal strong vertex
covers of D. Let D" = D~{zo} and D" = D\ {xg, 21} be the induced digraphs of D. Here
L2(C1) = {z1}, LY (C1) = V(D) ~ {z, 71} and w(x;) > 2 if degp(z) > 2 for all z; € C.
Then by Theorem 3.5, Iec, = (z{*)+1(D"). Here LY (Cy) = {xo}, LY (Cs) = {za,..., 2/},
LY(Cy) = V(D) {zo, 1,29, . . . a:r} and w(z;) > 2if degp(x) > 2 for all ; € Cy. Then by
Theorem B3] Icc, = (ZL'0,$§U2, coxlr)y+ I(D"). Let I(D") = (fi1,..., ft). Hence Icc, =
(i) +I(D") = (2, w125, ..y zxy, fi,..., fe) and Icc, = (zo, 5%, . 2", fi,. ooy ft).
By Lemma [ZT3] we have I(D)(S) = (Iccy)® n (Icc,)®. Tt is enough to prove that
I(D)® = (Ic¢,)® n (Ice,)® € I(D)®. We prove this by induction on s. The case
for s = 1 is trivial. Let m e G(I(D)®). Then m = lem(m;,my) for some m; €

g(($111}17$1$12”27 , L 133;1]"7 f17 o 7ft) and mg € g((x())x;uz) o 7$;"Uraf17 o 7ft))' Thus mi =
(z) 1)‘“(5619522)“2 @y @) o (fr) 0 (fe) 2+t and ma = (20) " (252)02 L. (ar)or (fr)br
r+t r+t
---(ft)b”t for some a;,b; >0 with Zai = s and Zbi =s.
i=1 i=1

Case (1) Assume that a; # 0.
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If by # 0, then xoz|" is divisible by m and notice that WLUJI € (2, iz, .. )t fa,
1

L) (zo, 5%, ..., 2", fi,... )5t = I(D)D | Hence by induction hypothesis
e I(D)** and so m € I(D)°.

€T .Twl

IfOb; # 0, then z124? is divisible by m and observe that # € (2, iy, .. ), fa,
L) (zo, 5%, ..., 2", fi,... )5t = I(D)D | Hence by induction hypothesis

# € I(D)*! and so m € I(D)?. Similarly if b; # 0 for some i € {3,...,r}, we can show

meI(D)®. If by = =b, =0, then my € I(D)® and hence m € I(D)?*.

Case (2) Assume that a; = 0. Then m; € I(D)® and so m € I(D)?®. O
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